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MODEL SELECTION IN LOGISTIC REGRESSION
MARIUS KWEMOU"Y, MARIE-LUCE TAUPIN!"®  ANNE-SOPHIE TOCQUET("

AsstrACT. This paper is devoted to model selection in logistic regression. We extend the model
selection principle introduced by Birgé and Massart (2001) to logistic regression model. This
selection is done by using penalized maximum likelihood criteria. We propose in this context a
completely data-driven criteria based on the slope heuristics. We prove non asymptotic oracle
inequalities for selected estimators. Theoretical results are illustrated through simulation studies.

Keywords: logistic regression, model selection, projection.
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1. INTRODUCTION

Consider the following generalization of the logistic regression model : let (Yy, x1), -+, (¥, X,),
be a sample of size n such that (¥}, x;) € {0, 1} X X and
exp fo(x;)
E(Y) = m(x) = ——o
WD =T = T o o)
where f; is an unknown function to be estimated and the design points x, ..., x,, are determinis-

tic. This model can be viewed as a nonparametric version of the “classical” logistic model which
relies on the assumption that x; € RY, and that there exists 8, € R such that fy(x;) = ﬂg X;.

Logistic regression is a widely used model for predicting the outcome of binary dependent
variable. For example logistic model can be used in medical study to predict the probability
that a patient has a given disease (e.g. cancer), using observed characteristics (explanatory
variables) of the patient such as weight, age, patient’s gender etc. However in the presence
of numerous explanatory variables with potential influence, one would like to use only a few
number of variables, for the sake of interpretability or to avoid overfitting. But it is not always
obvious to choose the adequate variables. This is the well-known problem of variables selection
or model selection.

In this paper, the unknown function f; is not specified and not necessarily linear. Our aim is
to estimate f, by a linear combination of given functions, often called dictionary. The dictionary
can be a basis of functions, for instance spline or polynomial basis.

A nonparametric version of the classical logistic model has already been considered by Hastie
(1983), where a nonparametric estimator of f; is proposed using local maximum likelihood. The
problem of nonparametric estimation in additive regression model is well known and deeply
studied. But in logistic regression model it is less studied. One can cite for instance Lu (2006),

Vexler (2006), Fan et al. (1998), Farmen (1996), Raghavan (1993), and Cox (1990).
1
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Recently few papers deal with model selection or nonparametric estimation in logistic re-
gression using ¢; penalized contrast Bunea (2008), Bach (2010), van de Geer (2008), Kwemou
(2012). Among them, some establish non asymptotic oracle inequalities that hold even in high
dimensional setting. When the dimension of X is high, that is greater than dozen, such ¢; pe-
nalized contrast estimators are known to provide reasonably good results. When the dimension
of X is small, it is often better to choose different penalty functions. One classical penalty func-
tion is what we call £, penalization. Such penalty functions, built as increasing function of the
dimension of X, usually refers to model selection. The last decades have witnessed a growing
interest in the model selection problem since the seminal works of Akaike (1973), Schwarz
(1978). In additive regression one can cite among the others Baraud (2000a), Birgé and Massart
(2001), Yang (1999), in density estimation Birgé (2014), Castellan (2003a) and in segmentation
problem Lebarbier (2005), Durot et al. (2009), and Braun et al. (2000). All the previously cited
papers use ¢, penalized contrast to perform model selection. But model selection procedures
based on penalized maximum likelihood estimators in logistic regression are less studied in the
literature.

In this paper we focus on model selection using £, penalized contrast for logistic regres-
sion model and in this context we state non asymptotic oracle inequalities. More precisely,
given some collection functions, we consider estimators of f; built as linear combination of the
functions. The point that the true function is not supposed to be linear combination of those
functions, but we expect that the spaces of linear combination of those functions would provide
suitable approximation spaces. Thus, to this collection of functions, we associate a collection
of estimators of fy. Our aim is to propose a data driven procedure, based on penalized criterion,
which will be able to choose the ”best” estimator among the collection of estimators, using ¢,
penalty functions.

The collection of estimators is built using minimisation of the opposite of logarithm likeli-
hood. The properties of estimators are described in term of Kullback-Leibler divergence and
the empirical L, norm. Our results can be splitted into two parts.

First, in a general model selection framework, with general collection of functions we pro-
vide a completely data driven procedure that automatically selects the best model among the
collection. We state non asymptotic oracle inequalities for Kullback-Leibler divergence and
the empirical L, norm between the selected estimator and the true function fy. The estimation
procedure relies on the building of a suitable penalty function, suitable in the sense that it per-
forms best risks and suitable in the sense that it does not depend on the unknown smoothness
parameters of the true function fy,. But, the penalty function depends on a bound related to
target function fy. This can be seen as the price to pay for the generality. It comes from needed
links between Kullback-Leibler divergence and empirical L, norm.

Second, we consider the specific case of collection of piecewise functions which provide es-
timator of type regressogram. In this case, we exhibit a completely data driven penalty, free
from f;. The model selection procedure based on this penalty provides an adaptive estimator
and state a non asymptotic oracle inequality for Hellinger distance and the empirical L, norm
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between the selected estimator and the true function f;. In the case of piecewise constant func-
tions basis, the connection between Kullback-Leibler divergence and the empirical L, norm are
obtained without bound on the true function f;. This last result is of great interest for example in
segmentation study, where the target function is piecewise constant or can be well approximated
by piecewise constant functions.

Those theoretical results are illustrated through simulation studies. In particular we show that
our model selection procedure (with the suitable penalty) have good non asymptotic properties
as compared to usual known criteria such as AIC and BIC. A great attention has been made on
the practical calibration of the penalty function. This practical calibration is mainly based on
the ideas of what is usually referred as slope heuristic as proposed in Birgé and Massart (2007)
and developed in Arlot and Massart (2009).

The paper is organized as follow. In Section 2 we set our framework and describe our esti-
mation procedure. In Section 3 we define the model selection procedure and state the oracle
inequalities in the general framework. Section 4 is devoted to regressogram selection, in this
section, we establish a bound of the Hellinger risk between the selected model and the target
function. The simulation study is reported in Section 5. The proofs of the results are postponed
to Section 6 and 7.

2. MODEL AND FRAMEWORK

Let (Y1, x1), -+, (Y4, x,,), be a sample of size n such that (Y}, x;) € {0, 1} X X. Throughout the
paper, we consider a fixed design setting i.e. xi,..., X, are considered as deterministic. In this
setting, consider the extension of the “classical” logistic regression model (2.1) where we aim
at estimating the unknown function f; in

exp fo(x;)
1 +exp fo(x)’
We propose to estimate the unknown function f; by model selection. This model selection
is performed using penalized maximum likelihood estimators. In the following we denote by

P4, (x1) the distribution of Y, and by P;’;)(xl, -+, Xx,) the distribution of (Y7,...,Y,) under Model
(2.1). Since the variables Y;’s are independent random variables,

2.1 Ef,(Yi) = mp(xi) =

Py, x) = T P ) = [ | e ™1 = 7 o'

0
i=1

It follows that for a function f mapping X into R, the likelihood is defined as:
Lu(f) = B0, o) = | )" -z,
i=1

where

22 ) = _XPUE)

1+ exp(f(x)
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We choose the opposite of the log-likelihood as the estimation criterion that is

1 1 ¢
(2.3) () = =~ log(Lu(f) = = > {log(1 + /) - ¥;f(x)].
n n i=1

Associated to this estimation criterion we consider the Kullback-Leibler information divergence
K (P(’;), Psf)) defined as
1 (n)
KEP.P) =~ f log [P(i)) P,
The loss function is the excess risk, defined as j
2.4 &(f) = y(f) = y(fo) where, forany f,  y(f) = Eg[y.()].

Easy calculations show that the excess risk is linked to the Kullback-Leibler information diver-
gence through the relation

E(f) = y(f) = v(fo) = KB}, PP,
It follows that, f;, minimizes the excess risk, that is
) = argmin (/).

As usual, one can not estimate f, by the minimizer of y,(f) over any functions space, since it
is infinite. The usual way is to minimize y,(f) over a finite dimensional collections of models,
associated to a finite dictionary of functions ¢; : X — R

D =1{¢1,....du}.

For the sake of simplicity we will suppose that D is a orthonormal basis of functions. Indeed,
if D is not an orthonormal basis of functions, we can always find an orthonormal basis of
functions 9’ = {¢q, ..., ¥} such that

(D1, s b)) = Wiy ).
Let M the set of all subsets m C {1,..., M}. For every m € M, we call S,, the model

2.5) Sni={fs= D B}
JjeEm
and D,, the dimension of the span of {¢;, j € m}. Given the countable collection of models

{Si)mem, we define {f,,}.em the corresponding estimators, i.e. the estimators obtaining by
minimizing y, over each model S,,. For each m € M, f,, is defined by

A

(2.6) Jfn = argmin 7y, ().
teSy,

Our aim is choose the ”best” estimator among this collection of estimators, in the sense that
it minimizes the risk. In many cases, it is not easy to choose the ”best” model. Indeed, a
model with small dimension tends to be efficient from estimation point of view whereas it could
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be far from the “true” model. On the other side, a more complex model easily fits data but the
estimates have poor predictive performance (overfitting). We thus expect that this best estimator
mimics what is usually called the oracle defined as

2.7 m’" = arg mmelﬁ K(P > me ).

Unfortunately, both, minimizing the risk and minimazing the kulback-leibler divergence, re-
quire the knowledge of the true (unknown) function f; to be estimated.

Our goal is to develop a data driven strategy based on data, that automatically selects the
best estimator among the collection, this best estimator having a risk as close as possible to
the oracle risk, that is the risk of ﬁn In this context, our strategy follows the lines of model
selection as developed by Birgé and Massart (2001). We also refer to the book Massart (2007)
for further details on model selection.

We use penalized maximum likelihood estimator for choosing some data-dependent 72 nearly
as good as the ideal choice m*. More precisely, the idea is to select 7z as a minimizer of the
penalized criterion

2.8) i = arg min {y,(f,) + pen(m)}

where pen : M — R* is a data driven penalty function. The estimation properties of £, are
evaluated by non asymptotic bounds of a risk associated to a suitable chosen loss function. The
great challenge is choosing the penalty function such that the selected model 77 is nearly as good
as the oracle m*. This penalty term is classically based on the idea that

*_ : (n) pmy _ : (n) ) (n) )
m’" = arg min EfOV((PfO , me) = argmin EfOW(PfO L)+ EfOW(Pﬁn , me)
where f,, is defined as
Jn = argminy(7).
€S

Our goal is to build a penalty function such that the selected model 7 fulfills an oracle inequal-
ity:
KEy P < C”%BLW(PWP@) +R,.

This inequality is expected to hold either in expectation or with high probability, where C, is as

close to 1 as possible and R, is a remainder term negligible compared to V((P(’;), PEZ’))

In the following we consider two separated case. First we consider general collection of
models under boundedness assumption. Second we consider the specific case of regressogram
collection.

3. ORACLE INEQUALITY FOR GENERAL MODELS COLLECTION UNDER BOUNDEDNESS ASSUMPTION

Consider model (2.1) and (S,,)nem a collection of models defined by (2.5). Let Cy > 0 and
Le(Cop) = {f : X > R, max; g, |f(x)] < Co}. For m € M, vy, given in (2.3), and 7y is given by
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(2.4), we define

A

3.9 m = i n(f d m = 1 -
(3.9) Jm = arg zes,f}wlﬁg(co)y (¢) and f,, = arg ZES”%&CO) o

The first step consists in studying the estimation properties of f,, for each m, as it is stated in
the following proposition.

Proposition 3.1. Let Cy > 0 and Uy = €< /(1 + ¢“)2. Form € M, let f,, and f,, as in (3.9). We
have

D
(n) o) (n) n) m
Ey, [(K(Pfo ’ me )< (K(Pfo ’ me) Znt

This proposition says that the “best” estimator amoung the collection {f,,}nep, in the sense of
the Kullback-Leibler risk, is the one which makes a balance between the bias and the complexity
of the model. In the ideal situation where f; belongs to S,,, we have that

1 D

() o) m
Ep[K®, ’Pf,,, ) < Wm
To derive the model selection procedure we need the following assumption :

(Ay) There exists a constant 0 < ¢; < oo such that {nax | fo(x)| < cy.

sisn

In the following theorem we propose a choice for the penalty function and we state non asymp-
totic risk bounds.

Theorem 3.1. Given Cy > 0, for m € M, let f,, and f,, be defined as (3.9). Let us denote
Il f ||%: n=b D f2(x,-). Let {L,,},nep SOme positive numbers satisfying

Y= Z exp(~LD,) < c.
meMmM

We define pen : M — R, , such that, form € M,

D, (1 2
pen(m) > 1— 3 + +/5L, | ,
n
where A is a positive constant depending on c|. Under Assumption (A1) we have
>
(n) ) : (n) o)
B [K(Ey. )] < C inf {H@.PY) + penm)} + Cy -
and
A L. Lz
Eg, | fin = fo IR< €' inf {Il fo = fiu 2 +pen(m)} + C1 =
meM n

where C,C’, Cy, C| are constants depending on ¢, and C,.
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This theorem provides oracle inequalities for L,—norm and for K-L divergence between the
selected model and the true function. Provided that penalty has been properly chosen, one can
bound the L,—norm and the K-L divergence between the selected model and the true function.
The inequalities in Theorem 3.1 are non-asymptotic inequalities in the sense that the result is
obtain for a fixed n. This theorem is very general and does not make specific assumption on the
dictionary. However, the penalty function depends on some unknown constant A which depends
on the bound of the true function f through Condition (6.5). In practice this constant can be
calibrated using “’slope heuristics” proposed in Birgé and Massart (2007). In the following we
will show how to obtain similar result with a penalty function not connected to the bound of the
true unknown function f; in the regressogram case.

4. REGRESSOGRAM FUNCTIONS

4.1. Collection of models. In this section we suppose (without loss of generality) that f; :
[0, 1] — R. For the sake of simplicity, we use the notation fy(x;) = fo(i) foreveryi=1,...,n.
Hence f is defined from {1,...,n} to R. Let M be a collection of partitions of intervals of
X ={1,...,n}. Forany m € M and J € m, let 1; denote the indicator function of J and §,,
be the linear span of {I[;,J € m}. When all intervals have the same length, the partition is said
regular, and is is irregular otherwise.

4.2. Collection of estimators: regressogram. For a fixed m, the minimizer f,, of the empirical
contrast function vy,, over S, is called the regressogram. That is, f is estimated by f,, given by

A

(4.10) S = argminy,(f).
J€Sm

where 7, 1s given by (2.3). Associated to §,, we have

= i _ — ; () (i)
(4.11) Jm = argminy(f) = y(fo) = arg min KE®, P
In the specific case where S, is the set of piecewise constant functions on some partition m, f,,
and f,, are given by the following lemma.
Lemma 4.1. For m € M, let f,, and fm be defined by (4.11) and (4.10) respectively . Then,
fo = Bosen o Wy and = 3y, F3 1, with

- Dies Tfy (Xi) ) AJ) 2ies Yi )
=1 d = .
S =log (|J|<1 e vy I

m 10
: (|J|(1 Y YD
Moreover, g, = 3 jem 71}’]”) Iandr; = 3 jem ”}1) I; with
1 1
) )
= — me(x), andmy’ = — Y.
2T ; 70(x0) T ;

Consequently, 7z, = arg minges,, || 7 — 7, || is the usual projection of 7, on to S .
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4.3. First bounds on f,,. Consider the following assumptions:
(A;) There exists a constant p > 0 such that ._r{lin mp(xi)) > pand _I?in [1—7ms(x)] > p.
Proposition 4.1. Consider Model (2.1) and let f,, be defined by (4.10) with m such that for all

J € m, |J| > I'[log(n))? for a positive constant T. Under Assumption (A;), for all § > 0 and
a > 1, we have

(L+ D, KL.p.0)

(1-96)n nt

4.4. Adaptive estimation and oracle inequality. The following result provides an adaptive
estimation of fy and a risk bound of the selected model.

(n) ) (n) mn)
K@ < KEP. P+

Definition 4.1. Let M be a collection of partitions of X = {1,.. ., n} constructed on the partition
my i.e. my is a refinement of every m € M.

In other words, a partition m belongs to M if any element of m is the union of some elements
of my. Thus §,, contains every model of the collection {S ,,},nepm-

Theorem 4.1. Consider Model (2.1) under Assumption (A,). Let {S ,,,m € M} be a collection
of models defined in Section 4.1 where M is a set of partitions constructed on the partition my
such that

4.1) forall J € mg,|J| > T'log’(n),
where T is a positive constant. Let (L,,)nepm be some family of positive weights satisfying
4.2) Y= Z exp(=LnD,,) < +00.

meM

Let pen : M — R, satisfying for m € M, and for u > 1,

(1+6Lm+8\/L_nJ.

Dm
pen(m) >
n

Let f = f; where
ft = argmin {7n(fm) + pen(m)} ,

then, for C, = 2u'3 [(u'® = 1), we have

(4.3) B[ (E), P < C, inf {5@P. %) + pen(m)} + w

This theorem provides a non asymptotic bound for the Hellinger risk between the selected
model and the true one. On the opposite of Theorem 3.1, the penalty function does not depend
on the bound of the true function. The selection procedure based only on the data offers the
advantage to free the estimator from any prior knowledge about the smoothness of the func-
tion to estimate. The estimator is therefore adaptive. As we bound Hellinger risk in (4.3) by
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Kulback-Leibler risk, one should prefer to have the Hellinger risk on the right hand side in-
stead of the Kulback-Leibler risk. Such a bound is possible if we assume that log(||ry, /plle) 1s
bounded. Indeed if we assume that there exists T such that log(||7 4, /pll) < T, this implies that
log(llm, /7, llee) < T uniformly for all partitions m € M. Now using Inequality (7.6) p. 362 in
Birgé and Massart (1998) we have that K(P}", P") < (4 + 2log(M))h*(Py,, Py, ) which implies,

n n : n n C s Mo ra 2)
B 1B, B)] < G, C(T) inf (1(E, BY) + pen(m) + <202

Choice of the weights {L,,,m € M]}. According to Theorem 4.1, the penalty function depends
on the collection M through the choice of the weights L, satisfying (4.2), i.e.

(4.4) Y= Z exp(~L,,D,,) = Z e P Card{m € M,|m| = D} < o.
me—M D>1
Hence the number of models having the same dimension D plays an important role in the risk
bound.
If there is only one model of dimension D, a simple way of choosing L is to take them
constant, i.e. Lp = L for all m € M, and thus we have from (4.4)

Z:Ze_LD<oo.

D>1
This is the case when M is a family of regular partitions. Consequently, the choicei.e. Lp = L
for all m € M leads to a penalty proportional to the dimension D,,, and for every D,, > 1,

D,, D,,
(4.5) pen(m) = (1 + 6L + 8 VL)—" = c x —.
n n
In the more general context, that is in the case of irregular partitions, the numbers of models

having the same dimension D is exponential and satisfies
n—1 n
Cardim € M,|m| = D = < .
ar {m M, |m| } (D— 1) (D)

In that case we choose L,, depending on the dimension D,,. With L depending on D, X in (4.2)
satisfies

>

Z e PP Card{m e M, |m| = D)

D>1

D e_LDD(l’;)

D>1

> ey

D>1

Z e—D(LD—l—log (%))

D>1

IA

IA

IA
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So taking Lp = 2 + log (3;) leads to ¥ < oo and the penalty becomes
(4.6) pen(im) = p X penshape(m)a

where

(4.7) PeNghape () = %[13 + 6log(Di) +8[2+1log (Di)]

The constant u can be calibrated using the slope heuristics Birgé and Massart (2007) (see Sec-
tion 5.2).

Remark 4.1. In Theorem 4.1, we do not assume that the target function f; is piecewise constant.
However in many contexts, for instance in segmentation, we might want to consider that fy is
piecewise constant or can be well approximated by piecewise constant functions. That means
there exists of partition of X within which the observations follow the same distribution and
between which observations have different distributions.

5. SIMULATIONS

In this section we present numerical simulation to study the non-asymptotic properties of the
model selection procedure introduced in Section 4.4. More precisely, the numerical properties
of the estimators built by model selection with our criteria are compared with those of the
estimators resulting from model selection using the well known criteria AIC and BIC.

5.1. Simulations frameworks. We consider the model defined in (2.1) with f; : [0, 1] — R.
The aim is to estimate f;. We consider the collection of models (S ,,),uepm, Where

S, = VeCt{][[lz);l’DL[ suchthat 1 <k < D,,},

and M is the collection of regular partitions

k-1 k
m= [—,—[, such that 1 <k < D, ¢,
D, D,

where

D, < .
logn

The collection of estimators is defined in Lemma 4.1. Let us thus consider four penalties.
e the AIC criretion defined by

D,

n

PERAIC = — >
e the BIC criterion defined by

logn
pengic = TDm;
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¢ the penalty proportional to the dimension as in (4.5) defined by

m
enyi, = ¢ X —
PeN}in 7

e and the penalty defined in (4.6) by
pen = u X penshape(m)'

peny;, and pen are penalties depending on some unknown multiplicative constant (¢ and u
respectively) to be calibrated. As previously said we will use the “’slope heuristics™ introduced
in Birgéa nd Massart (2007) to calibrate the multiplicative constant. We have distinguished two
cases:

e The case where there exists m, € M such that the true function belong to S, i.e.
where f is piecewise constant,

Modl1: f() = 0.5 ]I[O,]/3) + ]I[1/3’().5) + 2][[().5,2/3) +0.25 11[2/3’1]
Mod2: fQ = 0.75 11[071/4] + 0.5 ]I[1/4’0.5) + 0.211[0_573/4) +0.3 11[3/4,1].

e The second case, f; does not belong to any S ,,, m € M and is chosen in the following
way:

Mod3: fo(x) = sin(mx)
Mod4: fo(x) = +x.

In each case, the x;’s are simulated according to uniform distribution on [0, 1].
The Kullback-Leibler divergence is definitely not suitable to evaluate the quality of an esti-
mator. Indeed, given a model S ,,, there is a positive probability that on one of the interval I € m

we have ﬂ}l) =0orn'? = 1, which implies that K (ﬂ%), ﬂj;l)) = +o00. So we will use the Hellinger

Jm

distance to evaluate the quality of an estimator.

Even if an oracle inequality seems of no practical use, it can serve as a benchmark to evaluate
the performance of any data driven selection procedure. Thus model selection performance of
each procedure is evaluated by the following benchmark

E|n*@Y,PY)
(5.8) o= e 2

E| infen 2B}, BY))|

C* evaluate how far is the selected estimator to the oracle. The values of C* evaluated for
each procedure with different sample size n € {100,200, ..., 1000} are reported in Figure 2 ,
Figure 4, Figure 3 and Figure 5. For each sample size n € {100, 200, ..., 1000}, the expectation
was estimated using mean over 1000 simulated datasets.
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5.2. Slope heuristics. The aim of this section is to show how the penalty in Theorem 4.1 can
be calibrated in practice using the main ideas of data-driven penalized model selection criterion
proposed by Birgé and Massart (2007). We calibrate penalty using “’slope heuristics” first intro-
duced and theoretically validated by Birgé and Massart (2007) in a gaussian homoscedastic set-
ting. Recently it has also been theoretically validated in the heteroscedastic random-design case
by Arlot (2009) and for least squares density estimation by Lerasle (2012). Several encouraging
applications of this method are developed in many other frameworks (see for instance in clus-
tering and variable selection for categorical multivariate data Bontemps and Toussile (2013), for
variable selection and clustering via Gaussian mixtures Maugis and Michel (2011), in multiple
change points detection Lebarbier (2005)). Some overview and implementation of the slope
heuristics can be find in Baudry et al. (2012).

We now describe the main idea of those heuristics, starting from that main goal of the model
selection, that is to choose the best estimator of f; among a collection of estimators { ﬁ,,}me M-
Moreover, we expect that this best estimator mimics the so-called oracle defined as (2.7). To
this aim, the great challenge is to build a penalty function such that the selected model 7 is
nearly as good as the oracle. In the following we call the ideal penalty the penalty that leads to
the choice of ms. Using that

K@ PY) = y(fu) = v(fo),
then, by definition, ms* defined in (2.7) satisfies
mx = argmin[y(f,) = y(fo)] = arg min y(f,,).
meM meM

The ideal penalty, leading to the choice of the oracle mx, is thus [y( fm) — ¥l fm)], form € M.
As the matter of fact, by replacing pen,,(f,,) by its value, we obtain

arg min(y, (fu) + pen,(fu)l = argminly,(fu) + () = ¥a(fu)l

arg min[y(f,,)]

= mx.
Of course this ideal penalty always selects the oracle model but depends on the unknown func-
tion f, throught the sample distribution, since y(#) = Ey[y,(9)]. A natural idea is to choose

pen(m) as close as possible to pen,,(m) for every m € M. Now, we use that this ideal penalty
can be decomposed into

pen(m) = yY(fu) = Yalfu) = Vi + P + €,
where
Vi = Y) =Yy O = Valf) = Valf)s and e = ¥(fi) = ¥alfin)-
The slope heuristics relies on two points:

e The existence of a minimal penalty pen,,;,(m) = ¥,, such that when the penalty is
smaller than pen,,;, the selected model is one of the most complex models. Whereas,
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penalties larger than pen
ity.

e Using concentration arguments, it is reasonable to consider that uniformly over M,
v.(fn) 1s close to its expectation which implies that e¢,, ~ 0. In the same way, since
v, 1S @ empirical version of v, it is also reasonable to consider that v,, ~ ¥,,. Ideal
penalty is thus approximately given by 27,,, and thus

min lead to a selection of models with “reasonable” complex-

pen,,(m) = 2pen,,;,(m).

In practice, ¥,, can be estimated from the data provided that ideal penalty pen,;,(.) = kigpen,,,(.)
is known up to a multiplicative factor. A major point of the slope heuristics is that
Kia

Tpenshape(')

is a good estimator of ¥,, and this provides the minimal penalty.

Provided that pen = k X peng,,,, is known up to a multiplicative constant « that is to be
calibrated, we combine the previously heuristic to the method usually known as dimension
jump method. In practice, we consider a grid «i,...,ky, where each k; leads to a selected
model 771,, with dimension Drhk,.- The constant «,,;,, which corresponds to the value such that
PeN,, = Kimin X PEN gy, is estimated using the first point of the ”slope heuristics”. If D,;,Kj is
plotted as a function of «;, K, 1s such that D,;lkj is "huge” for k < k,;, and “reasonably small”
for k > Kyin. SO Kyin 1 the value at the position of the biggest jump. For more details about this
method we refer the reader to Baudry et al. (2012) and Arlot and Massart (2009).

Figures 2 and 3 are the cases where the true function is piecewise constant. Figure 4 and Fig-
ure 5 are situations where the true function does not belong to any model in the given collection.
The performance of criteria depends on the sample size n. In these two situations we observe
that our two model selection procedures are comparable, and their performance increases with
n. While the performance of model selected by BIC decreases with n. Our criteria outperformed
the AIC for all n. The BIC criterion is better than our criteria for n < 200. For 200 < n < 400,
the performance of the model selected by BIC is quite the same as the performance of models
selected by our criteria. Finally for n > 400 our criteria outperformed the BIC.

Theoretical results and simulations raise the following question : why our criteria are better
than BIC for quite large values of n yet theoretical results are non asymptotic? To answer
this question we can say that, in simulations, to calibrate our penalties we have used “slope
heuristics”, and those heuristic are based on asymptotic arguments (see Section 5.2).

min

6. Proors

6.1. Notations and technical tools. Subsequently we will use the following notations. Denote
by || f |l and {f, g), the empirical euclidian norm and the inner product

1 © 1 ©
If 1=~ Zl fA(). and (f.g), = Zl F(x)g(x).
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Ficure 1. Different functions f to be estimated
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Ficure 2. Model selection performance (C*) as a function of sample size n,
with each penalty, Modl.

Note that || . ||, is a semi norm on the space ¥ of functions g : X — R, but is a norm in the
quotient space ¥ /R associated to the equivalence relation R : g R h if and only if g(x;) = h(x;)
foralli € {1,...,n}. It follows from (2.3) that y defined in (2.4) can be expressed as the sum
of a centered empirical process and of the estimation criterion y,. More precisely, denoting by
= (e1,-- &), withg; = Y; = E; (), for all f, we have

n

1
(6.1) V) = 7alF) + = D &f (6) 1= ¥alf) + @, Pl
n 4

i=1
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model selection performance : C*

n = sample size

Ficure 3. Model selection performance (C*) as a function of sample size n,
with each penalty, Mod?2.

Easy calculations show that for y defined in (2.4) we have,

(n)
n n 1 n
KPP, PY) = ;j\%t;ﬂmﬁj=ﬂﬂ—ym»
f

_ l - ) nfo(xi) (e 1—7rﬁ)(xl~)
= ; [ﬂfo(xz)IOg(ﬂf(xi) ) + (1 =7 (xi)) 10g(—1 e )] :

Let us recall the usual bounds (see Castellan (2003b)) for kullback-Leibler information:

Lemma 6.1. For positive densities p and q with respect to u, if f = log(q/p), then

%j}mAdmw<wm@<%fﬁav&mm
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Ficure 4. Model selection performance (C*) as a function of sample size n,
with each penalty, Mod3.

6.2. Proof of Proposition 3.1: By definition of £, forall f € S,,NLw(Co), Yu(fo) —ya(f) < O.
We apply (6.1), with f = f,, and f = f,,

V() = ¥(fo) < ¥(fn) = Y(fo) + <&, fou = frudu-

As usual, the main part of the proof relies on the study of the empirical process (&, fm — fodn-
Since f,, — f,, belongs to S .., fn — fin = ijz’"l aij, where ({1, ..., ¢p,}, is an orthonormal basis
of S,, and consequently

Dy,
E, fon = fdn = ) @i
j=1
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Ficure 5. Model selection performance (C*) as a function of sample size n,
with each penalty, Mod4.

Applying Cauchy-Schwarz inequality we get

>

m

Dﬂ’l
<§’fm _fm>n < a' Z <8 w]>n
j=1

~.
Il
—_

Dy, n 2
= = Sl Z( Zszw,(x,).

Jj=1 i=1
We now apply Lemma 6.2 (See Section 7 for the proof of Lemma 6.2)

Lemma 6.2. Let S,, the model defined in (2.5) and {ys,, . .. ,¥p, } an orthonormal basis of the
linear span {¢y, k € m}. We also denote by A, the set of B = (B1,...,Bp) such that fz(.) =
Z?:l B () satisfies fz € S,y N Leo(Co). Let B* be any minimizer of the function 8 — y(fp) over
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A, we have

7/{2
(6.2) s = Sl < v() = ¥ (),
where Uy = e /(1 + )2,

Then we have

Dm

@ fn—fudn < (¢, wn \/y(fm) Y(fn)

J=1

Now we use that for every positive numbers, a, b, x, ab < (x/ 2)a’® + [1/(2x)]b?, and infer that

Dm

V) =¥ € V) = YD) + 25 D (Etida) + (1/200F) = V(o)

0 j=1

For x > 1/2, it follows that

A 2x° u S 2
Eply(fn) — v(f)]l < v(fi) — y(fo) + mEﬁ) Z ((8, lﬁj>n) ] .
We conclude the proof by using that
Dy,
Ey, Z ((5’ lﬂj>n)2 <
=1

6.3. Proof of Theorem 3.1. By definition, for all m € M,

Yu(f) + pen(i) < y,(f) + pen(m) < yu(f) + pen(m).
Applying (6.1) we have
(6.3) K@Y PLY) < KEYPY) + (8, fin = fuda + pen(m) — pen(in).

It remains to study (&, fm — fm)n, using the following lemma, which is a modification of Lemma
1 in Durot et al. (2009).

Lemma 6.3. For every D, D" and x > 0 we have

P sup <”8uu”>n> /D + D' /5x < exp (=x).

ue(S pNLe(Co)+S pr me(co)
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Fix ¢ > 0 and let Q(m) denote the event

<§, I/l>n Dm + Dm/
Qc(m) = ﬂ sup ) Tl < —, VS(Ly Dy + &)/ .

meM ME(SWOLOO(CO)"'S;"’ NLe(Co)
Then we have
(6.4) P (Q¢(m)) > 1 - Texp(-4).

See the Appendix for the proof of this lemma. Fix & > 0, applying Lemma 6.3, we infer that
on the event Q:(m),

5 oA Dm + D,;l L,%Dm + A
@m—ﬁm<lJ +J5 ﬂum—mm

4n n

\/Dm +Dm " \/SLﬁsz +§J (” f;ﬁl _fO “n + || fb _fm ||n)

N

4n

n
1 5Ly, D, E) o
< ﬁﬂfﬁﬁ+q7ﬂ+\hg+v@ﬂmm—ﬁM+nh—mmy

Applying that 2xy < 6x* + 67'y?, for all x > 0,y > 0, 6 > 0, we get that on Q,(m) and for every
n €10, 1]

A 1- A
@ fin = fudn < (SO [A+ 1 fo= fo I+ + ) 1L fo = i 1]

2 2
1 (L, o o[ [P ﬁ
2(1_n)[(1+n)Dm(m+ " ) +(1+7 )[ 4n+ n)

2
1-7* 4 , nl -7 , 147 1 5L;
< = = fn Dis e
o= ol Mol 5P|

2
1+n7',D, 5¢
(O )

4n n
2
If pen(m) > (/le (% + SLm) )/n, with A > 0, we have

1 —
2

1+ 1+n!
T ben(i) + —2

77—1
21 -pa’ DY

-n
I fo = Fullz +

2
no.oa
Il fin = fo llz + 5

<§’ frh - fm>n <

pen(m)
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It follows from (6.3) that

KEPPD) < KEDEY) + ) G- fo 2+ ~fu IR
1+ 1+n7! 1+n7'5
+ﬁpen(ﬁ1) + a _Z)/lpen(m) + i 76 + pen(m) — pen(in).

Taking A = (n + 1)/(2(1 — 7)), we have

KE}.PY) < K@ PY)

42 , , 61+1 10024+ 1) €
(2ﬂ+1)2||fm foll+ 412 T Lo = i 1} +5 7 —pen(m) + ==

Now we use the following lemma (see Lemma 6.1 in Kwemou (2012)) that allows to connect
empirical norm and Kullback-Leibler divergence.

Lemma 6.4. Under Assumptions (Ay), for allm € Mand allt € S,, N Lo(Cy), we have
Cminllt = folly < K@, P) < st = foll7-

where cp;, and ¢, are constants depending on Cy and cy.

Consequently
&
KEP,PL) < Clcnin) (K@Y, P + pen(m)} + C1(cuin) >
m m n
where
QE— 64+1 10224+1)
(4% =1)Cpmin 24-1 24-1
C(cmin) = max{ - 4/1C : 2 } and C,(Cpin) = F——
Cmin(2/1+1)2 Cmin(2/l+l)2 C,m-n(2/1+1)2
Thus we take A such that
42

(65) - m >0,

where c,,;, depends on the bound of the true function fy. By definition of Q:(m) and (6.4), there
exists a random variable V > 0 with P(V > &) < Xexp (=¢) and Ef (V) < Z, such that

|4
() p) (n) o)
KL PL) < Clewn) {KEP B + pen(m)] + C1(Cpin)—.
which implies that for all m € M,

n n n n 2
By K. I < Clenin) (KB PY) + penim) + Cilein)

This concludes the proof. O
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6.4. Proof of Proposition 4.1: Let f,,, f,, ny, and 7y given in Lemma 4.1, proved in appendix.
In the following, D,, = |m|. For 6 > 0, let Q,,(9) be the event

o) I
(6.6) Qm(é):ﬂ %—1\5ﬂ —{';) 1| <ab.
Jem 7Tfm 1 fm

According to pythagore’s type identity and Lemma 4.1 we write
KEY.PY) = KEP.PY) + KO P a6 + KEL P00,

where

67 KEE, P%n)) n Z [nf’”(x’) log( oo i)) + (1 =7y, (x;)) log (M)]

; () 1=, (x)
- Z 1|

l?l
J em

sl 1 }J)

)] ) "
log[ (J)]+(1— )log(l_ﬂ({)”.

Im

The first step consists in showing that

1- 1+6

6.8 —x o, o) < KPP, P16 < 57— &0 la,0),
(6.8) 31 1o mlen & B ) o, S A
where

1 (Zk J k)2 . 4p2Dm 2Dm
6.9 X2= = kel B iy <E4[X3] < —=.
6.9) m ; 0 = 2] w1 " l&Xn] < —
The second step relies on the proof of
(6.10) 5y, (V((P(fj,P%’n))]I%((g))‘ 210g( )P[QC )]

The last step consists in showing that for € > 0, since for all J € m, |J| > I'[log(n)]?, where
I' > 0 is an absolute constant, then we have

2
c ) ) k(p,0,1,€)
Gathering (6.8)-(6.11), we conclude that
) o) ) pmy , L +0)m| 1 .
Eﬁ)[?((Pf0 ’Pf?n )] < 7((Pf0 ,me) 1= 6)2 + 2log /—) P, (0)]

(1 +0)m| «(p,0,T,€)
+

(1-0)>n n+e

We finish by proving (6.8), (6.9), (6.10) and (6.11).

< KEP,PY) +
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e Proof of (6.8) and (6.9) : Arguing as in Castellan (2003b) and using Lemma 6.1 we have

o) ﬂ_(]) 1 -9 1 - 7"
(n) (1) ) _ (J) S 2 Jm
KEP D) > Zl]l[ [1 A —(J))log [ﬂm}+(1 )[1 N (])]log [—1 —5

fm fm fm f;n
and
) (J) 1 -9 )
1 e T, T, l1-nm
() (n) _ (J) (J) Jm 2 Jm
KEP.EY) < 5 DAL m log?| = [+ (1 - )|1 v — 5 [1og” | —F
Jem o s Fon l—m fn l-n fon

It follows that
1-6 , ) pn) 1+6 ,
(6.12) TV (77 ) Mg, < KEP :n Mo,6) < TV (s, 77 ) Mo, 6),

where V2(ny, , 77 ) is defined by

[ ) _ (J)]z log[ﬂ'(J)/N(J)]
f;}l
(6.13) V¥rp,m:)=— Y |J]|
S T o Z ) ﬂq) /ﬂw 1

J€m f

fm l77
+= )
;‘1 L-n | A=aD)a -2 -1
Now we use that, for all x > 0,
1 < log(x) 1

1vx x—1 1/\x

(6.14)

Hence we infer that
1 ) 1

Xolg, i < Vg, ) o6 < ———Xolo, 0,
with Xi defined in (6.9). This entails that (6.8) is proved. It remains now to check that
40%|m| 2|m|
= Efo [Xi] X T
n n
According to Lemma 4.1, for all partition J € m and for any x; € J,
~(x) = 7Y : a0 =
ﬂfm(x,) = with 49 = ; Y.,
(J) : ) _
andmrp (x;) =7 S with me = |J| Zﬂfo(x,

ieJ

23

]l

) P [log[(l =y -2



24 MARIUS KWEMOU®", MARIE-LUCE TAUPIN®’® ANNE-SOPHIE TOCQUET®"

Consequently,
TONL Qe &5 Ly s
n 4 B T I = T 7l 1 & a1 — 2]
and finally
! (Zkej Ek)z 1 1
BnXa) = E(— o — - Var () .
0 n ;1 |J|7T§{1)[1 — ﬂ-}i)] n ; |J|7T(J)[1 (J)] kze;
Consequently

1 Doics T (x)(1 — 74 (x:))
B (X)) = ~ Z |J|71(’)[1 (J>] :

Jem

Now, according to Assumption (A;), and Lemma 4.1, for all partition m, all J € m, and all
x, €J

0 <p* <) = 7p(x) < 1/4, and 0 < p <7 and 0 < p < (1 = 7).

It follows that

2 o Dkes T gy (i) (1 — 7, (X)) _ Dkes Tpy (i) (1 — 7, (X)) + ket T ()1 = 7, (X))

| Jlﬂ}f[l _ ”Esjn)] - | J|ﬂ(fi> [JI[1 - (J>] <2,
and thus
40%|m| < 12 iy T (x)(1 = 7z (X)) < 2|m|'
nooonged 1 E - A n
In other words,
4 Zlml <Ep(X7) < 2

The ends up the proof of (6.8) and (6.9).
e Proof of (6.10) : We start from (6.7), apply Assumption (A;) and Lemma 4.1, to obtain that
and (6.10) is checked since

B (W(P(Z),Pm))][g:ﬂ(a))l < ‘Z H (ﬂfm( ,)) Loy, || +

< 2log ( ! ) P[Q;, (0)].

1 (1= 75 ()
0" Hlog ((1 - m(x,-))) ]IQ“‘”]

i=1
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e Proof of (6.11): We come to the control of P [€2; (6)]. Since
(J)
c Fon

PIQS(5)] < ZP{ -1 5} + JZP{

(J)
-1

(/)

Jem

by applying Lemma 4.1, we infer that
)

T
Fon 2ikes Ek
Pl 54l - p{‘— >a}=P el > 6 (et
{ ﬂ}f } Dikes Ty (X)) { ; ; :
and
1- (J) Z
fm keJ €k
P —1=26; = P >6,=P glz6 ) (1 —ma(xp)y.
{ 1— <ffn> } {‘Zke](l — 77, (X)) } { ; ‘ ; P }
We write
]P{ Z &l = (52 ﬂ'fo(-xk)} < P{ Z Ek| = 52 7 p, () (1 = ”fo(xk))}
keJ keJ keJ keJ
and

Zb‘k

keJ

e

keJ

1

Then we have

>6) (1~ nfo<xk>>} < P{

keJ

>6 ) () - ﬂfo(xk))} :

keJ

e

keJ

PIQ@©)] < 2) P {

Jem

>0 Z 7 ()1 = ﬂfo(xk))} :

keJ

Now, we apply Bernstein Concentration Inequality (see Massart (2007) for example) to the right
hand side of previous inequality, starting by recalling this Bernstein inequality.

Theorem 6.1. Let Z,, - -- ,Z, be independent real valued random variables. Assume that there
exist some positive numbers v and c such that for all k > 2,

Z E [|Z,-|k] < —

Then for any positive z,

n n 2
p ;(z,- ~E(Z) > V2vz+ ch < exp(~z), and P(Z(Zi AR z) < exp (—m)

i=1
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Especially, if |Z;| < b for all i, then

2

n Z
(6.15) P(;(Zi -EZ) > Z) S exp (‘ 230 EB(Z2) + bz/3))'

Applying (6.15) with z = 6 Yyes 7 (X)L — 7 (%)), b = Tand v = 3e; 7 (x)(1 — 75 (X)),

we get that
P{ Z Ek
Y kes 74 ()1 = 74 () }

keJ
2(Shes ) (1 = 75 (x0)) + (6/3) Bgey 7 (i)(1 = 74(3x0))

>6 ) mp(xo(l = ﬂfo(xk))}

keJ
is less than

2exp (—

and consequently

52
P{ Doal= 6wy - z%(xk))} < 2exp [—m [Z 7 ()1 - nf0<xk)>]]
keJ

keJ keJ
< 2ex & |J]0?
DR TS e |
Consequently,
2 2 &
P[Q;,(0)] < 4 -Ap7TTl , ith A= ——0,
[€2,,(6)] im| exp(=Ap°Tlog(n)]") wi 210+0/3)
where I is given by (4.1). For € > 0 and ¢ such that
(6.16) & T'log(n) >2 +
. —— n) = €,
2(1+0/3)" %
using that |m| < n implies that
? 2 2 K
4|m| exXp —mp F[log(n)] ) < TR,

And Result (6.11) follows.
6.5. Proof of Theorem 4.1.

By definition, for all m € M,
Valfir) + Pen@i) < ¥a(fin) + pen(im) < u(f) + pen(m).
Applying Formula (6.1), we have
(6.17) V(i) = (o) < ¥(fn) = ¥(fo) + (&, fiu = fuudn + pen(am) — pen(in).
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Following Baraud (2000b) or Castellan (2003b), instead of bounding the supremum of the em-
pirical process (&, fz — fu)n, We split it in three terms. Let

Vo) = ¥u(t) =By (ya(0)) = — < &, f >,
with < & f >, defined in (6.1), and write
y(fi) = v(fo) < ¥(f) — ¥(fo) + pen(m) — pen(ii)
7, (fn) = ¥u(f0) + Yo (f0) = Vi) + ¥u(fin) = Yl Fi)-
In other words,

KEEL P < K@ P+ pen(m) — pen(in)

(6.18) 70 (f) = Fal0) + 7o) = 7l fi) + Tl fi) = Fulfi)-
The proof of Theorem 4.1 can be decomposed in three steps :
(R-1) We prove that for € > 0,
E [, (fm) = ¥ (fo)) ]Ime(é)] <
(R-2) Let Q,(¢) be the event

K (p,0,T, €)
n(1+5)

2 16 o 8 0
_ 2 P _ - e ’ ’ _ _ 4
(&) = mﬂM Vol < S|+ —(1+ ) T+ Ol + = (1 4+ 2 )Ll +§)},
where (L, )wem satisfies Condition (4.2) and my is given by Definition 4.1. For all
m’ in M we prove that on Q;(¢)

Gl =Tl )l < 5 (124 (14 3)(26 + 8Ly + 16yE )|

21\l -6
48,1+6 5 4 1 I
(6.19) +7(—1 — 5)(1 + §)(1 + 5) + TS KED P o, ),
and
(6.20) P(Q,(é)°) < 2Ze™*.

(R-3) Let Q,(¢) be the event

— —_ n n n n 2 ’ ’
O (¢) = mﬂM [(n(fo) = Talh)) < K@) = 202 FF B0 + =(Ly |+ £) |

We prove that, P(Q,(£)°) < Ze®.
Now, we will prove the result of Theorem 4.1 using (R-1), (R-2) and (R-3).
According to (6.18), we can write
KEY PO lg, o < KEP.FY) + pen(m) — pen(i)

+,(fm) — 7n(fo))]lgmf(5) + 7,.(Jo) — 7n(fﬁ1))]lgmf(a) + v, () — 7n(ﬁh)]lgmf(a)-
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Combining (R-2) and (R-3) with m’ = /71, we infer that on Q;(&) () (&)
KE . P)a, 0 < KEGBY) +pen(m) - pen(in) + 7,(fu) = ¥, (fo) I, )

(i o (14 ) 8L+ 16VE)] 22,2

461 1 +6 ) 4
530+ 5)]
[ KEW,PY) - 200, BY) + Jlr (P(’f),P("))] Io, o)
This implies that

KEY.PO)o, 6 < KEL,PL)+pen(m) - pen(i) + 7,(f) = Vu(fo)) e, o

)+ () (T o 8

1-6 1-90 1-6
4601 1+6 5 4
S+ (i) 3)(+5)]

(n) ) 2 () p) (n) ()
K@Y B - 2P @B + < W(Pm,Pf:ﬂ)]]Ime((g).

Since
(1+96)°
1-06

1+06\3
)

{(1+ )(1+6(1+5))\/( s

= )} < €6 with C(6) := (

we infer

KEY.PO)o, ¢ < KEPPP)+pen(m) - pen(i) + 7,(f) = Vu(fo)) o, o

UC(é)[l + 6L, +8y/La| + E[l (o)1 g)(l «3)

1-6 1)
+[7<‘(P(:)l)’ Pg;)) 2h2(P(n) P(")) + V((P(t:)’ (ﬂ))] ]IQ L
Using Pythagore’s type identity K(P,, Pp) = I (]P’(fz), P(f';)) + ‘K(P(';), P;ff)) (see Equation (7.42)
in Massart (2007)) we have

KE.PO)o, ¢ < KE@P.FP)+pen(m) - pen(i) + 7,(f) = Vu(fo)) e, o

+UC(5)[1 + 6Ly + 8Ly | + ﬁ[1 + (ﬂ)(l * g)(l i %)]

1-96
K@ BY) - 2R B - KB P g, 0

Now, we successively use
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(i) the relation between Kullback-Leibler information and the Hellinger distance 7((1?(’;), P(fff)) >
ZhZ(P(’;), IPEZ)) (see Lemma 7.23 in Massart (2007)),
(ii) and inequality #*(P(, PY) < 202, BY) + *(PY) P,
Consequently, on (&) () Q,(&)

6 n n n n A — —
T35 B P a, 0 < KE®P, PP + pen(m) = pen(i) + 7, (fon) = ¥, (o)) M,

I+
7| 41 146 5 4
+%C(6)[1 + 6Ly +8La) + 5+ (7)1 + 3)(1+ 5)]
Since pen(i) > uli| 1 + 6Ly, + 8 VL7 |/n, by taking u = C(6) yields that on Q&) N ()
1/3

2u W _ _ &
W@ P, ) < W(W(P(O),P}nj)+Pen(m)+()/n(fm)—Yn(fo))ﬂg,,,f(é))+ch(ﬂ)-

Then, using that

P(Q;(£) U Q()°) < 3Ze,
we deduce that P(Q;(£) N Q,(€)) > 1 — 3Ze™. We now integrating with respect to &, and use
(R-1) to write that

21 (eep po «pul.e  CX)
B[P Pl o] < T (KPR + pentm) + =03 =

Furthermore, since /*(P,, P #.) < 1, by applying Inequality (6.11) we have,

k(o 1, T, €)

Efo[hz(Pfo,me)ﬁﬂﬁnf<6>] < n(+e)

Hence we conclude that

2 »
Ef, [hz(Pﬁn me)] < 'u—(q((P(fo) , P}m)) + pen(m)) +

K3(P,,U, I,e) Cz(,U, %)
1/3 _ 1 E)

n(]+e) n

and minimizing over M leads to the result of Theorem 4.1.
We now come to the proofs of (R-1), (R-2) and (R-3).

e Proof of (R-1)

We know that

EN CATARS AT T B CATARS AT e

e e R e

< 2log {%} P(€Y,, ().
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We conclude the proof of (R-1) by using Inequality (6.11), which implies that

k(p,0,T,€) _K(p,6,T,€)
n(+e - n+e

B | @) = 7, (o) M 0| < ZIOg{p}

e Proof of (R-2)
We start by the proof of (6.19)

7T -, 1 —my, (x:)
_Z Z Jor ) € log (—1 — ﬂ; (Xi))}

1 JH”) ;ff J-el
AW e )

Yulfor) = Yo for)

(J)
,/|J|n<f> 1J1(1 - ”)>

By Cauchy-Schwarz inequality, we have

,Tw =

— — A S St

V) =) < 5 2 Wl log? () + (1 =0 tog? (—F5)
JEl’l’l fm Jont

( Qies fi)2 ( QieJ Ez’)z

1
2 2l ) +|J|<1—zr}fj,>]’

Jem’

and in other words

Vulfr) = Fulfu) < X2 X VA, 7z ),

where an, and Vz(ﬂf;n,,nfm,) are defined respectively in (6.9) and (6.13) . Using both that in-
equality 2xy < 6x* + 67'y?, for all x > 0, y > 0 with 8 = (1 + 8)/(1 — §), and Inequality (6.12),
we obtain on €2, .(6) that,

1+6

1
 + —— K@Y, PY).
T * T KB

1
Valfor) = FalFd) < 5(5

Consequently, on Q; (&)

_ N 1,/ 1+96 0
Fulfo) = ValFa Do, 0 < 2n(1+ )20+ 16(1 + ) VLol T+ O]+ 8(1 + 2 N Lol + €]
+ m(]((P(::), , P(;i)/ ) ]Ime ©)-
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Using inequalities |x + y|'/? < |22 + [y|'/? and 2xy < 6x* + 6~'y* with @ = §/4, we infer that
(6.19) follows since

Vulbot) = ¥l Dl 0 < (A g+ (14 g)(m VLl + 8Lyel'| + 26)m'|)
1

)1+ j—;)] + TS KED P, )
Jim'|[2

e Proof of (6.20) :

Write X2, = 3 je,w{Z1.; + Z».5}, where
1 (Qpes &)’ 1 (Qrer &)’

Ly =- keJ(J)k and ZZ,J - _ keJ k(J) .

no A =7)

We will control ), Z;, and ),  Z,, separately. In order to use Bernstein inequality (see
Theorem 6.1), we need an upper bound of }; ., E[Zﬁ s f((;)], for every p > 2. By definition

m

1 00
E[Z{J]Ime(é)] = Wj(; 2px2P—1P({| ;SH > x} N me(d))dx.

For every m’ constructed on the grid my, for all J € m’, on Q,,.(6) N {x < | Dges skl}, we have
X< al <6y mun).
keJ ieJ

Combining the previous inequality, the Bernstein inequality (6.15) with the fact that g, < 1, we
infer that

1 0 Yiker iy (Xk)
BIZ) T, 0] < - [ 292 B() Y el 2 2)dn
(n Zhes i (x0)) Jo kel
1 0 Yies Tfo (i) 2
< 5 f 4px*r! exp( - al )dx
(n Shes mi(x0)) Jo 2% + Thes 1 (x0))
1 0 Vies Tfy (Xi) 2
7 f 4px exp (- — )dx
(n Zpes () Yo 2(1+ ¢) Yhes 7 (0)
1 ) ®
< =21+ =)p f "~ exp(=t)dt
np 3 0
1 )
< =2P*p(1 + Z)P(ph).
nP 3
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Consequently

1 0
P _ [7+1 NP ’
2 Bz, 1o, 9] < nl’z p1+ 3) (p) X |m’].

Jem’

Now, since p < 277!, we have

5 a1t o+ ST

Jem’
Using Bernstein inequality and that E[ Digem 21, 1)] < |m’|/n, we have that for every positive x

m| 8§ — 4 6
B( ) Zislo, o 2 — + ~(1+ ) Valm|+ ~(1 + )x) < exp(~).

Jem’

In the same way we prove that

m| 8 6 4.5
B( ) Zoslay 02— +~(1+ )Vl + ~(1+ 2)x) < exp(-).

Jem’

Hence

2im’| 1
+

6. & 8 &
(1+3) Vx| + (L g)x) < 2exp(—x),

P(X ,zn, ]Ime((S) > 7

and we conclude that P(QS(£)) < 2 Y, exp(—L,,|m’| — €) = 2Ze™¢. This ends the proof of (R-2).
e Proof of (R-3)
Recall that y,(f) = v,(f) — E(y.(f)) for every f. According to Markov inequality, for b > 0,

nb

B(exp (5(,() - 7.(9)) = exp ()
exp (22 8| exp (5,(6) - 7,2))|
= exp [_Tnb + log B exp (g(%(fo) ~7u(8)) + 2E[yn(g) ~ 7 0)])]

2
exp [‘T"b + SKEP ) + 108 E[ exp (5((f0) = 74(8))]

P((v,(fo) = 7.(8)) = b)

IA

IA
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Now,
tog B[ exp (2(1,0) ~ 7)) = logE[exp(5 D, 1og<%) +(1-1) 1og<ll_%j((’g>)]
i=1 0\ o \Ai
o[ Te(Xi) \Yi2 1 —m,(x;)\a-1v)/2
= o B[N (2505 x ()

_ g( 1 - ﬂg(xi) _ '
= loglIl, 1 / T nfo(x, T 70 ﬂfo(xi)(l nfo(x,))}

D log{ VG (a) + VI = 7 )T = 7, (x)).
i=1

In other words we have

log B[ exp (g(yn(fo) ~74(8))) =

Z]Og{l - %[( \/ﬂfo(xi) - \/ﬂg(xi))2 + (\/1 =g (x) — \/1 Te(x;) ) ]}

This implies that

n

(V- V) + (VT - T= 7).
2

i=1
—nh*(Pj,, P,).

log E[ exp (g(n(fo) - 7(2))]

IA

Consequently

A/ ~/ b n n n n
BT, (fo) = 7,(8) = b) < exp|[ = + SKEY BY) - ni (B )],

and, if we choose for positive x,

2
b=+ KED,PY) - 22D, PY) > 0,
n 0 8 0 8

we have,
P(7,(fo) = .(8) > 2t KEY, PY) - 20 B, BL)) < exp(—x).
We conclude that P(Q5(£)) < 2, exp( L Im'| — &) < Ze~¢, which ends the proof of (R-3). O

7. APPENDIX

7.1. Proof of Lemma 4.1. By definition

f = arg min Z] log(1 + exp(f(x))) — 7, (x) f(x)
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Forall f € S,,, for all J € m and for all x € J, we have f(x) = f). Hence f,,(x) = ?,(Z) for all x
in J, and for all J in m, we aim at finding ?f:) such that

f,(n) = arg m1n |7 log(1 + exp(f)) — Zﬂfo(xl)f(J)

ieJ

—(J
where |J| = card{i € {1, ..., n}; x; € J}. Easy calculations show that he coefficient f,(n) satisfies

|J|Lf) _ Zﬂfo(xl) —
1+ex p(fm ) icJ

that 1s

(7.1) 7o

_ log( Dies Ty (Xi) )
(1 = Xiey 7 () /1D) )

Consequently, 7, defined as in (2.2) satisfies that 74, (x) = ﬂ;’? for all x € J, where

(J)
Ty, = 1] Zﬂf"(x’

ieJ

and hence 7y, = argminyeg,, || £ — 7y, ||, is the usual projection of 7z, onto S, =< @, j€m > .
In the same way, fm defined by (4.10) satisfies fm(t) = f;(f) for all r € J, where

Zie] Yi )
VI = Xies Yi/lID )

)= log(

In other words, 7 , defined as 7, with f replaced by 7, , satisfies 7; (x) = 7rf for all x € J,

with
(J)
T ONE

ieJ

7.2. Proof of Lemma 6.2. In the following, for the sake of notation simplicity, we will use
v(B) for y(fg). A second-order Taylor expansion of the function y() around 5* gives for any
B € An

Y(B) = y(B") + Vey(B)B —,8*)

2
f(l—t) ; (ﬂl BT)il---(ﬁD—ﬁ}S)’Dﬁa—ﬁ(ﬁ +1(8 = Bx))dr.

ip+- +ZD 2 1
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Easy calculation shows that

oy
11+Z+;D2“ (,31 -B)"...(Bp - ﬁ}})wﬁ(ﬁ + (B — B*))

B Z % Z dli(xl)(ﬁj —ﬁj)zn (J%*+’(5*ﬁ*)(x")) [1 -7 (fB*H(ﬁ*ﬁ*)(xi))]

+ 22 Z i) (x) B — B))Br — Bw (fﬂ 1 1(8—p)(Xi) )[1 - 7T(fﬂ (8 ﬁ*)(xz))]

I#k i=1
= - Z 7 (i saip-p 00) [ 1= 7 (S suip-p0 (60| () = i ().
i=1
This implies that

rLIZ
YB) 2 y(B) + V(BB - B + s = Ji Il

Since " is the minimizer of y(.) over the set A,,, we have Vzy(8*)(8 — ") > 0 for all B € A,,.
Thus the result follows.

7.3. Proof of Lemma 6.3. Let S, and S two vector spaces of dimension D and D’ respec-
tively. Set S = Sp NLo(Co) + S p NL(Cp) and & be an independent copie of &. Set

(7.2) Z =sup &
uesS ” ”n

al ,andforalli=1,...,n, Z“ =sup
ues ” u ”n

( LS ) + u(xl)]
k#i

By Cauchy-Schwarz Inequality the supremum in (7.2) is achieved at ITg(&). Consequently,

(& — &) (&)(xy) (& — &) (s (B)(x)]? |§l

Z-7Z"< ,
n [ s @) s n* || Tls (&) I3

and  E;[(Z-Z")8] <E, [

with

_\2 )12 )1?
(& — &[T (B) ()] |§] = L@ 5 1, ey

S EEATNGIE n? || s (&) |12
[T (3)(x,)]? 5[5 (8)(x)]*
n2 ||Hs<5)||2( +Eqle) < 1 @ 2

This implies that
Z Efo [(Z - Z(I))Z ]IZ>Z“>|§] < —.
i=1 ‘ 4n

We now apply Lemma 7.1 from Boucheron et al. (2004)), that is recalled here.
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Lemma 7.1. Let X1, ..., X, independent random variables taking values in a measurable space
X. Denote by X/ the vector of these n random variables. Set Z = f(Xi,...,X,) and Z" =
fXh, . Xin, XD X, -2, X)), where XY, L. X)) denote independent copies of X, ..., X, and
f: X" — R some measurable function. Assume that there exists a positive constant ¢ such that,
Efy | Zi1(Z = Z0)14.20/X}| < c. Then for all t > 0,

Pi(Z>E(2Z)+1) < e

Applying Lemma 7.1 to Z defined in (7.2), we obtain that for all x > 0,

g, i)y g, i)y /5
P|sup (& u) > Ey [sup & u) ] + 21 < exp (—x).
ues ” u ”n ues ” u ”n n

Let {1, ...,¥p+p} be an orthonormal basis of S p + S pr. Using Jensen’s Inequality, we write

D+D’ 1/2
PN «m,,)z) ]
k=1

D+D’ 172
< {Z B (2, wk>n>2)
k=1

D+ D
dn

B, [Sup (& u),

] =E.,(l s ll.) = Ey,
ues ” u ”n

N

This concludes the proof of Lemma 6.3.
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