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Abstract

We study the series realized by weighted two-way automata, that are strictly more pow-
erful than weighted one-way automata. To this end, we consider the Hadamard product and
the Hadamard iteration of formal power series. We introduce the representation of two-way
automata and show that the series they realize can be interpreted as the solution of fixed-point
equations. In rationally additive semirings, we prove that two-way automata are equivalent
to two-way representations, and, for some specific classes of two-way automata, rotating and
sweeping automata, we give a characterization of the series that can be realized.

1 Introduction

Two-way finite automata were introduced at the very beginning of the theory of automata. It
was then proved [16, 13] that they are not more powerful than one-way automata. Many papers
have studied the succintness of two-automata automata with respect to one-way automata (cf. for
instance [12]). In this paper, we study weighted two-way automata. This model is strictly more
powerful than weighted one-way automata: they have been introduced in [1] where two-way
Z-automata that are equivalent to one-way Z-automata have been characterized.

In this paper, we try to characterize the series realized by two-way automata. To this end,
we describe different classes of formal power series closed under rational operations, or other
operations like the Hadamard product or the mirror.

The definition of weighted two-way automata is quite straighforward from the definition of
two-way automata and the definition of weighted one-way automata. Nevertheless, the study of
their behaviour is far more complicated: by essence, there may be an infinite number of possible
computations on a given input, and it is not easy to state accurate statements for weighted two-
way automata without strong assumptions. It is the reason why we delay the study of automata
themselves to the end of the paper. We introduce first two-way representations which are alge-
braic models that are extensions of linear representations. As proved in the last part, they are,
under some assumptions on the semiring of weights, equivalent to two-way automata. The set



of series realizable by such representations, called two-way recognizable series, is closed under
sum, Hadamard product, Hadamard iteration, mirror, and left quotient. At the very end of the
paper, we use automata to prove that two-way recognizable series are not closed under Cauchy
produt and Kleene star.

We then show that two-way recognizable series are solutions of some fixed-point systems.
The resolution of such a system would allow to compute an explicit expression for the series
realized by a two-way representation. We solve them in the case of rofating and sweeping rep-
resentations. It proves that rotating representations exactly realize the series which are in the
closure of the rational series under sum, Hadamard product and Hadamard iteration; likewise,
sweeping representations exactly realize the series which are in the closure of the former set
under mirror.

We finally define two-way weighted automata as well as their behaviour. We show that
each automaton corresponds to a two-way representation and, in the case of rationally addi-
tive semirings, we prove that every two-way weighted automaton is valid and equivalent to its
representation.

2 Formal Power Series

A semiring is a triple (K, +, .), where K is a set endowed with two binary associative operations
+ (addition) and . (multiplication) such that 4 is commutative and . distributes over +; K con-
tains two distinct elements 0 and 1 such that O is neutral for + and is a annihilator for ., and 1 is
neutral for .. Moreover, we assume that every semiring is endowed with a partial unary operation
* (star). The semiring K is commutative if . is commutative.

If A is a finite alphabet of symbols, A* is the set of words over A; this set is naturally endowed
with the concatenation as multiplication; this operation is associative and admits the empty word
¢ (the word with no letter) as neutral element. For every word w, we denote |w| the length of w,
i.e. the number of letters of w.

Let K be a semiring and A be an alphabet. A formal power series s in K({A*)) is a mapping
from A* to K; for every word w, we denote (s, w) the image (or coefficient) of w in s and we
formally denote s as an infinite sum:

s= > (s,w)yw.

weEA*

The support of a formal power series s is the set of words w such that (s, w) is different from
zero. A series with a finite support is called a polynomial.

2.1 Rational operations

Formal power series are extensions of languages. To describe quantitative behaviours, it is natural
to extend the regular operations on languages. Let s and ¢ be two formal power series.



e The sum of s and ¢ is the formal power series

s+t= Z ((s,w) + (t, w))w.

weA*

e The Cauchy product is

st= > ( > <s,u>.<t,v)) w;
weEA* \u.v=w
the unit element for the Cauchy product is the constant series 1.
e The power of a series is inductively defined from the Cauchy product:

k 1 if k=0,
S g
s-sP1 ifk > 0.

e The Kleene star of a series is defined in two steps:
—if s is proper ((s,e) = 0),

oo w|
= 2 (e = X (i we

— otherwise, s = s + s,, where sy = (s, ) and s, is proper; in this case, s* exists if and
only if 5§ exists and

*

s* = (s5-5p)"-85-

The sum, the Cauchy product and the Kleene star are called rational operations. The set of
rational series KRat A* is the smallest set of series which contains polynomials and that is closed
under rational operations.

2.2 Entrywise operations
The entrywise operations on series are:
e the sum, which is also a rational operation;

e the entrywise product on series, also called Hadamard product: if s and t are two formal
power series, then the Hadamard product of s and ¢ is

sOt= Z ((s,w).(t, w))w;

weA*

the unit element for this product is the characteristic series of A*, 15 = >, c 4 w;



e the Hadamard iteration of a series s in K({A*)), which exists if and only if the star of every
coefficient of s exists, and
P =Y (s,w)w.

weA*

The set of polynomials is closed under entrywise operations: these operations do not give access
to infinity. We can consider two different families of formal power series:

e KHadA* is the smallest set of series which contains rational series and that is closed under
entrywise operations.

e KRHA* is the smallest set of series which contains polynomials and that is closed under
rational and entrywise operations.

EXAMPLE. Let A = {a,b}, andlet K = P({a, b}*) be the semiring of languages on the alphabet
{a,b}. Let P = {a}a + {b} b. S; = P* is the rational series identity, where the coefficient of
the word is the singleton that contains the word itself.

The series Sy = (P*) ® (P*) maps every word onto its square; for instance ((P*) ® (P*), aba) =
{abaaba}. This series of KHad A* is not rational.

The series (({a}ta)* ® ({b}a)*) - ({b}a)* ® ({a}a)*) maps every word a” onto {a*b"a" % | k €
[0; 2] }. This series is in KRHA* \ KHad A*.

2.3 Mirror operation

The mirror of a word w = wy ... w, is the word W = w,, ... wy. This operation can be extended
to series: the mirror of a series sis S = Y,c 4+ (s, w)W0.

Lemma 1. If the semiring K is commutative, for every alphabet A, KRatA* is closed under
mirror.

The proof is left to the reader; it is very easy to modify a weighted automaton or a rational
expression to represent the mirror of a series without increasing the size of the representation.

Lemma 2. The mirror commutes with the entrywise operations on series.

Proof. Let s and t be two series in K({A*)). Then

sti= ) (s+tww= Y ((ssw)+{t,w)w= Y (sswyw+ Y (t,w)w=5+1

weEA* weA* weA* weA*
sOt= )Y (sot,wyw= > ({(sw).(t,u)w= Y (sswywe Y {ww=3501.
weA* weA* weA* weA*
sF= > (s wyw= > (s,w)yw=5"
weA* weEA*



Lemma 3. If the semiring K is commutative, the mirror anticommutes with the Cauchy product
and commutes with the Kleene star of series with coefficients in K.

Proof. Let s and t be two series in K({A*)). Then

s-t= Z;*<s-t,w)@: Z;* ( z:: <3,u).(t,v)> uv
= z;* ( z:: (t,v).(s,u>> vu=t-3;

weA* \k€Nuj...up=w

s*:Z( > (s,ul)...<s,uk>)w

w\
I
|

:Z( > <8,U1)---<S,uk>)u’1...u

weA* \keNu)..uj =w
O]

Proposition 4. If the semiring K is commutative, KRatA*, KHadA*, and KRHA* are closed
under mirror.

If the semiring K is not commutative and the alphabet A contains at least two letters, the
following famillies are different from the ones defined above:

e KMirRatA* is the closure of KRatA* by mirror;
o KMirHad A* is the closure of KHad A* by mirror;
o KMirRHA* is the the closure of KRHA* by mirror.

3 Two-Way Representations

3.1 A new product of matrices

In this part, we extend the definitions made in [3] for two-way finite automata.

In one-way K-automata (without e-transitions), the transition matrix M can be considered as
a representation of paths labeled by words of length 1, and, for every k, M* is the matrix of paths
labeled by words of length k. The star of the matrix gives then access to the description of the
behaviour of the K-automata on every word. If M is the transition matrix of a K-automaton, if /
and 7" are the initial and final vector, the series realized by the automaton is /.M *.T". Since the
entries of M* are computable (as rational expressions), this is the foundation of the conversion
of K-automata into rational expressions.

For two-way automata, the situation is a bit more complicated and a specific product on
K-matrices with size m + n, must be introduced.



Such a matrix M is divided into four blocks:

— —
M € Kmxm M € Kmxn
M =

— —
MeK™™ | MeK™"

Intuitively, such a matrix represents two-way computations on a given word. The upper blocks
represents computations that start at the first position of the word, and the lower blocks com-
putations that start at the last position of the word; the left blocks represents computations that
end at the last position of the word, and right blocks represents computations that end at the first
position of the word. We define now a product of matrices that reflects the computations on the
concatenation of two words.

To define this product with reasonable properties (like associativity, for instance), we need
some assumptions on the semiring of entries. These identites were introduced in [7].

Definition 1. A semiring K is a Conway semiring if there exists a star operator defined for every
element such that:

Ve,ye K, (z.y)'=1+az.(yx)y, and(z+y) =z"(ya") = (z"y)" a"

If K is a Conway semiring, for every positive integer n, the semiring of K-matrices with
size n can be endowed with a star operation. If n = 1, M* = [My,], otherwise, for every
decomposition

X Y
M = ,
A T

where X and 7' are square matrix with positive sizes, the matrix

(X +Y.T*.2) | (X+YT"2)"Y.T*

(T+ 2ZX*Y).Z2X"| (T+ZX*Y)"

does not depend on the decomposition and is set as the star of M. Then, the semiring K"*" is
also Conway (cf. [4]).

If M and N are two matrices in K™, we set:

= e — Rt N

M.N.M)*N | M+ M.(N.M)*N.M
MeN = — e — 9 o
N+ N.M.(N.M)*.N N.(M.N)*.M

This product depends on the pair (m, n), and not only on m + n; if needed, it can be explicitely
precised as M 2" N.
To prove the associativity, we also need an identity on non square matrices.
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Lemma 5. Let K be a conway semiring and let m and n be to nonnegative integers. If M is in
K™ ™ and N is in K"*"™, then

(M.N)* = Idy, + M.(N.M)*.N.

Proof. If m = n, the property holds. If m > n, let M’ and N’ be two matrices in K™*":

N
M/—lMO], N = |——
0
Then,
(N.M)*| 0
M'.N' = M.N, N .M = , and (N'.M")* = )
0 Id,,—
Hence,
(M.N)*=(M'.N)"=1Id,, + M'.(N'.M")*N' =1Id,,, + M.(N.M)*.N.
Conversely,
N.(M.N)*M | 0
(N'.M")* =1Id,, + N'.(M'.N")""M' = Id,, +
0 0
Id, + N(M.N)*M | O
0 Id,_p
Therefore, by identification of the first block, (N.M)* = Id,, + N.(M.N)*.M. O

Proposition 6. Let K be a Conway semiring and let m and n be to nonnegative integers. The
product 2 on matrices in K™ is associative and the unit is the usual identity matrix |d,,, .

Proof. To prove that (M 2 N)e P = M 2(N 2 P), we prove that the equality holds for the four



blocks of these matrices.

aP

HN
HM

=
=}
=

|_|

TRy TRy TR

*

12 1= 1

PP. 181
x %N J,N
o

=S S

e 13

~—~

1=z 1= eN
qM qM M
FN eN eN

@P PP 1

™oz %N %N o
N HP. ﬁP\ﬁP\HP

%a 1z 12 ﬁN 'z

\l/\l/\l/\l/

HP IS 1S 1S HM
Z 1= 1= 1= 1=

Ha

(/I\((

M %M AM ﬁM ﬁM

(MeN)eP =

Ma(NaP).

N

ew +ew

1= 1=
1= =
18y S
. =
= 2Tz e
1 1= 1 — 1R
e, = =N
1= HW M W = N W
et H 'y
* Q,M 1 %M
%M eN. eN HM. %M S =
FN 18, %N 1 1z 12 mN 1z
T 1A, IR
%N 18 TN T eM o 1
18 42 %N. W T
%M. 12 x i QM. aN
+ 13 HM 1= =
NHN 12 1z 1Sz 1N qM
e s R ]
+ + + + S 4 I 1S 1
= 4

=MzeN

= 1=
==
= = P
HN eN —~
=R 18, w
R
HP 18y m !
CR
2
ﬁN T2 @N |
%M %M =
12 12 1= Hw
J N =
%M. HﬁM. + Jo
eN. 1= = =
ST e s
= 1=
e 1878
HN Z o+ +
(4V) QO
= = Fw Hw
+ + = =

Me(NeP).
O

(MeN)eP)and (MaN)eP)

Similar computations show that M 2(N 2 P)



3.2 Definition of two-way representations

Definition 2. Let K be a Conway semiring and let A be an alphabet. Let m and n be two
nonnegative integers. A two-way representation over A* with dimension m + n is a tuple p =
(I, 11,0, T), where I and T are vectors in K™, L is a morphzsmfrom A* into (Kmtm)x(m+n) 3),
and § is a matrix in KMm+Tm)*x(m+n) ¢, ch that <> Id,,, and <> =0.

The series realized by p is the series |p| defined by

ol = > (I.Oau(w)aO.T>w

wEA*

A series is two-way K-recognizable if it can be realized by a two-way K-representation.

— —

In the sequel, we denote, for every word w, 1 (w) = p(w), w(w) = p(w), etc.

EXAMPLE. Let p = (1,0, u,T) be the two-way (Q, U {oo})-representation over {a}* with
size 1 4 1 defined by:

r-m T=m o= |4fy] - HEHA]

Hence, the weight of ¢” in |p| is equal to p(a” for every n. We prove by induction that, for

)
every n, i(a”) = [1/(n + 1)] and (a") = [n/(n + 1)]. It is true for n = 0 and n = 1; if it is
true for n — 1, then

1/n—1 1\*1 1 1 1
e n __> b n—1 *_> n—1 —_— - . — —_ = — . =
i) =) i D@y e =5 (7 5) L= T =
1 1/n—-1 1\"n-1
P n _(_7 < n—1 x n—1\ < I _ _ . —
p(a®) = pla) + p(a).(p(a" ). p(a))” p(a ).u(a)—2+2( - 2) o
_l_i_n—l 2n. n
2 4n n+1 n+1

:Zk

a
s k+ 1
the Hadamard product. Nevertheless, it belongs to QHada™:

@)@ - ()
) S
= (3G ()

Notice that the two-way representation is over Q. U {oc}, and this does not prove that |p| is in
(Q4+ U {oo})Hada*; p may even not be in (Q; U {oo})RHa*.

This series is not in QRata*; by [14], it is even not in the closure by

Therefore,

We propose an algorithm to compute (|p|, w) based on the following proposition.
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Proposition 7. Let K be a Conway semiring and let p = (I, u, O, T) be a two-way representa-
tion. Then for every word w in A%,

vae A, {L0zmwa) =102 uw) (u(a).02 u(w))" fia).
Oz pu(wa) = ji(a) + fi(a)-02 p(w).(ji(a).02 p(w))" ji(a);

_—_ I T,
(lpl,w) =102 p(w)2 0.T = (I.02 p(w)).(0-.0= p(w))".T.
Proof. The two first equalities are straightforward from the definition of x4 and the associativity
*>

of 2. The last one is also obvious since { = Id. ]

(%
Let w = w; ... w, be a word of length ¢; to compute (|p|, w), we set Xq = I and Yy = .
Then, for every 7 from 1 to ¢,

— — —

Xi = X (u(wi)Yia) " i(ws), Yy = p(wi) + p(wi). Yooy (g (wi). Yioa)* i (w;).

Finally, {|p|, w) = X,.(0.Yy)".T.

The complexity of this computation depends on the complexity of the operations in the semir-
ing KK; usually, the addition is less expensive than the multiplication; moreover, the star of a ma-
trix of size n can be computed with O(n?) multiplications (for instance with the McNaughton-
Yamada algorithm [10]). Notice that we consider the naive algorithm for the multiplication of
matrices: for every n, m,r, the multiplication of M in K”*" and N in K"*" can be performed
with O(mnr) multiplications. We evaluate the complexity of each step of the algorithm. Assume
that p is a representation with size m + n; for every 7, X, is a vector of size m and Y; is a matrix
of size n X m.

e the product 1 (w;).Y;_; requires O(m?n) multiplications;

the star (1 (w;).Y;_1)* requires O(m?) multiplications;

o
e the product X;_.(7(w;).Y;_1)* requires O(m?) multiplications;

o the product X, 1.(y(w;).Yi_1)*.1i(w;) requires O(m?) multiplications;

o the product Y;_;.(jz(w;).Y;_1)* requires O(m?n) multiplications;

e the product Y;_;. (1 (w;).Yi_1)* i (w;) requires O(m?n) multiplications;

e the product 1 (w;).Y;_1.(j (w;).Yi_1)* . 1i(w;) requires O(m?n) multiplications.

Thus, at each step, the cost of matrix multiplications is O(mzn) and the cost of the star of the
matrix is O(m?); notice that if n is negligible w.r.t. m, thanks to the identity (M.N)* = Id +
M.(N.M)*.N, this cost can be converted into O(n?) (with O(mn?) auxilliary multiplications).
The cost of the final computation is similar, and finally:

Proposition 8. Let p be a two-way representation of size m + n. The coefficient of a word of
length k in |p| can be computed with O(k(m?n + min(m?® + n®))) multiplications.
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Classes of two-way K-representations. We shall study the expressiveness of some subclasses
of two-way K-representations. Let p = (I, i, O, T') be a two-way K-representation of size m+n.

e pis a sweeping K-representation if for every letter a, () = 0 and 1 (a) = 0.
e pis a rotating K-representation if it is sweeping and, for every letter a, Z(a) = Id.

e If n =0, pisone-way. In this case, ¢ = Id can be ignored and the representation is a linear
K-representation, as defined in [9]. By the Kleene-Schiitzenberger Theorem [15], a series
over A* can be realized by a one-way K-representation if and only if it is in KRatA*.

3.3 Closure properties

Like in the case of linear (one-way) representations, the set of series realized by two-way repre-
sentations is closed by a number of operations.

Proposition 9. The set of series realized by two-way (resp. sweeping, resp. rotating) K-
representations is closed under the entrywise operations.

Proof. Let p; = (I;, p;, Os, T;) be a representation of size m; + n;, for i in {1, 2}.
e SUM. Let p3 = (I3, 13, O3, T3) be the representation of size (m +m2) + (n; +ns) defined

by
Ty
13 = [ 1 ‘ J } s T3 =1, Va € A,
13
_ - _ . -
pa) | 0 jufa)| 0 01| 0
Id
>
0 | pa(a) 0 | fa(a) 0] 02
p3(a) = , O3 =
— — N
ma) | 0 ma) | 0 01 0
0
(ﬁ
0 | p(a) 0 | fiz(a) 0| 2
By induction on the length of words, it immediatly comes that, for every non empty word
w,
p(w) |0 ju(w)| 0
0 | frz(w) 0 | fia(w)
ps(w) =
)| 0| u(w)| 0
0 | pa(w) 0 | fia(w)




Hence, for every word w,

—_—_

I5.03 2 jig (w) =Is.(j53 (1).0n)* s (w))
= [ 1.5 ()01 5 (w)) | Lo (w).02)" s (w)) |
= [ I.01 2 py (w) ‘ 1,092 po(w) } )

— s — T > — <>1 e <w) 0
Ose ps(w) = pa(w) + ps(w).Os. (13 (w).O3)" . pus(w) = ),
0 Oz 2 pio(w)
and finally
I.01 2 i (w) gl 0 012 (w) 0 T,
(lps], w) = —. — - —
15092 pio(w) 0 | Q2 0 Qg2 pa(w) 15

=L.012u(w)e01. Ty + 1r.022 pa(w) 2 Q2.1
= (|p1], w) + (|p2ls w) = (|p1] + |, w).

e HADAMARD PRODUCT. Let py = (4, j14, O4, Ty) be the representation of size (m; +
ms) + (ny + 1 + ny) defined by:

142{ Il ‘ 0 }, T4:7,V(IEA,
Ty
o
pi(a) | 0 f(a) |0 0 O1|Ty| 0
Id —
— <
0 | pa(a) 0 |0|pu(a) 01010,
lu4(a): 7<>4: —
pi(a) | 0 fn(a) [0] 0O 0110
0 0 0 [1] 0 0L 0
—
0 | pa(a) 0 | 0] fia(a) 0| Q2

12



We prove by induction that, for every word w,

IOszmw) = [ L.orzm@) | o .
Gremw)| 0

Qg2 pg(w) = 0 I5.09 2 pa(w)

0 022 1o (1)

It is true if w if the empty word, and, if it is true for w, for every letter a:

(114(a).01 2 pa(w))" fra(a)

r T\ *

1 1w 0 R
iwlo] o ] [&Em™ i@ o
= - 0 IQ.<>22,M2(U)) -
0 |0 in) A s 0 |
[ ji(a).01 2 (w) 0 @] o
0 i@ 0zm@) | | 0 ||
[ (2(0).01 2 (w))* ik (a) 0
0 (1(0).022 o))" s (a).
I4.<>42,u4(wa)
) (f11(a).012 pr(w))*.pa(a) 0
=1 Il.<>4e,u4(w) ‘ 0 } P—
0 (1(2).0 2 pa(w))* Ja(a)
= | 1.0v2m(w) @) em(u) i) | 0 ]
= i Il.<>12,u1(wa) ‘ 0 } :

13



Os 2 pa(wa)
pi(a) | 0 p(a).012 m (w) 0
= 0 0 + 0 I5.02 2 pa(w)
0 | pa(a) 0 fia(a).0s 2 i ()
(1(a).012 pa(w))*.pu1(a) 0
0 (13(0). 02 2 o))" i)
012 pr(wa) 0
= 0 I2.<>2 2,&2(’(1]@)
0 0o 2 o (wa)
We then compute (&.04 2 pg(w))*:
o 0 Y
5l | o 012 (w)
- | 0 I5.092 pig(w)
0 0] 02 —
0 022 pa(w)

— <<_>)1-<>1 2 (w)

Tl-[2-<>2 Z/LQ(U))

—_—

0 <<_>’2-<>2 2 fa(w)

o« — —_— _— —_—

(01.012 111 (W) | (01012 un (w))* Ty o0 2 (). (0.0 2 ra(w))*

—

0 (5)2‘02 2 fiz(w))*

r <  —— D — S

(01.012 1 (w))* (61-01 2 1 (w))*Th.12.02 2 pa(w) 8 Og

—_—

0 (02022 f1z(w))*

14



Finally, the coefficient of w in |p,] is

(1.0 2 pra(w)). (0204 2 pra(wa) . T,
:Il.<>1 e U1 (w)((<_>)1<>1 ] /,Ll(w))*T1]2<>2 e,ug(w) ] <>2.T2

e S —

=L012m(w)201.11.15.02 2 pa(w) 2 O2.T5 = (|p1|, w).(|p2|, w) = {|p1| @ |pal, w).

e HADAMARD ITERATION. Let p = (I, 1, 0, T) be a two-way representation and let p; be
the two-way representation defined by

1
L=[1] I |, =,
1] 0 0 [0 7 i 0 [0 7
Id <
0| 4(a) | w(a) |0 O |T
Va € A, is(a) = o 0s= -
0| w(a) | ula) |0 0] © 0
. 0] O 0 |1 | L 0] [ i
We prove by induction that, for every word w,
% —>
I5.05 2 s (w) = { 1 ‘ I.$2p(w) }7
o2 pu(w)
— 0 e pu(w
Os 2 ps(w) =
O‘I.Qau(w)
It is true if w if the empty word, and, if it is true for w, for every letter a:
(% *
e 0107 [o] oenu 1 o
(1s(a).Oa2 ps(w))"ps(a) = | | < : 1ol
p(a) |0 pi(a)
0| 1.02u(w)

15



_—_

I5.05 2 pus(wa)

1| 0
=[1]r0euw) |- { 0| (ji(a).0 2 u(w))" 7i(a) ]

— | 1] .02 pw) (@02 u(w)) i) | = [ 1] £02u(wa) ]
- o a).Ozpw) | L 0
Orgtu) = Zﬂéa) " zﬂjii:(ﬁ))] { (77(a).0 2 u(w))* 7 (a)

[ o] i@ + i) e n(w) i) o) ﬁ(@]
0 Lozpu(w).(ji(a).02u(w) fia)

o 02 p(wa) ]

E | 0] .02 p(wa)

—_—

We then compute (&.05 2 ps(w))*:
g 0 0| Oep(w)
O| T

0 ‘ I1.¢2p(w)
Finally, the coefficient of w in |ps| is

|

_—_

1| 0
N { 0 (g.@e,u(w)qLT.[.(}au(w))* ]

1] 0
- { 0| (0.0 pu(w) (T.1.02 p(w).(0.0 2 p(w))") ] |

_—

(I5.05 2 pi5(w)). (0505 2 s (wa) )" T
I 010 0 ¢eu(w) 1
=[] roenwi ]| |57 |7
O‘I.Qau(w)
1+ L.O2p(w).(0.02 p(w) (T.1.O 2 p(w) (0.0 2 p(w))*).T

14+ .02 u(w).(0.02 u(w)"T.(I.0 2 u(w) (0.0 2 p(w))*.T)*
=1+ (|pl, w).{lpl, w)* = {|p|, w)".

Notice that these constructions preserve the sweeping and the rotating properties.
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Proposition 10. The set of series realized by two-way (resp. sweeping,) K-representations is
closed under mirror.

Proof. Let p = (I, 1, ¢, T) be a two-way representation of size m + n and let pg be the two-way
representation of size (m + 2) + n defined by

0
16_[1\ 0 \o},T@-: 01,
1
[ 1] 0 |0 0 ] [ I ]
0 @) | | ¥l 1d ¢
Vae A jugla)=1 0| 0 |1 0 : O = 0
0% |0 | i) ol o |T | o

We prove by induction that, for every word w,

_—
Is.0¢ 2 pg(w) = Ig

—_—

G2 () = [o w020 | nm)eo T ] |

It is true if w if the empty word, and, if it is true for w, for every letter a:

—

(f16(a)-06 @ ps(w))*-6(a)
0 11l o o
— {,‘7(@) .lou(w)aou(w)aO.T] 0] a) |0
0 ol 0 |1
0 0 0 11l o |o
=| 0| tla).u@ed | la).p(®@)ed.T | .| 0| pula)|0
0 0 0 ol o |1
! 0 0
=| 0| (i(a).u@) e0) u(a) | (4(a).n(@)ed) . 1i(a).u(w)eO.T
0 0 1

R SN

Is.05 2 s(wa) = Is.(fig(a).O @ pis(w)) " pis(a) = [ 1| 0 [0 ].

17



Os & pig(wa)
:[oma) o]+[ﬁ<a>] [0u<w>e0u<w>e<>:r]
1 0 0
0 | ((a).n(@) 20" ila) | (4(a).u(w)20)"1i(a). u(w)2 0.T
0 0 1
zlo‘ﬁ(a)o%[oﬁ() w) 2 WT]
1 0 0
0| (7(a).u(w) 2 0)*-ji(a) | (7 (a).pu(w) 2 0)". 3 (a).j(w) 0.7
0 0 1
_ 0| @20 (@ 2@ B0y @) | 0280 (@) o 200 7). 120 0
+ii(a) i (a). (@) 2 0.7

= _ 0 u(aw)eb u(aw)eo.T] = [0 u(m)a@ M(M)ZO.T]

Finally, the coefficient of w in |pg| is

—_—_— e

(16-O6 2 ps(w)). (0606 2 ps(wa)) " Ts

I 0
=[1] 0 Jo]. [ I lou(w)aou(w)aOT 0
0 1
0| 1p@)ed | Lu@eor | [0
=[1] 0 [0]. | o] oum@ed| 0. um@eaor | |0
L 0] 0 | 0 L]
—Lu(@)20.T + Lu(w) 2 0.(0.1u(@) 2.0)".0. u(@) 2 0.T
=I.0eu(w)ed.T.

This construction preserves the sweeping property.

Proposition 11. Let K be a Conway semiring and A an alphabet.
Every series in KHad A* can be realized by a rotating K-representation.
Every series in KMirHad A* can be realized by a sweeping K-representation.

18



Proof. Every series in KRatA* can be realized by a one-way K-representation, and the set of
series realizable by rotating K-representations is closed by the entrywise operations. Likewise,
the set of series realizable by sweeping K-representations is closed by mirror. ]

Proposition 12. Let K be a Conway semiring, let A be an alphabet, and let p = (1, 1, O, T) be
a two-way K-representation over A*. For every word u, the left quotient of p by u,

upl =D {lpl, uv),

vEA*

is realized by the two-way representation (I', i, ', T), with
1

; Id | 02 p(u)
r=r102pw), O =|—
o | o

Vo e A, p(v)2 ¢ = T ().(0 F ()"0 = A0).(0.F )"0 = n(v)20,
p(v)2 0’ = H ) + B0 ©) .0 fiv)
— () + A ©)-(0.7)".0.51(v) = p(v) 20.

Then,

_— —

Vo € AT 2 ju(0) 20T = 1. O 2 j(w) 0 (j(0) 20.0') . j(0) 20T
=1.02pu(u).(pv)ed.0eu(u)) . pv)ed.T

-

=I.02u(u)euv)ed.T =I1.02u(uw)2d.T.

O

We shall see further that two-way recognizable series are not closed under Cauchy product
and Kleene star.

4 Two-way-recognizable series as fixed points

In the case of one-way K-automata, if M is the transition matrix of an automaton with final
vector 7', and X is the vector with entry in K((A*)) such that X, is the series realized if p is the
initial state (with weight 1), X fulfills the following fixed-point equation:

X=T+M-X.
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If each entry of M is a linear combination of letters, S = M™*.T" is the unique solution of the
equation, and thus the series realized by the automaton is /.M *. T, where [ is the initial vector.
This is the foundation of algorithms that convert one-way automata to rational expressions.

We set a similar equation for two-way representations. We consider the matrix algebras
respectively induced by the Cauchy and the Hadamard products. For every m,h,n in N, for
every M in K((A*))™*" and every N in K((A*))"*", for every (4, 7) in [1;m] x [1;n],

(M-N)ij= > M- Mg, (MON)i;= Y MO M.
ke(1;h] ke(1;h)

Notice that M ® N is not the Hadamard (entrywise) product of matrices.

These matrix products admit unit elements : |d,, is the diagonal matrix of size n with entries
1 and A} is the diagonal matrix with entries 15, (the dimension may be omitted).

If K is a Conway semiring, so is the semiring (K({(A*)), +, ) (¢f. [4]); thus, the star M* of a
matrix M over this semiring is well-founded. Likewise, (K({A*)), +, ®) is also Conway (since
every operation is entrywise), and for every matrix M in K((A*))"*", M® is the star of M in
this semiring.

We prove now that the series realized by a two-way K-representation can be characterized as
the unique fixed-point of a system.

Theorem 13. Let K be a Conway semiring. Let p = (I, pu, O, T') be a two-way K-representation
and let M =" ,c 4 p(a). Then the unique solution of the system

<~ <~ — — —
X =0+M-A+(M-X)0(M-X)?0 (M-A"),

N N N o (1
Y =T+M-Y+(M-X)o(M-X)*6 (M-Y)

is (X,Y) = (S, 5.T), with
S= > (mw)2d)w.

weA*

The series realized by the representation is _T(g((—}})f*> ® (§T)

Proof. Assume first that there exists a solution (X, Y;). We first prove by induction that X, =
S. The matrix M is proper, hence (Xy, &) = 3 = <§,5), and for every letter a, (Xo,a) =
(]\7, a) = p(a) = <§, a). Let w be a word such that (X, w) = <(§, w). Then, for every letter a,

(Xo, aw) = (M - A*, aw) + (M - Xo, aw).(M - Xo, aw)*.(M - A*, aw)
— (M, a) + (M, a).(Xo, w).({(M, a).(Xo,w))*.(M, a)
— (M, a) + (M, a).(Xo, w).((M, a).(Xo, w))*.(M, a)
= (M, a) + (M, a).{ 5, w).((M,a).(5,w))" (M, a)
= i(a) + Ai(a). p(w)20 (fa). pw)2d ). jia)
= p(@)2pu(w)20 = plaw)2® = (S, aw)



We then prove by induction that Yj

o
= S.T. (Yy,e)
a word such that (Yp, w) =

_
ey=T= pule)e) T =

%

(S.T,w). Then, for every letter a

(Yo, aw) = (M - Yy, aw) + (M - Xo,aw>.(]\7-X0,aw>* <]\7 Yo, aw)
= (M. a).(Yo, w) + (M, a).(X;,
— (M, a).(S.T,w)

= i(a)

p(w) 2o
)

ii ii ii

w).((M, a).(Xo,
M, a).(S,w).((M,a).(S,

(
T
+ ). ww)eo (Fa). p(w)ed ) fila).
i(a).(

. op(w)ed T
pw)ed gia). plw)ed .T
= p(a)2

pw)e® = plaw)ed .T

w)".(M. a). (Yo, w)
w))* (M, a).(S.T, w)

)
i

%
= (S.T,aw).
H
It is easy to check that (.S, S.T") is actually a solution to the system
Finally, for every word w

(1.(S-0)" 0 (5.7),w) = L{ plw)20 -0)° 6

pww)yed T
—1.0.( pw)2d -0)° 6 pw)ed T
=1.02u(w)ed.T.

EXAMPLE. Let p = (I,u,{,T) be the two-way (N U {oo}) representation defined by

Xl_

N R BRI e
e Lol (28] )

-Y1).
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The last factor of the third term of X forces words to begin with letter a, hence, the product with
([ 0 b } - X 1)® is always null except with the identity; finally, it comes

0 0 2a
Xl_[l%—bA*}Jr[Qa 0 ]’Xl'

Hence, by Arden lemma,

0 2al 0 | 2a )
Xl_[?a 0] .l1+b(a+b)*]_(4aa) [ 1 ](1+6A)'
Likewise, in the third term of Y7, the first letter of words must be a b, hence,

n= Lo frla g e T Jomararen [ o([o 0] )

Considering the parity of the first block of a, it comes

Yl_“)]JFH 8].Yl_i_[an(élaa);(l—I—bA*)]@([O b] %)

WesetY, =Y, ©aA*and Y, =Y, © (1 +bA*); Y; =Y, + Y, and it holds

0
Yo = '(Ya‘i_Y;J)
a
1 b 0 2a(4aa)*(1 + bA*
N DN S B RO AR a(4aa)’( Moo 1] )

v — [ aa(aa)* alaa)* ] v,
I a(aa)*  aa(aa)*

1 b(aa)* ba(aa)* 2a(4aa)*(1 + bA*) §
Y,= 0 0 0 Yy +0 0 @(a(aa) [1 a]-Yb)
1 b ) * 1
= (aa)” bafaa)™ | Y, + b2a(4aa)* . Y.
0 0 0 00
therefore, )
[ (b(aa)* + b2a(4aa)*)*
Yo = 0

The solution of this system is
2a(4aa)*(1 + bA")
(4aa)*(1 + bA*)

Y, = (aa)*(b(aa)* + b2a(4aa)*)* ] |
a(aa)* (b(aa)* + b2a(4aa)*)*

Xy =

Y
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Hence, the series realized by the representation is
o [ 1] l 0 2a(4aa)*(1 + bA*) F@l (aa)*(b(aa)* + b2a(4aa)*)* ]
Yo ] 00 (4aa)t (14 bAY) a(aa)*(b(aa)* —|—b2a(4aa)*)*
= (aa)*(b(aa)" + b2a(4aa))" + (2a(4aa) (1 + bA)) ® (a(aa)*(b(aa)” + b2a(4aa)*)")
= ((aa)* + 2a(4aa)*)(b(aa)* + b2a(4aa)*)*.

Theorem 13 is an implicit characterization of the series realized by a two-way representa-
tion. Unfortunately, Equation (1) is not easy to solve (and does not always accept solutions in
KRHA*). In the next section, we solve it in the particular case of sweeping representations.

5 Rotating and sweeping representations

In this section, we characterize series realized by rotating and sweeping representations and we
show that they can be denoted by explicit expressions involving rational, entrywise and mirror
operators.

Theorem 14. Let K be a Conway semiring. Then, a series can be realized by a rotating K-
representation if and only if it is in KHadA*. Moreover, let p = (I,1,0,T) be a rotating
K-representation and let M = Y, 4 p1(a)a, then

—x o

ol =L.(M .0.0) oM .T.

Proof. Proposition 11 states that every series in KHadA* can be realized by a rotating K-
representation. Conversely, since p is rotating, Equation (1) reduces to

T
X= O+M- X
Y= Wd+M-Y.

— ko %

The solution of this system is (Xo, Yy) = (M .0, M .T). O

Theorem 15. Let K be a Conway semiring. Then, a series can be realized by a sweeping K-
representation if and only if it is in KMirHad A*. Moreover, let p = (I, u,,T) be a sweeping
K-representation and let M =", 4 p(a)a, then

— * — I

ol = L((O 0)o (M .6))" @ M .T.

Proof. Proposition 11 states that every series in KMirHad A* can be realized by a sweeping K-
representation. Conversely, since p is sweeping, Equation (1) reduces to

— — —
X= 0+(M- -X)o(M-A"),
Y= ld+M-Y.
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*

_)
It immediatly comes Y = M .T', and we prove by induction on the length of words that, for

every word w,
Sk Tx

(X,w)y = (M .0)oM ,w).

— —
It is true when w = ¢ (M and M are proper), and if it is true for a word w, then, for every letter a,

(X, aw) =((M - [(M.0)® M )) ® (M - A%), aw),
(M -[(M.0) ® M ],aw) - (M - A%, aw),
—(M,a).((M .0) © M ,w).{M,a),
=@1®@T§ﬁvﬁﬁwﬂﬁf&
=((Id + M.M ).0,aw).(Id + M .M),aw),
—(M 0, aw){M ,aw),

—((M .0)o M ,aw)

*

— ok =
Finally, X = (M .0) ® M . Hence, by Theorem 13, A realizes the series

*

S—I(M.0O)oM -0)? oM T.
O

Since the star of matrices can be effectively computed by the usual formulae, these theorems
state that, for rotating and sweeping representations, an explicit expression (involving rational,
entrywise and mirror operators) representing the realized series can be computed.

EXAMPLE. Let p be the following sweeping representation:

I=[1 0] T:[1(/)2]’ 3:[1?2 8]’ 3:“)8]’

M:lavLéb :b ] M_[;a+b ta ]

0 a+b 0 a+b
It holds:
]\—2* _ (a+%b)* (a+%b)*%b(a+b)* ]\7* _ (%a+b)* (a+b)*%a(%a+b)*
0 (a+b)* ! 0 (a4 b)"
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Therefore, the series realized by p is:

= sla+3b) 3bla+0)* 0 (a+b)*ia(3a+b)* 0 ©
=1 0]([ 20 2 O]@[ 3 0 )
+

= (Glat g0rbla+ )@ Gla+braGa+) © (ot
— <1(a + ;b)*(b(a +0)a+ a(;a + ;b)*b) (;a + b)*>® O ((a+

6 'Two-Way Automata

6.1 Definition of Two-Way Automata

We define weighted two-way automata that are extensions of classical two-way automata. We
consider, like for instance in [3], that, during the computation of two-way automata, the move
on the input only depends on the state and not on the transition. These two-way automata are as
powerful as the usual ones; they correspond to the family of d-local automata defined in [5].

Definition 3. Ler K be a semiring, A an alphabet and (] a special symbol, called endmarker,
which does not belong to A. A two-way K-automaton over A is a tuple (Q,,Q_, A, K, E I,T),
where

- Q = Q.+ UQ_ is a finite set of states;

—d:@Q — {—1,+1} is the direction of every state;

—FE:QxAXxQUQL xOxQ_UQ_ xOx Qy — Kis the transition function;

—I: Q. — Kis the initial function;

~T:Q+ — Kis the final function.

The set of transitions is the support of F, the set of initial states is the support of / and the
set of final states is the support of T'. For every transition e = (p, a, q), A(e) = a is the label of e,
o(e) = pis the source, and 7(e) = q is the target of e.

Letd : Q — {—1,+1} defined by d(p) = +1 for every p in @+ and §(p) = —1 for every
pin Q_. A path in such an automaton is a sequence (e;, p;)icjo.x], Where every e; is a transition
and every p; is a non negative integer such that:

—foreveryiin [1; k], o(e;) = 7(e;_1),

—forevery iin [1; k], p; = pi_1 + (0 (e;)).

A word w = wy ... w, is admissible for such a path if, for every i in [0; k], p; is in [0;n] and
A(e;) = wy,.

It is strongly admissible for the path if it is admissible and:

—po=0if o(ep) isin Q4 and py = nif o(ep) is in Q_;

—pr =nif 7(e) isin Q4 and py = 0if 7(ex) isin Q_.
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Figure 1: The two-way N-automaton A,

A path 7 = (e;, Di)icjo;) i @ computation on the word w = wy . .. w, of A*, if
— Hw is admissible for 7,
—po = 1 and o(ep) is an initial state,
—pr, = n and 7(ey,) is a final state.
The weight of a computation ™ = (e;, p; )icjo;x] is the product

w(m) = I(o(e0)). (H B(e)) T(rten)

Notice that the weight of a computation is computed “one-way”, like the trace of a two-way
computation defined in [11].

EXAMPLE. The two-way N-automaton of Figure 1 accepts every word. It is a deterministic
automaton: there is only one initial state, for every letter in input and every state, there is at most
one transition, and there is no transition with label [] that leaves a final state. Every word with k
letters a in blocks of odd lengths is accepted with a weight equal to 2.

Behaviour of a two-way K-automaton. A two-way K-automaton A is valid, if, for every
word w, the sum of the weights of the computations on w is defined. In this case, we denote
(|A], w) this sum and, the behaviour of A is the formal power series

Al = > (Al w)w.

wEA*
We also say that the series |.A] is realized by .A.
Classes of two-way K-automata. We define here subclasses of two-way automata that corre-

spond to subclasses of two-way representations described above.
Let A= (Q.,Q_,AK, E I,T) be atwo-way K-automaton.

o Aisone-wayif Q_ = 0.

o A is sweeping if every half-turn is labeled by the endmarker: for every transition e,
d(o(e)) # d(7(e)) implies A(e) = O.

e A is rotating if it is sweeping and, for every p in ) _, for every letter a, there is a unique
transition with source p and label a; this transition is a loop on p with weight 1.
Thus, depending on the state reached after reading the input, the automaton can rewind to
the beginning of the input.
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6.2 Representation of a two-way automaton.

Let K be a Conway semiring and let 4 = (Q+,Q_, A, K, E,I,T) be a two-way K-automaton.
The representation of A is the two-way representation (7, u, ¢, T") of size @+ + @)_, where

Va e A, Y(p,q) € QxQ, pla),, = E(p,a,q)

E(p,0,q) ifo(p) # 6(q),
V(p,q) € Q xQ, Opg =11 ifpe @randp =g,
0 otherwise.

In the case where K is the Boolean semiring, the monoid M generated by {u(a) | a € A*}
(with 2 as product) is the finite monoid of the two-way automaton, defined in [2]; 1 is a morphism
from A* into M, and the language accepted by the automaton is = (P), where P = {M € M |

_—
I. 0eMea$ T =1}.

In general, the Conway properties does not tell how the sum of the weights of all computa-
tions labeled by a given word can be computed in the two-way automaton. To state the equiva-
lence between the automaton and its representation, we must restrain to a framework where the
star and the infinite sums are related.

EXAMPLE. We consider the series

S (- (6)(6)) e Q)

o k+1 2 2 2
We can apply the construction of Proposition 9 to build a two-way Q-automaton from this ex-
pression. The result is the automaton .4, of Figure 2 (left). This automaton is not valid: for every
word w, there are an infinite number of computations with label w and weight ﬁ Nevertheless,
there exists a two-way Q-automaton corresponding to the representation that realizes this series;
it is drawn on Figure 2 (right), and this one is valid. Since the weight of every computation is
positive, one can perform block sums and therefore the sum of the weights of the computations
labeled by a given word exists and is the value given by the representation.

6.3 Simple Two-Way Automata

We say that a two-way automaton is simple if for every input, the number of computations is
finite. Obviously, a simple two-way weighted automaton is always valid and we need no as-
sumption on the semiring of weights to handle simple automata.

Definition 4. Let A = (Q4,Q_, A, K, E, I, T) be a two-way automaton. A path ™ = (e;, pi)ic|o;k]
is an unmoving circuit in A if o(eg) = 7(ex), po = pr + d(c(eo)), and there exists an admissible
word for .

Lemma 16. [1] A two-way automaton is simple if and only if there is no computation containing
an unmoving circuit.
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Figure 2: The sweeping Q-automaton .4, and the two-way Q-automaton As.

Proposition 17. [1] It is decidable whether a two-way automaton is simple.

These results are obtained through the study of the crossing sequences, that are the sequences
of states of a computations meet at the same position. A one-way automaton can emulate the se-
quence of crossing sequences on an input. This is the idea of the original proof of the equivalence
between 1NFA and 2NFA [16]. If K is commutative, the computation of the value can also be
emulated; finally:

Proposition 18. /1] If K is a commutative semiring, every simple two-way automaton realizes a
rational series.

Like for unweighted automata, simple two-way weighted automata can nevertheless be more
succint that one-way weighted automata.
Particular simple two-way automata are deterministic automata.

Definition 5. A two-way automaton is deterministic if

— it contains at most one initial state,

— for every letter (or endmarker) a and every state p, there is at most one transition e with
o(e) =pand \(e) = a,

— for every final state p, there is no transition e with o(e) = p and \(e) = .

In [5], it is proven that a deterministic two-way weighted automaton can emulate any un-
ambiguous one-way weighted automaton i.e. a one-way weighted automaton with only one
computation for each accepted word.

Simple two-way weighted automata are always valid, but the use of their representation is
not always accurate.
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EXAMPLE. The representation of the automaton .4; of Figure 1 is:

I=|1 0], T:lé],

1 0]0
O=10 1|1/, p(a) =
0 1]0

Ol o

1
0
0

N o
=
—~
S
N—

Il
Olo =
= o o
Ol = o

For instance, to compute the weight of ab, on can compute

0 0|2 2 0
plab)=11 010 |, Qep(ab)=11 0
0 10 0 1

7 1/2 0 001" [20 1 0 2 0
OEMWMEO—[ 1 o]'[o 11 _[1 0]‘[0 w]__[l o]’
Hence, the weight of ab is 2. This value can be computed direcly with the automaton, since it
is deterministic. Notice that in the computations with the representation, non trivial star opera-
tions may appear. Actually, starting from the state in the center of the figure, one can follow a

unmoving circuit with admissible word bb (or bLJ).

This automaton is valid in N, but to perform the evalutation through its representation, we
must embed N into the Conway semiring N U {co}.

The same automaton with weight in Z (replace 2 by —2) is always valid, but there is no
embedding of Z into a Conway semiring and there is no more correct representation for this
automaton.

6.4 Two-Way Automata over Rationally Additive Semirings

We consider now rationally additive semirings introduced in [8], and we prove in this framework
the equivalence between two-way weighted automata and two-way representations.

Definition 6. [8] A semiring K is a rationally additive semiring if it is equipped with an operator
>~ defined on some countable families such that, for every countable set I and every family s in
K/,

1. if I is finite, Y ;< s; exists and is the sum of elements of s;
2. for every element ¥ of K, _;cn @ exists and x* is defined as x* = 3 ;o 2.

3. for every element x of K, if >_ s exists, sodo Y ,c; x.s; and Y ;cr si.x, and

Y zsi=zd ) and Y six = (D s).;

il el
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4. assume that I is the disjoint union of sets (I;) e ; if for every jin J, r; = 3c;. s; exists,
and ;v exists, then 3 s exists and 38 = 3 ;755

5. assume that I is the disjoint union of sets (1;);jc;; if for every jin J, r; = Y icl; Si €Xists,
and y_ s exists, then for every jin J, 3" ;c ;i exists and 3 jc;rj = 3 8.

EXAMPLE. Many positive semirings are rationally additive or can be completed to be rationally
additive, for instance N U {oo}, Q4 U {oo}, (N U {oo}, min, +), the regular languages, every
complete lattice, or every positive finite semiring. Nevertheless, many current semirings are
not rationally additive. For instance, no ring is a rationally additive semiring; otherwise s =

> o(—1)™ exists, then s = 0 by block sum, and s = 1 + (—1).s, which is a contradiction. The
study of two-way automata and representions in semirings that are not rationally additive requires
further investigation. Specific cases have already been studied: Z in [1], or (Z U {co}, min, +)

in [6].
Proposition 19. /8, Prop. 4] A rationally additive semiring is a Conway semiring.

This means that, in rationally additive semirings, the combinatorial approach of star (as sum
of powers) and the axiomatic approach meet. As a consequence, we show that, in this frame-
work, the combinatorial description of series by two-way automata is equivalent to the algebraic
description by two-way representations.

Proposition 20. Let K be a rationally additive semiring, and let p = (I, u,,T) be the rep-
resentation of a two-way K-automaton A. For every non empty word w = wy ... w,_1 of A%,
and every pair of states p,q, let P(w),, be the set of paths from p to q for which w is strongly
admissible. Then, the sum of the weights of P(w),,, exists and

TEP(W)p,q

Proof. The proof is by induction on the length of w. If n = 1, P(w),,, is either empty and there
is no transition from p to ¢ with label @ in A; in this case, p1(w), , = 0; or P(w),, is the singleton
that contains the transition from p to ¢ with label a in A; in this case, the weight of this transition
is by definition pi(w), 4.

Assume that n > 1, then w = wua where u is a word with length n — 1 and a is a letter.
For every path m = (e;, pi)icjo) in P(w)pq, we set Ry = {i € [0;k] | p; = n}. We set
P(w)l) = {m € P(w),, | |R:| = t}; obviously P(w),, = Usen P(w){). We consider now the
(partial) operation of concatenation of paths: let 7 = (e;,p;)icox) and ¢ = (fi, ¢)icjo;) be two
paths such that 7(ex) = o(fo), then m.C = (gs, 7% )ic(oye-+e+1]> With

(girs) = 4 (oo P if i <k,
v (fick=1,Gi—k—1 — @0 +px + 6(0(fo))) ifi > k.
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This operation extends to sets of paths.
Assume first that p and ¢ are in @, P(w)
more generally, for every ¢ > 0,

0)
P

is empty and P(w)&g = Ureq, P(W)pr-P(a)rg:

P(w)g(ﬂ] = U P(u)p,ﬁ'P<a)r1,31P(u)sw‘z"-P(U)St—1,r‘tp(a)rt,q'
alaSds

By induction hypothesis, for every pair of states 7, s, the sum of the weights of paths in P(u),
(resp. P(a),s) is defined, hence, by [8, Prop. 3], the sum of the weights of paths in P(w)%
defined and

1S

Z w(m) = Z ﬁ(“)p,m-ﬁ(a)nm-‘-(ﬁ(u%tq,rwﬁ(a)m,q

ﬂ-ep(w);{é TerTtEQ )

S1v 81160 (2
= (FiC). (@) Jiw) ™ i)

By [8, Th. 9], if K is a rationally additive semiring, so is the semiring of matrices K"*™ for

every m. Therefore, the sum over ¢ of (ﬁ(a)}—[(u))t is defined. Hence, by the fourth axiom of
rationally additive semirings, the sum of the weights of paths in P(w) exists and

S wim) = (si(w).(H(a) i (w) Hi(a)) = ji(ua),,.

TEP(W)p,q

Assume now that p is in Q and ¢ is in Q_, then P(w){") = P(u),,, and for every positive ¢,

P(w);(f,)q = U P(w)pry - P(@)ry 51 P()sy g P(@) 7y 5, P ()5,
e

By the same arguments, the sum of the weights of paths in P(w){) exists and

)
P.q

> wm) = (i) (i) 5 w) @) iw)

TrGP(w)g,zZ pa

Finally, we get

S w(m) = () + (fi(w).(10) H (W) i (a)ji(w) = i(ua),,.

TEP(w)p,q
The proof is similar in the cases where p is in ()_. O]

Theorem 21. Let K be a rationally additive semiring and let A be a two-way K-automaton.
Then, the automaton A is valid and the series realized by A is the same as the series realized by
the representation of A.
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Proof. The proof is similar to the proof of Proposition 20. Let w = w; ... w, be a word in A*;
for every pair of states p, ¢ in @, let S(w), , be the set of paths T = (e;, p;)icjo,) from p to ¢
such that [w is admissible for m, py = 1 and p,, = n; like in the proof of Proposition 20, we
show that the sum of the weights of S(w), , exists and is equal to (¢ 2 pu(w)),.4-

Likewise, if p is in Q_ and ¢ in @, we set S(w), 4 as the set of paths ™ = (e;, p;)icjo;e from p
to ¢ such that [w is admissible for 7, pg = k and p;, = n; the sum of the weights of these paths
is equal to (¢ 2 p(w)),4

Finally, for every pair of states p, ¢ in @1, C(w), 4 be the set of paths 7 = (e;, pi)ic[o,r from p to
¢ such that w0 is admissible for 7, py = 1 and py = n; let R, = {i € [0;k] | p; = n+ 1} and,
for every ¢, let C(w){!) = {m € C(w),4 | |Rx| = t}. Then, for every ¢,

C(w)g)q: U S(W)pry - fr1,509 (W) sy g Fro,se S (W) 51,0

71, TtE€EQ+,
81,...5t€Q —

where every f,. ;, is a transition with label []. Hence, by the same arguments as in the proof of
Proposition 20, the sum of the weights of the paths in C'(w),, , exists and

-

S w(r) = (02 p(w) (002 p(w))yg = (02 p(w) 2 0)y,

T€C(W)p,q

The sum of the weights of the computations with label w that start in an initial state p and end in

_—_
a final state ¢ is therefore 1,,.0 2 pu(w) 2 0.75,.
Finally, the sum of the weights of the computations of .A with label w exists and is equal to

I.O2u(w)ed.T.

EXAMPLE. Let K = P({z,y}*) and let r be the following series over a*:
r=">"(z"y")a*
k=0

This series can be realized by a rotating two-way automaton with the following representation:

z 0]0 0 0]1 0
(1 0], pa)=|0 y/0],[00]0 l ]
0 01 0 1[0

‘We consider now

r- T_ZZ xzyzxk i, k— z)ak'

k=0 1i=0

Assume that 7 - 7 is realized by a two-way automaton .A. We consider a computation 7 with
label a” such that v = x'yiz*~y*~% belongs to the weight of 7. After producing z¢, since the
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automaton is memoryless, it can not store the value of ¢ (if k is larger than the number of states,
there are two many possible values for 7); to produce the same number of y, the only information
that can be used by the automaton is the position in the input, but to take advantage of this
information, the automaton must go back to the beginning of the input; it can produces y* but it
has lost all the information on ¢ and can therefore not produce z*~y/*~%. Likewise r* can not be
realized by a two-way automaton .A.

This example proves the following proposition:

Proposition 22. The set of two-way recognizable series is not closed under Cauchy product or
Kleene star.

Proposition 23. Let A and B be two alphabets, let © be a length-preserving morphism from A*
into B*, and let p be a two-way representation over A*. Then

(o) = - (lol, w)e(w)

weA*
is not necessarily two-way recognizable.

Proof. We use the same example; let 7’ be the following series over B* = {a, b}* with coeffi-
cients in P({z, y}*):

=14y Z(karlykJrlxhyh)akbah.

k=0 h=0
This series is two-way recognizable, but the morphism that maps both a and b onto a sends 7’ to
r - r which is not recognizable. [
References

[1] Marcella Anselmo. Two-way automata with multiplicity. In /CALP’90, volume 443 of
Lect. Notes in Comput. Sci., pages 88—102, 1990.

[2] Jean-Camille Birget. Concatenation of inputs in a two-way automaton. Theor. Comput.
Sci., 63(2):141-156, 1989.

[3] Jean-Camille Birget. Two-way automaton computations. RAIRO Inform. Théor. App.,
24:47-66, 1990.

[4] Stephen L. Bloom and Zoltan Esik. Iteration Theories: The equational logic of iterative
processes. Monogr. Theoret. Comput. Sci. EATCS Ser. Springer-Verlag, 1993.

[5] Vincent Carnino and Sylvain Lombardy. On Determinism and Unambiguity of Weighted
Two-way Automata. In AFL’14, volume 151 of EPTCS, pages 188-200, 2014.

[6] Vincent Carnino and Sylvain Lombardy. Tropical Two-Way Automata. In 7CS’ 14, volume
8705 of Lect. Notes in Comput. Sci., pages 195-206, 2014.

33



[7] John H. Conway. Regular Algebra and Finite Machines. Chapman and Hall, London, 1971.
[8] Zoltan Esik and Werner Kuich. Rationally additive semirings. J. UCS, 8(2):173-183, 2002.
[9] Michel Fliess. Matrices de hankel. J. Math Pures et Appl., 53:197-222, 1974.

[10] Robert McNaughton and Hisao Yamada. Regular expressions and state graphs for automata.
IRE Trans. Electronic Computers, 9:39-47, 1960.

[11] Jean-Pierre Pécuchet. Automates boustrophedon, semi-groupe de birget et monoide inversif
libre. RAIRO Inform. Théor. App., 19(1):71-100, 1985.

[12] Giovanni Pighizzini. Two-way finite automata: Old and recent results. Fundam. Inform.,
126(2-3):225-246, 2013.

[13] Michael O. Rabin and Dana Scott. Finite automata and their decision problems. IBM J.
Res. Dev., 3(2):114-125, April 1959.

[14] Christophe Reutenauer. Sur les éléments inversibles de 1’algebre de Hadamard des séries
rationnelles. Bull. Soc. math. France, 110:225-232, 1982.

[15] Marcel-Paul Schiitzenberger. On the definition of a family of automata. Inform. and Con-
trol, 4:245-270, 1961.

[16] John C. Shepherdson. The reduction of two-way automata to one-way automata. IBM J.
Res. Dev., 3(2):198-200, April 1959.

34



