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Empirical Model for the Evolution
of a Vortex-Pair Introduced

into a Boundary Layer

linear, empirical, low-order-model was developed with the aim of describing the

evolution of a 2D vortex-pair ejected into a boundary layer from a slot-in-the-wall.
The model describes the evolution of a counter-rotating pair of Lamb-0Oseen vortices in
the proximity of a wall on which a cross-flow Blasius boundary layer exits. Two inputs
from experimental measurements are used. First, the initial locations where the vortices
form and pinch-off from the excitation slot boundary layers. Second, the time evolution
of the vortex circulation in still-air. With this input, the model predicts the trajectories
and vorticity distribution during the interaction. Such a model could be a viable tool
for the development of a low-order-model to be implemented as a simplified boundary
condition in CFD simulations, with the aim of reducing the requirement to fully resolve
the vicinity of the excitation slot in active flow control simulations.

Introduction

In the words of Saffman [1] relating to vortex rings: "...one particular
motion exemplifies the whole range of problems of vortex motion...
vortex rings. .. Their formation is a problem of vortex sheet dynamics,
the steady-state is a problem of existence, their duration is a pro-
blem of stability and if there are several, we have a problem of vor-
tex interactions". It could be added, if we generate desired vortices
in a shear layer — we have flow control. Boundary layer sensitivity
and adaptivity to high-amplitude periodic-excitation emanating from
a slot-in-the-wall is a determining stage in the efficacy of Active Flow
Control (AFC) systems. Understanding the governing mechanisms of
this interaction and identifying its leading parameters and their optimal
values, will allow the boundary layer evolution (e.g., separation delay)
to be managed efficiently. Arriving at a CFD design tool is of immense
practical importance while the necessity of properly resolving the
actuator-slot region is a limiting factor. Therefore, modeling the inte-
raction and providing a low-order, simplified boundary condition for
CFD simulation is highly desired.

The inherent complication of even the most conventional AFC appli-
cation, such as boundary layer reattachment, is expressed by the
large parameter space that the designer must optimize. This parame-
ter space is a collection of the baseline flow parameters (boundary
layer Reynolds number, turbulent vs. laminar flow, pressure gradient,
curvature and more) as well as the excitation parameters (steady vs.
oscillatory, slot/hole location and orientation, magnitude (peak slot
exit velocity is currently used), frequency and more, as presented by
the relevant Strouhal, Reynolds and Stokes numbers.
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The aim of the experimental part of the study [2-4] was to metho-
dically isolate and document the effects of the governing parame-
ters of this complicated problem, with an emphasis on the excitation
parameters. The huge parameter space was limited to the case of
a laminar boundary-layer with zero pressure-gradient and to Zero-
Mass-Flux (ZMF) oscillatory excitation from a slot-in-the-wall. The key
parameters under study were the excitation magnitude, frequency,
orientation (wall normal, upstream or downstream directed shallow-
angle excitation) and frequency (only pure sine excitation would be
considered here), maintaining nominally 2D conditions. Two-dimen-
sional Particle Image Velocimetry (PIV) measurements, as well as
hot-wire, temperature and pressure measurements were performed,
in order to achieve high spatial and temporal resolution of the physical
processes taking place during the complex interaction.

The nature of the excitation in quiescent fluid was initially studied [2],
[4], in order to document the effect of each of the leading parameters
without the presence of the cross-flow boundary layer. The measu-
rements show that different boundary conditions at the actuator's
exit-slot dictate an entirely different vorticity dynamics, which results
in different initial vortex circulation, different formation locations, dif-
ferent decay rates and circulation signs that "survive" to later interact
with the boundary layer and significantly different vortex convection
velocities.

A threshold excitation magnitude was identified, in agreement with
published vortex escape criteria [5]. When the excitation magnitude
was lower than the threshold, the vortices were sucked back into the
actuator cavity and the average external flow field remained practical-
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ly stagnant. For supercritical cases, in which the excitation magnitude
was sufficient to release vortices, the vortex circulation and convec-
tion velocity were found to approximately scale with the excitation
magnitude [4].

The interaction of the excitation with the cross-flow laminar-bounda-
ry-layer was measured and is currently being analyzed and modeled.
The excitation direction was found to be a leading parameter when
considering the resulting vorticity dynamics. Details of the vortex
circulation and trajectories will be presented and compared to the
model. In practical terms, upstream directed excitation was the most
effective in tripping a sub-critical boundary layer [3]. Downstream
directed excitation was proven to be the most efficient for applications
such as boundary layer reattachment due to the increased skin-fric-
tion, whereas wall-normal excitation was the least effective configura-
tion tested in the context of practical active flow control applications.
However, for simplicity and convenience, we initially model the wall-
normal excitation boundary-layer interaction.

The process of vortex generation due to high-amplitude slot or hole
excitation is tightly linked to the physical process enabling the genera-
tion of vortex rings in still fluid [6]. The vorticity ejected from the inner
slot-channel during the blowing part of the cycle is generally accepted
[7] to determine the resulting vortex circulation.

While the analogy to vortex ring generation by a piston-and-cylinder
arrangement is quite appealing, especially for ramp-up-ramp-down
piston motion, it breaks down because the piston only moves out and
comes to a halt. This contrasts with the nature of the ZMF actuator
generating high-amplitude excitation, for which half of its operation
cycle is characterized by suction.

Models for the development of ZMF excitation in still air are rare. One
example can be found in [8], which presents a low-order-model of
computationally generated ZMF excitation in still-air. The authors use
Proper Orthogonal Decomposition (POD [9]) to model the flow field
in the actuator vicinity and show that only four modes are needed to
represent this simple flow quite successfully. However, it is clear that
this simplicity and low order cannot be maintained in more complex
situations and certainly will not be capable of predicting situations
dominated by cross-flow, three-dimensionality and transition to tur-
bulence. An idea on the complexity of real-life 3D interaction of jets in
cross-flow can be gained from [17].

Models describing vortices moving towards a wall are relevant to the
current application, with the motion direction reversed. Such models
take into account the image vortex system due to the vicinity of the
wall. Lamb [10] proposed a simple model to describe a vortex-pair
interaction with a wall. Clearly, away from the wall, the 2D vortices
induce a constant velocity on each other, leading to their constant
convection rate and straight, wall-normal trajectory. As the vortex
pair approaches the wall, the image vortices have a growing effect,
pushing the vortices away from each other. The trajectories were also
computed as (for constant circulation): x (x* + y*)=x’y*, where y
is the wall normal direction and x the wall tangential direction, with the
origin at the slot exit (see figure 3) and 2., is the separation between
the vortices in the pair far from the wall. Certainly, a family of such
trajectories can be found to pass through every set of initial vortex-
pair locations, x=+x, and y=y,. The challenge, as in the model to
be detailed in this paper, is to select a relevant initial vortex-pair loca-
tion, and define its circulation based on a given actuator design. More
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importantly, derive actuator design laws that will maximize the desired
alternation in the boundary layer vorticity distribution.

A family of point-vortex models has been developed by Karwiet [11]
and Sheffield [12], describing the motion of a vortex pair close to an
opening in a wall or a pipe inlet. Case | in the work by Sheffield is
actually the closest in geometry to the present wall-normal excita-
tion. As Karweit explains: "if the hole (opening) is large enough, the
vortices will pass through; if it is too narrow (relative to the distance
between the vortices), they will separate and follow diverging paths
without going through". In the words of Sheffield: "If the vortex pair
starts too close to the wall, then it will not travel away from the wall,
but into the channel". It has been noted experimentally that as the
peak velocity of the piston or slot exit velocity increases, not only
the vortex circulation increases, but the location from the slot exit in
which the vortex reaches its peak circulation and pinches-off also
increases. Therefore, knowing the initial vortex location and accepting
that its initial location depends on the excitation magnitude will allow
the "vortex formation criteria" of Holman et al. [5], which have also
been identified in several earlier studies, to be modeled. The Karweit
[11] and Sheffield [12] potential flow vortex models use a single vor-
tex placed close to half the width of the opening geometry (assuming
a symmetry line) and using the Schwartz-Christoffel transformation
to map the flow. In the transformed flow, the Routh [13] quasi-
stream-function allows the vortex trajectory to be calculated. Despite
its capability to describe the complex behavior of the vortex-pair in
the vicinity of the slot, this approach cannot be extended to consider
the interaction of the vortex-pair with a cross-flow boundary layer, or
even consider the case where the magnitudes or initial locations, or
the vortices in the pair, are not identical, as is the case for an incli-
ned slot. Therefore, the development of a numerical model composed
of similar elements is warranted. The basic ingredient in every such
model is the isolated vortex.

The selection of an isolated vortex model is not straightforward. Many
inviscid vortex models exist [14]. It is obvious that for the current
application, a point vortex is not suitable. Also, the decay of the vortex
circulation during the second half of every excitation cycle cannot
be neglected. This effect would be modeled based on experimental
findings of a vortex pair evolution in still-air [2-4].

The interaction of the vortex-pair with the external cross-flow bounda-
ry-layer will be performed by a simple superimposition of the vortex
system with a Blasius boundary layer. Since we are dealing also with
the imaged vortex-pair system, the image boundary layer will also be
modeled, otherwise the wall could not remain a symmetry line.

The paper includes an empirical mathematical modeling of the excita-
tion developed in still-air and in the presence of a laminar cross-flow
boundary-layer. It also provides a detailed comparison with experi-
ments. The experimental set-up will not be presented here. The reader
is referred to earlier papers by the current authors for that matter.

Model and Results
Isolated vortex model
The first choice to be made before attempting to model the interaction

between high-amplitude excitation with still or co-flowing fluid is the
type of vortex model to use. Many models with increasing levels of
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complexity exist (e.g., [14],[15]) and it is beyond the scope of this
paper to review these options. Rather, an appropriate vortex model
can be selected by considering the current experimental results [4].

The choice of a vortex model and its validation should be performed
as close as possible to the excitation slot, but after the vortex-pair had
been formed. This is because once a vortex model had been selec-
ted, only its initial position and circulation will determine the entire
evolution sequence and enable its dynamic evolution through the first
oscillation cycle to be modeled.

The data presented below clearly shows that the vortices generated
by the apparatus described in [4] can be represented fairly well by
the two-dimensional Lamb-Oseen vortex model (Lamb [10]; Bat-
chelor [16]) as detailed below and compared to experimental data.
The Lamb-Oseen vortex is a solution of the Navier-Stokes-equations
only under the assumption of axial symmetry. Axial symmetry can be
assumed locally valid only if the distance between the vortices is large
compared to their radius. Since the axial symmetry should be allowed
to break, to empirically model the experiments, each vortex forming
the 2D pair is modeled individually. In the current model we allow the
distances between the vortex cores to become of the same order as
the vortex radii, and our only justification is success in modeling the
interaction.

The circumferential velocity, v, , out-of-plane component of vorticity,
w, circulation, T and radius scaling factor, o, of the Lamb-0seen vor-
tex model are given by the following expressions:

N
va=m{1 ep[ 5)} U

0=—1 xp[— ;j @
r=r, {l—exp(—;ﬂ 3)
§* =1y +4vt 4)

Where r, is the initial vortex radius (at 7=0) and v is the kinematic
viscosity.

Figure 1 presents experimental data and a curve fit of the vertical velo-
city profile taken between the centers of the vortex pair as measured
experimentally (and along the horizontal line, as shown in figure 3).
The fitted curves for the wall-normal velocity, v, are in the form:

v=v S U l—-ex _—(x—xl)z
- H_Zﬁ(x—x]) P 5!

2
27z(x+x2) 0,

()

Which resulted in R?=0.99, where x, and x, are the vortex cen-
ters and o, and 9, are the vortex radii. Note also that we do not
limit our discussion to identical circulation vortices or even ra-
dii, since inclined and non-straight excitation slots will generate
uneven vortices.
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Figure 1 shows vorticity contours calculated from experimental PIV
data (snapshot, phase locked, [2]) showing velocity vectors also. The
jet emanating from the actuator slot and the vortex pair can be clearly
identified. The dashed horizontal and vertical lines represent the lines
on which velocity and vorticity data was extracted and fitted, in figures
2 and 3 respectively.
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Figure 1 - Velocity vectors and vorticity contours of wall-normal excitation in
still-air [2], The dashed lines represent the locations of the velocity profiles
that were fitted and presented in figures 2 and 3. The slot width z=1mm.
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Figure 2 - Vertical velocity at #/7=0.625 (with respect to the velocity cycle at
the slot) and its Lamb-Oseen curve fit (Eq. 5). Wall-normal excitation, St=fh/
U,=0.059 (f=1060Hz), with ReU =hU /v =1200 (U, =18m/s) in still-air.

Where his the slot width 2=1mm), f is the excitation frequency, Up is the slot
peak velocity and » is the kinematic velocity

In order to validate the model, a Gaussian distribution was fitted to the
vorticity profile calculated from the PIV measured velocities, along the
horizontal line that is shown in figure 1. The vorticity profile and the
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fitted curves are in very good agreement, as can be seen in figure 3.
It is stressed that while the Lamb-Oseen vortex model is strictly valid
in axis-symmetric flow and therefore at large distances between the
vortex centers, we will use it empirically to model the current vortices,
even when the distance between the vortices forming the pair is of the
same order as their diameter. The results shown in figures. 1-3 clearly
show the suitability of the Lamb-Oseen vortex model to describe the
evolution of a single vortex forming a vortex-pair in still air. In the fol-
lowing sections, each vortex is modeled independently and symmetry
is not imposed. It should be mentioned that the fit between the expe-
rimental data and the empirical Lamb-Oseen model are not always as
good as seen in figures 2-3 and a comprehensive uncertainty analysis
has not been performed. Furthermore, in the subsequent model the
circulation, I, is not constant as in the original Lamb-Oseen model,
but rather it is allowed to be empirically time dependent, according
to the experimental findings in still-air.

Let us consider the kinematic equations of motion for the 1st vor-
tex, with a circulation T' ;=T , as described by its position vector
X, =(x,,,) . Once the position vector for the 1st vortex is defined,
as well as its circulation, the following statements can be made regar-
ding the four-vortex model, as shown in figure 5:

1. The coordinates of the other vortex forming the pair are given
by X, =(x,,,)=(-x,), and its circulation is given by

=-T' ;

022. Th%1 images of vortices 1 and 2 are represented by vor-
tices 4 and 3, respectively. Their coordinates are given by
X3 = (x3,y3) = (x,,=p, ) and %, =(x,,,)=(x,-»,), and
their circulations are given by I'y ,=-I' , and Ty ,=-T' ..
Once all the vortex positions and circulations are defined, the kine-
matic equations of motion for Vortex 1, due to the induced velocities
from the other three vortices in the system, can be written in the
following manner, in terms of x, y, and I'; only:

g x 100
> Expermental dat & v Lo L[l—exp(— o ﬂ
0g| |_°_ Euperimentaldea at v b 7+ vt
D (63)
0.6 T X, 4()612 + ylz)
5 8 - l—exp| ——
0.4 Z(x] +, ) 7 +4vt
02 xl _&{__{l_exp[_ 24y12 ﬂ
o 2 » 1y +4vt
20
3
N . 45+ 7) (6b)
-0.2 p: +———|1-exp| ——5——
[ 2(x12+y12) I’02+4Vt
iy s §
©
06 b ¢ In a similar manner, the motion of all other vortices can be calculated
b ;? using the above definitions, as presented hereafter.
-0.8 iy
fgf The peak vorticity magnitude of a single vortex model is found by
-1 substituting =0 into eq. 2:
-3 -2 -1 0 1 2 3
x(m) x 10 T,
o =75 (7)
Figure 3 - Vorticity distribution at #7=0.625 (with respect to the velocity ”(ro +Aavt )
cycle at the slot) and its Lamb-Oseen curve fit (eg. 2). Wall-normal excitation,
$1=0.059 (=1060Hz), with Re, =1200 (U, =18 m/s) in stil-ai. Ty
Four vortex interaction model
We initiate the analysis once the vortices have formed near the slot exit . r
and define a system of four Lamb-Oseen vortices, as shown in figure Lo, 2
4. Each vortex in the system is defined according to egs. 1-5. The wall
is modeled as a symmetry line along the x axis, at y=0. The existence
of the excitation slot is not included in the current state of the model. = _
xl_(xpyl) xz_(xz’yz) R
The empirical justification to use the above approach stems from the *
success of the two vortex model to simulate still-air experiments. X, =(x4,y4) X =(x.03)
Hence, we attempt to expand it, although we do not use point vor-
tices. Obviously, in viscous fluid, four vortices with no wall are not
equivalent to two vortices and a wall. The assumption should be r . r
that the distance of the vortices from the wall is large compared to 04 03
their diameters. Since this is not the case presently, we still have to
convince the reader that the model works out of its designed range of
formal applicability. Figure 4 - A system of four Lamb-Oseen vortices
Aerospace Lab Issue 6 - June 2013 - Evolution of a Vortex-Pair Introduced into a Boundary Layer ALOGA1 A




One of the prime targets of the current effort is to empirically model
the time development of the experimental interaction of a vortex-pair
with a cross-flow laminar boundary layer, including the time evolution
of the vorticity. The initial vortex position vector is X, (1 =0).

The equations of motion for the vortices, as described above, can
be written as a combination of the induced velocities at the vortex
position. It is possible to calculate the motion of the i-z4 vortex in the
above system using the following general equations:

%= ("f -5 .1, (r)) (8a)
i%j
1'—~0,i — rijseline (8b)

The induced velocities are calculated from a vector summation of eq.
1 (or according to egs. 6a and 6b). Equation 8 simply states that the
motion of the i-¢x vortex is due to the superimposition of the induced
velocities by the other three vortices (meaning the counter rotating
vortex-pair and their corresponding images) and the velocity of the
boundary layer at the vortex core locations (when the boundary layer
free-stream velocity U =0). Within the framework of the current mo-
del, a time dependent circulation of the i-¢i vortex, ') (2) is used.
The evolution of the vortex circulation is obtained from the still-air
experiments and used as input to the empirical four-vortex boundary
layer interaction model. This is due to the Lamb-Oseen vortex model,
which does not allow the circulation to decay during its entire "lifes-
pan", whereas the measurements [2-4] clearly show that the vortex
circulation decays with time. Modeling the physical mechanism that
is responsible for the circulation decay is beyond the scope of this
paper.

The time dependent vortex radius, o(z), which is affected only by dif-
fusion in the original Lamb-Oseen model, should grow with time to
account for vorticity diffusion, but not dissipation.

From the experimental observations, one can hypothesize that the vor-
tex evolution and resulting circulation is affected by several factors.
The vortices do not remain circular, but rather they become elliptic,
especially when they are very close together. To better represent ex-
periments, the model vortices remain circular, but when compared to
the experimental data, their circulation is reduced artificially using the
"proximity factor", which will be discussed in the following section.
In the following section, we define and examine the meaning of each
parameter affecting the vortex boundary layer interaction.

Vortex Circulation

The calculation of the vortex circulation was performed numerically
on experimental findings. The termination of the surface integral of
the vorticity distribution should be performed at a comparable level
of vorticity, as compared to the peak vorticity of the vortex at that
specific time and location, w /w__ (). A relative level ~O(10%), was
used throughout. Sometimes, a line rather than surface integral was
used, according to the Stokes theorem:

r= j o(x,y)dA= gSﬁ.cil 9)
Ayortex c

One can define the parameter A as the area enclosed by a contour C

that corresponds to 1% w,_,, () vorticity. Inthe model, this curve is always

circular, as required by the undisturbed Lamb-0seen vortex model.
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In order to allow comparison of the model results to experiments,
several ad-hoc assumptions need to be made. While in the model, the
vortices are assumed circular;, they are not measured as such in the
experiments. When the vortices are close together, they appear ellip-
tic. In order to allow a comparison between the linear model (in which
the circulation cannot alter due to the Helmholtz condition), a "proxi-
mity factor" was introduced. The mechanism, to be detailed below, is
not used to alter the vortex circulation in the model, but rather only to
compare the model results to the experiments once the model results
have been obtained. Furthermore, the trajectories of the model are
compared to the experiments without any assumption or correction.

Figure 5 presents two cases: (a) a single Lamb vortex and (b) two
similar "near-by" counter-rotating Lamb vortices (with the same peak
vorticity magnitude as in case (a), but of opposite sign). The same
minimum vorticity level, w,, is presented in figures. 5a and 5b for each
case (as the red line).

5

Ao b o wa
S hdbdN Do amw s o

54321012345 5-432-101234°F5
(a) A single Lamb vortex (b) Two near-by counter-rotating
Lamb vortices

Figure 5 - A sketch showing the partial mutual cancellation of two nearby
counter-rotating “Lamb" vortices with similar initial circulation (I, according
to eq. 5) was used in both cases. The solid line represents the vorticity level w,
Clearly, the calculated circulation of the positive ("red") vortex will not
be the same in both cases, due to the overlap of the vorticity from
the opposite signed vortex, even though T, is identical in both cases.
A sequence of such cases was analyzed, in order to calculate the
effect of the proximity factor, s/0 (where s is the distance between the
vortex centers, and ¢ is the undisturbed vortex radius), on the resul-
ting calculated circulation, as measured in the experiments and cal-
culated from experimental data. Figure 6 presents the ratio between
the calculated circulation and the proximity factor.

1
0.9
0.8
0.7

0.6
T, 0.5

0.4
0.3
0.2
0.1

0 I I I ! I

s/0
Figure 6 - Circulation reduction "measurement" due to the proximity (s/0)
between two counter rotating "Lamb-Oseen" vortices. ¢ is the calculated cir-
culation; I'; is the model circulation, as substituted into egs. (1)-(3)
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Naturally, when the distance between the two vortices is zero, the
vortices completely overlap in such a way that the circulation calcu-
lated on a surface containing both becomes null. Generally, this is the
case in any other closed line containing two identical magnitudes and
opposite signed 2D vortices. Also, when the distance is large enough,
say s/0>5, the vortices do not overlap. When the distance between
the vortex centers is O(1), as seen experimentally, some 50% of the
circulation, measured around one of the vortices only, should be re-
duced in order to match the experiments.

A vortex-pair in still-air

In order to fit the parameters of the Lamb-Oseen vortex model to the
experimental data, the time evolution of the vortex circulation,I (z),
and the initial vortex radius, r,, should be extracted from the phase-
locked PIV data. These parameters, with the effect of the "proximity
factor" (increasing the circulation to be used in the model with respect
to the experiment) should enable the prediction of the flow field evo-

lution reasonably well, initially in still-air.

The time evolution of the vortex-pair circulation in still-air for the wall-
normal excitation, is presented in figure 7a. Previous publications
have shown that the circulation time evolution is fairly self-similar
(for the cases where the excitation magnitude is supercritical, i.e., the
vortices "escape" the suction effect) for several boundary conditions.
In a modeling effort, the critical vortex formation condition can be
predicted for both line and ring vortices, using the Sz-Re condition of
Holman et al. [5]. In contradiction to known vortex models, the circu-
lation of the vortices forming the vortex-pair, even in still-air, decays
with time in experiments. This decay could be explained by several
possible mechanisms. First, partial overlap of the vorticity with oppo-
site signs forming the pair, once the distance between the vortices
forming the pair is smaller than two diameters. It was established
however, that this effect cannot explain the magnitude of the circula-
tion decay. Interaction with residual circulation of opposite sign at the
vicinity of the slot and the effect of viscosity induced decay can also
affect it. Three-dimensional effects, transition to turbulence and inte-
raction with turbulent structures can also reduce the measured circu-
ation. Certainly, under turbulent flow conditions, the 2D assumption
no longer holds.

[ [
1.25 0
1 05
0.75 T
"~ 108 /
P R
S I 3 2 }
-0.25 e 25 T
05 /./"M 5 i
-0.75 | I
-1.25 4
0 02 04 06 08 1 12 105 0 05 1
1T x/h

(a) (b)
Figure 7 - (a) Normalized computed circulation time evolution for the
PIV measured wall-normal excitation and (b) vortex trajectories (the left
curve is that of the negative circulation vortex and the right one is for the
positive one). U =18[m/s] f=1060[Hz]. The slot is 14 wide (h=1mm)
and centered on (0,0)

In this paper. r=0 is defined as the first instant when a coherent vor-
tex can be detected in the flow field (and not when V=0 at the center
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of the slot exit and at the beginning of the blowing cycle). The time lag
between the initiation of the blowing velocity cycle at the slot and the
formation of a vortex at the vicinity of the slot must be modeled using
detailed experiments, CFD and available theoretical considerations.
Experimental vortex trajectories are presented in figure 7b, where the
vortex location was identified by the peak vorticity (and not by the
peak angular momentum, as presented in previous publications by
the current authors, due to modeling convenience).

The time evolution of the circulation computed from the experimental
data in still-air, using a surface integral on the vorticity, as presented in
figure 7a, might be biased due to the effect of partial overlap of the vortex
vorticity, as discussed above. Therefore, a "proximity factor" s/0 (where
s is the distance between the two vortex centers and o is the vortex
radius) is introduced and it could be computed from the trajectories pre-
sented in figure 7b. An initial estimation of this distance, based solely on
the initial vortex locations, can be computed from the Lamb-four-vortex
model [10] or by the Karweit [11] and Sheffield [12] models.

An additional variable that must be defined for the subsequent com-
putation of the proximity factor is the vortex radius, d(z). The Lamb-
Oseen model states that the vortex radius increases due to diffusion,
according to §%(¢)=r,* +4v¢ . Lamb-Oseen vortex models had
been fitted to the measured vorticity field in two directions. Clearly, it
is desired to calculate a representative radius based on some integral
feature, but the procedure below is used merely in order to establish
the limits. The first fit was on a horizontal dashed line passing through
the centers of the two vortices, as shown in figure 1, and according
to eq. 5a, as shown in figure 3.

The second type of fit was performed along the vertical line passing
through the center of the positive vortex, as shown by the vertical
dashed line in figure 1, and was in the form:

1—~ _ 2
() :Xp[—%J (10)
The resulting estimations for the vortex radius obtained from the
above-mentioned fits are presented in figure 8b. One can note that
there is a significant difference in the results according to the two
methods for estimating d(z). One should recall that the Lamb-0Oseen
vortex model is axisymmetric. The experimentally measured vortices
undergo a significant stretching in the wall-normal direction as they
travel away from the slot and therefore the radius in the wall normal
direction increases significantly, as shown in figure 8b, while the ra-
dius in the horizontal direction remains approximately constant (these
two directions could also be considered to be related to the small and
large axes of an ellipse), as is also shown in figure 8b. The resulting
circulation, calculated for a Lamb vortex with diameter obtained from
a vertical (y) profile, will be significantly larger than that calculated
according to a vortex radius calculated using the radius obtained from
a cut through the vortex in a horizontal plane. The same magnitude
of the vorticity peak is used in the model, regardless of its stretching.
An example of this effect is shown in figure 8a. Three sets of data
are shown. The "numerical integration" is calculated directly from the
experimental data. The two other sets are calculated assuming a cir-
cular Lamb vortex, with the same peak vorticity but with d(z) from
figure 8b. The differences are self-explanatory. Currently, the vertical
cross-section through the vortex core (along the dashed vertical line
in figure 1) is used to evaluate the vortex radius. The linear fit to the
vortex radius, as computed by the horizontal cut through the experi-
mental vorticity data, is:
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5 =5.1*%t/1000+8.7*10™ (11)

Its slope is significantly larger than 4v (the radius squared, according
to eq. 4, is also shown in figure 8b), but the evolution is linear, as
Lamb’s model requires. The above equation represents a much faster
expansion rate than the Lamb-0seen vortex model predicts, because
it accounts only for laminar vorticity diffusion. As a first order approxi-
mation, the model for the vortex radius, as expressed in eq.11, is used
for the following computations to be subsequently presented. We will
allow the slope of to vary, in order to better fit the data of the vortex-
boundary layer interaction. Other vortex pair data sets are required
to formulate a more general form of the vortex radius. The logic for
allowing the same trend but with a different viscosity could be justified
on similar arguments that lead to the widely accepted turbulent eddy
viscosity model. Higher turbulence levels could also explain the rapid
decay rate of the circulation. Figures 9a and 9b present the resulting
proximity factor, s/, and the ratio between the model circulation and
the expectation to the measured circulation, I', /"), as a function of
time, respectively. One can note that the experlmentally measured
vortices are expected to show approximately 30% lower circulation
in comparison to their potential counterpart, due to the partial overlap
(figure 9b).

0.06
/_r —e= Numerical integration
/ == Horizontal fit result
0.04 == Vertical fit result
(:\..\
0.02 B ]
rm¥s] g ‘ * .
>
0.02 /"/ o~
-0.04 o
10.06 \"\/

><1(.)'3

(@ i(s)
45 . . _
4 —— Lamb-Oseen Model
I m 62y, Vertical fit ,
35| —e— 0%, Horizontal fit ,;.’

— — Linear fit, 62y s

o)

(b) 0 2 1 6 8

t(s) x10
Figure 8 - (a) Circulation time evolution comparison for wall-normal excita-
tion, as fitted by horizontal and vertical profiles and as computed using 2D
integration scheme. (b) Radii of the vortices, as fitted by horizontal and verti-
cal profiles. The black line in (b) is &°(¢) =7, + 4vt , with 7"
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Figure 9 - (a) The experimental proximity factor for the vortex-pair in still-air

using the factor shown in figure 6 on the data of figures 7b and 8b (for the
distance between the cores and the vortex radii), respectively and (b) the
"experiment" circulation calculated using the proximity factor in (a) applied to
the experimental model

The time evolution of the "corrected" circulation, to be computed from
the model assuming a circular rather than squeezed elliptic vortex, is
presented in figure 9¢. The model peak circulation must be increased
by about 15% compared to the experimentally computed circulation
and it also occurs at a later time. Furthermore, the circulation used in
the model is essentially constant for about half of an excitation cycle
(~0.5 msec) and is significantly attenuated at later times.
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Figure 9c - Comparison between the experimentally calculated and corrected
model circulation curve

The "corrected" circulation from the still-air experiments (figure 9c), as
well as the expression for the vortex radius (eq.11), were introduced
into the four-vortex model as described above, in order to validate and
calibrate the model that will be used for the excitation interaction with
the cross-flow, initially against the still-air data .

A Gaussian curve was fitted to the "corrected" circulation curve (as
shown in figure 9c) for the convenience of subsequent numerical
treatment.
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Figures 10a and 10b present the trajectories and time evolution of the
circulation, as predicted by the current four-vortex model and compa-
red to the still-air findings.

0.05 %108
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Figure 10 - (a) Model vs. Experimental circulation time evolution. "Model"
here is the fitted Gaussian. "Corrected" is the circulation values with the partial
overlap factor included. (b) Vortex trajectories from the model compared to
experiment

It should be noted that the model circulation represented by the dots
in figure 10a is larger than the experimentally computed circulation.
This correction takes into account the reduction in the measured vor-
tex circulation due to their proximity. However, for the model adhe-
rence to the theoretical considerations and its linear implementation,
the circulation that is used for the simulation is increased according
to the proximity factor, shown in figure 9b. Using this vorticity time
evolution, the model computes the convection velocities, flow fields,
circulation (due to the superimposition with the boundary-layer) and
more. However, if we intend to compare its circulation to the still-
air PIV measurements, we must take into account the proximity that
causes the 2D integration method to "measure" a smaller circulation
due to the overlap region of the finite radius vortices. Once we ac-
count for the proximity factor and its effect on the circulation, we
obtain the "corrected" model circulation, which is in very good agree-
ment with the measured PIV data, as shown in figure 10a. The vortex
trajectories, shown in figure 10b, are in very good agreement with
the experiments. Finally, the data shown in figures 10 merely serves
as indication of the model fidelity and the reliability of its numerical
implementation.

Interaction of a vortex-pair with cross-flow

The approach for modeling the vortex-pair in the proximity of the wall
and interacting with a cross-flow boundary layer is outlined below.
The expansion of the above four-vortex model is theoretically sound
only if the cross-flow (boundary-layer) velocity is assumed to be
constant. However, currently it represents a realistic shear flow,
the Blasius boundary layer. Hence, even if one considers potential
models, many point-vortex interactions must be considered. Further-
more, the Lamb-Oseen vortex model is not a point-vortex model. To
simplify this complex situation, we note that the Blasius boundary
layer vorticiry, under the current experimental conditions, is negli-
gibly small as compared to the peak vorticity within the vortex cores
(on the order of 30:1) and, hence, in the leading order approximation
it is reasonable to neglect it. However, this residual boundary layer
vorticity will alter the relative circulation of the vortices forming the
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pair, making one stronger than the other, and the pair will eventually
rotate.

The interaction of the vortices with the boundary layer is modeled by
the following procedure;

1. Define the initial vortex positions, x,(¢ = 0) (where i=1,2 repre-
sent the counter rotating vortices and i=4,3 represent their images,
meaning X, =(x,,—y,) and x, = (x;,—»,).

2. Define the initial vortex circulations, T'y,;(z =0) (where i=1,2
represent the counter rotating vortices and i=3,4 represent their
images, meaning 'y, =-T'y, and 'y, =-T, ) at any time.

3. Define the initial vortex radius, r, (currently identical for all vor-
tices).

4. Calculate the time derivatives of the vortex locations and circu-
lations in accordance with the following equations:

i =Zg;"d (||;[—xj||,ro,j)+0&(x,.) (12a)
Ly, =F8 v § w,, (U,, -3 )-dl (12b)

C(1)
where the vortex radius can be calculated in each time step according
toeq. 11.

5. Use a time marching numerical scheme to integrate equations
12a and 12b.

Note that the expression § @, (U,, —%,)-dl ineq. 12bis the vor-
(1)

ticity flux algng the vortex boundaries C(¢). When there is no boun-

dary layer,U,, =0, itis required that @,, (x,y)=0 also, and eq. 12

reduces to the form of the still-air four-vortex model, as presented in

eq. 8.

The above procedure allows the vortex circulation to effectively vary
according to the level of the background boundary layer vorticity,
according to the vorticity transport equation.

The following figures (11-12) show the vortex trajectories and circula-
tion due to the interaction of the vortex-pair with a cross-flow Blasius
boundary layer. The integral parameters of the boundary layer at the
entrance to the computed domain were matched to the experimental
baseline (undisturbed) boundary layer. The vortex pair evolution was
computed according to steps 1-5, as defined above.

The initial conditions used for both simulations are provided in Table
1 below. Note that we have allowed an initial circulation difference
between the vortices, in order to better account for the effect that
the boundary layer vorticity has on the vortex circulation during the
formation period, as seen experimentally.

As in the Lamb [10] model and the results of the still-air simula-
tion, the vortices initially become closer due to the image vortices
as they are carried away from the wall, due to the mutual induction.
The effects of the cross-flow are twofold. The trivial effect is the
downstream convection, which is height (y) dependent. The other
effect is the alternation of the vortex circulation to account for the
effect of the baseline boundary layer vorticity, as defined in step 5
above and seen in figure 11a. The overall agreement between the
model and the experiment is fair, especially the evolution of the
negative vortex, which is crucial to explain effects on a separating
boundary layer.
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Variable | Description Case 1 (fig.11) | Case 2 (fig.12)
Ue Free-stream velocity [m/s] 55 8.3
X, Initial x location, Positive vortex [mm] 0.9 0.9
Y, Initial y location, Positive vortex [mm] 0.67 0.63
X, Initial x location, Negative vortex [mm] 0.95 0.86
¥, Initial y location, Negative vortex [mm)] 0.55 0.54
I,, |Initial circulation, Positive vortex [mm] 0.027 0.03
T',, |Initial circulation, Negative vortex [mm] -0.032 -0.035

Table 1: Initial conditions for the two cases of excitation-vortex-pair interaction

It could be noted that initially, the agreement between the trajectory
of the negative vortex and the experimental trajectory is not as good,
possibly because the blockage effect that the positive vortex has on
the boundary layer is not taken into account in the linear model. Addi-
tional effects that are not taken into account are the possible alter-
nation of stationary vortex circulation, due to net vorticity transport
across its boundaries and dissipation at the wall.

The circulation that is used for the model is marked by the dashed
red and blue lines, in both figures 11 and 12, while for the sake of
comparison to the experiment, it is multiplied by the proximity factor,
calculated for the trajectories in the presence of cross-flow.
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Figure 11 - The evolution of the vortex pair circulation (a) and trajectories
(b) for vortex-boundary layer interaction, Case 1. U =18 m/s and U,=5.5 m/s

Figures 12a and 12b present the vortex-pair boundary-layer interac-
tion, with the same excitation parameters that were used in still-air
and in the Case 1 cross-flow experiment, only for Ue=8.3m/s as the
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free-stream velocity. The remaining parameters are provided in Table
1. Due to the larger free-stream velocity, the trajectories are bent more
towards the wall and into the downstream direction. The circulation of
the two vortices diverges faster than in the lower free-stream velocity,
due to the increased vorticity of the background boundary layer.
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Figure 12 - The evolution of the vortex pair circulation (a) and trajectories
(b),for vortex-boundary layer interaction. Case 2. U, =18m/s and U, ,=8.3m/s.

The interaction dynamics can be interpreted as follows. The vortex-
pair starts to be convected in the wall-normal direction, due to the
mutual induced velocities. The image vortices induce velocity mainly
in the x direction, bringing the vortices closer. The boundary layer
velocity in the initial position (and at the initial time) is small, com-
pared to the induced velocities by the vortex-pair. As the Vortices
move away from the wall, their circulation changes, due to the inte-
raction with the boundary layer vorticity. The positive vortex decays
because a negative vorticity flux "enters" its boundaries, whereas the
negative vortex intensifies due to the same reason. This difference
in the circulation causes the vortices to move along a curved trajec-
tory (actually a circular trajectory whose radius increases with the
difference of their circulation) as shown in figures 11b and 12b. The
experiments show that the positive vortex circulation decays very
fast (0.4-0.5[ms], figures 11a, 12a), within less than one excitation
cycle. Therefore, the positive vortex ceases to induce velocity on the
negative vortex and the negative vortex travels downstream with the
boundary layer, aimost parallel to the wall. However, the model does
not seem to be capable of predicting the rapid decay seen experimen-
tally. It is highly probable that after />0.5 ms, 3D effects start to be
important and other mechanisms cause the positive vortex to lose its
circulation so rapidly.

The vortex dynamics highly depend on the initial conditions. If one
starts the simulation closer to the wall, the wall images play a stronger
role on the vortex convection velocities, making them reside longer
in the presence of the stronger boundary layer vorticity and therefore
exposing their circulation to the boundary layer vorticity for a longer
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time. This will cause the positive vortex circulation to decay faster,
until it vanishes in the boundary layer, and will cause the negative
vortex circulation to rapidly grow.

Conclusions

A model for describing the evolution of a vortex-pair during the inte-
raction with a laminar boundary layer was proposed, calibrated and
validated against experimental data. The model is similar to the Lamb
four-vortex model, adopted for finite radius vortices. One exception
is that the vortex circulation is empirically allowed to vary with time,
according to the experimental findings. This model explains the initial
motion of the vortices towards each other in the proximity of the wall.
The inclusion of the boundary layer effects is performed through two
mechanisms. The first is vortex convection and the other is superim-
position with the background boundary layer vorticity. The latter is
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altered as the vortex travels across the boundary layer. This approach
can be implemented because the boundary layer vorticity is negligibly
small compared to the vortex magnitude. The initial circulation and
its time evolution from the still-air model are used for the cross-flow
interaction. In order to make a comparison between the model results,
assuming circular vortices, and the experimental findings, in which
the vortices are not circular, especially when close together, a correc-
tion factor was introduced. The model was compared to experiments
for wall-normal excitation with reasonable agreement.

It was noted that the evolution of the vortices is very sensitive to
the initial formation locations. The link between the characteristics
of the slot excitation and the initial circulation and locations of the
vortices should be modeled, in order to allow the development of the
current model with a simplified boundary condition for CFD simula-
tions and further development as a low-order-model for flow control
purposesill
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Nomenclature

xy Coordinates along a 2D axis

X,y Vortices locations

v, Circumferential velocity component

) Out-of-plane vorticity component

r Circulation

T, Initial Circulation

0 Vortex radius

r Radial coordinate

7y Vortex radius at =0

t time

h Actuator's slot width

U, Peak Velocity at the actuator's slot

f excitation frequency

v kinematic velocity

St Strouhal number, f4/U,

Re, Reynolds number based on U , hU /v

T Time of excitation cycle, 1/f

() Time derivative

#™  Induced velocity

I'geeie— Vortex circulation as a function of time for a baseline flow, Ue=0.

U, Boundary layer free-stream velocity
. Areaenclosed by a contour C that corresponds to 1% w , () vorticity

o, Vorticity level

s Distance between the vortices' centers

R’ Correlation factor

Wy Boundary layer vorticity

Uy, Boundary layer velocity
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