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EQUIDISTRIBUTION OF THE CONORMAL CYCLE OF RANDOM
NODAL SETS

NGUYEN VIET DANG AND GABRIEL RIVIERE

ABSTRACT. We study the asymptotic properties of the conormal cycle of nodal sets asso-
ciated to a random superposition of eigenfunctions of the Laplacian on a smooth compact
Riemannian manifold without boundary. In the case where the dimension is odd, we show
that the expectation of the corresponding current of integration equidistributes on the
fibers of the cotangent bundle. In the case where the dimension is even, we obtain an
upper bound of lower order on the expectation. Using recent results of Alesker, we also
deduce some properties on the asymptotic expectation of any smooth valuation including
the Euler characteristic of random nodal sets.

1. INTRODUCTION

We consider (M, g) a smooth (C*°) compact connected oriented Riemannian manifold
without boundary, and we study the solutions of

(1) —Age)\ = )\26)\,

where A, is the Laplace-Beltrami operator induced by the Riemannian metric g and A > 0.
Our geometric assumption implies that there exists a non decreasing sequence

0:)\1<)\2§)\3§§)\J—>+OO,
and an orthonormal basis (e;);>1 of L?(M) such that
\V/j Z ]_, —Agej = )\?6]‘.

More generally, we are in fact interested in finite superpositions of such solutions, i.e.

(2) [ e M =1z (=Ay) L2 (M).

Recall that, if we denote by N(A) the dimension of H,, Hormander showed [38]
Vol, (M

®) N() = gy o),

il (24 1)

where n is the dimension of M and Vol, is the Riemannian volume induced by g. In the
present article, we aim at studying elements in H, in the high-frequency limit A — 4o0.
There are several natural ways to study these objects: among others, one can for instance
look at their LP norms, their nodal sets, their nodal domains, or their quantum limits. In
the present article, we will address the question of the geometry of the nodal sets,

VfeHr Npi={xeM: f(x)=0}.
1
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Again, there are many natural questions regarding the geometry of a nodal set Ny or its
distribution on M — see for instance the book of Han and Lin [34] or the recent survey of
Zelditch [61] on nodal sets of eigenfunctions. For instance, one can try to compute their
Hausdorff volume, the number of their connected components, or more general geometric
quantities like their Betti numbers.

The simplest question seems to be a priori the computation of the volume. In fact, in
this case, it was conjectured by Yau [59] that there exist two constants 0 < ¢, < C,; < +00
such that, for every e, solution of (1),

cgh <VHNG,) < G,

where V" ! is the Riemannian hypersurface volume. In the case of real-analytic metrics,
this conjecture was proved by Donnelly and Fefferman [25] — see also [40] for the case of
arbitrary elements in H,. In the C* case, the lower bound was proved earlier in dimension
2 by Briining [16] while in dimension n > 3, the best known lower bounds are of order A*z"
as recently proved by Colding and Minicozzi [21] and Hezari, Sogge and Zelditch [37, 56].
Concerning the upper bound in the C* case, Dong, Donnelly and Fefferman obtained an
upper bound of order A2 in dimension 2 26, 24], and in dimension n > 3, Hardt and Simon
proved an upper bound of order A** for some ¢ > 0 [35]. Thus, even the a priori simpler
question of estimating the volume of nodal sets remains to our knowledge far from being
completely understood in a general setting.

A natural approach is to ask whether the properties expected for any nodal set are valid
for a “generic” solution of (1) or at least for a “generic” element f of H,. In order to
formulate a notion of genericity in H,, we introduce the following Gaussian probability
measure on the space Hj :

N

_nas2 ((N(A) 5 . N(A)
MA(df) == d/JLA(f) = e 2 27T dCl P dCN(A), Wlth f — Z Cjej'
=1

Remark 1.1. We note that, with this convention, the expectation of the L? norm is
| W Bsgndun(r) =1
Ha

In this setting, Bérard gave an “average” version [3] of Yau’s conjecture, i.e. one has

1 Vol(S™=1) A
More recently, Rudnick and Wigman also estimated the variance in the case where (M, g) is
a rational torus [51] or the canonical sphere [58], and Letendre generalized Bérard’s result
to the intersection of several “random” nodal sets [45]. In [60], Zelditch also showed that
something slightly stronger than Bérard’s result holds. More precisely, he proved that,
given any smooth function w on M, one has

x _ Vol(s™ ) A
(4) /H (F(@o)lldf ||, w) dua(f) = Vol(S) \/m/Mw(x)dVolg(M)(lJro(l)),

Vol,(M)(1 4+ o(1)).
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where f*(dp) is the pullback by f of the Dirac distribution, and (.,.) is the duality bracket.
This result shows that, if we average over the Gaussian measure, the nodal sets become
equidistributed in M.

Using this probabilistic approach, we can in fact say much more on the geometry and
the topology of the nodal sets. In [47, 55, 48], Nazarov and Sodin computed the average
value of the number of connected components of Ny. More precisely, if we define by N(f)
the number of connected components of Ny, one has

>0 }) =0,

V5 >0, lim m({fem: N(/)

A %
for some non explicit constant a, > 0 depending only on (M, g). This is a very strong
result in the sense that it does not only give an asymptotic value for the expectation but
also a large deviation estimate. It is also slightly more precise in the sense that the result
remains true if we count the number of connected components in some rescaled geodesic ball
By(z, RA™1) for some large R > 0 —see Theorem 5 in [55]. In [49], Nicolaescu also estimated
the number of critical points of a random function f in H,: it gives in particular an upper
bound on the value of a,. Gayet and Welschinger improved some aspects of Nazarov and
Sodin results as follows. They proved that, on any smooth compact connected Riemannian
manifold (M, g) without boundary, one can find constants 0 < b(M, g) < B(M,g) < +o0
such that

VO<i<n-—1, b(M,g)A" < / bi(Np)dua(f) < B(M, g)A",
Ha
where b; is the i-th Betti number [30, 31]. Recall that by(Ny) = N(f). Their result is in
fact more general than what we claim in the sense that it is valid for any elliptic pseudo-
differential operator of positive order! m, and that they obtain some explicit bounds for
the values of b(M, g) and B(M,g). In the case where n is odd, Letendre [45] showed the
following asymptotic property of the Euler characteristic x(N7) of a random nodal set:

n—1

© [ W) - 2o (S ) VebOn + o),

We recall that the Euler characteristic is given by the alternate sum of Betti numbers.
Finally, Canzani, Sarnak and Wigman recently studied the universal laws satisfied by the
topologies of nodal sets [52, 17].

These different results show that much more can be said on the geometry of nodal sets if
one only aims at probabilistic results. Even if we do not address this kind of questions in the
present article, we note that probabilistic approaches have been considered for a long time
in algebraic geometry — see for instance [41] where Kac estimated the number of real zeros
of a random polynomial as its degree goes to infinity. In “random” algebraic geometry, one
aims at studying the zero set of random polynomials of several variables instead of random
superposition of eigenfunctions, and the spectral parameter A is replaced by the degree of
the polynomials [44, 54, 9, 10, 29, 45].

"n this case, the asymptotics are of order A%
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So far, we have only discussed the mathematical point of view of random Gaussian
superposition of high-frequency eigenfunctions but we emphasize that they play an impor-
tant role in the physics literature. For instance, in quantum chaos, one is interested in
understanding the semiclassical properties of a quantum system whose underlying classical
system enjoys chaotic features such as ergodicity or mixing. In [6], Berry predicted that
semiclassical eigenmodes of chaotic systems should exhibit the same behaviour as a random
superposition of waves. This is known as the Berry random wave conjecture. In particu-
lar, any result on random superposition of waves should provide an intuition on what one
could expect for a chaotic system. In our framework, the main example of chaotic system
is given by manifolds with negative curvature whose geodesic flows are exponentially mix-
ing. Motivated by this conjecture of Berry, random nodal sets (and nodal domains?) were
also extensively studied in the physics literature especially in the last fifteen years starting
from the works of Blum, Gnutzmann and Smilansky [11] on nodal domains. The case of
nodal sets was studied by Berry in [7] where he considered (on 2-dimensional domains)
similar questions as the ones mentioned above on the volume and the curvature of random
nodal sets. In the 2-dimensional case, Bogomolny, Dubertrand and Schmit conjectured
that random nodal sets are in fact well described in terms of percolation processes and
Schramm-Loewner Evolution models [12].

2. STATEMENT OF THE MAIN RESULTS

In the sequel, we denote by T*M the cotangent bundle of M and an element of T*M is
denoted by (x;&) for x € M, & € TXM. From the point of view of “microlocal geometry”,
it is often more natural to consider the conormal cycle of Ny = {f = 0} rather than the
set Ny itself [43, Chapter 9]. Recall that the conormal cycle is defined as follows, for every
Jin Ha,

(6) N{f=0}) ={(x;&) € T"M s.t. f(x)=0,§ =td,f for some t # 0} C T*M.

Note that the above defines the conormal only in the set theoretical sense and we will
later discuss the central issue of orientation. Outside of its singular points, this subset of
T*M is a Lagrangian conical submanifold and it contains in some sense more informations
on the geometry of the nodal sets. For that reason, it sounds natural to us to focus
on the properties of this set. Before giving more explanations on the relevance of the
conormal cycle in “microlocal geometry”, we mention, as a first motivation, a celebrated
index Theorem of Kashiwara [43, Thm 9.5.3 p. 385]. In the real analytic case, this result
expresses the Euler characteristic of Ny as a Lagrangian intersection in 7% M between the
conormal cycle of Ny and the graph of dg for a generic function g on M :

(7) [ Graph dg] N [N*({f = 0})] = x (V)

where the intersection is in the oriented sense.
To our knowledge, the properties of this set have not been studied neither from the
deterministic point of view, nor from the probabilistic one. In this article, we aim at

2This means the subsets of M where f has a fixed sign.
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studying the probabilistic properties of the set N*({f = 0}) which are somewhat easier to
consider. For that purpose, we need to introduce the following subset of H:

Dy :={f € Hx: Jx € Ny such that d,f = 0}.

By a Sard type argument — see for instance paragraph 2.3 in [45], one can verify that
pua(Dp) = 0 for A large enough. Thus, for pp-a.e. f in Hy, N*({f = 0}) is a smooth
n-dimensional submanifold of

T°M :={(z,§) € T"M : £ #0}.

In particular, once we choose an orientation, N*({f = 0}) can be viewed as a n-current
[N*({f = 0})] in the sense of de Rham [22, 53]. It means that, for every smooth compactly
supported n—form w on T*M, we define

A== [ w
N*({f=0})
Remark 2.1. We note that N*({f = 0}) has two connected components for f in Dy:
Ni{f=0}):={(2,8) €e T°M s.t. f(z) =0 and = td, f for some t € Ry \{0}}.
We will discuss precisely orientability questions in paragraph 3.2. We will in fact use the
classical conventions of [20, p. 682].

Our first main result shows that this defines in fact an L' function:

Theorem 2.2. Let (M, g) be a smooth oriented connected compact Riemannian manifold
without boundary of dimension n. Then, the map

(8) feHy— [N"({f =0})] € D,(T*M)

is integrable with respect to the Gaussian measure py. Equivalently, for every test form w
on T*M, the map

feHy—{(N"({f=0D]w) eR
belongs to L'(Ha, dpuy).

In order to state our second result, let us denote by 2, the Riemannian volume form
on (M,g), by m : T*M — M the natural projection, and by 7*Q, the pull-back of the
Riemannian volume on 7M. Then, our second theorem shows the following universal
behaviour:

Theorem 2.3. Let (M, g) be a smooth oriented connected compact Riemannian manifold
without boundary of dimension n. Then, one has

©) [ v = onldua( =cn(

with

A
vn+2

) ', + O(A" ),

n+1

2(—1) 2

= m if n is odd, and C,, = 0 otherwise.
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Equivalently, it means that, for every test form w on T*M, one has

[ wvar=omeann=c.(25) [ w0, rows)

We note that an important feature of this result is that it shows a very different behaviour
depending on whether the dimension is odd or not. In the case where n is odd, our theorem
shows that the submanifold N*({f = 0}) becomes uniformly equidistributed on the fibers
T M while, when n is even, we only obtain an upper bound of lower order.

2.1. Applications: smooth valuations on manifolds. We will now explain the inter-
est of the concept of conormal cycle by giving some applications of our equidistribution
Theorem. First, we recall a celebrated result of Chern [20, equation (20) p. 679-683]
later generalized by Fu for subanalytic sets [28, p. 832] (see also [50, Definition 4.4.1 and
Proposition 4.4.2] for a detailed exposition). In some sense, the following result can be
understood as a “microlocal version” of Gauss-Bonnet Theorem:

Theorem 2.4 (Chern [20]). Let (M, g) be a smooth compact Riemannian manifold of odd
dimension n. Then, there exists a smooth, compactly supported and closed n—form?® 0 so
that fw‘l(:v) 0 =1,V € M, and, for any smooth submanifold of codimension > 1, one has

(10) X(X) = ([N* (X)], 6)
where [N* (X)] is the conormal cycle of X and where x is its Euler characteristic.

Remark 2.5. In his seminal article [20], Chern considered in fact cycles on the unit tangent

bundle UM called normal cycles and the geodesic curvature form is a (n — 1) form II on
UM so that dIl = 0, fﬁ_l(x) II =1,V € M. Since M is Riemannian, there is a fibration

p: T°M — UM whose fiber is the group (R, X). Choose any smooth function ¢ >

on Ry s.t. dy is compactly supported and f0+°o dy = 1, then the n—form 6 = dp A p*I1
satisfies the assumptions of the Theorem.

From this result, we deduce an alternative proof of equality (5) which gives the mean
Euler characteristic of random nodal sets :

Theorem 2.6 (Letendre [45]). Let (M, g) be a smooth oriented compact Riemannian man-
ifold of odd dimension n, for any function f set Ny = {f =0} then

n—1

(11) /%><(J\ff)d,,m(f)=%wg(z\@(\/nA_+2

Proof. Let 6 be the n-form of Theorem 2.4. Then, one finds

[ X dinr) = [V =016 din )
Ha

Ha

)n + O(A" ).

3Such a form is often called a geodesic curvature form.
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since the map f — ([N*({f = 0})],0) is integrable with respect to the measure du, by
Theorem 2.2. Hence by Theorem 2.3, we obtain an integral on the cotangent cone :

[ xoanin = [ (25) oo on

L) () o

x

2(-1)"(-1)*% AN 1
wVol(S"—1) VOI(M)(W) oM

where we used a Fubini Theorem on the cotangent cone T*M and we integrated on the
3n+1

fibers of T*M first. Note that since n is odd, (—1)"(—=1)"2" = (=1)™2" = (=1)"z which
explains the constant found in the statement of our Theorem. O

In [45], Letendre computed the Euler characteristic by expressing it as the integral over
{f = 0} of a certain curvature form depending on f as for instance in [19, Eq. (9)]. Here,
instead of this approach, we use Theorem 2.4 which gives the Euler characteristic as the
integral of a fized curvature form over N*({f = 0}). In some sense, this point of view
allows us to extend Letendre’s Theorem into an equidistribution result in the same way as
Zelditch’s equidistribution result (4) generalized Bérard’s result on the volume.

Chern’s formula for the Euler characteritic of a smooth submanifold can in fact be
understood in the more general framework of the theory of smooth valuations recently
developped by Alesker [2] and that we will now briefly review. We consider X a smooth
oriented manifold (not necessarily endowed with a Riemannian structure) and we denote
by P(X) the set of all compact submanifolds of M with corners. In the terminology of [2],
we say that a map

¢:P(X)—=C
is a smooth valuation if it is a finitely additive functional, and if it satisfies certain continuity
properties. For simplicity of exposition, we remain vague on these two notions which need
to be defined carefully on P(X) — see Part II of [1] for details. As was already mentionned,
smooth valuations on manifolds generalize classical concepts from integral geometry such
as volumes, Euler charateristic and mixed volumes. One of the remarkable property of
these valuations is that they can be represented as follows : for every smooth valuation ¢,
there exists a smooth differential n-form wy on 7*X such that, for any P in P(X), one has

P(P) = /N*(P) W,

where N*(P) is the conormal cycle of P [2]. We emphasize that the converse statement
is also true, and that the n-form is a priori non unique. In the example of the Euler
characteristic x, Theorem 2.4 gives such a n-form as soon as we have fixed some arbitrary
Riemannian metric on X.
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Thanks to this interpretation of smooth valuations as integrals over conormal cycles,
Theorems 2.2 and 2.3 imply the following corollary on smooth valuations:

Corollary 2.7. Let (M, g) be a smooth connected compact Riemannian manifold without
boundary of dimension n. Let ¢ be a smooth valuation in the sense of [1] such that w, can
be chosen compactly supported in T*M. Then, the map

(12)

where

frr o(Ny)
belongs to L'(Ha,duy). Moreover, one has
A n

Ny)d :C’n<7) / ™0y Awg + O(A™ ),
- (b( f) ,uA(f) \/n—+2 . g ¢ ( )

C A1) fn is odd, and C, =0 otherwi

= ———— ifnisodd, an = 0 otherwise.
" aVol(S1) ’ "

2.2. Further questions. Let us now mention natural questions that can be asked about
the conormal cycles attached to nodal sets.

e In the spirit of [45], it would be natural to consider intersections of nodal sets and

compute the expectation of their conormal cycle. This could probably be directly
obtained with the methods of the article but would require some slightly more
complicated combinatorial arguments. For simplicity of exposition, we decided to
consider only one nodal set.

Regarding Theorem 2.3, it would be natural to understand the asymptotics in the
case where n is even. At least in the case where the set of closed geodesics is of
zero Liouville measure, we believe that one should be able to compute the term
of order A"~! in the asymptotics using the fact that in this geometric framework,
the remainders in Weyl’s asymptotics are of order o(A"™'). Understanding the
geometric meaning of the lower order term (and also checking that it is a nonzero
term) is probably more subtle than computing the leading term we obtain here.
In this article, we only computed the expectation of the conormal cycle and it would
be of course natural to look for variance or large deviations estimates in the spirit
of [7, 51, 47, 58, 48].

Finally, it would be natural to understand what happens in the deterministic case.
Can one obtain at least some upper bounds on the conormal cycle of a deterministic
nodal set? If yes, what are the rates, and do they also depend on the dimension?
This kind of questions would require completely different techniques like the ones
in [34].

2.3. Organization of the article. Our first task in the present article is to express the
conormal cycle [N*(f = 0)] explicitely in terms of Dirac distributions and differential
forms. This kind of representation appears in the book of Schwartz [53] and it is in some
sense slightly more adapted to our problem than the geometrically appealing definitions
appearing in the works of Kashiwara—Schapira, Fu, Alesker, Bernig ([5, 43, 42, 28]). We
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give in section 3 a brief account on the properties of currents needed for our purpose and
carefully justify the meaning of our formula using tools from microlocal analysis.

In section 4 which forms the core of our paper, we prove Theorems 2.2 and 2.3 using
microlocal analysis and combinatorics.

Then, in section 5, building on tools from quantum field theory, we give a new integral
formula which expresses the conormal cycle of a nodal set as an oscillatory integral in
bosonic (odd) and fermionic (even) variables. Our formula makes use of the so called
Berezin integral [3, 33, 23, 57]. This formula is inspired from a very general formula
expressing integration currents as oscillatory integrals on odd and even variables used by
A. Losev et al. in their works on instantonic quantum field theories [27, 46]. We give a
leisurely introduction to the necessary tools to grasp the meaning of our formula. Using
this very simple integral formula representing [N*(f = 0)], we give a fast derivation of
the leading term of the asymptotics of fHA IN*({f = 0})]dua(f) which becomes a simple
exercise of Gaussian integration with respect to odd and even variables and completely
avoids the heavy combinatorics of the second part. The introduction of even (fermionic)
variables allows us to avoid complicated combinatorics involving sums over partitions at
the expense of a little bit of abstraction. The calculations are similar to those encountered
in quantum field theory on curved Riemannian manifolds. This somewhat alternative
derivation of the main asymptotic formula is presented in this last part in a purely formal
way and it relies on several inversions of integrals and a priori estimates on remainder
terms which could in fact be justified by using the arguments of the second part of the
article.

Finally, in the appendix, we briefly discuss a question of independent interest. More
precisely, building on the proof of lemma 4.12, we give a functional analytic proof of
Whitney embedding theorem.

Acknowledgements. We warmly thank Semyon Alesker and Stéphane Nonnenmacher
for very useful discussions related to this work. We also thank Didier Robert and Jean-
Yves Welschinger for giving inspiring talks in Lille on random waves from which this work
started, and Patrick Popescu Pampu for explanations related to the Euler characteristic.
This work was done while the first author was a post-doc in the framework of the CEMPI
program (ANR-11-LABX-0007-01) from the Agence Nationale de la Recherche. The second
author is also partially supported by the Agence Nationale de la Recherche through the
Labex CEMPI (ANR-11-LABX-0007-01) and the ANR project GERASIC (ANR-13-BS01-
0007-01).

3. A REPRESENTATION FORMULA FOR [N*({f = 0})].

In this section, we give a representation formula for the conormal cycle in terms of pull-
back of Dirac distributions. More generally, we give formulas for the current of integration
over submanifolds defined by systems of equations of the form gy = go = ... = g4 = 0 for
some sufficiently nice functions g, ..., gq. This kind of formulas can be found for instance
in Schwartz’s book [53] — section V.5 (example 3). The advantage of representing currents
of integration with Dirac distributions is that they will then be easily integrated against
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the Gaussian measure duy on Ha — see section 4. For an introduction to the theory of
currents, we also refer to the books of de Rham [22] and Giaquinta-Modica—Soucek [32].

Before being more precise, let us introduce some terminology. For any smooth oriented
manifold X of dimension m, we will denote by (Dg(X))o<a<m the smooth compactly sup-
ported d-forms on X and by (D/(X))o<a<m its dual, i.e. the set of currents of dimension
don X.

3.1. Representing submanifolds defined by equations. Before we discuss the repre-
sentation of [N*({f = 0})], we start mildly with the problem of representing the current
associated to the zero set of a family of functions (g;)1<i<a-

3.1.1. Clurrents on zero sets. In mathematical physics, one is often interested in studying
subsets in X given by equations {G = 0} for some G = (g;)1<i<a- In our article, we will
encounter two classes of currents associated to this type of submanifolds. The first class are
currents representable by integration on some smooth submanifolds which form a subclass
of the De Rham chains — see chapter 2 in [22]. Let X be a smooth oriented manifold of
dimension m, let S be a smooth, oriented, compact submanifold of X of dimension d < m.
This defines an integration current [S] in D/(X) which acts on test forms w € Dy(X) by

(13) (S](w) = / o,

The second class consists in Dirac distributions which are defined as follows. We denote
by 8¢ the usual Dirac distribution at {0} on R¢. This is defined by

(14) Vo(z)dz' A --- Adxt € Dy(RY), (68, pdat A -+ A dz)pa = ©(0).

Now let us define the Dirac distribution G*(§d) = 6¢ o G supported by the zeros of a
function G : X — R%

Proposition 3.1. Let G = (¢;)1<ica € C®(X) be such that, for all x € X satisfying
g1(x) = -+ = ga(x) = 0, the linear forms d,g,(x),...,d.g4(x) are linearly independent.
Then
(1) the pull-back of 63 € D4H(R?Y) by G which is denoted by G*6¢ (or also 08 o G) is
well—-defined,
(2) the wave front set of G*8¢ is contained in

N*({G=0})={(z,§) e T*X : G(z) =0,{ = 70 d,G for some T # 0 € R"}

(3) for every sequence (T},), which converges to 8¢ in D%O}X(Rd)*(Rd), G*T, — G*6¢ in
the normal topology ofDEVS{GZO}(X) which implies convergence in the weak topology

of D'(X).

Remark 3.2. For the notion of wave front set and for the precise definition of the set Dp(X)
of distributions whose wave front set is contained in I', we refer the reader to section 8.2
of [39] (see also [14]) and for the definition of the normal topology on D (X), we refer to
[15].
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Proof. Let Ng = {(y;n) € T*R s.t. G(x) = y and n o d,G = 0 for some = € X} be the
normal set of the map G. By assumption, Ng does not meet the set {0} x (R4)* C T*R?
which is the wave front set of §¢. Therefore by the pull-back Theorem of Hérmander —
Th. 4.10 below, G*§¢ = §% o G is well-defined and its wave front set is included G*({0} x
(RY)*) = N;({G = 0}). Finally, the last claim follows from the sequential continuity of
the pull-back operation — Th. 8.2.4 in [39] or [15]. O

Now the natural question which arises is how the integration current on S = {G = 0}
and the delta form G*§¢ = §doG are related to each other. Note that the Dirac distribution
of the submanifold S = {G = 0} is obviously not the same as the integration current [S]
because we integrate top forms against §¢ o G but only (m — d) forms on [S].

3.1.2. Orientations on submanifolds. Before comparing these currents, we need to discuss
briefly orientability questions. For any smooth manifold X (orientable or not), there exists
a smooth principal Z; bundle Ox + X called the orientation bundle. Recall that if
X is an orientable manifold, then there exists a volume form w € I'(X, A"T*X) where
n = dim X or equivalently there exists a global section of Ox. Indeed, every choice of
volume form w on X defines canonically a global section [w] of the orientation bundle Oy,
also [pw] = [w] for all ¢ > 0. Now, if we are given a submanifold S C X defined by
equations g; = --- = gg = 0 and if X is oriented by [w;] € Ox and S by [ws] € Og, we
choose representatives w; € I'(X,A"T*X) and w, € I'(S, A" 4T*S). Then we say that
the orientation of dg; A -+ A dgq is compatible with the pair of orientations [w:], [wo] if
dgy N -+ Ndgg N\ wals = pwi|s for some smooth function ¢ s.t. ¢|s > 0.

3.1.3. Relation between the different types of currents. In the next proposition, we give a
concrete description of the action of Dirac distributions G*d¢ on differential forms.

Proposition 3.3. Let G = (g;)1<i<q be a smooth map from X to R such that the differ-
entials d,g; are linearly independent for every x satisfying g1(x) = -+ - = gq(z) = 0.

Then, for any test form w € D,,(X) and for any form « in D,,_4(X) such that dg; N
<+ ANdgg N o = w, one has

(15) (G*05,w) :/ a.

{G=0}
Proof. We first prove the claim in the case where g = (¢;)1<i<q is @ linear map from R”
to R? of maximal rank. Then one can choose (gi, ..., gq) to be the first d components of
some system of linear coordinate functions (g1,...,9ga, .-, gs) on R™ in this case G is just
the linear projection R™ — R? on the first d components and the zero set {G = 0} is just
{0} x R*~¢ c R™. For any function ¢ on RY, the pull-back of ¢ by G simply reads

G U(g1,---9n) = V(91,1 9a) @ L(gat1s- -, 9n)

and therefore, by continuity of the pull-back operation [14], one has §f o G = ¢ @ 1. Any
form w has a unique representation in the basis dg; A --- A dg,, as

w=w1. n(g1, -5 gn)dgr N Ndgy
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therefore :
65 0 Gl(w) = (65 ® L(gas1s--- > gn)](w)
= /Rn_d wW1.n(0,...,0,9411, -+, Gn)dgar1 A -+ A dgy.
Note that any form « such that dg; A --- A dgy A a = w will coincide with

W10, .,0,9a41s -+ Gn)dGar1 N -+ A dgp

when restricted to {G = 0} = {0} x R"~%. It follows that the pairing does not depend on
the choice of a.

Let us go back to the manifold case. For any m € {G = 0}, let U be some neighbor-
hood of m on which the differentials dg; are linearly independent. Then one can choose
(g1,--.,94) to be the first d components of some system of local coordinate functions
(91,---,9ds---,9n) on U. What we just did was to define some local chart & : m € U C
X 5 (gi1(m),...,ga(m)) € R" on U C X such that G o ®1 : R" — R? is just the linear
projection on the first d components. Then the distribution §¢ o (G o ®71) is well defined
by our previous discussion since G o ®! is linear. Then we have the identity :

((Go@l)*ég,w>:/ a
{Go®—1=0}

Vast. dgio® A Adggo® ' Na =w.
We just constructed a delta distribution (G o ®~1)"6¢ supported by some linear sub-
space and finally, to go back to the open subset U in the manifold X, we must pull-
back the distribution (G o ®~1)"§¢ by ®. By the pull-back Theorem 4.10, this yields
P* (G o® 1) §d = G*6¢ and, for every as.t. dgi A+ Adgg A o = w,

(G*68,w) = / a.
{G=0}
U

In fact, using the notations of paragraph 3.1.2 concerning the orientation of submanifolds
defined by systems of equations, the following corollary holds :

Corollary 3.4. Let X be a smooth oriented manifold with orientation [wq], let
G .= (gi)1<i<d X = Rd

be a smooth function such that the differentials d,g; are linearly independent for every
x € X satisfying g1(x) = -+ = ga(x) = 0. Set S to be the submanifold in X defined by the
reqular system of equations {g1 = --- = g4 = 0} and oriented by [ws]. If dgi N\ -+ Ndgq has
orientation compatible with the pair of orientations [wi], [we] then one has

(16) [S] = G*(83) dgy A -+ Ndga.
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Proof. We note that this corollary is proved in [53] (Section V.5) when d = 1. It is in
fact a direct consequence of the property of the Dirac distribution §¢ o G established in
proposition 3.3, i.e.

<G*53dg1/\-~-Adgd,a> — <G*5g’dgl/\..-/\dgd/\a> :/a.
s
O

3.2. The conormal cycle. We will now explain how to use the above results in order
to represent the conormal cycle N*({f = 0}) in terms of Dirac distributions. For that
purpose, we first need to recall the definition of push—forward in the context of currents.
Let A : X — Y be a proper smooth map between two smooth oriented manifolds X and
Y, and let T be a current in D/(X), where d < dimY. Then the push-forward A\.(T") is
defined by duality from the pull-back :

Yw € Dy(Y), AT, w)y = (T, \w)x.

An important fact concerning the push—forward operation is that an orientation of T
induces canonically an orientation of A\, T

3.2.1. Precise definition of the current of integration. Let us start by recalling the definition
of the conormal cycle of {f =0} :

Definition 3.5. Let M be a smooth connected compact oriented manifold of dimension
n without boundary. Let f € C*°(M), if d,f never vanishes on {f = 0} then we define
the conormal cycle [N*({f = 0})] as the integration current on the conical Lagrangian
submanifold {(z;¢) s.t. f(x) =0 and { = td, f for some t € R\ {0}} in D, (T*M).

A subtle fact we must add to our definition concerns the orientation of the conormal
cycle. First, note that the conormal cycle contains two connected components

Ni({f=0}) ={(z;¢) s.t. f(x)=0and & =td,f for some t € Ry \ {0}}

since it does not meet the zero section of the cotangent bundle. Hence an orientation
of [N*({f = 0})] consists of a choice of an orientation for each connected component
separately. In the sequel, we denote by R* the set R\ {0}. Let us give another description
of [IN*({f = 0})] in terms of Lagrange immersion which will be useful in the sequel since
we will interpret the conormal cycle [N*({f = 0})] as the push—forward of a cone S x R*
and the orientation of [N*({f = 0})] will be induced by an orientation of S x R* :

Lemma 3.6. Let f € C°(M) where df never vanishes on {f = 0}. Set S to be the
abstract manifold {f = 0} and i : S — M the canonical immersion of S in M. Consider
the cone S x R*. Then, the conormal cycle N*({f = 0}) is the image of the immersion :

(17) A (xt) € S X R v (i(2); tdiw) f) € T* M,
and, at the level of currents, we find that

(18) [IN*({f = 01)] = [MS x RY)] = A[S x R7],
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where we orient the current [S x R*] by any differential form o € Q"(S x R*) such that
df AN a‘SXR>0 = Qg A dt‘SXR>0 and df A\ ()5|S><R<0 = —Qg AN dt‘ng«r

Remark 3.7. The cone S x R* contains two connected components S X Roy and S x R
that we should orient separately.

Proof. By definition, [N*({f = 0})] is just the integration current on N*({f = 0}) which
is equal to A(S x R*). Therefore, for any test form w in D, (T°M) :

=l = e=

= [ o= U5 xRN = (S xR

by definition of the push—forward which yields the claim. O

3.2.2. Expression in local coordinates. Our goal in this paragraph is to show that the
conormal cycle [N*({f = 0})] can be written (in local coordinates) as the current

(19) [ e (re-gar)arafa(5ous - ),

where A is any positive number. We need to do this progressively and the first step is to
define some integration current [Z;,] on R* x T*M whose push-forward along the first
factor R* yields the conormal cycle [N*({f = 0})]. For that purpose, we set

(20) Zsp = {(t;x,f) ER*XT*M: f(x) =0, and £ = %dwf }

The following lemma holds:
Lemma 3.8. Let f € C>®°(M) where df never vanishes on {f = 0}. Let [Z;,] be the

integration current on the set Zyx defined by equation (20) and w the projection (t;x,§) €
R* X T*M +—— (x,&) € T*M. Then

(21) [IN*({f = 0})] = m[Zpal.
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Proof. Let w(x,&;dx,d§) be an element in D"(T*M). One has :
(mlZpalw) = ([Zga], mw)

/ (i, & da, de)
{f(ﬂﬁ):O,ﬁ:%dxfﬂfeR*}

/ (e, € d, d€)
{f(m):07£:td1 f7t€R*}

by variable change

_ / w(x,td, f; dr, d(td, f))
{f(z)=0,tcR*}

— / (Nw)(t, x; dt, dr)
SxR*
since (N*w)(t, x; dt, dr) = w(x, td, f; dx, d(td,f))
= M[S xR(w) = [N*({f = 0})](w)
by lemma 3.6.
O

The next lemma aims to represent the current [Z;,] by Dirac distributions in a local
coordinate chart. Let (U, ¢) be a sufficiently small coordinate chart centered at a point xg
in M. It induces a coordinate chart on T M as follows:

©:=T"¢:T'U = ¢(U) xR", (2,8) = (y,n) = (¢(x), (d:0")'€).
We also set
T°U = {(y,n) € o(U) x R" :  # 0}.
In the following of the article, we will use these conventions. In particular, (z, ) will always

denote a point in 7*M and (y,n) its image in local coordinates. Using these conventions,
one has

Lemma 3.9. Let f € C°°(M) where df never vanishes on {f = 0}. Then, for any system

of local coordinates (y;n) on T*U where U C M is some bounded open subset, one finds
that, in these local coordinates,

@) Zuallearo =05 o (70 yf — ) A N (f0uF )

Proof. The submanifold Z;, in R* x T*U is defined in the local coordinates (y,n) by the
system of (n + 1) equations :

fly) = 0

tof
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The collection of one forms (dy fydn; —d <% aayt)) is linearly independent along Zy a
1<i<n
as

A to ,
dyf/\i/:\1 (dm—d (X&‘yfl)) =dyf Ndm A ... Ndn, + lower order terms in dn,

where d, f A dm A -+ Adn, does not vanish on Z 5 since df does not vanish on {f = 0}.
Then by Corollary 3.4, the current [Z;,] is represented in local coordinates (y,n) by the
formula :

(23) N

t . t
peiny = 001 o (f(y)’ Kdyf - ?7) dyf A /\d (Kayif — m) .
=1

O

Then combining the above Lemma and Lemma 3.8 which claimed the identity [N*({f =
0})] = m.[ZfA], we conclude this first part by the following :

Corollary 3.10. Let f € C°(M) where df never vanishes on {f = 0}. Then, for any
system of local coordinates (y,n) on T*U where U C M is some bounded open subset,
the restriction of the conormal cycle [N*({f = 0})] on T*U can be described in the local
coordinates (y,n) by the integral formula :

@) N =0l = [ () gt )t n At (5005 =)

teR*
. [t —00
where we use the convention fteR* =7+
. . —+oco —00 . . .
Our convention for the integral ft e = Jo T fo reflects our choice of orientation for

the conormal cycle. We note that we use in fact the same conventions as in [20, p. 682].

3.2.3. Discussion on the orientation of the conormal cycle. We should finally give con-
vincing arguments that our choice of orientation of R* is the right one. There are four
orientation choices that we should list :

(25) /R*:/O_OO+/O+OO
2 L=l
s
& L=] ).

First note that equations (25),(26) and equations (27),(28) define opposite pairs of orien-
tations. Let us explain why we should exclude the pair (27),(28). Assume that [N*{f =
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0}] = fi)oo (Zs ] + fOJrOO [Zf ], then a quick calculation shows that :

Vief=ol= [z [ iz

—00

0

n

_ /+OO it o (—f(y), %(—dyf) - n) (=dyf) A [\ d (%(_8?""0) - m)

o) 1=1
+oo _ n o
= [ Tare (s Far = a) @na Na (T -u)
- i=1
B t N
= [roo oo <f(y),Kdyf—77) dyf/\i/\ld (Kayif—m)
= —[N*{f =0}]
The same relation [N*{—f = 0}] = —[N*{f = 0}] would hold true if we chose the

orientation defined by equation (28). But calculating the expectation of N* ({f =0})
with respect to the Gaussian measure, we would then obtain :

/ IN*{f = 0)]du(f) = / IN*{—f = 0}]du(f) = — / IN*{f = 0}]du(f) = 0
Ha Ha

Ha
which is not interesting for us. Finally, the two relevant orientations in our case are given
by the pair (25),(26) and we made the arbitrary choice of the orientation (25).

4. PROOF OF THE MAIN RESULTS

We will now give the complete proof of our two main results, namely Theorems 2.2
and 2.3. By a partition of unity argument, it is sufficient to prove these results in a local
chart. Let (U, ) be a sufficiently small geodesic normal coordinate chart centered at xg
in M — see remark 4.5 below. We refer to paragraph 3.2 for the choice of conventions for
local charts. For every f in H,, we define the following map on H, x ¢(U) x R" x R*:

t t
GA : (fvyunat) EHAX(b(U)XRnXR* = <f<y)7xay1f_n177K8ynf_77n> ERXR”7

and we introduce the following subset of H,:
Dy:={feHr: Iye f7(0) such that d, f = 0}.

By a Sard type argument — see for instance paragraph 2.3 in [45], one can verify that
pa(Dy) = 0 for A large enough. One can also verify that Qy = Ha\ Dy is an open subset
of H,. We now define the following subset of T*U:

VfeHyr, N*{f =0}y := {(y,'r]) eT*U : Ga(f,y,m,t) =0, for some t # 0},

which is just the conormal cycle of f~1(0) restricted over U and which was defined as the
push-forward of a certain set Z; defined in paragraph 3.2. For simplicity, we will make
in the following a small abuse of notations and omit the subscript U.
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Recall that we aim at computing the expectation of the current of integration on the
submanifold N*({f = 0}). According to corollary 3.10, one knows that, for every f in Qy,

and for every w in D,,(T*U), one has

1 . n A\ t
F/ w(y, dy,n,dn) = <GA(f) @5, df A N\ d (Kﬁyjf - 77j> A w(y,n,dy,dn)> ,
N*({f=0}) j=1

T*U xR*

where (.,.) 7.+ is the duality bracket in D/(T*U x R*) x D(T*U x R*). Recall that we
chose a particular orientation for R* in paragraph 3.2.

The main result of this section is the following Theorem from which Theorems 2.2 and 2.3
follow by partition of unity:

Theorem 4.1. We use the above notations. For any element
wi= Y wasly,ndy® Adng
la|+[8]=n
in Dyp(T*U), let

lwll =" sup  |wa,s(y, 0l
o.B,(y;meT*U

For every compact set K C f*U, there exists a constant C such that for all test form w
supported in K
Ja

/ (/ uf(y,dyﬂ%dn))duA(f)
Ha \JN*({f=0})
Cy,

A n
dyt Ady® ... Ady™ Aw(y,dy,n,dn) + O(A™),
(m)A*Uy y y (y,dy,n,dn) + O( )

with C,, =0 if n =0 (mod 2) and

/ w(y,dy,n,dn)’ dua < Ckl|lw||
N*({f=0})

and

n+1
C, = 72(_1) -
7 Vol(Sn—1)

ifn=1 (mod 2).

Remark 4.2. Tt follows from the first statement of Theorem 4.1 that for every test form w,
the map

fr w(y, dy,n,dn)
N*({f=0})

belongs to L'(Ha,duy). For any integral current T, let M(T') denote the mass of the
current 7' [32]. Our result is in fact slightly stronger than what we claimed in Theorem 2.2
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as it also means that, for any smooth compactly supported cut—off function ¢ € D°(T*M),

y M ([N ({f = 0})]) < +oo0.

In other words, the mass of the cut—off conormal cycle p[N* ({f = 0})] is a L' function of
f € Ha.

The purpose of this section is to prove this Theorem. We emphasize that there are two
parts in this statement. On the one hand, we have to show the integrability property and
on the other hand, we have to compute the precise value of the expectation. The first part
of the statement requires a delicate analysis which is carried out in the first part of this
section. After that step, we can combine this first part to some combinatorial arguments
in order to obtain the second part of the Theorem.

More precisely, the proof is organized as follows. First, we recall in paragraph 4.1
some results on the kernel of the spectral projector associated to the space H,. Then, in
paragraph 4.2, we write a formal asymptotic expansion in powers of A~! of

1
F w<y7dy7n7d77)
N*({f=0})

Paragraph 4.4 is the more delicate part where we prove the first part of Theorem 4.1
concerning the integrability of the conormal cycle as a function of f € H, with respect
to the measure du,. After that, in paragraph 4.5, we compute explicitely the expression
of the leading term and in 4.6, we compute the combinatorial constant appearing in the
leading term. Finally, in paragraph 4.8, we conclude the proof of Theorem 4.1.

4.1. Spectral asymptotics. Recall that (e;)i<;< N(a) is an orthonormal basis of Hx made
of eigenfunctions of A. We define the normalized projection kernel:

Caly,2) = N ej(y)e;(2),

where N(A) = dim H,. The reason why we can perform some computations with respect
to the Gaussian measure iy is that we have very precise asymptotic informations on the
kernel Cy(y, z), at least on the diagonal. Precisely, Bin proved the following result [8]
building on earlier arguments of Hormander [38]:

Theorem 4.3. Let (U, ¢) be a sufficiently small geodesic normal coordinate chart. For
every multiindices o and  in Z7., the following estimates hold uniformly for y in ¢(U),
as A — +o0,

8;850,\(3/, 2|y = n,a,ﬁNoﬁLM + O<A\a+6|71)’
where, for a =3 =0,
1

Chrooi= ————
20 Vol, (M)
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for a = (mod2) and (a, B) # (0,0),

jal= 18] [T (e + 8, — D!
Vol, (M) (la + Bl + 1) - (n + 2)’

Cn@,g = (—1)

and

Ch.ap =0 otherwise.
Remark 4.4. We used the following conventions:

(—D!l:=Tand 2m—-1!I:=2m—-1)2m—3)...3 x 1.

Remark 4.5. By geodesic normal coordinate chart, we mean the following. Consider the ex-
ponential map Exp induced by the Riemannian metric on M. There exists a neighborhood
U of M x{0} in T'M such that Exp induces a smooth diffeomorphism (z,v) — (z, exp,(v))
from U onto a small neighborhood of the diagonal in M x M. Then, we fix a point x( in
M, and we consider the preimage of 7, M under this diffeomorphism. This defines a local
chart around zg into 7T,, M which can be identified with R" via a measure preserving linear

isomorphism.

Remark 4.6. It follows from the previous theorem that one has the following asymptotic

formulas that will be useful in the following;:

e for derivatives of order 0, one has

1
C Yy = —————— AL
A(yVZ)‘y— VOlg<M) _'_O( )7
e for every 1 < j < n, one has
1 1
—0?%C —y = — O(A !
20w Caly 2)ly= (nt2) VoL, () © (A7),

e for every 1 < 57 < n, one has
1 1

720002 Cn (g, 2)ly (n+2)Vol, (M) © O™
e for every 1 < j # k <mn, one has
1 1 1
—0%,0%.C .= ——0% 0% =
210 0 Oy 2= = a0 Qe Ol 2= = oy v, (o
e for every 1 < j < n, one has
1 3 _
— 02,02 =z = AT
0w O 2l = e e an O )

e for every a # 5 (mod 2), one has

1 " _
Way 850/&(% Z)|y=z = O(A 1)-

+O(A™),



CONORMAL CYCLE OF RANDOM NODAL SETS 21

4.2. Preliminary simplification. Before getting into the details of the proof of Theo-
rem 4.1, we start by making a few reduction that will make the calculation slightly simpler:

Lemma 4.7. Let

wi= Y wasly.n)dy® Adng
ol +18l=n

be an element in Dn(f*U). With the above conventions, one has, for every A and for every

Jin Qy,
1
_n w(yvdyanadn)
*({f=0})

- _ZA GA @O, P ()50 D F I (W)eu) Do

where

o for every 0 <k <n-—1, P,(R,S,T) is a polynomial which does not depend on A,
t and f,

o for every 0 < k <n—1, P(R,S,T) is homogeneous of degree 2 in the variables
R, homogeneous of degree n — 1 — k in the variables S, homogeneous of degree 1 in
the T wvariables,

e in the case k =0, one has

Po ((Rj)j, (Sje)jks (Ta,p)as) (ZZ oo ]S o(y) ----- 0), (L 1)-

p=1 oc€S, J#p

At first sight, this lemma seems rather technical; yet, writing the integrals this way
will simplify the presentation afterwards. This lemma gives at least a formal expansion in
powers of A1, and we will verify in the following paragraphs that each term in the sum is
in fact integrable and has uniformly bounded L' norm in Hj.

Proof. Write first that

1 i 1 .
L ol dyon.dn) = (175 [ IS0
A" I s=op) p; A" Jo ot
where
(») *sn+1 aypf t
IA (f7 t) - GA(f) (50 )7Tdf/\ /\d Kayjf — 7 /\W(?/aﬁadyadﬁ)
J#p T*U

Expanding the df term in the wedge product, one can also write

1 n o
= wlydyndn) = 32 (177 [ TP oy

N*({f=0}) g Ry
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where
f/(\p7Q)(f’t) - <GA(f) (5n+1 ?Jp A /\d (A2 ) /\dquw(y n,dy,dﬁ)>
J#p U
Thanks to the definition of GA(f)*(ég“), this can be rewritten as
. 1 .o t U
[/(\p,Q)(f7 t) _ t_2 <GA<f) (50+1)7 NN /\ d (Fayj Aj) N dyq AN w(y n, dy, dn)>
J#p U

Write now

wi= > wasly,n)dy® Adng,
ol +18l=n

where w, g is compactly supported in T*U. By expanding the wedge product involved in
the integrals, we can rearrange the sum in the following way:

1
_n/ w<y7dy7777dn)
({f=0})
= _ZA SGAN) O P ((03) (02 /A s (We8)8) ) s

where

o forevery 0 < k <n—1, P(R,S,T) is a polynomial which does not depend on A,
t and f,

o forevery 0 < k <n-—1, P,(R,S,T) is homogeneous of degree 2 in the variables R,
homogeneous of degree n — 1 — k in the variables S, and homogeneous of degree 1
in the T variables.

e in the case k = 0, one has

Po ((Rj)j, (Sjp)jks (Ta,p)a,s) (ZZ HSJJ(]> ----- 0),(1.,1)

p=1 c€S, J#p

This concludes the proof of the lemma. O]

4.3. Notations and conventions. In the following, we fix the following convention, for
every0<k<n—1

(f w, U) = (GA(f) (6571), "> Py ((n)); ( yfykf/A )ik (Wa8)a 5)>7"“*UxR*'

In particular, one has

1 o
(29) — w(y, dy,n,dn) = A I (F,w,0).
A™ (=) Z
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4.4. Integrability. For any element w := Z\a|+\6|:n Wa.5(y, n)dy™ A dng in Dn(f*U), let

lwll = sup  |wa,s(y, 0l
o.B,(y;meT*U

Using the conventions of paragraph 4.3, we will now prove the first part of Theorem 4.1
which follows immediately from the following proposition

Proposition 4.8. Let w be an element in Dn(f*U). Then, for every 0 < k <n—1, one
has

[ I (fow,U)

belongs to L*(Ha, dus) and for every compact set K, there exists a constant C' y, such that
for any test form w in D, (T*U) supported in K,

/ﬂ 19, w0, U)ldpa(f) < Crenllwl].

Showing this proposition is our more delicate task from the analytical point of view as
we have to justify carefully several inversions and convergences of integrals.

Remark 4.9. As was already mentionned, a direct consequence of this lemma is that, for
every w in D,,(T*U),

1
N*({f= 0})

belongs to L'(Ha, duy) which is exactly the content of the first part of Theorem 4.1. In
fact, we have something slightly more precise in the sense that

[ ([ wtdnman)duntn) = -a* [ 100 00u() + 00
Qp N*({f=0}) Qp

Recall from paragraph 4.3 that

n e f
1 (f,w,0) :=Z§je<o><GA<f>*<63“>,t" oo () (H DT ) . ..,0),(1,...,1><y,n>>

p=1oc€S, J#p T*U xR*

In particular, the second part of Theorem 4.1 is reduced to the computation of the ex-
pectation of I/(\O)(f, w, U) with respect to the Gaussian measure dpuy(f). This computation
will be performed in paragraphs 4.5 and 4.6.

We will now prove proposition 4.8 in several steps. We will start with general consider-
ations on pull-back of Dirac distributions that we will apply in a second part to derive the
proof of the proposition.
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4.4.1. Pullback of distributions and Fubini results. We fix 0 < k <mn — 1 and f in Q) =
Ha\Dx. Recall that D, is a zero measure subset of H, and that it is open. In the definition

of [[(xk)( f,w,U), we have to consider the pulled-back distribution GA(f)*d5*". Given any

test function W(f,y,n,t) in D(Q2y x T*U x R*), our goal in this paragraph is to make sense
of the following Fubini equality :

(LA @) W)y = (GO W)

(L {Galp (G By, )

The fact that we can “intertwine the order of integration” plays a central role in the proof
of Proposition 4.8.

As was already explained in section 3, the fact that the distribution G (f) is well
defined for f in Q4 follows from the following theorem of Héormander — Th. 8.2.4 in [39]:

T*U xR* '
* cn+1
i

Theorem 4.10. Let O C R™ and Qy C R% be two open subsets. For any smooth map
G : )y — Qq, the normal of G is defined as

NG = {(G(I),T) € Q2 X RdQ* tTO d:vG = 0}7

the pull-back operation extends uniquely to the distributions u € D'(Qy) whose wavefront
W F(u) does not intersect the normal Ng of G. Moreover, the wavefront set of G*u is
contained in the set

G'WF(u) :={(z,70d,G) : (G(x),7) € WF(u)}.

Remark 4.11. For the definition of the wavefront set, we refer to [39, 14]. Recall that, in
the case of d;*!, one has

WE@) == {(0,7): 7 # 0} C T*R".

In the following, we will apply this Theorem in three distinct situations. Recall that, for
every f in H,, we defined the following map on Hj x ¢(U) x R™ x R*:

t t
GA : (fvyvnvt) EHAX¢(U)XRnXR* = <f(y)7Kay1f_n177K8ynf_77n) ERXR”,

and our idea is to think of Hj X ¢(U) x R™ x R* as the cartesian product of H, with
#(U) x R™ x R* and to think of the global distribution G%3"" also as a distribution on H,
depending smoothly on the parameters in ¢(U) x R" x R* and conversely as a distribution
on ¢p(U) x R™ x R* depending smoothly on the parameters in H,. To be more precise, we
will use Hormander’s Theorem in the following three cases :
(1) We fix f in €4, and we consider the partial map Gx(f) : T*U x R* — R™! As
d,f # 0 on f7*(0), one can verify that

Neasy NWF (65 = 0.

It means that if we freeze f, the pull-back G (f)*dg " is a well-defined distribution
on T*U x R*.
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(2) We consider the map Gy : Hy X T*U x R* — R™"'. In order to apply Hérmander’s
result, we would need to verify

Noy NWE@GFH) =0,

which is slightly less obvious.
(3) We fix (y,n,t) in T*U x R*, and we consider the partial map Ga(y,n,t) : Hy —
R™*1. The situation in this case is also slightly different from the first case.

The second and the third cases are in some sense related to the notion of ampleness
appearing for instance in [30, 45, and they are contained in the following lemma:

Lemma 4.12. There exists Ag > 0 such that, for every A > Ay,
Ne, NWF(5™) =0,
and, for every (y,n,t) in T*U x R*, one has
Nay @m0 WF@S“) =0.

In particular, G4 (601 is well defined as a distribution on Ha xT*UXR* and Ga(y,n,)* (62
as a distribution on H,.

Remark 4.13. We note that in the second and in the third cases, the distributions are
defined on the whole space H,, and not only on €2,. In particular, we can consider their
restriction to the open subset 2.

Before continuing our discussion on the properties of these pulled-back distributions, we
start by giving the proof of the lemma.

Proof. Suppose that (0,7) belongs to the normal set Ng, (54 (the other case works simi-
larly). Then, for every f in H,, one has

N(A)
Lo, f
Tof(y) + ZTJ jjx =0.
j=1
Consider now a family of functions f&, f, ..., fA in Hy, we write

tO, f tOn f tr
det (fA(y),yil,...,yil) = —det ( (fAy), 00 f2, ..., 0 fP .
< l A A o< A <( : v o )Ogsn)

If we are able to find a family (f?)o<i<n, in Ha such that the right-hand side of this
equality does not vanish, we will deduce that 7 = 0. For that purpose, we note that we
can find* a family of smooth functions fy, fi,..., f, on M such that the right hand side
does not vanish for every y in U. Unfortunately, these functions do not a priori belong
to Ha but we can solve this issue since by Lemma A.1 proved in appendix, finite linear
combinations of eigenfunctions are everywhere dense in C*°(M). Said concretely, to every
0 < I < n corresponds a sequence (f{*)x in H, which converges to f; in every C* norm (this

We may have to pick a slightly smaller neighborhood U'.
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is just an approximation property like the Stone Weierstrass Theorem but on Riemannian
manifolds). From this, we deduce the statement of the lemma for A large enough. O

We refer the reader to the appendix where a similar method yields an unusual proof of
the Whitney embedding Theorem.

As a direct consequence of the pull-back theorem of Hormander, we can also describe
the wavefront set of G’ (63"") as follows:

Corollary 4.14. For A > 0 large enough, the wavefront set of G (65+") is included in the
following subset of T*(Hx x T*U x R*):

~

WF(GT\((SSH_l)) C {(yjanjata fa ,Z/\ja Aj t, f) such that GA(fayanat) - (Oa sy 0)

/y\j = TO f+7—1A y]y1f+ +TnA y]ynf T’] - ‘7

t:AZT]ayjf V1 <i < N(A), _roemuz e

7=1

fOT’ (T(),Tl,...,Tn) # (O,,O)}

Remark 4.15. This corollary has the following consequence. The set WF(G ) does
not contain any element of the form (y7, n;, t, f;0,0,0, f) Wlthf #0or (¥, m;, t, f37;, 77, 1,0)
with (y;, 77, t) # 0. The first observation is more or less immediate if one uses Theorem 4.3
in the case @« = = 0. The second one follows from the proof of lemma 4.12.

The relevance of such a remark is due to the following general result which can be found
in [18, Proposition 1.3 p. 502] :

Proposition 4.16. Let u be a distribution in D' (R™ x R"). We denote by (x,y;&,n) €
T* (R™ x R"™) the coordinates in cotangent space. If WF (u) contains no elements of the
form {(x,y;&,0) such that £ # 0}, then u(x,y) is smooth in x with value distribution iny
in the sense that for all test function ps(y), © — (u(z,.), pa(.))rrz is smooth in x.

Thus, one finds that there exists f € Ha — Ta(f) € D'(T*U x R*) such that, for every
1 € D(H,) and for every 1o € D(T*U x R*),

= ATa(f), o) uprame € C7(Ha),
and
(y,m,1) = (Galy, n, )65 tn)ay € C¥(TU x RY),
Moreover, one has the “following distributional version of the Fubini Theorem”
V(11,105) € D(Hy) x D(T*U x RY)
<1/117 <TA<f>7w2>f*UxR*>HA - <G}‘\(5S+1),1/11 B w2>HAxf“*UXR*

- <¢2,<GA(yanat)*(5g+l)>¢l>HA>°

T*U xR* .
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Remark 4.17. Note that T)(f) is well defined on the whole space H, while G (f)*(55™")
was only defined on Q4 by Theorem 4.10. For a fixed f in ), one has in fact T)(f) =

GA(S)*(85F).

By density of the functions of the form 1 (f) X (y, n,t) (where K is the exterior tensor
product) in D(Qy x T*U x R*) — see Ch. IV in [53], given any test function ¥(f,y,n,t) in
D(Qp x T*U x R*), one has the following Fubini equality :

(30) <1’<TA’\D>T*U><R*>HA = <G7\(5g+1)’\1/>%,\xi“*UxR*
= (L{Galy.m. 0" @0, W), )

Remark 4.18. We emphasize that all the distributions considered so far are constructed
from the Dirac distribution §) ™ and that they are positive distributions. In particular, ac-
cording to [53] (Ch. I), they can all be identified with positive Radon measures. Therefore, it
makes sense to test them against nonnegative measurable functions which are not necessar-
ily integrable (or integrable function which are not necessarily smooth). This identification
will be used several times in our proof of proposition 4.8 below.

TrUXR*

Remark 4.19. We now make a final useful comment. We fix (1, 1) € D(Hy) x D(T*U x
R*). According to (30), one has

/T*U N wz(y,n,t)( y wl(f)GA(y,n,t)*(58“)(df)) d"yd"ndt

— [ v ( / wz<y,n,t>TA<dny,dnn,dt>) df.
Ha T*UxR*

From the above discussion, one knows that

f=(f) (/TU N wz(y,'rz,t)TA(d"y,d"n,dt)))

is a smooth compactly supported function. As Qy = Hy\D, and D, has zero Lebesgue
measure, one has then

/T*U N wz(%ﬁi)( y wl(f)GA(y,n,t)*(58“)(df)> d"yd"ndt
= [ (S ( / oy, )GA(F) (65 ) (d y, d™, dt)) df.
Qa T*U xR*

= [ st ([ G @) )
T*U xR* N
where the second equality follow from the fact that

GA(f) (65 (d™y, d™n, dt)df and Gy (y,n,t)* (55T (df )d"yd ndt



28 NGUYEN VIET DANG AND GABRIEL RIVIERE

define the same Radon measure on the space {2 x T*U x R*. Note also that this equality
holds for any smooth compactly supported function 5. In particular, one finds that, for
a.e. (y,m,t) in T*U x R*,

(31) ; U1(/)Galy,n. ) (65 (df) = : V1(/)Galy,m, ) (657 (df).

4.4.2. Proof of proposition 4.8 — First step. We now give the proof of Proposition 4.8. As
a first step, we will give a crude upper bound on |I/(\k)(f, w,U)|. Let @ be a smooth function

compactly supported on K C T*U such that, for every multiindices («, 3) satisfying || +
|B| = n, and for every 1 < p,q < n, one has

YV (y,n) € T*U, |wa,s(y. n)npng| < &(y,m).

Moreover, we choose @ so that sup, ,cp.y @(y,n) < Cflw| where C' > 0 is a constant
depending only on the support of w, and where ||.|| is the norm on smooth forms defined
at the beginning of paragraph 4.4. As was already mentionned, G (f)*(6;1") is a positive
distribution on 7*U x R* hence a positive Radon measure Gy (f)*(62+1)(d™y, d™n, dt) on
T*U x R*. In particular, one has

(32)

I (f,0,0)] < /M Bl Qe (105,00 /4%)),,) Gal) G @y, do),

for some homogeneous polynomial ()} of degree n — 1 — k with nonnegative coefficients and
which is independent of w, U, (y,n,t) and A. Then, according to (32), the integrability of

I/(\k)(f, w, U) with respect to dus will follow from the integrability of the map
(y,m,t, f) € T*U x R* x Hy — Oy, n)[t">7*Qy ( } yjyzf//\Q\)jJ) eR,

with respect to the Radon measure py (f)G5% (65 (df, d™y, d™n, dt) with
N(A)

pa(f) = e <J\12(7/T\)) "

Thus, according to (32) and in order to prove the lemma, it remains to show that
[ @y, [t 7*Qy ((} Oy FI0?)), ) pa(f)GR (06T (df, dy, d™n, dt)
T*UXR*xHa

is uniformly bounded with respect to A. Let j := (j1,J2,- ., J2(n—k)—3, Jo(n—k—1)) be an

element in {1,...,n}?™"1=%)  As Q, is an homogeneous polynomial of degree n — 1 — k, it
is sufficient to prove that
(33)

n—1—k

sz 1 szf

MG, w,U) = / Dy, n)|e" 3 H pa(f)GA(Ou Y (df, dy, d™n, dt)
TH*UXR* X H A

is uniformly bounded with respect to A.
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4.4.3. Proof of proposition 4.8 — Step 2: Intertwining integrals. We can now use (30), and
integrate first with respect to the f variable. For that purpose, we define the following
nonnegative Radon measure on {2,:

V) = pa(F)Galy, n, t)" (65 (df),

and
2

J2p 1 Jpr
W pa( )Gy, n, t)* (65 (df).

—1-

nt)
H
=1

Then, combining (33) and the Fubini result (30) to Holder inequality, one finds that :

(k) n—1—k
VG0 0) = / @(y,m)|t|" > F
T*UxR*xQp H

- [ s n)t"“(/ N

Qa p=
< /ij " Q(y,n)ltln_g_k\/vj(\‘lﬁ"’t (QA)\/V/(\an ) (Qp)d"yd"ndt.
>< *

J2p 1 ]2pf

pa(f)GA (65 (df d™y, d™n, dt)

a ]2p ly]2p f

1-k
A2
1

pa(f)Ga(y,m,t)* (5"+1)(df)) d"yd" ndt

Finally, we get that :

(39)  L'GwU)< / By I o (@) o) (Qu)dyd .
T+*U xR*

The problem is that we do not know a priori if (y,n,t) — I/A i ) (Qy) and (y,n,t) —

V{(\an (24) are integrable functions of (y,7,t). In particular, the r.h.s. of 34 can a priori be

infinite. We will now compute v/ . 77 ? () for ¢ = 1,2 and show that it is in fact uniformly
bounded in terms of A by an mtegrable function. We note that the case ¢ = 1 is a particular
case of the case ¢ = 2 (when k =n — 1). Thus, we only need to compute I//(\y;] 2 (). For

that purpose, we introduce the following regularization of the Dirac distrlbutlon, for every
fixed t in R*,

22712 o,
571_’1—1(]007 fla sy fn) = / 6_OT6_2“T(7—07T).fd7_0d7_-
t m Rn+1

Remark 4.20. We denote by I' = {0} x (R"*!)* the wave front of §7"'. Using the conven-
tions of paragraph 8.2 in [39], 577" belongs to the space Dj-(R"*!). One can verify that
(o tl)m>1 sequentially converges to d3" for the topology on Dj(R™*1) for every fixed ¢

in R* Combining the sequential continuity of the pull-back operation (Th. 8.2.4 in [39],
see also [15]) to lemma 4.12, we find that (Gu(y,n, )*(5"*1))m>1 weakly converges to

Ga(y,n, t)*(65+h) for the topology on D'(RY™)) and for every fixed (y,n,t) in T*U x R*.
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We can then define the following sequences of regularized positive Radon measures, for
every m > 1:
2

(ynt n Aok 121) 1 121) f(y) %/ el
VAQm H MA(f)GA(y7777t) <5L )(f)df7
p=1
We will now verify that (V[(\Z/Q77 )(Q A))m>1 is uniformly bounded in terms of m as follows:
Co -1
(35) Vit >0, v () < t—noe co?

where the constant Cj is uniform for (y,n) in the support of @, for 0 < m <1 and A > 0
large enough. Then, combining this to remark 4.20, one can deduce that V/(\Z{’Qn’t)(QA) is

bounded by the same quantity and thanks to (34), we can conclude that f/(\k) (j,w,U) is
uniformly bounded in terms of A which was exactly what we were aiming for.

4.4.4. Proof of proposition 4.8 — Final step: Gaussian integral bounds on v, y"t (Qp). It

remains to prove (35). We fix (y,7,t) in 7*U x R* and m > 1. We define the following
n?4fntl.
map from H, to R :

B frs F = (f<y>; (242) () ) .

. . 2
For the coordinates in R™ ! we set

F:(FO;Fh"'7Fn;F1,17"'Fn,hFI,Qa'"Fn,27"'7F1,n7F2,n7"'7Fn,n)'

We now consider the pushforward of the Gaussian measure p, under the map J3(y). It
induces the following Gaussian measure on R?* 7+

(36) v (F) := d (J3(y)ena) (F),

whose Fourier transform has the following expression:
(37) / e—zz‘nT.Fdﬂly\<F) _ e—%(T,A,\(y)T}.
Rn2+n+1

Thanks to Remark 4.6, one can give an explicit expression for the matrix A, (y), namely

o= o w0t = (40 20 )

with the constant in the remainder uniformly bounded in terms of y and A, and
A Aig
Ay = ’ ’
0 ( Agy Ago )7

where the matrices A; ; do not depend on y and are defined as follows.
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One has: A;;is an (n+ 1) X (n+ 1) matrix, A5 is an (n + 1) X n? matrix, Ay, is an
n? x (n + 1) matrix, and Ay is an n? X n? matrix. Their expressions are given by

1 01 n 1
Al,l = ( On><1 1 ?d ) 5 A2,1 = A{Q = _n—_'_2 <<5r,s)1§775§n70n2><n) 5

n+2

and
1

Bss/ ’ )
(n+2)(n+4)< ’ )1§8’5§"

with By ¢ an n x n matrix which is equal to

Bs,s =1d + 2 diag((5j7s)1§j§n) if s = S/,

A272 =

and
T . '
Bs,s/ = Bs/,s = (51',55]',5’ + 5i75/5j73)1§i,j§n if s # S.

With these conventions, one has

. T 271527'2
(38) SO0 < / e S 5y, ) dnr,
Rn+
where
n—1-k
(39) 0/ (10, 7) := /R2+ . H Fm i —2m(m,tr)-(FO,...Fn)d,;X(F)_

This quantity can also be rewritten more explicitely as

. T 1=k 2 2n (T, A\ ()T)
y _ )= -5
(40) 0/ (10, 7) = | | o @T e Velg() ,
p=1 T OL jop—1.52p |T'=(70,tT,0)

or equivalently
~ . _ ox? 1,1
8 (m0,7) = B (o, tr)e” T (04T 007,

for some polynom R;/ A depending only on y, A and j and whose coefficients are uniformly
bounded in terms of A and y. Combining this to (38), one finds that
(41)

(vn.) 1 i (L0 (1 5’) (—an ()/>>
v o< —— R — == e~ Bam(y)n :
ram () < tmy/det Ba(y) vA <2m oy \2tmOny ) 1 cicn = (0,m/1)

where By (y) = v 2m Ay (y) + 5—. From this expression, we deduce that there exists

Vol (M
a constant Cy > 0, for every (y,n) in the support of @ (which is a compact subset of T*U)
and for every m > 1, one has

Cy —_1_
Vt > O Vl(\an;n) (QA) S t—noe CotQ’
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which is exactly the upper bound (35) from which we get :

IPG,w,0) < / o S I A QN (@) yd e
* X *

1 1
< Cllw] / e L
R* P

<o
for some constant Cj depending only on the support K of w. The conclusion of the
proposition 4.8 follows.

4.45. A final remark. We fix k = 0. We note that we have in fact proven something
slightly stronger than what we claim in the proposition. Namely, we have shown that the
map
0% o f
(y,m,t, f) — t"_377p?70(p) < % pa(f)w....0), 1.1 (% 1)
J#p
belongs to LY(T*U x R* x Q, G5 (621)) for every 1 < p < n and for every o in S,. Thus,

regarding remark 4.9 and equality (30), it remains to compute, for every 1 < p < n and
for every o in S, the following expectation:

Iz(p, o) ::/TU N t"7377p770(p)w(0,...,0),(1,...,1)(y, (/ H y
* xR*

J#p

] yo(d f
() Ay, t)" (53+1)(df)) d"yd"ndt.

4.5. Expectation of the leading term. In the previous paragraph, we have verified that
all the terms in the asymptotic expansion

1 o,
— w(y, dy,n, dn) = AP (f,0,0)
A™ J s (g r=oy) Z

belong to L'(Ha, dpa) and that their L' norm is uniformly bounded With respect to A. We

will now compute precisely the expectation of the leading term I ( f,w,U) from which
the second part of Theorem 4.1 will follow.

Recall from remarks 4.9 and paragraph 4.4.5 that the expectation of the leading term
decomposes as

(42) /H 1o D)dia(f) = 3 3 () ia(p.o

p=1 c€S)y

In particular, it remains to compute the value of I(p, o).
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4.5.1. Regularization of Ix(p,o). We fix 1 < p < n and ¢ in S,. For that purpose, using
the notations of the proof of proposition 4.8, we define the following regularization, for
every fixed (y,n,t) in T*U x R*,

m 82]' U(J')f
1) = | ( ST ) ()Gl . 1) 67 ) ().

Ha \j#p "
Note that

NI

2 ot
[ ( %) pa(f)
J#p

tends to 0 as ||f|| tends to infinity; thus, it can be approximated (in the C° topology)
by a function ¢;(f) in C°(Ha). Moreover, mimicking the arguments of the proof of
proposition 4.8, one can verify that the sequence

(AA MA(f)éGA(yan,t)*(ézzl)(df))

m>1

is uniformly bounded in terms of m > 1 (not necessarily in terms of A, (y,n,t)). Combining
these two observations with (31), we find that, for every 1 < p < n, for every o in S,,, and
for a.e. (y,m,t) in T*U x R*,

: (m) 8§f,y"(f)f *( snt1

lim Iy (y,n.t) = ) pa(f) TGA(?J,TH) (97 )(df).-

A

m—-+00 ;
J#P

According to the proof of proposition 4.8, one also knows that there exists a constant
Cy > 0 such that, for every m > 1, for every 1 < p < n, for every o in S,,, one has

. m Co -1,
V(y,n,t) € supp(w....0),a1,..1)) X R, |I/(\7p)70(?/,77,t)| < t—ne Cot?
In particular, from the dominated convergence theorem, we can deduce that

(43) Iz(p,o) = lim [ o (p)9(0,..0), (1) (Y M IS o (y, 1, ) d yd L
M40 gy xR
Using Gaussian integration, we will now compute explicitely this limit as m tends to +oo

and as A — +o0. Following the proof of proposition 4.8 — see e.g. equality (40), one has

— 2|7

e . 7012 1 0 _2n T AN )T)
I (y.n,t) = (—1)"7 / T <— ) ( ol 47 ) drodr.
P Rn+1 H 2m 0T 0(5) |T=(r0,t7,0)

J#p

Following the end of the proof of proposition 4.8, one can also verify that there exists a

constant Cy > 0, such that for every (y,n) in the support of @ and for every m > 1, one
has

m 7im CA?I -1
(44) vt >0, |1V (y.n,t) — IV (n,1)] < =2 —e @7,

A7p70 tn
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where
n—1 2
1) = s [ e S () ()
(271-)”7 Rn+1 jp aj}va(j) T=(70,t7,0)

In particular, provided that the limit lim,, 7om)

Ap,o
inated convergence theorem

(45)
In(p,o) = / N (0)W(0,..0),(1... 1>(y7?7)< lim fifr;),a(mt)) d"yd"ndt + O(A™1).
T*U xR* m—r+00

(n,t) exists a.e., one has by the dom-

Remark 4.21. We note that, thanks to the particular form of the matrix Ag, one has

j’(m) _ <_1 2 27T _ o= 22irf? ~ Volg (1 (IVI)‘(‘I;L‘-QFQ)H drod
(n,t) = ——— e e m e Vol .o (T0)dTodT,
Rn+1

Ap,o

where

0 ~ 2y (Toi03(Ts 1)), Ao (T 05T, )
Hy(10) := ( ) <e volg (W) WE0 TR0 B0 :
? H 67},0(]’) T=(70;0;0)

J#p
After integrating over the 7 variable and taking the limit m — 400, one finds

1) 1 2)Vol, (M 2 (nt2)Volg(M)[nl?
lim I\ (n, )_< ) - ((n—l— JVol,( )) eW/Hp,o@o)dTo.
R

m——+400 Ap,o (271')"71 tn 21

4.5.2. Computation of the leading term. Recall that everything we want to calculate is
the leading term — fHA [go)(f, w, U)dpn(f) of & [\ w(y, dy,n, dn) which, thanks to
Remark 4.21, is given by

/ IO(f, w, U)dpa(f) ZZ o)Ix(p, o
Ha

({f=0})a

p=1 oceS,
= > ) <lo) / "2yl ()W(0,..,0),(1,..,1) (¥ ) Him (fﬂ),a(n, t)) d"yd"ndt
p:1 UGSn *U xR* m——+oo
(-0 (n+2 )Vol, (M) 2 / 1
G (R S [ st

<n+2>vO1g<M)w2
e o(10)dTod" yd" " ndt

In order to alleviate notations, we introduce:

(46) Z > () o) / o(70)d.

p= 1 0€eS,
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Then, we express everything in terms of I(n):

/’H [/(\0)<f7 w, U)d:u/\<f>

— ((;71))2 ((n+ 2)Vol, (M))2 Z Z (o) / W0,...0),(1,1) (Y 1) 7o (p)

p=1 €S, T*U xR*
1 _ (n+2)Volg (M)[n|?
L S B / o (10)dTod" yd" ndt
(=15 [ (n+2)Vol,(M) 2/
N (2m)n—1 o —— w(,...,0),(1,-.., 1)(?/,77)
1 (n+2>Vo1g<M)\n\2 .
13 o\n)ay y definition of /o
t3 Iy(n)d"yd"ndt by definit f Io(n)
(—1)"z [ (n+2)Vol,(M) 2/
= Iy(n)d™yd"
(2m) 1 o oy 2000 (Y M o)y

TOO o (ar2Velg(M)n2e? dt T (2 Volgmlnl%e2 dit
3 3
X t°e 2 — 4+ t°e 2 —
12 12
0 0

—1

N <(21) = (<n+2)VOlg(M))2/ W(0,.-.0),(1,-.) (Y, Lo (m)d"yd" 1)

)" 27T U
OO (nt2) Vol (M) |24
/ e 2 2tdt
0
2(—1)%1((n+2)V01g(M))31/ Io(n)
_ 2 , d™yd™n.
(27T)n—1 (27r)5 T*UW(O ..... 0),(1,..., 1)(y )| |2 yan
Therefore,
(47)
1 I
/ (—n/ W(y,dy,n,dn))dm(f)zfln/ °<2>d A. . dy" Aw(y, dy,n, dn)+O(A™),
7 \A N*({f=0}) Iyl
where

2(=1)"%" ((n + 2)Voly(M))=
(27‘(‘)"_1 (277)% '

In order to conclude, it remains to compute I(n). This combinatorial calculation will be
the purpose of the next two paragraphs.

A, =

4.6. Computation of Iy(n). Recall that Iy(n) is given by the sum (46). We start by
computing explicitely each term in the sum. We fix ¢ in S,, and 1 < p < n. Moreover, we
set

T .= (To; 0; (Ti,j)lgi,jgn) S Rn2+n+1,
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which appears in the definition of H,,(7) — see Remark 4.21. Our first step will be to use
the Faa di Bruno’s formula for partial derivatives [36] to give an explicit expression of

0 _2x(T,AgT)
H ( ) (6 Volg (M) ) )
j#p 8,1—“770'(])

Recall that this formula states that

2m2 (T T 212 (T T |Q«[| ~ ~
H( ) ) (5%) B 3 <_277T2> HM,
J#p 0T 4(j) N Vol,(M)) 11 e 0T500

Pe)

where 735,03 is the set of partitions of {1 < j < n:j # p}. We now fix some notations:
Pyp:={™A partition of {1 <j<mn:j#p}: Yaec, |a] <2ando(a)=a}.

Remark 4.22. We note that P,,, is empty if o(p) # p. Moreover, for every ¢ such that
o(p) = p, the above subset is empty if o is not a product of disjoint 2-cycles.

For a given 2 in P, ,,, we define

o A :={acU:|af =1}
o Ay :={acU:|al =2and 0, = id};
o A3 :={acU:|al =2and o, #id}.

Using these conventions and the specific form of the matrix Ay — see paragraph 4.4.4, one

finds that
o _ 2n%(T,AgT)
H( ) (e it )
jp aj}ya(j) |T'=(7030;0)
QWQTg

= A g el
= ¢ Volg(i) Z - (—70)2l,
Vol (M)(n + 2) n+4

AP,
Observe now that
2272 Vol, (M) 2 Vol, (M) *
2y — 20 0 2 0 ?
/RTJ) ™ V1500 gy = <577r) (|2 ] =1 (fiﬂz)

if |2;| = 0 (mod 2), and that it is equal to 0 otherwise. We now set

1291
1 |2A| A2 A - 1 A2 |+|As]
= > - S
Cop ( n+2) (126 = 1) <Volg(M)) <n+4) ’

AE€Ps p:|A1|=0(mod 2)

whenever o(p) = p and C,, := 0 otherwise.

Remark 4.23. We note that the sum is empty as soon as n is even. In fact, requiring
|20;| = 0(mod 2) imposes that n — 1 is even.
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From the above calculation, we deduce

(48)  Io(n ZZ ) lpNo(p) / o(T0)dTo = (VOl ) an > clo

p=10c€S, = ocESnh

In particular, from remark 4.23, one has Iy(n) = 0 if n is even. We also note that ) .o Co,
is independent of the choice of p. Thus, one finds, whenever n is odd,

(49) () = (L(M)) 1P Y (0)Cop.

2T
O'ESn

From (47), one finally obtains

(50) /HA (% /N*({fzo})w(y,n,dy,dn)) dpa(f)

= (w) A, <Z E(O’)CJJ;) / dy* A...dy" Aw(y,dy,n,dn) + O(A™),
27T Q*U

oESy

where A,, was defined in (47).

4.7. Computation of )  _o C,,. From (50), it remains to compute ZJES Cyp which
is independent of the choice of p. For that purpose, we fix 0 < k < =5+ L and we suppose
that o is the product of k disjoint 2-cycles oy, ..., 0. Then, we compute the value of Cj,,
in this case. We note that in this case |23 is necessarily equal to k, and thus

LY LA™ dr? \PEE g\
=) Y () () )
n+4 :|21|=0(mod 2) n+2 Vol (M) n+4

Q[epo',p

We also note the following useful relations
n—1=[Ai|+2|As] + 2| As| and A = | Ay| + [As| + [ As].

Recall now that the number of permutations in {1,2,...,2l} with [ cycles of length 2 is

equal to ”—2)1 —see Th. 6.9 in [13]. From this observation, we deduce that

n—1

4r? o\ IR @), n+2\
= — —2(kH+1)) | —
Cow ((n+2)2Volg(M)) < n+4) ; zvzlc —12x(n=2(kHHD)) ( n+4)’

and thus

n—1 k

o _ 272 En 2n+2)\" = (n—1—2k)! _n+2l
7P\ 2(n + 2)2Vol, (M) n+4 Nt —(k+0)\ n+4)

M7



38 NGUYEN VIET DANG AND GABRIEL RIVIERE

Thanks to our formula for C,, when o is a product of k disjoint 2-cycles (thus e(o) =
(—1)%), we deduce that

o ”. ) n—1—2k) n+2\'""
Z 6(0’)0071, = ((n+2)2Vol ) ch 1 /{;'Qk 2 Z l|21 (k+l))! (n—|—4)

gESy

After simplification, it gives

Y e(0)Cop = (n—1)! (<n+2)227501g<M))"7‘1 ) (Zii)kgk e (_Z—%l){:lﬂ))

w‘

gESy k—0
and thus
n—1 n—1 ne1
2m° N 1 n+2\" n+2\z "

i) S (53) ()
Jezsn P (n 4+ 2)2Vol, (M) — k! (Tl — k;)! (n+4) n+4
Finally, we obtain

(77, — 1)' 272 nT_l
(51) e(0)Cop = 7= :
oezsn ") \(n+2)?Voly (M)

4.8. The conclusion. Regarding (50) and (51), we define
2-)F (-1 T (0 2
2m)nt () 2(n+2)F  aVol(S" 1) (n+2)%

if n =1 (mod 2) and B,, = 0 otherwise. Finally, still thanks to (50), we conclude

1 _
/ <ﬁ/ W(y,dy,n,dn)) dua(f) =Bn[ Wo,...0),(1,..1 (Y, M d yd"n + O(A™1),
Ha N*({f=0}) U

which is exactly the content of the second part of Theorem 4.1.

B, =

5. FORMAL DERIVATION OF THE MAIN RESULT VIA BEREZIN INTEGRATION

The derivation of the main theorem (namely Theo. 4.1) is slightly technical due to the
fact that we have to justify carefully the smallness of several terms and the inversion of
several integrals but also due to some complicated combinatorics. The purpose of this
last section is to show how the combinatorial aspects of the proof can be treated more
easily at the expense of a little bit of abstraction by making use of the so-called Berezin
integral [4, 33, 23, 57].

In this section, we will not pay too much attention to the inversion of integrals and
to the size of the remainder terms, and we will mostly focus on the computation of the
leading term of the asymptotics. Similar arguments as the ones presented in the previous
section would in fact provide a rigorous treatment of the calculation developped in the
present section. The reason for presenting this alternative approach in a formal (but non
completely rigorous manner) is that we believe that it can be helpful (at least for the
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reader familiar with Berezin integration) to understand and follow the main lines of our
proof, especially its combinatorial aspects. It is also plausible that this kind of intuitive
calculation could be used for other related questions.

5.1. A brief reminder on Berezin integration. Berezin integration is a convenient
formalism that allows us to represent the wedge product appearing in our formulas as
oscillatory integrals. This formalism was introduced by Berezin [4] and it is a more or less
standard tool in quantum field theory where one aims at computing integrals over both
bosonic (even) and fermionic (odd) variables. Basic introductions to this formalism are
described by Disertori [23] or by Tao [57] with a view towards random matrix theory — see
also the book of Guillemin and Sternberg [33] for considerations on Fourier transforms in
this context. Following closely the presentation of these references, we give here a brief
overview on it that should be sufficient for the purpose of our formal calculation.

5.1.1. Odd and even variables. Let V = R? be a finite dimensional vector space. One
can define the so called exterior algebra A\(V) = ;=5 *(V). For simplicity of nota-
tions, we will denote by ®;P, := &; A ®, the product on this algebra. This algebra can
be splitted in two parts One part is made of the so-called even (or bosonic) elements
AV )even == @ ( ), while the other is made of the so-called odd (or fermionic) ele-
ments A\(V)oaq := @ b M1V, Any odd element IT commutes with every even element
p, while it anticommutes with odd elements. From this observation, one can deduce that
any element ® in @ (V) is nilpotent.
Fix two nonnegative integers d; and ds. For every i < d;, we fix a map

Di: Rdl — /\<V>even7 Tr—=x; + le(x),

where n;(z) is nilpotent. Any “sufficiently nice” function f on R% can be extended as a
function of even variables as follows:

f(pl,-..,pdl):: Z 1

ki!.. kgl 9.k ka,
ki>0:1<i<d; 1 di* Q" ... 0z

ak1+---+kdl f

ny(z)f .. ng, (x)ka

In the following, we will in fact consider functions of even variables p = (p1,...,pq, ) and
odd variables IT = (I1y, ... II4,), i.e

.0 = fo) + > > furein @), L,

k>1 41,0k

We say that such a function is defined on the space A (V)(@1l2),

5.1.2. Integration of functions of odd and even variables. Given a function f on A(V)(@ld2),
one can define the Berezin integral of f as follows:

/R(d w“ f(p, I)dpdlIl := On, ... On,, fdmydzy .. dg,.
11a2

R41
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We refer the reader to [23] for basic properties on this integration procedure and for a review
of simple examples. One can verify that any element ® of A(V) can be exponentiated as

follows:
+oo o k

K
k=0

Important properties of the exponential are that exp(IT) = 1 4 II for any odd element II
and that, for any even element p,

(52) exp(p + @) = exp(p) exp(P) = exp(P) exp(p).

Following [33] — Chapter 7, one can also define a notion of “super Fourier transform”, as
follows:

exp(®) :=

F()(0.Q) = / exp (—2in(q.p + Q.I1)) £ (p, I)dpdIL.

R(d1ld2)
The prefix “super” is here to emphasize that we consider functions depending both on even
(bosonic) and odd (fermionic) variables. We observe that ¢.p + @Q.II is an even element.

Note that an element @ in A (V)oaqa can be written as follows:
1
(53) Q=—— exp(—2irQI)dII,
2m R([1)

and more generally a product of elements @1, ...Qg, in A(V)oaq as

1 &
—_ —2i AL | dIdy ... dIg,.
(=2 )d /R(OdQ) exp ( ZW;QJ J) 1 da

This formula gives us a representation of products of odd elements as “oscillatory” integrals.
This observation is the first key point which is at the heart of the calculation below.

(54) Ql e ng =

5.1.3. Representation of integration currents as oscillatory integrals over even and odd
variables. We consider a submanifold S in some larger manifold X given by equations
G = (gi)1<i<a = 0. Then it is a well known fact that the delta function §¢ o G' supported on
S can be represented as an oscillatory integral. So a natural question is how to represent
the integration current [S] = [{G = 0}] as an oscillatory integral ? The answer involves
the introduction of odd variables and the use of the Berezin integral.

Proposition 5.1. Let X be a smooth oriented manifold with orientation [w],
G = (gi)lgiéd X — Rd

be a smooth function such that the differentials d,g; are linearly independent for every
x € X satisfying g1(x) = -+ = ga(x) = 0. Set S to be the submanifold in X defined by the
reqular system of equations {g1 = -+ = g4 = 0} and oriented by [ws]. If dgi A -+~ Ndgq has
orientation compatible with the pair of orientations w], [we] then the integration current
[S] is represented by the oscillatory integral

1 .
(55) S] = ——— / e~ 2 (Sim 0t d9;) g T, . T,
(—=2im)¢ Jreaa
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Proof. The proof follows from a simple calculation, by Lemma 3.4, we find that :
[S] = G*6ddgy A - - A dgq
then using the classical representation of the delta function by oscillatory integral
G*égdgl A ANdgg = / e’””zi:ﬂfgfdﬁ coodrgdgy N -+ AN dgg
R4

and using the representation of the exterior product dg; A--- A dgy in terms of the Berezin
integral we end up with

1

)= oy

/ e 2 (S5m0 1495 ) g gl L dI.
R(dld)

O

In fact, this oscillatory integral formula is already known in the literature since it appears
in the work of Frenkel, Losev and Nekrasov on instantonic quantum field theory [27, p. 23].

5.1.4. Fourier transform of Gaussian integrals. We observe that the following holds:

Lemma 5.2. Let N > 1. Let p= (p1,...,pn) be an element in \(V)Y .. Then, one has

N
(56) 6722 = (QE) ’ / ei(C,p>efN<Céc> dNC7
s RN

where (¢, p) = Z;VZI ¢;pj, and p* = Z;VZI ;-

iS]

2

This lemma will be the second key point in the computation of the asymptotics via
Berezin integration.

Proof. Let C[[X1, ..., Xy]] be the commutative algebra of formal power series in N inde-
terminates (X, ..., Xy). First, we note that
N\ 2
2 . c,c
(57) e 2% and <—) / gileX) =N 52 gN
2 RN

are well defined as formal power series since the integral on the right hand side is defined
by expanding the exponential function X’ in powers of X under the integral sign where,

for each (i1, ..., i), the term [y (c;, ... ;) )e NN s a convergent integral that can be
explicitely calculated by the Wick lemma. Then the equality between the two formal series
in (57) follows from the classical result on the Fourier transform of the Gaussian measure
replacing the formal indeterminate X by y € RY and by uniqueness of the Taylor series
expansion in y at y = 0. U

Remark 5.3. Conceptually, we note that this proof shows that we can define the Fourier
transform of a Gaussian measure in a purely algebraic language. We emphasize that the
argument would work for more general symmetric positive definite matrices A than NId.
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5.2. Asymptotic expansion in a local chart. We fix a local geodesic normal coordinate
chart (U, ¢) and w(y, dy,n,dn) an element in D, (T*U). Recall that we want to compute
the expectation of

IA(faw) ::/ w(yadyvnvdn)
N*({f=0})

with respect to the Gaussian measure du,. We can write formally

d, j
it = [ ar (1% ) ara /\d( L) Aty o).

Recall that one of the reason why the calculation of the expectation against the Gauss-
ian measure is possible is the fact that the Dirac distribution can be represented by an
oscillatory integral over even variables, i.e.

(58“ ( 7tci‘1<f - 77) = /( o )eXP (—227 <T0f+7. (tci?(f - TZ))) drodT.
R(n 1|0

Then, some of the difficulties in the proof come from the fact that the wedge product
has not at first sight the same simple structure. By Proposition 5.1, we see that the
advantage of the Berezin formalism described above is that it allows us to write the wedge
product as an oscillatory integral over odd variables in R, Before writing this oscillatory
representation — see equation (59), we proceed to a few simplifications that will make the
calculation slightly simpler. More precisely, we expand the wedge product, and we obtain
that

r,s=1

- , Ml s s
=AD (-1 / —5-dy* NIY(f, by, dy,m, dn) Aw(y, dy,m, dn) A dt,
s 0 td,f
I (fotoys dy,mydn) =657 { f ( . ) Ad (

D*UXR* t
J#r )

For every t in R* and every f in H,, this defines an element in D, Jrl(T*U ). The main
contribution in this integral will come from the terms involving derivatives of f — this is
exactly the content of lemma 4.8 above. Thus, one can set

5 " td, f O f
INo(f.t g, dy,m) :=5o+1< y —77) /\d< A2 )

it

where

and then one finds

(58)

n

Ia(fiw) = A" Z(—l)rf nensdy NIV (fo sy, dy, m)Aw(y, dy, n, dn) Adt4+-O (A" ).
g} T*UXR*

In order to get the conclusion, everything boils down to computing the expectation of
I};’i)(f, t,y,dy,n) with respect to du, for a given (y,n,t) in T*U x R*. In order to alleviate

notations, we will just write I};‘B( f) and re-establish the dependence in (y, 7, t) after. Using
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the Berezin Fourier transform exactly as in Proposition 5.1, one can write the following
“oscillatory” integral:
(59)

. _<—1>"T‘1/ L tdy,f O
Izr\,o(f)— @) Joiers exp 2im | pof + p. A n +Z A2 IL;dy dpodpdIl.

J#Erk

Remark 5.4. The fact that I/T\SO( f) has a simple representation as an oscillatory integral is
the central observation that makes our formal calculation much simpler than the detailed
combinatorial proof we gave before. Note that the element IT;dy* is even since it is the
product of two odd elements and thus, we are in a situation where we can apply lemma 5.2.
As was already mentionned, we do not pay too much attention to the inversion of integrals
and to the size of the remainders, and we mostly focus on the conceptual aspects that
make our proof works.

Recall that we aim at computing the expectation of IZSO( f) with respect to the Gaussian
measure dju,. For that purpose, we fix (9, 7,II) in R®+1"=1 and we use lemma 5.2 to

write 52
/HA exp (-227 (Tof + 7. (tﬁf> +#m%;fnjdyk>> dpa(f)
2
(60) = exp (-ﬁ((m t7, (T;dy"*) j2r ), Ao(70, tT, (de?/k)#r,k))) (1+0(A™),

where the covariance matrix Ay was defined in paragraph 4.4.
We can now expand

1 2 A
<(7'o, i, (deyk)j;ér,k)a AO(TOa i, (deyk)j;ér,k)) = —752|T|2 + 7'02 - — 570 andy]
n—+2 n+2 s

2 . .
T )+ D (Tydy Ty’ + Ty Tlydy").
J,k#r

Thanks to the anti-commutation rules for odd variables, one finds that the last term in
this sum is in fact equal to 0. After integrating over the even variables (7, 7), one finds
that the following equalities hold:

*t? 2 % n+2 olg 2
(61) / 20 oxp [ — 27| 7| gr — (Yol(M)(n +2) o Rl
R(710) (n + 2)Vol, (M) o f2

and

272 2 A
62 e 2 . du’ p
52 /R(lo) P ( Vol (M) (TO Nt ; iy )) 7o

_ (Voly(M) 2 212 2
- <T) P (Volg(M)(n+2)2<Z [1;dy’) ) :

i#r
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Remark 5.5. Observe that the last equality follows one more time from lemma 5.2.

It now remains to integrate (62) with respect to the odd variables (IL;);«.. Regarding
the definition of the Berezin integral, we have to compute that
0 0 9 2 .
o o I.dy’)? | .
o, o, o, (Volg<M><n a2 ) )
One can verify that if n is even, this quantity vanishes, and then the total expectation
vanishes. In the case where n is odd, one finds from the multinomial Newton formula that

0 d 0 272 .
272
_(n—=1)! 272 = L - .

Combining this to (62), we obtain

272 9 2 :
—— — IL;dy’ | | dmoldll

J#p,q
1 n—1
Vol,(M)\ ? (n — 1)! 92 I .
_ A A Ay A dun
( o ) (=)0 \ Vol, (M) (n + 2)2 YA ayt A dy

From (61) and (63), we deduce that

/?{Ikso(f,t,y,dy,n)dm(f)

_]_ nT_l — 1 ' nT_S (n+2)Volg (M)] ‘2 R
- ((27T))"‘1 (7(1"1)3 2(Z+ 2)% (nt2)Vol,(M)e™ 22 dy'A...dyA. .. dy" (1+O(AT)).
=) :

We now use equality (58). Summing over 7 and s and integrating over ¢, one finally gets
that, if n is odd,

/HAZA(f,w)d,uA(f) = TvolsT) (\/m) /TUdyl/\...dy Aw(y, dy,n,dn)+O(A™ ).

APPENDIX A. A FUNCTIONAL ANALYTIC PROOF OF WHITNEY EMBEDDING THEOREM

In this short appendix, we would like to prove briefly the approximation property used
in the proof of Lemma 4.12, and to illustrate it by giving a simple proof of the Whitney
embedding Theorem. In fact, on a smooth compact manifold M, if we have enough smooth
functions ey, ..., ey so that their linear combinations approximates any smooth function
with enough accuracy, then we will prove that we can embed the manifold M in RY for N
sufficiently large by the simple map :

x €M (er(z),...,ex(z)) € RY.
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A.1. Approximation of smooth functions. We denote by H*(M) the Sobolev space of

functions or distributions of order s i.e. the set of all distributions ¢ such that AZ2¢ belongs
to L2(M) with norm ||.|[g=ary = ||(1 — Ay)2.|lz2(an). Note by the spectral Theorem that

—+00 %
(1= Ag) 2t 2y = <Z(1 + AN (L, ei>L2l2> :

i=1
where we use the conventions of the introduction. First, we show that eigenfunctions of the

Laplace operator span a vector space which is everywhere dense in C*°(M). This property
was used to prove lemma 4.12.

Lemma A.1. Let (M, g) be a smooth compact boundaryless Riemannian manifold. Then,
finite combination of eigenfunctions (e;); of the Laplace-Beltrami operator A, spans a dense
subspace of C*°(M). More precisely, for every C* norm ||.||cx :

N
J— . . % .
If Z;(f, ei) L2€il| ok v

Proof. Eigenfunctions (e;); of the Laplace operator are smooth by elliptic regularity. Thus,

any finite combination of them belongs to C*(M). By the Sobolev embedding Theorem,
it suffices to show that for any s > 0,

N
If = Zl<fa e;)r2€;| me ij 0.

For that purpose, we write

N o'}
If =D Afenreeillie = Y (L4 XD eidrel’,
i=1 i=N+1
which tends to 0 as f is smooth. OJ

A.2. Whitney embedding Theorem. We will now show how this approximation prop-
erty can be used to prove the following version of Whitney embedding Theorem:

Theorem A.2. Let (M, g) be a smooth compact Riemannian manifold without boundary.
Let (e;); be the sequence of eigenfunctions of the Laplace-Beltrami operator as defined in
the introduction. Then, there exists Ny such that for any N > Ny, the map

(64) in:1 €M (er(v),...,en(z)) € RN
1s an embedding.

Remark A.3. The above Theorem holds true for any sequence (e;); of smooth functions
which spans a dense subspace of C*°(M) and so that for any smooth function f € C*°(M),
[ =30 fie; where the sequence (f;); is uniquely defined. In particular, it means that
the (e;); are linearly independent.
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Proof. We first prove that iy is an immersion then we show it is injective.
Fix some N. To show that iy is an immersion, we proceed as in the proof of lemma 4.12.
It suffices to show that for all z € M, diy(z) has maximal rank in other words

x— (dey, ..., dey)
has rank dim M = n. Equivalently, it means that near every xy € M, there is a neighbor-
hood U, n sequences (a;)i<i<n, - - -, (a")1<i<n such that for all z € U, the covectors
N N
Z ajde;(z), ..., Z alde;(x)
i=1 i=1

are linearly independent. In other words, the n-form

N N
(Z ajde;) \--- A (Z alde;)
i=1 i=1

never vanishes on U. But this is easy to achieve since for every xy, we can always find some
sufficiently small neighborhood U of zy and functions fi, ..., f, so that df; A---Adf,(x) #
0,Vx € U. And since the family (e;); spans a dense subspace of C*(M), we can always
find Ny large enough so that the vector space spanned by (e;)i<n, is very close to fi,..., f,
in the C'! topology.

The last part consists in proving that the above map is injective for N large enough.
By the previous part, we can fix Ny large enough so that iy, is an immersion. Since an
immersion is locally injective and M is compact, there is some € > 0, so that for all z € M,
consider the ball B(z,e) centered around z of radius e, the map iy, : B(z,&) — RM
is injective. In other words if in,(z) = in,(y) for some (z,y) € M? then x = y or
d(xz,y) > . We denote by Ay the diagonal in M x M. Consider the map iy, X in, :
(M x M)\ Ay — RY x RN which reaches the diagonal A C R x RM exactly at the
pair of points (z,y) where iy, fails to be injective. First note that (iy, X in,) *(A) =
{(z,y) such that in,(x) = in,(y),d(z,y) > €} is a closed subset of M x M \ Ay. Since
M x M\ Ay is precompact, the closed subset (iy, X in,) '(A) is compact. Note by
definition of i) that for all N, (ix41 X in1) H(A) C (iny X ix)"H(A). Hence consider the
sequence ((iy X in) 1 (A))y for N = Ny, it is a decreasing sequence of compact subsets in
M x M\ {(z,y) € M? s.t. d(z,y) < €}. By contradiction, assume that for all N > Nj,
the map iy fails to be injective, then it means that (iy X ix) "' (A) is non empty for all N,
then for all N there is a pair (zn,yn) € M x M\ {(z,y) € M? s.t. d(x,y) < €} such that
in(zy) = in(yy) for all N. By compactness of M x M \ {(z,y) € M? s.t. d(z,y) < &},
we may assume that the sequence (zy,yn)y converges to some element (z,y) in M x M\
{(z,y) € M?*s.t. d(z,y) < €}. Tt follows by definition of iy that e;(x)) = e;(yx) for all
k > 1 and by continuity of the the functions (e;); and the fact that =), — =,y — vy, we
also have that e;(x) = e;(y) for all 7.

On the other hand, we know that there is some smooth function f such that f(z) # f(y).
And since f = 3" (f, e;)e;, this implies that f(x) = S "5 (f, e)ei(z) = S5 (f, eidei(y) =
f(y) which contradicts the fact that f(x) # f(y).



[1]
2]

8]
[9]

[10]

[11]

[12]

[16]
[17]
18]
[19]
[20]

[21]

CONORMAL CYCLE OF RANDOM NODAL SETS 47

REFERENCES

S. Alesker, Theory of valuations on manifolds II, Adv. Math. 207 (2006), 420-454.

S. Alesker, Theory of valuations on manifolds: a survey, Geom. Funct. Anal. 17 (2007), no. 4, 1321—
1341

P. Bérard, Volume des ensembles nodauzx des fonctions propres du laplacien, Bony—Sjostrand-Meyer
seminar, 1984-1985 (Palaiseau), Ecole polytechnique, 1985, Exp. No.XIV, pp. 1-9.

F.A. Berezin, Introduction to Superanalysis, Math. Phys. and Appl. Math., 9 D. Reidel Publishing
Co., Dordreeht-Boston (1987).

A. Bernig, The normal cycle of a compact definable set, Israel Journal of Mathematics, 159(1) (2007),
373-411.

M. Berry, Regular and irreqular semiclassical wavefunctions, J. Phys. A 10 (1977), no. 12, 2083-2091.
M. Berry, Statistics of nodal lines and points in chaotic quantum billiards: perimeter corrections,
fluctuations, curvature, J. Phys. A 35 (2002), 3025-3038.

X. Bin, Deriwatives of the spectral function and Sobolev norms of eigenfunctions on a closed Riemann-
ian manifold, Ann. Global. Anal. and Geom. 26, 231-252 (2004)

P. Bleher, B. Shiffman and S. Zelditch, Universality and scaling of correlations between zeros on
complex manifolds. Invent. Math. 142 (2000), no. 2, 351-395.

P. Bleher, B. Shiffman and S. Zelditch, Universality and scaling of zeros on symplectic manifolds.
Random matrix models and their applications, 31-69, Math. Sci. Res. Inst. Publ., 40, Cambridge
Univ. Press, Cambridge, 2001.

G. Blum, S. Gnutzmann and U. Smilansky, Nodal domain statistics—a criterion for quantum chaos,
Phys. Rev. Lett. 88 114101 (2002)

E. Bogomolny, R. Dubertrand and C. Schmit, SLE description of the nodal lines of random wave-
functions. J. Phys. A 40 (2007), no. 3, 381-395

M. Béna, A walk through combinatorics, 2nd Edition, World Scientific Publishing, (2006)

C. Brouder, V. Dang, F. Helein, A smooth introduction to the wavefront set, to appear in Journal of
Math. Physics, arXiv:1404.1778 (2014)

C. Brouder, V. Dang, F. Helein, Boundedness and continuity of the fundamental operations on distri-
butions having a specified wave front set. (with a counter example by Semyon Alesker), arXiv:1409.7662
(2014)

J. Briining, Uber Knoten Eigenfunktionen des Laplace-Beltrami Operators. Math. Z. 158 (1978), 15—
21.

Y. Canzani and P. Sarnak, On the topology of the zero sets of monochromatic random waves,
arXiv:1412.4437 (2014)

J. Chazarain, A. Piriou, Introduction to the theory of linear differential equations, Studies in mathe-
matics and its applications, Vol. 14, North Holland Publishing (1982)

S.S. Chern, A Simple Intrinsic Proof of the Gauss-Bonnet Formula for Closed Riemannian Manifolds.
Ann. of Math. (2) 45, (1944), 747-752.

S.S. Chern, On the curvatura integra in a Riemannian manifold. Ann. of Math. (2) 46, (1945), 674—
684.

T. Colding and W. P. Minicozzi II, Lower bounds for nodal sets of eigenfunctions. Comm. Math. Phys.
306 (2011), no. 3, 7T77-784.

G. de Rham, Differentiable manifolds: Forms, Currents, Harmonic Forms, Springer (1980)

M. Disertori, Modéles de matrices aléatoires et supersymétrie, Habilitation a diriger des recherches,
available at http://lmrs.univ-rouen.fr /Persopage/Disertori/publications.html (2011)

R. T. Dong, Nodal sets of eigenfunctions on Riemann surfaces. J. Differential Geom. 36 (1992), no.
2, 493-506.

H. Donnelly and C. Fefferman, Nodal sets of eigenfunctions on Riemannian manifolds. Invent. Math.
93 (1988), 161-183.



48
[26]

[27]

[45]
[46]
[47]
[48]
[49]
[50]
[51]
[52]

[53]

NGUYEN VIET DANG AND GABRIEL RIVIERE

H. Donnelly and C. Fefferman, Nodal sets for eigenfunctions of the Laplacian on surfaces. J. Amer.
Math. Soc. 3 (1990), 332-353.

E. Frenkel, A. Losev and N. Nekrasov, Instantons beyond topological theory. I, Journal of the Institute
of Mathematics of Jussieu, 10(03) (2011), 463-565.

J. H. Fu, Curvature measures of subanalytic sets, American Journal of Mathematics (1994), 819-880.
D. Gayet and J.Y. Welschinger, Expected topology of random real algebraic submanifolds, Journal of
the Institute of Mathematics of Jussieu, online (2014)

D. Gayet and J.Y. Welschinger, Betti numbers of random nodal sets of elliptic pseudo-differential
operators , arXiv:1406.0934 (2014)

D. Gayet and J.Y. Welschinger, Universal components of random nodal sets , arXiv:1503.01582 (2015)
M. Giaquinta, G. Modica, J. Soucek, Cartesian Currents in the Calculus of Variations I, Springer-
Verlag Berlin Heidelberg (1998)

V. Guillemin, S. Sternberg, Supersymmetry and equivariant de Rham theory, Springer-Verlag Berlin
Heidelberg (1999)

Q. Han and F.H. Lin, Nodal sets of solutions of elliptic differential equations, book in preparation
(online at http://www.nd.edu/~qhan/nodal.pdf).

R. Hardt and L. Simon, Nodal sets for solutions of elliptic equations. J. Differential Geom. 30 (1989),
no. 2, 505-522

M. Hardy, Combinatorics of partial derivatives. Electronic Journal of Combinatorics 13 (1): R1 (2006)
H. Hezari and C. D. Sogge, A natural lower bound for the size of nodal sets. Anal. PDE 5 (2012), no.
5, 1133-1137.

L. Hormander, The spectral function of an elliptic operator, Acta Math. 121 (1968), 193-218.

L. Hérmander, The Analysis of Linear Partial Differential Operators I. Distribution Theory and
Fourier Analysis, second ed., Springer Verlag, Berlin, 1990

D. Jerison and G. Lebeau, Nodal sets of sums of eigenfunctions. Harmonic analysis and partial dif-
ferential equations (Chicago, IL, 1996), 223-239, Chicago Lectures in Math., Univ. Chicago Press,
Chicago, 1L, 1999

M. Kac, On the average number of real roots of a random algebraic equation, Bull. AMS 49 (1943),
314-320

M. Kashiwara, Index theorem for constructible sheaves, Astérisque , 130 (1985), 193-209.

M. Kashiwara and P. Schapira, Sheaves on manifolds, Springer Science

E. Kostlan, On the distribution of roots of random polynomials, From topology to computation:
proceedings of the Smalefest (Berkeley, CA, 1990), Springer, New York (1993), 419-431

T. Letendre, Fxpected volume and FEuler characteristic of random submanifolds, arXiv:1408.2107
(2014)

A. Losev and S. Slizovskiy, New observables in topological instantonic field theories, Journal of Ge-
ometry and Physics, 61(10) (2011), 1868-1880.

F. Nazarov and M. Sodin, On the number of nodal domains of random spherical harmonics, Amer. J.
Math. 131 (2009), no. 5, 1337-1357

F. Nazarov and M. Sodin, Asymptotic laws for the spatial distribution and the number of connected
components of zero sets of Gaussian random functions , preprint arXiv:1507.02017 (2015)

L. Nicolaescu, Critical sets of random smooth functions on compact manifolds, preprint
arXiv:1101.5990, to appear in Asian J. Math. (2011)

H. Park, Kinematic formulas for the real subspaces of complex space forms of dimension 2 and 3, Phd
Thesis (2002)

Z. Rudnick and I. Wigman, On the volume of nodal sets for eigenfunctions of the Laplacian on the
torus, Annales Henri Poincaré 9 (2008), 109-130.

P. Sarnak and I. Wigman, Topologies of nodal sets of random band limited functions, arXiv:1312.7858
version 2 (2014).

L. Schwartz, Théorie des distributions, Hermann (1966)



[54]

[55]

CONORMAL CYCLE OF RANDOM NODAL SETS 49

B. Shiffman, S. Zelditch, Distribution of zeros of random and quantum chaotic sections of positive
line bundles. Comm. Math. Phys. 200 (1999), no. 3, 661-683

M. Sodin, Lectures on random nodal portraits, Lecture notes for a mini-course given at the
St. Petersburg Summer School in Probability and Statistical Physics (June, 2012), available at:
http://www.math.tau.ac.il/~sodin/ SPB-Lecture-Notes.pdf (2012)

C. D. Sogge and S. Zelditch, Lower bounds on the Hausdorff measure of nodal sets II. Math. Res.
Lett. 19 (2012), no. 6, 1361-1364.

T. Tao, Supercommutative gaussian integration, and the gaussian unitary ensemble, avalaible at
https://terrytao.wordpress.com/tag/berezin-integration/ (2013)

I. Wigman, Fluctuations of the nodal length of random spherical harmonics, Comm. Math. Phys. 298
(2010)

S.-T. Yau, Seminar on Differential Geometry, Ann. of Math. Stud., 102, Princeton Univ. Press,
Princeton, N.J., 1982.

S. Zelditch, Real and complex zeros of Riemannian random waves, Spectral analysis in geometry and
number theory, Contemp. Math., vol. 484, Amer. Math. Soc., Providence, RI, 2009, pp. 321-342.

S. Zelditch, Figenfunctions and nodal sets. Geometry and topology, 237-308, Surv. Differ. Geom., 18,
Int. Press, Somerville, MA, 2013.

LABORATOIRE PAUL PAINLEVE (U.M.R. CNRS 8524), U.F.R. DE MATHEMATIQUES, UNIVERSITE
LiLLE 1, 59655 VILLENEUVE D’AscQ CEDEX, FRANCE

E-mail address: nguyen-viet.dang@math.univ-1illel.fr

E-mail address: gabriel.riviere@math.univ-1illel.fr



