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Short time heat diffusion in compact domains with
discontinuous transmission boundary conditions

CLAUDE BARDOS? DENIS GREBENKOV!
ANNA ROZANOVA-PIERRAT?

September 7, 2015

Abstract

We consider a heat problem with discontinuous diffusion coefficients and dis-
continuous transmission boundary conditions with a resistance coefficient. For all
compact (e,9)-domains Q C R™ with a d-set boundary (for instance, a self-similar
fractal), we find the first term of the small-time asymptotic expansion of the heat
content in the complement of €2, and also the second-order term in the case of a
regular boundary. The asymptotic expansion is different for the cases of finite and
infinite resistance of the boundary. The derived formulas relate the heat content to
the volume of the interior Minkowski sausage and present a mathematical justifica-
tion to the de Gennes’ approach. The accuracy of the analytical results is illustrated
by solving the heat problem on prefractal domains by a finite elements method.

Keywords: heat content; discontinuous transmission condition; Minkowski sausage.

1 Introduction

We consider a compact domain 2 C R™ with boundary 02 that splits R™ into “hot”
and “cold” media, Q, = Q and Q_ = R"\ Q, characterized by (distinct) heat diffusion
coefficients D, and D_ (Fig.[d). On the boundary 052 is also defined a function 0 <
A(z) < oo which describes the resistivity to heat exchange through the boundary.

We are interested in propagation of the heat content associated with the following
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problem:

8tui — DiAui =0 x¢€ Qi, t >0, (]_)

Utlimo =1, u_|i= =0, (2)
ou_

D-——log = M) (u- — uy)laq, (3)
6U+ 8u_

Dy~ "loa = D-— ~loa, (4)

where 0/0n is the normal derivative directed outside the domain €.

A rigorous analysis of the problem ({)-#]) for irregular boundaries requires its vari-
ational formulation in appropriate functional spaces (see Section Bl). The variational
problem is shown to have a unique weak solution with the desired trace properties on
the boundary 0 (see Section ). The variational problem is equivalent to the prob-
lem ([I)-@) for a piecewise Lipschitz 02 according to the classical trace theorem. In
turn, extensions of the trace theorem have to be used for fractal boundaries or, more
precisely, d-sets (see Subsection [2.2]).

Once a unique solution u4 of the problem (II)—(]) is established, we study the asymp-
totic expansion of the heat content as t — 0

Q

N(t) = /Rn\Q u_(z,t)dx = Vol(Q) — / uy(z, t)de. (5)

QO =R\ Q “cold?

o2

Figure 1: Illustration of the heat content problem for a planar domain €2 with prefractal
boundary 02 presented by the third generation of the Minkowski fractal (of fractal
dimension 3/2). This boundary splits the plane into two complementary regions. At
time ¢ = 0, the inner region Q, = Q is “hot” (functions on €, are denoted with
subscript + ), while the outer region Q_ = R™\ Q is “cold” (functions on 2_ are denoted
with subscript — ).

Egs. (I)-@) describe heat exchange between two media prepared initially at differ-
ent temperatures and separated by a partially isolating boundary[Il 2]. In fact, u(x,t)



can describe how the distribution of (normalized) temperature evolves with time. The
transmission boundary conditions (B]), (@) impose the continuity of the temperature flux
across the boundary, and relate this flux to the temperature drop at the boundary due
to thermal isolation. The growth rate of the heat content with time characterizes the
efficiency of thermal isolation. Understanding this problem is relevant to improve heat
exchangers, e.g., cooling of metallic radiators or thermal isolation of pipes and buildings.
Depending on application, cooling rate has to be either enhanced (e.g., in the case of
microprocessors or nuclear reactors), or slowed down (e.g., in the case of pipes and build-
ings). For these purposes, one can either modify the thermal isolation (i.e., the resistivity
A), or the shape of the exchange boundary. It is therefore crucial to understand how the
shape of the boundary influences heat exchange. In particular, would an irregular (e.g.,
fractal) boundary with a very large exchange area significantly speed up cooling?

Similar equations can describe molecular diffusion between two media across semi-
permeable membranes [3, 4]. In that case, wu(z,t) represents the (normalized) concen-
tration of molecules, while Eqs. (I)-#]) can model the leakage of molecules from a cell
(§24) to the extracellular space (§2_) or, more generally, the diffusive exchange between
two compartments (e.g., oxygen or carbon dioxide exchange between air and blood across
the alveolar membrane in the lungs). The resistance A is related to the cellular mem-
brane permeability. As for heat exchange, one may need to enhance or to slow down the
molecular leakage, and the shape of the boundary may play an important role.

The discontinuity of the initial condition, of the diffusion coefficient, and of the solution
u(x,t) across the boundary between two domains constitutes one of the mathematical dif-
ficulties to be treated. From a physical point of view, such discontinuities might appear
unrealistic. For instance, the diffusive flux at the boundary at time ¢ = 0 is infinite.
For any physical setting of heat or molecular diffusion, there would be an intermediate
layer between two media in which the material properties would change rapidly but con-
tinuously. When the thickness of this intermediate layer is much smaller than the size of
the domain, the physical problem with continuously varying parameters can be approx-
imated by the heat problem (Il)-(]). Such an approximation is applicable starting from
a small cut-off time while understanding the heat exchange at smaller time scales would
need either restituting an intermediate layer, or introducing nonlinear terms into the heat
equation. Throughout this paper, we focus on the mathematical problem ([II)—().

The physical properties of the two media 2, and {2_ are supposed to be different:
D, # D_. This implies the discontinuity of the metric on 9€2. The case of continuous
metric (g_|so = g+|an ) on smooth compact n-dimensional Riemannian manifolds with
a smooth boundary 02 was considered in Ref. [5]. The case of continuous transmission
boundary conditions for the expansion of the heat kernel on the diagonal was treated
in Ref. [6] (see also Ref. [7] for a survey of results on asymptotic expansion of the heat
kernel for different boundary conditions). The heat content asymptotic expansion with
Dirichlet boundary condition was found

e up to the third-order term for a compact connected domain €2 C R" with a regular
boundary 9 € C* (Refs. [8,9]);

e up to an exponentially small error for a compact connected domain Q C R? with a
polygonal 92 (Ref. [I0]) and for  C R? with 92 given by the triadic Von Koch

3



snowflake (Ref. [I1]);

e up to the second-order term for the general case of self-similar fractal compact
connected domains in R" (Ref. [12]).

In general, the boundary between two media can have some resistance to heat ex-
change, described by the function A(z) > 0 (x € Q) that may account for partial
thermal isolation. We outline three cases of boundary conditions according to \:

L. If 0 < A(z) < oo forall x €00, u is discontinuous on J€2 and we have:

ou_ 0 ou_
()\(SL’)U - D;—n) oo = A@)ut|oq, D+% o0 = D—Lnbﬂ-

2. If A = 400 for all z € 92, wu is continuous on 02 due to the transmission
condition and in this case

ou Oou_
Ut |on = u_|aq, D+8—;‘89 = Dfa—n|ag-

3. If A=0 for all x € 092, we have the Neumann boundary condition

6u__| _6u_+| —0
o, lon =7 ~loa =

that models the complete thermal isolation of 02 and implies the trivial solution
given by u_(z,t) =0 and u,(z,t) =1 for all time ¢ > 0.

The main goal of the article is to develop the preliminary study[I3] and especially
to formalize the seminal approach by de Gennes[I4]. In the case A = 400, de Gennes
argued that as t — 40, N(t) is proportional to the volume (9, /D.t) of the interior
Minkowski sausage of 9 of the width equal to the diffusion length /Dt :

(092, 0) = Vol({z € Q| dist(z, Q) < (})
(see also Ref. [12]). In particular,
e for a regular boundary 02, N(t¢) is proportional to Vol(9Q)\/D,t;

e for a fractal boundary 99 of the Hausdorff dimension d, N(t) is proportional to
(D, t)"z" .

The de Gennes scaling argument was further investigated in Ref. [I3], both experimentally
and numerically. It was shown that irregularly shaped passive coolers rapidly dissipate
at short times, but their efficiency decreases with time. The de Gennes scaling argument
was shown to be only a large scale approximation, which is not sufficient to describe
adequately the temperature distribution close to the irregular frontier.

In the present paper, we provide a mathematical foundation and further understanding
for the de Gennes approach. We obtain three results valid for all compact (e, §)-domains
) in R™ with connected boundary 0f2, presented by a closed d-set (see Section for
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the definitions of (e, 0)-domains and d-sets): the well-posedness of the problem (1)),
the continuity of the solution on A (see Section []), and the asymptotic expansion of the
heat content (Bl). In particular, these results hold for domains with a self-similar fractal
boundary.

We show in Theorem [ that the heat content N(¢) is approximated by the volume of
the interior Minkowski sausage of 02 of the radius /4D, t:

N(t) =7 [Ca(0Q)p (92, v/AD41) + O (4 (99, 1/4D57) )| (6)

where 7, is equal to 1 if A = oo and v/t if A > 0 is finite. Here C,(99) is a constant
depending only on the shape of 0} and finiteness of A (see Theorem [ for the exact
formulas). Formula (@) is the first approximation of Eqs (80), (82) given in Theorem [5
which allows to find N(t) up to terms of the order 7,0 (vt p (9Q,/4D1)) .

Moreover, the asymptotic relation (@) remains valid even for mixed boundary condi-
tions for three disjoint boundary parts, i.e. when A = oo on one part of the boundary,
A = 0 on another part, and 0 < A < co on the remaining boundary (see Theorem [3]).
However, changes of the type of the boundary condition should be continuous (see The-
orem [2) such that « remains a continuous function of A. In this more general case, the
coefficient Cy(092) in Eq. (@) is given either by Eq. (83) for 0 < A < oo, or by Eq. (84)
for A = 0o, or is equal to 0 for A = 0 (the boundary with A = 0 does not contribute
to the short-time asymptotics of the heat content). Finding the asymptotics for mixed
boundary conditions with a discontinuous jump from a finite A to A = oo is still an open
problem.

As expected, the resistivity of the boundary to heat transfer makes heat diffusion
slower due to the presence of the coefficient 7, = v/.

For a fractal boundary we replace p (99,\/4D;t) by the volume of the interior
Minkowski sausage which scales as (4D,t)™~%/2  where d is the fractal dimension[I2].
In the fractal case the integral over 02 should be understood by using the Hausdorff
measure (see Ref. [15] [16] [17]).

The comparison between the asymptotic formula (@) and a numerical solution of the
problem ([{)—@) for the unit square and a prefractal domain is shown in Fig. 2l for a finite
A and in Fig. @ for A = 4+00. The numerical solution was obtained in FreeFem-+
by a finite elements method with the implicit #-schema, also known as Crank-Nicolson
schema, for the time discretization with 6 = % and At = 107°. The domain ) was
centered in a ball B of diameter (at least) twice bigger than the diameter of €. The
Neumann boundary condition was imposed on the boundary of the ball. According to the
principle “not feeling the boundary”[I1] (see also Section []), the heat content propagation
in R? with a prescribed boundary 9 can be very accurately approximated at small times
by the heat content propagation computed in B. The accuracy of this approximation
can also be checked by changing the diameter of the ball. In the case of the square
domain €2, the ball was replaced by a square with four times bigger edge. Each pre-
fractal edge was discretized with 27 space points while 57 points were used in the external
boundary of the ball. The mesh size was varied to check the accuracy of the presented
numerical solutions. For the case of the discontinuous solution on the boundary (when
0 < A < oo) we apply the domain decomposition method and match the boundary
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Figure 2: Comparison between the asymptotic formula (@) (solid line) and a FreeFem-++
numerical solution of the problem ({)—(]) (circles) for two domains: (a) the unit square
(Vol(0Q) = 4) and (b) the third generation of the Minkowski fractal ( Vol(9Q) = 23 -
4), with D, = 1/100, D_ = 1, and A = 17. Since the Hausdorff dimension of the
boundaries of these domains is 1 (even for the prefractal case), Eq. (@) for a constant
A is reduced, according to Theorem [, to N(t) = 2vECoAu(9Q, VAD 1) + O(t2) with
(09, /4D t) ~ /4D, tVol(9Q) and Cy given by Eq. (@). For plot (b), dashed
line shows the fractal asymptotic (that would be exact for the infinite generation of the
fractal) with de Gennes approximation of y (09, /4D,t) in Eq. (@) by (4D t)7 . This

approximation is valid for intermediate times.
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Figure 3: Comparison between the asymptotic formula (@) (solid line) and a FreeFem-++
numerical solution of the problem ()] (circles) for two domains: (a) the unit square
(Vol(09Q) = 4), and (b) the third generation of the Minkowski fractal (Vol(9§2) = 23-4),
with D, = 04, D_ =1, and A = co. Since the prefractal boundary 02 has the
Hausdorff dimension 1, Eq. (@) is reduced to Eq. (@), i.e., N(t) oc v/f. In turn, dashed
line shows the fractal asymptotic (that would be exact for the infinite generation of the
fractal) with de Gennes approximation of p (99, /4D.t) in Eq. (@) by 2.5(4D, )% . This

approximation is valid for intermediate times.

values of the respective solutions on 0€) by a Picard fixed point method. We consider
therefore the numerical solution of heat propagation for small times as a reference, to
which asymptotic formulas are compared with. In particular, deviations between the
numerical solution and the asymptotic formulas observed at longer times illustrate the
range of validity of the short-time expansion.



For the regular case 02 € C?, we obtain the heat content approximation up to the
third-order term. The formulas are given in Theorem For the case A < oo, the
coefficient in front of the second-order term (t% ) in the asymptotic expansion depends
on the mean curvature. In turn, for A = oo, the second-order term (here, ¢) in the
asymptotic expansion vanishes:

N(#) = 22 ?/;4 \/D_V+D;1;+D__ Vol(d)Vi + O(t3). (1)

The rest of the paper is organized as follows. In Section 2l we describe the class of
irregular boundaries and prove the well-posedness of the model relying on the variational
formulation of the problem. The boundary conditions are treated in the weak sense by
generalizing the trace operator and the Green formula to fractals using fractal Besov

spaces, 32’2(89) and B%;(@Q) (B=1-"%>0 for a d-dimensional 99) defined
in [Al In Section 2 we also establish the continuity of u as a function of A. In Section
we prove that the problem to find N(t) can be replaced by a heat problem localized
in O(v/t)-interior Minkowski sausage of the boundary by a variant of the principle “not
feeling the boundary”[IT] in the general case in R™. This allows, due to the continuity of
u on A, to establish Theorem [3] for a mixed boundary condition including zero, finite, or
infinite values of \. Considering a regular 92 (at least in C?) and using the localization
properties from Section Bl we rewrite in Section [ the formula for N(t) in the terms of
the local coordinates. Section Bl gives the approximation of the heat problem solution
through the solution of one-dimensional constant coefficient problem. The heat content
is calculated in terms of the volume of the interior Minkowski sausage of the boundary in
Section [6l Firstly, to illustrate the technique of the proof on a simple case, we give the
proof for the case of continuous diffusion coefficients D, = D_ | just with discontinuity of
the initial condition. In this case, all formulas given in Section [f] are valid for all types of
the boundary introduced in Subsection 2221 The calculation relies on the Green function
of the problem with constant coefficients for € being a half-space (see[B]). We also obtain
the Green function used in Section [ for the proof of the asymptotic heat expansion up
to the third-order term for a regular 992 € C3.

2  Well-posedness of the model

Let 2 be an open connected bounded subset of R™ such that 0 is closed with Vol(§2) <
oo. We denote by Q, =Q and Q_ =R"\ Q (Fig. ).

We are looking for the solution of the problem (Il)—(), where D, # D_, D, >0
and D_ >0, A(z) >0 for all x € 9Q. The boundary 0% is divided into two disjoint
parts: ' = {z € Q| AM(z) = +o0} and I\ ' = {z € 92| 0 < A(z) < +00}. Each
of the parts can be the empty set. We thus assume that A € L>®(0Q\ I'w).

2.1 Regular boundary: at least piecewise Lipschitz

Firstly, we consider the case when 0} is regular (at least piecewise Lipschitz) and T’y
is the empty set.



To prove the existence, the uniqueness, and the stability of a solution of the prob-
lem (I)-(]), we proceed with its variational formulation.
We introduce the space H = L*(R™) and the space

V={f€H|fi=flo, € H(Q), and f- = flo_ € H'(Q)}

of functions f = filq, + f-1q_ defined on Q, UQ_ such that their restrictions f, =
flo, and f_ = flo_ belong to H'. We equip V' with the norm:

|Vu_|*dz +/ lu|*dz.

Julfy =D [ [Vusfdz+ D-
Q+ Q+UQ_

Q_

We notice that V' is a Hilbert space, V C L?(Q), and V is dense in L?*(€2). In addition,
V c L*(R™) C V', where V' is the dual space to V. Finally, since 0 is regular, the
inclusion V' C L*(R") is compact.

Applying the usual trace theorem under the assumptions that € is bounded and 02
is at least piecewise Lipschitz, the bilinear form

a(u,v) = D+/ Vu,Vuy + D_ Vu_Vu_ + / AMx)(ugy —u_)(vy —v_)do (8)
o Q- 004
is continuous,

la(u,v)| < C(||M|=(00), Dy, D—, Q0 )||ulv|v]]y (for a constant C' > 0),

and coercive on V x V| i.e.,

|Vu_|*dz + / Mz)|uy —u_|*do

a(u,u) = D+/Q |V |*de + D_ o
+ +

> |lully; = lull @) > 0.

Q_

Thus we conclude[I8] that the bilinear form a(u,v) defines an operator A : V — V'
by a(u,v) = (Au,v). Moreover, —Al2@n with D(A) = {u € V| Au € L*(R")}
generates an analytical semigroup.

Remark 1 When I'y, is not empty, the variational form (8) is well adaptable to the case
where w is continuous across the part I C 0 of the interface. By convention we put
on this part A(x) = oo which implies uy =u_ on I's (see also Theorem[2).

For Ty, # 0, we introduce V as the space of functions u € L*(R™) such that

e =ulg, € HY(Q), w=u_lo € H'(Q), wiln, =u_r.,

and, therefore, we consider the bilinear continuous and coercive form on V x V.

a(u,v) = D+/Q Vuy Vo, +D_ . Vu_Vu_ +/a AMz)(uy —u_)(vy —v_)do. (9)

O\loo

In particular, for Tsy = 0Q, we get V = H(Q, UQ_) and

a(u,v) = DJF/Q Vu, Vo, + D_ Vu_Vu_.
+

Q_
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2.2 Extension to d-sets (fractal case for d >n—1)

Let us define a class of fractal domains to be considered. We will see that the existence and
uniqueness results of a weak solution of the problem (Il)—() hold for a class of bounded

(€,0) -domains[20, 21] 22] ©, such that 0 is a d-set[21]:

Definition 1 (d-setf21, 22, (23]) Let T be a closed subset of R™ and 0 < d < n.
A positive Borel measure mg with support I' is called a d-measure of T if, for some
positive constants ¢, co >0,

art <mg(TNU(z) <cr?, for YVazel,0<r <1,

where U,.(x) C R™ denotes the Fuclidean ball centered at x and of radius r .
The set T is a d-set if there exists a d-measure on I'.

As it is known from Ref. [[24], p.30], any two d-measures on I' are equivalent.

Definition 2 ((¢,0) -domain[20, (21, [22]) An open connected subset Q0 of R" is an
(€,0) -domain, ¢ > 0, 0 < § < oo, if whenever xz,y € Q and |z —y| < J, there is a
rectifiable arc v C Q0 with length ((vy) joining x to y and satisfying

1. U(y) < Ire;yl and
2. d(z,00) > €|lx — z|% for z €.

In particular, a Lipschitz domain  is an (e, ¢)-domain and also a n-set[22] (i.e., a d-set
with d = n). Self-similar fractals (e.g., von Koch’s snowflake domain) are examples of
(€¢,0) -domains with the d-set boundary[I9l 22], d >n —1.

In order to describe irregular boundaries of fractal dimension d > n — 1, we define
sets preserving Markov’s inequality (Ref. [2I] Ch. II):

Definition 3 A closed subset V' in R™ preserves Markov’s inequality if for every fized
positive integer k , there exists a constant ¢ = c¢(V,n, k) > 0, such that

max \VP\SE max |P)|
VU, () T VU (z)

for all polynomials P € Py and all closed balls U.(z), €V and 0 <r <1.

Examples of sets that preserves Markov’s inequality are d-sets in R", where d >n —1,
and self-similar sets that are not a subset of any (n— 1) -dimensional subspace of R™ (see
Refs. [22] 25]).

To extend the variational formulation introduced in Subsection 2] to fractal bound-
aries of the type of d-sets, we use the existence of the d-dimensional Hausdorff measure
mg on OS2 (the d-measure from Definition [[l) and the theorem which generalizes the
usual trace theorem and the Green formula.

For example, for d = n — 1 and a Lipschitz 0, we know[I8 26] that the trace
operator is linear continuous and surjective from H'($2) onto H2(d), and the formula

Ou

A = T _
/Qv udz <8y’ rv>((H%(m)),7H%(m)) /QVvVudx,

9



holds whatever u € H'(Q) such that Au € L*(Q) and v € HY(Q).

To generalize the trace operator and the Green formula to fractal boundaries, one
introduces the Besov space BE’Z(GQ) with 8 = 1 —25¢ > 0 (see [A]). Note that for
d=mn—1, one has ﬁ:% and

BY*(0Q) = H?(0Q),
2
i.e., one recovers the above relations. In general,

1. For an arbitrary open set © of R™, the trace operator Tr is defined|21], 25| 27] for
ue Ll () by

loc

1
T =lim ——— d
ru(z) o0 m(QNU,(z)) /SlﬂUr(m) uly)dy,

where m denotes the Lebesgue measure. The trace operator Tr is considered for
all x € Q) for which the limit exists.

(10)

2. If Q is a bounded (e, d)-domain in R™ such that its boundary 0 is a closed d-set
preserving Markov’s inequality, then|21], 22]

(a) the trace operator Tr: H'(Q2) — 32’2(89) is linear continuous and surjective;
(b) the Green formula holds (see also Refs. [27, 28] for the von Koch case in R?):

ou
/QvAudx = <%’Tw)((32’2(89))’,32’2(39)) —/QVvVudx, (11)
where the dual Besov space (82’2(89))' = BE;(@Q) is introduced in Ref. [23]
(see [A]).

Let us also notice that the Green’s formula (II]) still holds whatever u € H'(2) such
that Au € L*(Q) and v € H'(Q).

2.3 Well-posedness

The above preliminaries allow us to prove the following Proposition:

Proposition 1 1. Let Q2 = Q, be a bounded domain in R™ with a closed piecewise
Lipschitz boundary 02 and 0 < Az) < 400 be a given function defined on OS).
By ' is denoted the part of 02 such that

Ve ey Ax) = +o0,
in the such way that A € L>®(02\ ') . Then the bilinear form

a(u,v) = DJF/Q VuyVouy + D_ g Vu_Vu_ +/a Ax)(ug —u_)(vy —v_)do
N _

O\oo

18 continuous and coercive on V. x V  with

V={ue L*R")| uy =ulg, € H'(Q}), u_ =ulo € H'(Q_),
uy =u_ on 'y} (12)

10



2. Let Q = Q, be a bounded (€,9) -domain in R™ with a closed d-set boundary OS2
and A € C(092) be a positive continuous function defined on 02. By my is denoted
the d-measure on 02 (see Definition[d). Then the bilinear form

a(u,v) = DJF/Q VuyVoy + D Vu_Vu_
+

0
+ / AMz)Tr(uy —u)Tr(vy —v_)dmy
o0
is continuous and coercive on V- x V (Vs defined in Eq. (12)).

3. Let Q = Q, be a bounded (€,9) -domain in R™ with a closed d-set boundary OS2
and ANz) = +oo for all x € Q. Then the bilinear form

a(u,v) = DJF/Q VuyVoy + D g Vu_Vu_
N -

is continuous and coercive on 'V x V. with V = H'(R").
Consequently, we obtain the following theorem:

Theorem 1 (Well-posedness) In all cases from Proposition[d for all uy € H = L*(R")
there exists a unique solution u € C(R;", L*(R")) N L2(R;, V) of the variational problem

d
YoeV E<U’U>H +a(u,v) =0, u(z,0)=1uy € L*(R"), (13)
where by (-,-)g is denoted the inner product in H . In addition, this solution verifies the
enerqy equality:

1 ! 1
= |u(t)|2dx+/ a(u,u)ds = —/ |[ug()|*d. (14)
Remark 2 On one hand, any “smooth enough” solution of the problem (1)-({{]) gives
the solution of Theorem [D. On the other hand, any solution from Theorem [1 satisfies

the relations (1)-(2) and, in a weak sense (in the sense of the duality presented above),
satisfies the relations (3)-(4).

Finally, we prove

Theorem 2 (Continuity of uy on A and the case A = o0 ) Let (A\;)ken be a positive
sequence converging to X* in L®(0)) . Then the corresponding sequence of the solutions
(ur,)ken of the system (@)-(4) converges strongly to v} in C(R,, L*(R™)) N L*(R), V),
1.e., uy 18 continuous as a function of \.

If A, — 00 in L®(0Q), then uy, — us in C(RS, L2(R™))NLARS, V) with (ux)y =
(too)— on OQ . In this case, uy € C(RS, LA(R™)) N L*(R;", HY(R™)) solves

Yo € HY(R™) / Ousovdr + [ D(2)Vus,Vodr =0,  us(r,0) = ug € L*(R"), (15)
R™ Rr

with D(.T) = ]IQ+D+ +1qg D_.
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Proof. Firstly we suppose that A* is a finite bounded function on 9 ( [|A*||ze~(a0) < 00).
Since u(0) = ug does not depend on A, the equality (I4]) implies that the sequence (uy,)
is bounded in C(R}, L*(R")) N L*(R;f, V).

Therefore, due to the unicity of the solution for A* and the unicity of the weak limit,
the convergence A\, — A* in L>(0N2) implies uy, — wuy«. Since ug|oq € B;’2(8Q) with
f=1-"2%>0, with the help of (I3) and the coercive behavior of a(u,u),

a(u,u) > allull}, for a >0,
we conclude that uy, — uy« in C(Rf, L2(R")) N L2(R}, V).
In the case ||Ay|r~(@q) — +00, we find from (I4) that

Vk e N /BQ Me(2)Tr((up) 5 — (ug)-)*dmg < oo,

([ ol — - pama)” < 5o o) Pz

23/ | Akl Lo 002y Jrr

Therefore, we obtain in this case that (us )+ = (us)— on 0, where by u., we denote
the limit of u;, as A — +o00. In addition, u(t,-) € H'(R™) and it is the solution of (IH).
U

3 Heat content localization to a small neighborhood of
the boundary

s the initial condition is zero in R™\ 2, we have

N(t) = /Q(l —u(z,t))dz = Vol(£2) — / u(z, t)dx, (16)

Q

or equivalently, in terms of the Green function of the problem ([II)—(d),

N(t) = Vol(Q?) —/Q/QG(x,y,t)dydx.

Let us show that it is sufficient to integrate only on a small neighborhood of the boundary
0f) to obtain the desired heat content with an exponentially small error:

Lemma 1 Let F C Q be a non-empty open bounded set in R™, such that dist(F,0) =
€ > 0. Then for t = +0 and u = uylg 4+ u_lgmq the solution of (1)-({]), associated
with the Green function G(x,y,t),

/F (1 — up(z,t))de = /F (1 - /Q G(x,y,t)dy) da

n—2
€ 2
-0 —e?/(4D4t) )
<<I4D+t) ‘

12

1. it holds

(17)




2. for € > 2¢/Dit such that ¢ = O(\/t), there exists § > 0 (a constant independent
on time) such that the heat content N(t) can be expressed as

N(#) = /R G

_ /Q (1 _ /Q G(:c,y,t)dy) Qe 0 (e7).,

where Q. is the e-neighborhood of OS2 .

(18)

Proof. As it was shown, the problem (-] has a unique solution u = u lqg +
u_lgmgq. Let G(x,y,t) be the Green function so that

u(x,t):/QG(x,y,t)dy.

Thus, using the properties of G' such as G > 0 for all (z,y,t) € R" x R" x R, and
Jen G(2,y,t)dy = 1, we easily see that

OS/G(x,y,t)dy:u(x,t)g/ G(z,y,t)dy = 1.
Q

n

We notice that, by the assumption, A(z) > 0 is a regular function on 92 and all
other coeflicients are constant. By definition u, is the solution of the system

(825—D+A)U/+:O, ZUGQCR”7

U+|t:0 =1,

D_0ou_
U |on = (U— - Ta—n) loo, A >0,

which can be reformulated for v =1 — uy

(at—D_,_A)@:O, erCRn,

@‘tZO = 07

. D_ 0Ou_
(=9l = (1= = 55 ) o

where 0 <wu_ <1 for all ¢t. Moreover, as 0 < v < 1, it follows that

and, as u_ is increasing in time on 02, then ¢ is decreasing in time on 0€). Therefore,
v <wv, where v is the solution of the following problem:

(at—D+A)U:0, l‘GQCRn,
v|t:0 :07

U|89 - 17

13



Thus, as in Ref. [29] (p.231 Lemma 12.7) for n = 2, but now in R” (n > 2), we find that
for the ball Q = U,(z) centered at z and of radius r, the solution satisfies as ¢ — +0

T n—2 r?
\/4D+_t> P <_4D+t) ’

with a constant C' > 0 depending only on n (C can be explicitly obtained by the
integration by parts in the generalized spherical coordinates in R™, where the coefficient

(1) gc(

n—2

( \/m) corresponding to the leading term as t — +0, appears from the integral

[* e w"'dw). Consequently (sce Ref, Corollary 12.8 p.232), for z € int{Q}
Vabt

and ¢t — +0 we find

dist(z,0Q)\ "> . dist(z, 02)?
_— xp | ——— | .
NZV: P AD,t

Then we immediately obtain Eq. (I7) by integration.
For n = 2 we obtain directly the exponential decay in Eq. (IT) for all ¢ > 0. If
n > 2, we still have the exponential decay for a small constant « > 0 depending only on

€:
n—2
€ —€2/(4D4t) | _ —a/t
@) << —4D+t) e ) O(e™ ).

Note that O (e*EQ/(‘lD“)) gives an exponentially small remaining term iff ¢ = 2y/D ¢2—%

for a constant dp > 0. For small enough &y we have € = O(y/4D,t), also knowing that
€ > /4D, t.

So, for this €, we split Q in two parts: ()., the neighborhood of 02 such that
dist(z,00) < e,and Q\ Q.. Forall FF CQ\ Q., dist(F,00) > e > 2\/D,t, we have

/ (1 . / G(:c,y,t)dy) dz = O (aC(F’/t‘“”) :
F Q

where ¢(F) and 0(F) are positive constants depending only on the distance between F
and 02 and the dimension n.
To complete the proof of the second statement, we first find that

(2, 1) gc(

N(t) = /R"\Q u_(x,t)dx

- [ e@onae= [ [ @y o [ [ G
R\Q JQ R JQ aJo

= Vol(Q) — /Q /Q G(z,y, t)dydz.

14



For Q =Q.U(Q\ Q) we can write

[ fotwwnie=([ [+ [, [}t
=V01(Q\Qe)+/ /G(x,y,t)dyderO(e_té)
= Vol(Q) — Vol(Q2 / / (z,y, t)dydz

+/ / G(z,y,t)dydx + O <e_t_5) :
Q. Jo\a.
Moreover,

/ / G(z,y,t)dydx = / / G(z,y,t)dydz — / / G(z,y,t)dydx
o Jova. Q JO\Q. o\ JO\Q.
=Vol(Q\ Q)+ O (eft%> — / G(z,y,t)dydx
o\ Joe
and since
/ / G(z,y,t)dydz — Vol(Q2 \ €)
O\ JO\Q.
< / / G(z,y,t)dydx — Vol(2\ 2.) = O (eft%) )
o\ Jo

_ /Q /Q\Qe G(z,y,t)dydz = O (e,t%)
N(t) = Vol(2 / / (x,y,t dydaz+0<e t(5>’

that completes the proof. [

A variant of Lemma [l for n = 2 can be found in Ref. [11], where the heat localization
near the boundary is also called by the principle of “not feeling the boundary”. In addition,
we can consider the case of the distinct parts of the boundary:

we conclude that

and finally

Corollary 1 Let X and Y be different closed parts of 92 such that dist(X,Y") > 2¢,
where € = O(\Vt) > 2y/Dy t. Let U.(X) = {z € R" d(z,X) < r} be the open
netghborhood of X of size r > 0. Consider uy and U, as the respective solutions of the
following systems:

8tu_,_ — D+AU+ = O, T € Q C Rn,

U+|t:0 =1,

D_0u
Ut |og = (U— - T%) lo, A >0,

15



8tﬂ_,_ — D+A7:L+ = 0, S Q C Rn,

ﬁ/Jr‘t:O = 17

N D_ou_
| ponoeey = | u- — N on loorty: A >0
Ul goy@anoy) = b

where U(X) is an open neighborhood of X of a radius strictly greater than 2e : Us.(X) C
UX).
Then there exists 6 > 0 such that

/ |u+—ﬂ+|dx:0<eft%) .
Ue(X)

Moreover, if t, 1is the solution of the system:

8t71+ — D+Afb+ = 0, T e Q C Rn,

IaJr‘t:O - 17

. D_ 0Ou_
Uyly = (u_ — Ta—n) ly, A>0

U ooy = 1,

then
/ (1—ay)dz = / (1—a)dz =0 <e—%6> .
Ue(X) A\U(Y)

The proof of Corollary [l follows from the proof of the first statement of Lemma [
Note that the continuity of u on A (see Theorem [2) and the localization of the heat
content near the boundary allow one to consider mixed boundary conditions:

Theorem 3 Let 2 be a bounded (¢€,0) -domain (see Section[2) with a closed connected
d -set boundary 02 =ToUT\UT . Let A€ C(ToUT)) such that

O, S Fo,
AMz)=4 0< f(z) <oo, zelly,
+00, r ey

and ¢ = O(\/t) > JADt. We assume that the connection between different types of
boundary is performed in the continuous way (see Theorem[D) such that the solution u
remains continuous as a function of \.

We split the € -interior Minkowski sausage of 02 into disjoint subsets

Q.= Qo Qi

such that each subset QL is contained in the e -interior Minkowski sausage of T (T C
o). Then, for § >0 from Lemmall, the heat content of the problem (1)),

N(t) = /ﬂ(l —u(x,t))de = / (1 —u(x,t))de + O(e_t%),

Qe
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can be found as a sum of two heat contents:

N(t):/ﬂm(l—u(x,t))der/ (1 - u(z,t))dz + O(e™ ).

QLo

In order to locally approximate the solution of the problem ([II)-(]) by considering the
problem with coefficients frozen on a fixed boundary point, according to Corollary [II, we
also obtain the following proposition:

Proposition 2 Let o be a fixed point of the boundary 02 and let define
Biee=Uc(o)N(Q.UQ_) for 1leN, (19)

whereoUlE(o) C R™ s a ball of radius le centered at o, € is defined in Corollary[dl Let
¢5 € C®(Byec(0)) be a smooth cut-off function with a compact support on Bye (o) :

1 T € B35,e(0)7
do(x) = ¢ a smooth function 0 <n <1 x € By(0)\ Bsec(0), (20)
0 €T € Q\B4676(0')

If w is the solution of the problem (1)-({{]), then ¢,u is the solution of the following
problem:

—(1—ug)DiA¢y) x € Byeo(0) \ Bsee(0),

O (Pouz) = Dl (doux) = { 0 elsewhere in €, (21)
(gbau:l:) |t:0 - ﬂg(l‘)¢a($), (22)
D M), M)y (@) — ) oo 23)
p 2or)y o) .

Therefore, there exists 6 > 0 such that

/ |u—¢0u|dx:0<e_t%) ,
BQe,e(U)

and if ¢,u’ is the solution of the problem (21))-(24]) with frozen coefficients in the bound-

ary point o, then
/ ¢o(1 —u)dx =0 (e*t%) . (25)
Q\Be,e(0)

4 Local coordinates for a regular o) € C?

In order to prove Eq. (@) for a large class of (€, d)-compact connected domains € in
R"™ . we first prove it for the case of domains with regular boundary 02 € C* or at
least in C?. As Q is compact, for all types of connected 92, the volume of € is finite
and, therefore, the volume of the e-neighborhood of 9 in 2 is also finite and can be

17



approximated by a sequence of volumes of Minkowski sausages with regular boundaries
(the same argument was used in Ref. [I1] p.378).

Let us consider the regular boundary 9Q € C?.

Given a positive € > 0 provided in Lemma [, we denote by 2. and 2_, the open
e -neighborhoods of 99 in Q and in R™\ 2, respectively.

According to Eq. (I8) and the regularity of the boundary 02, we can decompose
QUINUO_, = |_|Z.I:1 B, . (I is a finite integer because Q. UQ_, is a compact domain)
in such way that on each B, . it is possible to introduce the local coordinates. In addition,
we assume that for all i =1,..., I there exists o; € 0N B, such that B; . C By (0;)
(see Eq. ([I9) for the definition). Due to Proposition 2], the last assumption ensures that

/Bm(l —u)dx = /B bo, (1 —u)dz 4+ O (e*fé) .

For all i we perform the change of the space variables (x1,...,x,) € B;, to the local
coordinates (6y,...,0,_1,s) by the formula

O<s<eforxe B N,

—e<s<0forze B, NQ_. "~ (26)

xzi(@l,...,ﬁn_l)—sn(@l,...,é’n_l) {

where z(0,...,0,1) € 02 and z, £ and n are the vectors in R"™ such that

o0z 0z
00, 00,
is an orthonormal basis in R"™.

In what follows we denote B;. N Q. by ;. and B;. N Q_. by ) _. respec-
tively. In each of two regions, €2; ;. and €; _., the change of variables (zi,...,z,) —
(01,...,0,_1,s) is a local C'-diffeomorphism.

In local coordinates 0f2 is described by s =10.

Thus, Eq. (I8) becomes

1,+€

N(1) :Z/ﬂ (1= (e, t))dz + O(e ), (27)

Denoting 6 = (6, ...,0,_1), the integration domain €2; ;. in ([27) becomes
Qi,-i—e = {O < s <€, 0 e o0 mﬁi7+5},

which is actually a parallelepiped neighborhood (99 N Q; ,.)x]0, €.
For this change of variables we have

5,

221 0, = 0.V, 0, = —9
|vx5| ) szvx ) 07 vx ]Vx i (1 — S/{?i)Q

fore,7=1,...,n—1,

~ Oux O+ = Ous 09+ 1
VurVoyr = s s T — 00, 90; (1 — sk;)?’

18



and therefore, using twice the integration by parts and the notations

n—1
(s, 0) = [ ] (1 = shs) (28)
i=1
for the Jacobian and k; = k;(0y,...,0,_1) of the principal curvatures for 92 curving

away the outward normal n to 9 like in the case of the sphere, we find that for all test
functions ¢ = (¢4, )

/ o |J(5,0)] & dsddy - --db,
B'L',e

-a n—1 a D+|J5 0)|au+ _
B Os D "9¢ Y o

/QW 85( (170502 )+Zzal( 0ok ae) ¢, dsdfy - - df,
_/i,—e % <D |J > 9 ) " i=1 00; < 1 - Skf) 00, ) ¢—dsdby - - - db_,

[ A~ )@ 618 o0
s=0
The regularity of the boundary ensures that the principal curvatures k;(f) are at least in

CHoNQNIB,,).
Therefore, the problem ([{)-#) locally becomes

9 o2 n—1 92 n— 1 82u+
D, | = =D
o't +<a§‘%§:aw> +§:1—sk ( +1——%A®) 06?
n—1 n—1
#0) ) ou.

D, &0 1J(s,0)] "\ Ous

,0<s<e, 0€(002NQ;. ) (29)

a( |7(s,0)] )5’“—,_6<5<o, fe @2, (30)

| < 90; \ (1 ski(0))* ) 00,
U+\t 0= 17 Uf‘tzo =0, (31)
ou_
D=l = M) (- = ) (32)
ou Oou_
Di—Elamto = D- =0 (33)
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We emphasize that the problem (29)—(33]) should be considered as the trace of Eqgs. (I)-(#)
on B;. in the sense of the problem (2I)-(24) with ¢p, =1 on B;..

Therefore, we can rewrite (27)) in new coordinates and use the parallelepiped property
of Q; . in the space of variables (s,6):

Z/ (1 —u(s,0,t))|J(s,0)|dsdd + O(e” té)
:Z/BQQQ d@/[O ]dS(l—U(S,Q,t))‘J(&H”_|_O(e—ti6).

Since this local representation holds for all ¢ (the form of the problem 29)-(33) is the
same for all 7) and Zfil /. 90T+ do = |. a0 0, we can formally write

:/ de/ ds(1— u(s, 0,£)]J(s,8)| + O(e™), (34)
o0 [0,€]

where wu is the solution of (Z9)-[B3) in | — ¢,e[x0Q in the local sense, as explained
previously.

5 Approximation of the heat content by solutions of
one dimensional problems (for a regular boundary)

We denote by é(sl, 01, s2,05,t) the Green function of the problem 29)-(B3]) in 0Qx]| —
¢,€[. Let us fix a boundary point (0, 6y) .

We denote by G% the Green function corresponding to the following constant coeffi-
cient problem, considered as a local trace problem, i.e. in the sense of the problem (1)

(24) with ¢, =1 on B;.:

a 82 n—1 82
EU+_D+ @—FZW u+:070<8<6 (35>
a n—
o — D- 832 2892 0, —e<s5<0 (36)
u+|t:0 = ]-7 u—|t:0 - 07 (37)

ou_

,—S‘S:,O = )\(90)( - u+)|s:07

ou ou_

D, 8+‘s +0 — D,a—‘s_,o (38>

Next, let

G]%On(sla 017 52, 027 t) = ]]-{81>0}Gﬁ?+(517 017 52, 0271:) + ]]-{81<0}G%)+(817 817 S92, 827 t)

20



be the Green function of the constant coefficient problem in the half space, explicitly
obtained in [Bl Then, according to Ref. [30] p.48-49, due to Varadhan’s bound property
of Green functions, in U.(0,6,) the difference between the Green function ¢»,G% of the
problem (33)-(B8) and the analogous Green function in R, G%, | is exponentially small:

(60, G™ — G2.)

_ 1
Ue(0790)><U€(0,90)| =0 (e t5> )

Therefore, following the ideas of McKean and Singer[30] (p.49), we approximate G by
the Green function G% with the frozen coefficients on (0, 6,) , whose replacement by G2,
yields only an exponentially small error.

For an abstract operator Cauchy problem

9,
prihe Au = Ru, (39)
U|t:0 = Ugp

the solution u can be found by the Duhamel formula
t
u(t) = e g +/ e DAR(T)dr. (40)
0
Therefore, by the Duhamel formula, locally, we have the following infinite expansion

u+(s,00,t):/ d0,ds;G%, (s, 00, 51,01,1)
Qe

t
+/0 dT/Q d,ds1 G (5,00, s1,01,t —T) -
/ dHQdSQRGﬁ?+(Sl,91782,92,7-)

Qe

t

"‘A dT/S; deldSlGﬁ?_‘_(S,eo,Sl,el,t—7')'

/ dﬁ/ d05dssRG, (51,01, 59,05, 7 —71) -
0 Q.

. / d93d83RGiO+(SQ, 92, S3, 93, 7'1) + ...+ O (671%‘5) (41)
Qe
where the operator R is defined by
R = Ry, (51,01) + R, (51,01), (42)
9 — «— kO \o
0) = 0)— =—-D k; (0 — | = 4
Ro(5,0) = R(s, 0) = D (Z O g ) @
n—1
. D+Skz<9) 1 82
Rals,6) = 2 1— ski(0) (1 1o ski(e)) 62
D, &0 1J(s,0)| 9
LI . 44
1760 ;aei ((1 ~sk,(0))2 ) 96, (44)

We substitute Eq. (@) into Eq. (34]) with 6 = 6, and prove the following theorem:
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Theorem 4 Let
N O<s<e

U= Z:L+’
u_, —e<s<0

be the solution of the one-dimensional problem

d . 0* . _
il Di@u =Rs(s,00)u —e<s<e 0=0, (45)
U i=0 = Lo<s<e(s),
Ot X X
D~ —ls=—0 = Albo) (@ — i) |s—o, (46)
i, i
D+E|s:+0 = D—EB:—O, (47)

obtained from (29)-(33) setting 6 = 6y (Rs(s,0y) is given by {{3)). Then the heat
content N(t), defined in (34)), satisfies

. O(t3), 0<\< oo
Nt—/d@/ ds (1 —u(s,00,t))|J(s,6 :{ ’ . 48
0= dto [ s (1=l = | s 50 (15)
If all principal curvatures of 02 are constant, then

]V@)::Lgdahﬁmfb(1—4M&9mt»LK&0@|+(Xe_ﬁ)

hom

Moreover, if 0 is the solution of the homogeneous constant coefficients problem

X . _
8tu — Di@ﬂ = 0, —e< s <e€, 0= 90, (49)
ﬁ|t=0 = ]10<s<6<5)7
Ol _ . .
DS oo = MBo) (- — 4]0 (50)
O, it
DJFE'S:”LO = D—Ek:—o, (51)

then
N(t) _/ d@o/ ds (1 _ thOm(s,Qo,t))|J(s,90)| _ { O(t§)7 0< A< (52)
20 [0, O(t)

From Bl we get

G%(s1,01, 82,09,1) = ]1{51>0,52>0}G?f+(81, 01, 52,04,1)
+ 1{81<0,52>0}G@+(317 817 52, 827 t)

Due to Eq. ([B4), we need to know only G%,

Gi0+(81,91, 827€2at) - (hiO(ShSQ,t) - fﬁo(sla 827t)) K(01,92, D+t)7
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with notations

hio<817 $2, t) =

+a(A, 0,6p) exp <—%)) , (53)
£ (51, 89,t) = b(\, 0 90))\(6’2) exp <)\\(/010)_)f(81 + s9) + )\(90)2&275)
- Erfe (;/41_)_82 + A6 ) (54)

where

A(bo) < o0,

a(A,0,0p) = \/_ VD- A(fp) = oo
Vo ’
1,

b(A, 0, 6p) = { 0 Qeﬁi C

and K (0,0, D+t) is the heat kernel in R™!:

K (61,605, Dit) ! < |91_02|2) (55)
3 9 :7n_lex - - .
T 4Dt

Since

MUZ/O—W@QMU@M®M+QGM
Qe

= Vol(©2 / / (s,0,s1,01,t)|J(s,0)|dsdfds db; + O(e” té), (56)
in what follows we use P(t) for the notation of the principal part of N(t):

:/ / G(s,0,s1,01,1)|J(s,0)|dsd0ds,db;. (57)

To prove Theorem @] we need the following Lemma:

Lemma 2 The principal part P(t) of the heat content for the solution of the system (29)-
(33), defined in Eq. (17), is given by

= /Q /Q G%. (5,00, 51,01,t)|J(s,00)|dsdbpdb; ds; + G, (R
+RIVG, + G (R +REP)GY,H(RY + REPYuy + Ofe ), (58)
with notation
t
G% #(R% + RGP, = / dT/ dsdfy|J (s, 6,)] / G%. (5,00, 51,01, —T) -
Q QS

/ (Rg?(Sl,el)—FR (51,91))G++(51,«91,32,92, )d92d82d¢91d81 (59)

€
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Moreover, the following identities hold

M(t):/ / G%_ (5,00, 51,01,)|J(s,00)|dsdbydb; ds,
Qe J Qe

:/ d@o/ ds,ds (hio(s,sl,t) — fﬁo(s,sl,t))|J(s,Ho)|, (60)
20 (0,62
G%JRZOG?& - G$+ﬂRZOGT+ﬂRZOG$+ =...=0, (61)

/ 40, (60, 01, D 1)
o0

= / d@l/ d@gK(@o,Ql,D+(t—T))K(91,92,D+7')
o0 o0
= ... =1a0(00). (62)

Proof. Formula (58]) is the direct corollary of the Duhamel formula (see (@) and (1])).
Let us start to prove (60).
Indeed, we find that

M(t):/ /(hio(sl,sQ,t)— % (s, 51,1)) K (01,02, D1 (00)t)|J (s, 00)|ds1dsdb; dby
Qe J Qe

1 00 — 6,
= dOodt) ———— S0 ) 1,0(00) 1 a0 (0,)® (0,
/R /Rn_l " D) eXp( Dyt ) TealBo)Loa(01) (b, ),

where

O (0, t) :/[ | dsdsy(h% (s, s1,t) — f2(s,51,1))|J (s, 60)]- (63)
0,€]2

With the change of variables #' — v = -%=%_  \/(#) becomes

o2
M(t) = /R /R ZII Lon(60)1, /15, (60) (00, 1)y
By our construction,
o€ 00 and 0, = 0y — \/AD,tv € 99,
that implies

Laa () — 169(90)13Q+\/mv(90) =0.

It can be interpreted in the following way: if we take a point on the boundary and move
it along the boundary, we obtain another point which is still a boundary point.
Consequently, we find (60)

M(t) = / / e; ]135](90)@(90, t)dvd@o = / @(90, t)deo,
Rn—1 JRn—1 (29

w2
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which also implies the first part of (62):
/ 0, K (60,01, Dst) = g0 (0).
G)

Let us now prove that in the computation of P(t) all terms containing the derivatives

over the transversal variable 6 vanish.
For all terms in (29) containing a derivative over 6, , we calculate (see (44]))

Ro, (91, 05, D)
. Z D+81]€ (91) (1 I ;)
—1—s1k; (61) 1 — s1k:(61)

1 (01— 0y
: — 1) K (64,65, Dyt
2D+t< 2D+t (61,02, D+t)

Dy |J(s1,00)] \ (0% — 6)
K(6:,05, D, t).
81,01 |Zagz ( 1—51k (01)) 2D+t ( 1, Y2, +)

Let us prove Eq. (€I]), noting that
t
GiOJruRglGioJr:/ dT/Q d8d90|¢]<8,¢90)‘/g; G$+(S,90,81,91,t—7)~
0 . e
: / Ro, G (51,01, 82,0, T)dOsds5d0; ds;.
Qe

We can schematically rewrite G(_’f iR, Gio . in the following form:
G?&JR%G?& -
t
- / dT/ d90 / d91 / degK(eo, 91, D+<t — T))R@lK(el, 92, D+T>
0 Rn—1 Rn—1 Rn—1

139(90)159(91)159(02) / d8d81d$2¢(8, S1, S92, t, T, 90)
0,¢]3

With the change of variables involving 6 :

~ 0y — 0} ]
= —2 0 9 =0y —2/D.(t— )0, (64)

2\/Dy(t—7)

L p2 y
0, = QS/D—;" 0y =01 — 2/ D705, and so

0y =0y — 20/ Dy (t — 7)0, — 24/ D76, (65)

and since for all 6y € 002

Taa (o) — ﬂaQ(Qo)ﬂaQH\/mgl(@o) :

']laﬂ+2\/D+ (t—7)01+24/D 470> (6o)
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we obtain the separation of variables on 0~2 from (6, s1, 9~1) :

¢
G% 1Rq, G%, :/ d7'/(99 deo/[ , dsdsidsq@(s, s1, 59,1, 7, 6p)
0,¢

ﬁ[ déle\(/ej déie\(/g_) (q( (61)2 — 1)-0;‘5;)],

where C? and C} are the functions of sy, 6y, 6, , but not of ég, and consequently
+ﬂR9 ++ = 0.

By the same reason we have Eq. (BI). Changing variables 6; to 6; from (G4) (G3), we
also obtain the last part of (62). O Let us know prove Theorem [l
Proof. To find Eq. ({@S), we study Eq. (58) using proved relations (60)—(62). For

instance, we have
GURA(RY + RP)GY, = G aROGY,
t
= / dT/Q d8d90|J<8, 90)| /Q Gﬂ?_i_(s, 90, S1, 91,t — 7') .
0 : e

/Q Rg?(sl,91)Gio+(51,91,52,92,T)d92d82d91d81-

As G%, (5,00, 51,01,t) = (KL (s, 51, ) — f2(s,51,1)) K (60, 61, Dy (6p)t) , we have
Gl ARG, = (WY — fI)KYRY (WY — fI)K.

Now we perform the change of variables (64)-(GH). Since locally k;(6) € C' | then for
all 0y € 092, for t — +0 we can develop

0o — 2/ Do (t — 7)0y) = ki(Ao) — Vki(60)2+/ Dy (t — 7)01 + O(t — 7).

Consequently, by definition of Ry, (s1,61) in ([@3]), which is a composition of the operator
of the first derivative by s; and of a multiplication by a function of the class C! on 6,
(locally, in the sense of local variables), we also have for ¢t — +0

Rsl (317 91) = Rsl (Slv 9)[1 + O<t - T)] - VGRSI (317 9>2 V D+<t - T)él'
As 2¢/Dy(t —7) [, dOle= D0} = 0, we obtain

+1jR9°Gi°+—/ dT/ deo/ ds|.J (s, )| dsl/ dss
o [0,¢] [0,¢] 0,€]

) hﬁ? )(S 317 81 (51’90) + O(t - T)] (heo - )(317 5277—)

—1 ~ e - e (92)2
: H de dT dby [ ds|J(s,00)] [ ds
i=1 \/_ o0 [0,€] [0,€]

/ d52(hi0 - —?—0)(57517t_7)7—\)’81(51700) [1+O(t_7—)] (h90 - )(51752>T)a
[0,¢]
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from which it follows

:/ deo/ ds/ dsy (H (s, 51,1) — £% (s, 51, )] J (s 60)]

o0 [0,¢] 0,€]

1+ Ot /dT/ deo/ ds|J(s,00) [ dsu(h% — f%)(s, 1,0 — 1)
99 [0,€] [0,¢]

/[ }dSQRsl(Sl,e())(heo— )(81,82, )
0,¢e
+[1+0()) /a ) dfo(h — FI)ER(s,00) (A — [1)ER (s, 60)ul . (66)

We notice that the solution u(s,f,t) of the one-dimensional system (45)—-(A7) is given
by

(s, Oy, t) = / dsy(h% (s, s1,t) — f2(s,51,t))

/ dT/ dsy (hf — £9) (s, Sl,t—T)/ dsaRs, (s1,00) (RS — f2) (51, 82,7)
[0 e [0.€]
+(R — FP) RS (s,00) (R — fO)4RS(s, 00

To obtain ([@8) of Theorem M from formula (66), we estimate

NN2 /dT/ de(]/ dS‘J S, 90
1]9) [0,¢]

(67)
/ dsy(hf — f%)(s, 81,1 — T)/ dsaRs, (s1,00) (R — f2) (51, 52, 7).
[0,€] [0,€]

In fact, from (52)), proven in what follows, it holds (see (68)) for the definition of NN1(t))

NN%(t) = O(t)NN(t) = O(t) { O(t2), 0<A<oo _ { O(tf), 0<A<oo

o), A= O, M=o

To conclude, we note that if all principal curvatures k;() on ). are constant, then
for all 6 € 02
Rs(s,0) = Rs(s, b)),

and thus

/ deo/ ds (1= (s, B, £))]J (s, )| + O(e™ ).
o0 [0,¢]

To show (B2)), we need to estimate
NN(t Zr AR 4 R ,I% (1 fold), (68)

where
Fi0+ = (hio - io)-
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More precisely we want to prove that for all j > 1

14
» u(0, /4D, t), 0<A<oo
NN (t)| < C . 69
| @l < {tau(@Q,\/E), A =00 (69)

Due to Lemma 2], we start with (see (64))

NNl / dT/ d@o/ dS|J8 90
00 [0,6]
/ dsy (RS — f9)(s, 81, — T)/ dsaRs, (51,00)(h% — f2)(s1, 52, 7).
[0,€] [0,€]

Therefore, we have to estimate four terms:

4
NNt Z

MM1 / dT/ d90/ dS|J S 90
[2/9] 0,€]

/ dSlh (S Sl,t T)/ dSQRsI(Sl,Ho)h (81,82, ),
[0,€]

MM2 / dT/ d@o/ dS|JS 00
o0 0,€]

/ d31f+°(3,31,t—7)/ dsstl(sl,Qo)h (s1,82,7),
[0,€]

[0.¢]

MM3 /dT/ d@o/ dS|JS 00
o0 0,€]

/ dSlhO(S Sl,t—T)/ d82R31(81,90>f+0(81,82,7'),
[0.€]

MM4 / dT/ d@o/ dS|J S 90
[2/9] 0,€]

/ d31f+°(3,31,t—7')/ dsstl(sl,Qo)ff_"(sl,52,7').
[0,€]

[0.€]

where

We aim to approximate R, (s1,00) = R(s1,05)0s, from Eq. (@3] near the point (s, 6).
For t — 40 and 0 < s; < € = O(y/t), we find that

EEEE—— . 2
T k(g T ohilt) ¥ O,

which gives
n—1 n—1
R(sy,60) = —D, (Z ki(0o) + 51 ) K7 (60) + 0(s§)> .
=1 i=1
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Introducing the notations

(81 :t 82)2) 1
C =3 :l: s ’ [Sl o T) = eXp <_7 5 CcC = )
i 1 2 + ( ) 4D, T SWD%F(O,eO) (t _T)T

[S1[o%

we find
heO(S S1, t— T)Rsl (81, eo)h (81, So9, T ) = —CR(Sl, 90) (C [ s—s1 (t — 7')[31752<7'>
+a(X, 0,00) Lsys, (t — 7)151—52(7')]
<)‘7 07 90)C+[ $—S81 (t - T)181+S2 (T) + a’<)‘7 07 90)18+31 (t - T)[51+52 (T)]) :
We now change s; to z; and sy to zy by the following change of variables:

o for Py, (7): 2= 25\1/% and sy = +s1 F2/D 72,

o for Piry (t —7): 2 = 2\/% and s; =+sF 2/ D (t—17)z

Let us notice that t is a constant parameter and, as 7 takes its values between 0 and ¢,
hence, z; and z are in R™ or R. But at the same time 21/D,(t —7)z; = s s and
2y/D,Tzy = s1 £ s are bounded to the interval [—e,2¢] and hence are of the order of
O(v/t). In what follows, we suppose that 7 and t — 7 have the same order of smallness
as t:

O(t)=0(r) =0(t — 7).
Therefore, for 0 < s; = +s F2/D,(t — 7)z; < € we have

0

Rsi(s1,00) = [(0) F ¥ (s, 21’00)]681

where

n—1
00) = =Dy > ki(fo),
=1

P(s,21,00) = (s =2/ Dy (t —7)z1) D4 i k2(00) + O (1).

i=1
If we develop R in the neighborhood of (0,6y), we find
R(s1,60) = R(0,60) + O(Vt) = ¢(6p) + O(V1). (70)
For A = 0o on 0f), we simply have
MM, (t) = MM;(t) = MM,(t) =0,
and

NN (t )\ = IMMl( )| = 4R A

<C dT— dby ds|J500‘<C\f,u6(2\/4D+

o0
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By iteration of the proof, we show that |NN7(t)| < Ct%,u(ﬁQ, VAD, t) for j > 1.
Now, for A < oo,

t
1
MM, (t) = h4RB% = — / dr— [ db,

T
\/_ 0N v /
U dzyp(0g) zae ™2 } ZX, (s, 21, 22) / dT—/ dfy—— /ds|J s,6p)|
0N v
'/dzﬂiz%' [/ dza1p(s, 21, 00) z2e Z%] (Z Xi($, 21, 22) ZXz‘<5721722)> .
R R =3

ds|J (s, 6)] / dze ™

Here for vy (z1) = 24/ Dy (t — T)211g+(21), v(21) =24/ Do (t — 7)21, wH(22) = 24/D 7221+ (22)

and w(zy) = 24/D; 72

X1(8, 21, 22) = Ly, g(8)Ljo,q(s — v(21))Lpq(s — v(21) — w(22)),

Xa(8, 21, 22) = L0.q(5) o, (s = v(21)) Lo, (=5 +v(21) + w ™ (22)),
X3(8, 21, 22) = Lo, (s)Lpo,q(—s + v (21)) L (—s + vi(21) — w(z2)),
Xa(s, 21, 22) = Lpo,g(8)Ljo,q(=5 + v (21)) Lo (s — v4(21) + w ' (22)).

Considering two formulas:

n=1pq(s) = Lpqg(s —v)Lpq(s), and (= Lpq(s)Lpg(—s+v4),
we find that

O<v<e OD<s<w

n#0 = {—e<v<0 e+v<s<e (71)
O<v<e O<s<w

(#0 = {€<U<26 v—e< s<e (72)

It means that for 0 < v =v, <€, it holds

1(s) = C(s) = Lpw,(s)

and for —e <v <0 and € < vy = v+ 2 < 2¢ it holds

77(3) = C(S) = ]l[v+,€7€}(8) = 1[eJrv,e}(S)'

Consequently, we found the formula

Lio,q(s) = Lpg(s — v)Lpq(s) = Lqg(s)Lj,q(—s +vy), (73)

from which it follows

x1 = Lioq(s)Lioq(s —v) — x2, x4 = Ljoq(s)Lio.q(—s +v4) — X3

Therefore, we have
Z Xi(s,21,22) = Lo q(s) and x1 4+ x2 —x3 — x4 = Lpo,q(s) =2 Ljo,u, (20)(5)s
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which are independent of 25 . Since
/ e Bdz =0 and /(223 —1)e *2dzy = 0,
R R

we obtain exactly
|M M, (t)| = |hiRsh| = 0.

For MM, we find in completely analogous way

MMy (t /dTvt_T/ deo /ds|J(s,00)|
oN + R

/ dz; e2MBo)aziVi=T+A(00)*a? (t-7) ) Erfe(z + M6o)avt — 1)
R+

./Rdz2 [(p(eo)zQe*Z%] (x3(s, 21, 22) + xa(s, 21, 22))

2 M V-
+—/ dr t 7-/ do)\wO)
Nz VT Jaa D
L 2A0)0VI=TENO0)? 0% (=) Brfe (21 4 ()t — 7)

~/d22 [w(s,zl,ﬁo)zge’%} (x3(s, 21, 22) — xa(s, 21, 22)).
R

ds|J (s, 6)] dz
R R+

Since

X3(8, 21, 22) + Xa(s, 21, 22) = Lo, q(8)L0,g(—5 + v1(21)) = Loy (21)) (),
X3(S, 21, 22) — xa($, 21, 22) = 2x3(5, 21, 22) — Lo, q(8) Lo, q(—5 + v4(21)),

the parts of MM, , which contain the integration over s on [0,2/D,(t — 7)z], are
equal to zero. In addition, for ¢ =0,1

<C.

/ dzlzfe”‘(eo)o‘zl\/ﬁJ’)‘(GO)QO‘Q(t_T) Erfc(z, + M(6p)an/t — 7)
R+

As 1) is of the order O(y/f) and linear on z;, and € = O(y/1), we directly obtain

/ /dHOD /d‘J890|/d21
o0 + R

M Oo)az Vi T+)‘(9°)2 *-7) Erfc(21 + A(Bo)avt — )

'/d22¢(5721790)22€Z§2X3(8721722)
R

| M Ms(t)] =

t €
< C/ dr/7 d@o/ ds|J (s, 00)| < Ct2 (09, /4D 1).
0 o0 0
Since p(09Q, /4D t) = Cy/t for a regular boundary, then |MM,(t)| < Ct2.

31



To estimate M M; we find
_ A0o)x o
VD't

In our notations, using (70}, we have

851f49r0(317 52, T)

(s1,82,7) — Abo) 1 p (—M) .

Dy /rDyt o 4D, 1

Psfsl _'_ Ps+51
\/ 47TD+ (t — T)

AOo)ax g Aby) 1
(o(6 OVt 0 ———————P s (-
(9000 + OV {200 o sam) - 20,
Changing variables s; to z; and sy to zy, we obtain xo &+ x4 for the area of s, which
gives intervals (linearly) depending on the values of z; and z,. Thus, we majorate s by
e and estimate M M5 :

W (s, 51,1 — T)Rs, (51,00) 2 (51,59, 7) =

t €
IMM(8)| < C / arvr [ dbo / ds| T (s, 6)
0 o0 0

. / dore / d=(@(0) + O(VD) (20,7,

where
MOy
Jlem) = \(/lo)—)Jr exp (2A(6o)aza/T + A(fo)*a’7) -
1 2
Erfc(zo + A(0o)a/T) — \/mefzz
We see that

VT <C.

/R da0(00) + O(VD)f(22,7)

Therefore, we have

|MM;(t)| < Ctp(0K, /4D, t).

In the same way, since x4 depends on z; and z, at the same time, we have

|MMy(t)| < C'/Otdfm/md@o/oedsu(s,@oﬂ

+o0
. / d21€2)\(«90)a21\/t7T+)\(«90)2a2(t77—) Erfc(z1 + )\(90)& ff — 7_)
0

| dstottn) + OV e 7)| < Ot uton. iDL,

By iteration of the proof, we show for j > 1 that

INNI(t)| < Ct = (09, /4D, 1).
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6 Relation of the heat content expansion with the in-
terior Minkowski sausage

Let us start with a heat problem with just a discontinuous initial condition.

6.1 Particular case D, = D_ = const

Lemma 3 Let Q C R"™ be a compact connected bounded domain with a connected bound-
ary OS2 of the Hausdorff dimension d and w is the solution of the following problem:

Ou—DAu=0 x2eR" t>0, (74)
U/|t:0 = ]].Q, (75)
Then for t — +0 we have
2 —z2
N(t) :/ C  1(09,2VDtz)dz + o (t”Tﬂl) (76)
o VT
Moreover, it can be approximated by
N(t) = Bo_a 1(89,2Dt) + 0 (t*) , (77)
with the prefactor
2 w2’ 1 r+1
x = ——dz = 4 78
b= [ Ttem gz () (7%)

s expressed through the incomplete Gamma function.

Proof. Let us prove formula (7@). By definition

R7\Q JRn

where this time G is the heat kernel in R"

n |z —y|
— (4Dnt)"% I
G(z,y,t) = (4D7t)” 2 exp ( 1Dt

Therefore, we have

N(t) = Vol(Q2) — /Rn /n #ei‘z‘gﬁﬂﬂ(fb’)ﬂﬂ(y)dwdy
1

(47Dt)=
=Vol(Q) — [ —e P (/ To(z)Lo(x + 2\/Ev)da;) dv

Rn T2

_ /Rn L [/Q (Lo(x) — 1o_yyp.(@)) dx] dv,

T2

where 1, , /5, (2) = Lo(z + 2V Dtv) and the notation 2 — 2v/Dtv means that € is
shifted by the vector —2v/Dtv € R™.
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Let us firstly suppose that 9 is regular, i.e of the class C®. We see that for all points
x € Q for which d(z,0Q) > 2v/Dt||v]|, it holds (z + 2v/ Dtv) € Q2. Thus, it follows that
for € = 2v/ Dt||v||,

Lo(z) (Lo(z) — 1o s pi(2)) =0 for all z € 2\ Q..

€

Therefore, only x belonging to €. with ||| < 55 contribute to N(t) and we can
write:

N(t) = /]R ine*“”2 {/Q (]196(:17) - ]196—2\/D7v<55)) dx} dv+0O (5%&) ’

n M2
where the exponentially small error with a § > 0 is defined by the integral

1 )
—e " dw.
o> 55— T2

2V Dt

Since 02 is regular, we introduce (see Section M) the local coordinates = = (0, s)
and thus have #(0) € 00 and z € Q iff 0 < s < e. In this case, Xy 5,(7) =
Lo (7) — 1o 5 pp,(7) # 0 iff 2 € Q. and 2(0) — sn(f) + 2v/Dtv ¢ Q. Moreover, with
the notation (v,n) for the Euclidean inner product of two vectors in R™,

(2(0) — sn(0) + 2V Dtv) - n(0) = —s + 2v/Dt(v, n).

We deduce that
Xovpie(®) # 0 iff s — 2V Dt(v,n) < 0.

Consequently, if (v,n) <0, as s> 0, it is not possible to have s —2v/ Dt(v,n) < 0. In
turn, if 0 < (v,n) then s €]0,2v/ Dt(v,n)[. Considering only (v,n) > 0, we can define
e = 2/ Dt(v,n) and, since v = % and z,y € /5y, ), we have 0 < (v,n) < 2.
Thus, the vector v can be locally decomposed in two parts: v = ((v,n), (v,2)) = (vn, vz) -
Thus, returning to N(t), we obtain with the error O(t) which comes from the Jacobian

approximation (see |J(s, )| in Section [l

1 5 21 )
N(t) = ”f'd;,:«/—'”" (/ i d)dn+0t
() /R"l WnTile ! 0 ﬁe Q€X2 Dtvvn(x) xr v ()

2 2
e n—d
= p(09,2v Dtz)dz + ot 2 ).
Jo e
If 9Q is regular, then d = n — 1 and o(t"z") = o(v/f), which, as it was mentioned, is
actually O(t). The last formula that depends only on a volume of the interior Minkowski

sausage, holds for all types of connected boundaries described in Subsection
The formula (7)) follows from Eq. (76) and the relation

(09, €2) = 2" (D9, €) + O( D), (79)

which, for a fixed z and € — 40, is evident for the regular case and can be proved by
approximating the fractal volume by a converging sequence of the volumes for smooth
. . -4
boundaries. For d =n — 1 in Eq. (T7), one has 3, = 12’% ~ 0.2769. O
A comparison between the asymptotic formula (77) and a numerical solution of the
problem ([74)—(75) is illustrated in Fig. @ (for a square and a prefractal domain).
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Figure 4: Comparison between the asymptotic formula (77) (solid line) and a FreeFem-++
numerical solution of the problem (74))—(78) (circles) for two domains: (a) the unit
square (with Vol(0Q2) = 4) and (b) the second generation of the Minkowski fractal,
with Vol(9Q2) =2%-4. Weset D, =D_=D=1.

6.2 General case

Let us come back to the problem (II)-(H).

According to Theorem @ (Eq. (52])), the heat content can be found up to the terms
either t% or t (depending on values of \), by integrating over all boundary points 6 of
the solutlon @™ of the homogeneous problem ([#9)—(5I]) with constant coefficients taken
at a boundary point (0,6). Obviously, Eq. (B2) is valid only for regular boundaries.
Let us reformulate it to allow an explicit calculation of the heat content for all types of
boundaries mentioned in Section

For this purpose, given € = O(V/t), € > /4D, 1, we divide 09 (which is still supposed
to be regular) into J disjoint parts B; (j =1,...,J) of the size 6" ' with 0 < <€
such that 0Q = U7_ B;.

For t — +0, § — 0 and thus, due to regularity of 02 on each B;x]0, €| the
local change of variables from Section B is a C!-diffeomorphism. In addition, since u
continuously depends on A (see Theorem B), 4"™ , considered as a function of #, by the
continuity of A, is continuous on 6. Therefore, by the mean value theorem and due to
the positivity of |J(s,0)|, we deduce that for all j = 1,...J there exists ¢} € B; such
that

/de/ ds(l—ﬁhgm(s,ﬁ,t))\J(s,HH:/ ds(1—ah0m(s,9g,t))/ do|J(s,0)).
B; 0,€] [0,€] B

J

From Eq. ([69), Eq. (52) becomes

J
Z ahm(s,eg,t))/ de|J(s,0)|
=1 B

{ O(t (8(2\/)) 0<)\<oo
(\/_ (092, \/_))7 A =00 .

Hence we prove
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Theorem 5 The heat content for the solution of the problem (d)-({4) can be explicitly
found for all types of boundaries 0 (a connected boundary of a compact domain described

in Subsection[2.3) using the following expressions:

1. for A < oo on 0N):

N(t) = 2\[@9 { aﬂm/ do\(o /12dzf(a,z,t)

v/Dy Vol
—/ dzp(0Q, /4D, t(z — 1))/ do\(o)f(o,z,1)

/ dzp(092, /4D, tz) / do\(o f(cr,z,t)] + O(tu(092, \/%)),

1

where o = NGE +

L and

g

f(o,z,t) = exp (2)\(0)a tz + )\(0)2a2t) Erfc(z + Mo)avt).

2. for X =00 on 0N):

N(t) = 2vD- i (09, /4D, t2)dz + O(Vt u(0Q,V'1)).

vl v dt
Formulas (80) and (83) can be approximated by
1. for A < oo on 0N):

2Vt (09, \/AD 7 2
N(t) = \/D—+Vol(8§2)+ [/anaA(a)/l dzf(o, 2, 1)

/ 2z — 1) /mdo)\(a)f(o,z,t)

/ e d/ doMo) f (o, z,t)] +O(VE (00, V1)),

2. for X =00 on 0N):

V(0 = ST (00, VADT) + 008 Vi)

where [, was defined in Eq. {78).
Proof. Using Eqs. (B6)—([60), N(¢) becomes

N(#) — u(09, ¢ +Z/ dsids (B%(s, 51, )—fﬁg(s,sl,t))/ d6].J(s,0)|
B

J

[ Ot w(09Q,+/4D11)), 0< A<
N { Ot u(0Q,+/4D,t)), A= '
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Let us calculate it explicitly. We start with the part

Nhj(t):/ dsds h?é(s,sl,t)/ d6|.J (s, 0)|.
0.2

B;
Changing variables as in the proof of Theorem @, Nh;(t) becomes

L3
Bj R

\/:—: (Aﬂ[o,e1(8)1[o,e}(8 - \/EZ)\J(&@)IdS) dz

+a(X,0,6) / do / -
B; R

= ([ 1ot a5 + VAP (5,05 )

Therefore, we obtain

/ i U 1J(s,0)[ds
Bj [075}
(&

_/R \/% </{07€](11[o,e1(8) —11[07€]+\/mz(s))|¢](3,«9)\d3> dz

ta(),0,6) /R % ( /]R 1oa(9)L, g, \/mz(sﬂj(s,e)\ds) dz] |

Applying formula (73)) with v = /4Dt z (see also Subsection [6.1), we find

N () = u(By6) = (1= a0 0.0) [ B

Thus, for A < oo Nh;(t) = pu(Bj,€) since a=1.
We treat the second part in the same way;,

Ni(t) = —/[ donds fﬁg(s,sl,t)/ d6|J (s, 0)],
0,€]?

B;

Nhy(t)

4D, tz)dz.

which is equal to zero for A = co. For f(6},z,t) from Eq. (8I), we find that
NG A
ij(t) = _ﬁ deZH[O,e](S)ﬂ[O,E](_S+2\/ D+t2)f(2,t)/ |‘](870)|d0
VDi Jre B;

2)\\(;0]_)\/_ [/ dzf (6, z,1) / /(Z j)li;DT s,0)|dsdf

) 4D+tZ
+/ dzf(@f),z,t)/ / |.J(s,0)|dsdd
0 B; Jo

_%\/é_):/% {M(Bj, 4D+t)/1 (63, 2,t)dz

—/1 f(@é,z,t)ﬂ(Bj,\/llDth(z—1))dz+/0 F(6), 2, t)u( By, /4D tz)dz

Putting two results together, we obtain the following approximations for N(t)
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1. for A\ < oo on 99:
:ZJ;M(Bj, 4D+t)%¢é_)+\/z/12f(98,z,t)dz
Z%\/QLJ)T U F(63, 2, )u(B;, /D3 1(= — 1))d
_/0 F(02, 2, ) u(B;, 4D+tz)dz] +O(t 1(09, V1)), (85)

2. for A =00 on 00 :

o0/D_ J
D <

+ OVt p(09,V1)). (86)

N(t) = 4Dyt z)dz

It means that if the formulas for u(B ) are known, we get the approximation of N(t)
up to terms of the order of t* 2 for A\ < oo, and of the order of t57 for A = oo
Moreover, this approximation, dependmg only on the volume of 02, holds for all types
of boundaries, even fractals (see Subsection and p. 378 of Ref. [II] for a similar
conclusion).

Let us now change the sum over j with the integral over 2z and make J — 4o00:

J
Jhrf C(z t,0)1u(B;,\/AD tz) = | C(z,t,0)dist(o, /4D, t2)do,

where do is understood in the sense of the Hausdorff measure ( d-measure) defined on
02 . Thus, again with the help of the mean value theorem, we have

/C’(z,t,a)dist(a,\/4D+tz)alcr:'LL(aQ7 4D+t)/ C(z,t,0)do,
e Vol(992) 09

from which Egs. (80) and (82)) follow. We use Eq. (79) to obtain formulas (83) and (84]).
UJ

7 Regular case

In the case of a regular boundary we provide the asymptotic expansion of the heat content
up to the third-order term.
In this case, we can approximate the solution of the system ([29)—([3)) by the solution
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v of the following problem (instead of ([33])—(B8]), as previously)

0 P2 Lo du..
§U+—D+ 632+2802 U++D+Zk3 90 8 —0 0<$<€ (87)

0 ou_
ot = D- (832 Zae?)” +D_ Zk (60) 5, =0, —e<s<0 (88)

Utli=o = 1, ui=0 =0, (89)
ou_
f—s\s——o = A(0o) (u— — uy)|s=0,
ou ou_
D+8—:|S:+O -5 ls=—0- (90)

In this approximation the remainder terms of the system (29)-(B3) contain only the
coefficients of the order /¢ (to compare with (Z0)):

n—1
R(s1,00) = s1Dy Z k7 (00) + O(s1),

i=1

that gives

R(s1.00) = (s F2y/Ds (t — 7)21) Dy i k2(6y) + O(t) = O(VA). (91)

The basis of the parametrix is the Green function given by (see Section [B.J))

B (1, 50, ) = \/%Dﬂ (exp (— (51 = 5 gﬁww‘)))Z)
+a(\, 0, 6) exp (— (51 % 5 4_5?7(90))2)) , (92)
Alfo)

(81,82, ) ()\ 0 90) D+
o)

- exp ( \</D—+ (81 + S — tDJr’)/(eo)) + )\(90)2042t) :
it (222 L) s gavi). (99)

where v(6p) = 327 ki(fy) . The estimate () becomes

(t*), 0< A< oo

- /mdeo /[O’E] ds (1= @™ (s, 00, t))|T (s 0o) —{ 8@3), . (94)

Consequently, for the regular case we have
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Theorem 6 Let Q) be a compact domain of R™ with a connected boundary 02 € C*(R").
Then for A = oo we have

l—et  JDiD-
VT Dy ++/D-

In the case of 0 < A\ < 0o, we have

N(t) = 4Cyt /aQ A(o)do — %Clt% {2(& + \/%) /aQ A(o)do

N(t) =2 Vol(09) Vi + O(t?). (95)

—+v/Dy(n— 1)/ )\(O’)H(O)dO:| +O(#), (96)
o0
where H 1s the mean curvature, and
3 9 1 /1 1
=1+ —-erf(l)—-erf(2)+ —= |- —— | =0.221
Co +26r() 4er()+\/7_T(e 64) 0.2218, (97)
1 Se~* —4e~!
C) = 7 —6+T —b5erf(1) + 11 erf(2) ~ 0.5207. (98)

Proof. Let us consider the case A = oo. Using the Green function given in Eqs. (02)
and (@3), we obtain

o
tD+W( ()) 2

Z 5 / ,u(B 1Dtz + Dy (00))dz + O(),  (99)

where [ = ﬁ. In Eq. (@9) the remainder term also contains the integrals

fo\/ﬁwg) dz. From Eq. (99) we find
2
tD+ —2z2 2 D+tZ+’Y(:L‘j)D+t
N(t) ZB/ / de/ ds(1 — s(n — 1)H())
B 0

+O(t3).

Therefore, we have

= (20@2\/01 )

—t(n—1) (Zg Vol(B;)H (z;) — /B H(o)do

) +O(t?), (100)

where
0_1—6*4 vVD_
VT VDi+/D
= €—_4 er DD
= (15 - we) 2

40



In addition, for all o € B;, the distance between x; (which also belongs to B, ) and o
goes to 0 as J — +oo. Thus, since

|H(z;) — H(0o)| < H'(0)|z; — o] < C'Vol(B;),

we have
J

lim g
J—400

= 0.

Vol(B;)H (x;) — /Bv H(o)do

Hence, from Eq. (I00) we obtain Eq. ([@3]).
The case 0 < A < oo can be treated in the similar way using in Eq. (83]) the expansion
of the f(o,t,2):

F(o,t,2) = exp (m(o—)aﬂz n )\2(0)042(0)t> Erfe(z + A(o)av/i)
1

= Erfe(2) — 2\ (0)aVt <ﬁe

S zErfC(z)) +O(t).

U
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A Definitions of Besov spaces on fractals

Let us define the Besov space 32’2(89) on a d-set 90 (see Ref. [2I] p.135 and
Ref. [22]).

There are many equivalent definitions|23], BI] of Besov spaces. To give one of them,
we introduce[21], 23] a net N with mesh 27, v € N i.e. a division of R" into half-open
non-overlapping cubes W with edges of length 27", obtained by intersecting R™ with
hyperplanes orthogonal to the axes. In addition, we denote by Pi(N') the set of functions
which on each cube W in the net A coincide with a polynomial of degree at most k.

Definition 4 (Besov space BL'(I'), >0, see Ref. [21]) Let ' be a closed subset
of R™ which is a d-set preserving Markov’s inequality for 0 < d < n and let my be a
fived d-measure on T'. We say that f € B'(I'), >0, 1 <p,q<+oco, if f € LP(my)
and there is a sequence B = (B,),en € 9 such that for every net N with mesh 27",
v € N there exists a function s(N') € Pig(N) (by [B] is denoted the integer part of ()
satisfying

I = S| ioong) < 277 B..

The norm of f in BR*(I') is given by the formula
1Bz ey = [1F oy +10f | Blles,

where the infimum is over all such sequences B .
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The dual Besov space (32’2(69))’ = Bi;(@ﬂ) is introduced in Ref. [23]. To give the
definition of the Besov space BE;(@Q) we need to define the atoms:

Definition 5 (Atom[23]) Let 5 >0, 1 <p < oo, and let W with WNT # & be
a cube with edge length 277, v € N. A function a = aw € LP(my) is a (—f3,p)-atom
associated with W if

1. suppa C 2W , where 2W s the cube obtained by expanding W twice from its
center,

2. [aVa(x)dmg =0 for |y| <[B] if v >0,
lallegma) <27

Let NV, (T) = {W € N,| WNT # @} with the notation N, of the net with mesh 27
such that the origin is a corner of some cube in the net. Then we can define the Besov
space with a negative parameter —f, BE’E(@Q), which is actually[23] the dual Besov

space of 32’2(89) :

Definition 6 (Besov space B"}(I"), >0, see Ref. [21]) The space B"3(T), 8>
0, 1<p,q<oo consists of functions f € D'(R™) which are given by

weD®) (f0)=Y > sw [awodn,

veN WeN, (T)

where ay are (—B,p)-atoms and sy are numbers such that S = (S,),eny € €9 and S,
18 defined by

1
P

S, = Z |sw|”

WeN, ()
The norm of f is defined by

1/ 1579y = nf [[S]lea,

where the infimum is taken over all possible atomic decompositions of f :

f:Z Z Swaw .

veN WeN, ()

B Explicit computations for half space problem with
constant coefficients
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B.1 Case A\ =

The Green function of the one-dimensional problem ([{9)—(5I) with A = oo and s € R
was treated in Ref. [0 [I] and it is given by

['(s,51,t) = Lisso0, 500 44(5, 81, 8) + Ljsco, s, 500 -4 (5, 51, 1)

with
.y (s, 51,1) ! (=s)") 4 (s +51)" (101)
§,81,1) = —m—= [ exp [ — exp | -t
R \/47TD+t P 4D+t P 4D+t ’
D 2
1 (S — 51 D__>
I'_y(s,s1,1) = Bﬁ exp | == 5 . ; (102)

_ \/Di—/D= B /D
where A = 7\/D_++\/D__ and B = 7D++\/D__.

Let us use this result to find the Green function I'*(s,s;,t) of the following one-
dimensional problem

0 0? 0
EUIJF — DJ’,@UJ’» -+ D+k%u+ = O, s>0 (103)
0 0? 0
—u_ —D_—u_+D_k—u_=0, s<0 104
" gzt TR0 (104)
’U/Jr‘t:O = 1, u,‘t:() = O, (105)
0 0
U |s=40 = U—]s=—0, D+%u+‘3=+0 = D*$u7‘3=707 (106)
The constant coefficient problem
0 0? 0
—u— D— Dk—u = R 1
prl 682u+ 75 0, s eR, (107)
u|t:0 = U, (108)
has the Green function of the form
1 s—y—t 2
K(s,s1,t) = 6_%7

VAar Dt

that means that the change of variables s — tDk = X transforms (I07) to

0 0?
—u—D =0
o Taxz!
with the Green function
Ko(X,Y,t) = ¢
O W Uy Dt
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In addition[6], we know (see (I0I)—(I02)) the Green function for the constant coefficient

problem

0 0?
5% Uy — D+6X2 =0 X >0,
0 0?
au —D_ aXQ =0 X < 0

Ugli—o =1, u_|=o =0,
0 0
Ut|x=t0 = u_|x=—0, D+8—XU+|Xz+0 - D—a—X“—|X:—0'

Consequently, we perform the following change of variables in Eqgs. (I03))-(I06):

D_
X = ﬂs>0(3) (3 + tD+k) + ]].5<0(S) (D—S — tD_k?)
+

and obtain for z = %X that

0 0?
at Uy — D+aX2U+—0 X>tD+k3
0 0?
EU_ - D_@U_ =0 z< tD+k3,
Upli—o =1, u_|i=o =0,
0 0

U+\X=+tD+k :uf‘zzftD_Mm 8XU+|X +tDik = Di@ U— |z_ftD+k-

Thus,

1 (s — sy —tDik)
INGACR I e p——— -
(s t) NZTR; (eXp < 4Dt
+ 51 —tD,k)?
+Aexp <—(S SZD , +k) ))
+

for s,s1 >0, and

4D_1

re 1
F——?—(Sa Slat) = \/mt

for s <0, s; > 0. Now, to obtain the Green function of the multidimensional problem

Besw (_<[D+/D]s N tw)

0 PP )
EU+—D+< +2692>U/++D+k8871,+:0,8>0, 926R7

0 \ 0
ot~ D- <as2 2692>u + D hou.=0,5<0, 6 €R

U+|t:0 =1, U—|t:0 =0,
0 0

Uy |s=yo = u_|s=—0, D+%U+‘s=+0 = D,%u,\sz,o,
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we apply the Fourier transform in s; variables and, due to the boundary conditions
depending only on s, we obtain that G., , the Fourier transform of the Green function
G414, can be found by the formula

Gii(s,51,6,1) = e DT (5,50, 1),

where ', (s, s1,t) is the Green function of the corresponding one-dimensional problem.
This implies

. 1 (S —s1—tD k)Q
I (s,0,51,01,t) = (ArD, )% (eXp (‘ 4D, t -
Jr

—tD. k)? 0— 6,2
+Aexp <—(s+81 +k) )) exp <—u> for 5,51 >0, 0,0, € R"!,

4Dt 4Dt
B D*s— SM/ =+ 1Dy k:
I"Y(s,0,8,01,t) = exp | —
#5051, 61,) = (4rD_t)"> /7Dt AD1
0 — 0:]? B
~exp( ‘4D 1t|) for s <0, s1 >0, 6,6, € R

For T' and T we also have Varadhan’s bounds[30] for s # s;

lim ¢InT — lim tIn "¢ g = s 51)°
tal%i n ++(S 51, )_tir(gr n ++(87317 )__ 4D, )

(o1 T
lim tInT_, (s,s1,t) = lim tInT"(s, 8),) = —————""—

t—0+ t—0+ n 4D_ '
where d(s,s;) is the Riemannian distance between s and s;, which is equal here to the
Euclidean distance, since Dy and D_ are constant in {2, and ()_ respectively.
B.2 Case 0 <\ < o0

Let us consider the one-dimensional problem ([9)—(GI) with A = A(6y) and s € R. The
associated problem for the heat kernel is then given by

(@ — Diﬁf) G(S, 81,t) - 0,
Gli=o = d(s,s1) for s >0,

Daﬁc:( 0, 51,1) = A(G(—0, 51,8) — G(+0, 51,)), (109)
) 9
D_,_gG(‘FO, S1, ) D_asG( O, Sl,t). (110)

We search the explicit solution of the problem[6] with

| Gy, 5<0,51>0
G<5’51’t)_{G++, §>0,5 >0 "
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We seek for G_, and G, in terms of free heat kernel K(s, sy, Dit) (see Eq. (B3)) and
single layer heat potentials for s; > 0:

t
G++(S7 Slat) = K<87817D+t) + D+/ K<S707D+<t o T>>a+(8177)d7— (8 > 0)7
0
t
G_i(s,51,t) = D/ K(s,0,D_(t —7))a_(s1,7)dr (s <0),
0

where (s, 7) are unknown densities to be determined. Considering the boundary
conditions (I09)—(II0) and the jumps of the first derivatives of G4,

0

$G++\s=+o = —§Oé+(517 t)+

9, 1
%Ger‘s:fO =50 (s1,1),

0
%K(Ou S1, Dth)a

we obtaln two relations

0
D*Oé*(sht) :_D+a+<817t)+2D+%K<07817D+t)7

\/D+ taJr(Sl’T)
D_o_ t =2XK(0 Dit)+ A d
Q (517) (7317 -i-)+ \/7_1' 0 \/ﬁ T
_)\ \/ / 817

m

Following the method from Ref. [6], we solve the system corresponding to a_(sy,t)
and o, (s1,1):

0
D*Oé*(slut> + D+a+<817t) = 2D+$K<07 817D+t)7

MWD D_ o
D_(I_(Sl, t) + 7 (]_ + D—+> . %dT = 4)\K(0, S1, D+t)

We obtain therefore the Abel integral equation of the second kind for a_(sy,1)

Ya_(s,7) 4\
——— 2dr = —K(0,s,, Dt
0 \/ﬁ D ( S1, Uy )

where v = \/;"ﬁ <1 + ,/g—;) . Consequently,

a_(s1,t) +7

AN L K(0, 51, D
a_(s1,t) = —2K(0, 51, Dst) — o +T)d
D_ Vi—T
AN [t " K(0, 51, D
N / e =) ( K(0, 81, Dy7) — o +8)d dr.
D, 0 7- - 8
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Using the Laplace transform yields, after simplifications:

(s —s1)? (54 51)?

1
Grrlssnt) = 5= <eXp (_ 1D, t )+eXp (_ 4Dt ))

A Ao s+ s
- — — Aot ) Erfi Ayt
D+GXI)<\/D_+(S+81)+ “ ) YC(Q\/D—J+ a\[)’

1

1
b= + /o By the same way,

A A |D_
G_i(s,s1,t) = NOWIN exp (\/T?[_ (—s + 51 D—Jr) + )\204215)

/D_
—S—|—81 D_+ )\ \/_
cErfe | —————— t
mel T yp e

where o =

We see that the Green function G, for A = 0 becomes the Green function of the
problem with the Neumann boundary conditions and in this case N(t) =0, as u_ =0.
This property, N(t) =0, can be also directly found using the Green function.

In R" for z = (s,0) and y = (s1,6;) € R x R"! we have

G++<S, 9, S1, 91, t)Rn = G++(S, S1, t)RK(H, 91, D+t)Rn—1,
G—+(87 07 51, 017 t)R" = G—+($7 S1, t)RK(ea 017 D—t)R"*1 .

Therefore in R™ for Varadhan’s bounds with = # y we have

. d(z,y)*
tg%grtlnG-l--i—(xayat)R" =D,

. d(s, 51,/ 5=)" +d(0,01)?
tl_l)%ﬂrtln G_i(x,y,t)gn = — 1D :

Remark 3 Applying this framework to the same system but with the transmittal boundary
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condition for 0 < A < oo, we obtain

1 S— S —tD l{? 2
G++<8 9 517917 ) (47TD t (eXp <_( leDth : ) )
Jr

%
Te (S+81—tD+ 0 01)
X _
P 4D, 1 4D, 1

(s +s1 — LD k) + N 2t)

S SRS <
arD )= Dy P \VD;

S+ 51 — tDJr d(@, 91)2
- Erf Ao/t -
He < SNO A O‘\[) exp ( 1Dt )

G*Jr(‘sueu 317917t> -

1 A
(4nD_t)" 2 V/D-D

A D | D
. eXp <\/ﬁ (—D—ts + S1 D—t + tD+k> + )\20[2t>

3 + S1 14 / + tD+ 2
- Erfc + Xav/t | exp —M .
2D 4D_t

We also notice that for a fized t > 0 for X — +oo we obtain

Gii(s,51,t) = Tiy(s,s1,t) and G_i(s,s1,t) = T4 (s,51,1).

References

[1] H. S. Carslaw and J. C. Jaeger, Conduction of Heat in Solids, 2nd Ed. (Clarendon,
Oxford, 1959).

[2] J. Crank, The Mathematics of Diffusion, 2nd Ed. (Clarendon, Oxford, 1975).

[3] J. E. Tanner, Transient diffusion in a system partitioned by permeable barriers.
Application to NMR measurements with a pulsed field gradient, J. Chem. Phys. 69
(1978) 1748-1754.

[4] J. G. Powles, M. J. D. Mallett, G. Rickayzen, and W. A. B. Evans, Exact analytic
solutions for diffusion impeded by an infinite array of partially permeable barriers,
Proc. R. Soc. London A 436 (1992) 391-403.

[5] P. Gilkey and K. Kirsten, Heat content asymptotics with transmittal and transmis-
sion boundary conditions, J. London Math Soc. 68 (2003) 431-443.

[6] I. G. Pirozhenko, V.V. Nesterenko, M. Bordag, Integral equations for heat kernel in
compound media, J. Math. Phys. 46 (2005) 042305.

[7] D. V. Vassilevich, Heat kernel expansion: user’s manual, Phys. Rep. 388 (2003)
279-360.

48



[8] M. Van Den Berg, P. B. Gilkey, Heat content asymptotics of a Riemannian manifold
with boundary, J. Funct. Anal. 120 (1994) 48-71.

[9] M. Van Den Berg, J.-F. La Gall, Mean curvature and the heat equation, Math. Z.
215 (1994) 437-464.

[10] M. Van Den Berg, S. Srisatkunarajah, Heat flow and Brownian motion for a region
in R? with a polygonal boundary, Probab. Theory Related Fields 86 (1990) 41-52.

[11] J. Fleckinger, M. Levitin, D. Vassiliev, Heat equation on the triadic Von Koch
snowflake: asymptotic and numerical analysis, Proc. London Math. Soc. 71 (1995)
372-396.

[12] M. Levitin and D. Vassiliev, Spectral asymptotics, renewal theorem, and the Berry
conjecture for a class of fractals, Proc. London Math. Soc. 72 (1996) 188-214.

[13] A. Rozanova-Pierrat, D. S. Grebenkov, and B. Sapoval, Faster diffusion across an
irregular boundary, Phys. Rev. Lett. 108 (2012) 240602.

[14] P.-G. de Gennes, Physique des surfaces et des interfaces, C. R. Acad. Sc. série 1]
295 (1982) 10611064

[15] J. Kigami, Analysis on fractals, (Cambridge University Press, 2001).

[16] M. Giona, Contour integrals and vector calculus curves and interfaces on fractal,
Chaos, Solitonséd Fractals 10 (1999) 1349-1370.

[17] P. Grisvard, Elliptic Problems in Nonsmooth Domains, MSM 24 (Pitman Advanced
Publishing Program, 1985).

[18] J. L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Ap-
plications, Vol.1 (Berlin: Springer-Verlag 1972).

[19] R. Capitanelli, Asymptotics for mixed Dirichlet-Robin problems in irregular domains,
J. Math. Anal. Appl. 362 (2010) 450-459.

[20] P. W. Jones, Quasiconformal mappings and extendability of functions in Sobolev
spaces, Acta Math. 147 (1981) 71-88.

[21] A. Jonsson and H. Wallin, Function spaces on subsets of R™, Math. Reports 2, Part
1, Harwood Acad. Publ. (London, 1984).

[22] H. Wallin, The trace to the boundary of Sobolev spaces on a snowflake, Manuscripta
Math. 73 (1991) 117-125.

[23] A. Jonsson and H. Wallin, The dual of Besov spaces on fractals, ICM Studia Math.
112 (1995) 285-300.

[24] M. Martin and M.Putinar, Lectures on hyponormal operators, Oper. Theory: Adv.
Appl. 39 (Birkhauser, Basel 1989).

49



[25] M. Bodin, Characterisations of function spaces on fractals, Doctoral Thesis, Umnea
Unwversity. Department of Mathematics and Mathematical Statistics, 2005.

[26] J. Marschall, The trace of Sobolev-Slobodeckij spaces on Lipschitz domains,
Manuscripta Math. 58 (1987) 47—65.

[27] M. R. Lancia, A transmission problem with a fractal interface, Z. Anal. und Ihre
Anwend. 21 (2002) 113-133.

[28] R. Capitanelli, Mixed Dirichlet-Robin problems in irregular domains, Comm. to
SIMAI Congress 2 (2007).

[29] K. J. Falconer, Techniques of Fractal Geometry (Wiley, 1997).

[30] H. P. McKean, Jr. and I. M. Singer, Curvature and the eigenvalues of the Laplacian,
J. Differential Geom. 1 (1967) 43-69.

[31] H. Triebel, Fractals and spectra related to Fourier analysis and functions spaces,
Monogr. Math. 91 (Birkhauser, Basel 1997).

20



	Introduction
	Well-posedness of the model
	Regular boundary: at least piecewise Lipschitz
	Extension to d-sets (fractal case for d>n-1)
	Well-posedness

	Heat content localization to a small neighborhood of the boundary
	Local coordinates for a regular C3
	Approximation of the heat content by solutions of one dimensional problems (for a regular boundary)
	Relation of the heat content expansion with the interior Minkowski sausage
	Particular case D+=D-=const
	General case

	Regular case
	Definitions of Besov spaces on fractals
	Explicit computations for half space problem with constant coefficients
	Case =
	Case 0<<


