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Abstract

This article is the continuation of [B. 13-b] where we show how the isomorphism
class of a [A—primitive theme with a given Bernstein polynomial may be char-
acterized by a (small) finite number of complex parameters. We construct here a
corresponding locally versal holomorphic deformation of [A]—primitive themes for
each given Bernstein polynomial. Then we prove the universality of the correspond-
ing “canonical family” in many cases. We also give some examples where no local
universal family exists.
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1 Introduction and first examples.

1.1 Introduction.

This article is the continuation of [B.13-b] and the reader will find there the moti-
vations to introduce this notion with a definition and many examples. The present
work may be seen as a special case of the study of deformations of isomonodromic
germs of “filtered”regular differential equations corresponding to the case where the
monodromy has only one Jordan block.

The aim of this article is to introduce holomorphic families of [A]—primitive themes
and to prove that, for any given Bernstein polynomial, the canonical family we
construct using the results of [B.13-b] is holomorphic and is locally versal near each
point. We show that for many fixed Bernstein polynomials this canonical family is
moreover (globally) universal. But we also produce some examples of [A\]—primitive
themes for which there do not exist even a local universal family in a neighbourhood.

1.2 Definitions.

Let X be a reduced complex space. We shall denote Ox][[b]] the sheaf of
C —algebras on X associated to the presheaf

U — Ox(U)[[b]].

It is a sheaf of Ox—algebras. For Z C (Ox)? a sub-sheaf of Ox—modules (resp.
Ox —coherent), we shall denote Z[[b]] the sub-sheaf of Ox[[b]]—modules (resp.
Ox|[b]]—coherent) of (Ox[[b]])? which is generated by Z.



Definition 1.2.1 Let X be a reduced complex space. A sheaf of Ox—(a,b)—modules
E on X s a locally free sheaf of finite type of Ox[[b]]—modules endowed of a

sheaf map
a:E—E

which is Ox—linear and continuous for the b—adic topology of E and satisfies
the commutation relation a.b — b.a = b?.

A morphism between two sheaves of Ox — (a,b)—modules is a morphism of sheaves
of Ox|[[b]]—modules which commutes with the respective actions of a.

ExaMPLE. Let A €]0,1] be a rational number and let N be a natural integer.
Define

—(N

=0} = @ Ox|[[B]]-ex,

and define a by induction from the relations!

a.eng = Ab.eyg and a.ey; =Abey;+bey;j1 forj>1

NoOTATION. We shall denote, for A a finite subset in 0, 1] N Q,

=) . _ =(N)
;_4X7A .— @)\GA ;_4X7>\.

An holomorphic map of a reduced complex space X in EE\N) will be, by definition,
a global section on X of the sheaf Eg?[/)\

Remark that we have a.Eg?f/)\ C bEgéV/)\ so they are ”simple poles” Ox—(a, b)—modules.
Let x € X. We have an evaluation map Ox — OX/M;,; ~ C, where M, C Ox
is the sub-sheaf of holomorphic germs which vanish at x. When E is a sheaf of
Ox — (a,b)—modules on X, we shall have, in an analoguous way, an evaluation
map at x

E — E(z) := E/M,[[b]].E.
Then FE(z) is the fiber at x of the sheaf E. We shall consider a sheaf of
Ox — (a,b)—modules on X as a family of (a,b)-modules parametrized by X.

Definition 1.2.2 Let X be a reduced complex space. A holomorphic map
p: X — Eg\N) 1s k—thematic when the following condition is satisfied :

o The Ox|[b]]—sub-module E, of Egﬁvj)\ generated by the a”.p,v € N s free
of rank k with basis ¢, a.p,...,a" ..
For each x € X we shall denote FE(¢(x)) the rank k theme given as
i =(N
E, /M.t E, ~ Ag(z) C 20,
Lemma 1.2.3 Let X be a reduced complex space and ¢ : X — EgN) a k—thematic

holomorphic map ; then the Bernstein polynomial By of E(p(x)) is locally con-
stant on X.

'The reader may think that ey ; = s*~1.(Log s)7 /j!.
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Proor. We may write, by assumption,

k—1
at.p = Z Sj.al .
=0

where S,...,S,-1 are global sections on X of the sheaf Ox[[b]]. As for each
x € X the theme A.p(x) has rank £k, its Bernstein element (see [B.09]) is given
by

N
—

a® — oj(2).0F 7 .al

<.
Il
o

where o;(x) is the coefficient of ¥*7 in S;(z). Remark that, when it is not zero,
o;(x).b" 7 is the initial form of S;(z). But the holomorphic function z — o;()
takes only rational values?, so it is locally constant. ]

In the [A]—primitive case, the sequence A;+j is non decreasing, so the fundamental
invariants Aq,..., A\ which are determined by the Bernstein element of A.p(x)
are locally constant.

REMARK. Given a holomorphic map ¢ : X — Eg\N) it is not enough to check that
for each o € X the (a,b)-module E(p(z)) is a theme of rank k to have, even
locally, a k—thematic map, as it is shown by the following example :

Let A > 1 a rational number and put for z € C :

1
©o(2) = s 1 Logs + (24 b).s2 =¥ Logs + 2.s7 2 + ﬁ.s)‘*l.
Then the Bernstein element of /I;@(z) is (a— Ab)(a—A\b) for z # 0, but for
z =0 the Bernstein element of A.p(0) is (a — (A4 1).b)(a — A\.b). We conclude
using the previous lemma, that ¢ is not 2—thematic.

ExAaMPLE. Let X be any reduced and irreducible complex space and consider
p: X — E(Akfl) a holomorphic map such that the coefficient of ey;_; 1is equal
to b".S where S is an invertible element of the algebra O(X)[[b]]?, and such
that the b—valuation of ¢ —0".5S.ey;—;1 1is strictly bigger than n. Then the sheaf
E, := Zf;é Ox|[b]].a*.¢ is free of rank k& on Ox][[b]] and stable by a :

It does not reduce the generality to assume that S = 1, and in this case define
Y= (a — (A +n).b).p; it satisfies the same hypothesis that ¢ with & replaced by

k—1 and n replaced by n + 1. An easy induction allows to conclude.

2The Bernstein polynomial B of FE(z) which is related to its Bernstein element P € A by
the relation B(—b~'.a) = (—b)~*.P, has its roots in —A +Z C Q. So Oj() 1s rational.
3This is equivalent to say that the constant term (constant in b) of S is invertible in O(X).



Note that in this kind of example we have p; = --+- = pr_1 = 0. So this method
constructs only very specific [A]—primitive themes.

The reader will find a general and systematic method to produce holomorphic
k—thematic maps in section 1.3 (see corollary 1.3.5).

Definition 1.2.4 Let X be a reduced complex space and let E be a sheaf of
Ox — (a,b)—modules on X. We shall say that E is an holomorphic family of rank
k themes parametrized by X when the following condition is satisfied :

o There exists an open covering (Uy)aca of X and for each o € A a finite
set Ay C]0,1]NQ a k—thematic holomorphic map

—(k—1
Yo 1 Uy — :g\a )

with an isomorphism of sheaves of Ox — (a,b)—modules Ey, ~E,, on U,.

PurLL BACK. Of course when we have an holomorphic map f:Y — X between
two reduced complex space and E an holomorphic family of A—primitive themes
parametrized by X we may take the pull back of this family by setting for y € Y
E(y) := E(f(y)). It is easy to see that the pull back of an holomorphic family
is again an holomorphic family, the corresponding sheaf of Oy — (a,b)—modules
on Y being the "analytic” pull back f*(E) := Oy ® f~1(E), simply because
when ¢ : X — Eg\N) is an holomorphic and k—thematic map, the composition

pof:Y — Eg\N) is again holomorphic and k—thematic.

1.3 Existence of holomorphic k-thematic maps.

Our purpose here is to show the following proposition.

Proposition 1.3.1 Let X and T two complex manifolds and let F: X — D xT
be a proper holomorphic map which is a submersion over D* X T, where D s a
disc with center 0 in C and D* = D\ {0}. Then to the following data

i) A smooth T — relative (p+ 1)—differential form w on X such that

d/TW =0= d/TF A w.

ii) A wvanishing p—cycle ~ in the generic fiber of the restriction of F  over
D x {to}

we associate, locally around the generic point of T, a k—thematic holomorphic map
which defines the family of themes associated to the family parametrized by T  of
vanishing periods associated to w and .



Recall that for ¢y € T' fixed, the theme defined by w;, and < is generated by the
asymptotic expansion at s =0, with ¢y fixed, of the vanishing period integral

/ wto/d/TF.
Vs, to

As the map F' is a proper submersion over D* x T it is a local %> fibration
and this implies that, for any given ~, we have a well defined (multivalued in s)
horizontal family ~,; of p—cycles in the fibers of F' over D* x T

Note that for ~ in the spectral sub-space of the monodromy for the eigenvalue
exp(2im.\) the corresponding theme is [A]—primitive.

The proof of this proposition will be given at the end of this section.

Recall that A is the b—completion of the algebra A := C < a,b > with the
commutation relation a.b —b.a = b* (see [B.13-b]), and that an (a,b)-module is a
left A—module which is free and finite rank on the sub-algebra C[[b]] of A.

We shall begin by an easy lemma of algebraic geometry over the algebra Z := C[[b]].

Lemma 1.3.2 Let E be a regular (a,b)-module of rank k. Fix a C][[b]]—basis

er,....ex of E and consider E as the affine space Z* over Z. Then for each
natural integer p the subset X, C E = Z* defined by

X, ={zr€FE/rg(Az)<p}

1s an algebraic subset of E; that is to say that there exists finitely many polynomials
Pi,....,Py in Zxy,...,x] such that we have

X,={reZ" ) Pj(z)=0 Vje[l,N]}.

PROOF. As F is regular with rank k, for each 2 € E the sub-(a,b)-module A.z
is regular with rank < k. So it is generated as C[[b]]—module by =, a.x,...a"" L.
To write that the rank of A.z is < p it enough to write that all (¢,q) minors of
the matrix of these k vectors in the basis ej,...,e; are zero for all ¢ =p+ 1.
This gives the polynomials Py, ..., Py. |

x.

Here is an immediate consequence.

Corollary 1.3.3 Let X be a reduced complex space and E be a regular (a,b)-
module of rank k. Let f:X — E be a holomorphic map*. Then we have a finite
stratification

XoCXjC---CXpy=X

by closed analytic subsets, such that, for any q € [1,k] the subset X,\ X,-1 1is
exactly the set of x € X where the rank of A.x is equal to q.

4By fixing a basis e1,...,ex of E on C[[b]] this is, by definition, a global section of the sheaf
Ox[[b]]".



REMARK. The quotient of two holomorphic functions f,g : D — CJ[[b]] with
9(0) # 0 may be well defined for each value of z € D, and the function f / g may

not be holomorphic on D. For instance this is the case for z — z;;b; , because a
relation like .
S B = (Y w(a))
j=0
implies that ap =1 and a; = %1 ! OJ

Lemma 1.3.4 Let f,g: X — CJ[[b]] be two holomorphic functions on a irreducible
reduced complex space X. Assume that g does not vanish and that, for each v € X
the quotient f(x)/g(x) isin C[[b]]. Then there exists a Zariski open dense set X'
in X such that the map defined by f/g is holomorphic on X'.

PrROOF. We may assume that f Z 0 on X. So there exists two Zariski open
dense sets X; and X, such that the valuation in b of f(x) (resp. of g(z)) is
constant = k on Xj (resp. is constant =1 on Xjs). Then our assumption implies
k > 1 and it is clear that on the Zariski open dense set X' = X; N X, the map
f / g is holomorphic. |

Remark that the set where ¢ vanishes is a closed analytic set. So when ¢ is not
identically zero we may again find an open dense set to apply the lemma.

Corollary 1.3.5 Let f: X — EE\N) be a non identically zero holomorphic map of
an irreducible reduced complex space X with value in the (a,b)-module E := Eg\N).
Then there exists a dense open set in X on which the restriction of [ induces a
k—thematic holomorphic map via x+— A.x where k < rank(E).

PROOF. The point is that we may find an open dense set X’ on which the rank of
A.z is maximal, thanks to the first lemma above. Then we solve a Cramer system
with parameter on X’ to find the functions z — S5;(z) € C[[b]] which give the
relation

a®.f(x) = } S;(x).d’.f(z).

But these functions are ”meromorphic”. The second lemma above gives then a open
dense set in X’ on which f holomorphic and k—thematic. [

PROOF OF THE PROPOSITION 1.3.1. It is an immediate consequence of the corol-
lary above that there exists an open dense set in 7' on which the vanishing period
associated to w and ~ is a holomorphic family of themes, because it is locally
k—thematic. |



EXAMPLE : THE RANK 1 CASE. Let X be a connected reduced complex space,

and let ¢ : X — Eg\o) be an holomorphic 1—thematic map. Then there exists

S € T'(X,Ox|[[b]]) which is invertible® and an integer n such that ¢ = S.s*"1

So the sheaf E, is isomorphic to the sheaf E, where ¢ : X — EE\O) is the constant
map with value s*™m~1,

We study the rank 2 case in the next two results.

Proposition 1.3.6 Fix A\ > 1 a rational number in [)\] € C/Z and a positive

integer p. Let X be a reduced complex space, and let ¢ : X — EE\I) be a

holomorphic 2—thematic map, such that the fundamental invariants of the themes
E(p(x)),z € X are given by A,p1 = p > 1. Then there exists an holomorphic
map «: X — C* such that we have

1. The map ¢ : X — Eg\l) defined by
U(x) = a(z).sP2 Log s+ ¢(Ay, p).sM™ ! is 2 — thematic (@)
where ¢(A1,p) = ’71.()\1 DA (M+p—2).
2. The sheaves of Ox — (a,b)—modules Ej and E, coincide.
The proof will use the following lemma.

Lemma 1.3.7 Fiz A\ > 1 a rational number in [\] € C/Z and let p be a
positive integer. If p € C* and S € C[[b]] are such that

X = p.sP2 Logs+ S.sM 72

satisfies (a — (A +p—1).0).x = (1 + a.b?).s~ L for some given o € C* then we
have .
p=aj/y and S=-—+2zb
p

for some z € C, where v:= (A — 1) \.( A +1)... (A +p—2).

The proof is an exercise left to the reader.

REMARK. As Ay contains C[[b]].s» ! it contains Y, := x — z.b?.s2 and
both x and Yy, have the same annihilator which is the ideal

A(a—=M.b).(14atP) (a— (M +p—1).b).

So we have for ecach z € C an automorphism of A.y which sends x to ..

®Note that if for some x € X, S(x) is not invertible, the Bernstein element jumps, so the map
is not 1—thematic.



PROOF OF THE PROPOSITION. Without lost of generality we may assume that
o(r) = sMP2 Log s + ¥(x).sM 2 (1)

where ¥ € I'(X, Ox[[b]]) isinvertible in C][[b]] for each x € X. This is consequence
of the fact that we must have for each z € X arank 2 theme with fundamental
invariants A, p; = p > 1. Then we have

$>\1+p*1 N1
— (A —1).b). = —— + X(x).s™"
(@ O +p = Do) = o+ S
+ 025 (2).sM 2 = (A +p—1).b.5(x).sM 2
S)\l—l

= (b.2(z) — p.X(z) + fy.bp).)\1 —

where v := (A — 1)A;... (A +p—2) in order that
A1+p—1 A1—1
LAy
)\1 +p— 1 )\1 —1

and where Y (z)" denote the derivative in b of X(x) € C[[b]]. So we have
(a— (M +p—1)b).o(x) = S(x).sM1 with

(M —1).8(z) == b.3(x) — p.X(z) + 7.0,

So the constant term in b in S(z) is equal to (—p/(A; —1)).X(2)(0) and the
constant term X(x)(0) of ¥(x) is not zero. Put S(x) := So(x) + Sp(z).0P +0.5(x)
where Sy(z) is the constant term in b and where S(z) has no term in b~ L.
From our previous remark we see that S is an invertible holomorphic function on
X.
Now let T € T'(X, Ox]|[b]]) be a solution of the equation

b.T(z) — (p—1).T(z) = S(z) VzeX.

Such a T exists because S has no term in 5. Define now ¢ : X — E(;) as

U(z) == p(x) — T(x).sM"

As E, contains Ox|[[b]].s* 7!, thanks to the invertibility of S in Ox|[[b]], the
equality E, =E, is clear. So ¢ is 2—thematic.
Now compute (a — (A1 +p — 1).0).¢:

(a = +p=1)0)8@) = (a= i +p—1).0).(p(x) = T(w).s™")
= S(x).s"" = [T(2).a+ 0> T(x)].sM"
= (So(x) + Sp(z).bP).sM

This shows that ) := S;'.4) satisfies the relation
(a— (N 4+p—1)0)0x) = (1 + afx).bP).sh?
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for each z € X where a(z):= S;"(z).S,(z). And, of course, E; =E;, =E, so
conditions 2. and 3. are satisfied. The lemma shows that there exists an holomorphic
function z: X — C such that ¢(z) — z(z).bP"*.s" ! has the desired form. But
sending ¢ to ¥ —z.bP~1.sM is an automorphism of the Ox —(a,b)—module E,. B

The case p; = p =0 is given by the following lemma ; as it is a simple variant of
the previous proposition, we let the proof to the reader.

Lemma 1.3.8 Fiz A\ > 1 a rational number in [\] € C/Z. Let X be a

reduced complex space, and let ¢ : X — Ef\l) be an holomorphic 2—thematic map,

such that the fundamental invariants of the themes E(p(x)),x € X are given by
A and py = 0. Then if ¢ = (A — 1).8M 2. Logs there is an isomorphism of
Ox — (a,b)—modules between the sheaf E, and the sheaf E, corresponding to the
constant map with value 1.

Note that the sheaf E, is given as Ox|[[b]].e; ® Ox|[[b]].e2 with a defined by

a.e; = A.bey and a.eg = (A — 1).b.es + €.

Definition 1.3.9 When E is a rank 2 [M—primitive theme with fundamental
invariants Ai,p1 > 1 we shall call the parameter of E the number a € C* such
that E s isomorphic to AJA.(a — \.b)(1 4+ a.bP') " .(a — (A +p1 — 1).b).

The following lemma shows that this number is quite easy to detect.

Lemma 1.3.10 Let E be a rank 2 [N—primitive theme with fundamental invari-
ants Ai,p1 > 1. Let S € C[[b]] such that S(0) =1 and such that

E~A/A(a—N.b).S7(a— (M +p—1).b).

Then the coefficient of bP* in S is the parameter o« of E.

PrROOF. Let e be a generator of £ with annihilator the ideal
A(a—A.b).57 (a— (M +p1 —1).b),

and put ey :=e and e; := S~ .(a— (A +p;—1).b).e. Then e, ey isa C[[b]]—base
of E and so we look for a generator ¢ of FE, write

g = U.62 + V@l
with U,V € C[[b]], which is annihilated by (a—X;.0)(14+a.0?)" .(a— (A +p1—1).b).

Remark that we know ” a priori” that such an ¢ exists thanks to the proposition
1.3.6 with X = {pt}. Then compute

((l — ()\1 +p1 — ].)b)E = bQ.U/.GQ + U.S.61 + bz.V’ — (pl — l)bV61
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As we are in a theme the kernel of a — A\1.b is F; = C[[b]].e;. So this implies that
U =0 and U = U(0). We obtain also the equation

U(0).S + 02V — (py — 1).b.V = p.(1 + a.bP")

for some p € C. As we assume S(0) =1 this implies U(0) = p. The fact that e
is a generator of E insure that U(0) = p # 0, and then

V' —(pr —1).0.V = p(1 = ) + p.a.b

and the existence of a solution V € C[[b]] for this equation implies that the
coefficient of b”* in S is equal to a. |

EXERCISE. Let E bearank 2 [A\—primitive theme with fundamental invariants
A, p1 = p > 1. Show that, for § € Q such that A\; +6 > 1 the parameter of
E ®qp Es is the same than the parameter of F.

Deduce then that for —A\; —p+ 0+ 1> 1 the parameter of the theme E* ®,; Es
is, up to sign, the same than the parameter of F.

1.4 Holomorphy criterion.

Let us go back to holomorphic families of [A]—primitive themes of any rank.

Proposition 1.4.1 Let X be a connected reduced complex space and let E be an
holomorphic family of rank k [N—primitive themes parametrized by X. Denote
A, D1y .-y Pe—1  the corresponding fundamental invariants. For each j € |0, k]
there exists an unique holomorphic family F; of rank j  [N—primitive themes
parametrized by X with the following properties :

Z) Fj C Fj-i-l: F,=E,

i) for each x € X the theme Fj(zx) is the normal sub-module of rank j of
E(z);

i11) the family E/Fj is holomorphic for each j € [0, k].

PROOF. The statement is local on X and we may assume that E = E,

where ¢ : X — Eg\k_l) is a k—thematic holomorphic map. Up to change ¢ by
the action of an invertible section of the sheaf Ox[[b]] we may assume that

o =51 (Logs)**+60 where 6 is a section of the sheaf Eg’;;\Q).

Put 1 := (a — \g.b).o. Then 1 is (k — 1)—thematic, because 1, a.1,...,a* 2.4
is O(X)[[b]]—free and generates E, :

If we have Ef;g Uj.al4p =0 with U; € O(X)[[b]] this implies

k—2 k—2
Z Uj.a’* cp—)\k.z U;.a’.b.p =
=0 =0



As, by hypothesis ¢, a.p,...,a* Lo is O(X)[[b]]—free, this gives successively

Uk72:O,Uk73:O,...,U1 =0.

Then it is easy to see that Fy_; := E, induces Fj_;(z) for each x € X. This
proves i) and ii).

To prove iii) it is enough, by an easy induction, to prove it for j = 1. In this

(lc

case, 1t 1s sufﬁcnent to prove that the composition 6 := fyop: X — = , where

e _)\ ) :(Ak 2 is the quotient by _g\o), is (k — 1)—thematic. Remark first
that for x € X we have

Fi(z) = Ker fyN A.p(x).
Then we want to prove that if we have E;’:g S;i(x).a?.p(x) € _(AO), then

Si(x) =0 Vjelok—2l.

If all S;(z) are not zero, there exists ¢ € N and T € C[[b]] invertible, such that

B

-2

Si(z).a’ . p(x) = T.sM7,

<.
I
=)

But then, (a — (A + q).b).T*I.(Zf;g Sj(z).a’) is a polynomial in a with coeffi-
cients in C[[b]], of degree < k — 1, which annihilated ¢(z), contradicting the fact
that E(z) = A. go( ) has rank k. Now 6 is (k — 1)—thematic and induces the
family E(x /F1 ,rx e X. |

Theorem 1.4.2 Let X be a reduced complex space and let E(x).cx be a family of
rank k > 2 [N|—primitive themes with fized fundamental invariants A1, p1, ..., Pe—1
defined by a Ox —(a,b)—module E. Let a: X — C* the function which assocz’ates
to = € X the parameter of the rank 2 [N—primitive theme E(x /Fk o(z). Then
the family is holomorphic if and only if the following two conditions are satisfied:

i) The family Fy_1(x) is holomorphic, that is to say that there exists a Ox —
(a,b)—sub-module Fy_1 of E which is an holomorphic family and take the
value Fy_1(x) for each z € X.

ii) The function « is holomorphic on X.

REMARK. Thanks to proposition 1.3.6 the condition ii) of the previous theorem is
equivalent to the fact that the family F(z / Fy_o(x),xz € X is holomorphic. So this
result allows, using induction, to reduce the problem of the holomorphy of a family
to the rank 2 case.

The proof will use the following lemma.
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Lemma 1.4.3 Let j,q be natural integers and X\ be a rational number in |0, 1].

Denote H(j,q) the hyperplan of EE\]) corresponding to the annulation of the
coefficient Sof bl.ey ;. Then the C —linear map

fH(j,q) ®C .bley,y — bEY

given by applying (a — (A + q).b) to each term of the sum and adding, is an
isomorphism of Frechet spaces. So its inverse is linear and continuous.

PrOOF. The following equality is easy, for any (h,m) € N with the convention
ex-1=20

(@—(A+q).b).b".exp = (m — q).bm“.eM1 + bm+1.6)\7h_1.

It implies that (a — (A 4 ¢).b).b%ey ;41 = b7 .ey; isin b.E(Aj). So the image of
E(A]) by (a— (A+¢q).b) is the hyperplane of b.EE\]) given by the annulation of the

coefficient of b9*1.e,; and its kernel is C.b%e) . The conclusion is then easy. W

REMARK. If we begin with an element in b.EE\j) for which the coefficient of 09.e) ;
is p, then the coefficient of 0%.ey ;41 in its image by the inverse map will be also
p. In particular, it will be non zero for p # 0.

PROOF OF THE THEOREM 1.4.2. The statement is local on X so we may assume
that we have a (k — 1)—thematic holomorphic map ¢ : X — Ef\k_Z) such that E,
defines the family Fy_i(z),x € X. We may also assume that the map

L RO

takes its values in Eg\k_g), up to a change of ¢y by multiplication by an invertible

element of O(X)[[b]]. Put q:= A — A, Sk—1 := 1+ a.bP*-1 and define

p: X = Ef\k_l)

as the composition of Si_1.¢0 with the inverse map constructed in the previous
lemma, with j := k—2. and the obvious inclusion of H(k—2, A\ —A) & C.b%e) 1
in Ef\k_l). Note that we have (x) € b.Eg\k_Q) for each z € X because of the
inclusion Fy_1(z) C a.E(z) + b.E(x), of the fact that =, has a simple pole and
also because any A—linear map from Fj_;(z) to Z, may be extended to F(z)
(see [B.05]).

Remark that the coefficient of b%.e) ;o in Si_1.¢0 coincides with the coefficient of
bPk=1 in Sy_1, so it is given by a. As it is non zero, the coeflicient of 09.e) ;1 in
¢ does not vanish, thanks to the relation Ay —A+1= A1 — A+ pr_1. This is of
course necessary in order that A.o(z) will be a rank k theme. Now it is easy to
see that the holomorphic k—thematic map ¢ is such that E, induces the family
E(x),z € X. |

SWe use here the notations of the example given at the begining of section 1.2.
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1.5 Holomorphy and duality.

The last theorem of this paragraph shows that the twisted duality preserves the
holomorphy of a family of [A]—primitive themes.

Theorem 1.5.1 Let X be a reduced complex space and let E(z),z € X, be a
holomorphic family of [N —primitive themes parametrized by the reduced complex
space X. Let § € Q such that for each x € X the (a,b)-module E(x)* ®.p Es
is a theme. Then the family E(x)* ®qp Es, © € X, is holomorphic.

The proof will use the next lemma, which is an easy exercise left to the reader

Lemma 1.5.2 Let E(x),z € X be an holomorphic family of [\|—primitive themes
parametrized by a reduced complex space. Let 0 € Q such that for each x € X
the (a,b)-module E(x) ®4p Es is a theme. Then the family E(x) ®.p Es,x € X
s holomorphic.

PROOF OF THE THEOREM 1.5.1. We make an induction on the rank k. As the
case k = 1 is trivial and the case k = 2 is already known (see the exercise
following the definition 1.3.9), assume that the result is proved for &k —1> 2 and
consider the situation in rank k. Let Fi(x),x € X be the family of normal sub-
themes of rank 1 of the themes FE(z),z € X. The proposition 1.4.1 implies the
holomorphy of the family F(x) / Fi(z). This proposition gives also the holomorphy
of the family Fy(z),z € X. The induction hypothesis implies the holomorphy
of the family (E(z)/Fi(z))* ®ap Es and also of the family (F»(2))* ®ayp Es.
But now we may apply the theorem 1.4.2 to the family (E(z))* ®,, Es because
the corresponding family of sub-themes of rang k£ — 1 is the holomorphic family
(E(z)/Fi(%))* Qa5 Es and the corresponding family of rank 2 quotients is the
holomorphic family (F5(2))* ®qp Es. [

2 The canonical family.

2.1 Definition and holomorphy.

We shall fix in this paragraph an integer k£ > 1 a rational number A\ > k—1 and
natural integers pi,...,pp_1. For j € [1,k—1] we defined in [B.13-b] the complex
vector space V; C C[[b]] in the following way :

1.If pj+---+pre_1 <k—7 put V}::@f;g*l((:.bi.

2. If pj+---+pr—1 >k—j put g :=p;+---+pjsr where h € N is minimal
with the property that ¢; > k —j and put Vj:= @f;g* C.baC.b%.

Define now the affine open set W; C V; of an affine hyperplane of the complex
vector space Vj :

W;:={S;€V; /5;(0)=1 and the coefficient of " is # 0}.
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Then put
S()\l,pl, e ,pk,l) = {(51, NN Skfl) € C[[b]]kil / Sj € Wj VJ € [1, k— 1]} (*)

Note that S(A1,p1,...,pk—1) is always isomorphic to a product C™ x(C*)™. So it
is a connected complex manifold.

Definition 2.1.1 For o € S(A\1,p1,...,pk—1) we define E(o) asthe [A—primitive
theme (with fundamental invariants i, p,...,pr—1) AJA.P(c) where

P(o) = (a—M\.b)Syt ... St (@ — \g.b) (**)
wzth )‘j-l-l = >‘j +p] —1 f07" ] € [1,]{3 — ]_]
ExaMPLES. For k=1 and \; given, the canonical family reduces to the theme
E,,. For k=2 and \{,p; given, we have

1. For p; =0, §(\,0) = {1} and the corresponding value of P is

Pi=(a—M.b).(a— (A — 1).0).

2. For p; > 1, we have S(A\1,p1) = {1l + a.bP,a € C*} ~ C* and the value of
P corresponding to o € C* is given by

P(a) = (a — A1.b)(1 + a.b?) H(a— (A +p1 — 1).b).

Theorem 2.1.2 For any given integer k > 1, any rational number Ay > k — 1
and any natural integers pi,...,pr_1, the canonical family is holomorphic.

PRrROOF. The proof will use theorem 1.4.2 and an induction on k. First remark
that the family E(c)/Fi(o) is the pull back of the canonical family parametrized by
S(Aa, P2, ..., pr_1) via the obvious projection ( recall that Ao := Ay +p;—1>k—2
as A\ >k —1)

S()\l,pl, R ,Pk—l) — S()\Q,pg, C apk—l)-
So it is a holomorphic family, thanks to our induction hypothesis. Moreover the
family Fy(o) is also the pull back via the obvious projection

S(A,p1, - pe-1) = S(AL,pr)

and the example above gives the holomorphy. So the theorem 1.5.1 allows now to
use the theorem 1.4.2 and this gives the conclusion . [
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2.2 Versality and universality.

Again we shall fix an integer k > 1, a rational number A; > k — 1 and natural
integers pi,...,pr_1 in this paragraph.

Definition 2.2.1 Let X be a reduced complex space, xo a point in X, and
let B an holomorphic family of [N—primitive themes with fundamental invariants

AL, Pl -y Pr_1- We shall say that this family is versal near x, when, for any
reduced complex space Y with a base point yo and any holomorphic family H
of [N—primitive themes with fundamental invariants Ay, p1, ..., Pk—1, parametrized

by Y, such that H(yo) is isomorphic to FE(xq), there exists an holomorphic map
f:U— X of an open neighbourhood U of yo in Y and an isomorphism of
Oy — (a,b)—modules 0 : f*(E) ~ Hyy.

We shall say that E is universal near x, when the germ at yo of such an
holomorphic map f is always unique. The family will be called locally versal when
it is versal in a neighbourhood of each point. The family will be called universal
when it is locally universal and when each isomorphy class appears exactly one time
in the family.

Of course a versal family contains all isomorphy class of [A]—primitive themes with
fundamental invariants A{,pq,...,pr—1. Any isomorphy class appears exactly one
time in an universal family. The existence of an universal family is the same prob-
lem that the representability of the functor which associates to a reduced complex
space Y the set of holomorphic families of [A]—primitive themes with fundamental
invariants Ai, pi,...,pr_1, parametrized by Y.

The existence of a versal family implies the finiteness of the number of complex
parameters in order to determine an isomorphy class of such a theme.

Theorem 2.2.2 For any choice of an integer k > 1, and of fundamenetal invari-
ants given by a rational number \y > k — 1 and natural integers pi,...,pp_1 the
canonical family parametrized by S(A1,p1,...,pk—1) 1 locally versal.

If any theme corresponding to our choice of k> 1, \y > k—1 and p1,...,px_1 has
an unique canonical form, then this canonical family is (globally) universal. This is
the case, for instance, when p; >k—1 VYje€[1,k—1].

Proor. First we shall show the versality by induction on the rank %k > 1. The
cases k=1 and k = 2 are already known (see above section 1.2.), so we shall
assume that k£ >3 and the case k—1 known.

Let E be an holomorphic family of [A|—primitive themes with fundamental in-
variants Ai, p1,...,pr_1 parametrized by the reduced complex space X. Fix xg
in X and denote F; C E the sub-sheaf of Ox — (a,b)—modules defining the
family of normal sub-themes of rank 1 in [E. Then E/ F, is an holomorphic
family of [A\]—primitive themes with fundamental invariants g, po, ..., pr_1, with
Ao := A1 +p; — 1. So thanks to the induction hypothesis, there exists an open neigh-
bourhood U of xy, in X and an holomorphic map ¢ : U — S(A\2,p2,...,Pr_1)
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such that ¢*(S) is isomorphic to (E/Fi)y, where S is the canonical family
parametrized by S(Aa,p2,. .., Pr_1)-
As the result is local near =z, we may assume, up to thrink U around =z, that E

is given by an holomorphic k—thematic map ¢ : U — Eg\k_l), which satisfies

p(x) = s (Log )" + ¥(x)

where ¢ : U — Ef\k_Z) is holomorphic and (k — 1)—thematic. The holomorphic
map ¢ gives in fact holomorphic maps S, ..., Sk_1: U — 1+ b.C[[b]] such that,
if we define

Py = (a—X2.b).55 " (@ — A3.b).55" ... St . (a — A\p.b),

A.P, will be the annihilator of the standard generator e of the canonical family
parametrized by S(Ag,pe,...,pr). So the generator ¢*(e) of E/Fl will satisfy
also Py.g*(e) = 0. If we identify Epy to E, C Eg\k_l), we identify E/Fl to a
sub-sheaf of the quotient sheaf

=(k-1) /=(0)  =(k—2)
=X/ =X < EXa

So we may find Tp,...,Tx—; local sections of Ox[[b]] such that the image of the
section

ko
—

v o= Tj.aj.go

<
Il
=)

in E/F; coincides with g*(e). As g*(e) generates E/F; the section Tp of
Ox]|[b]] must be invertible near 5. So 7 generates E near z, and satifies
Py e Fy. As Ty = O [b]].s* ™! we may write

Py =0©.sM"1

where © is asection of Ox|[[b]] in an open neighbourhood of xy. The decomposition
E\, = P.E)\, @V} (see [B.13-b] proposition 3.2.4) allows to write

0.5 = (P.B + S5y).sM

where J and S; are local sections respectiveley of Ox[[b]] and Ox®V;. Moreover,
as © is invertible, which means invertibility in Ox of its constant term in b, so
is S1. Then, up to multiplication by an holomorphic invertible function I on an
open neighbourhood of =z, we may assume that the constant term of S; is 1.
Then 7 :=1I.(y— B.s71) is still a generator of E and satisfies

P17' == Sl.SAlil with Sl € OX X ‘/1,51(0) =1.

This gives (a— A;.0)S; . Pi.7 = 0. So we see that E is isomorphic to the pull back
of the canonical family by the holomorphic map [ : U(zg) — S(A1,p1,---,Pk—1)
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given in the open neighbourhood U(xy) of xy by Si,..., Sk This isomorphism
sends the local generator 7 of E on f*(e) where e is the standard generator
of the canonical family parametrized by S(\i,p1,...,pr—1). So the local versality
is proved.

The proof of the global universality of this family under the assumption that any
theme with these fundamental invariants has an unique canonical form is obvious.
The fact that this is true when we assume p; > k—1 Vj e [1,k—1] is proved in
[B.13-b] theorem 4.3.1. |

REMARK. If for some tg € S(A1,p1,...,pk—1) there exists an open neighbourhood
U of ty such that any t € U has an unique canonical form, then the restriction
to U of the canonical family is locally universal at each point in U.

2.3 Examples.

We shall give a examples of [A|—primitive themes of rank 3 for which there does
not exists, even locally, an universal family.

Let the fundamental invariants be \; := A\, p1 = pa = 1; so we have
)\1:)\2:)\3:>\, q1:p1+p2:2 and QQZPQZ]_.

Remark that the corresponding themes are special (i.e. Ay = Ay = -+ = X\;). The
corresponding parameter space for the canonical family is S(\,1,1) ~ (C*)?2 x C
and we shall denote

B(a, 8,7) = A/ A(a — A\b).(1+ B.b+~7.b%) " (a— Ab).(1 + a.b) " .(a — \.b)
the theme associated to the parameter (a,3,7) € (C*)? x C.

Proposition 2.3.1 1. For a #  and any ~ the theme FE(«a,f,v) is not
invariant, and its canonical form is not unique.

2. For a = #0 the theme E(a,a,7y) is invariant. But there does not exist
an universal family near each such invariant theme.

3. For any o # [ and any -, there exists a locally universal family with
dimension 2 smooth parameter space.

The proof will use the following two lemmas.

Lemma 2.3.2 Let o,83,7 € C,a.f # 0; then the rank 3 theme FE(a,B,7) is
defined as follows :

(a—Ab).es = (1 + a.b).es
(a—Ab)eg = (14 B.b+7.b%).e
(a — A.b).ey = 0.
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For B # «, E.p~ 15 isomorphic to E,pzo for each v & C.
For B =a, the themes Eg,q~, and E,.. are isomorphic if and only if v =1+".

Note that this lemma already implies the non uniqueness of the canonical form of
E(a,p,v) for « # [, and also that near any such theme, the canonical family is
not locally universal.

PrOOF. We look for a C[[b]]—basis e3,e2,61 of E, g, satisfying the following
conditions :

eg=e3+ U.ey+ Ve, with UV € C[[]] (0)
(@ — A.b).eg = (14 a.b).eg (1)
(a—Ab)eg = (1+B.b++"b%).e; (2)
(a — A.b).ey = 0. (3)

We know that o and [ are determined by the isomorphism class of the theme
E(a, ,7): as we have p; = p; =1 they are the parameters of the rank 2 themes
E / Fy and F, respectively .

Remark also that (3) implies that ¢; = p.e; with p e C".

Let us compute the conditions for U and V :

(@ —Ab).es = (14 a.b).eg + 62U .eq + U.(1 + B.b+ 7.0 .e; + b2V e
= (]_ —+ O[.b).{fg

and so, we have ey = Z.ey + T.e; with Z = (1+ a.b)™'.(1+ a.b+ b2.U’) , and
(1+a.b).T=U(1+8.b+~.b* +b>V". (4)
Then we get

(a—Ab)eg=Z.(1+Bb+y.b%).e; + 2.7 ey + b1 e
= (14 B.b++"b).p.e

and this implies 2’ =0 and as Z =1+ (1+ 8.b)"1.0>.U’" we must have U € C,
and Z = 1. The relation (2) implies now, as €9 = e + T.€;

(14 B.b+7.b%).ey + b*.T e; = (1 4+ B.b++'.b%).p.er.

Then we have p=1 and T' =+ —~.
Looking at the constant terms in (4) we obtain T =U + (v — v).b.
But (4) implies also

al+y —y=Up and Uy + V' =a.(y =7 (5)

So, for a # [ we will have

U:Zé:f; and V:VOJr;__;.(a.(B—a)—v).b. (6)
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If 5= «, the relation (5) gives v =+ [

The next lemma shows that for « = 5 # 0 FE(«a,f,7) is an invariant theme for
any vy € C.

Lemma 2.3.3 For o # 0 the (a,b)-module E, .~ is an invariant rank 3 theme.

Proor. It is enough to find x := ey + U.e; such that
(@ — Ab)(1+a.b) Y a—Ab).ox =0,

where U € C|[b]].
As F, is a theme, the kernel of (a — A.b) in Fy is C.e;. So x must satisfies

(a —Ab)x = p.(1+ a.b).eg
and this implies that U is solution of the equation
(14 a.b+7.b%) + 02U = p.(1+ a.b).

So we conclude that we must have p =1 and U = —7.b+ cste. So we obtain a
solution x := ey — 7.b.eq. [ |

For (a,8) € (C*)? a # 3 denote E(a,f):= E(a,3,0) therank 3 theme defined
by
E(a,B) = A/ A(a— Ab)(1+ B.b) " (a— \b)(1+ a.b)  (a — \.b).

Lemma 2.3.4 The family E(o,B)wpoex s universal near any point in

X = (€ \ {a =6}

PrROOF. Thanks to the lemma 2.3.2 it is enough to prove that for a # 8 the
restriction of the canonical family to X C {y = 0} is locally versal. Let E be
the sheaf on X of Ox — (a,b)—modules associated to the holomorphic family
E(a, 8,0). It is enough to prove that the holomorphic map

T: XxC—=X

defined by 7(«, 5,7) = («, 5) is such that the sheaf 7*(E) is isomorphic as a sheaf
of Ox — (a,b)—modules, to the sheaf associated to the canonical family restricted
to X x C. As the map is given by the versality of the canonical family, so it is
enough to construct its inverse. The inverse we are looking for this map is given
by the computation in the lemma 2.3.2, because via the formulas (6) in the case
v =0 we may send the generator es; of FE(«,[,7) to e3:= e3+ Uy + Ve,
which is the generator of the F(«, ) for o # (. |
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PROOF OF THE PROPOSITION 2.3.1. The fact that the invariant themes in this
canonical family are exactely the FE,,, is proved in lemmas 2.3.2 and 2.3.3.

The canonical family (Eu g)(a,8)eS(0 pr1=pa=1) 15 holomorphic and versal near any
point thanks to the theorem 2.2.2. Let assume that we have find an holomorphic
family (E,),ey which is locally universal around a theme FE(ag,ag,70) =~ Ey,
where Y is a reduced complex space that we may assume to be embedded in CV
near 7o. Let ¢ : Q — Y <« CV the classifying map for the canonical family on
an open set Q de (ag, g, %) € (C*)? x C. As for « # 3 the isomorphy class of
the theme E, 3., does not depend on +, thanks to the lemma 2.3.2, we shall have
%f =0 on the open set {a # B} of Q. This implies that ¢ does not depends
on ~ for all a near enough to «g, and for all ~,~" near enough from ~,. This
contradicts the lemma 2.3.2.

The last statement of the proposition is given by lemma 2.3.4. |

ANOTHER EXAMPLE WITHOUT UNIVERSAL FAMILY. We give here an example
of non special rank 4 [A—primitive themes without universal family. Fix the
fundamental invariants to be A\; > 3 and p; = 3,ps = p3 = 2. So the canonical
family is defined by the following relations :

— (M +4).b).ey = S3.e5 S3:=14+ a.b? (g3 = p3s = 2)

— (M +3).b).e3 = Soes Spi=1+Bb+7.b° (@2 = p2 = 2)
a— (A +2).b).eg =S1.e; Sy :=1+0b+cb*+0.b° (g1 = p1 =3)
(@ — Ai.b).eg = 0.

a

(
(a
(

with the condition «.y.60 # 0.

We look for the invariant themes in this family. So we look for an element = € F3\ F;
such that Fy.z = 0. The existence of such an x is equivalent to the existence of a
rank 3 endomorphism.
Using proposition 3.2.2 of [B.13-b], the condition Py.x =0 is in fact equivalent to
the condition P;.z = 0 because we ask x to be in Fj3. This gives the equality
(@ — X.b).S5 1. Py.x = 0. The kernel in E of (a— A;.b) is C.e;, so we obtain the
equation

PQ.ZL‘ = p.SQ.b2.61 (].)

It gives (a — A3.b).S3'.Ps.v = p.Sy.b%.e; which implies that the class of S;'.Ps.z
in E/F1 is in the kernel of (a — X3.b) which is C.b* *2.e; modulo F;. So we

may put :
P3.LU = O'.Sg.b.€2 + S3.T.€1 (2)

and the equation (1) implies

PQ.SL’ = (CL — )\3.b)<0'.b.€2 —+ T.el) = p.SQ.b2.€1
= U.b.51.61 + (bQ.T, - 3bT)61 = p.SQ.bQ.el.
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So we get V21" —3.b.T = p.S2.b?> — 0.5,.b and after simplification by b this gives

Then we conclude, as the coefficient of 5% must be zero in the right handside, that
we must have p.y = 0.0. As ~.0 # 0, the condition p # 0 is equivalent to o # 0.

We shall have a solution 7' by choosing ¢ := p.y/6, and it satisfies —37'(0) = —o,
that is to say T'(0) = 0/3 = p.v/36.
Define now =z := X.eg + U.eg + V.e;. The relation (2) gives

(@ — Mg.b).x = (b*. X' —b.X).es5 modulo F,
and so X =7.b with 7€ C* as we assume z ¢ F». Then we get

(@ —Ag.b).x = (1.0.85 + V2. U — 2b.U).e5 + (V2. V' —4b.V + U.S}).e;
= O'.Sg.b.ez + Sg.T.el

and so the equations

b.U —2U = 0.55 — 7.5, (5)
V2V —4bV = S3.T — U.S, (6)

The first one implies that 7.7 = 0. and forces U(0) = (t1—0)/2 = o.(a/y—1)/2;
the second one imposes

Then we obtain

T0)=0/3=0(a/y—1)/2.
So, if a/y #1+4+2/3 =5/3 we must have o = 0 and this imposes 7 =0 and
this is incompatible with our assumption z € F3\ F5.
Then for 3« # 5y the theme is not invariant, and as E/F; is invariant thanks to
the theorem 4.3.1 of [B.13-b] (here the rank is 3 and each p; is at least 2), the
canonical form will not be unique thanks to lemma 4.3.4 of [B.13-b].
Now for 3a =5y we find a solution U of the equation (5) and then a solution
V for (6) when we choose a solution 7' of (3). So along the hyperplane 3« = 5y
the themes are invariant. The situation is similar to the previous example.

Let us show, to conclude the proof, that when 3a = 57 the coefficient ¢ is not
relevant to determine the isomorphism class of E. As we know that 6 is determined
by the isomorphy class of FE, it is enough to prove that ¢ is also determined by
the isomorphy class of F.

Because, up to an homothetie, any automorphism of E is obtained by sending e4 to
es+y where y € F3 and satisfies P;.y € Fi, to prove that § is determined by the
isomorphy class of E, it is enough to prove that any such y satisfies P,.y € b.F}.
But P,.y € F; shows that if we define ¢(e) =y this produces an A—linear map
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E/F1 — F3/F1. As the rank is < 2, go(FQ/Fl) =0 and so P.e € Fy implies
Py.y € Fy. Then we have

(a — Agb)S;IPQy € Fl-

The kernel of (a — A\3.b) acting on F3/F1 is C.b.eg+F, as A3 — Ay = 1. Then
we may write
Pg.y = pb.Sg.GQ + Sg.T.el

which gives

Py = [pb.Sy + > 1" —3b.T].e; € b.F}.
So P,y € b*.F, is proved.
It is not necessary to prove that ¢ can move by some isomorphism because this is
consequence of the lemma 4.3.4 in [B.13-b]. B

CONCLUSION. So in this example we have the following properties, analogous of
the properties in the previous rank 3 example:

1. For 3a # 5v the themes are not invariant.

2. For 3a = 5y each theme is invariant but there is no local universal family
around such an isomorphy class.

3. For each theme FE such that 3a # 5y there exists a local universal family
obtained by the restriction of the canonical family to an open neighboorghood
of E in the hyperplane {e = ¢}.
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