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Introduction 
 If an industrial structure is designed to withstand a direct commercial aircraft impact, the 

vibrations induced by such a shock would propagate throughout the walls and slabs of this structure. 
These vibrations might result in significant dynamic excitation of the internal equipments. If these 
equipments are needed after the impact, typically to bring the industrial facility to a safe state, they must 
be designed to withstand this dynamic excitation. It is therefore necessary to determine the type and 
amplitude of the vibrations induced by the aircraft impact on the structure.  This determination is usually 
performed by dynamic analyses studies. From the structure point of view, the commercial aircraft impact 
results in a bending problem. This phenomenon induces the formation of a localized non-linear area 
around the impact zone, where cracks are formed into the concrete and the reinforcement bars yield. Far 
from the impact zone, where vibrations levels are seeked for the design of equipments, it can be 
considered that the structure remains essentially elastic. 

The structural dynamic response to an aircraft impact can be determined by using classical finite 
element method (FEM) associated with explicit numerical schemes. This method is relatively costly in 
terms of calculation time. This cost is due to the fact that FEM calculations must be carried out with a 
mesh refined enough to take into account the all the wavelengths of the induced motions. The cutoff 
frequency for this type of loading is typically within the 50 to 100 Hz range, which would be referred to as 
the high frequency range [HER13]. The use of a refined mesh then leads to the need for a refined time 
discretization. As a consequence, the high frequency range is often less precisely represented than the low 
frequency content. 

The purpose of our study is to develop new ways for calculating the induced vibrations in reinforced 
concrete structures submitted to a commercial aircraft impact. The paper is structured as follows: Section 
1 presents the description of the strategy used; Section 2 describes an example case and the input signal 
applied to it; Section 3 illustrates the determination of the non-linear area through a FE calculation; the 
Section 4 explains the VTCR method and shows its application on the industrial structure; finally, 
conclusions and perspectives are drawn in Section 5. 

1 Description of the strategy 
 To solve our problem of shock induced vibrations in a reinforced concrete structure and assuming 
that the structure is appropriately sized to withstand an aircraft impact, the strategy implemented is as 
follows (see Figure 1). 
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Figure 1. Global calculation strategy. 

The aircraft is replaced by an equivalent force-time function. This equivalent load is applied on a 
finite element model of a part of the target structure and its nonlinear response is calculated by finite 
element method. This calculation allows us to determine the radius of the nonlinear area and the induced 
attenuation of the input signal at the periphery of this area.  

The temporal attenuated signal can then be applied at the boundary of the above mentioned area on a 
linear model of the complete structure. The structure response is obtained by a simulation with the VTCR 
(Variational Theory of Complex Rays). This calculation requires a transformation from time to frequency 
domain that is achieved by FFT (Fast Fourier Transform). After solving the problem in the frequency 
domain, a time recomposition is performed by IFFT (Inverse Fast Fourier Transform). The VTCR 
([LAD01]) ensures an efficient calculation of the response of the structure in frequency domain. The 
VTCR uses two-scale shape functions which satisfy exactly the dynamic equation and the constitutive 
relation within each substructure. The solution is searched as a combination of propagative and evanescent 
waves. 

2 Description of an example case 

 Descr iption of the structure 
 Let us consider a concrete structure where the mechanical properties of concrete are extracted 
from the rules of Eurocode 2: 

 concrete B30 = 30 MPa, 
 s modulus = 34 GPa, 
  
 mass density = 2500 kg/m3, 
 damping coefficient= 0.07. 

In this study, a hysteretic damping is used. The structure (Figure 2) is entirely 1 m constituted of 1m thick 
shells. It comprises four peripheral square building and one central cylindrical building with a dome 
shaped roof. 
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Figure 2. Geometry of the numerical example. 

The structure is subjected to a normal impact applied at the surface  of the dome. This impact produces 
localized damages on this part of the structure. A detailed in the previous Section, the radius of the non-
linearity area will be calculated in a first step by the FEM and the temporal attenuated signal in 
displacement across the damaged area will be applied on the rest of the structure. We consider the load at 

 
approach will be presented in the section (2.2). 

 Descr iption of the input signal 
 Nowadays, transient FE models are often used to evaluate the load produced by an aircraft crash 
impact over a structure. Both target and missile are commonly represented in these models. The meshing 
should therefore be very fine, with an associated high resolution cost. The aim of this section is to expose 

[RIE80] instead of using a model for the entire plane. 

2.2.1 Progressive crushing: Stationary hinges model 

 In real tests [ABR86] carried out with metallic pipe sections impacted over concrete walls, the 
resultant deformation of the missile after the impact could be described as series of folds formed all along 
the impacted section. 

  
(a) Membrane energy  (b) Bending energy  

Figure 3. Modes of energy dissipation in SHELL elements. 

Apart from the initial peak, governed by an elastic-plastic buckling, the load displacement behavior 
exhibits a repeated peaks pattern where each pair of peaks is associated with the development of one full 
buckle. Normally, the buckles develop sequentially from one end of the tube so that the phenomenon is 
known as a progressive crushing (see Figure 4). 

  
(a) Crushed circular tube test specimens [ABR86] (b) Static axial load versus crushing distance for 

test specimen [ABR86] 
Figure 4. Modes of energy dissipation in SHELL elements. 
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energy absorption of dropped objects in nuclear reactors application. In this context, a technique is 
proposed for estimating the global parameters of the crushing process related directly with the crushing 
force and the energy absorbed by compressed members. The model starts from two straight elements, 

 and  of length  each, which are connected by stationary plastic hinges. The wavelength H is an 
unknown parameter which will be found in the course of the analysis. Following Alexander, it is 
postulated that the half length of the folding wave adjusts itself so as to minimize the mean crushing force. 

, with respect to the 
horizontal is denoted by  while the second element,  follows an angle . Due to the current geometry, 

 and  are related by: 

  (1) 

where  and  is the eccentricity of the folding. 

The eccentricity of the folding process is conveniently described by the parameter . Form  the 
folds extend the same distance on both sides of the initial radius. A fully external folding corresponds to 

 while an internal folding is obtained by setting . The eccentricity is a parameter which 
must be assumed. 

 
Figure 5. Diagram of virtual displacement in the walls of the element. 

and associated to the longitudinal deformation by the expression: 
  (2) 
This model discretizes the pipe into series of plates which contribution will be integrated to get the one of 
the complete pipe section. The crushing phenomena is presented in two phases of folding process: 

Phase 1 Beginning of the folding process. 
In this step we calculate the amount of energy which is necessary for reaching a slope of angle  starting 
from a straight section by developing a unique plastic hinge. The deformation continues decreasing the 
value of  Equation 2, remaining  and pursuing the total amount of energy Equation 3 necessary to make 

 equal to . 
  (3) 

Phase 2 Iterative folding process. 
Once the value  has been reached, it begins the second phase which is characterized by the presence of 
two plastic hinges. 
The longitudinal deformation continues just to reach an angle  equal to  that points out the end of fold 
and the beginning of the next one; the next fold will start retaking the last value of  as the new value of  
and taking  from the very beginning of a straight section ( ). This process repeatedly continues until 
the end of the longitudinal section. 
  (4) 
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With these two equations, Equation 3 and Equation 4, and using the principle of virtual velocities, the 
load-shortening behavior, equivalent to the crushing force, is given by: 
  (5) 
The principal limitation lies in the consideration that a cylindri
discs meaning that the entire length is available for crushing, which is inaccurate. Despite its limitations, 
the assumption that one folding wave forms at a time has remained unchallenged. 

2.2.2  algorithm for aircraft crash including the progressive 
crushing e ects 

aircraft, which results in a regular signal of impact force, without peaks.  
T
peaks in the impact force functions could be explained by two main sources: 

 aft model (usually 
SHELL element type), 

  
With the aim of having a better representation of the crushing phenomenon, it was decided to include the 
folding effect in the Rie
following hypotheses were considered. 

 the crushing-pipe behavior is presented only in the fuselage; the rest of the plane is treated 
 

 the fuselage 
the average radius of the fuselage), 

 
nose of the aircraft which will 

produce at the impact a deformation of the fuselage. 
The target load curve is plotted in the Figure 6. In order to carry out this example without impairing any 
confidentiality aspects the values of the impact forces have been divided by the peak value of the signal. 
Thus the maximal value is 1 and no existing curve is especially pointed out. 

  
(a) Classic Riera (b) Riera including the e ect of folding pipes 

Figure 6. Force of impact  calculated for a generic airplane. 

As we can notice, the incorporation of the folding e ect along the fuselage brings a signal in the frequency 
domain which di ers, over 3 , from  to  with respect to the classic Riera. 
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Figure 7. Di erence in frequency in percentage  

3 Determination of the non-linear area 
In this work we employ LS-Dyna [LSDYNA] for calculation, with Lagrangian finite elements and explicit 
time integration. Given the initial geometry, we decided to focus our study on the dome of the structure 
and, the boundary conditions are defined as constrained in displacements. The dome was modeled by shell 
elements, for a low computation cost model and for an easier transfer of the result to the linear full 
structure model. The constitutive law of concrete Mat_Concrete_EC2, implemented in LS-Dyna, was used 
for the elements. 

e in Figure 6b is taken into account, this 
force is applied over a period of . The load is applied on a surface of . This area corresponds to 
the fuselage of the aircraft. The concrete cover will remain constant and equal to  to the under and 
upper side. The material model Mat_Concrete_EC2 ([HAL06]) is associated with multi-sheets model to 
define different layers in the thickness of the wall. This model is used for structural elements (shells and 
beams). It can either represent plain concrete only, reinforcing steel only, or a smeared combination of 
concrete and reinforcement. The model includes concrete cracking in tension, concrete crushing in 
compression, and reinforcement yield, hardening and failure. Material data and equations governing the 
concrete and reinforcement behavior (including thermal properties) are taken from [EUR05]. The dome 
meshing is constructed so as to be able to represent up to a frequency of , in accordance with the 
engineering rule of  elements per wavelength. So the mesh size is equal to . 
Finally, this non-linear calculation allows us to obtain a radius of the damaged area of   and a 
displacement at the ends of this area shown in Figure 8. 

  
Figure 8. Displacement time history across the non-linear area (left) and associated frequency content 

(right). 

In the next step, this displacement is applied to the linear model representing the rest of the structure. 



2nd Conference on Technological Innovations in Nuclear Civil Engineering 
T INC E 2014, Paris 1st to 4th September 

 

4 F requency analysis 
 Descr iption of the variational Theory of complex rays (V T C R)  

This work, which uses new computational strategies in dynamics, provides an answer for the steady state 
of the solution. The problem is solved in the frequency domain. One needs to solve a forced vibration 
problem over a frequency range which includes the low- and medium-frequency ranges ([OHA98]). The 
low-frequency and medium-frequency ranges are handled using the Variational Theory of Complex Rays 
(VTCR) [LAD01]. 

4.1.1 The reference problem for an assembly of  substructures 

We consider the case of homogeneous Kirchhoff- . The 
thickness is  and the density . The displacement  of the average surface can be formulated as: 

  (6) 

where  is the in plane displacement of the average surface,  is the out of plane displacement and  
the curvature tensor. The average surface of the shell is defined by two independent parameters  and . 
The position of a point on the medium surface is defined by the position vector  (see Figure 9). 

 
Figure 9. Geometry of a shell . 

Let  shells , with a common border . The actions of the environment are modeled on  by imposing 
displacement on  and , rotations on , line stresses on  and , and line momentum 
on . Figure 10 shows the actions of the environment between the field  and . 

 
Figure 10. The reference problem. 

The reference problem to be solved is define in [ROU13]. 

4.1.2 The variational formulation associated to the V T C R 

The 1st ingredient of VTCR is a global weak formulation of the boundary conditions in terms of both 
displacements and forces. The variational formulation can be expressed as: find 

 such as: 

  (7) 
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with the following general form: 

  

 (8) 

  (9) 

where: 
 the integral part on  check on average the imposed displacements on , 
 the integral part on  satisfy the imposed stresses on , 
 the integral part  on satisfy the transmission conditions on the boundary . 

 designates the real part of a quantity and  the conjugate part. Spaces  are the space of admissible 
fields associated with homogeneous conditions on the structure : . In our case, 

. 
It is based on a priori independent approximations within the substructures. The constitutive relation 
(Equation 8) and dynamic equilibrium equation (Equation 10) are exactly satisfied for each substructures 

 to form the corresponding subspace . 
It is easy to prove that the variational form is equivalent to the reference problem, provided that: 

 the reference problem has a solution, 
  is positive definite, 

 the damping coefficients are such that , 
The rigid body movements are blocked provided that . 

4.1.3 Der ivations of two-scale shape functions 

The VTCR uses a two scale approximation of  , that exhibits a strong mechanical meaning 
because they satisfy the constitutive and dynamic equilibrium equation. The solution is assumed to be 
properly described locally as the superposition of an infinite number of local vibration modes which can 
be written in the following manner: 

  (10) 

where  represent the position vector.  is the complex wave vector associated with the vibration rays in 
the plane of the shell. In order for these local modes  to be admissible, they must be in  and 
satisfy the constitutive and dynamic equilibrium equation. The mechanical waves can be divided into three 
families (see Figure 11): the P waves (Primary), SH (Secondary Horizontal) and SV (Secondary Vertical). 
We can identify two types of mechanical waves which can describe the membrane effect, the P waves for 
the pressure effects and the SH waves for shear effects. 
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Figure 11. Three families of mechanical waves. 

4.1.4 The discretized problem 

The displacement of any point of the substructure is generated by a basis of admissible complex rays. The 
unknown is the generalized amplitude  of the basis (an -order polynomial in  and a large-
wavelength quantity). Accounting for all the directions of propagation  and  in the circle  leads to an 
integral over . This integral takes the form: 

 bending displacement: 
  (11) 
with  determined by the dispersion relation from the solution of Equation 11. 

 membrane displacement: 
  (12) 
with determined by the dispersion relation from the solution of Equation 11. 

Let us note that admissible space  is of infinite dimension since, for instance for interior modes, all 
directions of propagation are taken into account. To end up with a finite dimension problem that can be 
solved numerically, one need to discretize  into a finite dimension space . The integral in 
Equation 16 and Equation 17 can be discretized as Dirac functions and we can consider the approximate 
amplitude . The advantage of this choice is that all directions of propagation are still 
represented in the discretized space, though with an approximation on their amplitude (see Figure 12). 

 
Figure 12. The discretized amplitudes. 
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This discretization is related to several parameters, it is thus difficult to define it analytically. An iterative 
approach, based on a heuristic criterion, is then used to reduce errors and verify that the boundaries 
conditions are respected. A number of waves between 20 and 100 is generally sufficient. 

 V T C R results 
The determination of the parameters controlling the nonlinear area localized at the impact surface allows 
us to study the rest of the structure. For this we use the frequency domain through the VTCR method 
described in paragraph 4.1. We apply to the displacement across this area defined in the Figure 8. To study 
the response of the VTCR we put  points ( , , ,  and ) on the structure where we will 
reconstruct the resulting displacement time histories. These points are illustrated in Figure 13. 

 
Figure 13. Geometry of the linear part of the structure. 

Three hundred rays per substructure are sufficient to properly represent the frequency response. The Table 
1 shows the solution obtained for four example frequencies. The boundary conditions are in a good 
adequacy. This is clearly observable where the load is applied and on the structure supports. 

Table 1. VTCR solution of numerical example. 
 Max/per substructures: 40 interior modes, 4*40 edge modes, 50 pressure modes and 50 shear modes 
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Following the VTCR calculation we can recover the amplitude and the phase of each point of the structure 
in each frequency and thus reconstruct the time response by IFFT. For the selected point , the following 
displacements (see Figure 14) and response spectrum in out-of-plane acceleration (see in Figure 15) were 
obtained. To validate the results obtained with the VTCR we compare them with those obtained by a FEM 
and calculated with CAST3M [CAST3M]. In this comparison, and in order to show the influence of mesh 
size on the level of accuracy of results, we use two meshes. An initial coarse mesh define as having a 
mesh size of 2 m, which is composed of 15,000 degrees of freedom. If we refer to the engineering rule of 
10 elements per wavelength, this mesh can represent a frequency range limited to 25 Hz. The second mesh 
is refined and define from a mesh size of 0.5 m or so nearly 400,000 degrees of freedom and a frequency 
range limited to 100 Hz. 

 

 
 

 

Displacement 
applied across the 

damaged area 
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Figure 14. Displacement amplitude (left) in  and the associated inverse Fourier transform (right), out-of-
plane displacement . 

     

Figure 15. Out-of-plane pseudo-displacement (left) and pseudo-acceleration (right) response spectrum in 
. 

We can then conclude from these results two important points. First, we note that with the VTCR 
resolution we get, with less degrees of freedom, similar results to those obtained in the case of a fine FEM 
calculation. The second point is on the FEM mesh size. Indeed, one can realize that, with the engineering 
rule of 10 elements per wavelength, the results for the upper limit of the frequency range are not in a god 
adequacy. We will recommend to choose between 15 and 20 elements per wavelength. 
Figure 16 shows the difference in CPU time between the resolution with VTCR and the resolution with 
CAST3M ([CAST3M]) for this problem. In this figure, the red curve shows different points representing 
the time required for calculating the solution by increments of . The blue curve provides the 
computation time for different mesh densities. This density must be thin enough to properly represent the 
solution. 

 
Figure 16. Comparison between VTCR and CAST3M in terms of computation time. 
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Conclusions 
A methodology to determine the aircraft impact induced vibrations in a structure was presented. It 

is based on the use of a preliminary nonlinear local FE model and of a subsequent linear representation of 
the complete structure using the VTCR theory. The methodology was successfully applied on an example 
case of a civil engineering structure. 

The results were shown to be in perfect accordance with the one produced by a standard FE 
model, within the frequency range of validity of such FE model. Above this frequency range, the VTRC 
methodology is still able to produce quick and accurate results, where the use of a FE model would be 
unaffordable in terms of calculation costs. This superiority is due to the much reduced number of degrees 
of freedom needed for reaching a same level of accuracy. Especially a focus can be easily made on 
dedicated and selected frequencies of interest. 

It is expected that the tools and methods described here will find a use in the nuclear industry, 
among others, where the complexity of the structures make the realization of an accurate FE model 
tedious and costly. 
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