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A coherence theorem for pseudonatural transformations

Maxime LUCAS
August 5, 2015

Abstract

We prove coherence theorems for bicategories, pseudofunctors and pseudonatural transformations.
These theorems boil down to proving the coherence of some free (4,2)-categories. In the case of
bicategories and pseudofunctors, existing rewriting techniques based on Squier’s Theorem allow us
to conclude. In the case of pseudonatural transformations this approach only proves the coherence
of part of the structure, and we use a new rewriting result to conclude.
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Introduction

A mathematical structure, such as the notion of monoid or algebra, is often defined in terms of some data
satisfying relations. In the case of monoids, the data is a set and a binary application, and the relations
are the associativity and the unit axioms. In category theory, one often considers relations that only hold
up to isomorphism. One of the simplest example of such structure is that of monoidal categories, in which
the product is not associative, but instead there exist isomorphisms ag pc : (A®B)®C — A®(B®C).
This additional data must also satisfy some relation, known as Mac-Lane’s pentagon:

(6%

(A (B® () ABCD A®((B®C)® D)
QW WD
(A®B)®C)® ® (B® (C® D))
M /M
(A® B)® (C® D)

The intended purpose of this relation is that, between any two bracketings of A1 ®A2®...QA,_1®A,,
there exists an isomorphism constructed from the isomorphisms a4 g, ¢, and that any two such composites
are equal. This statement was made precise and proved by MacLane in the case of monoidal categories
[11]. In general a coherence theorem contains a description of a certain class of diagrams that are to
commute. Coherence theorems exist for various other structures, e.g. bicategories [12], or V-natural
transformations for a symmetric monoidal closed category V' [10].

Coherence results are often a consequence of (arguably more essential [9]) strictification theorems. A
strictification theorem states that a “weak” structure is equivalent to a “strict” (or at least “stricter”) one.
For example any bicategory is biequivalent to a 2-category, and the same is true for pseudofunctors (this
is a consequence of this general strictification result [14]). It does not hold however for pseudonatural
transformations.

Rewriting techniques can also be applied in order to prove coherence theorems [7]. The link between
coherence and rewriting goes back to Squier’s homotopical Theorem [15], and has since been expanded
upon [6]. Squier’s theory is constructive, which means that the coherence conditions can be calculated
from the relations, in a potentially automatic way. It can also be expanded to higher dimensions [§], a
feature that may prove useful when studying weaker structures.

In this article, we prove coherence results for bicategories, pseudofunctors and pseudonatural trans-
formations (see [2] for a definition of all these notions). Let us give an outline of the proof in the case of
categories equipped with an associative tensor product. This proof follows closely that of [7] for monoidal
categories.

The structure is encoded into a free (4, 2)-category Assoc*(? generated by a (4, 3)-polygraph Assoc.
Polygraphs are presentations for higher-dimensional categories and were introduced by Burroni [3], and
by Street under the name of computads [16] [17]. In this paper we use Burroni’s terminology, as is
custom in rewriting. The (4, 3)-polygraph Assoc contains one generating 2-cell ' coding for product,

one generating 3-cell <= : y = g coding for associativity and one generating 4-cell <~~~

corresponding to MacLane’s pentagon. The coherence result for categories equipped with an associative

(2

product is now reduced to showing that, between every parallel 3-cells A, B in Assoc, ), there exists

ad-cella: A — Bin Assocz(z). A 4-category satisfying this property is said to be 3-coherent. We
then use a result from Guiraud and Malbos [6], which states that for a 3-terminating and 3-confluent
polygraph ¥, if the 4-cells correspond to the critical pairs then X*(2) is 3-coherent. A critical pair is a
minimal overlap of two distinct rewriting steps. The 4-polygraph Assoc satisfies those hypotheses, the



only critical pair corresponding to MacLane’s pentagon:
% ~ g

This reasoning can be applied to both bicategories and pseudofunctors, however it fails to work in
the case of pseudonatural transformations, because the polygraph PNTrans encoding the structure is
not 3-confluent. In order to adapt the proof, we use Theorem 1.27.

This theorem relies on the property of the rewriting system generated by the 2-cells (instead of the
3-cells). For example in the case of Assoc, the 2-cells form a 2-terminating and 2-confluent rewriting
system. Moreover the only critical pair corresponds to the associativity 3-cell, and the only critical triple
to MacLane’s pentagon:

TN 7
IR RNV TN A B

| 1] | |II$>II

By Theorem 1.27, this implies that between any parallel 3-cells A, B in Assoc§(2)

, if their 1-target
is a normal form, then there exists a 4-cell « : A — B in Assocz(z). This result is slightly weaker than
the previous one because of the additional hypothesis on A and B. However here the 3-cell whose target
is a normal form are those whose target is |, that is those that correspond to one composite of coherence
isomorphisms. Thus the coherence result on categories equipped with an associative tensor product still
holds.

In Section 1, we recall some classical definitions and results from rewriting theory, and we enunciate
(without proof) Theorem 1.27. In Section 2, we construct the free categories encoding the structures
we want to study, and prove the coherence Theorems for bicategories (Theorem 2.6) and pseudofunctors
(Theorem 2.13). The proof uses a lot of notions defined in the previous section and relies in particular on
Squier’s Theorem to conclude. There remains to show the coherence of pseudonatural transformations
(Theorem 2.21), which is done in Section 3. To prove Theorem 2.21, we show that a fragment of the
structure of pseudonatural transformations satisfies the hypotheses of Squier’s theorem while an other
satisfies the hypotheses of Theorem 1.27, which is temporarily admitted. The following sections contain
the proof of Theorem 1.27. The first half of the proof consists in applying a series of transformations to
a (4,3)-polygraph satisfying the hypotheses of Theorem 1.27. In Section 4, we set up the theory behind
these transformations, and the transformations themselves are performed in Section 5. The combinatorics
of the result of these transformations is analysed in Section 6 where we conclude the proof.



1 Higher-dimensional rewriting

We recall definitions and results from rewriting theory. Section 1.1 is devoted to polygraphs, which
are presentations of higher-dimensional categories. In Section 1.2, we define termination and enunciate
Theorem 1.8 which we will use throughout Sections 2 and 3 in order to prove the 3-termination of
polygraphs. In Section 1.3 we define the notion of branchings and classify them, which allows for a
simple criterion to prove the n-confluence of a polygraph. Finally in Section 1.4, we define the n-Squier
condition, and recall Squier’s homotopical theorem, in a generalized form proven in [6]. We conclude
this section by enunciating Theorem 1.27, whose proof will occupy Sections 4 to 6. Except for Theorem
1.27, the proof of every result in this section can be found in [6].

1.1 Polygraphs

We recall the definition of Polygraphs from [3]. Let Cat,, be the category of n-categories, and Graph,,
the category of n-graphs. The category of n-categories equipped with a cellular extension, noted Cat;',
is the limit of the following diagram:

Cat —— Graph,,
1]
Cat,, — Graph,,

where the functor Cat,, — Graph,, forgets the categorical structure and the functor Graph,, | —
Graph,, deletes the top-dimensional cells.

s
Hence an object of Cat! is a couple (C, G) where C is an n-category and G is a graph C, &—— S,;1 ,
t

where s and t must satisfy some compatibility conditions with the source and target operations in C.
Let R, be the functor from Cat,; to Cat: that sends an (n + 1)-category C on the couple
(Cny Cp &——Cyy1 ). This functor admits a left-adjoint £,, : Cat,” — Cat, ;1 (see [13]).
We now define by induction on n the category Pol,, of n-polygraphs together with a functor Q,, :
Pol,, — Cat,,.

e The category Polj is the category of sets, and Qg is the identity functor.

e Assume 9, : Pol, — Cat,, is defined. Then Pol, ;; is the limit of the following diagram:

Pol,,; — Cat;r

| |
Pol, —— Cat,,,

n

and Q11 is the composite

L
Pol, 1 — Cat;'; 7 Cat, 41

Definition 1.1. Given an n-polygraph X, the n-category Q,(X) is noted X* and is called the free
n-category generated by 3.

Definition 1.2. An (n,k)-category is an n-category which has every (i + 1)-cell invertible for the
i-composition, for i > k. We note Catg“) the full subcategory of Cat,, whose objects are the (n,k)-
categories.

In particular Catglo) is the category of n-groupoids, and Cat;") = Cat,,.

The functor R, restricts to a functor RYG" from Catgfgl to Cat;". Once again this functor admits
a left-adjoint £ Cat — Catfbn 421. We define categories Polgf) of (n,k)-polygraphs and functors
Q%k) : Polglk) — Cat;k) in a similar way to Pol,, and Q,,.



Definition 1.3. Given an (n, k)-polygraph X, the (n, k)-category QSZG)(Z) is noted £**) and is called
the free (n, k)-category generated by 3.

Definition 1.4. Let C be an (n + 1, k)-category. We note C the (n, k)-category C,,/Cp 1.
Let ¥ be an (n + 1, k)-polygraph. We note ¥ the (n, k)-category ¥*(*) and call it the (n, k)-category
presented by X.

1.2 Termination

Definition 1.5. Let ¥ be an n-polygraph, and £ < n. The binary relation —} defined by v —} v if
there exists f : w — v in X} is a preorder on Xj_, (transitivity is given by composition, and reflexivity
by the units). We say that the n-polygraph ¥ is k-terminating if — is a well-founded ordering. We
note %Z the strict ordering associated to —J.

We recall Theorem 4.2.1 from [6], which we will use in order to show the 3-termination of some
polygraphs.

Definition 1.6. Let sOrd be the 2-category with one object, whose 1-cells are partially ordered sets,
whose 2-cells are monotonic functions and which 0-composition is the cartesian product.

Definition 1.7. Let C be a 2-category, X : C2 — sOrd and Y : C§° — sOrd two 2-fonctors, and M a
commutative monoid. An (X,Y, M)-derivation on C is given by, for every 2-cell f € Cs, an application

d(f) : X(s(f)) x Y(t(f)) = M,

such that for every 2-cells fi, fa € Cq, every z, y, z and ¢ respectively in X (s(f1)), Y (t(f1)), X(s(f2))
and Y (t(f2)), the following equalities hold:

d(fix1 f2)[z,t] = d(f1)[z, Y (f2)[y] + d(f2)[X (f1)[z], y]
d(f1 %0 f2)l(z, 2), (y, )] = d(f1)[z, y] + d(f2)[2, t].

In order to show the 3-termination of some polygraphs, we are going to use the following result
(Theorem 4.2.1 from [6]).

Theorem 1.8. Let ¥ be an n-polygraph, X : 35 — sOrd and Y : (35)°° — sOrd two 2-functors, and M
be a commutative monoid ordered by a terminating order >, and whose addition is strictly monotonous
in both arguments.

Suppose that for every 3-cell A € X3, the following inequalities hold:

X(s(4)) = X(t(4))  Y(s(4) =Y (t(4))  d(s(4)) > d(t(A)).

Then the n-polygraph X is 3-terminating.

1.3 Branchings and Confluence

Definition 1.9. Let ¥ be an n-polygraph. A k-fold branching of ¥ is a k-tuple (f1, f2,- .., fx) of n-cells
in ¥* such that every f; has the same source u, which is called the source of the branching.

The symmetric group Sy acts on the set of all k-fold branchings of ¥. The equivalence class of a
branching (f1, fo, ..., fx) is noted [f1, f2,. .., fx]. Such an equivalence class is called a k-fold symmetrical
branching.

Definition 1.10. Let X be an n-polygraph. We note N the n-category with exactly one k-cell for every
k < n, whose n-cells are the natural numbers and whose compositions are given by addition.

The length of an n-cell in X% is given by the functor £ : ¥* — N defined by setting £(f) = 1 for every
f e

An n-cell of length 1 in X7 is also called a rewriting step.



Definition 1.11. Let ¥ be an n-polygraph. A k-fold local branching of ¥ is a k-fold branching
(f1, f2y- -, fr) of ¥ where every f; is a rewriting step.

A k-fold local branching (fi,..., fx) of source w is a strict aspherical branching if there exists an
integer ¢ such that f; = f;4+1. We say that it is an aspherical branching if it is in the equivalence class of
a strict aspherical branching.

A k-fold local branching (f1,..., fi) is a strict Peiffer branching if it is not aspherical and there exist
v1,v2 € X% _; such that u = v1 %; v2, an integer m < n and fi,..., f, € X¥ such that for every j < m,
fi= fJ’ *; v2 and for every j > m, f; = vi x; fJ’ It is a Peiffer branching if it is in the equivalence class
of a strict Peiffer branching.

A local branching that is neither aspherical nor Peiffer is overlapping.

Given an n-polygraph ¥, one defines an order C on k-fold local branchings by saying that (f1,..., fx) C
Wx; f1%;0,...u*; frp % v) for every u,v € 37 _; and every k-fold local branching (f1,..., fk).
f f f ¥ 4 and k-fold local b hi f f

Definition 1.12. An overlapping branching that is minimal for C is a critical branching.
A 2-fold (resp. 3-fold) critical branching is also called a critical pair (resp. critical triple).

Definition 1.13. Let ¥ be an n-polygraph. A 2-fold branching (f, g) is confluent if there are f’, g’ € ¥

of the following shape:
et

Definition 1.14. An n-polygraph X is k-confluent if every 2-fold branching of ¥ is confluent.

Definition 1.15. An n-polygraph is k-convergent if its underlying k-polygraph is k-terminating and
k-confluent.

The following two propositions are proven in [6].

Proposition 1.16. Let ¥ be an n-terminating n-polygraph. It is n-confluent if and only if every 2-fold
critical branching is confluent.

Proposition 1.17. Let ¥ be a k-convergent n-polygraph. For every u € ¥j_,, there exists a unique
v € Xi_, such that u —}, v and v is minimal for —7.

Definition 1.18. Let ¥ be an n-polygraph. A normal form for ¥ is an (n — 1)-cell minimal for —7.
If ¥ is n-convergent, for every uw € X% _,, the unique normal form v such that v — v is noted 4 and
is called the normal form of u.

1.4 Coherence

Definition 1.19. Two k-cells are parallel if they have the same source and target.
An (n + 1)-category C is n-coherent if, for each pair (f,g) of parallel n-cells in C,, there exists an
(n+1)-cell A: f — gin Cpys.

Definition 1.20. Let ¥ be an (n + 1)-polygraph, and (f, g) be a local branching of ¥,,. A filling of
(f,g)isan (n+ 1)-cell A € EZ(JFL{ of the shape:

Definition 1.21. An (n + 1)-polygraph X satisfies the n-Squier condition if:



e it is n-convergent,

e there is a bijective application from ¥, 7 to the set of all critical pairs of ¥,, that associates to
every A € ¥,,41, a critical pair b of 3,, such that A is a filling of one representative of b.

The following Theorem is due to Squier for n = 2 [15] and was extended to any integer n > 2 by
Guiraud and Malbos [6].

Theorem 1.22. Let ¥ be an (n + 1)-polygraph satisfying the n-Squier condition. Then the free (n +
1,n — 1)-category »*("=1) s n-coherent.

In the proof of this Theorem appears the following result (Lemma 4.3.3 in [6]), that we are going to
extend when n = 2.

Proposition 1.23. Let ¥ be an (n + 1)-polygraph satisfying the n-Squier condition.
For every parallel n-cells f, g € ¥ whose target is a normal form, there exists an (n+1)-cell A: f — g

Let us compare those two last results. Let ¥ be an (n + 1)-polygraph satifying the n-Squier relation,
and let f,g € X be two parallel n-cells whose target is a normal form. According to Theorem 1.22,
there exists an (n+ 1)-cell A : f — g in the free (n + 1,n — 1)-category Z;(Jf{l). Proposition 1.23 shows
that such an A can be chosen in the free (n + 1,n)-category Z:(J_ll), where the n-cells are not invertible.
Hence for cells f, g € ¥} whose target is a normal form, Proposition 1.23 is more precise than Theorem

1.22.

Definition 1.24. Let ¥ be an (n + 1)-polygraph, and (f, g) a local branching in ¥,,. Depending on the
nature of (f,g), we define the notion of canonical filling of (f,g).

e If (f,g) is an aspherical branching, then its canonical filling is the identity 1.

e If (f,g) is a Peiffer branching, if (f,g) = (f' *; v1,v2%; g’) (vesp. (f,g) = (v1%; [, g’ *; v2), then its
canonical filling is 1,4 (vesp. 1gs,5).

e Assume ¥ satisfies the n-Squier condition, and let (f, g) be a critical pair. Let A be the (n+ 1)-cell
associated to [f,g]. If A is a filling of (f,g) then the canonical filling of (f,g) is A. Otherwise, A
is a filling of (g, f) and the canonical filling of (f,g) is A~L.

e Assume the branching (f, g) admits a canonical filler A. Then the canonical filler of (ux; f *; v, u*;
Friv)is ux; Ax;v.

Definition 1.25. Let ¥ be an (n + 2, n)-polygraph satisfying the n-Squier condition, and (f, g, h) be a
local branching of ,,. A filling of (f,g,h) is an (n + 2)-cell a € Z:L(J:LQ) of the shape:

_—
\ / \ Bl
g— A L) Afyh
B
NV AN
-
where A, At g, Ag n, A n, B1 and By are (n+ 1)-cells in ZZ(_Q, and Ay 4, Ay, and Ay, are the canonical
fillings of respectively (f,g), (g,h) and (f,h).
Definition 1.26. An (n + 2,n)-polygraph X satisfies the n-Squier condition of rank 2 if:

e it satisfies the n-Squier condition,

e there is a bijective application from 3,12 to the set of all critical triples that associates to every
a € ¥,42 a critical triple b of ¥,, such that « is a filling of a representative of b.



We now enunciate the theorem whose proof will occupy Sections 4 to 6.

Theorem 1.27. Let 3 be a (4,2)-polygraph satisfying the 2-Squier condition of rank 2.
For every parallel 3-cells A, B € E;(z) whose 1-target is a normal form, there exists a 4-cella: A — B
in the free (4, 2)-category 22(2).

This Theorem is to be compared with Proposition 4.4.4 in [8]. There, for every parallel A, B € Eg(l),

a 4-cell « is constructed in the free (4,1)-category EZ(I). Hence Theorem 1.27 gives a more precise
statement, at the cost of restricting the set of 3-cells allowed.



2 Application to the coherence of pseudonatural transformations

We now study the coherence problem successively for bicategories, pseudofunctors and pseudonatural
transformations. In Section 2.1, we start by recalling the usual definition of bicategories (see [2]). We
then give an alternative description of bicategories in terms of algebras over a certain (4, 3)-polygraph
BiCat[C], and show that the two definitions coincide. The coherence problem for bicategories is now
reduced to showing the 3-coherence of BiCat[C], and we use the techniques introduced in the previous
section (especially Theorems 1.8 and 1.22) to conclude. In Section 2.2 and 2.3, we apply the same
reasoning to pseudofunctors and pseudonatural transformations. However in the case of pseudonatural
transformations, we get a (4, 3)-polygraph PNTrans|[f, g] which is not 3-confluent, and so we cannot
directly apply Theorem 1.22. The proof of the coherence theorem for pseudonatural transformations will
take place in Section 3 and will make use of Theorem 1.27.

2.1 Coherence for bicategories

Let Cat be the category of (small) categories. We note T the terminal category in Cat. Let sCat be the
3-category with one O-cell, (small) categories as 1-cells, functors as 2-cells, and natural transformations
as 3-cells, where 0-composition is given by the Cartesian product.

Definition 2.1. A bicategory B is given by:
e A set Bp.
e For every a,b € By, a category B(a,b).

e For every a,b,c € By, a functor x4 . : B(a,b) x B(b,¢) — B(a,c).

For every a € By, a functor I, : T — B(a,a), that is to say a 1-cell I, : a — a.

For every a,b, c,d € By, a natural isomorphism o p,c q:

B(a, b) X *b,c,d

B(a,b) x B(b, ¢) x B(e,d) B(a,b) x B(b,d)
*a,b,c X B(C, d) a(y *a,b,d
B(a,c) x B(e,d) E— B(a,d)

of components o g4 0 (fxg)xh = f*(gxh), for every triple (f,g,h) € B(a,b) x B(b,c) x B(c, d).

e For every a,b € By, natural isomorphisms R, and Lg p:

B((L b) x Iy
B(a,b) B(a,b) x B(b,b)
Ra7b
I, x B(a,b) *a,bb
La,b
B(a,a) x B(a,b) Fo— B(a,b)

of components Ly : I, x f = f and Ry : fx I, = f for every 1-cell f € B(a,b).
This data must also satisfy the following axioms:

e For every composable 2-cells f, g, h,i in B:



((fxg)xh)xi

Qf.g.h * 1
O fy i
ot (F*(gxh))xi
(f*g)* (hxt) = Qf gxh,i (1)
Ut g ((g*h)*1)
%
fx(g*(h*1))
e For every couple (f,g) € B(a,b) x B(b, ¢):
(f * Ip) *
af% \Rf*g
(2)
fx(Iyxg)
frLyg

Definition 2.2. Let C be a set. Let us describe dimension by dimension a 4-polygraph BiCat[C], so
that bicategories correspond to algebras on BiCat[C], that is to 4-functors from BiCat[C] to sCat (see
Proposition 2.4).

Dimension 0: Let BiCat[C]y be the set C.
Dimension 1: The set BiCat[C]; contains, for every a,b € C, a 1-cell 4, : a — b.

Dimension 2: The set BiCat[C], contains the following 2-cells:
e For every a,b,c € C, a 2-cell 'V'a’b,c s able = ale-
e For every a € C, a 2-cell 9, : 1, = 4.

One can recover a 2-cell in BiCat[C]5 from its shape and its 1-source. In what follows, we will
therefore omit the indices when the context is clear.

For example, the 2-cell g‘ of source gfpl}s designates the composite (a7, . 4) *1 Vo p.a-
We will use the same notation for higher-dimensional cells.
Dimension 3: The set BiCat[C]|3 contains the following 3-cells:

e For every a,b,c,d € C, a 3-cell '<:7'a,b,c,d : y = g‘ of 1-source glpla-

e For every a,b € C, 3-cells dmb : y = | and |>a7b : %Q = | of 1-source .

10



Dimension 4: The set BiCat[C], contains the following 4-cells:
e For every a,b,c,d, e € C, a d-cell <=, , ;. of 1-source q|p|c|al.-

ww@

e For every a,b,c € C, a 4-cell ‘¢’ of 1-source 4.

=
%ﬁ, &
@v,v
)

Definition 2.3. We note Alg(BiCat) the set of all couples (C, ®):
e where C is a set,
e where ® is a functor from BiCat|C] to sCat.
Proposition 2.4. There is a one-to-one correspondence between (small) bicategories and Alg(BiCat).

Proof. The correspondence between a bicategory B and an algebra (C, ®) over BiCat is given by:

e At the level of sets: C = By.

e For every a,b € By, ®(a}s) = B(a,b).

e For every a, b, c € By, (I)('V'a,b,c) = *q bc-

e For every a € By, ®(Q,) = I,.

e For every a,b,c,d € By, @(vmb,qd) = Qg bed-

e For every a,b € By, <I>(|>a7b) = R, and @(dayb) =Lgp.

e The axioms that a bicategory must satisfy correspond to the fact that ® is compatible with the
quotient by the 4-cells <" and ‘¢".

This correspondence between the structures of bicategory and of algebra over BiCat is summed up
by the following table:

11



Bicategory Alg(BiCat)
Sets By C 0-cells
Categories B(_, ) | 1-cells
Functors *, I Avallel 2-cells
Natural transformations | «, L, R || <7, ¢, b | 3-cells
Equalities 1) (2) || =<9 | 4-cells

Table 1: Correspondence for bicategories

We are going to show the coherence theorem for bicategories, using Theorem 1.22.
Proposition 2.5. For every set C, the 4-polygraph BiCat[C] 3-terminates.

Proof. In order to apply Theorem 1.8 we construct two functors X¢ : BiCat[C]5 — sOrd and Y¢ :
(BiCat[C]3)%® — sOrd by setting, for every a,b € C:

Xc(ap) = Ye(ab) = N*
and, for every i,j € N*:
We now define an (X¢, Ye, N)-derivation de on BiCat[C]} by setting, for every i, j, k € N*:

dC('V')[%LM =it+k+1, dC(Q)M =1,
It remains to show that the required inequalities are satisfied. Concerning X and Yg, we have for
every 1, j, k € N*:

Xe( gl =i+ j+h>itj+k=Xcl< )i

Concerning d¢, we have for every i, j, k,1 € N*:
dc(@)[z’,j,k,l] — 2t r2A+2> it LA +2= dc(g‘)[i,j,l@l]

oYl =2 +2>0=do(lig]  dedP)li ) =i+2)+1>0=do()lij]

The following Theorem is a rephrasing of MacLane’s coherence Theorem ( [12]) in our setting.
Theorem 2.6. Let C be a set.
The 4-polygraph BiCat[C] is 3-convergent and the free (4,2)-category BiCat[C]*(?) is 3-coherent.

Proof. We already know that BiCat[C] is 3-terminating. Using Proposition 1.16 and Theorem 1.22, it
remains to show that every critical pair admits a filling.
There are five families of critical pairs, of sources:

OO e

The first two families are filled by the 4-cells "¢’ and <<=, whereas the last three are filled by 4-

cells w; € BiCat[C]Z(Q), which are constructed in a similar fashion as in the case of monoidal categories
(see [7]). O

12



2.2 Coherence for pseudofunctors
Definition 2.7. A pseudofunctor F is given by:
e Two bicategories B et B'.
e A function Fy : By — Bj.

e For every a,b € By, a functor F, : B(a,b) — B'(Fo(a), Fy(b)).

For every a,b, c € By, a natural isomorphism ¢g p,.:

B(a,b) x B(b, ) Kabe Bla, )
Fa,b X Fb,c Q?‘J%/C Fa,c
B'(Fo(a), Fo(b)) x B'(Fy(b), Fo(c)) B'(Fo(a), Fo(c))

KEy (@), Folb),Fol)
of components ¢y : F(f xg) = F(f)* F(g), for every couple (f,g) € B(a,b) x B(b,c).

e For every a € By, a natural isomorphism %,:

T Lo B(a,a)
;p/ Foa
T B'(Fo(a), Fo(a))

I}b(a),Fo(a)

of components ¢, : F(I,) = I},O(a), for every a € By
This data must satisfy the following axioms:

e For every composable 1-cells f,g and h in B:

F((f ) % )
F(af,g,h ¢f*g,h
F(f+ (g h) P(fxg)# F(h)
¢f,g*hﬂ - ﬂm* F(h ®)
F(f) + F(g*h) (F(f) F(h)

. ; /
(f)* @7 O‘;“(f),F(g)yF(h)

F(f)* (F(g)« F(h))
e For every 1-cell f:a — bin B:

ox F
F1) < P D e

1..s Lrp)
/ - (@)

F(I, + f) F(f)
F(Ly)

13



e For every 1-cell f:a — bin B:

F !
F(f)«" F(Iy) MF(JC) * T )

(b,b (s
/ = N (5)

F(f 1) F(f)
F(Ry)

Definition 2.8. Let C and D be sets, and f an application from C to D. Let us describe dimension
by dimension a (4,2)-polygraph PFonct[f]. We will prove in Proposition 2.11 that pseudofunctors
correspond to algebras over PFonct|[f].

The polygraph PFonct[f] contains the union of:

e the polygraph BiCat[C], whose cells are noted ', ¢, <7, b, {, <" and ¢/,
e the polygraph BiCat[D], whose cells are noted 'y, @, 9~ p, , “<gg= and ¢’

together with the following cells:
Dimension 1: For every a € C, the set PFonct[f]; contains a 1-cell ole(q) : a — f(a).
Dimension 2: For every a,b € C, the set PFonct|[f], contains a 2-cell M, , - uliles) = ale(alecs)-

Dimension 3: The set PFonct[f]; contains the following 3-cells:

e For every a,b,c € C, a 3-cell wa,b,c : w = %: of 1-source alblclf(c).
e For every a € C, a 3-cell 8, : % = | @ of 1-source gle(q)-

Dimension 4: The PFonct|f], contains the following 4-cells:

e For every a,b,c,d € C, a 4-cell 'va,b,c,d of 1-source alblcldlf(d)
%

e For every a,b € C, 4-cells Xa,b and ?Ka’b of 1-source alblf(b)

4
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Definition 2.9. Let Alg(PFonct) be the set of all triples (C, D, f):

e

e where C and D are sets,
e where f is an application from C to D,

e where @ is a functor from PFonct[f] to sCat such that, for every ¢ € Cthe following equality
holds:
() =T

This last condition stems from the fact that the 1-cells le(c) are just an artefact to keep track of the
function f, but that have no real computational meaning.

Remark 2.10. Let f : C — D be an application. Since BiCat[C] (resp. BiCat[D]) is a sub-polygraph
of PFonct[f], every functor ® : PFonct|[f] — sCat induces by restriction two functors:

O : BiCat[C] — sCat dg : BiCat[D] — sCat

Proposition 2.11. Pseudofunctors between (small) categories are in one to one correspondence with
elements of Alg(PFonct).

Proof. The proof is similar to the case of bicategories, using the following correspondence table:

Pseudofunctors Alg(PFonct)

Source and target B and B’ ®o and Pg | Restrictions
Function Fy f Function
Functors F m 2-cells

Natural transformations P, @ W 4 3-cells
Equalities (3) (4) (5) || 5= > 4-cells

Table 2: Correspondence for pseudofunctors

O

Proposition 2.12. For every sets C,D and every application £ : C — D, the polygraph PFonct|[f]
terminates.

Proof. In order to apply Theorem 1.8, we define functors Xr : PFonct[f]; — sOrd and Y : (PFonct[f]})<°

sOrd as extensions of the functors X¢, Xp, Yo and Yp from Proposition 2.5, and by setting for every
a€C:
Xf(alf(a)) = }/f(alf(a)) =

where T is the terminal ordered set, and for every ¢ € N*:
Xe(®)i) =i Ve(m)] =20+ 1.

We now define an (Xg, Y, N)-derivation df on PFonct[f]5 as an extension of dg, by setting for every
i,7,k € N*:
de(W)li,j, k] =i+ k  de@i] =i de(m)[i,j]=i+5+]1

15
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It remains to show that the inequalities required to apply Theorem 1.8 are satisfied. Since X¢ (resp.
Y:) extends X¢ and Xp (resp. Y and Yp), the only inequalities that need to be checked are those
corresponding to the 3-cells @l and #,. Indeed for every i,j € N*, we have:

XeCgh=121=X:( 9
Yf(?.i)[i} =2+ 1,2i+1)>Q2i+1,2i+1) = Yf(g)[ﬂ

Concerning dg, the 3-cells from BiCat[C] have already been checked in Proposition 2.5. For the
other 3-cells, we have, for every i, j, k € N*:

ae( Qi g =2 +1>0=de)fig)  del@Pli 1 =i +2) > 0 = de()[i. ]
deQ@)lil =31 +2 > i = de( ®)
df(w)[i,j,k} — 24+ 3k+3> 2+ +3k+2 df(g)[i,j,k}.

Theorem 2.13. Let C and D be sets, and £ : C — D an application.
The 4-polygraph PFonct|[f] is 3-confluent and PFonct[f]*) is 3-coherent.

Proof. We have shown that it is 3-terminating, so using Proposition 1.16 and Theorem 1.22, it remains
to show that every critical pair admits a filler in PFonct|[f],.

There are thirteen families of critical pairs. Among them, ten come from BiCat[C] or BiCat[D],
and were already dealt with in Theorem 2.6. The remaining three have the following sources:

pARR A

and they are filled respectively by the 4-cells pK, 4 and “<<mp™~. O

2.3 Coherence for pseudonatural transformations
Definition 2.14. A pseudonatural transformation 7 consists of the following data:
e Two pseudofunctors F, F’ : B — B’, where B and B’ are bicategories.
e For every a € By, a functor 7, : T — B'(Fy(a), Fj(a)), that is a 1-cell 7, : Fy(a) — Fi(a) in B'.
e For every a,b € By, a natural isomorphism o, p:
B(a,b)
Fop b
B (Fo(a), Fo(b)) B'(Fy(a), F5(b))
B (Fo(a), Fo(6) x| o 7o % B(E @), Fio)
B'(Fo(a), Fo(b)) x B'(Fy(b), Fy (b)) B'(Fo(a), Fy(a)) x B'(Fg(a), Fy(b))
*/Fo(a)m ,ﬁa),F’(h)
B'(Fo(a), Fy(b)) e
of components oy : F(f)«' 1, = 7, ¥ F'(f), for every f € B(a,b).

16



This data must satisfy the following axioms:

e For every (f,g) € B(a,b) x B(b,c):

Ta % F'(f % g)

% T ¥ Gy

F(fxg)* 7 Ta X (F'(f)* F'(9))
Opg* Te A, F/(), P (o)
(F(f)* F(g))* 7 = (ra %" F'(f)) ¥ F'(9) (6)
alF(f),F(g),‘rc op* F'(g)
F(f) )+ ) )« 1) ' F'(g)

)% (1o %" F'(g

where we inverse the direction of an arrow in order to represent the inverse of the corresponding
2-cell.

e For every a € By:

Illﬁ‘o(a) * T, = T % ¢zlz (7)

! 7!
Tax I
@ Fy(a)
Ta /
/
. R

Definition 2.15. Let C and D be sets, and f, g be applications from C to D. Let us define dimension
by dimension a (4,2)-polygraph PNTrans|f,g]. We will see in Proposition 2.18 that pseudonatural
transformations correspond to algebras over PNTrans|f, g].

The polygraph PNTransl|f, g] contains the union of the polygraphs PFonct[f] and PFonct[g]. In
particular, the following cells are in PNTrans|f, g]:

e the cells Y, ¢, <", b, {, << and ‘¢’ coming from BiCat[C],
e the cells 'Y, @, 9 ), {, ~<g=" and ‘¢’ coming from BiCat[D],
e the cells =, @, 6, 9P, X and & coming from PFonct|f],
e the cells =, &, &, <S=p/~, P& and X coming from PFonct|g].

Together with the union of PFonct[f] and PFonct[g], PNTrans|f, g] contains the following cells:

Dimension 2: For every a € C, the set PNTrans|f, g], contains a 2-cell @3, : alg(a) = alt(a)lg(a)

17



Dimension 3: For every a,b € C, the set PNTrans|[f, g]3 contains a 3-cell: ﬁ:ﬁa’b : ﬁ = % of

1-source a|b|g(b).

Dimension 4: The set PNTrans|f, g]s contains the following 4-cells:

e For every a € C, a 4-cell &, of 1-source a|g(a)

e
AR,

=g - =
e For every a,b,c € C, a 4-cell &=, , . of 1-source oy (c)

= %ﬁﬁ YIS
Definition 2.16. Let Alg(PNTrans) be the set of tuples (C,D,f, g, ®) :
e where C and D are sets,
e where f,g : C — D are applications,
e where @ is a functor from PNTrans|[f, g] to sCat, such that for every ¢ € C, d € D and 1-cell
|:c— d:

(I)(C|d> =T

Remark 2.17. Since PFonct|[f] (resp. PFonct|g]) is a sub-polygraph of PNTrans|f, g|, every functor
® : PNTrans|f, g] — sCat induces by restriction two functors

b : PFonct[f] — sCat ®g : PFonct[g] — sCat

Proposition 2.18. Pseudonatural transformations between pseudofuncteurs are in one to one corre-
spondence with elements of Alg(PNTrans).
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Proof. The proof is similar to that of bicategories, using the following correspondence table:

Pseudonatural transformations Alg(PNTrans)
Source and target F and I’ || g and Pg | Restrictions
Functors T (o) 2-cells
Natural transformations o pi g 3-cells
Equalities (6) (7) S 4 4-cells

Table 3: Correspondence for pseudonatural transformations

O

This result induces the following classification of the cells of PNTrans, depending on which structure
they come from. Moreover, in the following table, every linoe corresponds to a dimension.

2-cells A4 Q
Source bicategory 3-cells | <~ b, 4
4-cells | <~ heg
2-cells v ®
Target bicategory 3-cells | b, 4
4cells | ~wup ¢’
2-cells m
Source pseudofunctor 3-cells | iy A
dcells | ¥mp~ DK,
2-cells =
Target pseudofunctor 3-cells | @ gy
d-cells | S~ o,
2-cells —
Pseudonatural transformation | 3-cells pug
4-cells | &7 oy

Table 4: Classification of the cells of PNTrans

Proposition 2.19. Let f,g : C — D be two applications. The (4,3)-polygraph PNTrans[f,g] 3-
terminates.

Proof. We apply Theorem 1.8. To construct the functors X¢ g : PNTrans[f, g]5 — sOrd and Y;g :
(PNTrans(f, g]5)°° — sOrd, we extend the functors X¢, Xg, Y and Yz from Proposition 2.12, by
setting:

Xf,g(:]) =1

We now define an (Xt g, Yt g, N)-derivation df ¢ of PNTrans|[f, g]5 as the extension of d¢ satisfying,
for every i, j € N*:

de g ()i, j] =i+  deg(@R)i] =i

It remains to show that the required inequalities are satisfied. Since X¢ g (resp. Y¢g) is an extension
X¢ and Xg (resp. Y and Yg), it only remains to treat the case of the 3-cell K. For every i,j € N*, we
have:

Xﬂg(ﬁ)[i] =itlzitl= Xf,g(f_'ﬁ&j)m Yf,g(}%})[i] =2i+12>2i+1= Yf,g(f%j)[i]

Concerning dg g, the 3-cells from PFonct[f] were already treated in Proposition 2.5. For the others
we have, for every i, j, k € N*:
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e (gDl j, K] = 2i 4+ + 3k +2 > 20+ j + 3k = df,g(%j)[i,j, K

e o) =3+ 1> i = de (| #) dﬁg(}ﬁ)[i,ﬂ — 241431 = df,g@ﬁ)w,ﬂ

O

Definition 2.20. We define a weight application w as the 1-functor from PNTrans[f, g]7 to N, defined
as follows on PNTranslf, g];:

o for all a,b € C, w(up) =1,
o for all a,b € D, w(,|) =1,
o foralla e Candbe D, w(y)) = 0.

Theorem 2.21 (Coherence for pseudonatural transformations). Let C and D be sets, and f,g: C — D
applications.

Let A, B € PNTrans|f, g];@) be two parallel 3-cells whose 1-target is of weight 1.

There is a 4-cella: A — B € PN’I‘rans[f,g]Z(Q).

Note that the theorem only holds for cells A, B € PNTrans|f, g]§(2) whose 1-target is of weight
1. In the case of Assoc, it corresponds to only considering operations of coarity 1, which are the
ones corresponding to terms. Here the 1-cells of weight 0 blur the picture, but since they have no
computational meaning, the cells whose 1-target is of weight 1 are still those corresponding to terms.

This theorem will be proven in Section 3. Contrary to the case of bicategories and pseudofunctors, we
cannot directly apply Theorem 1.22 to PNTrans|[f, g], because the following critical pair is not confluent:

Rl
=
S
I @@Fg?@
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3 Proof of the coherence for pseudonatural transformations

In this section we prove Theorem 2.21. We fix for the rest of this section two sets C and D, together
with two applications f,g : C — D. Let A, B € PNTrans|f, g]*(z) be 3-cells whose 1-target is of weight
1. We want to build a 4-cell a : A — B € PNTrans|f, g]*().

The 1-cells of weight 1 are of one of the following forms, with a,a’ € C and b,b" € D:

ala’ blb’ ala’lf(a’) ala’lg(a’) ala’lf(a’) alg(a)lb alf(a)lb

In Section 3.1, we show that if the common 1-target of A and B is not of the last form, then they
are generated by a sub-(4,2)-polygraph PFonct|[f, g] of PNTrans|f,g]. We then show using Theorem
1.22 that this polygraph is coherent.

There remains to treat the case where the 1-target of A and B is of the last form. We define
two sub-(4, 2)-polygraphs of PNTrans|[f,g]: PNTrans™ " [f,g] and PNTrans"[f,g]. The polygraph
PNTrans++[f ,g] contains all the structure of pseudonatural transformations, except for the axioms
concerning the units @ and @, while PNTrans™[f, g] is an intermediary between PNTrans™"[f, g] and
PNTrans|[f, g], which contains the 2-cells © and @. The inclusions between the polygraphs can be seen
as follows:

PNTrans'"[f,g], C PNTrans™[f, g], = PNTrans|f, g]>

PNTrans" " [f, g]; = PNTrans'[f, g]3 C PNTrans[f, g]3

In Section 3.2 we show that PNTrans™ " [f, g] satisfies the 2-Squier condition of rank 2, which allows
us to apply Theorem 1.27. Since 1-cells of the form alf(a)lb are normal forms for PNT‘I'ans++[f, g], this
concludes the case where A and B are in PNTrans™ T[f, g].

We then define a sub-polygraph PNTrans"[f, g] of PNTrans[f,g]. The rewriting system induced
by the 3-cells PNTrans"[f, g] corresponds to simplifying the units out.

Using the properties of this rewriting system, we extend the result of Section 3.2, first to 3-cells A
and B in PNT‘rans"'[f7 g] in Section 3.3, and finally to general A and B whose 1-target is alf(a)lb in
Section 3.4, thereby concluding the proof.

3.1 A convergent sub-polygraph of PNTrans[f, g]

Definition 3.1. Let PFonct|f, g] be the (4,2)-polygraph containing every cell of PNTrans|f, g], except
those corresponding to the pseudonatural transformation. Alternatively, PFonct[f, g| is the union of
PFonct|[f] and PFonct[g].

Lemma 3.2. For every h € PNTranslf, g|;, one of the following holds:

e The target of h is of the form

allm a; f(ai)lbll-ulbj’ (8)

where i and j are non-zero integers, the ai are in C and the by in D.
e The 2-cell h is in PFonct[f, g]35.

Proof. Let us show first that the set of all 1-cells of the form (8) is stable when rewritten by PFonct[f, g];.
To prove this, we examine the case of every cell of PFonct[f, g|5 of length 1:

all-.-lak—lvak+1|-.-|bj . allmlbj = all-ulak—llak+1|-”|bj

allmlakQaklmlbj : allmlbj = allmlaklaklmlb]‘
all-.-lbk—lvbk+1|-.-|bj : allmlbj = all-.-lbk—llbk+1|-.-|bj
allmlbk’bklmlb]‘ : allmlbj = allmlbklbklmlbj

aifle(a,;)|"'|bj : allmlb]‘ = a1|"'

Let us now prove the lemma: we reason by induction on the length of h. If A is of length 0, it is an
identity, so h is in PFonct|[f, g]*.

az‘—llf(ai—l)lf(ai)l-ulf(an)

ol

21



If h is of length 1 and h is not in PFonct[f,g]*, then h has to be of the form || &3 || So its

target is of the form:
al|-”|ak|f(ak)|g(ak)|b2|-ulbj
which is indeed of the form (8), with b; = g(a).

Let now h be of length n > 1. We can write h = hy *; ho, where hs is of length 1, and h; is strictly
shorter than h. Let us apply the induction hypothesis to hy. If the target of hsy is of the form (8), then
so is the target of h, since t(hy) = t(h). Otherwise, then h; € PFonct[f,g]*, and we can apply the
induction hypothesis to ha. If hs also is in PFonct|[f, g]*, then so is h.

It remains to treat the case where t(hq) is of the form (8) , and hs is in PFonct[f, g]*. But we have
shown that the 1-cells of the form (8) are stable when rewritten by PFonct[f, g]*. Thus the target of hs
(which is the target of h) is of the form (8), which concludes the proof. O

Lemma 3.3. For every A € PN’I‘rans[ﬂg];@), one of the following holds:
e The 1-target of A is of the form (8).
o The 3-cell A is in PFonct[ﬂg]g(Q),

Proof. Let us start by the case where A is a 3-cell of length 1 in PNTrans|[f, g]5. If the 1-target of A
is not of the form (8) then, according to Lemma 3.2, the 2-source of A is in PFonctl[f,g];. The only

3-cell in PNTrans[f, g]3 which is not in PFonct[f, g]3 is the 3-cell j&, whose 2-source ﬁ is not in

PFonct[f, g|5. Thus A is in PFonct[f, g]3.
Suppose now that A = B~!, where B is a 3-cell of PNTrans|[f, g|} of length 1. The 1-target of B is

the same as the one of A. If it is not of the form (8), B is in PFonct|[f, g];(z)7 and so is A.
In the general case, A is a composite of 3-cells of one of the two previous forms, and all of them
have the same 1-target as A. Thus if the 1-target of A is not of the form (8), all those 3-cells are in

PFonctlf, g]§(2), and so is A. O
Lemma 3.4. The 4-polygraph PFonct|[f, g] is 3-coherent.

Proof. 1t is a sub-polygraph of PNTrans|f, g] which is 3-terminating, therefore it is also 3-terminating.
Moreover, every critical pair in PFonct[f, g] arises from one either in PFonct[f] or PFonct[g]. Since
those polygraphs are confluent and satisfy the Squier condition, so does PFonct[f, g].

Using Theorem 1.22, this means that PFonct|[f, g] is 3-coherent. O

Proposition 3.5. Let f,g: C — D be two applications.
For every parallel 3-cells A, B € PNTrans|f, g]*(® whose 1-target is not of the form (8), there exists

ad-cella: A— B € PN’I‘rans[f,g]Z@).
In particular, for every parallel 3-cells A, B € PNTrans|f, g]*(z) whose 1-target is of weight 1 and is

not of the form ole(a)lb, there exists a 4-cell o« : A — B € PNTrans|f, g]Z(Q).

Proof. Let A,B € PNTrans|f, g]§(2) whose 1-target is not of the form (8). We want to build a 4-
cel a : A - B € PN’I‘rans[f,g]Z(Q). According to Lemma 3.3, A and B are actually 3-cells in
PFonct|f, g]§(2). In Lemma 3.4 we showed that PFonct[f, g] is 3-coherent, hence there exists a 4-cell

a: A — B € PFonct(f, g]z(g) C PNTrans[f,g]Z(z).
Moreover, the only 1-cells of weight 1 and of the form (8) are the 1-cells gle(4)|p, Which proves the
second part of the Proposition. O

3.2 A sub-polygraph of PNTrans|[f, g] satifying 2-Squier condition of rank 2

Definition 3.6. Let PNTrans™T[f, g] be the sub-(4,2)-polygraph of PNTrans[f, g] containing every
cell from the first column of the table 4.

Lemma 3.7. The (4,2)-polygraph PNTrans™ T[f, g] satisfies the 2-Squier condition of rank 2.
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Proof. The 2-Squier condition of rank 1

Let us start by showing the 2-termination of PNTrans™ T[f, g].
We define a functor 7 : PNTrans|[f, g]; — N?, where compositions in N® are given by component-wise
addition, by defining:

For all a,b € C, 7(4}) = (1,0,0).
e For all a € C, 7(4le(a)) = (0,1,0)
e For all a € C, 7(4lg(a)) = (0,2,0)
For all a,b € D, 7(4},) = (0,0,1)

The lexicographic order in N3 induces a noetherian ordering on PNTrans|f, g|;. Moreover the 2-cells
are indeed decreasing for this order:

7(s(¥) = (2,0,0) > (1,0,0) = 7(t(¥))  7(s(¥)) = (0,0,2) > (0,0,1) = 7(t('¥))
T(s(m)) = (1,1,0) > (0,1,1) = 7(t(m))  7(s(m)) = (1,2,0) > (0,2,1) = 7(t(m))

T(S(ﬁ)) = (07270) > (07 L, 1) = T<t(¢])>

The following diagrams show both the 2-confluence of PNTrans™ T[f, g] and the correspondence
between critical pairs and 3-cells:

aleha alcla
v | \4 v | v
ablela /V\ di ablea /{*\ ald

A e A

albld albld

&L = |
ablewlece) dle(leolece) abls®)lee) alg(@le®)lz(e)

YA Y A

aleldlece) 4 ale(ale(e) albllg (o) Ad dlg(alee)

a clf(c) alclg(c)

= |
le(@)le)y == dk@lg@le®)
alg(a)lg alf(a)lg(a)lg
B =7
olev) pug ale(@)lgv)

| &3
alole (o) l(b) ﬁ ae(a)leo)lev)
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The 2-Squier condition of rank 2

The following diagrams show the bijection between critical triples and 4-cells.

Y |
alcldle

e g TN T v
My o+

alblcldle i 'V' i albldle al %albl |d|

IIX Ny ¥ II\

alblcldle i v i albldle '*' ae

IENE SRR Qs ||\

o Nl T =

alcldlf(d) aldlf
Y | / \
< |
/| < |

alblcldlf(d) albldlf alf(a)lf

) - WV

alolele (o) le(a) | de(@lewlecay

| = || ¥ |

alble(wleolecay abole(b)lea)
[~
Y |
alcldle @)

o - aldlea) -
7 T = T

| 'Y
alplelale (ay de(a)lecole(@y =——= dke(o)l(a)

allfC)lfd)
3 ?Iiﬂ V/ V | |t W Y

ablele (o)leay alf(a leoleolecay ale(ale(a)

| = || |

ableo)leco)lecay abblev)le(a)
‘ I ¢ (
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v |

alblcldlg(d) a|b|d|g(d) W alg(a)lg(d)
=) [
| =
alblclg(c)lg(d) | w alg(a)lg(b)lg(d)
I}!\\x 1]y %
able)le()le(a) abls bl a)

[l
et ¥ |

aldlg(d)
v | v =

| v
al |g(c>|g(d> :k de(@le0lst) == ks

a|b| |d|g<d>
~~ | ¥

albl |g(c |g a|g<a>|g<b>|g<c>|g alg(a)lg(a)

I}!\\x | |

alblg(b)lg(c)lg(d) | | v alblg(b)lg(d)
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pid = |
ddg(c) === d(a)le(c) === ck(we(ale(0)

v -
Y |
= dg(@le®lee == k@ ls@lelke) gl
- &1 s
| ¥

!
alblclg(c) — alblg(b)lg(c) h:t: alf(a)lg(b)lg(c)

| v

| 'Y

ale(@)lg(e)

<

A o

| &2 ‘w | |
| | & able@)lso)le) == akeolewleolece) _ ale(@le@le(e)
| =

| |
alblclf(c)l (c) =—> |b|f(b)|f(c)| (¢) alblf(b)l (c)
| | S T VR0

alele (o) :> de(@)le(e) :> af(alg(@lz(0)

| v
/ / ook ()lg(p)

albl |g al |f c)lg( '

\ / el |g c) a|f 010

ablele ) |g |b|f wleelee ﬁ alblf(b le(c)

I

alr(@)le(e)

<

O

Proposition 3.8. For every 3-cells A, B € PNTrans™ [f, g]*(®) whose 1-target is of the form a|f(a)|b,
there exists a 4-cell a : A — B € PNTrans[f, g]*(?).
Proof. Thanks to Lemma 3.7, we can apply Theorem 1.27 to PN’I‘I‘ans‘”'*'[f7 g]*(2), and there exists a

4-cell @ : A — B in PNTrans™[f, g]*(?) for every 3-cells A, B € PNTrans™ T[f, g]*(?) whose 1-target
is a normal form. In particular the 1-cells of the form alf(a)lb are normal forms. O

3.3 Adjunction of the units 2-cells

Definition 3.9. Let PNTrans"[f, g] be the sub-3-polygraph of PNTrans|f, g| containing the same 1-
and 2-cells, and whose only 3-cells are the ones from the second column of table 4.

A 2-cell h € PNTrans|f, g]} is said unitary if it is generated by the sub-polygraph of PNTrans|[f, g]
whose only 2-cells are @ and @.
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Lemma 3.10. Let h € PNTranslf, g|3 whose target is of the form olg(q)ls, where a € C and b € D.

If there is a decomposition h = hy *1 ha, where hy € PNTrans"[f, g]* and ho € PNTrans|f, g]* are
not identities, and hy is a unitary 2-cell, then there is a 3-cell A € PNTrans"[f, g5 of source h which
is not an identity.

Proof. Let us start with the case where h; is of length 1. We reason by induction on the length of ho. If
hso is of length 1, since the target of hs is of the form a|f(a)|b, hso is one of the following 2-cells:

Y = &

Yy

And all of these 2-cells are indeed the sources of 3-cells in PNTrans"[f, g];.
In the general case, let us write ho = hg %1 hj, where hg is of length 1. Two cases can occur.

Hence h is one of the following 2-cells:

o If there exist 1-cells u,u/,v and v' and 2-cells hj : u = v € PNTrans"[f,g]* and b} : v = ' €
PNTrans[f, g]* such that hy = b} xgu (resp. hy = u*g h}) and hg = v’ % h{, (resp. hg = hj*ov').

Then h = (h} %o hg) x1 b (resp. h = (h{ *o b)) *1 hb), and we can apply the induction hypothesis
to () o u') x1 by (resp. (v %o h}) %1 hb).

e Otherwise, hy *1 hg is one of the following 2-cells,

HYH HYH HYH H@H HuH HeH

and all of them are sources of 3-cells in PNTrans"[f, g]*.

In the case general case where hy is of any length, let b}, h{ € PNTrans|f, g]5 with h{ of length 1
such that hy = hf %1 Y. Then there is a non-empty 3-cell A’ € PNTrans"[f, g]5 of source h{ x1 ha, and
one can take the 3-cell h] x; A’. O

Lemma 3.11. Let h be a 2-cell in PNTrans|f, g|* whose target is of the form alf(a)lb, with a € C and
beD.
If h is a normal form for PNTrans"[f, g], then one of the following holds:

o The 2-cell h equals the composite | @.
e The 2-cell h is in PNTranstT[f, g]*.

Proof. We reason by induction on the length of h. If h is of length 1, the cells of PNTrans|f, g|5 of
length 1 and of target alf(a)lb are:
|Y &= = |e

Otherwise, let us write h = hy x1 ho, where hp is of length 1. We can apply the induction hypothesis
to hs, which leads us to distinguish three cases:

o If hy =| @, then hy is a 2-cell in PNTrans|f, g]; whose target is of the form alf(a). The only such
cell is the identity, and h = hy =| @.

e If hy and hy are in PNTrans™ T[f, g]*, then h is in PNTrans™* " [f, g]*.

e Lastly, if hy is in PNTrans™ T[f, g]* and h; is in PNTrans"[f, g]*, then because of Lemma 3.10,
h is the source of a 3-cell in PNTrans"[f, g]* of length 1, which is impossible since, by hypothesis,
h is a normal form for PNTrans"[f, g].

O

Definition 3.12. Let PNTrans'[f, g] be the sub-3-polygraph of PNTrans|f, g] containing PNTrans™ 1 [f, g],
together with the 2-cells @ and @.

In particular a 3-cell in the free (3, 2)-category PNTrans™[f, g]*(?) is in PNTrans™* " [f, g]*(?®) if and
only if its 2-source is in PNTrans™ T [f, g]*(?) too.
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Proposition 3.13. For every parallel 3-cells A, B € PNTrans"[f, g]*(?) whose 1-target is of the form
de(a)lo and whose 2-source is a normal form for PNTrans"[f,g], there exists a 4-cell v : A — B €

PNTrans|[f, g]*(?.

Proof. Given such 3-cells A and B, we use Lemma 3.11 to distinguish two cases:

If the source of A and B is| @, the only 3-cell in PNTrans™[f, g]*(?) with source| @ is the identity.
So A = B and we can take o = 14.

Otherwise, the source of A and B lies in PNTrans™ t[f, g5, so A and B lie in PNTrans™t " [f, g]§(2).
Proposition 3.8 allows us to conclude. O

3.4 Adjunction of the units 3-cells

In this section, we consider the rewriting system formed by the 3-cells of PNTrans"[f,g]. Since it
is a sub-polygraph of PNTrans|f,g] (which 3-terminates by Proposition 2.19), PNTrans"[f, g] is 3-
terminating. The fact that it is 3-confluent is a consequence of the following more general Lemma:

Lemma 3.14. Let A € PNTranslf, g|} and B € PNTrans"[f, g]5. There exist 3-cells A’ € PNTrans|f, g}
and B' € PNTrans"[f, g]* and a 4-cell as g € PNTrans[f,g]Z(z) of the following shape:

é
B %3 B’
A/

Proof. Let us start by the case where (A4, B) is a critical pair of PNTrans[f,gl;. If A and B are in
PFonctl[f, g5, the result holds because PFonct[f, g] is 3-convergent. Otherwise, the only critical pair

left is the following one:
= :
&

&, s T
b
WE¢>@

Let us now study the case where (A4, B) is a local branching of PNTrans|f, g]3. We distinguish three
cases depending on the shape of the branching:

e If (A, B) is an aspherical branching, then one can take identities for A’ and B’, and oo = 14.

e If (A, B) is a Peiffer branching, let A’ and B’ be the canonical fillers of the confluence diagram of
(A, B), and « be an identity.

e Lastly, if (A, B) is an overlapping branching, let us write (A, B) = (f %1 uAjv %1 g, f %1 uB1v %1 g),
where (A1, By) is a critical pair. Let A}, B] and a; be the cells associated with (A;, By). We then
define A" := f x uAjv*1 g, B := fx uBjv* g and oy 1= f % uav *1 g.

In the general case, we reason by noetherian induction on h = s(A) = s(B), using the 3-termination
of PNTrans[f, g].
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e If A or B is an identity, then the result holds immediately.

e Otherwise, we write A = Aj x9 As and B = By x3 By, where A; and B are of length 1. We now
build the following diagram:

b Ay Az
’
Bl
Bi||| ®A.,B; Q4,,B] Bi/
’ ’
Al A2

Bs|| @ay.Bs || ®ay,By ||BY
,B/

2

1 1
A7 Al

In this diagram, a4, p, is obtained thanks to our study of the local branchings. The existence of aa, p;
and a4, B, (followed by « AL, Bé) then follows from the induction hypothesis.

Lemma 3.15. Let f,g be 2-cells of PNTranslf,g]*, and A : f = g a 3-cell of PNTrans™[f, g|*. If f
is a normal form for PNTrans"[f, g], then so is g.

Proof. We prove this result by contrapositive. We are going to show that for any A € PNTrans™[f, g]*
and B € PNTrans"[f, g]* two 3-cells of length 1 such that t(A) = s(B), there exists B’ € PNTrans"[f, g]*

of length 1 and of source s(A):
A
=——

Two cases can occur depending on the shape of the branching (A~!, B):
e If it is a Peiffer branching, then the required cell is provided by the canonical filling.
e If it is an overlapping branching, then it is enough to check the underlying critical pair.

It remains to examine those critical pairs:
=R Y=Y
4m MP M m»
v Y Y v

WY Ty Ry BTy
A
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G

O

Lemma 3.16. Let A € PNTrans[f, g|5. If the source of A is a formal form for PNTrans"[f, g|, then
A is in PNTrans™ [f, g].

Proof. We reason by induction on the length of A:

If A is an identity, then it is in PNTrans™'[f, g].
Otherwise, let us write A = Ay xo As, where A; is of length 1. Since the source of A is a normal
form for PNTrans"[f, g], the 3-cell A; can only be in PNTrans™ [f, g]*.

According to Lemma 3.15, the normal forms for PNTrans"[f,g] are stable when rewritten by
PNTrans™[f, g]*. Hence the source Ay is a normal form for PNTrans"[f,g], and by induction
hypothesis, Ay is in PNTrans™ [f, g]*. By composition, so is A.

O

Lemma 3.17. Let A be a 3-cell in PNTrans[f,g]*?). There exist C1,Cy € PNTrans"[f, g]; whose
target is a normal form for PNTrans"[f, g], a 3-cell A’ € PNTraner[f,g];@) and a 4-cell o €
PNTrans[f,g]Z@) of the following shape:

é

Proof. Let us write A = A;l *9 B %o A;l .o.xg A%y B,,, where the A; and B; are in PNTrans|[f, g5.
For every i < n, we chose a 3-cell D; € PNTrans"[f, g]; of source s(A;) = s(B;) and of target a normal
form for PNTrans"[f, g].

According to Lemma 3.14, there exist for every i some 3-cells A, B! in PNTrans|f,g]*, D, €
PNTrans"[f, g]; and D/ € PNTrans"[f,g]; and some 4-cells o; and 3; in PNTrans|[f, g]*®) of the

form:
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= =——
!/ 2
o / b b / o
Al B!
The following is a consequence of the target of D; being a normal form for PNTrans"[f, g]:
e Using Lemma 3.16, A, and B} are in PNTrans™ [f, g]*,
e Using Lemma 3.15, the target A, and B; (thus of D} and D!’) are normal forms for PNTrans"[f, g].

e Since PNTrans"[f, g] is 3-convergent, for any i < n, the cells D" and Dj; are parallel.

Since PNTrans"[f, g] is a sub-polygraph of PFonct|[f, g] which is 3-coherent, there exists, for every
i <m,ad-cell v : D} — D} in PFonct|[f, g]Z@).

We can now conclude the proof of this Lemma by taking C; = D}, Co = D! and A’ = (A})7! %o
Bl xg ...%3 (A!) "1 %9 B!, and by defining « as the following composite:

Al Bl A2 B2 A3 Bn— 1 An Bn
D) DY D, D,
Q2 Qp
Dj o1 8 M 5 D} e D}, Bn
Dy
A By A By A3 B A B,
O

Proposition 3.18. For every 3-cells A, B € PNTrans|f,g|*® whose 1-target is of the form dle(a).
there exists a 4-cell a : A — B € PNTrans|[f, g]*(?).

Let f,g : C — D be two applications.

Suppose that, for every 3-cells A, B € PN’I‘I'ans+[f,g]*(2) such that:

e their 1-target is of the form alf(a)lb, with a € C and b € D,
e their 2-source is a normal form for PNTrans"[f, g],

their exists a 4-cell a : A — B € PNTrans[f, g]*(?).
Then Theorem 2.21 holds.

Proof. Let A, B € PN’I‘rans[f,g];(Q) be two parallel 3-cells whose 1-target is alf(a)lb. We are going to
build a 4-cell «: A — B € PN’I‘rans[ﬂg]Z(Q).

According to Lemma 3.17, there exist Cy,Cs, C],C% € PNTrans"[f, g]* whose targets are normal
forms for PNTrans"[f,g], A/, B’ € PNTrans'[f, g]*? and a;,as € TPN[f,g]Z(2) such that we have

the diagrams:
A B
e =
c / a o / c
A’ B’
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The 3-cells A and B are parallel, and the 3-cells C and Cs (resp. C7 and C%) have the same source
and have a normal form for PNTrans"[f, g] as target. Since PNTrans"[f, g] is 3-convergent, this implies
that the 3-cells Cy and Cy (resp. Cf and C}) are parallel. This has two consequences:

e The critical pairs of PNTrans"[f, g] already appeared in PFonct|[f, g], and we showed that they
admit fillers. Hence there exist cells 8; : C; — C and 5 : C] — C} in PN’I‘rans[f,g]Z(z).

e The 3-cells A’ and B’ are parallel, their 1-target is still a|f(a)|b, and their 2-source is a normal form
for PNTrans"[f, g]. So by Proposition 3.13 there exists a 4-cell v: A" — B’.

To conclude, we define « as the following composite (where we omit the context of the 4-cells):

A
Cy A1 C1

ﬁ\
B1 v B2

Cs -1 Cs
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4 Partial coherence and transformation of polygraphs

We now go back to the proof of Theorem 1.27. In this Section we prove a series of results in preparation
for Section 5. In order to have general enough results, we start in Section 4.1 by defining the notion of
white-category, together with the associated notion of white-polygraph. The 2-white-categories are also
known as sesquicategories (see [18]). White-categories are strict categories in which the interchange law
between the compositions xg and *; need not hold, for every 7 > 0. That is, strict n-categories are exactly
the n-white-categories satisfying the additional condition that for every i-cells f and g of 1-sources (resp.
1-targets) w and v (resp. u’ and v'): (f %o v) *; (u' %o g) = (w %o g) *; (f %0 v).

In Section 4.2, we study injective functors between free white-categories. In particular, we give a
sufficient condition for a morphism of white-polygraphs to yield an injective functor between the white-
categories they generate. This result will be used in Section 5.3.

In Section 4.3, we define a notion of partial coherence for (4, 3)-white-categories. We show a simple
criterion in order to deduce the partial coherence of a (4, 3)-white-category from that of an other one.
This criterion will be used throughout Section 5. We also adapt the notion of Tietze-transformation
from [5] to our setting of partial coherence in white-categories, in preparation for Section 5.5.

4.1 White-categories and White-polygraphs
Definition 4.1. Let n € N. An (n + 1)-white-category is given by:
e a set Cp,
e for every z,y € Cy, an n-category C(x,y). We note x;1 the k-composition in this category,

o for every z € Cg and every u : x — y € Cy, functors uxg _ : C(y,z) = C(x,z) and _*ou:C(z,z) —
C(z,y), so that for every composable 1-cells u, v € Cy, their composite u o v is defined in a unique
way,

o for every z € Co, a 1-cell 1, € C(x,x).
Moreover, this data must satisfy the following axioms:

e For every z € Cy, and every y € Cy, the functors 1, %o _ : C(x,y) = C(z,y) and _ xo 1, : C(z,y) —
C(x,y) are identities.

e For every u,v € Cy, the following equalities hold:

— U *Q (’U*O _) = (u*()’l))*o )
—uko (_*ov) = (uxp ) *ov,

— _ %0 (u*o’l)):(_*ou)*ov,

An (n, k)-white-category is an n-white-category in which every (i + 1)-cell is invertible for the -
composition, for every i > k.

Definition 4.2. Let C and D be n-white-categories. An n-white-functor is given by:
e an application Fy : Cy — Dy,
e for every z,y € Cp, a functor F, , : C(x,y) — D(Fo(x), Fo(y)).
Moreover, this data must satisfy the following axioms:
e for every x € Co, F'(12) = 1p,(a)s
e for every z € Cp and u : x — y € Cq, the following equalities hold between functors:

= F(u) %o F(_) = F(uxo _): C(y,z) = D(Fo(), Fo(2))
= F(_) %0 F(u) = F(_xou): C(z,z) = D(Fo(2), Fo(y))

This makes n-white-categories into a category, that we note WCat,,.
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Remark 4.3. Let us define a structure of monoidal category ® on Cat,, in such a way that WCat,, ;1
is the category of categories enriched over (Cat,,,®).
Let C, D be two n-categories. The n-categories C x Dy and Cy X D are defined as follows:

CxDo:= || C CxD:=|]D

yEDy x€Co

Let Cy x Dy be the n-category whose 0O-cells are couples (z,y) € Cy x Dy, and whose i-cells are
identities for every ¢ > 0. Let F' : Cy x Dy — C x Dy (resp. G : Cy x Dy — Cy x D) be the n-functor
which is the identity on 0-cells.

Then C ® D is the pushout (C x D) Beyxp, (Co X D):

C()XDOL)CXDO
o |
CoxD—C®D.

+

n?

The category of n-white-categories equipped with a cellular extension, noted WCat', is the limit of

the following diagram:

WCat, —— Graph,,
L]
WCat,, — Graph,,

where the functor WCat,, — Graph,, forgets the white-categorical structure and the functor Graph,,, ; —
Graph,, deletes the top-dimensional cells.
Let RY be the functor from WCat, 1 to WCat, that sends an (n + 1)-white-category C on the

couple (Cp, C,, E——Cpt1 ).
Proposition 4.4. The functor RY admits a left-adjoint LY : WCat, — WCat,, .

Proof. Let (C,%) € WCat,” be an n-white-category equipped with a cellular extension. The construction
of L¥(C,Y) is split into three parts:

e First, we define a formal language F;.
e Then, we define a typing system T¢ on Ex.. We note EZL the set of all typable expressions of Ex..

e Finally, we define an equivalence relation =% on FL. The set of (n + 1)-cell of L¥(C, ) is then
the quotient EL/ =%.

Let Eyx, be the formal language consisting of:

e For every 1l-cells u,v € Cy, and every (n+ 1)-cell A € X1, such that to(u) = so(A) and to(A) =
so(A), a constant symbol ¢y 4.

e For every n-cell f € C,, a constant symbol i .
e For every 0 < i < n, a binary function symbol ;.

Thus Fy; is the smallest set of expressions containing the constant symbols and such that e x; f € ¥
whenever e, f € Ex,.

Let T¢ be the set of all n-spheres of C. For e € Ex, and t € T, we define e : t (read as "e is of type
t") as the smallest relation satisfying the following axioms:

e For every l-cells uw and v in C;, and every (n + 1)-cell A € X, such that to(u) = so(A) and
to(A) = so(A)
Cudw : (us(A)v, ut(A)v)
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e For every n-cell f € C,

ip: (f,f)
e For every ej,es € Ex and i < n, if ey : (s1,¢1), €2 : (s2,t2) and t;(t1) = s;(s2), then
€1 %; € : (81 *; S2,t1 *; t2)
e For every e1,es € Fy, if 1 : (s1,t1), €2 : (S2,t2) and ¢; = s, then
e1 *p €2 : (s1,12)

An expression e € Ey is said to be typable e : (s,t) for some n-sphere (s,t) € Te. Moreover there is only
one such n-sphere, so the operations s(e) := s and t(e) := ¢t are well defined. We note EL be the set of
all typable expressions.

Let =s. be the symmetric relation generated by the following relations on EL:

e For every A, B,C,D € EL, and every i1,i2 < n non-zero distinct natural numbers,

(A *iq B) Ko (C *iq D) =% (A Xiy C) Xip (B Xiy D)

For every A, B,C € EL, and every 0 < i < n,

(A*i B)*iCEE A*i (B*l C)

For every A € EL and f € C,:

if*nAEg;A A*ningA

For every f1, fo € C,, and every i < n,

Ufy ¥ilfys =5 Uf1x;fa

For every A, A’, B € EL and every 0 < i < n, if A =y A’, then

A*iBEE AI*iB

For every A, B, B’ € EL and every 0 < i < n, if B =y B’, then

A*iBEg A*i B’

Let =% be the reflexive closure of =s.. The (n+1)-cells of L% (C, X) are given by the quotient EL/ =%.
The i-composition is given by the one of EFL, and identities by if. O

Definition 4.5. We now define by induction on n the category WPol,, of n-polygraphs together with
a functor Q) : WPol,, - WCat,,.

e The category WPol) is the category of sets, and QF is the identity functor.
o Assume Q) : WPol,, - WCat,, defined. Then WPol, 4 is the limit of the following diagram:

WPol,,,; —— WCat,}
|-
WPol, ———— WCat,,,
oy

and QY is the composite

w
WPol,,;; — WCat: — WCat, ;1
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Given an n-white-polygraph X, the n-white-category QW (X) is noted X% and is called the free n-
white-category generated by 3.
Definition 4.6. Let Wcatjjf{) be the category of (n + 1,n)-white-categories. Once again we have
a functor Ry "™ : WCatm(_q) — WCat,', and we are going to describe its left-adjoint E:lv_ﬁq). Let
(C,X) be an n-white-category together with a cellular extension. To construct £ (C, %), we adapt the

n+1
construction of the free n-white-categories as follows:

e Let Fy be the formal language Ey, s, where 3 consists of formal inverses to the elements of ¥
(that is their source and targets are reversed).

e The type system is extended by setting, for every 1l-cells u,v in C; and every (n + 1)-cell A € &
such that to(u) = so(A4) and to(A) = so(A):

Cudo @ (Ut(A)v,us(A)v).
We note F the set of all typable expressions for this new typing system.

e We extend =y, into a relation noted =y, by adding the following relations:

CyAv *n Cy Ay =55 Z'us(A)'u CyAv *n CuAv S5 iut(A)v
for every u,v in C; and every (n + 1)-cell A € 3, such that to(u) = so(A) and to(A) = sg(A).

We define categories WPolslk) of (n, k)-white-polygraphs and functors Q:f(k) : WPolglk) — WCatﬁLk)
in a similar way to Polglk) and Q%k).

Definition 4.7. Given an (n, k)-white-polygraph ¥, the (n, k)-white-category Qg(k)(E) is noted LW )
and is called the free (n, k)-white-category generated by X.

4.2 Injective functors between white-categories

An injective morphism between (n, k)-polygraphs does not always induce an injective functor between
the free (n,k)-categories they generate (see Example 4.8). In what follows, we prove some sufficient
conditions so that it may be the case, in the setting of (n,k)-white-categories. This is achieved in
Lemma 4.13. This result will be used in Section 5.3.

To prove this result, we start by studying the more general case of an injective morphism I between
(n, k)-white-categories equipped with a cellular extension. When its image is closed by divisors, we show
a simple sufficient condition so that I induces an injective (n + 1)-white-functor. We also show that the
image of the (n + 1)-white-functor induced by I is then automatically closed by divisors. Hence this
hypothesis disappears when we go back to morphisms of (n, k)-white-polygraphs. In particular we show
that every injective morphism of n-white-polygraphs induces an injective n-white-functor.

Example 4.8. We are going to define two (2, 1)-polygraphs ¥ and I'; a morphism of polygraphs F : ¥ —
I" which is injective in every dimension, and two distinct 2-cells f, g € £*(1) such that F*M(f) = F*(1)(g).

Let X be the following polygraph:

Yo = {x} Yy ={:*—*} Yo :={0,0:|=}
and I':
Ty = {x} [y ={:*— *} Fy:={Q,0:|=[6:|— 1.}
Let F' be the inclusion of ¥ into I'.
Let f = $ and g = g Using the exchange law, the following equality holds in I'*(!), where @ denotes

the inverse of &:
m
F()=8=8-88=8=8=F()
A
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For the rest of this section, we fix two n-white-categories equipped with cellular extensions (C,X), (C’, ') €
WCat™, and a morphism I : (C,¥) — (C',%') € WCat™t. That is, I is given by an n-white functor
I:C — C’ together with an application I,,41 : ¥ — X/ such that the following squares are commute:

I, I,
»—" sy Y
Sh = S th = t
C——"C C——FC

We note I (resp. ™) the (n + 1)-white-functor L% (I) (resp. LY (I)). By definition, I (resp.
™) is induced by an application from EL to EL, (resp. from FI to Fl), that we again denote by
I (resp. V(™).

Using their explicit definitions, the following properties of I'™ (resp. I W(”)) hold:

e Any element of EL (resp. F{I') whose image is an i-composite is an i-composite.
e Any element of EL (resp. F{I') whose image is a an identity is an identity.

e Any element of EL (resp. F\I') whose image is a c,ra7y iS a Cyap-

e Any element of FX' whose image by I%(M) s a ¢ g0 15 & €y 1y

Lemma 4.9. Assume that the application 1,11 is injective, and that I induces an injection on C.
Then the applications IV : EL — EL, and 1% : FL — FL are injective.

Proof. Let aj,as € EL such that IV (a;) = IV (a2). We reason by induction on the structure of I'%(ay).
If I%(a1) = cyrary, with w/,v" € Cf and A’ € 3. Then there are uy, vy, us,v2 € C; and Ay, As € &
such that a; = ¢y, 4,0, and ag = cyy4,50,, and so:

I(Ul) = I(Uz) = u' In+1(A1) = n+1(A2) = A/ I(’Ul) = I(UQ) = UI.
Since I and I, are injective, we get:
up=uy A1=Ay v =0y,

which proves that a = b.
If I(a1) = iy, with f’ € C;,. Then there exist f1, fo € C,, such that:

ar =1if, az =1if, I(fy=f  I(f2) = .

Since [ is injective, f1 = f2, and so a; = as.
If IV(a1) = A’ %; B, with i <n, and A’, B’ € EL,. Then there exist A1, A2, B1, By € EL such that:

ay =A1 *i B1 a2 :Ag *i 32 Iw(Al) :IW(AQ) :A/ Iw(Bl) :IW(BQ) :B/-

Using the induction hypothesis, we get that A; = Ay and B; = Bs, and so a1 = as.

In the case of I"("), we reason as previously, and we have one more case to check: if %™ (a;) =
Cy Ao, With ;v € C] and A’ € ¥'. Then there are uj, vy, uz,v2 € C; and Ay, As € ¥ such that
a1 = Cy, 4,4, and az =c and so:

’U.QAQ'UQ’
I(Ul) = I(UQ) = u' In+1(A1) = 7,,+1(A2) = A/ I(’Ul) = I(’Ug) = U/.
Using the injectivity of I and I, 11, we get:

U = U A=Ay v = vy,

and finally a1 = as. O
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Definition 4.10. Let C be an n-white-category, and E be a subset of C,,. We say that F is closed by
divisors if, for any f € E, if f = f1 *; fa, then f; and fo are in E.

Lemma 4.11. Assume the image of I in C,, is closed by divisors, and that I and 1,41 are injective.
Then, for every a’,b' € EL, such that a’ =s, V', and for every a € EL such that I'V(a) = a', there
ezists b € EL such that
o) = a =y b.

Assume moreover that the application I, 1 is bijective and that I is bijective on the 1-cells of C.
Then, for every a',b/ € Fi, such that a’ =5/ V', and for every a € F such that IV (™ (a) = a’, there
exists b € FE such that
™oy =1 azgb

Proof. To show the result on I'V we reason by induction on the structure of a’.
If there exist A, B',C’", D’ € EL,, 0 <i; < iy <n and a € EL such that:

a' = (A" x;, B") %, (C" x;, D) b = (A" %, C") iy, (B' %, D') IV (a) =d/,

then, a = (A, B)%;, (C%;, D), with A, B,C, D € EL. Let b := (Ax;, C);, (B*;, D): by construction,
we have IV (b) =¥’ and a =5 b. The case where the roles of a’ and b’ are reversed is symmetrical.

If there exist A', B',C" € EL,, 0 <i <n and a € EL such that:

a' = (Al*i B/) *; C/ b/ :A/*i (B/ *; Cl) Iw(a) :a',

then, a = (A*; B)%; C, with A, B,C € EL. Let b:= Ax; (B*; C): By construction, we have I'V(b) = V/
and a =x, b. The case where the roles of a’ and b’ are reversed is symmetrical.

If there exist A’ € EL, f' € C}, and a € EL such that

a=ipx, A b =A  IV(a)=4d,

then a = iy *, A, with f € C,, and A € EL. Let b := A’: by construction, we have IV (b) = b’ and a =5, b.
If there exist A’ € EL, f' € Cl, and a € EL such that

d=A  V=ipx, A IV(a)=d,
let b := ig(a) *n a. Since V' is well typed, we have f’ = s(A’), hence I(s(A)) = s(IV(A)) = s(A") = f/,
and so IV (b) = b’ and a =5 b. The case of the right-unit is symmetrical.
If there are fi, f5 € C/,, i <n and a € EL such that:
a':if{ *i Zfé b/:Zf{*”té Iw(a) :a',

then a =iy, %, iy, with f1, fo € C,,. Let b:=1iy,,,,: by construction, we have IV (b) =b" and a =5, b.
If there are fi, f5 € C!,, i <n and a € EL such that:

a = if{*ifé b = Z'f{ x4 ifz/ Iw(a) =da

then a = iy, with f € C,. Since the image of I in C,, is closed by divisors, there exist fi, fo € C, such
that

I(fi)=fi If)=f f=f*f-

Let us define b’ := iy, *; if,: By construction, we have I™(b) =¥ and a =5 b.
If there are A}, Ay, B’ € EL,, i <n and a € EL such that:

a’ = All *i B All =y AIQ b/ = AIQ *i B’ Iw(a) = CL/
then a = Ay x; B, with A,B € Eg Using the induction hypothesis, there exist Ay € Eg such that

IY(Ay) = A, and Ay =5 As. Let us define b := As x; B: by construction, we have I'V(b) = b’ and
a =y, b. The last case is symmetric.
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In the case of I%(") we reason as previously, and we have two more cases to check. If there exist
', v €Cl, A€ X and a € F such that:

a/ = Cy’ A’v’ *n Cyr Al b, = iu’S(A’)'U’ Iw(n) (Q) = (1/
then a = cy; A0, *n Cyy Ayvy» With u1, uz,v1,v2 € C1 and Ay, Ay € ¥ such that:
I(ul) = I(’LLQ) = Ul [(’01) = I(UQ) = ’Ul [n+1(A1) = n+1(A2) = A

Let b :=dy,s(A,)v, - Since I and I,,41 are injective, we have I™(b) =0’ and a =y b.
If there exist u’,v' € C;, A€ ¥ and a € F{ such that

Cl/ = i'u/s(A’)'u/ b/ = Cy’ A’v’ *n Cyr Aty Iw(n) (a) = CL/

Then a = iy, with f € C,,. Let b’ 1= cyay *i Cuay, with u = I71(u'), v = I71(v') and A = I}, (A): by

construction, we have IV (b) = b’ and a =5 b. The final case is symmetrical. O

Lemma 4.12. Assume that 1,11 and I are injective, and that the image of I in C,, is closed by divisors.
Then the functor IV : L¥(C,%) — LV (C', %) is injective, and its image is closed by divisors.

Assume moreover that 1,11 is bijective, and that I is bijective on the 1-cells of C. Then the functor
) v (e, 2) — LWM(C', YY) is injective and its image is closed by divisors.

Proof. Let f1, fo € LY(C,¥) and ay,as € EL such that:

IY(f1) = IV (f2) [a1] = f1 laz] = fo.

Then [I%(a1)] = [I%(a2)], that is IV(a1) =%, W (az). Hence by definition, there exist » > 0 and
th,...,t, € EL such that:

ti=1%a) ti=stiy, b, =1"(a)
Applying Lemma 4.11 successively, we get t1,...,t, € EL, such that:
tl = ax ti =% ti+1 Iw(tl) = tl

In particular a1 =% ¢, and IV (t,) = t,, = I (az2). Using Lemma 4.9, this implies that ¢,, = a2, and so
a1 =% ag, which proves that f1 = [a1] = [a2] = fo.

It remains to show that the image of I'V is closed by divisors. Let f’, f{, f4 € LY(C',¥') and i < n
such that f' = f{ %; f3, and assume that there is an f € LW (C’,%’) such that IV(f) = f'. Let a € EL
and b}, b, € EL, such that:

al=f l=f b= f
In particular, we have IV (a) =%, b) %, b5. Using both Lemmas 4.9 and 4.11 as before, we get an

element b € EL such that:
a=5b  IV(b) = by *; bh.

Since the image of IV is closed by divisors, there exists by, bs € Eg such that b = by %; by. Let f1 := [by]
and fy := [fa]: by construction we have:

M(f)=f TI"(fa)=f  hHxifo=Ff

The case of I™%(™ is identical, the only difference lying in the hypothesis needed to apply Lemma
4.11. O

Lemma 4.13. Let ¥ and ' be two (n,k)-white-polygraphs and I : ¥ — T be a morphism of (n,k)-
polygraphs such that for every j < k the application I; : Xj — I'; is injective. Then for every j < k the
functor I7¥ : ¥ — T'V 1s injective, and its image is closed by divisors.

Assume moreover that Iy and Iy are bijections, and that for every j > k the application I; : ¥; = T';

() ywlk) _, pw(k)
T

is bijective. Then for every j the functor I;v ;

divisors.

s injective, and its image is closed by
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Proof. We reason by induction on j. The case j = 0 is true by hypothesis.

Let 1 < j < k. By hypothesis, the application I; is injective, and by induction hypothesis, the functor
I, is injective with image closed by divisors. Hence I; satisfies the hypothesis of Lemma 4.12, and [3*
is injective with image closed by divisors.

Let j > k. Again, using the hypothesis and induction hypothesis, we get that I; satisfies the

hypotheses of Lemma 4.12. Hence I;V(k) is injective and its image is closed by divisors. O

In what follows, we use the fact that the image of a functor generated by a morphism of polygraphs
is closed by divisors in order to prove a characterisation of the image of such a functor.

Definition 4.14. Let C,D be two n-white-categories, F' : C — D be an n-functor and f be an n-cell of
D. We say that F' k-discriminates f if the following are equivalent:

1. The k-source of f is in the image of F'.
2. The k-target of f is in the image of F'.
3. The n-cell f is in the image of F.

Given a subset D of D,, we say that F' is k-discriminating on D if for every n-cell f in D, F
k-discriminates f.

Lemma 4.15. Assume that the image of I is closed by divisors, that I induces an injection on n-cells,
and that I is n-discriminating on X'.
Then, T% (resp. I™™ ) is n-discriminating on L¥(C',%') (resp. L™ (C',¥)).

Proof. Let us start with I'V. Let E be the set all (n + 1)-cells of L¥(C’,%’) which I'V discriminates.
Let us show that E = LW (C’,%). Since IV commutes with the source and target applications, the
implications (3) = (1) and (3) = (2) hold for any cell in LW (C’,X’). So in order to show that a cell is
in F, it remains to show that it verifies the implications (1) = (3) and (2) = (3).

The set E contains all units. Indeed, let A" = 15, with f' € C'. If s(A") = f’ is in the image of
IV, there exists f € C such that I(f) = f’. Let us define A =15 € LW(C,X): by construction we have
I (A) = 1;¢5y = 157 = A’, hence the implication (1) = (3) holds for A’. Moreover since t(A") = s(A’),
the implication (2) = (3) also holds for A.

The set E contains all cells of length 1. Indeed, given such a cell A’, there exist f}, g, € C; and
Aj, € ¥’ such that

Al = fl w1 (fro1*n—2 - x2 (f1AQ91) *2 -+ *n—2 Gn_1) *n—1 Gn.-

Let A} := f} *r—1 (fr_q *k—2 --- *2 (f1ALG]) *2 ... *k—2 Gh_1) *k—1 gk Suppose that the source (resp.
target) of A’ is in the image of I, and let us show that A’ is in the image of ™. Since the image of T
is closed by divisors, we get first that f},, g/, and s(A],_;) (resp. t(A],_;)) are in the image of I. By

iterating this reasoning, we get that, for all 7, f/, ¢; and s(A}_;) (resp. t(A}_,)) are in the image of I.
Since I'™ discriminates ¥/, there exist fi, gr € Cx and Ay € ¥ such that:

I(fe) =fr  Ilgr) =g9x  Ing1(Ao) = Ap.

By induction on k we show that Ay = fi *k—1 Ak_1 *k—1 gx is well defined and that IW(A;) = A}.
Indeed, assume that it is true at rank k — 1. Then we have the equalities:

I(6(fr)) = t(fx) = sk-1 (A1) = I(sk-1(Ax-1))  T(tr-1(Ar-1)) = te-1(A} 1) = s(gz) = I(s(gx))

Using the injectivity of I we get that t(fx) = sp—1(Ar—1) and tx_1(Ax—1) = s(gx), which shows that Ay
is well defined, and finally:
I (Ak) = fi xk—-1 Aj_q *r—1 gk = Aj.
In particular, we have A}, = IW(A,).
The set F is stable by n-composition. Indeed let A’, B’ € F, and assume that the source of A" x,, B’

is in the image of I. Let us show that A’ x,, B’ is in the image of I%. The source of A’ x,, B’ is none
other that the one of A’. Since A’ is in E, there exists A € L¥(C,X) such that IV(A) = A’. Hence the
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source of B’ is in the image of I, and since B’ € E, there exists B € L¥(C,¥) such that I%(B) = B'.
Moreover we have I(t(A)) = t(A") = s(B’) = I(s(B)), so using the injectivity of I we get t(A) = s(B).
Hence the cell A x,, B is well defined and satisfies:

IY(Axy B) =TV(A) 5, I"(B) = A %, B'.

The case where the target of A’ x,, B’ is in the image of I is symmetrical.

This concludes the proof for V. Concerning I™(")| the reasoning is the same except that we also
have to show that E is stable under inversion. Indeed let A’ € E and assume that the source (resp.
target) of (A’)~! is in the image of I. Then the target (resp. source) of A’ is in the image of I and since
A’ is in E, there exists A € LY (C, %) such that IV (A) = A’, and so IV (M (A~1) = (A")~L. O

Lemma 4.16. Let ¥ and I' be two (n, k)-white-polygraphs, and I : ¥ — T be a morphism of polygraphs.
Let ko such that for every j > ko, I; is a bijection.
Assume that I satisfies the hypothesis of Lemma 4.13, and that, for every j > ko, I; is ko-discriminating
on I';. Then for every j > ko, I;V(k) is ko-discriminating on F;v(k).
Proof. Since I satisfies the hypotheses of Lemma 4.13, we know that for every j, the functor I;V(k) is
injective, and that its image is closed by divisors.
We reason by induction on j > kg. For j = kg + 1, the result is a direct application of Lemma 4.15.
Let j > ko + 1: let us show that Ij‘-"(k) is (j — 1)-discriminating on I';. Let A € T';. If s(A) (resp.

t(A)) is in the image of I;fo ) then in particular, the ko-source (resp. ko-target) of A is in the image of

I,:Z(k). Since I;V(k) is ko-discriminating on I';, A is in the image of I;V(k). Hence we can use Lemma 4.15,
and we get that I;"(k) is (j — 1)-discriminating on F;v(k). Let A € I‘;V(k). If its ko-source (resp. ko-target)

(k) then, by induction hypothesis, the source (rep. target) of A is in the image of

)

is in the image of IZ‘;
Iw(k)

j—1 - and so A is in the image of I;V(k), which proves that I;V(k is ko-discriminating. O

4.3 Partial coherence in pointed (4, 3)-white-categories

Definition 4.17. A pointed (4, 3)-white-category is a couple (C, S), where C is a 4-white-category, and
S is a subset of C,.

Definition 4.18. Let (C, S) be a pointed (4, 3)-white-category. The restriction of C to S, noted C[S, is
the following (2, 1)-category:

e its O-cells are the 2-cells of Cs that lie in S,

e its 1-cells are the 3-cells of Cs3 with source and target in S,

e its 2-cells are the 4-cells of C4 with 2-source and 2-target in .S,

e its compositions xg and *; are respectively induced by the compositions x5 and %3 of C.

Definition 4.19. Let (C,S) be a pointed (4, 3)-white-category. We say that C is S-coherent if the
(2,1)-category C[S is 1-coherent.

Example 4.20. Every (4, 3)-white-category is (-coherent. A (4,3)-white-category C is Ca-coherent if
and only if it is 3-coherent.

Definition 4.21. Let C and D be two 2-categories, F': C — D a 2-functor.

We say that F' is 0-surjective if the application F': Cy — Dy is surjective.

Let 0 < k < 2. We say that F' is k-surjective if, for every (k — 1)-parallel cells s,t € Cg_1, the
application F': C(s,t) — Dy (F(s), F(t)) is surjective.

Definition 4.22. Let (C, S) and (C’, S’) be two pointed (4, 3)-categories. We say that (C’,S’) is stronger

than (C, S) if there is a functor F' : C'[S” — C[S which is 0-surjective and 1-surjective.

Lemma 4.23. Let (C,S), (C',S") be two pointed (4,3)-white-categories. If there exists a 2-functor
F:C'S" — C|S which is 0-surjective and 1-surjective, then (C',S’) is stronger than (C,S).
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Proof. The functor F' induces a functor F : C'1S" — C|S. Since it is equal to ' on objects, it is 0-
surjective. On 1-cells F' is the composition of F' with the canonical projection associated to the quotient,
hence it is 1-surjective, and so (C’,S’) is stronger than (C, S). O

Lemma 4.24. Let (C,S), (C',S’) be two pointed (4, 3)-white-categories, and assume (C',S") is stronger
than (C,S).
If C' is S’-coherent, then C is S-coherent.

Proof. Let F : C'|S" — C|S be a functor that is 0- and 1l-surjective. Let A, B : f — g € (C[S); be
parallel 1-cells, and A, B be their projections in C[S.

Since F is O-surjective, there exists f’, g’ € (C']S")o in the preimage of f and g under F. Since F
is 1-surjective, there exists A’, B’ € (C'|S"); of source f’' and of target g’ such that F(A’) = A and
F(B') = B.

Since C''S’ is 2-coherent, there exists o/ : A’ = B’ € (C'[S")2. Thus A’ = B’ and A = B. Hence
there exists a« : A — B € C[S. This shows that C[S is 1-coherent, and therefore that C is S-coherent. [

We are going to define four families of Tietze-transformations on (4,3)-white-polygraphs. Tietze
transformations for (3, 1)-categories were introduced in [5], as a way to modify a (3, 1)-polygraph without
modifying the 2-categories they present. In particular, they preserve the 2-coherence. Here we adapt
these transformations to our setting of (4, 3)-white-polygraphs and show that they preserve the partial
coherence. This will be used in Section 5.5. We fix a 4-white-polygraph A.

Definition 4.25. Let A € A;V(3). We define a 4-polygraph A(A) by adding to A a 3-cell B and a 4-cell
a, whose sources and targets are given by:

The inclusion induces a functor between (4, 3)-white-categories 14 : AY®) — (A(A))V®). We call
this operation the adjunction of a 3-cell with its defining 4-cell.

Definition 4.26. Let o € A4 and A € A3 such that:
e t(a)=A

o s(a) € (A\ {t(a)})y"?.

The 4-cell o induces an application Az — (A3 \ {t(a)})™¥®), by sending t(a) on s(a) and and that
is the identity on the rest of Az. This application extends into a 3-functor m, : AY — (A3 \ {t(a)})™.
Let A/(A; @) be the following (4, 3)-polygraph:

o= AT 2= AT = (A () % A\ {0}

Then 7, induces a functor AY®) — (A/(A;a))"®), which sends a on the identity of s(«), and which
is the identity on the rest of A4. We call this operation the suppression of a 3-cell with its defining 4-cell.

Definition 4.27. Let a be a 4-cell in AZ'(B). We define a (4, 3)-white-polygraph A(a) by adding to A a
4-cell B : s(a) — t(a). The inclusion of A into A(«) induces a functor ¢ : A¥®) — A(a)V®). We call
this operation the adjunction of a superfluous 4-cell.

Definition 4.28. Let 8 € A4 such that there exists a 4-cell a € (A\ {8})¥®) parallel to 5. Let A/3
be the polygraph obtained by removing 3 from A. There exists a functor 5 : AY®) — (A/B)W®), that
sends 5 on « and which is the identity on the rest of A. We call this operation the suppression of a
superfluous 4-cell.
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In those four cases, the set of 2-cells is left untouched. In particular, if S is a sub-set of Ay, and that
B is constructed from A through a series of Tietze-transformations, then S still is a subset of By .

Proposition 4.29. Let A be a 4-white-polygraph, S a sub-set of Ay, and B a 4-white-polygraph con-
structed from A through a series of Tietze-transformation.
If B¥®) is S-coherent, then A%®) is S-coherent.

Proof. We check that if B is constructed from A through a Tietze-transformation, then the 3-white-
categories presented by A and B are isomorphic.

Suppose now that B is S-coherent, and let A, B € AY be parallel 3-cells, whose source and target are
in S. Since BY®) is S-coherent, the images of A and B in the 3-white-category presented by B are equal.
Since it is isomorph to the 3-white-category presented by A, there exists a 4-cell a : A — B € AZV(?’),
which proves that A is S-coherent. O
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5 Transformation of a (4, 2)-polygraph into a (4, 3)-white-polygraph

The proof of Theorem 1.27 will occupy the rest of this article. We start with a (4, 2)-polygraph 4
satisfying the hypotheses of Theorem 1.27. Let S 4 be the set of all 2-cells in A% whose target is a normal
form. Then proving Theorem 1.27 consists in showing that A is S 4-coherent.

In this section we successively transform A four times, leading to five pointed (4, 3)-white-categories,
namely (A*®,S4), (BY®,8g), (CV3),Se), (D¥®), Sp) and (EW), S¢), and we show each time that
the new pointed (4, 3)-white-category is stronger than the previous one. A brief description of each
pointed (4, 3)-white-category can be seen in Table 5. Finally in Section 5.5, we perform a number of
Tietze-transformations on the 4-white-polygraph &, leading to a 4-white-polygraph F.

Thanks to Lemma 4.24 and Proposition 4.29, we know that in order to show that A*(2) is S 4-coherent,

it is enough to show that F%(®) is Sc-coherent. This will be done in Section 6.

Name Description Commentary
Az
(A*) S ) As
Ay
Ao Weakening of the
(3W(2)7 Sg) As UK exchange law
AsUQ
As Weakening
€V Se) As UA UK UK of the invertibility
AsUQU{pa,Aa} of 3-cells
Ay U A Adjunction of
(D¥®), Sp) As UA UK U KP formal inverses
AsUQU{pa, s} to 2-cells
Ay U A Adjunction
(EVG) Se) | AZUAP UK UKPU{nysep} of connections
AsUQU{pa, Aa} U{rs,0¢} between 2-cells

Table 5: List of the successive transformations of A.

Example 5.1. We have already shown in Section 2 that for every sets C, D and for every applications
f,g: C — D, the (4,3)-polygraph PNTrans™ [f, g] satisfies the hypothesis of Theorem 1.27.
In what follows, we will use as a running example the polygraph A = Assoc which consists of one

0-cell, one 1-cell |, one 2-cell ' :| |=], one 3-cell <F': @ = g, and one 4-cell <"

V/V

/{{I IY I:I |
4

all

| |[—=—=

s v A

| ¥ =1 |
I\
| ¥ | ¥
In particular, Assoc satisfies the 2-Squier condition of rank 2. The 2-category Assoc; is 2-convergent
and its only normal form is the 1-cell |
The corresponding set S4 is then the set of 2-cells in Assoc from any 1-cell |--| to |

v I\ o
/%v
<~
1

—7 7\

<

5.1 Weakening of the exchange law

We construct dimension by dimension a (4, 2)-white-polygraph B, together with a white-functor F' :
BY2) — A*(2) We then define a subset S of BY(?) and show (Proposition 5.5) using F that (B%(?), Sy)
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is stronger than (A*(?) S ).
In low dimensions, we set B; = A;, for every i < 2, and the functor F' is the identity on generators.

Lemma 5.2. The functor F': BY — A* is 2-surjective.
Proof. By construction, A% is the quotient of By by the equivalence relation generated by:
(f %0 v) %i (u' %0 g) = (u*o g) *; (f %0 V')
And F is the canonical projection induced by the quotient. O

In what follows, we suppose chosen a section i : A* — BY of F', which is possible thanks to Lemma
5.2.

We extend B into a 3-white-polygraph and F' : BY — A* into a 3-white-functor by setting B3 :=
AsUK:

e For every 3-cell A € A3, the source and target of A in BY are respectively s5(A) := i(s*(A)) et
tB(A) = i(t4(A)).

e The set K contains, for every strict Peiffer branching (fv, ug), where f : u = v’ and g : v = v’ are
rewriting steps, a 3-cell Ay, .4 of the shape:

f /
%%

The image of a cell of Bs under F' is defined as follows:
e For every strict Peiffer branching (fv,ug), F(Afvug) = 1fxg
e For every 3-cell A in Az, F'(A) := A.

Lemma 5.3. Let f,g € BY. There exists a 3-cell A : f = ¢ in K;V(z) if and only if the equality
F(f)= F(g) hold in A3.

Proof. Let f,g € BY. The image of any cell in K;)”(z) by F' is an identity. So if there exists a 3-cell
A:f=gin K;,:V(Q), necessarily F(f) = F(g).
Conversely, the set A3 is the quotient of BY by the equivalence relation generated by:

fs(g) 1 t(f)g =s(f)g*1 ft(g),

for f,g € BY. The 3-cells Afy g, where (fu,vg) is a strict Peiffer branching, generate this relation, and
they are in K. Hence the result. O

Lemma 5.4. The functor F : B¥?2) — A% s 3-surjective.

Proof. Let E be the set of 3-cells A € AE(Q) such that, for every f,g € BY in the preimage of s(A) and

t(A) under F, there exists a 3-cell B: f = g € B;V(z) satisfying F'(B) = A. Let us show that £ = Aj.
We already know that E contains the identities thanks to Lemma 5.3.

The 3-cells of length 1 in A} are in E. Indeed, let A € A% be a 3-cell of length 1, and f, g € BY such
that F'(f) =s(4) et F(g) = t(A). There exist u,v € A}, ', ¢’ € A5, and A’ € A3 such that

A= f5 (uA'v) % ¢

Let u, v, f, g be in the preimages respectively of u, v, f’, ¢’ under F (they exist thanks to Lemma 5.2),
and let By := fx, (@A'D) %1 § € B;V(z). By construction, F(B;) = A, which leads to the equalities:

F(s(Br) = F(f)  F(t(B1)) = F(g)-

45



Thus, according to Lemma 5.3, there exist 3-cells Cy : f = s(By) € K;V(z) and Cy : t(By) = g € K;V(2).
Let B := C} x2 By %2 C5: by construction, B has the required source and target, and moreover:

F(B) = F(Cy) %2 F(By) %2 F(C2) = 1p(p) %2 Ax2 1p(g) = A.
The set F is stable under composition. Indeed let A;, Ay € E such that t(A4;) = s(Asg), and f,g € BY

satisfying F'(f) = s(A41) and F(g) = t(A2). Since F is 2-surjective, there exists h € BY in the inverse
image of t(A;) under F. Since A; (resp. Az) is in E, there exists a cell By (resp. Bs) in BW(Q) such that
F(By) = Ar (resp. F(By) = As), s(B1) = f (vesp. s(Bz) = h) and t(By) = h (resp. t(By) = g). Let
B := By x2 By: we get:
s(B)=f F(B)=Aix Ay t(B)=y

The set E is stable under 2-composition. Indeed let A € E and f,g € BY such that F(f) =s(A™!)

and F(g) = t(A™1). There exists B € BY(?) such that:
s(B)=g F(B)=A4 t(B)=/

Hence the cell B! satisfies the required property. O

We now extend B into a (4, 2)-white-polygraph and F : B¥?) — A*?) into a 4-white-functor by
setting By = A4 U L:

e For every 3-cell A € A4, the source and target of A in B;V(Q) are respectively s2(A) := i(sA(A))
and tB(A) := i(t4(A)), where i is a chosen section of the application Fs : By ® — AY® (which
exists since F' is 3-surjective). And we set F'(A) := A.

e For every 3-fold strict Peiffer branching (f, g, h), the set L contains a 4-cell Ay, j, whose shape

depends on the form of the branching (f, g,h). If (f,g,h) = (f'v,¢g'v,uh’), with (f',¢’) a critical
pair, and b’ : v = v’ then Ay 4, is of the following shape:

—_—

flv Af/,g/’U \ 7 \ B

V=— A A

F flv,uh’
f.9.h ,
% Agroubs ul! Agprgrv

where A and B are in K;V@). And we define F(Aygn) =14, ,xon

If (f,g,h) = (f'v,ug’,ul’), with (g, h) a critical pair, and f’: u = ' then Ay, is of the following
shape:

/|

where A and B are in Kw(2). And we define F'(Ayq4p) := LfingAy -

If (f,g,h fow, ug'w, uh'w), then Ay 45, is of the following shape, where A and B are in K, w2,
flow flow
f’v ug’ W A UAquh’
w7 A =@
!/

ug w,uv’h flow,uvh’
’U,A ’ h'
g’ w,v
uvh’ / U’LN

And we define F(Af g ) := 1f1ugguoh!-



Let now Sp be the set of all 2-cells in BY whose 1-target is a normal form.
Proposition 5.5. The pointed (4,3)-white-category (B¥(2), Sp) is stronger than (A*(?), S 4).

Proof. The functor F' sends normal forms on normal forms. Hence by restriction it induces a 2-functor
F|Sg: BV ]Sz — A*2) 1S5 4.
Lemmas 5.2 and 5.4 show that it is k-surjective for every k < 2. Hence we can conclude using Lemma

4.24. O
Example 5.6. In the case where A = Assoc, the set K contains in particular the following 3-cells, asso-
ciated respectively to the strict Peiffer branchings (Y | | , | | §)and (& | | | , | | | ¥):
TV=V7 7I¥V==VFIY
(m— e—
In L, the 4-cell associated to the strict Peiffer branching (% | | | , | & | | , | | | ) isthe
following:

Sqi===1L¢"
Ty =
o Ty

U7 77

5.2 Weakening of the invertibility of 3-cells

We construct dimension by dimension a 4-white-polygraph C, together with a 3-white-functor G : C%¥®3) —
B¥(2). We then define a subset S¢ of C¥(®) and show (Proposition 5.8) using G that (C%¥(®), S¢) is stronger
than (BV(?), Sp).

In low dimensions, we set C; = B; for ¢ < 2, with the functor G being the identity.

We extend C into a 3-white-polygraph by setting C3 := B3 UB3", where the set Bs” contains, for every
A € B3, a cell noted A°P, which source and target are given by the equalities:

s(A?) = t(A) t(A?) =s(A)
And the functor G : C% — B¥?) is defined as follows for every A € Bs:
GA)=A G(AP) = A1
Lemma 5.7. The functor G : C¥®) — B¥®) s 3-surjective.

Proof. By definition, B;V(Q) is the quotient of CY by the relations A% xg A =1 and Axy A? =1, and G
is the corresponding canonical projection. O

We extend C into a 4-white polygraph by setting C4 := B4 U {pa, Aa|A € Bs}, where the applications
source and targets s,t : C4 — CY are defined as follows:

e For A € By, the cell s€(A) (resp. t€(A)) is any cell in the inverse image of s®(A) under G, which
is non-empty thanks to Lemma 5.7. And we set G(A4) := A.
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e For every A € Bs, the cells p4 and A4 have the following shape:

s(A) s(A) £(A) t(A)
N/ NS 4 NS
s(A) s(A) t(A t(A)

And we set G(pa) := 1g(a) and G(Aa) := 1g(a)-
Let S¢ be the set of all 2-cells in C% whose 2-target is a normal form.
Proposition 5.8. The pointed (4, 3)-white-category (C¥3), Sc) is stronger than (B¥(2), Sg).

Proof. The functor G restricts into a functor G[Se : CW®) Sz — BW(2) S, which is i-surjective for i < 2
thanks to Lemma 5.7. Hence we can conclude thanks to Lemma 4.24. O

Example 5.9. In the case where A = Assoc, let A ='<. The set C3 contains the following 3-cell:

<7 Y =="

And the following cells lie in C4, where A ='<7"

S e 2 T
7N 7\
L A .

5.3 Adjunction of formal inverses to 2-cells

Let D be the 4-white-polygraph defined as follows:
for every i # 2, D; :=C; Dy :=Co UCo,

where for every f € Ca, the set Cy contains a cell f with source t(f) and with target s(f). Let Sp be the
set of all 2-cells of the sub-2-white-category Cy of DY whose target is a normal form.

Notation 5.10. The application C, — Co extends into an application Cy — C," which exchanges the
source and targets of the 2-cells.

For every cell f € C3’, we note % if fisin BY, é if f is in BY, and é for any cell

in C3".
Proposition 5.11. The pointed (4, 3)-white-category (D¥®), Sp) is stronger than (C¥®), S¢).

Proof. Let us show that DV®)[Sp = CWE) 156, Let ¢ : CV3) — DWE) be the canonical inclusion functor.
Since the only cells added are in dimension 2, ¢ satisfies the hypotheses of Lemma 4.13, thus C¥ is a
sub-4-white-category of D™, which gives us an inclusion C¥®)[Se C D¥G)[Sp.

Let us show the reverse inclusion. Let f € D¥®) be an i-cell (i > 2), and suppose that f is in
DY) 1Sp. In particular to(f) and sy(f) are in CY¥. Since ¢ also satisfies the hypotheses of Lemma 4.16,
with kg = 2, it is 2-discriminating on D:"@). Thus f is in C¥®), and in CW(3)|Se since its 1-target is a
normal form. [
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Example 5.12. In the case where A = Assoc, the set Dy contains one additional 2-cell:

A=Y

And the following cells are composites in D%:

XN =Y
Note that the equality DW®) [Sp = CV3)|Se implies that none of these composites belongs to DY) [Sp.

5.4 Adjunction of connections between 2-cells

Let &€ be the following 4-white-polygraph:
e Fori=0,1,2,& =D
o Fori=3,E& =DsU{nsef|f €Ca}.
o Fori=4,& =Dy U{rs,0f|f € Ca}.

The cells 0y, €7, 7y and oy have the following shape:

o cp: fr f= Ly enpilypy = fraf

PN Y

Lecy)

\

i Tfi(f*lnf)*z(ef*lf)_)y

Ef\fnf/i /
f

® Oy (77f*1 f)*z (f*1 Gf) — lf.

7
L=

Notation 5.13. Let us note U the 3-cell €7 and (™ the 3-cell n¢. In a similar fashion, we note 1 for o

and 6 for 7,
N U=

Let R := {os,7}, and R (resp. R™(®)) be the sub-d-white-category (resp. sub-(4,3)-white-
category) of V() generated by the cells in R. A 4-cell of length 1 in RY is called an R-rewriting
step.

N

™M
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Let S¢ be the set of all 2-cells of the sub-2-white-category C3" of £5" whose target is a normal form.
Using properties of the rewriting system induced by R¥, we are going to define a functor K : E¥(®) [Se —
DY) | Sp.

Lemma 5.14. Let o € E) and f € RY of length 1 with the same source. There exist o/ € E) and
B € RY of mazimum length 1, such that:

=

E——)

(07

Proof. The result holds whenever (a, 3) is a Peiffer or aspherical branching.

If (o, B) is an overlapping branching, then the source of o must contain an 7y or an €¢;. The only
cells of length 1 in &' that satisfy this property are those in R%. Hence « is in R™. Thus the branching
(a, B) is one of the following two, and both of them satisfy the required property:

e e

=5 ol

Lemma 5.15. The rewriting system generated by R is 4-convergent.

Proof. Using Lemma 5.14, the rewriting system generated by R is locally 4-confluent. Moreover, the
cells oy and 7 decrease the length of the 3-cells, hence the 4-termination. O

_ Let A € &5 we note A € &Y its normal form for R. Remark in particular that if A is in DY, then
A=A

Lemma 5.16. Let A be a 3-cell of £ whose target is in C3’.
o If the source of A is in CY, then A is in Dy .

e Otherwise, for every factorization of A into fi1 %1 f *1 fa, where f is a rewriting step, there exists
a factorisation of A into:

% < N f Ay 2
AN

As

Proof. We reason by induction on the length of A. If A is of length 0, then the source of A is in €3, and
A=AisinDY.

If A is of length n > 0, let us write A = By *x; B, where By is of length 1. We can then apply the
induction hypothesis to By. We distinguish three cases:

o If both the sources of A and By are in C3’, then B; is in DY, and so is A= B %o Bg.
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e If the source of A is in C3¥ but not that of By, then B is of the form g1 x1 0y x1 g2. There hence
exists a factorisation (g1 x1 f) *1 f %1 g2 of the source of Bs. Applying the induction hypothesis to
Bsy, we deduce the following factorisation of A:

%\f ny f/\\\f A, 92
N/ T\

Ay

In particular, A is the source of an R-rewriting step. Let A’ be its target, which is thus of length
smaller than A. Applying the induction hypothesis to A’, we get that A = A’ is in DY

e There remains the case where the source of A is not an element of C3".

In order to treat this last case, let us fix a factorisation fi %1 f *1 fo of the source of A, where f is of
length 1. We distinguish three cases depending on the form of Bj.

o If By = f1 1 f % Bj, where B} is a 3-cell of length 1 from fy to go € DY, then we get a
factorisation of the source of B into f1 x1 f x1 g2. Let us apply the induction hypothesis to Bs:
there exist A}, A} € &Y and g} € DY such that:

By = (f1 %1 f 1 A)) %2 (f1 %1 €5 *1 gh) %2 A

Thus A factorises as follows, which is of the required form by setting A; = Bf xo A} and Ay = Al:

5 ] I B;
g
/ f ﬁ: A& 2 f2

o If B = B} %1 f %1 f2, where B} is a 3-cell of length 1 from f; to g; € DY¥. Then the source of B
factorises into g; %1 f x1 f2. Applying the induction hypothesis to Ba, there exist A}, A, € EY¥ and
1% € DY such that:

By = (g1 %1 fx1 AY) %2 (g1 %1 €5 %1 f3) x2 Ag

We get the required factorisation of A by setting A1 = A} and Ay = (B x1 f}) %2 A.

f

e Otherwise, we have By = f1 *1 €7 %1 f5, with fo = f %1 f3. We then get the required factorisation
of A by setting Al = 1f2/ and A2 = BQ.
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Lemma 5.17. Let 8 € RY™, and « be a 4-cell EY of same source. There exist &' € EY and ' € RY of
mazximum length that of B such that we have the following square:

=

S ———)
a
Proof. We reason using a double induction on the lengths of 8 and «. If 8 (resp. «) is an identity, then
the result holds by setting o/ = « (resp. 5’ = ).
Otherwise, let us write a = a1 x3 as and 8 = (1 x3 B2, where a; and B are of length 1. We can then
construct the following diagram:

aq Q2
B1 B !
o
o
B2 By 5
aff ay

The 4-cells o} and 3] exist thanks to Lemma 5.14. We can then apply the induction hypothesis to the
4-cells as and B (resp. o) and fB2) and we construct this way the cells o and 57 (resp. of and f5).
Lastly, we apply the induction hypothesis to o et 85 in order to construct o and (Y. O

Lemma 5.18. The application A — A extends into a 1-functor K : EY®)|Sg — DVG) Sy, which is the
identity on objects.

Proof. The application A — A does not change the source or target. Moreover, given a 3-cell Ae W),
if Aisin E¥®)[Sg then in particular the source and target of A are in C¥. Thus A is in DY |Sp (Lemma
5.16).

Let A, B be 3-cells in (A‘,’W(?’)Awhich belong to E¥(3) | Se. We just showed that A and B are in DY 1Sp,
hence so is A%y B. So Axy; B 3 is a norrAnal onrm for R Yvhich is attainable from A x5 B. Since R is
4-convergent, this means that A xo B = Axy B. So A — A does indeed define a functor. O

Proposition 5.19. The pointed (4, 3)-category (€, Sg) is stronger than (D, Sp).

Proof. Let us show that K induces a functor K : E¥3)[Sg — DWG)[Sp. Let A, B be 1-cells in E¥3) [ S¢,
and suppose A = B. Let us show that K(A) = K(B), that is that there exists a 4-cell &/ : A — B €

Dy,




Since A = B there exists a 4-cell a : A — B € EZV(B). Suppose that « lies in £}Y. Let 5 € RY be a
cell from A to A. Applying Lemma 5.17 to o and 3, we get cells o’ and 3’ of sources respectively A and
B. Let B’ be their common target. By hypothesis A is in Dy, and the only cells in £} whose source
is in DY are the cells in DY¥. Thus o’ is in DY, and so is B’. So B’ is a normal form for RY which is
attainable from B. By unicity of the R%-normal-form, B’ = B, and so o’ is a cell in DY of source K (A)
and of target K(B), hence K(A) = K(B).

In general if A = B, there exist Ay,..., A, € &Y with Ay = A, B,, = B and for every i there exist
cells o; : Ag; — Agi—1 and B; : Ag; — Ag;11 in EY. Hence using the previous case K (A1) = ... = K(4,),
that is K (A1) = K(A,).

So K : EWB)[Sg — DWB)[Sp is well defined, and it is 0 and 1-surjective because K is. Hence (£, Sg)
is stronger than (D, Sp). O

Example 5.20. In the case where A = Assoc, let A ='. The set &3 contains the following 3-cells:

&= 125X

And the set &4 the following 4-cells:

7 7ix

A———=4 YV———"7VY

5.5 Reversing the presentation of a (4, 3)-white-category
We start by collecting some results on the cells of £.
Lemma 5.21. The set E3 is composed exactly of the following cells:
o For every f € Ag, 3-cells ny and €5.
e For every non-aspherical minimal branching (f,g), a 3-cell Ay 4 of shape:
S !

S

And in particular for every non-aspherical minimal branching (f, g), we have A;{Dg =A, .

Proof. 1f (f, g) is a critical pair: if it was associated to a 3-cell in A then Ay 4 is this corresponding cell.
Otherwise Ay, is in fact the cell A?”; from Section 5.2.

If (f, g) is a strict Peiffer branching, then A; ; is the cell defined in Section 5.1. Otherwise, (g, f) is
a strict Peiffer branching, and we set Ay := AZ{’ ' from Section 5.2. O

Lemma 5.22. For every minimal non-aspherical branching (f, g, ), there exists a 4-cell Af 41 € EZV(S)

of the following shape:
—
S SN N
J— Afn
\ Agn / ror \ B,
h 7 h

A

]



Proof. Let us first start by showing that, for every non-aspherical 3-fold minimal symmetrical branching
b, there exists a representative (f, g, h) of b for which the property holds. If b is an overlapping branching
then, using the fact that A satisfies the 2-Squier condition of rank 2, the cell Ay, exists for some
representative (f, g, h) of b. Otherwise b is a Peiffer branching, and we conclude using the cells defined
in Section 5.1.

It remains to show that the set of all branchings satisfying the property is closed under the action of
the symmetric group.

o If (f1, fo, f3) satisfies the property, then so does (fs, f2, f1). Indeed, let A := Ay, , r,, and let us
note its source s and its target ¢, all we need to construct is a 4-cell from s°P to t°P. This is given
by the following composite:

R T ———————

_ — op
s *92 >‘t ! top *9 A L *9 s°P t™ ko Ps

o If (f1, fa, f3) satisfies the property, then so does (f2, f1, f3). Indeed, given a cell Ay, ¢, r,, we can
construct the following composite:

A 1,J3
£ ot /

f17f2,f3

7
f2Af2 f1
%\ A \ f1 AflfQ/\
A 2, f1
k / ng / )\Afl f2 \ Afg,f.’i \ /
By

Since the transpositions (1 2) and (1 3) generate the symmetric group, the set of all branchings
satisfying the property is closed under the action of the symmetric group. O

We are now going to apply a series of Tietze-transformations to £ in order to mimic a technique
known as reversing. Reversing is a combinatorial tool to study presented monoids [4]. Reversing is
particularly adapted to monoids whose presentation contains no relation of the form su = sv, where s is
a generator and u and v words in the free monoid, and at most one relation of the form su = s'v, for s
and s’ generators. The (4, 2)-polygraph A satisfies those properties, but only up to a dimensional shift:
there are no 3-cell in Ajg of the form f xo g = f x2 h, where f is of length 1 and ¢g and h are in AY, and
there is at most one 3-cell in Aj3 of the form f x3 g = f’ %9 h, where f and f’ are of length 1. Hence we
adapt this method to our higher-dimensional setting.
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Adjunction of 3-cells C; , with its defining 4-cell X;,. For every non-aspherical branching (f, g),
we add a 3-cell Cf 4 of the following shape:

S

using as defining 4-cell a cell X, whose target is C'y,, and whose source is the composite:

f g

I g

Adjunction of a superfluous 4-cell Yy ,. We add a 4-cell Yy, of target A, ¢, parallel to the following
4-cell:

g g
7 Y
Ny f fre g €q'
7 Va
f I
-1
\W)(f,g
g
ny f/\f A N e 7N\
I\ 7™ 9T\ g’ff, A
g
\ Yo Ay g X
f f g !
! N N
f/

Deletion of the superfluous 4-cell X;,. We delete the 4-cell X 4, using the fact that it is parallel
to the following composite:

f g
N N
€f f Ag. s q Mg’
& ! & !
! g
o
fi9
g
f \ ng / // N , Mg’
€ f f Crg g9 ¢, 9 ,
A 4 P ¢ 9 N9
g
f 7 7
/ 1y fo Gy g 1y ,
v 5 % g

55



Deleting of the 3-cell A, ; with its defining 4-cell Y} ,. This last step is possible because A, ; is
the target of Yy, and does not appear in its source.

We note F the 4-white-polygraph obtained after performing this series of Tietze-transformations
for every non-aspherical branching (f,g), and II : £ — FW®) the 3-white-functor induced by the

Tietze-transformations. We still note A, ¢ the composite in fzv(?’), image by II of Ay, € &4.

Example 5.23. In the case where A = Assoc, the cells <" and <" respectively associated to the
branchings (%7 | , | ¥)and (| ¥ , ¥ |[) have been replaced by cells of the following shape:

y=X WN=X
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6 Proof of Theorem 1.27

This Section concludes the proof of Theorem 1.27. In Section 6.1, we study the 4-cells of the (4, 3)-white-
category FW(3) and in particular study the consequence of A satisfying the 2-Squier condition of rank
2.

In Section 6.2, we define a well-founded ordering on N[F}¥], the free commutative monoid on F7".
Using this ordering together with two applications p : 73" — N[F}Y] and w,, : F3" — N[F}"], we proceed
to complete the proof by induction in Section 6.3.

6.1 Local coherence

Definition 6.1. We extend the notation Cf , from Section 5.5 by defining, for every local branching
(f.g) of BY, a 3-cell of the form Cy 4 : fx1 9= f' %1 g € FY, where f" and ¢’ are in BY.

e If (f,g) is a minimal overlapping or Peiffer branching, then Cy , is already defined.

If (f, g) is aspherical, that is f = g, then we set C ; = ¢;.

e If (f,¢) is not minimal, then let us write (f,g) = (ufv,ugv), with (f, ) a minimal branching, and
we set Cy g :=uCj ;0.

Definition 6.2. We say that a 3-fold local branching (f, g, h) of As is coherent if there exists a 4-cell
Cygh € ]:Zv(g) of the following shape, where A and B are 4-cells in F3".
N

g g h\ f/cf )
e N
N2

V4
N\

/N

/\
\/

Lemma 6.3. Every 3-fold local branching of BY is coherent.

Proof. Let (f,g,h) be a minimal local branching. We first treat the case where (f, g, h) is an aspherical
branching. If f = g, then Ct 4 = €y, and the following cell shows that the branching is coherent:

\/\

f,h

f

/|

74
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f

3

/XN
g\§

ﬁ&
!

The case where g = h is symmetrical. Assume now g # f,h and f = h. Then (f,g) is either an
overlapping or a Peiffer branching. In any case there exists either a cell Ay, or Ay in €Y. In the

former case, we can construct the following cell in F," ®

o7



f ST f
C.f; ! &ngg ’ gqﬂ”\i
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§77f’7

In the latter, we can construct the same cell, only replacing II(p4, ) by (A4, ).
Suppose now that (f, g, h) is not aspherical. Using the cell Ay, j described in Lemma 5.22, we build

the following composite in fZV(3):

<§\
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Finally, if (f, g, h) is not aspherical, then there exists a 3-fold minimal branching ( f. 3, 71) of BY and
1-cells u,v € BY such that (f,g,h) = (ufv,ugv,uhv). Then the cell “Cf,g,i#’ shows that (f,g,h) is
coherent. O

58



6.2 Orderings on the cells of 7%

Definition 6.4. Let E be a set. The set of all finite multi-sets on E is N[E], the free commutative
monoid over E. For every e € E, let v, : N[E] — N be the morphism of monoids that sends e to 1 and
every other elements of F to 0.

If E is equiped with a strict ordering >, we note >,, the strict ordering on N[E] defined as follows:
for every f,g € N[E], one has f >,, g if

e [#yg

e For every e € E, if v.(f) < v.(g), then there exists ¢’ > e such that v (f) > ve (g).

Lemma 6.5. Let E be a set and a € E. The set of all f € N[E] such that f < a is equal to the set of
all f € N[E] satisfying the following implication for every b € E:

v (f)>0=b<a.

In particular, this set is a sub-monoid of N[E].

Proof. Let f € N[E] such that for every b € E the implication vi(f) > 0 = b < a is verified. Let us
prove that f <,, a. Necessarily v,(f) = 0, otherwise we would have a < a. Thus in particular f # a.
Moreover, let b € E such that v,(f) > vy(a) > 0. By definition of f this implies that b < a, and since
0 =v,(f) <vg(a) =1 we get that f < m,.

Conversely, let f <, a. Let us show by contradiction that v,(f) = 0. If v,(f) # 0, we distinguish
two cases:

e If v, (f) = 1, then since f # a, there exists b # a € E such that v,(f) > 0. Thus because f < a,
there exists ¢ > b € E such that v.(f) < v.(a). So we necessarily have v.(a) > 1, which implies
that ¢ = a. The condition v.(f) < v.(a) thus becomes v, (f) < 1, which contradicts the hypothesis
that v, (f) = 1.

o If v, (f) > 1, then there exists b > a such that v;(a) > v, (f), which is impossible.

Hence necessarily v, (f) = 0.

Let b € E such that v,(f) > 0, and let us show that b < a. We just showed that b # a, and so
vy(f) > vp(a). Thus there exists ¢ > b such that v.(a) > v.(f). In particular this implies v.(a) > 0. So
¢ = a and finally a > b. O

Lemma 6.6. Let (E, <) be a set equipped with a strict ordering. The relation >, is compatible with the
monoidal structure on N(E), that is, for every f, f',g € N(E), if f >um ', then f +g>m [+ 9.

Proof. Let f, f',g € N(FE), and suppose that f >,, f’. Let us show that f+g >,, f'+g. Firstly, f # [/,

hence f+g# ' +g.
Let e € E such that v.(f + g) < ve(f' + g). Since v, is a morphism of monoids, this implies that
ve(f) < ve(f’). Hence there exists ¢’ > e such that v (f) > ve (f), and so v (f +g) > v (f +9) O

The proof of the following theorem can be found in [1].

Theorem 6.7. Let (E,>) be a set equipped with a strict ordering. Then >, is a well-founded ordering
if and only if > is.

Since A is 2-terminating, the set A} is equipped with a well-founded ordering =-. This induces a well
founded ordering =, on N[Aj]. We now define two applications p : 73" — N[A}] and w,, : 3" — N[A]].
Using =,,,, those applications induce well-founded orderings on 53" and F3'. We then show a number
of properties of these applications in preparation for Section 4.3.

Definition 6.8. We define an application p : F3¥ — N[AJ]:
e for every f € FY of length 1, we set p(f) :=s(f) + t(f),

e for every composable fi, fo € F3¥, we set p(f1 x1 f2) := p(f1) + p(f2).
For every f,g € F3', we set f > g if p(f) =, p(g). The relation > is a well-founded ordering of F3".
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Definition 6.9. We define an application w,, : 73" — N[A}] by setting:
e For every f € BY of length 1, w,(ns) = s(f).
e For every 3-cell A € F3 and u,v € Aj, if A is not an 1y then w,(uAv) = 0.
e For every fi, fo € F3¥ and A € FY', w,(fi x1 A*1 fa) = wy(4).
o For every A1, Ay € F3', wy(A1 %2 Az) = wy (A1) + wy(A2).

Definition 6.10. A product of the form fx; g € F3¥, where f and g are nonempty cells in BY is called
a cavity. It is a local cavity if f and g are of length 1. Let Cx be the set of all cavities.

Lemma 6.11. Let f,g € BY. Suppose f is not an identity and t(f) = s(g). The following inequality
holds:

s(f) > p(9)

Proof. We reason by induction on the length of g. If g is empty, then p(g) =0 < s(f).
Otherwise, let us write g = g1 x1 g2, with g1 of length 1. Then p(g) = p(g1) + p(g2) and by induction
hypothesis p(g2) < s(f *1 g1) = s(f). Moreover we have f : s(f) = s(g1) and f x1 g1 : s(f) = t(q1).

Hence s(f) > p(g1),8(g2), t(g2) and, by Lemma 6.5, we get s(f) > p(g1) +s(g2) + t(g2) = p(9).
O

Lemma 6.12. Let f1, f2, 91,92 € BY, with f1 and fa non-empty and of same source u. For every 3-cell
A fix1 fo = g1 %1 G2 € FY, the following inequalities hold:

p(s(4)) > u > p(t(4)).
In particular for every cell Cy 4, we have s(Cyq) > t(Cygq).

Proof. Considering the first inequality, we have p(s(4)) = p(f1) + p(g2) > 2u > w.
Considering the second one, using Lemma 6.11, we have the inequalities u = s(f1) > p(g1) and
u =5s(f2) > p(g2). By 6.5, we then have u > p(g1) + p(g92) = p(t(A)). 0

Definition 6.13. Let h € F3’. A factorisation h = hy *; fix1 fo %1 ho of h, with fi, fo € BY of length
1 and hy,he € F3V is called a cavity-factorisation of h. Thus a cavity-factorisation is represented as
follows:

n NS,

Lemma 6.14. Let h € F3¥ be a 2-cell which is not an identity, and whose source and target are a normal
form for As. Then there exists a cavity-factorisation of h.

Proof. By definition of 53", there exist n € N* and ¢1,..., g2, € BY all not identities, except possibly

g1 OT gan, such that h = g1 %1 go *1 ... %1 Gan—1 *1 G2n.
Let us show that g; and g2, are not identities:

e If g, is an identity, then since h isn’t, either n > 2 or n = 1 and g2, is not an identity. In both
cases go is of length at least 1, and has s(h) as target, which contradicts the fact that s(h) is a
normal form for As.

e The case where go, is an identity is symmetric.

Therefore the 2-cells g; and gs are of length at least 1. So we can write g1 = f1%1 g] and g2 = fa*1 g5,
with f1, fa € BY of length 1. Let hy := g4 and hg := gh *1 G3 %1 g4 *1 - .. ¥1 Gon—1 *1 g2n. We finally get:
h = hy %1 f1 %1 fax1 ho. O

Lemma 6.15. Let h € Fy be a 2-cell of source and target G, a normal form for As. There ezists a
3-cell A: h = 1y such that w,(A) =0.
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Proof. We reason by induction on h using the ordering >. If h is minimal, then h = 1; and we can set
A= 1h-

Otherwise by Lemma 6.14 there exists a cavity-factorisation h = hy %1 f1 *1 fo x1 ho of h. Let
Ay :=Cy, 5,: we have w, (A1) = 0 and by Lemma 6.12, s(A;) > t(A4;). Since the ordering is compatible
with composition, we get h > hy x1 t(A;) %1 he. By induction hypothesis, there exists a 3-cell Ay :
hix1 t(A1) %1 ha = 13 € F§" such that w,(A42) = 0.

Let A := (hy %1 Ay *1 ha) %1 As. We have wy(A) = w(hy 1 Ay %1 ho) + w(A2) =w(A;)+0=0. O

Lemma 6.16. Let h € F3" of source and target i a normal form for Az, and A : h = 14 € F3'. For
every cavity-factorisation h = hy %1 f1%1 fax1 ha, there exists a factorisation of A = (h1%1 A1 %1 ho)*xo Ag,
with A1, Ay € F3', and either Ay = Cy, 5, or A1 = f1 %1 1y, *1 f2, with fs € BY of length 1.

Proof. We reason by induction on the length of A. If A is of length 0, then there is no cavity-factorisation
of h = 1; and the result holds.

If A is not of length 0, let h = hy %1 fi *x1 fo *x1 ho be a cavity-factorisation of h. Let us write
A = Bx; C, where B is of length 1. If B is not of the required form, then either B = B’ %1 fi %1 f2 %1 ho,
or B = hy %1 fi x1 fa*1 B’. Let us treat the first case, the second being symmetrical. The source of C
admits a cavity-factorisation s(C) = t(B’) x1 fi *1 f2 %1 he. By induction hypothesis, we can factorise C
as follows:

C= (hll *1 A1 *1 h2) *9 C/,

with Al = Cfl’f2 or A1 = f_l *1 Ny *1 f2. Let AQ = (Bi *1 t(Al) *1 hg) *9 CQZ we then have A =
(hl *1 A1 *1 hg) *9 AQ.

hy i fa

/?\ /Al\’

§ A \/’
C/

Lemma 6.17. Let h € FY and u € A} such that u > p(h), u > s(h) and u > t(h). For every 3-cell
A€ FY of source h, the inequality uw > wy(A) holds.

ho
—

O

Proof. We reason by induction on the length of A. If A is of length 0, w,(A) = 0 and the result holds.
Otherwise, let us write A = A %9 Ao, with Ay of length 1. We distinguish two cases depending on
the shape of Ay.
o If Ay = hy %1 0y %1 ho, with hy, ho € F3¥ and f € BY of length 1.

If by and hy are empty, then s(As) = f %1 f. Thus p(s(As)) = 2s(f) + 2t(f) < 4s(f) = 4s(h).
Since s(h) < u, using Lemma 6.5, we get that p(s(As)) < u. Applying the induction hypothesis to
Ay, we get wy(As) < u. Moreover, w,(A) = w, (A1) + w,(A2) = s(f) + w(Az2), and we showed
that w(Az) < u and s(f) = s(h) < u. Thus according to Lemma 6.5, we get w;(A) < u.

Otherwise, suppose for example that h; is not an identity (the case where hs is not an identity being
symmetrical). Then we have v,y (P(h1)) > 0, 50 v,y (P(R)) > 0. Since p(h) < u, we have by
Lemma 6.5 that s(f) = t(h1) < u. So p(s(As)) = p(h1)+p(ha)+2s(f)+2t(f) < p(h)+4s(f) < u.
By induction hypothesis, we thus have w,(As) < u, and finally w, (A) = s(f) + w,(A2) < u.

e Otherwise, we have on the one hand that w,(A;) = 0, and on the other hand that s(As) = t(A4;) <
s(A1) = h <u by Lemma 6.12. Thus w,(4) = w,(A42) < u.

O

Lemma 6.18. Let (f1, f2, f3) be a 3-fold local branching, uw € A, and A, B € Fy two 3-cells such that
there exists a 4-cell:

Chifarta = Jrxi gy %1 f2 %2 (Cry gy %1 Cpy ) %2 A = C, g, %2 B.
Then wy(A), w,(B) < u.
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Proof. Using Lemma 6.12, we have p(t(CY, 1,)), P(t(Ct,, 1)), P(6(Cy, 1)) < u. Sop(s(A4)) = p(t(Cy, 1,)+
p(t(cfz,fg)) <uet p(S(B)) = p(t(cfl,fs)) < u, and using 6.17, we get WU(A)’WW(B) <u O

6.3 Partial coherence of FV®)

Proposition 6.19. For every 2-cell h € FY¥ with source and target & a normal form for As, and for
every 3-cells A, B : h = 1y € FY’, there exists a 4-cella: A — B € ]-"ZV(3).

Proof. We reason by induction on the couple (w,(A) + w,(B), p(h)), using the lexicographic order. If
h =14, then A = B = 1;,. Thus setting a = 14 = 15 shows that the property is verified.

Suppose now that h is not an identity. Using Lemma 6.14, there exists a cavity-factorisation h =
hy %1 f1 %1 fa*1 ho. By Lemma 6.16, there exist A1, As, By, By € Fy¥, such that A = (hyx; Ay %1 ha) %o As
and B = (hy x1 By %1 ha) *3 By. Using this Lemma , we distinguish four case depending on the shape of
Al and Ag.

If Ay =By =CY4 5. Then in particular we have:
s(A2) =s(B2)  wy(A) =wy(A2)  wy(B) =wy,(B2)  t(A1) <s(A),

where the last inequality is a consequence of Lemma 6.12. Hence we get p(s(A4z2)) = p(h1) + p(t(A1)) +
p(h2) < p(h1) + p(s(A1)) + p(h2) = p(h), and finally (w,(A2) + w,(B2),p(s(42))) < (wy(A) +
w,(B),h)). Using the induction hypothesis there exists a : A, — Bs € ]-"ZV(B), and by composition we
construct A; vy oo : A — B.

If A, = f1«1 ng, x1 fo and By = Cy, r,. We are going to construct the following composite:

h1 fl/ \2 ha

_ <:> <:>
hi %1 fi1 %1 0p *1 fox1 ho hix1 Cy, 1, *1 ho
fi 2 <:>h <:>h
h / \ / \ ha ' \/ ’
<:> <:>
(€3]

(N S

According to Lemma 6.3, there exists a 4-cell

D,

Cf17f37f2 : -]Fl *1 7 f3 *1 J2 %2 (Cfl,fs *1 Cf37f2) *2 Dll - Cf17f2 *2 D/2a

with D}, Dy € FI'®). Let us define Dy 1= hy %1 (Cf,. 5, %1 Cfy.,) %2 D)) %1 ha, Dy := hy %1 D %1 ha, and
aq := h1x1 Cf, g5, *1 ho. The existence of D is guaranteed by Lemma 6.15, which also proves that we
can choose D3 such that w, (D3) = 0.

In order to construct the 4-cells a; and as, let us show that we can apply the induction hypothesis
to the couples (Ag, Dy %2 D3) and (D x2 D3, Bs). Let v be the common source of f; and fs.

e Using Lemma 6.18, w,) (D1 %2 D3) = wy(D1) = w,(D}) < v, and so:

Wy (A2) + Wy (D1 %2 D3) < wy(Az) + w(nz) = wy(A) < wy(A) + wy(B).
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e As previously w,(Da x2 D3) = w,(D3) = w,(D5) < v, and so:

Wy (Bz2) +Wy(D2 *2 Ds) < wy(Bz) + w(ns) < wy(B) + wy(A).

If Ay =Cy, 4, and B, = fi*1 Nty *1 fo.  This case is similar to the previous one, only using Cf_llf3 fa
rather than Cy, ¢, f,.

If Ay = fi*x1mp, %1 fo and By = f1 %1 0y, %1 fo.  We are going to construct the following composite:

fi
ha / \2 ha

~ — — ~
hi %1 f1x1 mgy *1 f2 %1 h2 hi*1 f1x1 Mg, *1 f2 %1 b
fi f2 fi 2
hy / \ / \ ha hy / \ / \ ha
A= —1 A= —1 A= —14 A= —1
D, o D,
Ao h f:/ \ / \ / \{2 ho Bs
—_— —_—
K a2 Ds a3 J
\ V J

Let us set ~ ~
Dy := hy x1 f1 %1 fa*1 fax1 np, *1 fax1 b

Dy i=hy %1 f1 %1 0py %1 fa*1 fa*1 fax1 ha.
We then have
(h1 %1 A1 %1 ho) %2 Dy = hy %1 fi %1 0py %1 0p, %1 f2 %1 ha = (h1 %1 Bi %1 ha) x1 Da.

Hence we define o as an identity. Let now Ds be as in Lemma 6.15, with w,(D3) = 0, and v be the
common source of f1, fa, f3 and fy. We then have the inequalities:

wy(A2) + wy(D1) + wy(D3) = wy(A2) + v < wy(Az) + wy(Ba) + 2v = wy(A) + wy(B),

Wy, (B2) + wy(D2) + wy(Ds) = wy(B2) +v < wy(B2) + wy(Az) + 2v = w, (A) + w, (B).
Hence we can apply the induction hypothesis to the couples (As, Dy xo D3) and (Ds *2 D3, By), which
provides as and as. O

Proposition 6.20. The (4,3)-white-category F¥®) is Sg-coherent.

Proof. Let A, B : f = h € F3¥ whose 1-target is a normal form 4, with f,g € BY.

The 3-cells (h*; A) o €, and (h *; B) %3 €, are parallel, and their target is 14. In particular they
verify the hypothesis of Proposition 6.19. So there exists o : (b x; A) %o €, — (h %1 B) %2 ¢,. Then the
following composite is the required cell from A to B:
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Xh/ N 2l "
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N~ aNghT e

A\

O

We can now complete the proof of Theorem 1.27. Indeed we showed that F¥®) is Sg-coherent.
Using Proposition 4.29, that means that E¥®) is Sg-coherent, and finally using Lemma, 4.23 that A*(2)
is S 4-coherent, that is that for every 3-cells A, B € A§(2), there exists a 4-cell «: A — B € AZ(Q).
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