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Foam-based materials are promising micro-structured materials with interesting thermal and acoustical properties. The control of the material morphology requires counteracting all the destabilizing mechanisms during their production, starting with the drainage process, which remains to be understood in the case of the complex fluids that are commonly used to be foamed. Here we perform measurements for the drainage velocity of aqueous foams made with granular suspensions of hydrophilic monodisperse particles and we show that the effect of particles can be accounted by two parameters: the volume fraction of particles in the suspension (𝜑 𝑝 ) and the confinement parameter (𝜆), that compares the particle size to the size of passage through constrictions in the foam network. We report data over wide ranges for those two parameters and we identify all the regimes and transitions occurring in the 𝜑 𝑝 -𝜆 diagram. In particular, we highlight a transition which refers to the included / excluded configuration of the particles with respect to the foam network, and makes the drainage velocity evolve from its minimal value (fully included particles) to its maximal one (fully excluded particles). We also determine the conditions (𝜑 𝑝 , 𝜆) leading to the arrest of the drainage process.

Symbols

Introduction

Foaming is widely encountered in industrial processes: gas is mixed to many materials in order to improve their thermal or acoustical performance or simply to make them lighter and to save raw materials. In the current climate of sustainable development, the production of foam-based materials is destined to expand. The matrix of those foamy materials is often composed of a complex fluid, such as a suspension for example. Typical examples for such mixtures can be found in the production of materials for the building industry [START_REF]Use of Foamed Concrete in Construction[END_REF], of ceramic foams [START_REF] Studart | [END_REF], or in food [START_REF] Wilson | Foams: Physics, Chemistry and Structure[END_REF] and cosmetic industries. Note also that the mining industry extensively resorts to mixtures of foam and particles through the flotation process that is widely used to separate ores [START_REF] Nguyen | Colloidal Science of Flotation[END_REF].

The homogeneity of foamy materials can be drastically affected by the drainage of the interstitial phase (the continuous phase between the gas bubbles) and the simultaneous rising of the bubbles, resulting in the degradation of their quality and their functional properties. Note also that the drainage of the liquid phase -and the resulting increase of the gas volume fraction -promotes other detrimental aging processes, such as ripening and coalescence [START_REF] Weaire | The Physics of Foams[END_REF][START_REF] Cantat | Foams: Structure and Dynamics[END_REF]. In order to control foambased materials it is crucial to understand and to counteract as much as possible the drainage process. During the last two decades, most of the work realized in the field of foam drainage has concerned aqueous foams, i.e. dispersions of densely packed gas bubbles in a Newtonian liquid [START_REF] Weaire | The Physics of Foams[END_REF][START_REF] Cantat | Foams: Structure and Dynamics[END_REF][START_REF] Cohen-Addad | [END_REF]. In fact, only a few recent studies have tackled the issue of foam drainage with complex fluids, such as clays [START_REF] Sani | Colloids Surfaces A Physicochem[END_REF]9], coal fly ashes [START_REF] Britan | Colloids Surfaces A Physicochem[END_REF], colloidal suspensions [11][12][13][14], emulsions [15][16][17]. These studies have highlighted finite size effects and particle trapping phenomena (clogging) occurring at the scale of the foam network.

Very recently, some of these effects have been rationalized thanks to experiments with model systems, and the so-called confinement parameter 𝜆 has been identified as a control parameter. 𝜆 compares the size of particles contained in the interstitial phase to the size of passage through the constrictions in the interstitial network: 𝜆 = 𝑑 𝑝 𝑑 𝑐 ⁄ (see Fig. 1). Two mechanisms for trapping of particles in aqueous foams have been understood: (i) the collective trapping -jamming -of the suspension for 𝜆 < 1 and for particle volume fractions above of a critical value that depends on 𝜆 [18], and (ii) the individual capture of the particles by the foam constrictions for larger 𝜆 values [19][20][21].

These two mechanisms give some insight into the drainage of foams in the presence of suspended particulate matter. However, the complete understanding of drainage laws requires more experimental work with such model systems. In this paper, we perform new measurements for the drainage velocity of aqueous foams in the presence of spherical particles. Thanks to an improved sample's generation method we obtain a new set of data for large 𝜆 values -up to 20 -and we complete our previous data obtained for 𝜆 < 2. This allows for a global physical picture to be proposed for the drainage of foamy suspensions.

Materials and methods

Samples are prepared from precursor liquid foams which are subsequently mixed with granular suspensions, as described in a previous work [18,21].

Materials

The foaming solution contains 10 g/L of trimethyl(tetradecyl)azanium bromide (TTAB) in distilled water with 20% w/w glycerol. With such a proportion of glycerol the density of the solution is 1050 kg/m 3 and matches with that of polystyrene particles used in the study. The surface tension of the liquid/gas interface is 38 mN/m and shear viscosity of the bulk is μ 0 ⋍ 1.7 mPa.s. The suspension is prepared at a given particle volume fraction (𝜑 2 ) by mixing the foaming solution and polystyrene spherical beads (Microbeads®). The beads are quite monodisperse: 𝛥𝑑 𝑝 𝑑 𝑝 ⁄ ≈ 5% and we have used the following diameters: 𝑑 𝑝 = 6, 20, 30, 40, 80, 140, 250 and 500 µm. In the foaming solution, those particles behave as fully hydrophilic particles and they do not adsorb at bubble interfaces.

Generation of the precursor foams (schema 1 in Fig. 2)

Bubbles are generated in a T-junction with two entries (nitrogen and foaming solution) and one exit (bubbly solution). The bubble diameter was varied in the range 𝐷 𝑏 ⋍ 150 -1000 µm by tuning the flow rates of gas and liquid. The bubbles are continuously produced and released at the bottom of a column which is partially filled with the foaming solution. This results in the formation of foam in the column. During the production, the foam is imbibed with the same foaming solution in order to obtain stationary drainage conditions with a constant value of the gas fraction (𝜙 1 ) throughout the foam column [START_REF] Weaire | The Physics of Foams[END_REF][START_REF] Cantat | Foams: Structure and Dynamics[END_REF]22].

Mixing of the precursor foams with the granular suspensions (schema 2 in Fig. 2)

Once the column is filled, the foam is flushed towards a mixing device where the granular suspension is introduced. We have checked that the mixing device does not break bubbles. The parameters of the resulting foamy suspension are controlled by the relative flow rates of the precursor foam (𝑞 1 )

and the suspension (𝑞 Moreover, the tube is rotated (0.3 Hz) along the horizontal axis in order to compensate the effects of gravity during the filling step. We stop this step once the volume of produced particulate foam equals Ω 𝑡𝑜𝑡 ⋍ 60 mL, which corresponds to a foam length approximately equal to 11.5 cm.

Study of drainage (schema 3 in Fig. 2)

Then the foam tube is turned to the vertical and we start to measure the drainage kinetics of the sample. We follow the evolution of the height ℎ(𝑡) locating the transition between the foam and the drained suspension at the bottom of the column (see Fig. 3). Note that the pictures such than those presented in Fig. 3 were used to check for the absence of coalescence during the measurements. As already pointed out [18,21] the drainage behavior of foamy suspensions exhibits a linear regime, characterized by a well-defined and constant drainage velocity, provided that 𝑡 ≲ 𝜏, where 𝜏 is the half drainage time. During this regime, the volume of liquid/suspension drained out of the foam has flowed through foam areas that have not yet been reached by the drainage front, i.e. areas where the gas fraction has remained equal to the initial value 𝜙. Because the linear regime accounts for drainage properties of foam characterized by a constant gas fraction 𝜙, we measure the drainage velocity 𝑉 from the slope of this linear evolution, 𝑉 = 𝑑ℎ 𝑑𝑡 ⁄ . Note that of all drainage curves were found to exhibit the linear regime, as shown in Fig. 3. In order to characterize the effect of particles on drainage, we normalize the measured drainage velocity by the one measured without particle, i.e.

𝑉 ̃≡ V(𝜑 𝑝 ) V(0) ⁄ . Note that because of uncertainties related to the measurement of ℎ(𝑡) for ℎ ≃ 0, linear fits are not applied to the early stage of the linear regime. The maximum relative error on the reduced drainage velocity is estimated to be close to 15%.

Two-step method (Fig. 2)

The mixing method reaches practical limits for high concentrations of large particles, i.e. 𝜑 𝑝 ≳ 0.35 and 𝜆 ≳ 2, so that we have developed an alternative method, the so-called two-step method, for preparing samples with such parameters. The first step is identical to the one described above (schemas 1-2-3 in Fig. 2) except that gas and particle fractions, 𝜙 𝑖 and 𝜑 𝑝 𝑖 , are lower than their final target values 𝜙 and 𝜑 𝑝 . As this method applies to rather high 𝜆, the particles remain trapped in the foam during the drainage of the suspending liquid. After the drainage step, the most part of the drained liquid is withdrawn from the bottom of the foam sample and, in order to homogenize the sample, the column is returned to the horizontal and the rotation motion is restored. Then, a given volume of that withdrawn liquid is re-injected at a small flow rate into the rotating foam column. The difference between withdrawn and re-injected liquid volumes is ΔΩ 𝑙 . Note that if the drained liquid was not almost totally removed from the column and then partially re-injected, the particles would be displaced by the strong imbibition front occurring when the column was returned to the horizontal position. Our procedure allows for the amount of suspending liquid to be reduced whereas the particle volume is kept constant in the foam. The final gas and particle volume fractions are given respectively by: 𝜙

= 𝜙 𝑖 (1 -ΔΩ 𝑙 Ω 𝑡𝑜𝑡 ⁄ ) -1 and 𝜑 𝑝 = 𝜑 𝑝 𝑖 (1 -ΔΩ 𝑙 (1 -𝜙 𝑖 )Ω 𝑡𝑜𝑡 ⁄ ) -1 . As
shown in Fig. 2, the target particle volume fraction can be significantly increased by using this twostep method. With those new parameters, the study of the foam sample can start, as described above ("Study of drainage"). Note that the two-step method induces additional experimental errors in the control of 𝜙 and 𝜑 𝑝 .

Parameters:

In addition to the parameters 𝐷 𝑏 , 𝑑 𝑝 , 𝜙 and 𝜑 𝑝 , we will use the so-called confinement parameter, 𝜆, and the number of particles per foam node, 𝑁. 𝜆 compares the particle size to the size of passage through constrictions of the foam network, 𝑑 𝑐 (see Fig. 1), determined in [19] by trapping/release experiments with a single particle in monodisperse foams and by numerical simulations of foam structures,

𝜆 = 𝑑 𝑝 𝑑 𝑐 = 𝐶(𝜙) 𝑑 𝑝 𝐷 𝑏 (𝑒𝑞. 1)
with 𝐶(𝜙) = (1 + 0.57(1 -𝜙) 0.27 ) (0.27√(1 -𝜙) + 3.17(1 -𝜙) 2.75 ) ⁄ . 𝑁 is obtained by dividing the total number of particles by the total number of foam nodes:

𝑁 = 𝜑 𝑝 (1 -𝜙)𝐷 𝑏 3 6𝜙𝑑 𝑝 3 ⁄
. By using eq. 1, 𝑁 is obtained as a function of 𝜆:

𝑁 = 𝜑 𝑝 (1 -𝜙) 6𝜙 ( 𝐶(𝜙) 𝜆 ) 3 (𝑒𝑞. 2)

Results and Discussion

Results for the reduced drainage velocity are presented as a function of 𝜆 in Fig. 4. The whole set of data confirms that 𝜆 is the control parameter for the drainage issue. As 𝜆 increases, several regimes and transitions are successively observed.

For low and moderate particle volume fractions, i.e. 𝜑 𝑝 ≲ 0.40, one can distinguish five ranges of lambda values: (i) 𝜆 ≲ 𝜆 𝑐 , where the velocity is almost constant (𝜑 𝑝 ≲ 0.16) or decreases slightly as a function of lambda. (ii) 𝜆 𝑐 ≲ 𝜆 ≲ 𝜆 * , where a significant decrease of the velocity is observed; the decrease is all the more pronounced that the particle volume fraction is low, and for 𝜑 𝑝 ≈ 0.40 the magnitude of the decrease becomes comparable to that of the preceding regime. (iii) 𝜆 ≈ 𝜆 * , the velocity is minimal. (iv) 𝜆 * ≲ 𝜆 ≲ 10, the drainage velocity increases significantly and reaches values that are close to the velocities in the first regime (𝜆 ≲ 𝜆 𝑐 ). (v) 𝜆 ≳ 10, the increase of the velocity is much less pronounced than for the preceding regime.

For the highest investigated particle volume fractions, i.e. 𝜑 𝑝 > 0.40, the behavior is similar except that the drainage velocity vanishes for moderate lambda values, but takes again a finite value for higher lambda values.

The reported drainage behavior can be interpreted in terms of foam permeability. We introduce the general equation of drainage for aqueous foams:

- 𝜕𝜙 𝜕𝑡 + ∇ ⃗ ⃗ • ( 𝐾 0 𝜇 0 (𝜌𝑔 -∇ ⃗ ⃗ 𝑃)) = 0 (𝑒𝑞. 3)
where -∇ ⃗ ⃗ 𝑃 is the driving pressure gradient and 𝐾 0 is the foam permeability, which has been shown to depend on the bubble size, gas volume fraction and interfacial mobility [START_REF] Cantat | Foams: Structure and Dynamics[END_REF][START_REF] Cohen-Addad | [END_REF]23,24]. For the foams considered in this study the most part of the liquid in contained in the foam nodes, whose characteristic size is 𝑟 ≈ 𝑑 𝑐 𝛼 ⁄ , with 𝛼 = 2(2 √3 ⁄ -1). It is convenient to introduce the foamaveraged permeability coefficient of a node, 𝑘 ̃𝑛0 = 𝐾 0 𝑟 2 ⁄ . Within the first regime of the free gravity drainage process and assuming an initially uniform gas fraction profile, eq. 3 gives the corresponding constant drainage velocity in the direction of gravity -Darcy velocity [START_REF] Cantat | Foams: Structure and Dynamics[END_REF][START_REF] Cohen-Addad | [END_REF]23,24]:

𝑉 0 = 𝐾 0 𝜇 0 𝜌𝑔 (𝑒𝑞. 4)
Note that this velocity depends on the gas fraction initially set to the foam sample although 𝜙(𝑧)

varies during the linear regime. As already explained, this is due to the fact that the volume of liquid drained out of the foam has flowed through foam areas that have not yet been reached by the drainage front, i.e. areas where the gas fraction has remained equal to the initial value 𝜙. For the particle-loaded foams considered in this study, the permeability is expected to depend also on the control parameters 𝜆 and 𝜑 𝑝 through the partial obstruction of the foam network by trapped particles, i.e. 𝐾 ≡ 𝐾(𝜙, 𝐷 𝑏 , 𝜆, 𝜑 𝑝 ). Besides, the viscosity of the flowing suspension is expected to depend on 𝜇 0 , 𝜆 and 𝜑 𝑝 , i.e. 𝜇 ≡ 𝜇(𝜇 0 , 𝜆, 𝜑 𝑝 ). Finally, the reduced drainage velocity can be expressed as:

𝑉 ̃= 𝑉 𝑉 0 = 𝐾 𝐾 0 ( 𝜇 𝜇 0 ) -1 (𝑒𝑞. 5)
In the following, we estimate 𝐾, 𝜇 and 𝑉 ̃, and we discuss all the regimes and transitions described above.

Flowing suspension: 𝜆 ≲ 𝜆 𝑐

This regime corresponds to particles suspended in the flowing interstitial liquid. It is expected that the foam permeability is equal to that of the particle-free foam with the same gas fraction, i.e. 𝐾 = 𝐾 0 . Besides, results presented in [18] show that in such conditions the Krieger-Dougherty relationship [25] can be used to estimate the viscosity of the flowing suspension. Consequently, from eq. 5, the drainage velocity is:

𝑉 ̃𝜆≤𝜆 𝑐 = 𝜇 0 𝜇 ⋍ (1 - 𝜑 𝑝 𝜑 𝑝 𝑝𝑎𝑐𝑘 (𝜆) ) 2.5𝜑 𝑝 𝑝𝑎𝑐𝑘 (𝜆) (𝑒𝑞. 6)
As already mentioned in [18], in the foam network, confinement effects can be accounted for through a single parameter, 𝜑 𝑝 𝑝𝑎𝑐𝑘 (𝜆), which represents the particle volume fraction for which the suspension viscosity diverges. This behavior seems to result from the significant interfacial mobility of the confining network, as already observed for the motion of individual particles [26,27]. 𝜑 𝑝 𝑝𝑎𝑐𝑘 (𝜆) can be significantly reduced with respect to the value for infinite volume (unconfined) conditions, 𝜑 𝑝 𝑝𝑎𝑐𝑘 (0), and this effect can be estimated by the relation [18]:

𝜑 𝑝 𝑝𝑎𝑐𝑘 (𝜆) 𝜑 𝑝 𝑝𝑎𝑐𝑘 (0) ≃ 1 -𝜆 3 ⁄ + 0.1𝜆 2 (𝑒𝑞. 7)
Eq. 6 is plotted in Fig. 9a. Besides, our experimental results indicate that 𝜆 𝑐 ≃ 0.9. As it will be explained in the following, for 𝜆 > 𝜆 𝑐 , the evolution of the drainage velocity becomes controlled by the individual capture of particle in the foam network.

Maximal frictional drag configuration: 𝜆 = 𝜆 *

Now we focus on the minimum value of the drainage velocity, which is observed for 𝜆 * ≈ 1.75 and corresponds to the maximal drag force experienced by the draining liquid. It has been already shown that within our experimental conditions, particles capture is complete in the foam samples characterized by 𝜆 ≳ 1.75 [21]. This situation has been modeled in considering the flow of the suspending liquid, i.e. with a viscosity 𝜇 = 𝜇 0 , in the foam network, which is assumed to be not deformed with respect to the particle-free foam, but whose permeability is reduced due to the presence of trapped particle packings that form in the nodes. We introduce the Carman-Kozeny permeability coefficient for packed spheres [28,29], 𝐶 ̃𝐶𝐾 ≈ 10 -3 , and we consider the ratio

𝜑 𝑝 𝜑 𝑝 𝑝𝑎𝑐𝑘 ⁄
as the volume fraction of foam nodes filled with packed particles. In associating the hydraulic contributions of particle-filled and empty volume fractions, we obtain the permeability

𝐾 𝑟 2 ⁄ ≈ [(1 -𝜑 𝑝 𝜑 𝑝 𝑝𝑎𝑐𝑘 ⁄ ) 𝑘 ̃𝑛0 ⁄ + (𝜑 𝑝 𝜑 𝑝 𝑝𝑎𝑐𝑘 ⁄ ) (𝐶 ̃𝐶𝐾 𝑑 𝑝 2 𝑟 2 ⁄ ) ⁄ ] -1
. Therefore, the drainage velocity writes [21]:

𝑉 ̃𝑁≫1 * = 𝐾 𝐾 0 ≃ [1 - 𝜑 𝑝 𝜑 𝑝 𝑝𝑎𝑐𝑘 + 𝜑 𝑝 𝜑 𝑝 𝑝𝑎𝑐𝑘 𝑘 ̃𝑛0 𝐶 ̃𝐶𝐾 𝛼 2 (𝜆 * ) 2 ] -1 (𝑒𝑞. 8)
Note that for 𝜆 = 1.75, the number of particles per node (eq. 2) varies from 1 to 4 as 𝜑 𝑝 varies from 0.1 to 0.4 respectively, so that the packings exist only for intermediate or high particle fractions. In Fig. 5 we report the set of experimental data obtained for 𝜆 = 𝜆 * ≈ 1.75 and we compare it with eq. 8. For the reasons explained above, we restrict this comparison to the highest particle concentrations investigated in this study. Note also that no attempt was done to refine the present model by taking into account the expected effect of 𝜆 on 𝜑 𝑝 𝑝𝑎𝑐𝑘 , i.e. we consider that 𝜑 𝑝 𝑝𝑎𝑐𝑘 ≅ 𝜑 𝑝 𝑝𝑎𝑐𝑘 (0). Although the number of particles per node is rather small, the predicted slope 𝑑𝑉 ̃𝑁≫1 * 𝑑𝜑 𝑝 ⁄ is in reasonable agreement with experimental data, as shown in Figure 5.

Obviously, for small particle concentrations, the assumption of particle packings does not hold anymore and another approach should be taken on. For 𝜑 𝑝 ≲ 0.1, there is less than one particle per node and we define the fraction of loaded nodes, 𝑓, as the number of loaded nodes divided by the total number of foam nodes. As 𝑁 < 1 and with the assumption that loaded nodes are filled with only one particle, 𝑓 = 𝑁 and the apparent foam permeability can be estimated in considering that, on average, the liquid flows through a fraction (1 -𝑓) of unloaded nodes and a fraction 𝑓 of loaded nodes. This suggests that the liquid does not have preferential paths through unloaded nodes over large distances, and this is conceivable insofar as loaded foam nodes have a moderate drag effect on the liquid, as shown in [30]. By combining in series the contributions of loaded (with a permeability coefficient 𝑘 ̃𝑛) and unloaded nodes for the drag experienced by the liquid, we obtain the foam permeability 𝐾 𝑟 2 ⁄ ≈ ((1 -𝑁) 𝑘 ̃𝑛0 ⁄ + 𝑁 𝑘 ̃𝑛 ⁄ ) -1 . In introducing the function 𝑔 = 𝑘 ̃𝑛0 𝑘 ̃𝑛 ⁄ , the reduced drainage velocity writes:

𝑉 ̃𝑁≤1 * ≃ 𝐾 𝐾 0 = [(1 -𝑁) + 𝑁 • 𝑔(𝜆 * )] -1 (𝑒𝑞. 9)
In [30] both experiments and numerical simulations have provided a consistent set of data for 𝑔(𝜆), and a value equal to 2.5 was reported for 𝑔(𝜆 = 1.75). Equation 9 is plotted in Fig. 5 and shows very good agreement with experimental data for the drainage velocity at small particle concentrations.

The evolution for 𝑉 ̃ * in the intermediate concentration range, i.e. 0.1 ≲ 𝜑 𝑝 ≲ 0.3, is more difficult to describe precisely because it involves several configurations with a very small number of particles in foam nodes. In order to describe the experimental data over the full concentration range, we use the following fitting function:

𝑉 ̃ * ≃ 𝐾 𝐾 0 ≃ 1 + (7 6 ⁄ )𝜑 𝑝 3 2 ⁄ -2𝜑 𝑝 1 2 ⁄ 
(𝑒𝑞. 10)

Capture transition in the foam network: 𝜆 𝑐 ≲ 𝜆 ≲ 𝜆 *

Whereas particle capture in the present system is expected to be ideally described by a step function at 𝜆 = 𝜆 𝑐 , the capture and the associated drainage velocity decrease are progressive, from 𝜆 = 𝜆 𝑐 to 𝜆 = 𝜆 * within our experimental conditions, i.e. over a lambda range Δ𝜆 𝑐 = 𝜆 * -𝜆 𝑐 . This behavior is partly due to the intrinsic small polydispersity of characteristic sizes in a sample, and partly due to the nature of constrictions that coexist in the foam column, i.e. the constrictions of the bulk foam (𝑑 𝑐 ) and the constrictions of the foam at wall: 𝑑 𝑐 𝑤 ≈ 1.6𝑑 𝑐 . The precise shape of the velocity curve between 𝜆 𝑐 and 𝜆 * is thus also expected to depend on the proportions of bulk and wall constrictions, i.e. on the column to bubble size ratio. An attempt to take explicitly into account the particle retention curve 𝑅 𝑝 (𝜆) in the modeling of both 𝐾 and 𝜇 has been made in [21] for 𝜑 𝑝 = 0.16. Here, new results for the particle retention are provided for 𝜑 𝑝 = 0.40. As shown in Fig. 6a, the particle retention curve for 𝜑 𝑝 = 0.40 is similar to the one obtained previously for 𝜑 𝑝 = 0.16. Therefore, the effect of particle capture on the drainage velocity is expected to be similar for the particle fractions in the range 0 -0.40. Note that the width of the capture transition Δ𝜆 𝑐 has a significant effect on the minimum drainage velocity 𝑉 ̃ * , as it results from two opposing effects: 𝑉 ̃(𝑅 𝑝 < 1) decreases with the proportion 𝑅 𝑝 of captured particles, but in the same time 𝑉 ̃(𝑅 𝑝 = 1) increases as 𝜆 increases (see eq. 8). An example of the global behavior is shown in Fig. 6c.

Insofar as the mechanisms leading to the observed velocity decrease have been already identified in [21], here we adopt of more descriptive approach and we look for a phenomenological fitting function for the velocity decrease between 𝜆 = 𝜆 𝑐 to 𝜆 = 𝜆 * . We introduce the normalized parameters: 𝜆 ̂𝑐 = (𝜆 -𝜆 𝑐 ) Δ𝜆 𝑐 ⁄ and 𝑉 ̂𝜆𝑐 →𝜆 * = (𝑉 ̃(𝜆) -𝑉 ̃ * ) (𝑉 ̃𝑐 -𝑉 ̃ * ) ⁄ , where 𝑉 ̃𝑐 ≡ 𝑉 ̃(𝜆 𝑐 ) and 𝑉 ̃ * are given by eqs. 6 and 10 respectively. We plot in Fig. 6b the corresponding experimental values for all the investigated particle volume fractions in the range 0 -0.40, and we see that the set of data can be reasonably described by the simple function:

𝑉 ̂𝜆𝑐 →𝜆 * ≃ 𝑒𝑥𝑝(-4𝜆 ̂𝑐) (𝑒𝑞. 11)

Minimal frictional drag configuration: 𝜆 ≳ 10

As small particles, i.e. 𝜆 < 1, are incorporated into the foam network, the volume fraction of the interstitial phase is 𝜙 𝑠 = 𝜙 ℓ + 𝜙 𝑝 , with 𝜙 ℓ (resp. 𝜙 𝑝 ) the liquid (resp. particle) volume fraction in foam. As the particle size increases significantly, i.e. 𝜆 > 2, the foam network is deformed and particle-induced Plateau borders are created as well as thin films between particle surface and gas [30]. In a certain sense, this geometrical evolution can be considered as the progressive exclusion of the particles from the draining network: the fraction of particle surface area in contact with this network decreases and consequently the drag experienced by the draining liquid reduces significantly. This effect is reinforced by the fact that the number of particles is a strong decreasing function of 𝜆 (see eq. 2). Thus, within the range of particle concentrations investigated in this study, the systems characterized by 𝜆 ≫ 1 consist in a small number of excluded particles embedded in a particle-free foam with an effective interstitial volume fraction 𝜙 𝑠 𝑒𝑓𝑓 ≃ 𝜙 ℓ = 𝜙 𝑠 -𝜙 𝑝 . Therefore, in assuming that the particle-free foam permeability varies as 𝐾 0 ∝ 𝜙 ℓ 3 2

⁄ [31], the velocity in this drainage regime is expected to be:

𝑉 ̃𝜆≫1 ≃ 𝐾 0 (𝜙 𝑠 𝑒𝑓𝑓 ) 𝐾 0 (𝜙 𝑠 ) ≃ (1 -𝜑 𝑝 ) 3 2 ⁄ (𝑒𝑞. 12)
This drainage velocity corresponds to the minimal effect (drag) experienced by the draining liquid when particles are trapped in aqueous foams. Eq. 12 is plotted in Fig. 7 against experimental data obtained for 𝜆 > 15, showing very good agreement. In the inset of Fig. 7 is also plotted the ratio 𝑉 ̃𝜆≫1 𝑉 ̃𝜆≃0 ⁄ as a function of 𝜑 𝑝 (𝑉 ̃𝜆≃0 is given by eq. 6 in assuming no confinement effect). It appears that 𝑉 ̃𝜆≫1 is the maximum velocity, whatever the particles are flowing or not.

Particle Exclusion Transition: 𝜆 * < 𝜆 ≲ 10

Now we consider the transitional regime between the maximal drag configuration (𝜆 = 𝜆 * ) and the minimal drag configuration (𝜆 ≫ 1). As already explained, the 𝜆 = 𝜆 * configuration corresponds to particles that are fully included into the foam network, whereas the 𝜆 ≫ 1 configuration consists in particles excluded from the foam network and rather embedded in the bulk foam. Thus, from a geometrical point of view, the transition between those two configurations can be considered as the inclusion/exclusion of the particles with respect to the foam network. Note that within the range 2 ≲ 𝜆 ≲ 10, the number of particles is divided by more than 100, and the number of particles per node evolves from 𝑁 ≈ 1 to 𝑁 ≈ 0.01. Thus, for a given particle concentration, the transitional regime accounts for both the change in particle number and the change in the geometrical configuration of the particles. We define the function 𝜒 that measures the level of viscous drag, i.e.

𝐾 -1 or equivalently (𝑉 ̃)-1 , between the two reference configurations:

𝜒 = (𝑉 ̃)-1 -(𝑉 ̃𝜆≫1 ) -1 (𝑉 ̃ * ) -1 -(𝑉 ̃𝜆≫1 ) -1 (𝑒𝑞. 13)
Note that 𝜒 = 0 as 𝑉 ̃= 𝑉 ̃𝜆≫1 (particles excluded from the network) and 𝜒 = 1 as 𝑉 ̃= 𝑉 ̃ * (fully included particles). In eq. 13, values for 𝑉 ̃𝜆≫1 and 𝑉 ̃ * are obtained from eqs 12 and 10 respectively.

Calculated values for 𝜒 are plotted in Fig. 8 as a function of 𝜆, showing a well-defined transition between 𝜒 = 1 and 𝜒 = 0 as 𝜆 increases. As expected, the transitional regime is found to be similar for all the particle volume fractions and it can be described with the same function. Therefore we propose the following phenomenological form to fit the data:

𝜒 = 2.65𝜆 -7 4 ⁄ (𝑒𝑞. 14)
In combination with eq. 13, eq. 14 allows for the drainage velocity to be estimated for any particle volume fraction and any 𝜆 value in the transitional regime. The corresponding values are plotted in Fig. 9a. Further dedicated work would allow understanding the reported transitional regime.

Jammed state: 𝜑 𝑝 > 𝜑 𝑝 𝑗𝑎𝑚

Finally, we address the issue of the vanishing drainage velocity observed for sufficiently high particle concentrations, more precisely when 𝜑 𝑝 > 𝜑 𝑝 𝑗𝑎𝑚 . For such concentrations, the drainage velocity was not measurable within our experimental conditions, and therefore the foamy suspension appeared to be jammed. In Fig. 9b we report the approximate outline of the jammed state, as deduced from our measurements. Note that due to difficulties related to the generation method at high particle concentrations and moderate 𝜆 values, we were not able to determine precisely all the boundaries.

In the following we discuss those boundaries from the theoretical point of view.

For small 𝜆 values, i.e. 𝜆 < 1, 𝜑 𝑝 𝑗𝑎𝑚 identifies to 𝜑 𝑝 𝑝𝑎𝑐𝑘 (𝜆) given by eq. 7, which means that the particles collectively jam in the network, i.e. 𝜇 (𝜑 𝑝 𝑝𝑎𝑐𝑘 (𝜆)) → ∞, and retain the suspending liquid into the porosity of the packing they form. For 𝜆 ≳ 𝜆 * the situation can be significantly different: the individually trapped particles can induce interface deformations around them, as well as capillary liquid retention even if 𝜑 𝑝 < 𝜑 𝑝 𝑝𝑎𝑐𝑘 . The study of such complex configurations is clearly beyond the scope of this paper. For the present work, we focus on the particle volume fraction for packing into the foam network in the range of 𝜆 ≳ 𝜆 * . The ideal configuration corresponds to particles that enlarge locally the foam network and fill the network by forming particle chains. Let's call 𝐿 𝑛𝑛 ≈ 0.36𝐷 𝑏 , the distance between two neighboring node centers [START_REF] Weaire | The Physics of Foams[END_REF][START_REF] Cantat | Foams: Structure and Dynamics[END_REF]. The maximum number of particles per node that can be put in chains in order to cover the corresponding distance is:

𝑁 𝑝𝑎𝑐𝑘 ≃ 2(𝐿 𝑛𝑛 𝑑 𝑝 ⁄ -1 2 ⁄ ). Therefore, using eqs 1 and 2, the particle volume fraction for packing in chains writes:

𝜑 𝑝 𝑝𝑎𝑐𝑘 ≃ 6 𝜙 1 -𝜙 ( 𝜆 𝐶(𝜙) ) 3 (0.72 𝐶(𝜙) 𝜆 -1) (𝑒𝑞. 15)
As explained above, we stress that eq. 15 should be considered as an upper bound and that the jamming of the system could occur for 𝜑 𝑝 < 𝜑 𝑝 𝑝𝑎𝑐𝑘 . Eq. 15 is plotted in Fig. 9b and shows consistency with experimental data. In combination with eqs. 7 and 15 allows understanding the boundaries of the jammed state domain.

Conclusion

We have tackled the issue of foam drainage in the presence of hydrophilic spherical particles.

Through a systematic study of the relevant parameters, i.e. the bubble diameter, the particle diameter, the gas volume fraction and the particle volume fraction, we extent the work performed in previous studies [18,21,30] and we provide a global understanding for the drainage behavior in those complex systems. This will help to interpret drainage data obtained with more specific systems and that cannot be understood from classical drainage laws [23]. In particular, we highlight the effect of both the particle volume fraction and the parameter 𝜆, that compares the particle size to the size of passage through constrictions in the foam network. For small 𝜆 values, the suspension drains with an effective viscosity that depends on both 𝜑 𝑝 and 𝜆 (regime of flowing suspensions). For 𝜆 ≳ 1, the particles are captured by constrictions, resulting in a sharp decrease of the velocity (capture transition). Although the particles remain trapped in the foam network as 𝜆 increases further, the drainage velocity increases for 𝜆 ≳ 2, so that a well-defined minimal velocity value is observed for 1 < 𝜆 < 2. This optimal configuration for drainage reduction corresponds to particles that are trapped and fully included in the foam network. As 𝜆 increases further, the particles become too large to be completely included in the foam network: they become progressively excluded from the network where drainage takes place, so that the drainage velocity increases up to a well-defined asymptotic value which appears to be the maximal drainage velocity. Therefore, the particle exclusion transition, which refers to the included / excluded configuration of the particles with respect to the foam network, makes the drainage velocity evolve from its minimal value (fully included particles) to its maximal one (fully excluded particles). This morphological transition remains to be understood in details, but we think that it plays a crucial role in the properties of particulate foamed materials, such as rheology and stability with respect to ripening and coalescence.

We would like to stress that this work could help researchers dealing with foam stabilization via hydrophobic particles to consider properly the effect of the unattached hydrophobic particles in the foam network. Besides, as the paper also reports the conditions for the foam drainage to be blocked, we anticipate that such a result could be applied to formulate rationally new foamed materials.

Further work should aim in investigating the drainage of polydisperse granular suspensions that are more likely to be used in practical situations.

Figure 1:

The interstitial network of aqueous foams consists in nodes connected by constrictions. Particles suspended in the interstitial fluid can be either freely transported through the constrictions or trapped by constrictions. This behavior is described using the so-called confinement parameter, 𝜆, that compares the particle size to the size of passage through those constrictions, 𝑑 𝑐 .

Figure 2: Generation method for foamy suspensions. Precursor foam is produced in a column (1) before being co-injected with the particle suspension through the mixing device [START_REF] Studart | [END_REF]. The tuning of flow rates and volume fractions of both foam and suspension allows for the foamy suspension to be controlled during the mixing stage. The sample is continuously introduced and stored in a rotating horizontal column in order to avoid drainage during the preparation. Then the column is turned to the vertical and the study of drainage starts [START_REF] Wilson | Foams: Physics, Chemistry and Structure[END_REF]. The "two-step" method can be used for samples with high particle concentrations and large particles that are trapped in the foam network. In those cases, the liquid drained after (3) is first withdrawn from the column. Then the horizontal rotation motion is restored and a given volume of liquid is re-injected in the rotating column in order to adjust the final particle volume fraction. After that second step, the study of drainage starts [START_REF] Wilson | Foams: Physics, Chemistry and Structure[END_REF]. The graph shows the maximal increase of the particle volume fraction (with respect to the one-step method) resulting from the use of the two-step method as a function of the target lambda value. is given by eq. 6 (with 𝜑 𝑝 𝑝𝑎𝑐𝑘 ≅ 0.6), values for 𝑉(𝜆 ≥ 𝜆 * ) are given by eq. 8 with 𝑘 ̃𝑛 = 1 300 ⁄ .

Transition curves are plotted using eq. 11 in considering two values for Δ𝜆 𝑐 : 0 (ideal system) and 0.85. . The red line corresponds to eq. 12. Inset: the ratio of drainage velocities given by eq. 12 and eq. 6 (assuming no confinement effect, i.e. 𝜑 𝑝 𝑝𝑎𝑐𝑘 ≅ 0.6) as a function of the particle volume fraction. 

  𝜑 𝑝 : volume fraction of particles in the interstitial phase of the foam 𝜑 𝑝 𝑝𝑎𝑐𝑘 : volume fraction of packed spheres 𝐷 𝑏 : bubble size 𝜙: gas volume fraction 𝑑 𝑝 : particle diameter 𝑑 𝑐 : diameter of passage through constrictions in the foam network 𝜆 = 𝑑 𝑝 𝑑 𝑐 ⁄ : confinement parameter 𝑟: characteristic size of a foam node 𝑉: drainage velocity 𝑉 ̃= 𝑉(𝜑 𝑝 ) 𝑉(0) ⁄ : reduced drainage velocity 𝑁: number of particles per foam node 𝜇 0 , 𝜇: shear viscosity of the suspending liquid, of the interstitial suspension 𝐾: foam permeability 𝑘 ̃𝑛 = 𝐾 𝑟 2 ⁄ : permeability coefficient of a foam node

Figure 3 :

 3 Figure 3: Study of foam drainage. (a) to (d) Close-up at the bottom of foam samples with bubble size 𝐷 𝑏 ≃ 660 µm and 𝜙 = 0.9, after a drainage time equal to 500 s: (a) No particle, 𝜑 𝑝 = 0; (b) Particles flow out of the foam, 𝜑 𝑝 ≃ 0.40 and 𝑑 𝑝 ≃ 20 µm; (c) Particles are trapped in the foam, 𝜑 𝑝 ≃ 0.35 and 𝑑 𝑝 ≃ 80 µm; (d) Jammed foam, 𝜑 𝑝 ≃ 0.49 and 𝑑 𝑝 ≃ 40 µm. (e) Reduced height of liquid/suspension drained at the bottom of the foam column as a function of the reduced time, for more than 60 foam samples. ℎ ∞ is the drained height measured at long time and 𝜏 the time corresponding to ℎ(𝜏) ℎ ∞ ⁄ = 1 2 ⁄ .

Figure 4 :

 4 Figure 4: Reduced drainage velocity of foamy suspensions as a function of the confinement parameter, for several particle volume fractions. Full symbols indicate measurements for which the "two-step" method has been used. The two particular values 𝜆 𝑐 and 𝜆 * refer respectively to the end of the flowing suspension regime and to the minimal drainage velocity.

Figure 5 :Figure 6 :

 56 Figure 5: Minimum drainage velocity (𝜆 ≈ 𝜆 * in Figure 4) as a function of particle volume fraction. The blue line corresponds to eq. 8 plotted with 𝜑 𝑝 𝑝𝑎𝑐𝑘 = 0.6, 𝐶 ̃𝐶𝐾 = 0.001, 𝛼 = 0.31, 𝜆 * = 1.75, 𝑘 ̃𝑛 = 1 200 ⁄ . The red line corresponds to eq. 9 plotted with 𝑔(𝜆 * ) ≃ 2.5. The dotted line corresponds to eq. 10.

Figure 7 :

 7 Figure 7: Reduced drainage velocity as a function of particle volume fraction for samples characterized by a large value of the confinement parameter (𝜆 > 15). The red line corresponds toeq. 12. Inset: the ratio of drainage velocities given by eq. 12 and eq. 6 (assuming no confinement

Figure 8 :

 8 Figure 8: Normalized transition function between the maximal drag configuration (𝜆 = 𝜆 * and particles are fully included in the foam network), and the minimal drag configuration (𝜆 ≫ 1 and the particles are excluded from the network). The symbols correspond to values obtained from experimental data and eq. 13. The dotted line corresponds to eq. 14.
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