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On the Zarankiewicz Problem for Intersection
Hypergraphs

Nabil H. Mustafa* and Janos Pach**

Abstract. Let d and ¢ be fixed positive integers, and let K [‘f ...+ denote the com-

plete d-partite hypergraph with ¢ vertices in each of its parts, whose hyperedges
are the d-tuples of the vertex set with precisely one element from each part. Ac-
cording to a fundamental theorem of extremal hypergraph theory, due to Erdds [7],

the number of hyperedges of a d-uniform hypergraph on n vertices that does not

contain K¢

optimal.

We address the same problem restricted to intersection hypergraphs of (d —1)-
dimensional simplices in R<. Given an n-element set S of such simplices, let
H%(S) denote the d-uniform hypergraph whose vertices are the elements of S,
and a d-tuple is a hyperedge if and only if the corresponding simplices have a
point in common. We prove that if Hd(S ) does not contain K f,‘_‘,t as a subhy-
pergraph, then its number of edges is O(n) if d = 2, and O(n?~'%*) for any
e > 0if d > 3. This is almost a factor of n better than Erd6s’s above bound. Our
result is tight, apart from the error term € in the exponent.

In particular, for d = 2, we obtain a theorem of Fox and Pach [8], which states
that every K ;-free intersection graph of n segments in the plane has O(n) edges.
The original proof was based on a separator theorem that does not generalize to
higher dimensions. The new proof works in any dimension and is simpler: it
uses size-sensitive cuttings, a variant of random sampling. We demonstrate the
flexibility of this technique by extending the proof of the planar version of the
theorem to intersection graphs of z-monotone curves.

o 1
+ as a subhypergraph, is n®” ¥=T  This bound is not far from being

.....

1 Introduction

Let H be a d-uniform hypergraph on n vertices. One of the fundamental questions of
extremal graph and hypergraph theory goes back to Turdn and Zarankiewicz: What is
the largest number ex?(n, K) of hyperedges (or, in short, edges) that # can have if
it contains no subhypergraph isomorphic to fixed d-uniform hypergraph K. (See Bol-
lobés [2]). In the most applicable special case, K = K%(t,...,t) is the complete d-
partite hypergraph on the vertex set V7,..., Vy with |[Vi| = ... = |V}| = ¢, consisting
of all d-tuples that contain one point from each V;. For graphs (d = 2), it was proved
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by Erd6s (1938) and K&vari-Sés-Turdn [14] that
exz(n,Kzt) <t

The order of magnitude of this estimate is known to be best possible only for t = 2
and 3 (Reiman [18]; Brown [3]). The constructions for which equality is attained are
algebraic.

Erd6s (1964) generalized the above statement to d-uniform hypergraphs for all d >
2. A hypergraph H is said to be K -free if it contains no copy of K as a (not necessarily
induced) subhypergraph.

......

yeeey

It was further shown in [7] that this bound cannot be substantially improved. There
exists an absolute constant C' > 0 (independent of n, t, d) such that

exd(n, K,fit) > ndftd%.

d

In particular, for every ¢ > 0, there exist K ,-free d-uniform hypergraphs with

.....

t =~ (C/e)'/(4=1) having at least n?~¢ edges. The construction uses the probabilis-
tic method.

In certain geometric scenarios, better bounds are known. For instance, consider a
bipartite graph with 2n vertices that correspond to n distinct points and n distinct lines
in the plane, and a vertex representing a point p is connected to a vertex representing
a line ¢ if and only if p is incident to ¢ (i.e., p € £). Obviously, this graph is K22’2—free
(in short, K5 o-free). Therefore, by the above result, it has at most O(n3/?) edges. On
the other hand, according to a celebrated theorem of Szemerédi and Trotter (1983), the
number of edges is at most O(n*/?), and the order of magnitude of this bound cannot
be improved. In [15], this result was generalized to incidence graphs between points
and more complicated curves in the plane.

Given a set S of geometric objects, their intersection graph H(S) is defined as a
graph on the vertex set S, in which two vertices are joined by an edge if and only if
the corresponding elements of S have a point in common. To better understand the
possible intersection patterns of edges of a geometric graph, that is, of a graph drawn
in the plane with possibly crossing straight-line edges, Pach and Sharir [15] initiated
the investigation of the following problem. What is the maximum number of edges in a
K ;-free intersection graph of n segments in the plane? The K&vari-S6s-Turdn theorem
(Theorem A for d = 2) immediately implies the upper bound n2~'/¢. Pach and Sharir
managed to improve this bound to O(n) for ¢t = 2 and to O(n logn) for any larger (but
fixed) value of ¢. They conjectured that here O(nlogn) can be replaced by O(n) for
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every ¢, which was proved by Fox and Pach [8]. They later extended their proof to string
graphs, that is, to intersection graphs of arbitrary continuous arcs in the plane [9, 10].
Some weaker results were established by Radoic¢i¢ and Téth [17] by the “discharging
method”.

The aim of the present note is to generalize the above results to d-uniform intersec-
tion hypergraphs of (d — 1)-dimensional simplices in R, for any d > 2. The arguments
used in the above papers are based on planar separator theorems that do not seem to
allow higher dimensional extensions applicable to our problem.

Given an n-element set S of (d — 1)-dimensional simplices in general position in
R?, let H4(S) denote the d-uniform hypergraph on the vertex set S, consisting of all
unordered d-tuples of elements {51, ..., Sq} C S with SyN...NSy # (). We prove the
free intersection hypergraph H¢(S) of (d — 1)-dimensional simplices. This bound is
almost a factor of n better than what we obtain using the abstract combinatorial bound
of Erdds (Theorem A), and it does not depend strongly on .

Theorem 1. Let d,t > 2 be integers, let S be an n-element set of (d — 1)-dimensional
simplices in R%, and let HY(S) denote its d-uniform intersection hypergraph.

IfHAS) is th?_“’t—free, then its number of edges is O(n®=17¢) for any e > 0. For
d = 2, the number of edges is at most O(n).

To see that this bound is nearly optimal for every d, fix a hyperplane h in R¢ with
normal vector v, and pick d — 1 sets P, ..., P;_1, each consisting of % parallel
(d — 2)-dimensional planes in h, with the property that any d — 1 members of Py U. ..U
P, that belong to different P;s have a point in common. Foreach i (1 <i <d— 1),
replace every plane p; € P; by a hyperplane h; parallel to w such that h; N h = p;.
Clearly, the d-uniform intersection hypergraph of these n hyperplanes, including h, is
K§ . ,-free, and its number of edges is (2=1)?"! = 2(n"'). In each hyperplane,
we can take a large (d — 1)-dimensional simplex so that the intersection pattern of
these simplices is precisely the same as the intersection pattern (i.e., the d-uniform
intersection hypergraph) of the underlying hyperplanes.

The proof of Theorem 1 is based on a partitioning scheme, which was first formu-
lated by Pellegrini [16]. Given an n-element set S of (d — 1)-dimensional simplices
(or other geometric objects) in RY, let m denote the number of hyperedges in their
d-uniform intersection hypergraph, that is, the number of d-tuples of elements of S
having a point in common. For a parameter r < n, a %-cutting with respect to S is a
partition of R? into simplices such that the interior of every simplex intersects at most
n/r elements of S. The size of a %-cutting is the number of simplices it consists of.
(See Matousek [13].)
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Theorem B ([6, 16]). Let d > 2 be an integer, let S be an n-element set of (d — 1)-
dimensional simplices in R?, and let m denote the number of d-tuples of simplices in S
having a point in common.

. 1 . . .
Then, for any € > 0 and any r < n, there is a ;-cutting with respect to S of size at

most
2

C’Q-(T+%) if d=2, and

d
Cac- (ri=1Fe 4 m—Z) if d>3.
n

3

Here Cs is an absolute constant and Cy . depends only on d and e.

To construct a %-cutting, we have to take a random sample R C S, where each
element of S is selected with probability r/n. It can be shown that, for every k& > 0,
the expected value of the total number of k-dimensional faces of all cells of the cell
decomposition induced by the elements of R is O(r%~1), while the expected number
of vertices (O-dimensional faces) is m(r/n)?. This cell decomposition can be further
subdivided to obtain a partition of R into simplices that meet the requirements. The
expected number of elements of S that intersect a given cell is at most n/7.

Cuttings have been successfully used before, e.g., for an alternative proof of the
Szemerédi-Trotter theorem [5]. In our case, the use of this technique is somewhat un-
intuitive, as the size of the cuttings we construct depends on the number of intersecting
d-tuples, that is, on the parameter we want to bound. This sets up an unusual recurrence
relation, where the required parameter appears on both sides, but nonetheless, whose
solution implies Theorem 1.

The use of cuttings is versatile. In particular, we show how this technique can be ap-
plied to establish the generalization of Theorem 1 to z-monotone curves with a bounded
number of pairwise intersections.

Theorem 2. Let S = {S1,...,S,} be a set of n x-monotone curves in R?, and where
every pair of curves intersect at most a constant number of times. Let H(S) denote its
intersection graph, and t > 2 be an integer. If H(S) is Kﬁt—free, then its number of
edges is O(n).

Fox and Pach [9, 10] managed to prove the same result for all continuous curves
in the plane, using separator theorems. The weakness of their method is that it is in-
herently planar. As we will see, the weakness of the cutting technique is that the cell
decomposition defined by the randomly selected objects needs to be further refined. To
make sure that the number of cells remains under control in this step, we have to bound
the number of d-wise intersection points between the objects.

2 Proof of Theorem 1

For any element S, € S, let suppS), denote the supporting hyperplane of Si. By
slightly perturbing the arrangements, if necessary, we can assume without loss of gen-
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erality that the supporting hyperplanes of the elements of S are in general position, that
is,

(@)no d — j + 1 of them have a j-dimensional intersection (0 < j < d — 1), and

(b) the intersection of any d of them is empty or a point that lies in the relative
interior of these d elements.

Theorem 1 is an immediate corollary of the following lemma.

Lemma 1. Let d,t > 2 be fixed integers. Let S be an n-element set of (d — 1)-
dimensional simplices in general position in R®. Assume that their d-uniform inter-
section hypergraph H(S) has m edges and is K{fm)t—free.

If, for suitable constants C > 1 and wu, there exists a %-cutting of size at most

C(r* + "ffdd ) with respect to S, consisting of full-dimensional simplices, then

m < C' - n",

where C' is another constant (depending on d,t,C, and u,).

Proof. For some value of the parameter r to be specified later, construct a %-cutting
{Ay,..., A} with respect to S, where k < C(r* + mr?/n?). Using our assumption
that the elements of S are in general position, we can suppose that all cells A; are
full-dimensional.

For every i (1 < i < k), let SI"® C S denote the set of all elements in S that
intersect the interior of A;. As {A4,..., Ai} is a cutting with respect to S, we have
|Sint| < n/r. Let SPY C S be the set of all elements Sy € S such that the supporting
hyperplane suppSy, of Sy contains a j-dimensional face of A; for some j (0 < j <
d—1).SetS; = Sint U Shd.

Using the general position assumption, we obtain that every j-dimensional face F' of
A, is contained in the supporting hyperplanes of at most d — j < d elements of S (0 <
j < d —1). The total number of proper faces of A; of all dimensions is smaller than
29+1 "and each is contained in at most d elements of S. Therefore, we have

1S;] < |SinY] + |SPY| < n/r 4 d2¢F!,

Fix an intersection point ¢ = S1 N ... N Sy, and let S(q) = {S1,...,54} C S.
Then either

1. g lies in the interior of some A;, in which case S(q) C St C S;, or

2. q lies at a vertex (0-dimensional face) F' or in the interior of a j-dimensional face
F of some A;, where 1 < j < d — 1. Take any S, € S(q). If F' C suppSy, then
Sy € 8P4 C S, If F ¢ suppSk, then Sy, intersects the interior of A;, and since ¢
lies in the relative interior of Sy, we have that Sj, € S C ;.
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In both cases, S(q) C S;.

This means that if for each ¢ we bound the number of d-wise intersection points
between the elements of S;, and we add up these numbers, we obtain an upper bound
on H%(S), the number of d-wise intersection points between the elements of S. Within
each S;, we apply the abstract hypergraph-theoretic bound of Erdés (Theorem A) to
conclude that 7¢(S;) has at most |S;|4~1/t""" edges. Hence,

k
m< YIS

i=1
As |S;| < n/r + d2%t1, substituting the bound on k, we get

de n d—1
<C-(r* . d2d+1 oNd—1/t
m< (4 T a4

)

d
mr n a-1
< 2(10 (U C(yd—-1/t
= (T nd ) (T')

provided that 2 > d2%+1. Setting r = &, where Co = (2d+10)td71, we obtain

d—
m<2 < ) gl/t '

d u
O

n-i-*

<
= 27

which implies that m < Cg*"n“, as required. O

Now Theorem 1 follows from Theorem B, as one can choose u = 1 if d = 2 and
u =d — 1+ €if d > 3. This completes the proof.

Remark 1. Every d-uniform hypergraph H has a d-partite subhypergraph #' that has
at least % times as many hyperedges as H. Therefore, if K is d-partite, the maximum
number of hyperedges that a d-partite K-free hypergraph on n vertices can have is
within a factor of 4 from the same quantity over all K -free hypergraphs on n vertices.

If instead of abstract hypergraphs, we restrict our attention to intersection graphs or hy-
pergraphs of geometric objects, the order of magnitudes of the two functions may sub-
stantially differ. Given two sets of segments S and 7 in the plane with |S| = |T| = n,
let B(S,T) denote their bipartite intersection graph, in which the vertices represent-
ing S and 7 form two independent sets, and a vertex representing a segment in S is
joined to a vertex representing a segment in 7 are joined by an edge if and only if
they intersect. It was shown in [11] that any K o-free bipartite intersection graph of n
vertices has O(n4/ 3) edges and that this bound is tight. In fact, this result generalizes
the Szemerédi-Trotter theorem mentioned above. On the other hand, if we assume that
the (non-bipartite) intersection graph associated with the set S U T, which contains the
bipartite graph B(S,T), is also K o-free, then Theorem 1 implies that the number of
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edges drops to linear in n. In the examples where B(S, 7') has a superlinear number of
edges, there must be many intersecting pairs of segments in S or in 7.

Remark 2. The key assumption in Lemma 1 is that there exists a %-cutting, whose size
is sensitive to the number of intersecting d-tuples of objects. Under these circumstances,
in terms of the smallest size of a %-cutting, one can give an upper bound on the number
of edges of th)wt—free intersection hypergraphs with n vertices. For d = 3, we know
some stronger bounds on the size of vertical decompositions of space induced by a
set of triangles [6, 19], which imply the existence of -cuttings of size O(r?a(r) +
”7;—’;3) Thus, in this case, we can deduce from Lemma 1 that every 3-uniform th’t-
free intersection hypergraph of n triangles has O(n?a(n)) edges. It is an interesting
open problem to establish nearly tight bounds on the maximum number of edges that a
d-uniform th’m’t-free intersection hypergraph induced by n semialgebraic sets in R?
can have. Lemma 1 does not apply in this case, because in the best currently known

constructions of cuttings for semialgebraic sets, the exponent  is larger than d [1].

3 Proof of Theorem 2

Given a set S of curves in R?, we will assume that no three curves pass through a
common point, and that no two intersection points have the same y-coordinate.

The proof of Theorem 2 follows from an appropriate modification of cuttings for z-
monotone curves. Define a cell to be a closed set in R? that is homeomorphic to a disk.
A cell cis induced by S if its boundary is composed of subcurves of elements of S, and
(possibly) line segments. The size of a cell ¢ is the number of its boundary curves and
segments. For a cell ¢ and a set R C S, define RI™ to be the curves in R intersecting
the interior of c. A decomposition T of a set R C S is a set of interior-disjoint cells
induced by R, and covering R? such that R"* = () for each cell ¢ € 7. The size of a
decomposition is its number of cells. Each cell ¢ will be associated with a unique subset
SPd C S. Given S, the set of decompositions of every R C S is called a canonical
decomposition scheme if it satisfies the following two properties (see [13, Section 6.5]
for details):

1. for every cell c in all decompositions, the size of SP4 can be bounded from above
by a constant, and
2. acell c belongs to the decomposition of R if and only if S*d C R and RNS™ = ().

A (1/r)-cutting IT for S is a partition of R? into interior-disjoint cells of bounded
size such that the interior of each cell ¢ € IT is intersected by at most n/r curves
of S. Given a canonical decomposition scheme for a set of objects, the existence of
small-sized cuttings follows from

Theorem C ([6]). Let S be a set of n objects in R?, and let r < n be a parameter.
Assume that there exists a (1/a)-cutting for any S' C S and any a > 0, of size O(a®)
where C' is some constant. Then there exists a (1/r)-cutting for S of size O(7(r)),
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where 7(r) is the expected number of cells in the canonical decomposition of a random
subset of S where each element of S is picked with probability r /n.

From here, using standard methods, one can deduce the following theorem, whose
proof is sketched here, for completeness.

Theorem 3 (Cuttings for z-monotone curves). Let S be an n-element set of z-monotone
curves in R?, such that every pair of curves intersect at most a constant number of
times. Let m be the number of pairs of intersecting curves in S. Then there exists a
(1/7)-cutting for S of size O(r + mr? /n?).

Proof. The canonical decomposition of any S’ C S will be the vertical decomposition
of &’. Recall that the vertical decomposition of S’ is constructed by extending, from
each endpoint of a curve of S” as well as from each intersection point, a vertical seg-
ment above and below until it hits another curve of S’. It was verified in [4] that this
decomposition is a canonical decomposition scheme.

The vertical decomposition of any 8’ C S has size O(|S’| + Is/), where Is/ is
the number of intersection points of the curves in &’. Let mg be the number of edges
in the intersection graph of S’. As each pair of curves can intersect at most a constant
number of times, we have Is: = O(mgs/). Thus, the vertical decomposition of S’ has
size O(|S'| + ms/).

Let R C S be a set formed by picking each curve of S with probability p =
r/n. The expected number of edges in the intersection graph of R is E[mgz] = mp?.
Therefore, the expected size of the canonical decomposition of R is O(|S|p + mp?) =
O(r + mr?/n?).

It remains to show that for any @ > 0 and for any S’ C S, there exists a (1/a)-
cutting for S’ of size O(a®). Fix a set ', and let U be the set of all cells present in the
vertical decomposition of any subset S” of S’. Construct the following set-system on
S

@(8') = {8’ ninterior(U) | U € U}

Each boundary vertex of a cell in ¢/ is an (7) intersection point of two curves in S,
or (ii) the endpoint of a curve in &', or (i4i) the intersection point of a curve in &’
and a vertical line passing through either an endpoint or an intersection point of two
curves in §’. Since every pair of curves intersect at most a constant number of times,
the total number of such vertices is O(|S’|?). Each cell in the vertical decomposition
of any subset of S’ can be uniquely identified by the sequence of its boundary vertices.
As each cell has at most 4 boundary vertices, we get that || = O(|S’|'?). Therefore,
|®(S")| = O(|S’|*?), which implies that the VC-dimension of #(S’) is bounded by a
constant. By the e-net theorem of Haussler and Welzl [12], there exists a subset R’ C S’
of size O(alog a), such that S”"NR’ # () for any S” € P(S’) of size at least |S’|/a. The
required (1/a)-cutting is the vertical decomposition of R’, as by property 2 of canonical
decompositions, for any cell ¢ in the vertical decomposition, we have |S/ "t < |§’|/a
Finally, note that the size of the vertical decomposition of R’ is O(a?log® a). O



On the Zarankiewicz Problem for Intersection Hypergraphs

Now are in a position to complete the proof of Theorem 2. Construct a (1/r)-cutting
II for S, of size C3 - (r + mr?/n?), where Cj is a constant. For each cell ¢ € IT, let
S. = 8P4 U SI"t. Note that |S,.| < O(1) + n/r for all c. For a point p € S; N S;, there
are three possibilities:

1. p lies in the interior of a cell ¢ € II. Then S;, S; € St

2. p lies in the interior of the boundary of a cell c. By the assumption that every pair
of curves of S intersect in at most a constant number of points and no three pass
through a common point, S; € S and S; € S (or vice versa).

3. p lies at a vertex of c. The total number of such intersection points is bounded by
the number of vertices of IT, O(r + mr?/n?).

This implies that
<0 mTZ S 2—1/t
m < O(r+ )+ > IS

cell

As in proof of Theorem 1, set r = n/C for a sufficiently large constant C' to get
m = O(n).

Remark. Theorem 2 implies that if the intersection graph of n constant-degree
algebraic curves in the plane is K ;-free, then it has O(n) edges.
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