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Abstract This paper sheds new light on regularity of multifunctions through various characterizations of directional
Holder/Lipschitz metric regularity, which are based on the concepts of slope and coderivative. By using these charac-
terizations, we show that directional Holder/Lipschitz metric regularity is stable, when the multifunction under consid-
eration is perturbed suitably. Applications of directional Holder/Lipschitz metric regularity to investigate the stability

and the sensitivity analysis of parameterized optimization problems are also discussed.

Keywords Slope - Metric regularity - Holder metric regularity - Generalized equation - Fréchet subdifferential -

Asplund spaces - Ekeland variational principle, Hadamard directional differentiability.

Mathematics Subject Classification (2000) 49J52; 49J53; 58C06; 47H04; 54C60; 90C30

1 Introduction

Throughout the last three decades, metric regularity has been significantly developed and has become one of the
central concepts of modern variational analysis.The terminology “metric regularity” was coined by Borwein [1], but
the roots of this notion can be traced back to the classical open mapping theorem and its subsequent generaliza-

tion to nonlinear mappings known as the Lyusternik-Graves theorem. The theory of metric regularity is extraordi-
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nary useful for investigating the behavior of solutions of a nonlinear equation under small perturbations of the data,
or more generally the behavior of the solution set of generalized equations associated with a set-valued mapping.
As a result, metric regularity plays an important role in many aspects of optimization, differential inclusions, con-
trol theory, numerical methods and in many problems of analysis. According to the long history of metric regular-
ity there is an abundant literature on conditions ensuring this property. We refer the reader to the basic monographs
[2, 3, 4, 5, 6], to the excellent survey of A. Ioffe [7] (in preparation) and to some (non exhaustives) references

[1,8,9,10, 11,12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25].

Apart from the study of the usual (Lipschitz) metric regularity, Holder metric regularity or more generally nonlinear
metric regularity have been studied over the years 1980 — 1990s by several authors, including for example Borwein and
Zhuang [ 1], Frankowska [16], Penot [25], and recently, for instance, Frankowska and Quincampoix [17], Ioffe [26], Li

and Mordukhovich [27], Oyang and Mordukovhich [28].

Recently, several directional versions of metric regularity notions were considered. In [29, 30], Arutyunov et al
have introduced and studied a notion of directional metric regularity. This notion is an extension of an earlier notion
used by Bonnans and Shapiro [10] to study sensitivity analysis. Later, Ioffe [31] has introduced and investigated an
extension called relative metric regularity which covers many notions of metric regularity in the literature. In particular,
another version of directional metric regularity/subregularity has been introduced and extensively studied by Gfrerer
in [32, 33] where some variational characterizations of this concept have been established and successfully applied to
study optimality conditions for mathematical programs. In fact, this directional regularity property has been earlier used
by Penot [34] to study second order optimality conditions. In the line of the directional version of metric subregularity
considered by Gfrerer [32], Huynh, Nguyen and Tinh [35] have studied directional Holder metric subregularity in order

to investigate tangent cones to zero sets in degenerate cases.

It is our aim in the present article to study a directional version of Holder metric regularity. The structure of the
article is as follows. In the Section 2, we establish slope-based characterizations of directional Holder/Lipschitz met-
ric regularity. In Section 3, we present a stability property for directional Lipschitz metric regularity. In Section 4, a
sufficient condition for directional Holder/Lipschitz metric regularity based on the Fréchet coderivative is established
in Asplund spaces. This condition becomes necessary when, either the multifunction under consideration is convex, or
when considering directional Lipschitz metric regularity. It was silmultaneously showed that under this condition, di-
rectional Holder/Lipschitz metric regularity persists when the multifunction is perturbed by a Hadamard differentiable
mapping. Applications to the study of the stability and the sensitivity analysis of parameterized optimization problems

are discussed in Section 4. The last section contains concluding remarks.



2 Notations and Preliminaries

Throughout we let X and Y denote metric spaces endowed with metrics both denoted by d(-,-). We denote the open and
closed balls with center x and radius > 0 by B(x,r) and B(x,r), respectively. For a given set C, we write intC for its
topological interior. A set-valued mapping (also called multifunction) F : X =2 Y is a mapping assigning, to each point

x € X, a subset (possibly empty) F(x) of Y. We use the notations
gph F:={(x,y) €XxY : ye F(x)} and DomF:={xeX : F(x) #0}

for the graph of and the domain of F, respectively. For each set-valued mapping F : X = Y, we define the inverse of

F, as the mapping F~' : Y = X defined by F~'(y) := {x€X : ye F(x)}, y € Y} and satisfying
(r.y) EgphF <= (y.x) EgphF .

We use the standard notation d(x,C) to denote the distance from x to a set C ; it is defined by d(x,C) = inf,ecd(x,2),
with the convention that d(x, S) = 40 whenever S is the empty set. As pointed out in the introduction, main attention in
this contribution is paid to the study of the concept of metric regularity. Recall that a mapping F is said to be metrically

regular at (X,¥) € gph F with modulus T > 0, if there exists a neighborhood U x V of (&,) such that
d(x,F~'(y)) < td(y,F(x)) forall (x,y)eUxV. (1)

In other words, metric regularity allows to estimate the dependence of the distance of a trial point x € X from the solution
set F~!(y) in terms of the residual quantity d(y, F (x)) for all pairs (x,y) around the reference pair (¥,7) € gph F. The
infinum of all moduli 7 is denoted by reg F (%, 7).

If in the above definition we fix y =y in (1), then we obtain a weaker notion called metric subregularity, see e.g.

[4, 6, 36]. Observe that this latter property is equivalent to the existence of some neighborhood U of X such that
d(x,F~'(7)) <1d(3,F(x)) forall xeU.

It is also well known that metric subregularity can be treated in the framework of the theory of error bounds of extended-

real-valued functions, see e.g. [37, 38].

An Holder version of metric regularity is defined as follows (Frankowska and Quincampoix [17], Ioffe [26]). Let
g € (0,1] be given. A mapping F is said to be metrically g-regular or Holder metrically regular of order g at (%,y) €

gph F with modulus 7 > 0 if there exists a neighborhood U x V of (,¥) such that
d(x,F~'(y)) < tld(y,F(x))]? forall (x,y)eUxV. (2)
The infimum of all moduli 7 satisfying (2) is denoted by reg? F (%,5), i.e.,

reg, F(¥,5) = inf{z > 0:38 > 05.. d(x, F () < 2(d(y, F(x)))? forall (x,)€ B(%,8)x B(3,8)}.



Fixing y =  in the above definition, gives the concept of g-Holder metric subregularity of the set-valued mapping F at
(%,5).
In the present paper, we are interested in a directional version of Holder metric regularity, defined as follows.

Definition 2.1 Let X,Y be normed linear spaces. Let a real ¥ €]0,1] and (u,v) € X x Y be given. A multifunction F
is said to be (directionally) metrically y-regular at (X,y) € gph F in the direction (u,v) with a modulus 7 > 0 iff there
exists 0,€,1n > 0 such that

d(x,F~'(y)) < ld(y, F (x))]" 3)

forall (x,y) € B((%,¥),0) with (x,y) € (X,¥)+cone B((u,v),€); d(y,F(x)) <n|(x,y) — (x,y‘)||1/7. Here cone B((u,v), €)

stands for the conic hull of B((u,v),€), i.e., cone B((u,v),€) = Uy 5oAB((u,v), €).
Remark 2.1 In Definition 2.1, the triple §,€,1 > 0 may be replaced by just a single positive number.

If (3) is required to be verified only at y = ¥, and x € B(%,0) with x € ¥+ cone B(u, €), we say that F is directionally
Hélder metrically subregular at (%,¥) in the direction u. When 7y = 1, one refers to the (Lipschitz) directional metric

regularity, as equivalently introduced by Gfrerer [32].

Since in the definition above, the gauge condition d(y, F(x)) < n||(x,y) — (%,7)||'/? is added, when (u,v) = (0,0),
the version of Holder/Lipschitz metric regularity in Definition 2.1 is even weaker than the usual ones defined by (2).
For example, obviously, the function f(x) = x?, x € R is Holder metrically regular of order 1/2 at (0,0) in the direction
(0,0) in the sense of Definition 2.1, but is not in the usual sense of (2). The added gauge conditions in concepts of metric
regularity are really needed when the usual regularity is not satisfied (see, e.g., Ioffe [26]). Let us mention that directional
Holder/Lipschitz metric regularity is obviously stronger than Holder/Lipschitz metric subregularity. The main purpose
of the present paper is to show that the tools of variational analysis such as the f and the concept of coderivative can be
used to efficiently characterize directional Holder/Lipschitz metric regularity. Our aim is to show that this directional
version of Holder/Lipschitz metric regularity, although weaker than the usual metric regularity, possesses the suitable

stability properties which are lost in the case of metric subregularity.

3 Slope Characterizations of Directional Holder Metric Regularity

Let X be a metric space. Let f : X — RU{+oo} be a given extended-real-valued function. As usual, domf := {x € X :

f(x) < 4o} denotes the domain of f.

Recall from [39], (see also [40] and the discussion in [38]) that the local slope and the nonlocal slope (see, e.g.,
[41]) of the function f at x € domf, are the quantities denoted respectively by |V f|(x) and |I" f|(x). Using the notation

[a]+ for max{a,0}, they are defined by |V f|(x) = |I"f|(x) = 0 if x is a local minimum of f and otherwise by

[Vf|(x) = limsup M

4
VX, YFEX d (xa y) @



and

o WSO
IFfI(X)f#E Q)

For x ¢ domf, we set |V f|(x) = | f|(x) = +oo. Obviously, |Vf|(x) < |"f|(x) forall x € X.

&)

Let X,Y be normed spaces. If not specified otherwise, we assume that the norm on X x Y is defined by

G = lIxll+ Iyl (xy) € X < Y.

For a closed multifunction F : X = Y, (i.e., when the graph of F is closed in X X Y), the lower semicontinuous envelope

of the distance function (x,y) — d(y,F (x)) is defined, for a given (x,y) € X X Y, by

o(x,y) := liminf d(v,F(u)) =liminfd(y,F(u)).

(u,v)—=(x,y) u—x

In what follows, for u € X, we shall use the notation x — X to mean
u

X=X ifu=0,
=t — || =0
=l ul

X=X if u#0.

Obviously, given a sequence {x,} C X,u € X the two facts are equivalent:

() : {xn} 7)?;

(C2) : {xn} — x and there is a sequence of nonnegative reals {8, } — 0 such that
Xp € X+ cone B(u, 8,),Vn € N.
We need the following series of useful lemmas whose proofs are straightforward.

Lemma 3.1 Let X be a Banach space and Y be a normed space. Suppose a closed multifunction F : X =Y and a point
(%,7) € gph F are given. Given (u,v) € X XY, and 'y €]0,1), then F is metrically y—regular at (%,y) in the direction

(u,v) with modulus T > 0, if and only if, there exist real numbers t,8 > 0 such that
d(x,F~'(y)) < 70" (x,y)
forall (x,y) € B((.5).8) N ((%.5) +cone B((u,v),8)) with d(y,F(x)) < 8|(x.y) ~ (£.5)]|7.
Lemma 3.2 Letu € X and X € X be given as well as a sequence {x, } such that x, - X. Then, for any sequence {6,} }. 0
of nonnegative reals and any sequence {z,} C X with
lzn — xn|| < 8ullxn — %], n €N, (6)

one has 7, — X.
u



Proof Tt suffices to prove the result when ||u|| = 1. If x, = %, then from (6) we have z, = ¥ and we are done. Otherwise,
one has
(1= ) [lon — X[| < |z — &,
and since
120 — %= ullzn = || < 2[|zn — 2nl| + [l = % — ae]}oc — X}
< 28| — || + [l — % — w2, — X]]

it follows that

‘ Wt H:|zn—x—u|gn—x||§(1_5n)1 (zM‘ not )
20— llzn — | [|xn — ||
As ‘ ﬁ —uH — 0 and {8,} — 0, one obtains
‘7— -0
llzn — x|
as n tends to infinity. Moreover, it is easy to see that z, — . So, one has that z, — *. O
u

Theorem 3.1 Let X be a Banach space and Y be a normed space. Suppose a closed multifunction F : X =3Y and a
point (%,7) € gph F are given. Given (u,v) € X XY, and 7y €]0,1], F is directional metrically y-regular at (%,y) in the
direction (u,v), if and only if,

liminf ro(-y)(x) > 0. 7
(x7y>(a)<f7y->7<p<x,y>>o| AU

uw,v

o7 (x)
e~ 0

Proof For the sufficiency, assume that (7) holds and assume on the contrary that F fails to be directional metrically

y-regular in the direction (u,v). Then for every n € N, there exists (x,,y,) with

_ _ 1 1 _
0 <[]y — X[ + [[yn — Il < ;; d()’nvF(xn))y < ﬁ”(xnvyn) — (%)

(xm))n) (3) ()E,)_I)

and such that
d(xn, F =1 (y)) > 1 [d(ya, F (0))]7 (2 0797 (X, y0))-
From the relation d(y,, F (x,))? < % (s yn) — (%,7)]|, it follows that
07 (503n) < |50 0) = (57 ®)

Applying the Ekeland variational principle to the lower semicontinuous function ¢¥(-,y,) on the Banach space X, one

gets a point z, satisfying the conditions:

1 _ -
||Zn _xn” < ;H(xm)’n) - (xay)”? q)y(zmyn) < q)y(xm)’n)z

and

1
(Py(znayn) < (py(x,yn) =+ Z”x*ZnHa VxeX.



Consequently,
T (-, ym)l(zn) < % ©)
and by
(| Gensyn) = E I < Nzn —xall + 1120, y0) — (®F)] < %H(xn,yn) = @D+ 11 znsyn) = (® 7],
one obtains
[ Gn, ) = (E9) < %”(Zn,yn) - @I (10)

Hence, combining (8) and (10) we obtain:

7 (c0.30) < 07(1n.30) < 22 5r.30) = (29)] € sl en) = ()]

n—

The latter relation implies that

Y
lim L’y”_)_ =0.
n=e || (zn, yn) — (%,3)]]
Moreover, invoking Lemma 3.2, relations (x;,,yn) (—>) (%,7) and ||zn — x4|| < 1/n]|(xn,y1) — (X,¥)|| imply that

(2nsYn) (3) (%,7). Hence, by (7), z, € F~!(y,) for n large, say, n > n.
For n > ng, as

07 (5nsm) < 5o P~ (),
applying again the Ekeland variational principle to the lower semicontinuous ¢¥(-,y,), one gets a point w, € X satisfying

the conditions:

1 _
[wn — x| < Zd(x,,,F l(yn)), O (Wn,yn) < Q¥ (Xn,¥n)

and,
O (Wnsyn) < @7 (x,y0) + %llx —wyl, VX €X.
We deduce that
Tl O) < o
Moreover we claim that
Y(w 1 1
o] T < 7+ =T an

Indeed, as

1 3n) = (& 9)| <
< NGensyn) = s yu) |+ 1 (W ) = (%3
= [lvw = wall + | (W, yn) = (% 9) |

< LG P 0) + 1 00yn) — @)

—_ 3

< = loen = zall + [ (W y2) = (@ D)

— X

< G yn) = E D)+ s ) = @)



we have
I’l2
(|G, yn) — (B9 < 21 [ (W, yn) = (Z D),
and
Y Y 1 v
o (Wrza.Yn) <o (xm)’n) < ;H(xm)’n) - (xa)’)H
1 o 1
< 00 30) — )+ = wal
1 o 1 _1 1 o 1
< ﬁ”(wna)’n) —(%,9)[+ ;d(xn,F (vn)) < ﬁ”(wna)’n) —(%9)[+ ;”xn =zl
1 _ 1 _
S ﬁ”(wn,yn) - (xvy)H + F”(xnvyn) - (xay)”
Therefore,
1 1 -
0" nnn) = (4 o=y ) 100 = )1

and (11) is established. By virtue of Lemma 3.2, since (xp,y,) (*)) (%,7) and ||wy, — x| < ”lz | (X, yn) — (%,9)||, one has
u,v
(Wnayn) — (27)7)
(u,v)
In conclusion, we have obtained a sequence {w, } which satisfies
- = (Py(anyn)

! 3w x5);
i ) O B89 G 3~ G 1

—0 and [T'Q”(-,yn)|(wn) <

S|

Hence, condition (7) is violated, and the sufficiency is proved.

For the necessary part, suppose that there exist reals 7,8 > 0 such that
d(x,F~(y)) < tld(y. F (x))]"

forall (x,y) € B((%,), 8) N ((%,5) +cone B((u,v), 8)) with d(y,F(x)) < 8] (x,y) — (£.5) -
According to Lemma 3.1,

¢ (x,y)
(e, y) = @)~

Let (x,y) € B((%,7),0) N ((%,¥) +cone B((u,v),0)) with (x,y) # (%,¥) and 0 < “(xq;;’(% < &. Then, for every € > 0,

d(x,F~'(y)) < 10"(x,y) ¥(x,y) € B((%,7),8) N ((%,7) + cone B((u,v),8)) with 0 <

there exists an element z € F~!(y) such that

=zl < (t+€)e"(x,y) = (r+€)[@"(x,y) — ¢7(z,y)]-

Consequently,
1
(t+e)

IC?(-,y)|(x) >
As € > 0 is arbitrary, one obtains

1
liminf To?(-,y)|(x) > - >0,
(x,y)(ﬁ)(f,y‘>,<p(x,y)>0| PTDI) T
e

completing the proof. O



The theorem above yields the following local slope characterization of the directional metric y—regularity .

Theorem 3.2 Let X be a Banach space and Y be a normed space. Suppose a closed multifunction F : X =Y and a

point (%,5) € X X Y are given such that § € F(X). Let (u,v) € X XY, and y € (0,1] be fixed. If

liminf Vo (-,y)|(x) > 0, -
(x*,y)w“)v)(f,y),(p(xjy)>o| (p ( y)|( )

oY (xy)
M-l
then there exist reals T,0 > 0 such that

d(x,F~'(y)) < tld(y, F(x))]"
forall (x,y) € B((x,7),0) N ((%,¥) + cone B((u,v),8)) withd(y,F (x)) < 8] (x,y) — ()?,)7)||%’.

That is, F is directionally metrically y-regular at (X,y) in the direction (u,v) with modulus T.

Remark 3.1 Condition (12) of Theorem 3.2 fails to be a necessary condition when y €]0, 1[. To see this, let us consider

the mapping F : R? — R defined by
F(x)=(x1 —x), x=(x1,x) € R

Here, R? is equipped with the Euclidean norm. For x = (xj,x;) € R? and y € R, F~!(y) = {(r+ ¢/3,1) : t € R}.
Therefore, d(x,F~(y)) = |x —x2 — /¥|/v/2. Noticing that from the inequality O < 3(a + b)?, we deduce that

(a—b)? < 4(a® 4 ab + b?) and therefore that |a — b|*> < 4|a® — b, for all a,b € R. Using the last inequality yields
d(x, F7(y) = v —x2 — 951/V2 < 2V (x) —x2) —y|'* = 21/8|y — F(x)|'/? forallx e R? y € R.
Consequently, F is metrically 1/3—regular at (0,0) (in the direction (0,0)). However, for any x = (x1,x;) € R? and

y € R with y # 0, one has |V@!/3(-,y)|(x) = 0, where, @(x,y) = [y — F(x)|.

As stated in the next theorem, when y = 1, then condition (12) becomes a necessary condition.

Theorem 3.3 Let X be a Banach space and Y be a normed space. Suppose a closed multifunction F : X =Y and a
point (%,5) € X XY are given such that y € F(X). Let us fix (u,v) € X X Y. Then, the following are equivalent:
(i)

liminf Vo(-,y)|(x) >0, .
(x,y)(;:)(x,y),¢(x7y)>0| e(y)I(x)

o(x.y)
ey -Gl 0

(ii) there exist reals T > 0 and 6 > 0 such that
d(x,F~1(y)) < ©d(,F (x))

forall (x,y) € B((%,7),0) N((x,¥) + cone B((u,v),8)) withd(y,F (x)) < 8||(x,y) — (£,3)]|.

That is F is directionally metrically regular at (X,¥) in the direction (u,v) with modulus 7.
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Proof According to Theorem 3.2, condition (13) is sufficient to obtain (ii). Conversely, suppose that there exist T > 0
and 6 €]0, 1] such that

d(x, F7H(y)) < 7d(y, F (x)) (14)
forall (x,y) € B((%,7),20) N ((%,¥) + cone B((u,v),28)) with d(y,F(x)) < 26| (x,y) — (£, 5)|-

Let (x,y) € B((%,5),0) N((%,¥) + cone B((u,v), 5)) be such that
2

0<d(nF() < 2 x) — &) (15)

Since @(x,y) =sup inf d(y,F(w))=liminfd(y, F(w)), we have

e>0weB(x,€) w—x

o(ry) _ 9

and we can write @ (x,y) = lim d(y,F(u,)) for some sequence {u,} in X converging to x. Without loss of generality,
o aom ging g

we can suppose that d(y, F (u,)) > (1 — n—12)(p(x,y), and

1 8| (xy) - E) _ 8 _ 8
_ - < ’ ’ < — < = 16
i) < Lty < TIEDZ @I &0 16
and
1
atnF () < (14+) o). (1)
Note also that for every n € N, there exists y, € F(u,) such that
1
40P () < Iyl < (14 ) Pl (13)
L st
Set 2y = HEy + * .
Claim 3.1
1
Iy =zl < (1 —;) @(x,y) for large n. (19)
Indeed,
14n!/2
Hyn_ZrzHS I+n Hy_ynHa (20)
and
1 1
n(l—n"2) n(l—n2) 1
gl = e Ty 1+~ )dO,F
1y = zll T =l <=7, + A0 F ()
_1 _1 1
< (1 —n 2)d(y,F(u,,)) < (1 —n 2) (1 —I—E) o(x,y)
1 1
< (17n75) <1+n77) o(x,y)
Hence, ||y — zu|| < (1—1)o(x,y), as claimed.

Claim 3.2 z, ¢ F(uy) for large n.
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Indeed, using (19), if we suppose that z,, € F(u,) (for n > ng), we deduce that

(1= J5)003) <)) < byl < (1- 1) ot

we have a contradiction. Hence, as claimed, for n large, z,, ¢ F (uy,).

Claim 3.3

(%%)  (dn,zn) € (%,¥) + cone B((u,v),26) for large n.

As (x,y) € (%,7) +cone B((u,v), ), there is some A > 0 such that ¥ ¢ B((y,v), §). Then,

2> H(xvy) — (va)H

1(u,v) ]I+
Let us observe that
1 1
o ] o gy < L0 — el < L2 a0« L2 < 2
Therefore, one has
(i 2a)—(55) _ (u,v)’

< (un,Zn;Lf(xyy) H + (x,y)z(fyy’) _ (M’V)H

< IIMMHIIIZryII +6

<2 +3+6<28.
This yields, (xx).
Claim 3.4

(kx%)  d(zn, F(un)) < 26| (ttn, 20) — (%,3)|| for large n.
We know that
@) denF ) < S Ly < L ey ) e,
We have:
106 y) = E I < N (et 20) = e 9+ (1t 20) = (& 9)
and
52 52 52
1Cetns z) = W) =l =26l - [z =1 < 7=l y) = (© )+ (1= 1/m) 7l (xy) = (©3)] = -1 06y) = (@),

it follows

@) Ney) = @) < %Il(umzn) - @I

(1-%3)
Hence combining (&) and (©) we derive
14-n'/? 1,8 - 1 +n'/2 1, & £ 5
d(zn, F (un)) < T (4" 16ey) = @) < T (1+-) (fi_i)ﬂ(umzn)*(xvy)ﬂ-

14nl/2 (1412
14+n (]7672
4n

tends to 0 as n tends to +oo0, we obtain (* x*), as desired.

Observing that the quantity
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Claim 3.5

I(un,z0) — (%,7)|| < 28 for large n. (1)

[1(ns20) = (@I < M (n,20) = 6 ¥) [+ 1] (6,3) = (E D)

7]

<2 (1= e+ ()~ (53)]

S

5 1,8
B P
< +(2 n) 1 [ (x,3) = (% 3)l
<28.

Combining relations (21), (%) and (xx *) we see that the point (u,,z,) verifies (14). Hence by assumption we have
d(”nan (zn)) < 7d(zn, F (n).

Next, select &, € F~!(z,) such that

1

[[%n — uall < (1 +”77)d(”n7F71(Zn))
< t(1+n72)d(z0, F (uy))

_1
< T(l +n Z)Hzn_ynH

|
_1. (I4n2)
=1(1 2 —
(1 H Sy
1 1
2+n2+n2
=T— ||y — |l 22
1+n Hy ynH (22)

24n! 24012

2
e (1 + %) ¢(x,y) and therefore, lim,_, || %, —x|| = 0. Next, for large n, we have

Consequently, || %, —u,|| < T

the following estimate:

9(x.y) — 9(%1.3) (40 F () (. F(5)) )

n
>
by(17) n+1
nZ
> -

wirs) 1 F 1)2Hy—yn|\ — Iy —zall,
Y

and by the definition of z,,, we derive

W32 /2

P(x,y) — @(Xn,y) >
Thus, using also (16), we obtain

P.y) = @Eny) o @(xy) — @(Fn,y)
(B ~ un = x| 4 {50 — ua
- (w2 —n+n2)(n+1)|ly —
(22) S+ 12+ 2 03 (n 1)y — |
n3? —n4nll? 1
5(n+1)
n(2+n/24n"

@t +nB)n+1) o+ l)ny—y,,u*"
2
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n3/2—ptn'/?

Since ; ;
(24+n2+n"2)(n+1)

— 1, limy e [|[y — yul| = @(x,y) > 0 and

o(n+1) 1
T, I Tyl
n(2+n?+n-7) [y=yall

0,

we deduce that

Vo (-3)](x) = limsup LEN = @Y o i $EY) = @(Fnsy)

= Zl,
S s R

establishing the proof. O

4 Directional Metric Regularity under Perturbations

In [42, 43, 19, 44], it was established that metric regularity is stable under Lipschitz (single-valued or set-valued)
perturbations with a suitable Lipschitz modulus. We shall show that directional metric regularity (with ¥ = 1) is also
stable under suitable Lipschitz perturbations. Recall that a mapping g : X — Y between normed spaces is Hadamard

differentiable at X € X with respect to the direction u € X, if the following limit exists:

o 8 1W) — (%)
t}0 t

w—rit

= Dg(¥)(u).

Obviously, if g is locally Lipschitz around x, then g is Hadamard differentiable at ¥ with respect to the direction 0 and

Dg(¥)(0) = 0.

Theorem 4.1 Let X be a Banach space, Y be a normed space. For a given (u,v) € X XY, suppose F : X =Y is a
set-valued mapping which is directionally metrically regular at (%,y) € gph F in direction (u,v) with modulus © > 0. If
g:X — Y is locally Lipschitz around X with a constant A > 0 satisfying At < 1 and if g is Hadamard differentiable at X
with respect to the direction u, then the set-valued mapping F + g is directionally metrically regular at (%, + g(X)) in

the direction (u,v+ Dg(X)(u)).

Proof Since g is locally Lipschitz around & with constant A and F is directionally metrically regular at (¥,7) € gph F

in direction (u,v) with modulus 7 > 0, take § € (0,4 ) such that
18(x) = 8@ < Allx—2]| Vx,z € B(%, ),

and

d(x,F~'(y)) < td(y,F(x)) forall (x,y) € B((%,7),8)N ((%,7) +cone B((u,v),8)), 3)

with d(y, F(x)) < 28]|(x,y) = (£3)]-

Taking into account the Hadamard differentiability of g at ¥ with respect to the direction u, pick some € € }O, g [ and

then some 1 € (0, 1) such that

< ¢ forallt €]0,n[, we B(u,n). (24)

|y,

t
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Set
Prg(x,y) = liminfd(y, F(z) +¢(z)), (x.y) € X xY.

Take p > 0 such that

p<
p<min{%+3,578,21‘11}, if u=0
and fix
(x,y) € B((x,5+g(%)),p) N ((X,5+g(%)) + cone B((u,v + Dg(¥)(u)),p))
with

0 <d(y,F(x)+g(x) <pll(xy) = (%3 +2@D)I; (25)

and select a sequence {x, } converging to x such that Qr_4(x,y) = lim, e d(y, F (x,) + g(xn)).
With the aim of making the proof clearer, we will establish some claims.

Claim 4.1

[[(x,y) = (%, 5+ g(%))[| < &, for nlarge. (26)

Claim 4.2

(xn,y) € (%, 7+ g(¥)) + cone B((u,v+ Dg(x)(u)),p) for nlarge. (27)
Indeed, since (x,y) — (%, + g(%)) ¢ cone B((u,v+ Dg(%)(u)),p) \ {(0,0)}, for large n, one has
(x,y) = (%, + (%)) € int(cone B((u,v+Dg(X)(u)),p))
It follows that (x,,y) — (¥,7+ g(X)) € cone B((u,v+ Dg(%)(u)),p).

Claim 4.3

0 <d(y,F(xn) +8(xn)) <pll(xn,y) = (£,5+g(%))|| for nlarge. (28)
Indeed, reasoning ad absurdum, suppose the existence of a subsequence still denoted by {x,} such that
d(y, F (xn) + 8 () = pll (n, y) — (%, 5+ g(%)) |-
Since F has closed graph then
0 < @reglry) = lim d(y,F(x)+g0m)) < d(y,F(x) +g(x)),
due to the fact that {x,} converges to x and thanks to (25), we obtain a contradiction.

Claim 4.4 For n sufficiently large,
(%n,y — 8(xn)) € B((%,9),6), (29)
d(y—g(xn), F(xn)) < 26]|(xn,y — g(xn)) — (£, 7). (30)
and

(xn,y — 8(xn)) € (%,5) +cone B((u,v), 8). €2))
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‘We know that
[(x=%y—5—g®@)| <p.

For n sufficiently large, one has ||x, —x|| < 6 and

(o0 =%,y = 8 () = )| = [lxa = X[ + ly =5 — g () |
< lon —xll + lx =Xl + [ly = 5 — g(®) | + lg (%) — g(x)
< Jln — x| + | (= %y = 3 — g(®)) [ + Allxa — ]
= (A +1)[lxa—x[[+2p
<(A+3)p<d (sincep <

A+3)'

Thus, one obtains (29). Next, we have

d(y—g(xn), F(xa)) < p([[(xn,y = 8(xn)) — (& 3)]| + [ (xa) — g(H))
< P([[Gonsy = () = (& D) 4 A [0 = 5]])

<PA+ Dy —g()) = (£ )

(32)

<28 (xny — g()) — (%) (since p < 75).

So, we receive (30). By relation (27), for n sufficiently large, say, n > no, as (x,,yn) # (%,7+ g(¥)) we may find 7, > 0
and

(tn,wn) € B((u,v+ Dg(x)(u)),p) such that

Xn =X+ tplty, y=F+g(X) +t,wy.

Set

g(X+tatty) *g(f)_

y*g(xn):)_"i’tnvn; Vp = Wp — .
n

If u = 0 then
[[(ttn; vn) = (0, V)
= [1(n, (Vi = wn + Dg(%)) + (wn —v — Dg(x))) |
< N (unwn —v = Dg ()| + [lwn — va — Dg()]|
< p o+ || £ Dg(3)|
<p+e<éd;
otherwise, u # 0, since u, € B(u,p), one has

sl
n — =
laall = Tl =p

<,

and therefore, by (24),

([ (tns v) = ()| < || (14, W) = (v + D () () || + [| Wi — v — Dg (%) (u)

§p+‘

w _Dg(x)(u)H <p+e<d.
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Now, pick z, € F~!(y — g(x,)) such that

[lin = zall < (141/n)d (e, F~H (= g (x)))-
Hence, according to (23), (29), (30), (31), we obtain,

[0 = zall < (1+1/n)Td(y = 8(xa), F (X)) (33)
Consequently,

llzn —ZI| < (1% — zall + [l2 — ]|
< (I+1/n)p||(xn,y) — (5,5 + g (X)) || 4 [|xa — |
<(1+1/n)tp*+p<(1+1/n)tp+p
< 2tp+p=p(1+21)

< 9.

Using the local Lipschitz continuity around ¥ of g gives, ||g(zn) — g(xn)|| < Allzn — xal|- As y — g(x) ¢ F(x) and

lim,, e X, = x, then liminf,_,o ||x, — z,|| > 0. Hence, by relation (33), one has

" Qrg(-,y)|(x) > limsup,_.., —Wﬂ(xﬁi:grg(%y)

d(yfg(xn),F(X‘T))*d(ﬁ*g(zn)yF(Zn))
Xn—2Zn

d()’*g(xn)aF(Xn))*d()’H*g(xn)‘ﬂlF(Zn))*Hg(xn)*g(zn)H
Xn—2n

d(y—g(xn),F(xn)) -2

HXn *ZnH

> limsup,,_,.,

> limsup,,_,.,
> limsup,,_,.,
—1_n

> limsup, ,, T 7 —A= 1 -4.

Therefore,

liminf IC@rig(-0)|(x) > 77" = A,

X, s (®i+eF
(x,y) (u,vwgm(u))( y+g(x)

x g (F+g)7' (), o2l 0

Thanks to Theorem 3.1, the proof is complete. O

5 Stability of Directional Holder Metric Regularity under Mixed Coderivative-Tangency Conditions

For the usual metric regularity, sufficient conditions in terms of coderivatives have been given by various authors,
for instance, in [9, 21, 4, 24]. In this section, we establish a characterization of directional Holder metric regularity
using the Fréchet subdifferential in Asplund spaces, i.e., in Banach spaces in which every convex continuous function is
generically Fréchet differentiable. There are many equivalent descriptions of Asplund spaces, see, e.g., Mordukhovich’s
book [4] and its bibliography. In particular, any reflexive space is Asplund, as well as each Banach space such that each

of its separable subspaces has a separable dual. We shall show that the proposed characterization also ensures the
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stability of directional Holder metric regularity under suitable differentiable perturbations. In this section, in order to
formulate some coderivative characterizations of directional Holder metric regularity, some additional definitions are
required. Let X be a Banach space. Consider now an extended-real-valued function f : X — RU {+co}. The Fréchet

subdifferential of f at X € Dom f is given as

8f()?):{x*eX*: liminf &) —fE - W% 20}.

X—F,  X#AX ||X7)_C||

For the convenience of the reader, we would like to mention that the terminology regular subdifferential instead of
Fréchet subdifferential is also popular due to its use in Rockafellar and Wets [36]. Every element of the Fréchet subdif-
ferential is termed as a Fréchet (regular) subgradient. If X is a point where f(X) = oo, then we set d f(&) = 0. In fact one

can show that an element x* is a Fréchet subgradient of f at ¥ iff

fx) > f(®) + (,x—%) +o(|lx—x) where 1@%

=0.
It is well-known that the Fréchet subdifferential satisfies a fuzzy sum rule in Asplund spaces (see [4], Theorem 2.33).
More precisely, if X is an Asplund space and fi, f> : X — RU{eo} are such that f| is Lipschitz continuous around

X € Dom f; NDom f, and f, is lower semicontinuous around X, then for any ¥ > 0 one has

I(fi+ f2)(x) | H{afi(x1) +df2(x2) | xi € X4 ¥Bx, | fi(xi) — fi(®)| < ¥,i=1,2} + YBx-. (34)

For a nonempty closed set C C X, denote by &¢ the indicator function associated with C (i.e. 8¢ (x) =0, when x € C and
Oc(x) = oo otherwise). The Fréchet normal cone to C at % is denoted by N(C,x). It is a closed and convex object in X*

which is defined as d 8¢ (x). Equivalently a vector x* € X* is a Fréchet normal to C at X if

x*x—x) <o(||lx—x|), VxecC,

o(llx—x|))
[lx — x|
(x,y) is the set-valued map D*F (x,y) : Y* = X* given by

where lim,_,¢ =0.Let F: X =Y be a set-valued map and (x,y) € gph F. Then the Fréchet coderivative at

D*F(xay)(y*) = {X* ex” | (X*v_y*) EN(gph F, (xvy))}'

In the spirit of Gfrerer [45], see also Kruger [38], Ngai-Tinh [46] we introduce the following limit set for directional

Hélder metric regularity of order y (y € (0, 1)).

Definition 5.1 Let F : X == Y be a closed multifunction and (%,7) € gph F be fixed. For a given (u,v) € X x Y and each
Y € (0,1], the critical limit set for metric regularity of order y of F in the direction (u,v) at (¥,7) € gph F is denoted
by Cr'F((%,7), (u,v)) and is defined as the set of all (w,x*) € Y x X* such that there exist sequences {z,} | 0, {&,} | 0,
(ttn,vn) € cone B((u,v),&,) with || (un,vn)|| = 1, wy €Y, y} € = (the unit sphere of Y*),

X € D*F (X + tyltn, Y + tyvn + t,l/ywn)(y;;) with

<y;§,wn>
[[wal

~1 and (wn,tﬁ%”/n\wnwf'x;) — (w,x").
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For a closed multifunction F : X = Y, we define the coderivative slope of F at (x,y) € gph F as the following quantity:

mp (x,y) = inf{|]x"]| : x* € D"F(x,y)(y"), y* € #7'}.

By applying Theorem 4.1, we receive the following result.

Theorem 5.1 Let X and Y be Asplund spaces and suppose given a closed multifunction F : X =Y, as well as
(%,7) € gph F, (u,v) € X xY and v €]0,1]. If (0,0) ¢ Cr'F((%,¥), (u,v)), then for any mapping g : X — Y, differentiable

in a neighborhood of X, and verifying for some ¢ €]0,1[, >0
[Dg(x)|| < emp(x,y)  V(x,y) € gph FNB((%,7),6) N ((%,7) + cone B((,v),)) , (35)
the multifunction F + g is directionally Hélder metrically regular of order y at (X, + g(X)) in the direction

(u,v+ Dg(%)(u)). In particular, F is directionally Holder metrically regular of order y at (%,7) in the direction (u,v).

Proof gAssume on the contrary that there is a differentiable function g : X — Y, verifying (35) for some ¢ € (0, 1) and
0 > 0, such that Holder metric regularity of order y at (¥,7 + g(¥)) in the direction (u,v+ Dg(%)(u)) fails for F + g.

According to Theorem 3.2, setting
@(x,y) = liminfd(y, ' (u) + g(u)) = liminfd(y — g(x), F (u)), (x,y) € X XY,
we can find a sequence {(x,,y,)} € X x Y and a sequence of nonnegative reals {5, > 0} (we can set 5, = %) such that
@(xn,yn) >0, 6,10, [|xn — %[ < 6, [[yn—5—g(®)[| < &n3
(Xn,yn) € (%34 g(x)) + cone B((u,v+ Dg(x)(u)), )3 (36)

Y
llm (p (xnayn) :O7

n=e || (X, yn) — (£, 5+ ()|

and

|V(py(-7y”)|(x”) < 6n;§ Vn e N.

We can assume that 8, € (0,8/4) for all n € N. Then, for each n € N, there is 1, € (0, 8,) with

N/ QX Yn) = 05 2N < @ (X, Y0 ) (1 — On); 773/4+577n/4 < || (xnsyn) — (£, +g(X))|| VneN (37)
such that
d(y,, —g(z),F(z)) > q)(xna.Yn)(l - 5")7 Vz e B(xm4n")7
and
Y — oY _
6n Z (p (xnayn) (p (Z7yﬂ) fOI' allz GB(XVHTI}'[)'
[ — 2|
Equivalently,

(Py(xnvyn) < (Py(zayn) + 5n||Z*XnH forallz € E(xna nn)'
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Since

4 (Py(xna)’n)
Nn/ P Xn,Yn) — 0 and lim —— — —
/ ( ) rHooH(x,,,y,,)—(x,y—i—g(x))H

one has

Y
lim M

=0. 38
A T Gomya) — Gy + 8@ 8

Take z, € B(xn,172/4), Wn € F(2,) + g(z4) such that

HJ’n*Wn”Y < (p(xn,yn)qu 775/4-

Then,
yn = wall” < @7(z,a) + allz = xall +71 /4, V2 € Blxn,Ma).
By
@(2,3n) < [d(n; (F +8)(@)]" < [lyn = wll" + Sgpp () (2 W), YWEY.
one has

= wll” < [l = w1+ Sgphrg) (@) + Bulle — 2l + (8 + 1)nZ/4
for all (z,w) € B(x,, M) X Y.
Applying the Ekeland variational principle to the function
(2w) 0 o= w7+ S () + Bull— 2
on B(x,,My) X Y, we can select (z},w}) € (zp,wn) + LBy .y with (z},w}) € gph(F + g) such that
v = w7+ allzn = zall < llyn = wall (< @7 () + 117/4); (39)
and such that the function
(2:w) 1= [lyn = W7+ Bgpi ) (2 W) + Sallz = zull + (8 + 1)1all (2, w) = (23w
attains a minimum on B(x,,1,) x Y at (z},w}). Observing that the functions
(zw) = llyn =W, (z,w) = |z =zl and (z,w) = [[(z,w) = (2, )
are locally Lipschitz around (z},w)), thanks to the fuzzy sum rule, we can select
Wi € By (Wa, )i (20, wa) € By ((20,w,), M) N gPh(F + )
wi' € 9(lya M) (wa): (@7, —wy") € N(gph(F +g), (23, w3)

satisfying

W?z* = Wrzt* + (80 + 2)ﬂnW3*,

Wi = wy || < (85 +2) T, (40)
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and,
221 < 8 + (8 +2) M-

Since [lyn —will > Ilyn = wall = w5 = wall > @(xn,yn) (1 = 8,) — 27 > 0, then

Wi € A([lya 11" 0w) = Vllym —wall 1A llym — [ (wp),

and therefore,
Wi = Yy —will "
with [|£2*|| = 1 and (£2*,w2 — y,) = |[yx — w2||. Thus, from (40), it follows that
lwall = (1wl = (8a+2)ma
= Yl = wal "M = (8u+2) M

= Yllyn=wal"" = (8 +2)1. > 0,

Il < lIwa [+ (8 +2) 7
= Yl —wall " I3 |+ (8u+2) M

= Ylyn = will "+ (82 4+ 2) N
Since
tn > || (¥, yn) — (%, 54 &(®) || — |25 — x|
> | (ensyn) — (%, + 8(X)|| = 17/4 — 5M0/4 >0,

it makes sense to set

tn = ||z ) = B I+ @) (tn,vn) = (2 = T yn — 5= &) /13 &= (w; *yn)/tj, 41
and
Vo= wa el =2/ wy -
As (z,y0) — (£,5+g(%)) and (z2,y,) # (%,5+ g (%)) for n sufficiently large, then (t,) | 0 as n — oo. Since
O 1) (1 = 82) < dlons (F+ ) (4 ) <1761
< [lyn = wall 10

S (P(x”’y") + nrz/4+ nm

one has

16| < @ (Xn,yn) + 17 /44 M .
T (G yn) — (B34 8(R) | — 02 /4 —5Ma/4) Y

As O7 (%, )/ || (nsyn) — (£, 5+ g(%))|| — 0 as well as 0.} /|| (X, yn) — (£,5+ g(%))|| — 0, one obtains

lim §, = 0. (42)

n—soo
Next, by using the standard formula for the Fréchet coderivative of F 4 g, one has

X, ED*(F+8)(x+tnun,y+g( )+tnvn+tn CH)(Yn)

= D*F (X + tytty,y + g(X) — g(X+tattn) + tyvn +tn_’ Ca) () +Dg* (X + taun)y;,
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In other words,
1
2y =Xy — D" (X +tatty)yy, € D*F (X + tyity, 5+ §(X) — 8(X+ tnttn) + tavn + 17 Ga) (vir)- (43)

From (41) and relations
(36), ,}Eri, Cn = 0:8(X+ tuttn) — g(X) = 1,Dg(X) () + 0(tn),
by checking directly, we derive that

(u,,, w + v,,) € cone B((u,v), &), (44)
and

1
(tnttn, g(X) — g(X+ tyty) + tyvy + 1,7 &) € cone B((u,v), &),

for some sequence {&,} | 0.

Therefore, by (35), one has (for n sufficiently large)
[6a 1l = [|2 + Dg" (X + tautn)y, || = ||z, || = 1Dg™ (X + tuutn) || = (1= )|z, -

By (36), one derives that

1 _ * -1 - * *
s NG gl =tV ) lw

n
< 6 VMG B (Bt 2)m) 45)
- VH),’Z,W’ZI”}P] 7(5n+2)nn

[y =wall =" (8a+(8a+2)11n)

< .
- V(HYn*W%H*znn)yil*(5n+2)nn
Observing that
||Yn*W3H > ||Yn*WnH - ||Wn*WiH > (P(xnayn) *6n*2nn >0,
then,
. Mn . Mn
lim ———— < lim =0.
n=eo ||y, — W[ T nveo @ (%, yn) — 6 — 27y
Therefore, (45) yields
) 1 ok . _1.(y-1 1y s
tim o477 Gl ) < tim (1= )" E ) g = 0. (46)
n—yoo n—soeo
Next, one has
O G) Wi — )
10~ Tl
<Wn anfyn>
- ||w,3,*||||w§,—y,,|\2* 2 2% 3k (11,2 251 11.2 3
Wit wi =) = I =i [Hllwi = vl = [Iwi" [y — w”|]

= Iwarllliwg ZYnH + Iwa [y = will + [[wy — wall[was — w3 || + [[wi* *2W3*|]\HW,2, —all
Ylw, = yall” = (80 + 2) N (@ (X, Yn) + 8n +2M0) — 200Vl yn — w, ||V~
= YW = yull” 200 Y0 — WA 421280+ 2) + (80 + 2) M@ (X, yn) 4 8n +270)

Here, we use the following relations

(Wi W =) = Ylwy =yl

>

2 2 —1
wall = Yilwy = yal 7Y
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H)’n_wﬁ” > |lyn —wall = Hwn_WﬁH > @ (xn,y0) (1 = 8,) — 27, > 0.

Hence, since

Nn < MNn
”yrz _W%H - q)(xna.Yn)(l - 5") =21,

— 0, as n — oo,

one obtains

lim Onn) _
e |Gl

Relations (42), (43), (44), (46), (47) show that (0,0) € Cr'F ((%,7), (u,v)), completing the proof.

(47)

An open question is whether the inverse implication is true in general? In the particular case when F is a closed

multifunction and either F is a closed convex multifunction (i.e., gph F is closed convex) or ¥ = 1, the inverse holds as

shown in the following proposition.

Proposition 5.1 Let X,Y be Banach spaces and let (u,v) € X x Y, y € (0,1] be given.

(i) If F : X =Y is a closed convex multifunction, which is directionally Holder metrically regular of order y at (X,y) €

gph F in the direction (u,v), then (0,0) & Cr'F((x,y), (u,v));

(ii) If a closed multifunction F : X =Y is directionally metrically regular at (X,7) € gph F in the direction (u,v), then

(0,0) ¢ CrF((x,y), (u,v)).

Proof (i). Letus consider sequences {t,} | 0; {€,} 1 0; (u,,v) € cone B((u,v), &,) with ||(un,v,)|| =1; 5, €Yy} € F=

and x} € X* such that

1ol 05 25 1 e

1l

X5 € DY F(R+ tatt, 5+ tava + 1 75 57).

Thanks to the convexity of F,

(xf,,x—i—t,m,) - <y;;ay_)_7_ InVn — trl/YCrJ S 0 V(x,y) € gph F.

(48)

Since F is directionally Holder metrically regular of order y at (%,¥) € gph F in the direction (u,v), with some constant

7> 0, and,
d(+ tyvn, F (X + thuy))
(tall (tt, vi) )17

<&l =0,
for n sufficiently large, one has

d(i+tnun,F’1()7+tnvn)) < td(F+tyvn, F(X+tyup))?
S|P+ tavn — F— tava — 178, |7 = || Gal| -

Thus, we can find x, € F~! (34 t,v,) such that

[0 — % — tatta || < T(1+1)0[| Gl
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Taking into account (48), one obtains
N 2L+ 1)t | Gall” = (x5l — % =ttt = (6 %+ttt — x0) = 107057, G

Therefore,

O n) _ 1

=T

1l ’

o sy, (y—1 _ N -
timinf o o717 > lim ! (145,) !
which shows that (0,0) ¢ Cr'F((x,y), (u,v)).
(ii). Suppose that F is directionally metrically regular at (X, y) € gph F in the direction (u,v). Let be given sequences
{ta} 4 0; {€4} J 0; (un,vn) € cone B((u,v),&,) with ||(un,vy)|| = 1; § € Y; ¥y} € S+ and x};, € X* such that

Vs Gn)

1l = 0= =y

— 1 asn— oo,

X € D*F (X4 tyttn, Y+ tovn + 6,5,) (V).
Then, there is a sequence of nonnegative reals {8, } with §, €]0, [ such that

(s X =X —tyttn) — (VY =V = taVp — taGn) < €[ ((x,¥) = (X+ tattn, T + tavn + 1251 | 49)
forall (x,y) € gph F with ||(x,y) — (X4 tnttn, T+ tnvn + 28| < Sp-
By setting y, = y+ v + (tn — 81) &y, then (X+ tyutn, yn) (%) (%,¥). Hence, by the directional metric regularity of F at
u,v

(%,7) in the direction (u,v) with some constant T > 0, for n large enough, there is x, € F~!(y,) such that
|| — X — tpun|| < T(141,)d(yu, F(X+ thun))
<t +t0)|lyn = — tavn — taall = T(1+ 1) ]| G-

Thus, || (X4, yn) — (X + tattn, 5+ t,vn + 1,8, || < 8, for n sufficiently large, and therefore, taking into account of (49), one

derives that
[ [ T(L + 1) 6| Snll = 8 (Vs Cn)

1

which implies liminf, . ||x}|| > 77", and the proof is complete. O

6 Applications to the Directional Differentiability of the Optimal Value Function

Let X,Y be Banach spaces, f: X xY — R and g : X — Y be continuous functions. We suppose that K is a closed convex

subset of Y. In this section, we consider a parameterized optimization problem of the form

(2) minf(x,y) st yeglx) -k,

depending on a parameter y € Y. The feasible set of (£) is denoted by

P(y):={xeX: yeglx) —K}.
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Fory =0, the corresponding problem (%) denoted by () is viewed as an unperturbed problem. We set f(x) := f(x,0),
Py := P(0) and we denote by v(y) the optimal value function of () and by .7 (y) the associated set of optimal

solutions:

v(y) := inf X,y);
O):= inf fxy)
Ly) = argminxeq,(y)f(x,y).

Recall that x; is said to be an e—optimal solution of (Zy) if xe € ®(y) and f(xe,y) < v(y) + €. In this section, we apply
the concept of directional metric regularity to discuss the directional differentiability of the optimal value function v(y).
We now assume that f(-,-) and g are mappings of class €. Associated to a given direction d € ¥, we consider a path

y(t) of the form y(¢t) = td + o(¢), with r € R. Let us recall the notion of feasible direction [10]:

Definition 6.1 Let xy € ®(0) be given. A direction & € X is said to be a feasible direction at xo, relative to the direction

d €Y, iff for any path y(¢t) =td + o(t) with t > 0 in Y, there exists r(t) = o(¢) in X such that xo +th+r(t) € @(y(r)).

Note from [10] that if / is a feasible direction relative to d € Y at xg, then
Dg(xo)h—d € T (g(x0)), (50)

where, Tx(g(x0)) ={d €Y : d(g(xo) +td,K) =0(t), t> 0} stands for the contingent cone to the convex set K at
8(xo)-

Conversely, one has the following:

Lemma 6.1 Let xy € D(0) be given. If relation (50) holds, and if in addition, G(x) := g(x) — K is directionally metrically

regular in the direction (h,d) at (x¢,0), then h is a feasible direction relative to d.

Proof By the assumption, there exist 7,& > 0 such that

d(x,@(y)) < 7d(y,g(x) — K)

V(x,y) € B((x070)78) n [(x0,0) —i—coneB((h,d),e)], d(yvg(x) _K) < SH()C,y) - (anO)H'

(51

Let y(r) = td +o(t) be given and set x(t) = xo -+ th, one has
2(x0) +tDg(xo)h —td+o(t) €K, ast | 0.
As g(x(1)) = g(x0) +tDg(xo)h+o(t), then we have g(x(t)) —td +o(t) € K from which we obtain
d(y(t),8(x(1)) — K) = o(t).
Hence, when ¢ > 0 is sufficiently small,
(x(1),(1)) € B((x0,0),€) N [(x0,0) +cone B((h,d), )], d(y(t),8(x(t)) — K) < €| (x(t), (1)) — (x0,0)]-

Thus, there is X(t) :=xo +th+o(t) € P(y(t)), ast > 0. O
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Lemma 6.2 Assume that Y is finite dimensional. Let xo € ®(0) and d € Y \ {0}, h € X such that (50) holds. If G is

directionally metrically regular at (xo,0) in the direction (h,d), then one has

d € int{Dg(x0)X — Tx(g(x0))}. (52)

Proof Let T > 0,& € (0,1) be such that (51) happens. Let 0 < § < €||d||/2 and fix d € B(d,§). Since (50) holds, one

has

g(xo0) +tDg(xo)h—td+o(t) € K, ast > 0.

Hence,

g(xo+th)—td+o(t) €K, ast>0.

Moreover, one has 6 < 2(;€ﬂd~ll/2) < g||d|| since § < &d||/2 < 78(52”4”)

. Consequently, when ¢ is sufficiently small,

d(td,g(xo+1th) —K) <t8+o(r) < et(||h] + ||d|)).

According to (51), we now select x(¢) € P (zd) such that
[lxo +th —x(2)|| < T8 +o(1).

Setting h(t) = @, one has

= h()] < 76+ =

As x(t) € @(td), then

td € g(xo+h(t)) — K,

and therefore,

d € Dg(x0) (h(1)) + — —

Since Y is finite dimensional, we can take a sequence (#,),en J O such that the sequence (Dg(xo)h(t,))nen converges to

some w € Dg(xp)X. Then, thanks to the preceding relation we obtain
d € Dg(x0)X — Tk (g(x0)),

which completes the proof of the lemma. (|

Denote by L(x,A,y) and A(xo) the Lagrangian of (27y) and the set of Lagrange multipliers of the problem () for

xo € S(0), respectively. More precisely, if Nx(g(xo)) stands for the normal cone to the convex set K at g(xp), we have:
L(x,Ay) = f(x,y) + (A, 8(x) =y), (x,A) €X XY™

A(xo) = {4 € Nx(g(x0)) : DiL(x0,4,0) =0}.
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For a given d € Y, we now consider the following linearization of (2)):
(P%y) IﬁleiQDf(xo,O)(h,d) s.t. Dg(xo)h—d € Tk (g(x0)).

From [10, p. 278], we observe that relation (52) is exactly Robinson’s constraint qualification for the problem (&%),

and the dual of (Z.%)) is

175% DyL(x,A,0)d.
(2<%4) pmax Dy (x0,4,0)

According to the standard duality result in extended linear programming (see, e.g., [10, Theorem 2.165]), from Lemma

6.2, one has the following dual result for the linearization problem (2.%,):

Lemma 6.3 Let xo € S(0) and d € Dg(xo)X — Tk (g(x0)) be given. Assume that Y is finite dimensional and G = g — K
is directionally metrically regular at (x¢,0) in the direction (h,d) for some h € X with Dg(xo)h —d € Tx(g(xo)). Then
there is no duality gap between problems (£ %£;) and (2L Ly). Moreover, the common optimal value is finite, if and

only if, the set A(xo) is nonempty; and in this case, the set of optimal solutions of (2.%£y) is a nonempty compact set.

The following theorem offers a result related to the Hadamard directional differentiability of the optimal value
function v(y). In order to establish this result, we use the concept of directional metric regularity which is weaker than

the Robinson constraint qualification in general used in the literature (see, e.g., [10, Theorem 4.26]).

Theorem 6.1 Let Y be finite dimensional and let d € Y with
{d,—d} C Dg(x)X — Tx(g(x)) for all x € S(xo).

Assume that

(i) the multifunction G = g — K is directionally metrically regular in the directions (0,d) and (0,—d) at all (x,0) with
x € 8(0);
(ii) for any sequence y, = t,d + o(t,) with t, | 0, there exists a sequence of o(t,)—optimal solutions (x,) of (Zy,),

converging to some xg € S(0).

Then denoting by v (0,d) and vl+ (0,d), the lower and upper Hadamard directional derivatives of v at 0 in the direction

d, one has

v (0,d) > inf _inf D,L(x,A,0)d;
x€S(0) €A (x)

V. (0,d) < inf sup DyL(x,A,0)d.
xeS8(0) AEA(x)

(53)

As a result, if A(x) is a singleton {A(x)} for all x € S(0), then the Hadamard directional derivative in the direction d

of v(y) at 0 exists and

v (0,d) = ) Elg(fo ) DyL(x, A (x),0)d.
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Proof Letx € S(0) and let & € X be such that Dg(x)h — d € Tx(g(x)). As G is directionally metrically regular at (x,0)
in the direction (0,d), then it is also directionally metrically regular at (x,0) in the direction (h,d). By Lemma 6.1, A is

a feasible direction relative to d, i.e., , x +th+o(t) € ®(td), | 0. Therefore,
v(td) < f(x+th+o(t),td) = f(x,0) +tDf(x,0)(h,d) + o(t),

and consequently,

]imsupw < Df(x,0)(h,d).
t10

Since x is arbitrary in S(0) and / is an arbitrary feasible point of (%.%;), the second inequality in (53) is proved.

For the first inequality, let #,, | 0; y, = t,d 4 0(t,) and (x,) be a sequence of o(r,, ) —solutions of (#,,) as in (ii), which

converges to xo € S(0). Pick & € X such that
Dg(xo)h+d € Tk (g(x0));

equivalently,

g(x0) +tDg(xo)h+td+o(t) €K, t |O.

Since g(x,) — yn € K, and as K is convex, for any 7 > 0, when # is sufficiently large and such that #, /¢ < 1, one has

(1= 1a/1)[8(xn) = yn] + tn/1[8 (x0) + 1Dg(x0) + td + 0(t)]

=g(xn) —yn+1./t[g(x0) — g(xn)] +1.Dg(x0)h +t,d +1,0(t)/t € K.

Therefore, for € > 0, when n is sufficiently large, one has d(g(x,) + t,Dg(x0)h,K) < t,€. Since
g(xn+1thh) = g(x,) + 1t2Dg(x0)h + 0(1),

one obtains

d(g(xy+tah),K) < ty€+0(ty).

By the directional metric regularity of G, we get some z, € @y = G~!(0) such that x,, +,h — z, = o(t,€). Thus,

() =v(0) [ yn) = f(2n,0) +0(t)

t t
o f(xna.Yn) _f(xn +tnh70) - O(I,,E)

= .

= —Df(x0,0)(h, —d) — 0(ts€) /1.

Finally, by Lemma 6.3, there is no duality gap between (Z.%_;)) and (2.Z_,); as € > 0 is arbitrary, one derives that
imint 20 =YO) o DyL(xo,A,0)d,

n—o0 ty = 2eA(x)

from which follows the first inequality of (53). ([
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7 Conclusions

In this contribution we have tried to demonstrate how Holder directional metric regularity of set-valued mappings is an

useful concept for studying the stability and the sensitivity analysis of parameterized optimization problems. This has

been achieved in the last section, where we have investigated the Hadamard directional differentiability of the optimal

value function of a general parametrized optimization problem.
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