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On the stabilizability of discrete-time switched linear systems:
novel conditions and comparisons

Mirko Fiacchini, Antoine Girard, Marc Jungers.

Abstract—In this paper we deal with the stabilizability prop-
erty for discrete-time switched linear systems. A recent neces-
sary and sufficient characterization of stabilizability, based on
set theory, is considered as the reference for comparing the
computation-oriented sufficient conditions. The classical BMI
conditions based on Lyapunov-Metzler inequalities are consid-
ered and extended. Novel LMI conditions for stabilizability,
derived from the geometric ones, are presented that permit
to combine generality with computational affordability. For the
different conditions, the geometrical interpretations are provided
and the induced stabilizing switching laws are given. The relations
and the implications between the stabilizability conditions are
analyzed to infer and compare their conservatism and their
complexity.

Index Terms—Switched systems, stabilizability, LMI.

I. INTRODUCTION

Switched systems are characterized by dynamics that may
change along the time among a finite number of possible
dynamical behaviors, see [1]. Each behavior is determined by
a mode and the active one is selected by means of a function of
time, referred to as switching law. The interest that such kind
of systems rose in the last decades relies in their capability of
modelling complex real systems, as embedded or networked,
and also for the theoretical issues involved. Their dynamical
properties, in fact, are often not intuitive nor trivial and the
problems related to analysis and control design may result
rather challenging, also for linear switched system, see [2].

The problem of stability or stabilizability, depending on the
assumption on the switching law, of linear switched system
attracted many research efforts, see the overview [3] and
the monograph [4]. Conditions for stability, that is when the
switching law is considered as an exogenous signal, have been
proposed: for instance, the joint spectral radius approach [5];
the polyhedral Lyapunov functions [6], [7] and the path-
dependent switched Lyapunov ones [8] or the variational
approach [9].

In this paper we are considering the problem of stabi-
lizability of switched linear systems, namely the condition
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under which a switching law can be designed for the system
to be asymptotically stable. Many approaches presented in
literature resort to Lyapunov stability theory to achieve this
aim, in the context of continuous-time [10], [11], discrete-time
[12]-[15] and also, more recently, for distributed parameter
systems [16]-[19]. The decision problem of answering on the
stabilizability of a discrete-time switched autonomous linear
system is related to NP-hard problems. For instance, it has
been proved that the quadratic stabilizability is a NP-hard
problem, see the discussion provided in [20], [21] and the
recent overview [22].

Sufficient conditions for stabilizability have been provided
in literature, mainly based on min-switching policies, intro-
duced in [23], developed in [1], [24] and leading to Lyapunov-
Metzler inequalities [15], [25]. The fact that the existence of
a min-switching control law is necessary and sufficient for
exponential stabilizability has been claimed in [4]. In the same
work, as well as in [26], it has been proved that the stabiliz-
ability of a switched system does not imply the existence of
a convex Lyapunov function. Thus, for characterizing stabi-
lizability, the attention might be directed to more complex,
nonconvex in general, Lyapunov functions, for instance to
composite quadratic functions, as suggested in [4], [15]. A
general necessary and sufficient condition, based on set theory,
for the stabilizability of discrete-time switched linear systems
has appeared recently in [27]. Nevertheless, this condition
might result to be often computationally unaffordable, as it
requires to check whether some particular set is contained in
the union of others. On the other hand, such computational
complexity appears to be inherent to the problem itself, then
avoidable only at the price of introducing some conservatism.

The first main objective of this paper, whose preliminary
version is [28], is to propose new conditions for stabiliz-
ability of discrete-time switched linear systems which could
conjugate computational affordability with generality. We are
focusing in particular on conditions in form of matrix in-
equalities, leading possibly to convex optimization problems,
[29], [30]. Moreover, we provide geometrical and numerical
insights on different stabilizability conditions to quantify their
conservatism and the relations between them and with the
necessary and sufficient ones. We proved the implications
between the conditions, which permit to get a clear picture
of their relations, their conservatism and their complexity.

The paper is organized as follows: Section II presents the
problem of stabilizability of switched systems. Section III
provides the analysis of the Lyapunov-Metzler approach and
proposes its generalizations. In Section IV a novel condition,
in LMI form, is given and analyzed. The relations between
different stabilizability conditions are provided in Section V.
Numerical examples are presented in Section VI and Section
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VII draws some conclusions.

Notation: Given n € N, define N, = {x e N: 1 <x <n}.
Given o € R", ¢y denote its i-th element; given £ € R™™, m;;
is the entry of i-th row and j-th column. Given Q C R” define
the interior of Q as int(Q). Given P € R™" with P > 0 denote
with &(P) = {x € R": x"Px <1}, the related ellipsoid. The
i-th element of a finite set of matrices is denoted, with slight
abuse, as A;. The spectral radius of A € R"*" is p(A) and A is
Schur if p(A) < 1. Given a € R, the maximal integer smaller
than or equal to a is |a].

II. PROBLEM STATEMENT

We consider the problem of stabilizability of autonomous
discrete-time switched linear system of the form

X1 = A () Xk (1)

where x; € R" is the state at time k€ N and 6 : N — N,
is the switching law and {A;}icn,, with A; € R™" for all
i € N,. Given the initial state xyp and a switching law o (-),
we denote with x§(xp) the state of the system (1) at time N
starting from x¢ by applying the switching law &(-). In some
cases o can be a function of the state, for instance in the
case of switching control law, as shown later. The following
assumption, not necessary, is supposed to hold throughout the
paper for simplicity.

Assumption 1: All the matrices A;, with i € Ny, are invertible
and non-Schur.

Notice that no loss of generality is entailed by Assump-
tion 1. In fact, the presence of a Schur matrix A; would make
the problem trivial while assuming the matrices invertible
simplifies the technical developments and proofs, although
these could be extended considering matrix inversion in the
set-valued sense.

The following notations are employed in the paper:

o ¥ =N, finite set of switching modes.

o Ik= H’;ZI #: all the possible sequences of modes of
length k.

o FIMN — UQ]:M 7 all the possible sequences of modes
of length from M to N.

« N= ):fcvzl g~: given N € N, number of elements i € N,
Analogous definition for M.

e Given i = (i1,...,i¢) such that i € #"N and a set Q,
define:

Ai = Hf’:]Aij = Aik o 'Ai] )
Q= QZ(Q> = {X eR": Aixe Q},
B; = {)C e R": XTAZ-TAZ‘)C < 1},

and then %; = Q;(#) with = {x € R": x'x<1}. The
dependence of Q; on Q is omitted when clear from the
context.

o My: set of Metzler matrices of dimension N, i.e. ma-
trices 7 € RV*N whose elements are nonnegative and
27:1 mj; =1 for all i € Ny.

In this paper we will refer to the property of global expo-

nential stabilizability, defined below, simply as stabilizability.

Definition 2: The system (1) is globally exponentially sta-
bilizable if there are ¢ >0 and A € [0,1) and, for all x € R",
there exists a switching law ¢ : N — N, such that

le? (Ol < eAfllx], vk eN. @
A periodic switching law is given by o(k) =i, and
p(k) =k—=M|k/M]+1,

with M € N and i € .M, which means that the sequence of
modes given by i repeats cyclically in time. One issue that will
be treated in this paper concerns the stabilizability through
periodic switching law, i.e. conditions under which system
(1) is stabilized by means of a periodic o(-). This property,
formalized below, will be referred to as periodic stabilizability.

Definition 3: The system (1) is periodic stabilizable if there
exist a periodic switching law 6 : N — Ny, c>0and 4 € [0,1)
such that (2) holds for all x € R”.

Notice that for stabilizability the switching function might
be state-dependent, hence a state feedback, whereas for having
periodic stabilizability the switching law must be independent
on the state. The following direct result is given with no need
of proof. The reader is referred to [4] for an analogous results
and its proof.

Lemma 4: The system (1) is periodic stabilizable if and only
if there exists M € N and i € .#M such that A; is Schur.

We recall hereafter the main results proposed in [27] on
the stabilizability of switched linear systems (1). These results
are based on the Algorithm 1 in [27] that basically consists
in computing the successive pre-images of a C*-set Q C R"
with respect to all the possible modes. A C*-set Q CR” is a
compact, star-convex set containing the origin in its interior.
The stabilizability of the system (1) is equivalent to the fact
that the algorithm ends with a finite number of steps. The
Theorem 1 in [27], recalled below, provides a geometric
necessary and sufficient condition for stabilizability of the
system (1).

Theorem 5 ( [27]): Let Q be a C*-set. The switched system
(1) is stabilizable if and only if there exists N € N such that

U ). 3)
ic. g 1IN

To have a geometrical hint of Theorem 5, recall that Q; is
the preimage of Q through A, that is the set of states which
reach Q by applying the switching sequence i € .#['"N_ Thus,
the switched system (1) is stabilizable if and only if the union
of all the preimages of Q related to sequences of length smaller
or equal than N covers Q, with N finite. This means that after
N step at most, all the points in the union of preimages are
driven in Q by an appropriate switching sequence.

Since the stabilizability property is not dependent on the
choice of the initial C*-set Q, focusing on the case Q = #
and ellipsoidal pre-images entails no loss of generality, see
[27]. Then condition (3) can be replaced by

U #). (4)

ie.7[1:N]

Q Cint

2% Cint

for what concerns stabilizability, although the value N might
depend on the choice of Q.

0018-9286 (c) 2015 |EEE. Personal useis permitted, but republication/redistribution requires |EEE permission. See
http://www.ieee.org/publications_standards/publicationg/rights/index.html for more information.



This article has been accepted for publication in afuture issue of thisjournal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI

10.1109/TAC.2015.2450871, | EEE Transactions on Automatic Control

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 0, NO. 00, 2014

The set inclusions (3) or (4) are the stopping conditions of
the algorithm and then must be numerically checked at every
step. The main computational issue is that determining if a
C*-set Q is included into the interior of the union of some C*-
sets is very complex in general, also in the case of ellipsoidal
sets where it relates to quantifier elimination over real closed
fields [31]. On the other hand, the condition given by Theorem
5 provides an exact characterization of the complexity inherent
to the problem of stabilizing a switched linear system.

The objective of this paper is to consider alternative con-
ditions for stabilizability, taken from the literature and novel
ones, to provide geometrical and numerical insights and ana-
lyze their conservatism by comparison with the necessary and
sufficient one given in Theorem 5.

III. LYAPUNOV-METZLER BMI CONDITIONS

The condition we are considering first is related to the
Lyapunov-Metzler inequality: it is sufficient and given by a
set of BMI inequalities involving the Metzler matrices.

Theorem 6 ( [15]): If there exist P, > 0, with i € ., and
Tt € ./, such that

q
AiT <Z 7Tjin> A;— P, <0, Vie s, &)
=1

holds, then the switched system (1) is stabilizable.

As proved in the paper [15], the satisfaction of condition
(5) implies that the homogeneous function induced by the set
Uic.s &(P) is a control Lyapunov function for the system.

A first relation between the Lyapunov-Metzler condition
(13) and the geometric one (3) is provided below. The fol-
lowing lemma is functional for this purpose.

Lemma 7: Given P; > 0, i € N, the set defined by

r= J 5(2 7rl~P,~> (6)
7;>0, i€ENy
T+t =1
is such that
r=Jéw). Q)
ieNy,

Proof: The equality (7) is satisfied if and only if the
following conditions

Uewycrc | ém) (8)
i€N,, i€N,,
hold. The first inclusion in (8) is trivially proved by noticing
that for 7; = 1 and the other coefficients m; = 0 for all k # j,
then & (ZiENm 7[,'P,') = éf’(Pj)

Consider the second inclusion in (8) and suppose that x € T".
Then, from the definition of I', we have that there exist
n; € [0,1] such that Y.y, 77 = 1 Finally, while classical
Lyapunov-Metzler inequalities can be adapted to handle the
co-design of switching laws and continuous feedback gains
(est-ce vrai ? donner une ref ?), the extension of the other
conditions presented in this paper for handling that problem
is not straightforward and requires further research.and

Z n;‘xTPix <1. 9

ieN,,

All the terms x” Px being non-negative, it yields

minx! Px < Z mixTPx<1.
i€Ny, A
€Ny,

(10)

That leads to the existence of i* € N,, such that x € &(Px) and
finally xe |J &(P). [ |
ieNpy

We proveenow that the satisfaction of the Lyapunov-Metzler
inequalities (5) implies that the necessary and sufficient con-
dition given by Theorem 5 holds for the particular case of
Q=UjcsAi€(P) and N = 1.

Theorem §8: If the Lyapunov-Metzler condition (5) holds
then (3) holds with N =1 and Q = U;c »Ai&(P,).

Proof: If (5) holds then for all x € &(P,), i.e. such that

xTP,x <1, we have that

xTAl-T ( Z 7'Ejin> Aix < XTP,‘)C <1
jes

which implies A;x € int(T"), for all i € .#, from Lemma 7 with
I' =U;c.» €(P;). Thus the condition (5) implies that A;&(P;) C
int(I") and then

Q= |JA&(P,) Ciny(l) = int ( U g(ﬂ)) .y
i€y i€y

Now, by definition we have that

Q={xeR":AxcQ}={xeR": Axe | J A;&(P))}

JjeS
D{xeR": Axe A&E(R)} =&(P),
(12)
for all i € .. From (11) and (12), condition (3) holds with
N=1. [ |

Theorem 8 provides a geometrical meaning of the
Lyapunov-Metzler condition and a first relation with the
necessary and sufficient condition for stabilizability given in
Theorem 5.

A. Lyapunov-Metzler conditions for bimodal switched systems

Consider the bimodal switched systems, that is such that
q=2. Given i € .#, we analyze the geometrical meaning of
the Lyapunov-Metzler condition, that is

Al (P + muP>))A; — P <0, Vie{1,2}, (13)
with 7y; + mp; = 1 and 7y;, mp; > 0. Define
& :g(Pl)Z xeR": XTPUCS 1},
é"zzg(Pz)z xeR": prsz 1}7
0= U 5(7‘61P1+7172P2):{XER": dmy,m >0 (14)
7y, >0
T +m=1

s.t. M +m=1, xT(mPl +mP)x < ]} .

Using the results from Lemma 7 with m = 2, we can now
provide relations between the conditions of the type (13) and
the set inclusion, for i € {1,2}. First we prove that all the
ellipsoids contained in the union of & and & are contained
in one of the ellipsoids parameterized by all the m; and m»
such that w; +m = 1.
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Lemma 9: Given P, P;,P, > 0 and the sets defined in (14),
the inclusion

&(P) Cint(®), (15)

holds if and only if there exist 7,7, > 0 such that 7y +m =1
and

TP +mbP, <P (16)

Proof: We assume without loss of generality that &' (P) €
&) (the case &(P) ¢ & is symmetric). Sufficiency consists in
proving that (16) implies (15). Notice that (16) is equivalent
to
xT(m P+ 7t2P2)x < )CTP)C7

for all x € R"” and if x € &(P) then x € int(®), from the
definitions (14), and (15) holds.

For necessity, let us assume that & (P) C int(&1 U&) and
notice that int(&] U &) = int(&1) Uint(&3) for & and &, as
in (14). Then, for all x € &(P), such that x ¢ int(&}), it must
hold x € int(&). This can be reformulated as follows:

Vx € R", (xTPxS 1 and x" Pjx > 1) = I Px<l.

Lety € R", y#0, such that y (P, —P)y > 0. Let x=y/+/yT Py,
then x” Px = 1 and

T
P,
xTPlx: yT 1y >1.
y' Py
Then, it follows that we must have x’ Px < 1 and therefore
y! (P —P,)y > 0. Summarizing, we have shown

Yy eR", y£0, 0T (P —P)y>0) = y (P—P)y>0.

Since &(P) ¢_ &1, it follows that there exists yg such that
¥ (P —P)yo > 0. Then, it follows from the S-lemma that there
exists 7 > 0 such that

P—P,>1(P —P).

Then, it follows that @ P; + m P, < P with 7y = t/(1+7) and
m=1/(1+1). |
The result stated in Lemma 9 is not true for ® given by
more than two ellipsoids, see for instance the counter-example
given in Example 17. In general, the LMI condition analogous
to (16) is only sufficient for the set inclusion. To have a hint of
this statement, recall that the S-lemma, used in Lemma 9, gives
equivalent conditions if applied to two quadratic functions, but
only a sufficient one for an higher number of them.
Using the Lemma 9, we can provide the geometrical inter-
pretation of the Lyapunov-Metzler condition for g = 2.
Proposition 10: For g =2, the Lyapunov-Metzler condition
(13) is equivalent to A& (P )UAL&(P,) Cint (8 (P)U&E (P)).
Proof: Following the lines of the proof of Theorem 8 and
from Lemma 9, condition (13) is equivalent to A;&(P;) C
int(&(P)UE(Py)) and A& (Py) C int(&(P)U&E(Py)) and
then the result holds. ]
Thus, the Lyapunov-Metzler condition for ¢ = 2 is equiv-
alent to the existence of a contractive set formed by two
ellipsoids, and then to a Lyapunov function given by the
pointwise minimum of two quadratic functions. Notice that
Proposition 10 provides for the case of ¢ =2 a result stronger
than the one of Theorem 8. In fact, for the general case of

g € N the Lyapunov-Metzler condition is just sufficient for
Uics Ai€(P) C int(Ujcr €(P;)) to hold (see the proof of
Theorem 8) whereas it is also necessary for g = 2.

A relation between the Lyapunov-Metzler condition (13)
and the geometric one (3) follows.

Proposition 11: For g = 2, the existence of Q € R™",
positive definite, such that (3) holds with N =1 and Q = &(Q)
implies that the Lyapunov-Metzler condition (13) holds with
P] ZA{QAl and P2 :AgQAz.

Proof: The satisfaction of (3) with N =1 and Q = &(Q)
is equivalent, from Lemma 9, to the existence of p € [0,1]
such that
PAT QA1 + (1 - p)AL QA> < Q,

and then to

{ AT (pAT QA1+ (1—p)AT QAL) Ay < AT QA
AT (pAT QA + (1— p)AS 0Ay) Ar < ATQA,,

that is (13) with P, :AiTQAi, m;=p and m; =1—p for
i={1,2}. [ |

Proposition 11 states that the existence of an ellipsoidal
set Q such that the geometric condition (3) holds after one
step is sufficient for the satisfaction of Lyapunov-Metzler
condition (13).

B. Generalized Lyapunov-Metzler conditions

An interesting issue is whether the Lyapunov-Metzler con-
dition is necessary and sufficient for stabilizability. From the
results presented in the following sections, one can infer that
the Lyapunov-Metzler condition (13) is only sufficient for
stabilizability, in general.

A direct generalization of the Lyapunov-Metzler condition
can be given, by removing the unnecessary link between the
number of ellipsoids (and matrices P;) and the system modes.

Proposition 12: If there exist M € N and P, > 0, with i €
M| and 7 € .4 such that

Af( Y nﬁpj)A,- —-pP<0, ViesIM (7
jeﬂ[liM]

holds, then the switched system (1) is stabilizable.
Proof: The proof is analogous to that one of the classical
Lyapunov-Metzler condition, see [15]. [ ]

Proposition 12 extends the Lyapunov-Metzler condition
providing a more general one. Notice in fact that Theorem
6 is recovered for M = 1. An interesting issue is the relation
with the necessary and sufficient condition for stabilizability,
as well as with other ones.

Remark 13: The condition (17) can be interpreted in terms
of the classical Lyapunov-Metzler condition (5) by considering
the switched system obtained by defining one fictitious mode
for every matrix A; with i € .#["*M) Thus, testing the gener-
alized Lyapunov-Metzler condition is equivalent to check the
classical one for a system whose modes are related to every
possible sequence of the original system (1), of length M or
less.

Another possible extension of the classical Lyapunov-
Metzler condition follows. The idea is to maintain the se-
quence length in 1 but increase the number of ellipsoids
involved.
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Proposition 14: 1f for every i € . there exist a set of indices
J; =Ny, with h; € N; a set of matrices Pk(’) > 0, with k € 7},

and there are ﬂfnp kl ) e [0,1], satisfying

Y Y omil=t
peI me, 7

for all k € J#;, such that

(18)

AT < y ¥ nfjj,j’P,S{”) Ai—PV<0, Vie s ke,
pEI me,
(19)
holds, then the switched system (1) is stabilizable.
Geometrically, Proposition 14 provides a condition under
which there exists a C*-set composed by a finite number
of ellipsoids that is contractive. Namely, the condition is
sufﬁci_ent for the existence of a set of ellipsoids, determined
by P,Sl) with k € 7, associated to every mode i, whose image
through A; is mapped inside the C*-set. Thus, the induced
homogeneous function is a control Lyapunov function. Notice
that the classical Lyapunov-Metzler condition, i.e. Theorem 6,
is a particular case of Proposition 14, with the restriction 4; = 1
foralliec 7.

IV. LMI SUFFICIENT CONDITION

The main drawback of the necessary and sufficient set-
inclusion condition for stabilizability is, as already stated,
its inherent complexity. On the other hand, the Lyapunov-
Metzler-based approach leads to a more practical BMI suf-
ficient condition. Nevertheless, the complexity could be still
computationally prohibitive, see [32]. Our next aim is to
formulate an alternative condition that could be checked by
convex optimization algorithms.

Theorem 15: The switched system (1) is stabilizable if there
exist N € N and ) € RY such that n >0, Yic nnni=1and

Y niAT A <I
ic.g [IN]

(20)

Proof: The result follows directly from the fact that (20)
implies (4), as a consequence of Lemma 7. ]
An interesting issue is whether the sufficient condition for
stabilizability given in Theorem 15 is also necessary. One par-
ticular case in which the LMI condition is guaranteed to have
a solution, provided the switched system (1) is stabilizable,
follows.
Corollary 16: If there exist N € N and iy,i € 7N such
that # C int(%;, U%;,) then there is i) € [0,1] such that

nA] Aj +(1—mAJ A, <1

Proof: The property is a consequence of Lemma 9. H

The condition presented in Theorem 15 is just sufficient

unless there exists, among the %;, two ellipsoids containing

2 in their union, see Corollary 16. This is proved by the
following counter-example.

Example 17: The aim of this illustrative example is to show

a case for which the inclusion condition (4) is satisfied with

N =1, but there is not a finite value of N € N for which

condition (20) holds. Consider the three modes given by the
matrices

2 )
A1 =AR(0), A, =AR (3”) . A3 =AR (3”) ,
where

a 0
A_[O a’!

| cos(B) —sin(0)
}’ R(8) = [ sin(@)  cos(H)
with @ = 0.6. Set Q = %. By geometric inspection of Figure
1, condition (4) holds at the first step, i.e. for N = 1. On
the other hand, A; are such that det(ATA;) = a’a=2 =1 and
tr(ATA;) = a® + a=? = 3.1378 while the determinant and trace
of the matrix defining % are 1 and 2, respectively. Notice
that a> + a2 > 2 for every a different from 1 or —1 and
a® 4 a2 =2 otherwise.

For every N and every %; with i € .#[I"N the related A; is
such that det(ATA;) = 1 and tr(AT A;) > 2. Notice that, for all
the matrices Q > 0 in R?*? such that det(Q) = 1, then tr(Q) >
2 and tr(Q) =2 if and only if Q =1, since the determinant is
the product of the eigenvalues and the trace its sum. Thus, for
every subset of the ellipsoids Z;, determined by a subset of
indices K C .#[I'N| we have that

Z n,AITA, < I,
i€k

cannot hold, since either tr(A7A;) >2 or ATA; =1.

]7 21

2 -

1 QAQ
XX

| N/

(=]

2 ) ) ) ) ) ) ) )
-2 -1 0 1 2

Fig. 1. Sets ) %, 5 (solid) and Q = Z (dashed).

Thus the LMI condition (20) is sufficient but not necessary.

A. LMI-based control Lyapunov functions

The LMI condition (20) can be interpreted in terms of
control Lyapunov functions and can be used to derive the
controller synthesis techniques. Let us assume that (20) holds,
then there exists ¢ € [0,1) such that

Y mATA; <p’I (22)
ic.g [1N]
Also, for all x € R", it holds
min (xT AT Apx) < p2xTx. (23)

ie s [LN]
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We can now describe the stabilizing control strategy. The
controller does not necessarily select at each time step k € N
which input should be applied. This is done only at given
instant {k,},en with kg =0, and k, <k, < k,+ N, for all
p € N. At time k,, the controller selects the sequence of inputs
to be applied up to step kpy1 — 1. The instant k,; is also
determined by the controller at time k,. More precisely, the
controller acts as follows for all p € N, let

ip=arg min (x AAx 24
P gley[lN]( kp kp)- (24)

Then, the next instant k4 is given by
kpt1 :kﬁ+l(iﬁ)ﬂ (25)

with /(i) length of i,, and the controller applies the sequence
of inputs

Vie{l,....l(ip)}

Theorem 18: Let us assume that (20) holds, and consider
the control strategy given by (24), (25), (26). Then, for all
xo € R", for all k e N,

Oky+j—1 = Ip,js (26)

el < bV xo | 7)

system is globally exponentially stable.

Proof: Using the proposed control strategy, we have
Xk = A;j,x, for all p € N. Then, it follows from (23)
and (24) that |y, [| < pllx,[| and thus for all p € N,
[k, [l < 1P kg |- Moreover since kpi1 —kp, <N and L > 1
from Assumption 1, we have for all p € N:

kpi1—1}
(28)
Now let k € N, and let p € N be such that k € {k,,... k.1 —1}
then necessarily p > |k/N| > k/N — 1. Then (27) follows from
(28). [ |
From Theorem 18, the LMI condition (20) implies that the
switched systems with the switching rule given by (24), (25),
(26) is globally exponentially stable. Nevertheless, neither the

Euclidean norm of x nor the function mi[n ](xTAiTAix) are
ic 7N
monotonically decreasing along the trajectories. On the other

hand a positive definite homogeneous nonconvex function de-
creasing at every step can be inferred for a different switching
rule.

Proposition 19: Given the switched system (1), suppose
there exist N € N and 1 € R such that >0, ¥, v 1 = |
and (20) hold. Then there is A € [0,1) such that the function

beell < L7 g, | < w? LY |lxoll, Wk € {kp, .

V(x)= min (x’A7"AT Ax),

(29)
iEf[I:N]

where n; is the length of i € /1N satisfies V(Aq(yx) <

AV (x) for all x € R”, with

i*(x) =arg min (x’A7"AT Ax),
ic.7|1:N]

(30)

and o(x) =ij(x).

Proof: From (20), there exists € [0,1) such that (22)
holds and then, posing A = uz/ N it follows that

1> Y nu Al A=Y niA

ie#[lN] ie.7[l:N]

NATA > Y nd AT A,

ic 7 [L:N]
(3D

since AN <A, and then AN > A ¥ for all k < N. If nj-() > 2,
one has

V(x) =xTA AL Apx = ),"(A,-Tx)T(l’”i**lA]T(i*)Aj(i*))A,-Tx
A AT (r"fAJT A j)A,*x
A" (A—"fA,T A j)Ai»fx =2V (Agx),

where we employed the notation i*(x) = i* = (i, j(i*)). If
ni*(x) =1 then

V(x):XTlilAiCAi*xzkil( l*x) IA*)C
Zl_l(Ai*X) ( Z 1"]}1, n!A],A]) i
)'E]“'N]
—n; AT N Y — —1 "
>/€n}1[1111vl ( ) <)~ ]AjAj)Alx A V(Aix),

from (31), and therefore, V(A;:x) <AV(x) for all xe R". ®

Remark 20: If the LMI (20) has a solution, then there
exists a scalar u € [0,1), such that (22) is verified. The value
of p induces straightforwardly the rate of convergence A
for the Lyapunov function (29) Thus one might solve the
optimization problem m1n ,u subject to (22), to get higher
convergence rate.

Notice that, although V (x) defined in (29) is not homoge-
neous of order one, its square root is so, as for the set-induced
Lyapunov functions given in [27].

B. LMI-condition and periodic stabilizability

Another interesting implication that follows from the Exam-
ple 17 concerns the stabilizability through periodic switching
sequences.

Proposition 21: The existence of a stabilizing periodic
switching law is sufficient but not necessary for the stabiliz-
ability of the system (1).

Proof: Sufficiency is trivial. We infer that necessity does
not hold by proving that the system given in Example 17 is
stabilizable but there is not a stabilizing periodic switching
law. Suppose, by contradiction, that the periodic switching law
characterized by i* € & M with M finite, stabilizes the system
of Example 17. This implies that the Euclidean norm of x
is decreasing after Mm steps, for an appropriate m € N. This
is equivalent to condition (A”)TA™ < I, which implies the
satisfaction of the LMI condition (20) with N =Mm and n; =
0 for all i # I* = (i*,...,i*) and 1 = 1. But this has been
proved to be impossible for the system of Example 17, which
is nonetheless stabilizable. [ ]

As in the proof of Proposition 21 we used the fact that the
existence of a stabilizing periodic switching law implies the
satisfaction of the LMI condition, one might wonder if there
exists an equivalence relation between periodic stabilizability
and condition (20). The answer is provided below.
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Theorem 22: A stabilizing periodic switching law for the
system (1) exists if and only if condition (20) holds.

Proof: The fact that the existence of a stabilizing periodic
switching law implies satisfaction of (20) is direct, see the
proof of Proposition 21. To prove the reverse, suppose that
the LMI condition (20) holds. Then it follows that

Y Y amalalaza; <A’

ies#[LN] je g[1:N]

with A € [0,1) and, more generally, for all g € N,
Z T]]A;AI < A,qL

I 7laNg]

ig) € #19Nd we define

Ar=TT A

keNg

where for every I = (iy,...,

nI = H nik7

keNg

From the linearity of the trace and the fact that }., ,(gng N1 =
1, we have that

min tr(AlA;) = Z n; min tr(ATA))

Ie.slaNd] Je.glaNg 1€ laNd)
< Z nr tr(A,TAI) = tr( Z T’[AI A]) < ﬁ,ql’l,
Ie.7a.Nd| Ie.7a.Nd|

since tr(ATA;) > 0 for all I € #@Nd. Thus, for g big
enough, for which A%n < 1, there exists a I € . la:Na] guch
that tr(ALA) < 1, which implies that A+ is Schur. Then
the periodic switching law characterized by the sequence I*
stabilizes the system (20). [ |
Notice that, although periodic stabilizability and condition
(20) are equivalent from the stabilizability point of view, the
computational aspects and the resulting controls are different.
Indeed, the first consists of an eigenvalue test for a number
of matrices exponential in M, see Lemma 4, while condition
(20) is an LMI that grows exponentially with N. On the other
hand, M is always greater or equal than N, much greater in
general. Finally, notice that the periodic law is in open loop
whereas (20) leads to a state-dependent switching law.

V. STABILIZABILITY CONDITIONS RELATIONS

In what follows we characterize the relations between the
different stabilizability conditions presented and recalled so
far. First, we provide a relation with the generalized Lyapunov-
Metzler condition (17). Recall that the Lyapunov-Metzler
condition regards nonconvex sets and sequences of length
one (possibly of extended systems) whereas the LMI one
concerns quadratic Lyapunov functions and switching control
sequences. It can be proved that the LMI sufficient condition
(20) holds if and only if the generalized Lyapunov-Metzler
one can be satisfied.

Theorem 23: There exist M € N, P, > 0, with i € J[I:M},
and 7 € .#y; such that (17) holds if and only if there exists
N €N and n € R such that n >0, ¥, ,n M = 1 and (20)
holds.

Proof: First we prove that satisfaction of (17) implies
the existence of N such that (20) holds. Suppose that for

appropriate P;, with i € #"M] and 7 € .4y, (17) holds or,
equivalently, that there exists A € [0,1) such that

A;( Y T

pj)Am < APy, Vme gIM,
jeﬂ”‘”]

Let us choose an arbitrary m € .# "™l We have

( Z ﬂjm ( anjpk) )
jestM] kell:M]

S }LAZ,;( Z nijj)Am S )*2Pmu

jE,][I:M]
which is equivalent to
AZ,;( Z Tjm Z ”kj (A;PkAj)>Am < A.ZPm.
jes MMl ke gllM]

From A < 1 and Assumption 1, we have that, for every m €
7 [:M] there exists s(m) =s € N such that A°P,, < AT'A,, and
then

AZ,;( Z n'ilm

i Gfﬂ[lrM]

Z n-lsls l(

IGYIM

>>Am§ AP, < AT A,

with i = (i1,...,is_1) € ZIM6=D] Since there is no loss of
generality, assume that I < P for all k € . (M) and then

A}’Y;l( Z Tiym - - Z ﬂis_lis_z(AiTAi>)Am

hestM i egllM

SA,{,( Y mom- Y m ](AZBSAI->>A,”<A,T,£AW
l]E][lM]

ises1:M]
that implies

Z Tiim -

l‘]E«][l:M]

(32)

Z ni.vlis2<AtTAi> <I

l-S_]E«ﬂ[l:M]

from Assumption 1. Denoting for every i € .#MG=D] the
parameter 1; = T,y Wi, - - - Ti,_,i,_, it can be proved that 0 <
m<land Y.  ,nwm1)N =1 and (32) is equivalent to (20).

We prove now that the satisfaction of the LMI condition
(20) with appropriate N and n implies that the generalized
Lyapunov-Metzler one is satisfied with adequate M. From (20)
one has

AZ( Y njA/TAj)Ai <ATA;, Vie sV,
jEf[I:N]

which is equivalent to (17) with P; = AJT-A j and w;; = n;, for
all i,je 0N and M =N. [ ]

Remark 24: Notice that, in the first part of proof of Theorem
23, there is a dependence on the index m € .#"Ml In reality,
for every other possible index, the stabilizability result would
be the same. The only difference would be the length s, that
depends on m, and the values of the parameters 7);, that should
be written as dependent on m.

We would like to point out that, even though (17) and (20)
are equivalent, they generally hold for different values of M
and N, with N > M, from the proof of Theorem 23.

We prove hereafter that the condition for stabilizability
given by Theorem 15 and Proposition 14 are equivalent. It is,
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nevertheless, worth recalling that the former is in LMI form
whereas the latter involves BMIs.

Theorem 25: For every i € .# there exist: the indices %} =
Ny, with /; € N; the matrices Pk(’) > 0, with k € .%;; and nlgﬁl) €
[0,1], satisfying (18) for all k € %, such that (19) holds if
and only if there exists N € N and 1 € RV such that > 0,
YicsumMi > 1 and (20) holds.

Proof: We prove first that Theorem 15 implies Proposi-
tion 14. Suppose then that (20) is satisfied for appropriate N
and 1. From (20) it follows that there exists u € [0,1) such
that
Y moi<1, (33)
ic.g[1:N]
where Q; = ,u"'AiTAi, forallie J[I:N], with n; € Ny the length
of i (and then also the number of matrices composing A;). By
definition, Q; are such that, for all i € . [N] of length greater
than 1, we have:

Qi =uA] QjpAi,, = Al Q;nA, =1"'0i<Qi, (34

where j(i) € #1N=1is such that i = (i1, j(i)). If the length
of i is 1 then we have that Q; = uAT A; and thus

A,-T( Y niQ,-)Ai <ATA=p'0i<Qi, (39
ie][l:N]

from (33). Finally defining for every mode m € .¢ the sets of
matrices

(m) — AT A nxXn . \j: [1:N] T
{Pk }ke%m {whiA; A e R Vie U st i) =m}

with adequate .%,, condition (19) holds from (34) and (35).

The fact that Proposition 14 implies Theorem 15 can be
proved with reasonings analogous to those of Theorem 23. B

Therefore, allowing to employ a set of ellipsoids Pk(')
for every mode i € .#, leads to BMI Lyapunov-Metzler-like
conditions equivalent to the LMI one. Nevertheless, it can be
proved that such equivalence is lost for the classical Lyapunov-
Metzler condition, i.e. if one considers a single matrix P; for
each mode, see (5). This result is illustrated in the following.
We first introduce a lemma functional to that purpose.

Lemma 26: Let Ay, Ay non-Schur. If there exists P; > 0,
P, >0, o, €(0,1) such that

Al (aPi+(1—a)P)A; < Py (36)
AL (BP+(1-B)P)Ar < Py (37)
then the matrix Ay given by
p(A2)*—1
Ag=0A1+ (1 —a) —F———A2A (38)
a 1+ ( ) p(42) 241

is Schur.
Proof: From (37), it follows that (1 — ﬁ)Ag PA, < P
2
which gives 1 - f < p<+ and f > pf:zz) L Then, (37) gives

2)? A7)
A)?—1
”(paz)zfxg PiA> < BATPiA, < P
Substituting in (36) yields
p(A2)* —1

aATPA + (1 - ) ATATPAYA, < Py

p(A2)?

Since P; > 0, it follows by convexity that AEPIAO, < Pj, and
then Ay is Schur. |
An example follows which shows that the LMI condition
(20) can hold for a system while the Lyapunov-Metzler one
does not.
Example 27: Consider the matrices

Al:{l 0 4 —4

4 4

0 05 ] Ay =4V2R(r/4) = [

}. (39
As proved in Lemma 30 in appendix, p(Ay) > 1 for all
o € (0,1), see also Figure 2. Therefore, from Lemma 26, the
Lyapunov-Metzler inequalities (36) and (37) cannot hold. One

4 - 1.25
3.5
1.2
3 -
1151
25}
—~ —~
s 2 s 1.1
(=N (=N
1.5
1.051
1 |-
G L
05
0 - 0.95 - . -
0 0.5 1 0.8 0.85 0.9 0.95 1
o o
Fig. 2. Spectral radius of Ag.
can also check that
0 —-32
Al'A3 =
/64 0

whose spectral radius is v/2/2 and therefore the system is
periodic stabilizable and LMI condition (20) holds. Actually,
the LMI condition (20) holds for sequences of length smaller
than or equal to 8. Consider now the matrices A; and A%A3
and define
10
1
03

It can be verified that the matrix

1
= 0
My = ATA, = [ } My = (AGA2)TA%AZ = [ ]

0 1024

4-3a 0
Maua)MﬁaMz{ ]

4
0 144095
4

is such that My < I, for all o € (0, 3/4095). Then, there exists
a solution for condition (20) to be satisfied with N = 8.

The implications between the stabilizability conditions are
summarized in the diagram in Figure 3. Remark that, com-
pared to the classical Lyapunov-Metzler inequalities, the LMI
condition concerns a convex problem and it is less conserva-
tive. On the other hand, the dimension of the LMI problem
might be consistently higher than the BMI one.

Finally, notice that the LMI condition (20) leads to a state-
dependent switching law. The direct extension to the case of
output-based switching design, treated for instance in [33], is
not straightforward and requires further research. Nevertheless,
since the LMI condition and the periodic stabilizability are

0018-9286 (c) 2015 |EEE. Personal useis permitted, but republication/redistribution requires |EEE permission. See
http://www.ieee.org/publications_standards/publicationg/rights/index.html for more information.



This article has been accepted for publication in afuture issue of thisjournal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI

10.1109/TAC.2015.2450871, | EEE Transactions on Automatic Control

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 0, NO. 00, 2014

equivalent, if (20) has a solution then an open-loop stabilizing
switching sequence can be designed, and no output is neces-
sary to stabilize the system.

Stabilizability

%
Geometric condition | <—= [ LMI condition | <—=1 [ Lyapunov-Metzler
Theorem 5 % Theorem 15 % Theorem 6

Lyapunov-Metzler
generalized Il
Proposition 14

Lyapunov-Metzler
generalized |
Proposition 12

Fig. 3. Implications diagram of stabilizability conditions.

VI. NUMERICAL EXAMPLES

Two numerical examples are treated here in detailed.
Example 28: Consider the system (1) with ¢ =2, n =2,

x0 = [~3,3]7 and the non-Schur matrices
-0.6 -2
A= LOIR (%), Azz[ 0 _1.2}

Four different stabilizing switching laws are designed and
compared. In particular we consider the geometric condition
given in Theorem 5, which proves the stabilizability of the
systems; the min-switching strategy (24)-(26) related to a
solution of the LMI condition (20); the switching control law
given in Proposition 19 and the periodic switching law, that
exists from Theorem 22.

As noticed in [15], [27], for systems with g = 2 the
Lyapunov-Metzler inequalities become two linear matrix in-
equalities once two parameters, both contained in [0, 1], are
fixed. Such LMIs have been checked for this example to be
infeasible on a grid of these two parameters, with step of
0.01. It is then reasonable to conclude that the Lyapunov-
Metzler inequalities are infeasible for this numerical example.
Notice that, the Lyapunov-Metzler inequalities being bilinear,
there is no generic numerical method to solve them when
a solution exists, except the gridding approach. Furthermore
it is evident that the computational complexity is unman-
ageable as ¢ increases. Recall moreover that, to circumvent
the conservatism proper of the classical Lyapunov-Metzler
inequalities with respect to the LMI condition (20), one should
increase the problem dimension, see Proposition 12 and 14.
Therefore, employing Lyapunov-Metzler inequalities to prove
stabilizability might often be computationally intractable, also
for systems with few modes.

First, an iterative procedure is applied to determine N € N
such that (4) is satisfied. The result is that (4) holds with
N =5 and then the homogeneous function induced by the set
represented in Figure 4 is a control Lyapunov function and
the related min-switching rule is a stabilizing law. The state
evolution and the switching law are depicted in Figure 5.

The LMI condition (20) is solved with N =7 and the min-
switching law (24)-(26) is applied to the system at first. The

&

Fig. 4. Sets £ (dashed) and Uie i) PB; (solid).
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Fig. 5. State evolution and switching control induced by the geometric
condition (4).

control results in the concatenation of elements of .# [177],

respectively of lengths {7,6,5,7,7,...}. The time-varying
length of the switching subsequences is a consequence of the
state dependence of the min-switching strategy. The resulting
behavior is depicted in Figure 6. Then, the control law defined
in Proposition 19, namely (30) with A = 0.9661, is applied and
the result is shown in Figure 7. The value of A is obtained by
solving the optimization problem described in Remark 20.

The periodic switching law of length M =4 is then obtained,
by searching the shorter sequence of switching modes which
yields a Schur matrix A;. The resulting evolution is represented
in Figure 8.

Finally a comparison between the different switching laws
is provided in Figure 9, where the time-evolution of the Eu-
clidean distance of the state from the origin is depicted. Recall
that, although every switching rule entails the exponential
decreasing of an homogeneous function, each law is induced
by different sets, potentially nonconvex. For this reason we
choose the Euclidean norm as a common measure to compare
the convergence performances. Notice that, from Figure 9, the
higher convergence rate seems to be obtained for the geometric
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Fig. 6. State evolution and min-switching control (24)-(26).

- oy ++4 + +
< 0 PR L e L e P E L SRR T
+
igl_* . . . . . . .
0 5 10 15 20 25 30 35 40
Time k
4 T T T T T T T

2t i
+ e+
ot R I AR L T
+

i2 L L L L L L L

0 5 10 15 20 25 30 35 40
Time k
25 T T T T T T T
20  kkkk * dek ko * *e * *
£° 151 1
1H% * LA L L N L 2 2 * * LA R X LA R LA L L
05 . . . . . . .
0 5 10 15 20 25 30 35 40
Time k
Fig. 7. State evolution and min-switching control (30).
20
+
+ +
+ + ++ + +,
> F + + + * + + +++
e P S S +F
+ +
20 s s s s s s s
0 5 10 15 20 25 30 35 40
Time k
20 . . : : : : :
++, +++
+ + +H+4 +++
0Ty +tey oo+t
* + 4+ * et e
++
20 s ‘ s s s s s
0 5 10 15 20 25 30 35 40
Time k
25 . . : : : : :
2F * * * * * * * * * *
£ 15F 1
Thdedede  dedede v vk vk vk ek vk e e o -
05 s s s s s s s
0 5 10 15 20 25 30 35 40
Time k

Fig. 8. State evolution and periodic switching control with M = 4.

approach, which is reasonable since it has been proved to
be given by the less conservative stabilizability condition.
Furthermore, the lower convergence speed is provided for this
example by the periodic switching rule, which might reflect the
fact that such switching rule does not employ the information

10

on the state but depends only on time. Finally, the min-
switching rules induced by the LMI condition (20) provide
an average performance, due to their state-feedback nature on
one side and to the conservatism with respect to the geometric
condition related law, on the other.

10?2 L oooofP9090nooo |
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Fig. 9. Comparison between the evolution of the Euclidean norm of the state
for the different switching laws: induced by geometric condition (4) (star);
min-switching law (24)-(26) (cross); min-switching control (30) (circle) and
periodic rule in (square).

Example 29: Let us revisit the 3D numerical example [27,
Example 7], that is ¢ =2 and n =3 with

12 0 O 0.7 0 0
A= -1 08 0 |, A= 0 —-06 =2
0 0 05 0 0 —-1.2

A1 and A, are not Schur, but the product AjA; is Schur and
induces the existence of a 2-periodic stabilization law. The
geometric condition terminates at the third step (see [27]). By
applying Theorem 15, the LMI (20) is infeasible for N =1,2,3
but feasible for N =4, then the dimension of 1 is given by
N =4 =30 (see ) depicted in Figure 10). The state evolution
is depicted in Figure 11. It is noteworthy that the solution
obtained by the LMI solver is not unique. Guided by the three
main values of the weighting vector 7, another solution of
LMI (20) is given by

0.3460A (1.1 0.1y Act12:1) +0.1753A0 155 A1:120)
+0.4787A[ 510 A12:12) < 3

o0af B

o03f B

oo 2% ¢ 0000900 .
0 %

1

o o o ® ¢ o o 0o 0 06 0 0 0o
4 25

. A vector n € R solution of the LMI (20) for Example 29.

VII. CONCLUSION

In this paper we provide a characterization of the relations
and implications of different conditions, new and known ones,
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Fig. 11. State evolution induced by Theorem 15. The star denotes mode 1,
the square mode 2.

for stabilizability of switched linear systems. A comparison in
terms of conservatism and complexity is presented. Extensions
to novel conditions and new computational methods for testing
stabilizability are the objectives of our current and future work.
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APPENDIX

Lemma 30: The matrix A, defined in (38) for the matrices
(39) is not Schur for any o € [0,\1);
3

Proof: By introducing € = ﬁ we have
A — o+2(1-a)e  (a—1)e
«= 21-a)e  S+(1-a)e |’

The characteristic polynomial ) (A) associated with the ma-
trix Ay is given by

Xa(A) =212 =2 (320‘ +3(1— a)s)

2
o
+ 5 H2a(l —a)e+4(1 - a)’e’.

The discriminant A of the quadratic polynomial yq(A4) is a
quadratic form with respect to the parameter «:

1
Ala) = a? (4 —7¢? —£> + a(14€> +€) — 7€,
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whose own discriminant is equal to 31 > 0. The quadratic form
A(o) admits thus two real roots. By introducing

. —(14e* +¢)£2V2¢
o 1/2—14€2-2¢
we have the two cases:

o If 0 €[0,a], then A(et) <0 and xq(A) = (A —A1)(A —
A2) has two complex conjugate roots. By induction,

=0.87,

3 3 3 3
Re(A;) = Z(1 —28)o+ 7€ > 1(1 —2e)a” + 7€> 1,

because (1 —2¢) <0.

o If a€(a*,1], then A(er) >0 and xg(A) = (A —A1)(A —
A2) has two real roots. Without loss of generality, let us
choose 4 (&) < A,(@), allowing to write:

3 3 1
2,2(06) = Z(X—f— 5(1 — 06)8 + 5\/ A(OC),
whose second derivative is

d?A(a)
do?

Ch) 1

d*a 4

and then it has the sign of

dZA(O‘)A(a) _ (dA(a)>2 = —8¢2 <0.

27
do? do

Thus A (@) is a strictly concave function for o € [a*,1].
Finally since A2(o*) > 1 and A2(1) = 1, we conclude that
Agq is not Schur on this interval.
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