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Abstract

We introduce in this document a direct method allowing to solve numerically inverse type
problems for linear parabolic equations. We consider the reconstruction of the full solution
of the parabolic equation posed in Q x (0,T) - Q a bounded subset of RV - from a partial
distributed observation. We employ a least-squares technique and minimize the L?-norm of
the distance from the observation to any solution. Taking the parabolic equation as the
main constraint of the problem, the optimality conditions are reduced to a mixed formulation
involving both the state to reconstruct and a Lagrange multiplier. The well-posedness of this
mixed formulation - in particular the inf-sup property - is a consequence of classical energy
estimates. We then reproduce the arguments to a linear first order system, involving the
normal flux, equivalent to the linear parabolic equation. The method, valid in any dimension
spatial dimension N, may also be employed to reconstruct solution for boundary observations.

With respect to the hyperbolic situation considered in [I0] by the first author, the parabolic
situation requires - due to regularization properties - the introduction of appropriate weights
function so as to make the problem numerically stable.

1 Introduction - Inverse problems for linear parabolic equa-
tions

Let Q C RN be a bounded domain set whose boundary 99 is regular enough (for instance of class
C?). For any T > 0, we note Q7 := Q x (0,T) and X7 := 9Q x (0,7).
We are concerned with inverse type problems for the following linear parabolic type equation

yr — V- (c(x)Vy) +d(z,t)y=f in Qr,
y=20 on Xr, (1)
y($7 O) = yO(x) in Q.

We assume that ¢ := (¢;;) € CH(Mn(R)) with (c(x)€,€) > ¢olé]? for any z € Q and £ €
RY (co > 0), d € L=(Qr) and yo € L?(Q); f = f(z,t) is a source term (a function in L*(Qr))
and y = y(x,t) is the associated state.

In the sequel, we shall use the following notation :

Ly:=y = V- (c(x)Vy) +d(z,t)y, L :=—p; = V- (c(x)V) +d(z, ).

For any yo € L?(Q) and f € L*(Qr), there exists exactly one solution y to (1)), with the
regularity y € CO([0, T); L2(2)) N L2(0,T; H}(Q)) (see [5l 26]).
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1 INTRODUCTION - INVERSE PROBLEMS FOR LINEAR PARABOLIC EQUATIONS 2

Let now w be any non empty open subset of  and let g7 := w x (0,T) C Qr. A typical
inverse problem for (see [22]) is the following one : from an observation or measurement Yops
in L?(qr) on the open set g7, we want to recover a solution y of the boundary value problem (1)
which coincides with the observation on gr. Introducing the operator P : Y — L?(Qr) x L*(qr)
defined by Py := (Ly,y|q,) Where the space Y is an appropriate Hilbert space (defined in Section
, the problem is reformulated as:

find y € Y solution of Py = (f, Yobs)- (IP)

From the unique continuation property for , if yops 1S a restriction to gy of a solution of ,
then the problem is well-posed in the sense that the state y corresponding to the pair (yopbs, f) is
unique, i.e. P is a bijective operator from ) to its range R(P).

In view of the unavoidable uncertainties on the data y,ps (coming from measurements, numerical
approximations, etc), Problem needs to be relaxed. In this respect, the most natural (and
widely used in practice) approach consists in introducing the following extremal problem (of least-
squares type)

minimize over H  J(yo) := %Hpal(y _ yobs)||2L2(qT) (LS)
where gy solves (1),

since y is uniquely and fully determined from the data yy. py denotes a appropriate positive weight
while H denotes a Hilbert space related to the space ): roughly, H is the set of all initial data yq
for which the solution of (1) satisfies py 'y € L?(qr).

Here the constraint y — yops = 0 in L?(qr) is relaxed; however, if s is a restriction to gr of a
solution of 7 then problems and coincide. A minimizing sequence for J in H is easily
defined in term of the solution of an auxiliary adjoint problem. However, on a numerical point of
view, this extremal problem has mainly two independents drawbacks:

e First, it is in general not possible to minimize over a discrete subspace of the set {y; Ly — f =
0} subject to the equality (in L?(Q7)) Ly — f = 0. Therefore, the minimization procedure
first requires the discretization of the functional J and of the system ; this raises the
issue, when one wants to prove some convergence result of any discrete approximation, of the
uniform coercivity property (typically here some uniform discrete observability inequality for
the adjoint solution) of the discrete functional with respect to the approximation parameter.
As far as we know, this delicate issue has received answers only for specific and somehow
academic situations (uniform Cartesian approximation of {2, constant coefficients in (J), etc).
We refer to [4] [30].

e Second, in view of the regularization property of the heat kernel, the space of initial data H
for which the corresponding solution of belong to L?(qr) is a huge space. Its contains in
particular the negative Sobolev space H*(2) for any s > 0 and therefore is very hard to
approximate numerically. For this reason, the reconstruction of the initial condition gy of
from a partial observation in L?(gr) is therefore known to be numerically severally ill-posed
and requires, within this framework, a regularization to enforce that the minimizer belongs,
for instance, to L?(2) much easier to approximate (see [13]). The situation is analogous for
the so-called backward heat problem, where the observation on g7 is replaced by a final time
observation. We refer to ([8, 311 [33]) where this ill-posedness is discussed.

The main reason of this work is to reformulate problem and show that the use of variational
methods may overcome these two drawbacks.

Preliminary, we also mention that the quasi-reversibility method initially introduced in [24]
may be employed to address problem . This kind of methods, which falls into the category of
regularization methods, reads as follows: for any € > 0, find y. € )} the solution of

<Py€7 Py>L2(QT)><L2(¢IT) + €<y5’y>y = <(f7 yobs)’Py)Lz(QT)XL2(qT),L2(QT)><L2(qT) ’ (QR)
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for all g € Y, where € > 0 is a Tikhonov like parameter which ensures the well-posedness. We refer
to the book [23] (and the references therein) and more recently to [I] where the Cauchy problem
for the heat equation is addressed. Remark that can be viewed as a least-squares problem
since the solution y. minimizes over ) the functional y — ||Py — (f, yobS)H%2(QT)><L2(qT) +ellyll3-
Eventually, if y,ps is a restriction to gr of a solution of , the corresponding 3. converges in L2(Qr)
toward to the solution of as € — 0. There, unlike in Problem , the unknown is the state
variable y itself (as it is natural for elliptic equations) so that any standard numerical methods
based on a conformal approximation of the space ) together with appropriate global observability
inequalities allow to obtain a convergent approximation of the solution. In particular, there is no
need to prove discrete observability inequalities. We refer to the book [2].

On the other hand, we also mention that Luenberger type observers approach, recently used to
address reconstruction problems for hyperbolic equation by exploiting reversibility properties (see
[6, 19]) are a priori un-effective in the parabolic situation given by (TJ).

In the spirit of the works [T} 23], we explore the direct resolution of the optimality conditions
associated to the extremal problem , without Tikhonov parameter while keeping the y as the
unknown of the problem. This strategy, advocated in [31], avoids any iterative process and allows
a stable numerical framework: it has been successfully applied in the closely related context of
the exact controllability of in 16 29] and also to inverse problems for hyperbolic equations
in [I0, 12]. Keeping y as the main variable, the idea is to take into account the state constraint
Ly — f = 0 with a Lagrange multiplier. This allows to derive explicitly the optimality systems
associated to in term of an elliptic mixed formulation and therefore reformulate the original
problem. Well-posedness of such new formulation is related to classical energy estimates and unique
continuation properties while the stability is guarantees by some global observability inequality for
the homogeneous parabolic equation.

The outline of this paper is as follow. In Section |2 we consider the least-squares problem
and reconstruct the solution of the parabolic equation from a partial observation localized on a
subset gpr of Q. For that, in Section we associate to the equivalent mixed formulation
(3) which relies on the optimality conditions of the problem. Using the unique continuation for
the equation , we show the well-posedness of this mixed formulation, in particular, we check
the Babuska-Brezzi inf-sup condition (see Theorem [2.1). Interestingly, in Section we also
derive a equivalent dual extremal problem, which reduces the determination of the state y to the
minimization of a elliptic functional with respect to the Lagrange multiplier. Then, in Section
we adapt these arguments to the first order mixed system , equivalent to the parabolic
equation. There, the flux variable p := ¢(z)Vy appears explicitly in the formulation and allows to
reduce the order of regularity of the involved functional spaces. The underlying inf-sup condition is
obtained by adapting a Carleman inequality due to Imanuvilov, Puel and Yamamoto (see [2I]). The
existence and uniqueness of weak solution to this first order system is studied in the Appendix.
Section [4] concludes with some remarks and perspectives: in particular, we highlight why the
mixed formulations developed and analyzed here are suitable at the numerical level to get a robust
approximation of the variable y on the whole domain Q.

2 Recovering the solution from a partial observation: a sec-
ond order mixed formulation

In this section, assuming that the initial data o is unknown, we address the inverse problem (I P)).
Without loss of generality, in view of the linearity of , we assume that the source term f is zero:

f=0in Qp.
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2.1 Direct approach : Minimal local weighted L?-norm: a first mixed
formulation

Let p, € RS and let pg € R with
R:={w:wel(Qr)w>ps>0in Qr;w € L¥(Q x (4,T)) ¥é > 0} (2)

so that in particular, the weight pg may blow up as t — 0.
We define the space

Vo = {y € C*(Qr):y=0o0n ZT}
and for any n > 0 and any p € R, the bilinear form by

(v, 7)o 22// p82y?dxdt+n// p~*LyLydzdt, Vy,5€ Yo.
qT T

The introduction of the weight p which does not appear in the original problem will be motivated
at the end of this section. From the unique continuation property for , this bilinear form defines
for any 1 > 0 a scalar product.

Let then Y be the completion of the space )y for this scalar product. We denote the norm over
Y by || - ||y such that

Iyll3 = oo " Ul T2 qry + 1llo " LyllZz0p) VY €V
Finally, we define the closed subset W of J by
W= {y €Y:p 'Ly=0in LQ(QT)}

and we endow W with the same norm than ).
We then define the following extremal problem :

1
Minimize J(y) = 5 [ | g lutast) = yon(a ) dw s
qr

Subject to y € W.

(P)

This extremal problem is well-posed: the functional J is continuous, strictly convex and is such
that J(y) — +oo as ||y|ly — +oo. Note also that the solution of the problem in W does not
depend on 7 nor p. Moreover, for any y € W, Ly = 0 a.e. in Qr and |ylly = ||p5 " yllr2(4e) S0
that the restriction y(-,0) belongs by definition to the abstract space H: consequently, extremal
problems (L) and are equivalent.

In order to solve problem , we have to deal with the constraint equality p~!Ly = 0 which
appears in W. Proceeding as in [I0, 29], we introduce a Lagrange multiplier and the following
mixed formulation: find (y,\) € ¥ x L?(Q7) solution of

3)

{a(y,y)+b(y,k) — Uly) Vge,
b(y7)\) = 0 VXGLQ(QT),

where
a:YxY—-R, a(y,y) ::// pazyydxdt
qr
b: Y x LA (Qr) — R, by, \) ::// p Ly \dx dt

1:Y =R, Iy := // 00 2 Yobs d dt.
qr

We have the following result :
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THEOREM 2.1 Let pg € R and p € RN L®(Qr).
1. The mized formulation 1s well-posed.

2. The unique solution (y,\) € Y x L*(Qr) is the unique saddle-point of the Lagrangian
L:Y x L*(Qr) — R defined by

L(y,A) == %a(y, y) +b(y,A) = (y)- (4)

3. The solution (y,\) satisfies the estimates

lylly < llpg obsllzaiarys  IMIz2(@r) < 2\/p12||p||2Loo(QT) + oo Yovsll24ry-  (5)

PROOF- We use classical results for saddle point problems (see [3], chapter 4).

We easily obtain the continuity of the symmetric and positive bilinear form a over ) x ), the
continuity of the bilinear form b over ) x L?(Q7) and the continuity of the linear form [ over ).
In particular, we get

1Ully < lpg " Yobsllz2(arys  Nallzzyy <1, b2y, r2@ey < 072, (6)

where Z2(E, F) denotes the space of the continuous bilinear functions defined on the product
Banach spaces E x F; when E = F, we simply write .Z?(E).
Moreover, the kernel N'(b) := {y € Y : b(y,\) =0 VA € L?(Qr)} coincides with W: we have

aly,y) = lyl3, Yy eND®) =W

leading to the coercivity of a over the kernel of b.
Therefore, in view of [3, Theorem 4.2.2], it remains to check the so-called inf-sup property:
there exists § > 0 such that

by, A
inf sup L Z 9. (7)
rer2(Qr) yey |Yly M L2 (Qr)

We proceed as follows. For any fixed A’ € L?(Q7), using the fact that p is bounded in Qr, we
define the unique element 3° solution of

p 'Ly’ =X in Qr, ¥°=0on Ty, (-,0)=0in Q.
Using energy estimates, we have
P69 L2 (ary < P2 190N 2@y < 22 oA 2@y < 25 Il Loe @) 1NN L2 (@) (8)
which proves that 4 € ) and that

b(y, \°) b(y°, \°) B I 22(Qq)
sup 0 Z 70 0 =
vey [y XNz ory — IWClIw Al L2 (r) (

1
— 2
1655 ) + 100 )
Combining the above two inequalities, we obtain

b(y. A 1
AT
vey IWllylAollz2or) \/p: P11 @y + 7

~1/2
and, hence, (7)) holds with § = (p*_2||p||2Loo(QT) + 77)

The point (i) is due to the positivity and symmetry of the form a.
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The point (4ii) is a consequence of classical estimates (see [3], Theorem 4.2.3):

1 1 lall.22 )
< —||t||yr A < =1+ ——=)ll|y
lylly < 0|| lys |l ||L2(QT) =5 ( 0 iy,

where

— a(y,y)
Qp = in 5
veN®) [lyll3
Estimates @ and the equality ag = 1 lead to the results.
O
In order to get a global estimate of the reconstructed solution, we now recall the following
important result.

PROPOSITION 2.1 (LEMMA 3.1 IN [15]) Let the weights pe,peo € R (see ([2)) be defined as fol-
lows :
pe(w,t) == exp (5(56)) . Blx) =K (eK"'—eﬁo(’”)) )
peo(x,t) :=1t2pe(x,t),  peala,t) =t pc(z,t)

with By € C°(Q) and where the positive constants K; are sufficiently large (depending on T, co,
”CHCl(ﬁ) and Hd”Loo(QT)) such that

(9)

>0 in Q,B8=0 on 99, VB(x)#0 VreQ\w.
Then, there exists a constant C > 0, depending only on w, T, such that

Ipzoullz2(@r) + 121 VullL2(@r) < Cllylly. Yy € Ve, (10)

where Y. is the completion of Vo . := Vo with respect to the scalar product

0Dy, = // po2ygdadt + // pLy Lyda dt.
qr Qr

The estimate is a consequence of the celebrated global Carleman inequality satisfied by
the solution of , introduced and popularized in [I§]. This result implies the following stability
estimate which allows to estimate a global norm of the solution y in term of the norm ).

COROLLARY 2.1 Let pyg € R and p € RNL™®(Qr) and assume that there exists a positive constant
K such that

po < Kpeo, p<Kp. in Qr. (11)
If (y, \) is the solution of the mized formulation @, then there exists C' > 0 such that

lpzoull2@r) < Cllylly- (12)
PROOF- The hypothesis implies that ) C V.. Therefore, estimate implies that

lpzoyllz2@r) < Cllylly. < Cliyly < Clipg Yovsll 2241

Remark 1 The well-posedness of the mized formulation (@, precisely the inf-sup property @, 18
open in the case where the weight p is simply in R: in that case, the weight may blow up at time
t =0. In order to get (@, it suffices to prove that the function z := pgly solution of the boundary
value problem

p 'L(poz) =X in Qr, z=0o0n%r, 2(-,0)=0inQ

for any \° € L?(Q7) satisfies the following estimate for some positive constant C
I2ll2242) < Clo™ L(°2) | 2(@1) -

In the cases of interest for which both py and p blow up at t — 0% (for instance given that p.o and
pe), this estimate is open and does not seem to be a consequence of the estimate @)
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Let us now comment the introduction of the weight pg in the problem . The space Y., which
contains the element y such that p;'Ly € L?*(Qr) and p;éy € L?(qr) satisfies the embedding
V. C C[6,T], H}()) for any § > 0 (see [I5]). Under the condition (LI, the same embedding
holds for Y. In particular, there is no control of the restriction of the solution at time ¢ = 0,
which is of course due to the regularization property of the heat kernel. Consequently, from the
observation y.ps € L?(gr) and the knowledge of Ly € L?(Qr), there is no hope to recover - for a
Sobolev norm - the solution of y at the initial time ¢t = 0. It is then suitable to add to the cost J,
a weight p, ! that vanishes at time 0. The weight p is introduced here for similar reasons. Remark
that the solution y of belongs to YW and therefore does not depend on p (recall that p is strictly
positive): this is in agreement with the fact that p does not appear in the equivalent problem .
However, very likely, a singular behavior for the L?(Qr) function Ly occurs as well near © x {0}
so that the constraint Ly = 0 in L?(Qr) is too "strong” and must be replaced - for numerical
purposes - by the relaxed one p~!Ly = 0 in L?*(Qr) with p~! small near Q x {0}. Remark that
this is actually the effect and the role of the Carleman type weight p¢ defined in @ As a partial
conclusion, the introduction of appropriate weights in the cost J allows to use the estimate (|12)
and to guarantee a Lipschitz stable reconstruction of the solution y on the whole domain except
at the initial time.

We also emphasize that the mixed formulation is still well defined with constant weights,
p and pg equals to one, but leading to weaker stability estimates and reconstruction results. We
refer to [7, [8].

Furthermore, - at the numerical level - it is also very convenient to “augment” the Lagrangian
L (see [IT]) and consider instead the Lagrangian £, defined for any r > 0 by

1
ﬁr(y, )‘) = iar(ya y) + b<ya )‘) - l(y)a
ar(y,y) == a(y,y) + o~ LylZ2 gy

Since a,(y,y) = a(y,y) on W, the Lagrangian £ and L, share the same saddle-point. The non-
negative number r is an augmentation parameter.

Remark 2 The first equation of the mixed formulation reads as follows:

// pazygda:dﬂ—// p’ng)\dxdt:// oy T dt VG E V. (13)
qr T "

But this means that p~'\ € L*(Qr) is solution of the parabolic equation in the transposition
sense, i.e. p~ '\ solves the problem :

L~ (p_l)‘) = _pa2 (y - yobs)lw in QT?
p~IA=0 on Xrp, (14)
(P~ IN(,T)=0 in Q.

where 1, denotes the characteristic function associated to the open set w.

Therefore, p~ 1\ (defined in the weak sense) is the solution of a backward parabolic problem with
zero initial state and right hand side —pSQ(y — Yobs) 1w in L2(qr). This implies in particular that
p~ 1\ is more regular than L*(Qr): precisely, one can see that p~t\ belongs to C°([0,T]; HA(2)) N
L2(0,T; H*(Q) N HE ().

e Moreover, if yops @S the restriction to qr of a solution of , then the unique multiplier A, solu-
tion of , must vanish almost everywhere. In that case, we have supjyer2(g,) infyey Lr(y,A) =
inf,cy £,(y,0) = infycy J.(y) with

1, _ T
Jr(y) = 5”00 ' (y — yobs)||%2(QT) + §HP 1L3/||2L2(QT)~ (15)



2 SECOND ORDER MIXED FORMULATION 8

The corresponding variational formulation, well-posed for r > 0 is then : find y € Y such
that

ar(y,y) = U(y), Vge.

e In the general case, the mized formulation can be rewritten as follows: find (y,\) € Y x
L?(Q7) solution of

(Pry, PY) 12(Qr)xL2(ar) (07 LU A) £2(Q).L2(@x) = (05 05 'Wobs)s Prl) 12(Qr)x22(ar) YT € Y,
<p_1Ly, )‘>L2(QT),L2(QT) =0 Vie L2(QT)

(16)
with Py = (\/Fp_L y,palymT). Formulation @) may be seen as generalization of the
(QR)) problem (see in the introduction), where the variable A is adjusted automatically
(while the choice of the Tikhonov type parameter € in is in general a delicate issue).

The optimality system can be used to define a equivalent saddle-point formulation, very
suitable at the numerical level. Precisely, we introduce - in view of - the space A by

A:={\:p A e C0,T); LA(Q)), po L*(p~*\) € L*(Qr), p*A=00n X, (p*N)(-,T) = 0}.

Endowed with the scalar product (A, \)s := // (P 2AN+ p2L*(p ' N)L*(p~ X)) dadt, we first

check that A is a Hilbert space. Then, for any parameter a € (0,1), we consider the following
mixed formulation: find (y,\) € ¥ x A such that

{ o@D 0@ = ha@.  VFEV, 1

ZQ,CK(X)7 VX S A7

S

Q
—~
=

> <
S~—

|

o

Q
—
> <
R

I

where

ro: Y XY =R, a7 =01-a) // pEnydxdt + 7“// p 2LyLydxzdt,
qr Qr

bo : Y XA—-R, by(y, A // 1Ly/\dtfoz// L*(p~*\) y dadt,
T

Ca i AXA—=R, co(AA —a// ) L*(p~ '\ dadt,
Qr

hao:Y—=R, Loy =01-cq) Po 2obs y ddt,
qr

loo: A =R, lya(\):=—a // Yobs L*(p7 1 \) daxdt.
qT

From the symmetry of a,, and c,, we easily check that this formulation corresponds to the
saddle point problem :

sup mf Loy, N,
AEAYE

2

(0%
Lol )= 00~

Po <L*(p1/\) + p(TQ(y - yobs)1w>

LQ(QT)'

PROPOSITION 2.2 Let pg € R and p € RN L>®(Qr). Then, for any a € (0,1) and r > 0, the
formulation is well-posed. Moreover, the unique pair (y,\) in Y x A satisfies

1—-a)? a?\, _
Oult + 02l < (U525 4 5 )l vl (18)
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with

. r QP
fp :=min{1—a,— ), Oy:=———
! ( n) 2T+ Ca,r

where Co,p is the continuity constant so that [|[p~ N r2(g,) < CarllL*(p™ ' N)llL2(@q) for any
A€ A

PROOF- We easily get the continuity of the bilinear forms a, o, by and cq:
|ara(y,7)| < max(1 —a,rn H)ylylglly, vy,7€ Y,

[ba(y, M| < max(a, 0™ 2|l L @e) Yy IAa, Yy €Y, YA€ A,
leaA NI < el AllalMla, - YA XA

and the continuity of the linear form {; o, and Iz 4 :
l,ally < (1= a)llpg  Yobsllz2(qry  and  [llz,allar < a@llog  Yobsll L2 (gr)-

Moreover, since a € (0,1), we also obtain the coercivity of a, , and of c,: precisely, we check
that a,q(y,y) > 61]|yl3 for all y € Y while, for any m € (0,1), by writing

ca(\A) = allpoL* (07 N 72(qr) = amllpoL* (07 N)I72(q, + a1 = m)llpoL* (07 N)l[72(q)

e a(l —m)p,
aml|poL*(p 1>\)H2L2(QT) + W\

)

Y

—1y2 . (L —m)ps 2
A > —— | |A
0 Mgy > amin (m L) g,

we get co (A, A) > O2||A||3 for all X € A with m = pi(ps + Caor) "t
The result [3, Prop 4.3.1] implies the well-posedness of the mixed formulation and the
estimate (|18)). O
The a-term in L, , is a stabilization term : it ensures a coercivity property of L, ., with respect
to the variable A and automatically the well-posedness, assuming here r > 0. In particular, there
is no need to prove any inf-sup property for the application b,.

PROPOSITION 2.3 The solutions of and coincide.

PROOF- From the optimality system , the multiplier A such that (y, A) is the solution of
belongs to the more regular space A. Therefore, this pair (y, ) is also a solution of the mixed
formulation . The result then follows from the uniqueness of the two formulations. O

2.2  Dual formulation of the extremal problem (3]

As discussed at length in [I1], we may also associate to the extremal problem a equivalent
problem involving only the variable A. Again, this is particularly interesting at the numerical level.
This requires a strictly positive augmentation parameter r.

For any r > 0, let us define the linear operator 7, from L?(Qr) into L?(Qr) by

T\:=p 'Ly, Ve L*Qr)
where y € ) is the unique solution to
ar(y,9) = b(m,A), Vyel. (19)

The assumption r > 0 is necessary here in order to guarantee the well-posedness of . Precisely,
for any r > 0, the form a, defines a norm equivalent to the norm on ).
The following important lemma holds:

LEMMA 2.1 For any r > 0, the operator T, is a strongly elliptic, symmetric isomorphism from
L?(Q7) into L*(Q7).
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PROOF- From the definition of a,, we easily get that || 7,A| r2(g.) < 7'Ml L2(gr) and the conti-
nuity of 7,. Next, consider any X € L?(Qr) and denote by 3’ the corresponding unique solution
of (19) so that 7, ) := p~tLy’. Relation with 7 = 3’ then implies that

I (TN )= 0,0, (20)

and therefore the symmetry and positivity of 7,.. The last relation with A\’ = X and the observability
estimate imply that 7. is also positive definite.
Finally, let us check the strong ellipticity of 7,., equivalently that the bilinear functional (A, \') —

// (T,\) N dz dt is L?(Qr)-elliptic. Thus, we want to show that
T

J[ @Itz O, YA€ Q1) (21)

for some positive constant C. Suppose that does not hold; there exists then a sequence
{An}n>o of L?(Qr) such that

n—oo

ANall2@ry =1, ¥n >0, lim // (Tr:An) Ap dz dt = 0.
T
Let us denote by ¥, the solution of corresponding to A,. From (20, we then obtain that

Tim (o™ Lyl + 195 vl g ) = O- (22)
From with ¥y = y, and A = \,,, we have

// (rp 'Ly, — A\p)p ' Ly dx dt + // o 2y g dx dt = 0, (23)
T qr

for every 7 € ). We define the sequence {g,, }»n>0 as follows :
pilLyn :TpilLyn*)\m in QT,
yn = 0, in ET7
7,(-,0) =0, in Q,
so that, for all n, 7, is the solution of the heat equation with zero initial data and source term
rp~ Ly, n in L*(Qr). Energy estimates imply that
15 Tl 2(ar) < Caroi ol o @ I7p ™ Ly = Anllr2(@r)
and that 3,, € ). Then, using with 7 = 7,, we get
7™ Ly — Mallz2@r) < Coaroi ollL=(@e 105  Ynll L2 (qr)-

Then, from , we conclude that lim, .1 [[Anl|L2(g,) = 0 leading to a contradiction and to the
strong ellipticity of the operator 7. O
The introduction of the operator 7, is motivated by the following proposition :

PROPOSITION 2.4 For any r > 0, let yg € Y be the unique solution of
ar(y07y) :l(?)7 WEJ)
and let J** : L?(Q1) — L*(Qr) be the functional defined by

TN = %// (T NN dx dt — b(yo, ).

The following equality holds :

su inf £,(y,\)=—_inf J™(A) + L,(yo,0).
i g A == i) ) (40.0)
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The proof is standard and we refer for instance to [II] in a similar context. This proposition
reduces the search of y, solution of problem , to the minimization of J}* with respect to A.
This extremal problem is well-posed in view of Lemma [2.I] and the ellipticity of the operator 7.

Remark 3 Assuming in addition that the domain ) is of class C?, the results of this section

apply if the distributed observation on qr is replaced by a Neumann boundary observation on

the open subset v of O (i.e. assuming Yops = % € L*(yr) is known on vyr := v x (0,T)).

This is due to the following Carleman inequality, proved in [18] : there exists a positive constant
C = Cw, T llclos @y ]l =(@ry) such that

1891320y + 1721 9l35 0y < Cllyl, (24)

for any y € Yo := {y € C*(Qp) :y =0 on S \Jr}, where

__,0y 9y __ _
2 dr dt // 2LyLydxdt
//YT cla 8V + T/Dc yLyar

and ||y||2 (y,y) . Here, pc, peo and pe1 are appropriate weight functions similar to pe, peo

and pe,1 respectwely (see )
Actually, it suffices to re-define the forms a and [ in by

o0y 3y ~ 90y o~
2 — 279
a(y, ) // Peizp, 5, ddt and l(y)-—/LTpc,layyobdedt Yy, g€,

where Y is the completion of ﬁo with respect to the scalar product (-, ~)3~,0.

Remark 4 We also emphasize that the mized formulation @ has a structure very close to the one
we get when we address - using the same approach - the null controllability of : more precisely,
the control of minimal L*(qr)-norm which drives to rest the initial data yo € L?(Q) is given by
v = py 2y, where (p,\) € ® x L2(Qr) solves the mized formulation

{a(%wa(%/\) = I(p), Vg € B,
b X) = 0, VX € L2(Qr),

where

a:Px® >R, alp,P) // 0o 2o(x, )@ (2, t) du dt,

b:®x L2 (Qr) — R, b(p, A\ // p ¥ A dxdt,

L:® >R, I(p):=—(p(,0), yO)L2(Q

Here, the weights p and py are taken in a space of functions that may blow-up at time t =T and
® is a complete space associated to these weights. For more details, see [29].

Remark 5 Reversing the order of priority between the constraints y — yops = 0 in L?(qr) and
p YLy — f) = 0 in L?(Q1), a possibility could be to minimize the functional y — |[p~*(Ly —
Pz2(@r) overy € Y subject to the constraint 00 (¥ = Yobs) = 0 in L?(qr) via the introduction of
a Lagrange multiplier in L?(qr). The fact that the following inf-sup property : there exists § > 0

such that
/ / Po Ly dadt
inf sup 25

AeL2(qr) yey A2 1Yllve —

associated to the corresponding mized-formulation holds true is however an open issue. On the
other hand, if a e-term is added as in , this property is satisfied (we refer again to the book

[23)]).
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3 Recovering the solution from a partial observation: a first
order mixed re-formulation

In this section, we consider a first order mixed formulation of the parabolic equation (|1f) introducing
the flux variable p := ¢(x)Vy. We then apply to this first order system the methods developed in
the previous section and address the reconstruction of ¥ and p from the distributed observation
Yobs- Lhe introduction of this equivalent first order system is advantageous at the numerical level
as it allows to reduce the regularity order of the spaces.

3.1 Direct approach: Minimal local weighted L?-norm

We rewrite the parabolic equation as the following equivalent first order system :

y—V-p+dy=f, cx)Vy—p=0 in Qr,
y=20 on X, (25)
y(z,0) = yo(z) in Q.

The reformulation of the parabolic equation into a first order system is standard and
has been analyzed for instance in [20, 25]: there, the existence and uniqueness of solution for
a associated L? — H(div) weak formulation is proved, together with a priori estimates assuming
notably that yo € Hg (). In the Appendix, assuming only yo € L?(£2), we study the well-posedness
of a H} — L? weak formulation associated to the problem . We refer to Proposition

In the sequel, we use the following notations :

I(y,p) ==y — V-p+dy, J(y,p) = c(z)Vy — p. (26)

Assuming again for simplicity that f = 0 and proceeding as in the previous, we address the
reconstruction of y and now p from the observation y,s by introducing a least-squares type prob-
lem.

Precisely, we first define the space

Uy = {(y7p) € Cl(@T) X Cl(@;p) :y=20on ZT}

and for any 71,72 > 0 and any p, pg, p1 € R, we define the bilinear form

((y,p)s ( // Po yyd:vdter// p1 2T (y,p) - T (¥, P)du dt
qr
+772// p*Z(y,p)I(y,p)dxdt V(y,p),(¥,P) € Uo.

From unique continuation properties for parabolic equations, this bilinear form defines a scalar
product (we also refer to Proposition which quantifies the unique continuation). Let then U be
the completion of Uy for this scalar product and denote the norm over & by || - ||y such that

1y, 2 = oo Yl L2 (gry +mlleT T (W P20y + 2l ™ Z(y P72 - (27)
Finally, we define the closed subset V of U by

V= {(y,p) U : p'J(y,p) =0inL*(Qr) and p~'I(y,p) =0in LQ(QT)} (28)

and we endow V with the same norm than U.
The following problem into consideration is then as follows:

Minimize J(y,p) : // 00 2 y(, ) — Yobs (x, )| dz dt

Subject to (y,p) €
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As in Section this extremal is well-posed in view of the definition of V: there exists a unique
pair (y,p), minimizer for J.

The pair (y,p) of this extremal problem, equivalent to the previous one, are now submitted
to the constraints p; 7 (y,p) = 0 (in L?(Q7)) and p~'Z(y,p) = 0 (in L?(Qr)). As before, these
constraints are addressed by introducing Lagrange multipliers.

Precisely, we set X := L?(Qr) x L2(Qr) and then we consider the following mixed formulation :
find ((y,p), (\, ) € U x X solution of

) = wp) Y

{a((y,m,(y,p))+b<<y,p>,<x, 7.p) €U, (30)
) =0 YO\ |) € X,

b((y.p), (A,

SRS

where

Ut =R, allp).@0) = [[ stypdedt
qT

bittx X =R e Ow) = [[ o Te) wdzdit [| T s
Qr T

l ZMHR, l(yap) = // pa2yy0bs dx dt.
qr

We have the following result :
THEOREM 3.1 Let pg € R and p,p1 € RN L>(Qr). We have:
1. The mized formulation 18 well-posed.

2. The unique solution ((y,p), (A, ) € U x X is the unique saddle-point of the Lagrangian
L:UxXxX — R defined by

L((y,p); (A, p)) = %a((yvp), (y,p)) +b((y, p), (A, 1)) — U(y, P)- (31)

3. The unique solution ((y,p), (A, 1)) satisfies the following estimate :

H (yu p)”” < ||palyobs||L2(QT)7

- = _ (32)
I )l < 2\/maX{Csz7Tp* 211l e gy + 5 Coroi [0l e () + 123 105 Yobs |l 22 (g -

PRrOOF- The proof is similar to the proof of Theorem From the definition, the bilinear form a
is continuous over U x U, symmetric and positive and the bilinear form b is continuous over U x X.
Furthermore, the linear form [ is continuous over X. In particular, we get

_ —1/2 _—1/2
Il < lloo wonslzzary Nlallzen <1 bl ey < max{n 2, m %y (33)
Therefore, the well-posedness of the formulation is the consequence of two properties: first,
the coercivity of the form a on the kernel N'(b) := {(y,p) € U : b((y,p),(\, p)) =0 V(\, u) € X}.
Again, this holds true since the kernel of b coincides with the space V.
Second, the inf-sup property which reads as:

b A
inf Sup ((y7 p)? ( Y l‘l’)) 2 5 (34)
(Ap)ex (y,p)eU || (y7 p) ”Z/{ H ()‘7 ll’) HX

for some 0 > 0.
Let us check this property. For any fixed (A, u°) € X, we define the (unique) element (y°, p°)
such that

p—lz'(y()’p()) = )‘0 in QT7 pflj(y07p0) = l‘l'o in QT7 yO =0on ZT7 yo(ao) =0 in (.
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The pair (y°, p°) is therefore solution of a parabolic equation in the mixed form with source term
(pA%, p1p®) in L2(0,T; L%(Q)) x L?(0, T; L%(R2)), null Dirichlet boundary condition and null initial
state. From Proposition applied with f = pA\® € L?(Q7) and F = p1u® € L?(Qr), the weak
solution satisfies (y°,p®) € (L2(0,T; HE(2)) N CO([0, T); L2(R2))) x L(Qr). Moreover, from (52)),
there exists a constant Cq 7 such that the unique pair (y°, p°) satisfies the inequality

||P§1y0||2L2(qT) < CQ,TP*_Q(HPH%N(QT)H)\O||2L2(QT) + ”plH%M(QT)HIU’OH%%QT)) (35)

which proves that (y°, p°) € U.
Consequently, we may write that

sup b((y,p), A% 1)) b((y°,p%), (A, 1))
wpyeu 1@ Pl A0 1) lx = [[(1°, pO) [l (A0, 10) || x

A%, 1)l x

_ 1/
(165 502 gy + M0 12 + 70X 2)

leading together with to

sup b((y,p), N, u°))

Z 57
wpeu 1w Pl (A% 10) ||

) B B —1/2
with § := (maX{CQ,TP* 2|‘P1||2Loo(QT) +m1, Ca,rp; 2||P||2Loo(QT) + TI2}> - Hence, holds.
The point (i) is again due to the positivity and symmetry of the form a.
The point (#¢) is a consequence of classical estimates (see [3], Theorem 4.2.3):

1 1 lall 22w
1Pl < ool IOl < 5 (1 + )

1) (67}
where
_ a((y,p), (¥, p))
Qo = 3
veN®) Iy Pl
Estimates and the equality ag = 1 lead to the results. O

Again, as in Section the solution of does not depend on the parameters 7,172, only
introduced in order to construct a scalar product in Uy. In particular, 17; and 72 can be arbitrarily
small.

Now, let us recall the following important result, analogue of Proposition [2.1] which provides a
global estimate of y, solution of a parabolic equation with L?(H 1) right hand side, from a local
(in gr) observation.

PROPOSITION 3.1 (THEOREM 2.2 IN [21]) Let the weights py, ppo, pp1 € R (see () be defined
as follows :

pp(z,t) := exp (ﬂg)> , Bz) =K (eKZ — 650(90)) )

ppo(,t) = tpp(x, 1), ppa(z,t) =1 pyla,t),  ppa(e,t) :=t"2py(z,1)

(36)
with By € C°(Q) and where the positive constants K; are sufficiently large (depending on T, co,
leller @y and ||dl| Lo (@r)) such that

B>0 in Q=0 on 09, VB)#0 VrecQ\w.

Then, there exists a constant C' > 0, depending only on w,T, such that the following inequality
holds :

10760132000 + 1073 VollEz 0y < C (07 Gliaar) + 193913 2(0m + 1979 320my )+ (37)
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where y belongs to K := {y € L*(0,T; Hj(Q)) : y, € L*(0,T; H1(Q))} and satisfies Ly = g+V-G
in Qr, with g € L*(Qr) and G € L%(Qr).

This proposition allows to get the following second global estimate.
PROPOSITION 3.2 Let pp, pp,0, Pp,1 € R the weights defined by @ There exists a constant C > 0,
depending only on w, Q, T, such that

1Pp09l 22 + 1051 VUlL2(@r) + 1Py 1Pl T2 (00 < Cly,P)IIE,  ¥(y.P) € Uy, (38)

where U, is the completion of Uy with respect to the scalar product

((4.D), (7 B))uto, = // P2y de di4my / /Q p727(y.p)-T (7, D) da dt-+1, / /Q 05?1y, p)Z(7, p) da dr.
qr T T

PROOF- First, let us to prove this inequality for (y,p) € Up. So, let us introduce G := J(y,p)
and g :=Z(y,p). Then, we also have that y € K and Ly=9¢g— V-G in Qr.
So, applying the Carleman inequality 7 we obtain :

1oy 69l 72(0r + 1Pp1 VUllT2(0m < C (HP;1G||i2(QT) + 10291720y + ||P;(l)y|\%2(qT)) .
Moreover, writing that p = ¢(x)Vy — G, we get
oy 1Pl 72 0r) <210p1eVYllZz(0m + 10y 1GllTz(0r))-

Finally, since p,, } <Tp, L we combine the last two inequalities to obtain

lPp0¥llZ2 (@) + 152 VYl Z2 @) + I 1Pl T2 < Cllw.PZ,  Y(y,P) € Us.

Then, by a density argument, we can deduce (38)). O

Finally, assuming that the weights pg, p1, p, which appear in the mixed formulation 7 are
related to the Carleman weights py, 0, pp,1, pp so that U C U, we get the following stability result
and a global estimate - analogue to - of any pair (y,p) € U in term of the norm ||(y, p)|lu (in
particular for the solution of (30)).

COROLLARY 3.1 Let pg € R and p,p1 € RN L®(Qr) and assume that there exists a constant
K > 0 such that

po < Kppo, p1 < Kpp1, p<Kppz in Qr. (39)

If ((y,p), (A, ) € U x X is the solution of the mized formulation (@), then there exists C > 0
such that

1509l 2@y + lop1Pllz@r) < Cll(y: P) - (40)

PROOF- The hypothesis implies that &/ C U,. Therefore, estimate and imply that

lpp0ullzz@r) + lopiPlrz@ry < Cllw. P, < Cll(y, P)llu < Cllog  Yobs 22 (qr)-

O

Again, the functions Py, é, Py, % vanish at time ¢ = 0, so that the variable y and the flux p are

reconstructed from the observation y.ps everywhere in Qr except on the set 2 x {0}. Similarly,

the weights p; and p are introduced in the definition of V in order to reduce the effect of the

"singularity” of the variable y and p in the neighborhood of ©Q x {t = 0}. We refer to the
discussion at the end of Section 211
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Remark 6 Asin Section@ it is convenient to augment the lagrangien L defined in as follow:

£ol(5:0), (0 1) = S0 (5D, (5:D)) + (5, D), (0, 12)) — 13, D),
ar((y,p), (4,P)) = al(y,p); (¥, ) + 117 " T (W, P)z2 00y + 72llp ™ Ty, P) 17201
for any r = (r1,r2) € (RT)2.

Remark 7 Similarly to Remark@ the first equation of the mized formulation reads as follows:

//Po yydxdt+// pl J @, p udxdt—i—// I(y,p)Adxdt //Po Tyobsdzdt V(y,p) €U.
qr T T

But, according to Deﬁnitz’on this means that the pair (¢, ) == (p~ '\, cpy ') € L*(Qr) %
L2(Qr) is solution of the pambolic equation in the mized form in the transposition sense, i.e.
(¢, 0) solves the problem :

I*(%o') = _p52 (y_yobs)lo.u j(@,o') =0 m QT,
=0 on X, (41)

where T (p,0) :== —pr — V- o +d(x,t)e. In particular, this means that the multiplier pair (A, p),
solution of a backward mized system, vanishes if yops s the restriction to qr of a solution of .
In this context, the rest of Remark@ in particular @/, can be adapted to (@) the two multipliers
A and p measure how the observation yYops s good to reconstruct y and p, i.e. to satisfy the two
constraints which appears in V: p7 I (y,p) = 0 in L2(Qr) and p~*Z(y,p) = 0 in L*(Qr).

Eventually, let us emphasize that, as in Section [2|- the additional optimality system (41) can
be used to define a equivalent saddle-point formulation. Precisely, in view of , we introduce
the space ¥ defined by

U = {(p,0) € [C°([0,T]; L*(Q))NL*(0, T; Hy ()] x L*(Q1), poI*(¢,0) € L*(Qr), (-, T) = 0}.

Endowed with the scalar product
(oG [ <o TtV V90+ﬂ31*(¢,0)1*(s070)> dudt,
T

we check that ¥ is a Hilbert space. Then, for any parameters & = (a1, 2) € (0,1)? and r =
(r1,m2) € (RF)?2, we consider the following mixed formulation: find ((y,p), (p,0)) € U x ¥ such
that

ara((y,P), (¥, P) +ba((®.P). (v.0)) = hLa(mP) VIPEU (42)
ba((y? p)7 (@ E)) - Ca((@) O'), (@7 E)) Z2,a(¢a ﬁ) V@,E € \IJ,
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where

Uro :UXU =R, ara((y,p), (" DP)):= (1~ al)// pozyydxdtﬂ“l//(g p1 2T (y.p) - T (¥, D) dadt

qr

41y / / 2Ty, p)L(7, B) dadt,
Qr

ba :U XV =R, bal((y,p), (v, 0)) 12/ J(y,p)-adxdtJr// I(y,p)pda dl
QT T

—al// T* (¢, 0) y dadt,
qar

ot VXU R call0.0),(7.0) = [[ RT00) T (7. ) dui
T
+ g / J(p,0) - T(p,o)dedt
Qr
ll,a : Z/{ - R, ll,a(yvp) = (1 - al) // p62yobs ydl'dt»
qT

loo: ¥ =R, lyalpo):=—a; // Yobs L (¢, o) dadt.
qT

From the symmetry of a, o and co, we easily check that this formulation corresponds to the
saddle point problem :

sup inf L, ((y,p), (v, o)),
(p,0)eW (y,p)euU

(0%
Lral(0:D),(6:0)) = £a((0:B), (20,010) ~ 217 (6. 0) (0
(% * -
U puT (0. 0) + 05— v e

PROPOSITION 3.3 Let pg € R and p,p1 € RN L>®(Qr). Then, for any ai,as € (0,1), the
formulation is well-posed. Moreover, the unique pair ((y,p), (¢, o)) inU x U satisfies

0 2 10 2 < M Oﬁ —1 2 43
P+ 00l (o ) < ( 5=+ 5 ) 166 b [ 24 (43)
with
91 = m1n<1 — Qq, ﬁv m)7 92 = O(aap*)
n 72

PRrROOF- We easily get the continuity of the bilinear forms ay o, bo and cq:

|a""701((ya p)? (y7ﬁ))| S max{l - O[17T1771_17T2772_1}||(y7p)||1/{“(?5 ﬁ)HZ/{a

-1/2 —-1/2
1ba (D) ()| < max{ar, 7 llor ]| L@y 15 1ol L @) HI (s P el (0, 0)

cal(p, @), ($,7))| < max{as, a2}[(p, o)l wl|(?, 7)]|w

for all (y,p), (7, p) € U and for all (¢, o), (,0) € ¥. Also, we can easily deduce the continuity of

the linear form l1 o and lo o : [[l1.allur < (1—01)||Pglyobs||L2(qT) and [[l2,alwr < 0‘1||P(713/obs||L2(QT)'
Moreover, we also obtain the coercivity of a, o and of cq: precisely, we check that

ara((y.p), (y,P)) = 01|y, P)IIZ Y(y,p) €U
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while, for any m € (0,1), denote g = poZ*(p,0) and G = J (¢, o), by writing,

cal(p,0), (¢,0)) = a1llglliz(q,) + a2lGlZ2(or)
= m(a1llglliz(g,) + 02lGlZ2 @) + Car(l —m)min{aip., a2} Vel g,

. Ca (1 —m)min{o; ps, a2}
> m041||9||2L2(QT) + min{mas, 5 . }||U||%2(QT)

+(1—2m)

min{a1p., @2}Vl 72,

we get cal(9, ), (9,0)) = ]| (¢, )3 for all (¢,0) € V.
The result [3, Prop 4.3.1] implies the well-posedness of the mixed formulation and the
estimate (43)). O
The a-term in L, o is a stabilization term: it ensures a coercivity property of £, o with respect
to the variables (¢, o) and automatically the well-posedness. In particular, there is no need to prove
any inf-sup property for the bilinear form b,.

PROPOSITION 3.4 If the solution ((y,p), (\, i) € U x L*(Qr) xL?(Q7) of engjoys the property
(A, ) € U, then the solutions of and coincide.

PROOF- The hypothesis of regularity and the relation imply that the solution ((y,p), (A, u) €
Ux L*(Qr)xL*(Qr) of is also a solution of (2). The result then follows from the uniqueness
of the two formulations. O

3.2 Dual formulation of the extremal problem (30)

For any r = (r1,72) € (R*)?2, we define the linear operator 7, from X = L?(Qr) x L?(Q7) into X
by
T.(A\, 1) = (1" T (y,P), p~ 'Z(y,p))

where (y,p) € U solves, for any r = (r,72) € R
ar((y:p), (¥, D)) = b((¥,P), (\, 1)) V(¥,P) €U. (44)
Similarly to Lemma the following holds true.

LEMMA 3.1 For any r = (r1,72) € R, the operator T, is a strongly elliptic, symmetric isomor-
phism from X into X.

PROOF- From the definition of a,., we get that || Z,.(\, p) |l < min(ry, 7o) 71||(A, p)|| x leading to the
continuity of 7,.. Next, consider any (X, p/) € X and denote by (y/, p’) the corresponding solution

of (44) so that T.(\, ') = (p7 T (', p"), p~'Z(y, p')). Relation with (7,p) = (v, p’) implies
that

J[ 7o) O ) dade = an( (0.9, ) (45)
T
and therefore the symmetry and positivity of 7,.. The last relation with (N, u') together with

the observability estimate imply that the operator 7, is also positive definite. Actually, as
announced, we can check that 7,. is strongly elliptic, i.e. there exits a constant C' > 0 such that

[ T ) dade = ClO R e, V) € 2.
T
We argue by contradiction and suppose that there exists a sequence {(Ay, ttn)}n>0 of X such that

(A, tn)[|lx =1 VR >0 and lim / Tr(Ans i) - (An,y o) dzdt = 0. (46)
Qr

n—oo
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We denote by (Y, pr) the solution of corresponding to (An, by ). From , we then obtain
that

lim <||p51yn||%z(qT> + 7107 T Wns P R2 @) + T2ll0 T, pn)llia(QT)) =0. (47

Moreover, from with (y,p) = (Yn, Pn) and (A, i) = (A, 1n), we get the equality
(5 7@8) 0467 T B) = )+ 57 L@ )20 Tl ) = ) )
T

+// o 2yn dxdt = 0
qr

for every (7,p) € U. Then, in order to get a contradiction, we define the sequence {(7,,, Prn)}n>0
as follow:

(48)

Pflj(?naﬁ) = Tlpl_lj(ynvpn) — My in Qr

P_II(?WPT) = T2p_1I(yn7pn) - An in Qr

Yy, =0 on X,

Tn(2,0) =0 n Q
so that, for all n, (g,,, Pn) is the solution of a first order system as discussed in the Appendix with
zero initial data and source term in X. Energy estimates implies that

196 Fullp2(ar) < Corost <||m||m<QT>|lwllj (s Pn) = binlL2(@n)
+ ol @ 720" Z(yns Pa) — An||L2<QT>)

for some constant Cq r and that (7,,,Pn) € U. Then, using this inequality and with (7,P) =
(4, P,), we get that

17107 T (Y, Pr) = B llL2@r) + 1720 " Z(Yns Pr) = AnllL2(0r)

< 20 rp7! maX<||P1||L°°(QT)v ||pr<QT>) 105 4l 22am)-

Eventually, from (47, we conclude that lim,, .o || An|l2(Qr) = liMp oo [|nllL2(0r) = 0, which is
in contradiction with the first hypothesis of . O

Again, the introduction of the operator 7. is motivated by the following proposition, which
reduces the determination of the solution (y, p) of Problem to the unconstrained minimization
of a elliptic functional.

PROPOSITION 3.5 For any r > 0, let (yo, po) € U be the unique solution of

ar((40,P0), (¥, P) = 1(,P), V(U P) €U

and let J3* : X — X be the functional defined by

*k 1
50 = 5 [T ) b0, O )
T
The following equality holds :

sSup inf L.((y,p), (A, p)) =— inf J*(A\p) +L:((y0,Po), (0,0)).
(\p)ex (y,p)eU (\p)ex

where the Lagrangien L, is defined in Remark [0
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4 Concluding remarks and perspectives

The mixed formulations we have introduced in order to address inverse problems for linear parabolic
type equations seems original. These formulations are nothing else than the Euler systems asso-
ciated to weighted least-squares type functionals and depend on both the state to reconstruct
and a Lagrange multiplier. This multiplier is introduced to take into account the state constraint
Ly — f = 0 and turns out to be a measure of how good the observation data is to reconstruct
the solution. This approach, recently used in a controllability context in [29], leads to a varia-
tional problems defined over time-space functional Hilbert spaces, without distinction between the
time and the space variable. The main ingredient is the unique continuation property leading to
well-posedness in appropriate constructed Hilbert spaces. Moreover, global Carleman estimates
then allow to precise in which norm the full solution can be reconstructed. For these reasons, the
method can be applied to many systems for which such estimates are available, as in [10] for linear
hyperbolic equations, or as in Section [3|for a first order system. In the parabolic situation, in view
of regularization property, the method requires the introduction of exponentially vanishing weights
at the initial time: this guarantees a stable Lipschitz reconstruction of the solution on the whole
domain, the initial condition excepted.

On the theoretical standpoint, the minimization of the L2-weighted least-squares norm with
respect either to y € W (Problem Section , either to the initial data yo € H (Problem
Section [1) is equivalent. However, the completed space W embedded in the space C([6,T], HY(9))
is a priori much more 'practical’ than the huge space H, a fortiori since from the definition of the
cost, the variable of interest is not y but pyly € C([0,T], H§(Q)) with py*(-,t = 0) = 0 in Q.
Therefore, on a practical (i.e. numerical) viewpoint, as enhanced in [21] [32] and recently used in
[1, 2] for inverse problems and in [27, 29] in the close controllability context (see Remark [4)), vari-
ational methods where the state y is kept as the unknown are very appropriate and lead to robust
approximations. Moreover, as detailed in [10], the space-time framework allows to use classical
approximation and interpolation theory leading to strong convergence results with error estimates,
again without the need of proving any discrete Carleman inequalities. We refer to the second part
[28] of this work where the numerical approximation of the mixed formulations in (y,\) and
in ((y,p),(\, ) is examined, implemented and compared with the standard minimization
of the cost with respect to the initial data. As observed in [29] section 3.2 for the related control
problem, described in Remark [4} an appropriate preliminary change (renormalization) of variable,
ie. §:=py Ly, so as to eliminate (by compensation) the exponential behavior of the coefficient in
p~ Ly = p~'L(po7), leads to an impressive low condition number of the corresponding discrete
system. We also emphasize, that the second mixed formulation , apparently more involved
with more variables allows to use (standard) continuous finite dimensional approximation spaces
for U, in contrast to the formulation which requires continuously differentiable approximation
spaces.

Eventually, we also emphasize that such direct method may be used to reconstruct the state
as well as a source term. Assuming that the source f(z,t) = o(t)u(x) with o € C1([0,T]),
a(0) # 0 and u € L?(Q), it is shown in [9] that the knowledge of 9;(d,u) € L?(9Q x (0,T))
allows to reconstruct uniquely the pair (y, p) satisfying the state equation Ly — opu = 0. This
allows to construct appropriate Hilbert spaces, associate a least-squares functional in (y, u) and
the corresponding optimality system. The (logarithmic) stability estimate proved in [9, Theorem
1.2] guarantees the reconstruction of the solution. We refer to the Section 3 of [12] where this
strategy is implemented in the simpler case of the wave equation.
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A Appendix: Well-posedness of Parabolic equations in the
mixed form

The aim of this appendix is to study the existence and uniqueness of weak solution and solution
by transposition for the following linear boundary value problem, which appears in Section[3]: find
(y, p) such that
y—V-ptdy=f, c@)Vy—-p=F in Qr,
y=0 on Xr, (49)
y(z,0) = yo(z) in Q.
We assume that the initial datum yo belongs to L?(£2) and that the source terms f and F belong
to L2(Qr) and L?(Qr), respectively. The functions ¢ and d enjoys the regularity described in the
introduction: ¢ := (¢; ;) € C* (4 Mn(R)) with (c(z)€,€) > ¢lé]? for any z € Q and £ € RY (¢p >
0) and d € L>®(Qr).
First, let us introduce a definition of weak solution in accordance to the classical definition of
weak solution for the standard parabolic equation .

DEFINITION A.1 We say that a pair (y,p), satisfying
p € L(Qr), y e L*(0,T5 Hy()), with y, € L*(0,T; H~1(Q)), (50)
1s a weak solution of the parabolic equation in the mixed form if and only if :
(@) (Y, w)g—1(Q),m11(0) + (P, Vw) + (dy,w) = (f,w) for allw € H(Q) and a.e. timet € [0,T);
(ii) (Vy,u) — (¢~ 'p,u) = (¢ 'F,u) for allu € L2(Q) and a.e. time t € [0,T];
(iit) y(-,0) = yo.
Here, (-,-) denotes the inner product in L*(2) and in L2(£2).

Remark 8 According to Definition (A.l)), a weak solution for @) is a weak solution for the
standard parabolic equation :

y— V- (c(x)Vy)+dy=f—-V-F in Qr,
y=0 on X, (51)
y(x,0) = yo(z) in Q.

Indeed, taking u = ¢cVw and summing the equations in (i) and (ii), we obtain the definition of

weak solution for .

PROPOSITION A.1 There exists a unique weak solution for the parabolic equation in the mixed
form . Moreover, there exists a constant C' > 0 such that

Y| 20,11 (00)) + ||?J||L2(0,T;H3(Q)) + Pl < Cllyoll2) + I1fllz2@r) + IFllL2(@r))-
(52)

PRrOOF- Following [20], the proof of existence of solution relies on the Faedo-Galerkin method and
it is divided in several steps.

a) Galerkin approximations. We first introduce some notations : let {wy : k € N} be
a orthogonal basis of H{(Q2) (which is orthonormal in L?(Q2)) and {u; : k& € N} be a
orthonormal basis of L%(Q2). For each pair (m,n) € N x N, we look for a pair (y,, pm) :
[0,T] — H}(Q) x L?(Q) of the form

yn(t) = Z afl(t)wk and pn,(t) = Z b,kn(t)uk, (53)
k=1

k=1
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solution of the weak formulation :

(Vyn, ;) — (¢ 'pm,uy) = (¢ 'F,uy) (0<t<T, j=1,...,m),
(the prime ’ stands for the derivation in time). a® (k = 1,...,n) and b¥, (k = 1,...,m)

denote some time functions from [0,7] to R for each pair (m,n). We assume that the a®
satisfies
ay(0) = (yo,wr) (k=1,...,n). (55)

We also note

(£.(1)i = (f(1),wi), (Yo)i = (vo,w:),

Vi,j=1,....n
(An)is = (wyws), (Do(®)ys = (@D wyw), 70

and
(Bm)m = (Ciluﬁ ui)v (Fm(t))l = (CilF(t)a 117;), VZ,] = 1; e, M

and
(Enm)ij:(uj,Vwi) VZ:L,TL and ]:17,777,
Eventually, we also denote by Y, (t) the vector formed by a® (k= 1,...,n) and P,,(t) the
vector formed by b%, (k= 1,...,m). With thes notations, may be rewritten as
Y7 (1) + EnmPu(t) + Dn(t)Ya(t) = £u(t),
Engn (t) - Bum(t) = Fm(t)a (56)
Y, (0) =Y.

From the positivity of ¢, B,, is a symmetric and positive definite square matrix of order m:
therefore B,,, is invertible and the second equation of implies the relation

P (t) = B, (B, Ya(t) — Fu(t)).
Using this equality in the first equation of , we obtain

Y/, () + (EnmBlEL + D, (1) Yn(t) = £.(t) + BB, Fo(t), forae. te0,7]
{ Y,.(0) = Yo.

(57)

is a system of n linear ODEs of order 1: hence, from standard theory for ODEs, there

exists a unique absolutely continuous Y, : [0,7] — R"™ satisfying . Consequently, the

pair (Yn, Pm) given by is the unique solution of and .

A priori estimates. We now derive some uniform estimates for the pair (y,,pm) with
respect to m and n. This allows to see that the sequences {yn }n>0, {Pm }m>0 converge to y
and p respectively, such that (y, p) is the weak solution of .

Multiplying the first equation of by a® (t) and summing over k£ = 1,...,n and the second
equation of by —bk (t) and summing over k = 1,..., m, we obtain the relations

< y;myn > +(Pm,Vyn) + (dynayn) = (fa yn) (0 <t< T>7
—(Vyn, pm) + (Cilpma pm) = _(CilFa pm) (O <t< T)~

Adding these two equations and applying the Cauchy-Schwarz inequality, we get :
d 2 2
%Hyn(t)ﬂm(m + P12

< C(|yn<t>|iz(m 1 )2 lm Bl + ||F<',t>||Lz<m||pm<t>||Lzm>)
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for some positive constant C' = C([lc[lcr @) [dllL=(@r)). Then, by using the Gronwall’s
Lemma, we deduce, that for all m,n >0

1yl Zoe o,7522 () < Clllyollza () + 17200 + IFIZ2(@r)) (58)

and
1PmllF2(0r < CllyollZ2y + 1 F1720m) + IFIZ200)- (59)

Now we derive a uniform estimate for d;y,,. To do this, fix any w € H}(Q), with w2 @) <
1. Notice that we can decompose w as w = w! +w? with w! € span{wy}?_, and (w?,wy) =0
for K =1,...,n. Using the first equation of , we can deduce, for a.e. 0 <t <T, that

< y;mwl > +(pm7vw1) + (dymwl) = (f»wl)'
Then, using that (w?,wy) =0 for k=1,...,n and y,(t) = >_;_, (a®) (H)wy, we write
< y';ww >= (y;mwl + w2) = (y;wwl) = (f?wl) - (pmvvwl) - (dynvwl)
Consequently,
| <yn (), w> [ < [[fC 02wl 2 + [Pm®)llL2@ | Vo' Lz @
+ lldll oo (@) 1Y (8) | 20 [l | 22 ()
< CUfC D2 + IPmllz@) + lynllzz@)),
since ||w1HH3(Q) < 1. Finally, using and (59), we get
Il 2 0, m-10)) < CUlvollZ2) + 117200 + IFIE2(00)- (60)

To end this second step, let us prove a uniform estimate for Vy,,. To do this, let us fix n > 1
and as Vy,(t) € L?(Q2), we can write

+oo
Vyn(t) = & (thuy forae 0<t<T (61)
k=1

where &F denotes a time function for [0,7] — R for each k. Then, fixing m > 1 and
multiplying the second equation of by €¥(t), summing over k = 1,--- ,m, we deduce

m

(Vo (0), S €h(t)ue) <

k=1

o] Q

(E@I + [lpm (D)) + %II Yl o).
k=1

Integrating with respect to the time variable and recalling (59)), we find

T m T m
1
| 0. Y e wie < (1RO Ragn 1 BxanHwlim ) +5 [ 13 Ol
k=1 k=1
Let m — 400 and using , we finally obtain
IVynlZ2(@r < CllvollZz) + 172 + IFlE2(0r))- (62)

Building a weak solution. Let us pass the limit in the sequence (Y, Pm)-

From the a priori estimates , , and , there exist subsequences (yn)52; C
(yn)22 1 and (Pru)i2; C (Pm)SS_; and functions p € L?(Qr) and y € L2(0,T; H} () with
yi € L2(0,T; H-(Q)) such that

Y —y weakly in  L?(0,T; H}(Q)),

Yo — 1y weakly in  L?(0,T; H 1(Q)), (63)

Pt — P weakly in  L*(Qr).



A  WELL-POSEDNESS OF PARABOLIC EQUATIONS IN THE MIXED FORM 24

e)

Next, let w € C*([0,T]; span{wg};_,) with r < n and u € C*([0,7T]; span{ug};_,) with
s < m. Taking w and u as the test functions in and integrating with respect to time,
we obtain

/ (yn, w) + (Pm, VW) + (dyp, w)) dt:/ (f,w)dt,
T _— (64)
/O [(vyna 11) - (Cilpmy u)] dt = /0 (CilF, 11) dt.

Taking n = nl and m = ml in the above equalities and passing to the limit, we obtain, in
view of the weak convergence in (63)), we also have

/ (4, w) + (B, Vo) + (dy, w)] dt = / (f.w) dr,
0 0 (65)

T T
/0 (Vp) = o= [ E

0

Eventually, by a density property of C*([0,T]; span{wy};_,) and C*([0,T]; span{ux};_;)
in L?(0,T; H}(Q)) and L?(Qr) respectively, it follows from that items (¢) and (i7) of
Definition hold true for the pair (y, p).

Initial datum. We now check that item (iii) of Definition[A 1] holds true as well. First, since
y € L*(0,T; H} () with v, € L?(0,T; H-*()) we can deduce that y € C°([0,T]; L*(Q2))
(see Theorem 3, pag. 303, in [I4]). So, from , we deduce that

T T
/ [~{y,w') + (P, Vo) + (dy, w)] dt = / (f:w) dt + (y(-,0),w(-,0)), (66)
0 0
for all w € C1([0,T]; H}()) such that w(-,T) = 0.
And from , we have the same for the sequence (Ymi, Pmi)

/0[—(ynl,w'>—i—(pml,Vw)—i—(dynl,w)]dt:/o (Fow)dt + (g (- 0),w(-0)).  (67)

Taking the limit, we obtain
T

T
/ —{y, ) + (p, Vo) + (dy, w)] dt = / (f.w)dt + (yo w(-,0). (68)
0 0

Comparing and (68)), we conclude y(-,0) = yo.
Uniqueness. The uniqueness is deduced from the energy estimate .

d

It is worth mentioning that the existence and uniqueness of weak solution for the parabolic in
the mixed form with yo € Hg(2) was proved in [20] for F = 0 (Theorem 2.1) and in [25] for the
general case (Lemma 3.1).

Now, let us introduce another definition of solution for .

DEFINITION A.2 We say that the pair (y,p) € L*(Q1) x L2(Q7) is a solution by transposition of
if and only if :

// (y(z, 1), (. 8)) - (9(z, 1), Gla 1) dedt = M(g,G) (g, G) € L*(Qr) x L*(Qr)
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with M : L?(Q7) x L2(Q1) — R given by
M(g, G / fz, t)p(z,t) de dt + (yo, p(- // c'F(z,t) - o(x,t)dzdt
Qr T

where (¢, o) is the unique weak solution of

—p;—V-o+dp=g, Vo—-clo=G in Qr,
=0 on X, (69)
oz, T)=0 in .

Remark 9 According to Definition , a solution by tramsposition for 18 a solution by
transposition for the standard parabolic equation . Indeed, taking G = 0, we obtain

// (z,t)g(z,t)dxdt = / fz,t)p(z,t) de dt + (yo, p(-, 0 // (x,t) - Vo(z,t) dx dt,
T Qr T

for any g € L?(Q7), which is the definition of solution by transposition for the equation .
PROPOSITION A.2 There exists a unique solution by transposition for .

PROOF- Firstly, notice that M : L?(Q7) x L?(Q7) — R is a linear form. Then, since (¢, o) is the
unique weak solution, we obtain, in view of Proposition [A2]

||§0||%2(QT) + ||30('70)||2L2(QT) + ”UH%P(QT) < Cll(g: G)H2L2(QT)xL2(QT)-

This implies that the linear form M is continuous. Therefore, by the Riesz representation Theorem,
there exists a unique pair

(y,p) € L*(Qr) x L*(Qr)
such that

//Q (u(z, 1), p(z,1)) - (g(x.£), G(a. 1)) dudt = M(g,G) ¥(g, G) € L*(Qr) x L3(Qr).

The uniqueness is obtained by Du Bois-Raymond’s Lemma. O
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