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Given a finite-to-one map T acting on a compact metric space §2 and
an appropriate Banach space of functions X' (2), one classically constructs
for each potential A € X a transfer operator £, acting on X'(2). Under
suitable hypotheses, it is well-known that .Z4 has a maximal eigenvalue \ 4,
has a spectral gap and defines a unique Gibbs measure p4. Moreover there is
a unique normalized potential of the form B := A+ f — foT + c acting as a
representative of the class of all potentials defining the same Gibbs measure.

The goal of the present article is to study the geometry of the set of
normalized potentials A/, of the normalization map A — B, and of the
Gibbs map A — 4. We give an easy proof of the fact that N is an analytic
submanifold of X and that the normalization map is analytic; we compute
the derivative of the Gibbs map; last we endow N with a natural weak
Riemannian metric (derived from the asymptotic variance) with respect to
which we compute the gradient flow induced by the pressure with respect to
a given potential, e.g. the metric entropy functional. We also apply these
ideas to recover in a wide setting existence and uniqueness of equilibrium
states, possibly under constraints.
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1 Introduction

The goal of this article is to propose a differential-geometric approach to the thermo-
dynamical formalism for maps whose transfer operators satisfy the conclusion of the
Ruelle-Perron-Frobenius theorem (for example, expanding maps).

Some of our results stated below are already known for certain dynamical systems (see
later for more precise historical references); let us stress what we believe are our main
contributions:

e we propose a point of view, based on differential geometry in the space of po-
tentials, which provides new and efficient! proofs of strong results (e.g. Fréchet
dérivatives are computed instead of mere directional derivatives) valid in a fairly
general framework,

e we compute an explicit formula for the derivative of [ dua with respect to A
(Theorem C), leading naturally to the variance metric linking together several
natural quantities (Theorem D),

e we use this metric to define the gradient of natural functionals, which leads to a
gradient flow modeling a system out of equilibrium (Section 7.3.2),

e we show that the map sending a potential to its Gibbs measure is very far from
being smooth in the sense of optimal transportation (Theorem E),

e we improve a result of Kucherenko and Wolf, identifying precisely the equilibrium
state of a potential under a finite set of linear constraints (Theorem G, see also
Example H).

1.1 Transfer operator, Gibbs measures and normalization

Let €2 be a compact metric space and T : 2 —  be a finite-to-one map, defining a
discrete-time dynamical system. The model cases are uniformly expanding maps such
as x — dxr mod 1 on the circle or the shift over right-infinite words on a finite alphabet,
but we shall consider a very general setting by mostly asking? that for each potential
A in a suitable function space X'(£2), the Ruelle-Perron-Frobenius theorem holds for the
transfer operator

La X(Q) = X(Q)
from Y V)

T(y)=x

ie. Z4 has a positive, simple leading eigenvalue A4 associated with a positive eigen-
function hy; its dual operator acting on measures .Z; has a unique eigenprobability

1See for example Corollary 3.6.
2see Section 2 for the precise hypotheses



va; and Z4 has a spectral gap below A4. Then, the measure s = hava (where the
multiplicative constant in h, is chosen so as to make 4 a probability measure) is an
invariant measure for 7, which we will call here the Gibbs measure associated to the
potential A.

Two different potentials A, B which differ by a constant and a coboundary define the
same Gibbs measure, which can thus be parametrized by the quotient space @ = X' (Q2)/C
where

C={c+g—goT|ceR,ge X(Q)}.

The subset N' C X(Q) of normalized potential (i.e. such that Ay = 1 and hy = 1)
contains exactly one representative of each class modulo C, making N another natural
parameter space for Gibbs measures.

Our main object of study is the first-order variation of pu4 with respect to A, which
means we consider a4 for small ( € X(€); of course, adding to ¢ a constant and a
coboundary will have no effect. In the literature, it is often the case that one asks (
to satisfy the normalizing condition [(dpa = 0 to get rid of the constant, and then
considers ¢ up to coboundaries. We argue that instead, it makes things simpler and
clearer to go fully with one of these points of view: either consider both A and ¢ modulo
C, or restrict to normalized A and constrain ¢ to be tangent to N. Our fist result gives
a solid ground to this principle (Theorem 3.4):

Theorem A. The set N of normalized potentials is an analytic submanifold of X ()
and its tangent space at A is ker Ly, which is a topological complement to C.

From this we will easily deduce the analyticity and derivative of several important
maps. Consider:

e the normalization map N : X(2) — N which sends A to the unique normalized
potential in its class modulo C,

e the leading eigenvalue map A : A — Aga,
e the leading eigenfunction map H : A+ hy,

o the Gibbs map G : A — g4 taking its values in X'(2)* with the convention that
pa(p) = [ edpa.

Then we get (Theorem 3.5 to Proposition 3.7):
Corollary B. The maps N, A, H, G are analytic and for all A € X():
e the differential DN of N at A is the linear projection on ker Ly 4y along C,

e D(logA)a = pa as a linear form on X(Q), i.e.

d
& log )\A—i-tc

_ /gd,m VA, C € X(Q).
t=0



The analyticity of these maps and the derivative of log A are well-known for many
dynamical systems,® however our framework is quite general (e.g. we do not assume
any high-temperature hypothesis) and our method pretty elementary: we only use basic
differential calculus, not complex analysis nor Kato’s theory of regularity of eigendata
for operators (as done, for example, in [PP90]|, [dSdSS14]).

1.2 From integral differentiation to a Riemannian metric

Both derivatives above are really easy to obtain, but the derivative of G is slightly more
complicated (Theorem 4.1):

Theorem C. For all A,p,( € X(Q2) we have

d

— d
dt YAlAre

= /(I — Zny) " (a) - DNA(C) dpia

t=0
where o4 = ¢ — [ pdua.

(Note that of course the left-hand-side is DG 4(¢) € X(Q2)* applied at ¢.)
This derivative can then be expressed in various forms using standard computations,
see Sections 4 and 5, and some interesting connections appear.

Theorem D. All the following expressions
<C> 77>A = D2(10g A)A(Cv 77)

d
(C.ma= T /UdMAthg

t=0

n—oo M,

n—1
(€ Qa = Var(Ga ) = Jim = [ (S Cao ")y
1=0

<C,7]>A=/CnduA whenever A € N, (,n € TaN.

define the same analytic map A (-,-)a from X () to the Banach space of symmetric
linear 2-forms, such that (-,-) 4 is positive-semi-definite with kernel equal to C for all A.
This map induces by restriction a weak Riemannian metric on N, and then by projection
it induces a weak Riemannian metric on Q = X (2)/C.

The metric (-,-)4 is thus a close cousin to McMullen’s variance metric introduced
in the context of Teichmiiller space [McMO8|* (up a conformal rescaling by entropy),
contains the derivative of the Gibbs map, controls the convexity of log A and extends
the L?(p14) metric on A at the same time.

3For an historical account of the problem, see the introduction of [BCV12| and references therein
(among others [PP90],[Mafi90],[BS01]).

4See also [BCS15] by Bridgeman, Canary and Sambarino and references therein, and [PS14] by Pollicott
and Sharp for an analogous metric of Weyl-Patterson type on spaces of metric graphs.



In the closing Section 8, we show a concrete example of this approach. When the
dynamics is just the shift on the Bernoulli space {1,2} and the potential depends
only on two coordinates, we exhibit the metric explicitly and we compute the curvature
(Proposition 8.1), which is positive. In analogy with the work of McMulleen, one could
conjecture that when our metric is rescaled by the entropy, the curvature is strictly
negative, but we show that this is not the case.

1.3 The optimal transportation approach to the differentiability
of measure-valued maps

Above we took a very common point of view, considering the Gibbs map G : A — ux
as taking value in (an affine subspace of) the Banach space X (Q)*, yielding an obvious
differential structure in which each ¢ € X(2) defines a “coordinate function” by 4 —
pale) = [ @dua. We call this the “affine differential structure”.

However, this is not the only way to study the regularity of such a map, and in Section
6 we study the “Wasserstein differential structure” aspect of the question. One can see
G as taking values in the subset Pr(£2) of T-invariant measures in the set P(Q2) of all
probability measures, and use the differential framework based on the 2-Wasserstein
distance W5 from optimal transportation which has been developed in the last fifteen
years.” This point of view proved useful in the study of the action of expanding circle
maps near the absolutely continuous invariant measure by one of the present authors
(see |Klo13, Klol15a|); here, we show that with the 2-Wasserstein metric the Gibbs map
A 4 is far from being differentiable even in the simplest smoothest case.

Theorem E. Assume T' = x +— dxr mod 1 is the standard d-self-covering map of the
circle S' = R/Z and X (Q) is the space of a-Holder functions for some o € (0,1]. Then
given any smooth path (A;) in X(Q2), the path of Gibbs measures (j4,) is not absolutely
continuous in (P(§2), W) unless it is constant.

Recall that a path in a metric space defined on an interval [ is said to be absolutely
continuous when it has a metric speed in L!(I): this is a very weak regularity, so that
Theorem E can be interpreted as meaning that a small perturbation of the potential
induces a brutal reallocation of the mass distribution in the sense of W5. This contrasts
with a Lipschitz regularity result obtained for the 1-Wasserstein metric in [KLS14| (but
note that W does not yield a differential structure).

1.4 Applications to equilibrium states

We end this introduction by presenting some applications and illustrations of our differ-
ential calculus setting and the metric obtained above.

5The full story does not fit in the bottom margin, but let us mention the important cornerstones
which are the works of Otto [Ott01], Benamou and Brenier [BB00], and Ambrosio, Gigli and Savaré
[AGS05]; see also [Vil03], [Vil09] and [Gigl1].



First we show that it is a nice framework to derive and extend to our framework
the existence and uniqueness of equilibrium states. Consider the following optimization
problems and induced functionals:

h = inf 1 — [ A fi

x(1) b log A / du or p € Pr(Q)

Pr(B) := sup hx(p)+ /Bdu for B € X(Q)
pEPT(Q)

(recall that X (€2) is a suitable space of potentials {2 — R which we can chose with some
freedom).

Theorem F. For all B € X(Q), the supremum in the definition of Pr(B) is uniquely
realized by pp and it holds Pr(B) = log Ap.

We show in Remark 7.5 that for the case of the Classical Thermodynamical Formalism
in the sense of [PP90] (the shift acting on the Bernoulli space) and for any invariant
probability © we have equality between hy(u) and the metric entropy of p. In this case
the pressure Pr defined above also coincides with the usual topological pressure. We
consider however more general hypothesis in our reasoning. We will refer to hy and Pr
as “entropy” and “pressure” from now on.

We then observe that the metric (-,-)4 enables us to define the gradient of various
natural dynamical quantities, including entropy and pressure (see Proposition 7.10).
This gives sense to the gradient flow of the functional

A h,'v(,uA) + /Bd,uA

obtained by composing GG with the functional defining the pressure. This gradient flow
has a linear form when expressed in the quotient space Q@ and can serve as a model
for non-equilibrium dynamics, according to which a system out of equilibrium behaves
just like a system at equilibrium with a varying potential (Section 7.3.2). In case of a
mere change in the temperature of the system’s environment, this model predicts the
physically sound property that the systems evolves only in its temperature (Remark
7.11).

As a consequence of Theorems D and F we obtain several results related to works by
Kucherenko and Wolf. The first result, obtained in [KW14| under somewhat different
hypotheses, is a prescription result. Given ® = (¢4, ..., ¢k) a tuple of test functions in
X (), the “rotation vector”

rv(p) = (/wl,duao--,/wdu)

of a T-invariant measure describes some convex set Rot(®) C RE. The result is then
that for all base potential B, every interior value of Rot(®) can be realized uniquely as
the Gibbs measure of a potential of the form B + a1 + - -+ + axpx (Theorem 7.13).



The second result states existence and uniqueness of equilibrium states under linear
constraints; it is very close to Theorem B of [KW13], but even disregarding the difference
in our hypotheses we obtain a more precise description of the equilibrium state: the
parameter s of [KW13]| is always equal to 1. In other words:

Theorem G. Let & = (¢1,...,pK) € X(Q) be such that 0 € int Rot(P). Given any
B € X(Q), the restriction of

PB:uHhX(u)—F/Bd,u

to the set Pr|®] of invariant measures realizing [ ¢ dp = 0 for all k is uniquely maz-
imized at the unique Gibbs measure in Pr[®] that is defined by a potential of the form
B+ajpr + -+ agpk.

We also recover Theorem B in [KW14] (the supremum of entropy of measures realizing
a given vector in the interior of Rot(®) depends analytically on the vector, Corollary
7.16), and by nature our method could be applied to more general constraints (e.g.
asking that rv(u) belongs to some submanifold of Rot(®)).

Theorem G notably shows that when 7' is the shift map and the test functions and the
potential B all depend only on n coordinates, so does the potential of the constrained
equilibrium state, which is thus a (n — 1)-Markovian measure (Remark 7.17, which also
follows from the results of [KW13] but is not stated there).

This result is precise enough to yield explicit solutions to some concrete maximizing
questions, which as far as we know would be difficult to solve without it. Let us give a
toy example which turns out to have a nontrivial answer.

Example H. Assume T is the shift map on Q = {0,1}N. Among shift-invariant mea-
sures p such that p(01x) = 2u(11x), the Markov measure associated to the transition
probabilities

PO—0)=1—-a PO—1)=a
Pﬂéng PO%U:%

where a 1s the only real solution to

5_42

(1—a) = 570

(a ~ 0.487803)

uniquely maximizes entropy.

As a final remark, we mention that optimization problems such as we solve in Theorem
G appear naturally in multifractal analysis, see [BS01], [BSS02|, [Clil4]|. Our approach
might lead to explicit computation in that field.



2 Notation and preliminaries

We shall consider the thermodynamical formalism associated with a discrete-time, con-
tinuous-space dynamical system. The phase space shall be denoted by €2, and will be
assumed to be a compact metric space, whose metric shall be denoted by d. The time
evolution is then described by a map 7T : 2 — ) which will be assumed to be a finite-to-
one map. We will denote by P(2) the set of probability measures on 2, and by Pr(2)
the subset of T-invariant measures.

Typical cases to serve as examples are the shift on AY where A is a finite alphabet,
the maps z — dr mod 1 acting on the circle S' = R/Z. The reader not willing to deal
with the detailed hypotheses below can assume 7' is one of these classical maps.

Remark 2.1. We also want to consider cases such as the tent map

2x ifz <
T
2—2z ifz>

D= N =

on the interval [0,1]. This map has a particularity shared with other map of the same
kind: one point, 1/2, has only one inverse image while its neighboring points have two.
This will make it necessary to adjust some of the definitions below. Let us formalize a
property of the tent map which we will refer to when we explain these modifications:
the tent map has local inverse branches in the sense that for all x € €) there is an integer
d > 2 (to be implicitly taken minimal), a neighborhood V' of z and continuous maps
Y : Vi CQ — V (where k € {1,...,d}) such that for all 2/ € V we have

T (@) = {n(@), ., yala)}.

2.1 Working Hypotheses
2.1.1 Space of potentials

The first set of assumptions we make concerns the regularity of potentials; in designing
the hypotheses below we tried to keep them general enough not to rule out non contin-
uous potentials; e.g. in some settings bounded variation functions are meaningful (in
particular when 7' is only piecewise continuous).

We fix for all the article a space of functions X'(£2), endowed with a norm ||-||, satisfying
the following.



(H1) X(Q) is a Banach space of Borel-measurable, bounded functions 2 — R, which
includes all constant functions; for all f, g € X'(£2) we have

gl < A1 gl

for all f € X(Q) that is positive and bounded away from 0, the function log f
also lies in X (2); and for some constant C' it holds

I/l = Csup |f(z)].
z€eQ

In particular for each probability measure p on 2, the linear form defined by f +—
[ f dyp is continuous: in other words, every probability measure can be seen as an element
of X(2)*.

Note that when f € X() is positive and bounded away from 0, 1/f = e~ !¢/ is also
in X(Q).

Remark 2.2. In some circumstances, one works with a norm satisfying only the weak
multiplicativity condition ||fg|| < C||f|| ||g|| for some positive constant C'. Then one
can define a new, equivalent norm ||-||" = C||-|| which is then multiplicative.

Example 2.3. The space Hol,(f2) of a-Hélder functions (for some « € (0, 1]) with its

usual norm |f(x) — f(y)]
B L) = JWN
I/lle = suplf(@)l+ sup =g s

satisfies (H1). When a = 1, we get the space Lip(§2) of Lipschitz-continuous functions.
Note that d* is a distance on €2, and that Hol,(2) coincide with Lip(£2, d%).

Next, we need a compatibility hypothesis between 7" and X (€2).

(H2) T preserves X () forward and backward, i.e. the composition operator f +— foT
is well-defined and continuous from X'(2) to itself, and or all f € X' (), we have

gize Y fly) €X(Q) and |gll <C|f]
T(y)==

for some constant C' (i.e. f — ¢ is a continuous operator on X ({2)).

Example 2.4. When X' (Q2) = Hol,(€2), it is sufficient to ask the map 7" to be a local
bi-Lipschitz homeomorphism to obtain (H2).

Remark 2.5. The tent map does not strictly speaking satisfy this compatibility when
for example X' (Q2) = Hol, (€2), because 3 only has one inverse image and g is usually not
even continuous. One can fix such cases by introducing a suitable weight in all sums
> 1(y)=c [ (Y), e ZT(y):% f(y) should be interpreted as f(1)+ f(1) to ensure continuity
in x of ZT(y):x f(y). In other words, if needed ZT(y):x f(y) can be replaced everywhere
by >, f(yx(x)) where yj, are the local inverse branches of T'.



2.1.2 Transfer operator

The composition operator arising from 7' is the natural functional counterpart to our
dynamical system; in fact, most properties of ergodic flavor of T" are naturally formulated
in terms of the composition operator on a certain class of functions. However it is useful
to investigate its “inverses”, the transfer operators. Given a “potential” A € X(2), one
defines a transfer operator (also called a Ruelle operator) by

La(f))= > W f(y);

T(y)==

note that since X'(2) is a Banach algebra, e lies in X () and so does -Z4(f); hypothesis
(H2) also implies that %4 is a continuous operator.

Since X (€2) is a space of functions, it contains a canonical “positive cone”, the set of
positive functions, which is convex and invariant by dilation. By design, the transfer
operator is positive in the sense that it maps the positive cone into itself. Typical ex-
panding assumptions for 7" ensure that the positive cone is even mapped into a narrower
cone, inducing a contraction on the set of positive directions endowed with a suitable
distance (see e.g. [Bal00]). Instead of assuming such kind of hypothesis on 7', we shall
only assume the consequences that are usually drawn from them. Namely, we ask that
(T, X(Q2)) satisfies a Ruelle-Perron-Frobenius theorem (including a spectral gap) in the
sense of the following two hypotheses.

(H3) For all A € X(Q2) the transfer operator .Z4 has a positive maximal eigenvalue A4
and a positive, bounded away from 0 eigenfunction hy € X' (2):

ZLa(ha) = Aaha,

and the dual operator .Z; of £, preserves the set of finite measures and has a
eigenmeasure v4 € P(2) for the eigenvalue A4, in particular

/ Zi(f)dva = Aa / fdva  YfeX(©)

Observe that when all functions of X'(§2) are continuous, £, extends to all continuous
functions and then the dual operator automatically acts on measures.

(H4) For all A € X(Q), there are positive constants D, ¢ such that for all n € N and
all f € X(Q) such that [ fdvs =0, we have

IZEHI < DNGA = )" L F]]-

It follows in particular that A4 is a simple eigenvalue and that v, defines a natural
(topological) complement to its eigendirection.

10



It is easy to see that uq = havs defines an invariant measure for 7', and up to
normalizing h4 we can assume 4 is a probability measure which we will call the Gibbs
measure of A.

Example 2.6. When T is expanding in a relatively general sense and X'(2) is a space
of Holder functions, (H3) and (H4) are proved in [KLS14| (the spectral gap is proved
there for normalized potentials only, but see remark 2.9).

2.1.3 Further hypotheses

Our first results will only use (H1) to (H4), but at some point we will need two further
hypotheses, which feel harmless (in the sense that they hold for most if not all relevant
examples), but which do not follow from the previous ones.

From Section 5 on, we will assume:

(H5) Forall A, f € X(Q), if f is non-negative and [ fdus =0 then f = 0.

Remark 2.7. If all functions in X' () are continuous, it is sufficient to ask that p4 has
full support for all A to ensure (H5).

Example 2.8. Assume that 7" is continuous, that all functions in X'(2) are continuous,
and that the only closed subsets A C €2 which are both forward and backward invariant
(i.e. T(A) =T71(A) = A) are the empty set @ and the full space 2. Then (H5) holds.

Indeed, since p4 is an invariant measure, its support is a closed invariant subset
of . But (assuming without lost of generality that A is normalized, see below) the
invariance under .#5 and the fact that e is a positive function also implies that supp ji4
is backward invariant, so that p4 must have full support. The continuity of f then gives
the conclusion.

In Section 7 we will use the following largeness hypothesis, meant to avoid degenerate
cases such as X () = {constants}.

(H6) All continuous functions f :  — R can be uniformly approximated by elements
of X(Q).

(Note that we do not imply here that the functions in X'(€2) are continuous themselves.)

2.2 Normalization

Among the potentials, of particular importance are the normalized ones, i.e. those
potentials A such that Z4(1) = 1 (where 1 denotes the constant function with value 1)
i.e. such that Ay =1 and hy = 1. In other words, A is normalized when

Z ey) =1 Vre. (1)
T(y)==

Two nice properties that give a first evidence for the relevance this definition are that
when A is normalized, first £, is a left-inverse to the composition operator:

La(foT)=[ VfeX(Q),

11



second .Z; preserves the set of probability measures. One can then interpret £ as a
Markov chain, the numbers eA®) representing the probability of transiting from z to y
whenever T'(y) = z; a realization of this Markov chain is a random reverse orbit of T'.

As is well-known, the Ruelle-Perron-Frobenius theorem enables one to “normalize” a
potential A, by writing

B=A+logha—loghyoT —loghs € X(Q).
Then one gets

ha(
ST Z A(y)/\AzA )f(y)

T(y)=x

Lp(f) = ZLa(haf)

)\AhA

where (H3) ensures that h, is bounded away from 0 and (H1) then ensures that 1/hy €
X (). The transfer operators £, and £ are thus conjugated one to another up to a
multiplicative constant A4, the conjugating operator being the multiplication by h4; in
particular

Zp(1) =

)\AhA.,iﬂA(hA) ~1.

This conjugacy shows that the Gibbs measure s = h4 4 is also the eigenprobability
vg = up of Z}; each potential yields an invariant probability measure, but several
potentials can yield the same Gibbs measure.

Using the same computation than above, one sees that whenever two arbitrary po-
tentials A, B are related as above, i.e. B= A+ ¢g—goT + ¢ for some g € X () and
¢ € R, then their transfer operators and their duals are conjugated one to another up to
a constant:

Lp() = eV Ly(e’) L) = el Ly(e?)

where €9 is in X'(2), positive and bounded away from 0. It follows immediately that (up
to normalizing constants) hg = hae™9, vp = e9v4 and Ag = €A 4. In particular we have
g = fta: both potentials define the same Gibbs measure. It is also straightforward to
check that if moreover both A and B are normalized, g must be a constant and ¢ must
be zero, so that A = B. In other words, we have a subspace

C={g—goT+c|ge X(Q),caconstant} C X(Q)

such that each class modulo C defines one Gibbs measure, and contains exactly one
normalized potential. One says that a function of the form g — g o T" is a coboundary,
thus C is the space generated by coboundaries and constants. All the above is very
classical; our goal is now to study in more details the following objects:

e the set N' C X(Q) of normalized potentials (which is not a linear subspace, see
Remark 5.4),

12



e the normalization map
N:A— A+loghy —loghyoT —log Ay
from X () to NV,
e the quotient Q = X(Q2)/C, and

e the Gibbs map G : A+ p4 from X (Q), seen as taking value either in X'(2)* or in
Pr(2) € P(2)

The typical questions we want to answer are of differential-geometric flavor: is N a
submanifold of X'(Q)? Are the maps N and G differentiable? How to endow N or Q
with a meaningful Riemannian metric? Can we then study gradient flows of natural
functionals on these spaces?

Remark 2.9. The conjugacy between the transfer operator of a potential A and the
transfer operator of its normalization B = N(A) shows that a spectral gap for Zp
implies the same spectral gap for £, (with a different constant D, but the same ).
Indeed, if [ fdva =0 then [ f/hadus =0 and

L2 (N = [INaha L (f/ha) |
< Nallhal DL = 6)"[f /hall
< (DlIRallllt/hall) Xa (1 = 8)" I £l

In particular, if hypothesis (H3) is satisfied, the spectral gap for normalized potentials
implies (H4) for all potentials.

Remark 2.10. The spectral gap hypothesis implies an exponential decay of correlation
for functions in X' (€2): indeed if A is any potential and f,g € X(f2) are such that
[ fdua =0, we have

oo || Sratr o

—| [ i - 9dua

<[ LN (f) - 9l
< O L5 (Dl
< C7D(1 = 9)" I f Il
Remark 2.11. In typical situations, a normalized potential A can be recovered from

the Gibbs measure as a Jacobian: for example, if T" has inverse branches y; near each
x €  which are local homeomorphisms with disjoint images, then

eAWi@) — dpa(yi(z))
dpa(z)
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in the sense that if B = B(x,¢) is a small ball around x, the ratio of pa(y;(B)) with
respect to pa(B) goes to eA®(®) when e goes to zero (in doubt, integrate caracteristic
functions of balls with respect to one measure and change variables to verify such claim).
Slight adaptations of this argument are needed for example for tent maps.

In general, it might a priori happen that two different normalized potentials A, A’
have the same Gibbs measure. We will see much later in Remark 7.4 that our assump-
tions are sufficient to prevent this, and ensure perfect identifications between normalized
potentials, mod C classes of potentials, and Gibbs measures.

2.3 Analytic maps and submanifolds

When working in infinite-dimensional spaces, just as differentiability has various defi-
nitions of varying strength (Géteaux versus Fréchet), the analyticity of a map can be
defined in several ways. Here, we take the strongest definition, recalled below.

First, recall that a closed linear subspace M in a Banach space X is said to be
topologically complemented, or for short complemented, when there is a closed linear
subspace N which is an algebraic complement. We shall only write X = M & N when
M and N are topological complements. The projection to M along N and the projection
to N along M are then continuous, i.e. for all x € X, the decomposition x = m + n
with m € M and n € N exists, is unique, and m and n depend linearly continuously on
x. Equivalently, M is complemented when it is the image, or the kernel, of a continuous
linear projection X — X.

Let X and Y be two Banach spaces, whose norms will both be denoted by ||-||. A
continuous, symmetric, multilinear operator a : X* — ) has an operator norm denoted
by |a|; if ¢ is a vector in X, we denote by ¢(*) the element ({,¢,...,¢) of X* and we
have

la(C™ DI < lall¢]*.

We shall say that a sequence ay, : X* — Y of such k-ary operators (k > 0) is a series
with positive radius of convergence if the complex series

D laxlt

k>0

has a positive radius of convergence in C.

Let & : U C X — Y be a map defined from an open subset of X. We say that & is
analytic if for each x € U there is a series of k-linear, symmetric, continuous operators
ap : X* — Y with positive radius of convergence such that on an open subset of U the
following identity holds:

Oz +¢) =Y ar(¢™).

k>0

An analytic map is smooth (in particular, Fréchet differentiable and locally Lipschitz-
continuous) and the operators a; are uniquely defined by ®. Most classical results hold
in this context, in particular the inverse function theorem and the implicit function
theorem (see [Cha85] and [Whi65]).

14



More precisely, a map ® : U C X — Y which is analytic and such that D, : X — Y
is a topological isomorphism for each z, has a local reciprocal near each point, which
is itself analytic (inverse function theorem); if a map F' : U C X — ) is such that
F(z) = 0 for some x € U, DF, is onto ) and ker DF, is complemented in X', then
the level set F/~1(0) is an analytic submanifold of X in a neighborhood of x (implicit
function theorem). In particular, this means that there is an analytic diffeomorphism
defined in a neighborhood of x that maps F~*(0) to (an open set of) a complemented,
closed, linear subspace of X; it also means that F'~*(0) can be locally written as the
graph of an analytic map over a complemented subspace.

3 Normalizing potentials
We will now consider the set of normalized potentials
N={AeXx| %) =1}
and the normalization map /N that sends any potential A to its normalization:
N(A)=A—logAs+1loghsy —loghsoT.
The map N can be described as the (non-linear) projection on N along
C= {g—goT—kc‘g € X(Q),c aconstant}.

We start by a simple Lemma which will both prove useful and serve as an example of
the use of convergent series in our study. We shall denote by ker us C X' () the kernel
of p4 seen as a linear form, i.e.

ker piyg = {fGX(Q)‘ /fd,uA:O}.

Lemma 3.1. If A is a normalized potential, the operator I — L4 is onto ker i, and its
corestriction to ker pa has a continuous inverse given by

(I—Z0)'=> L5 ¢ kerps— X(Q).
k=0

Proof. For all f € X(2), we have that

Ja-20@un= [ rau- [ ra(Zin) -0

because 14 is fixed by 2. It follows that [ — %4 takes its values in ker j4.
For all f € ker s and all n, we have

(-2 (kioxm) —F- ),

15



By the spectral gap assumption, we obtain that >_ .#¥(f) converges, that it is bounded
by Z{/f|, and that £ (f) goes to 0 when n — co. We deduce that Y ;7 Z% is
well-defined and a right-inverse to I — %4, which is therefore onto ker pi 4.

By commutation the above shows that, for all f € X' (Q),

> LE( - Za(f))

converges to f, so that we have defined an inverse to (a corestriction of) I — .Zj. [

This has useful consequences, which will be better phrased by introducing another
operator related to A.

Definition 3.2. Given any normalized potential A, let .#4 be the continuous linear
operator on X'(2) defined by

MA(f) = (1 = L) 0 La(fa) = =Y LA(fa),

where f4:= f— [ fdua.

Observe that £, maps ker uy to itself, so that .#4 is indeed well-defined and takes
its values in ker p4, and that .#4 commutes with .Zy.

Proposition 3.3. Let A be a normalized potential. Then:

1. gwen f € C, there is a unique decomposition f = g—goT +c with g € ker uy and
¢ a constant, given by

C:/fduA and g = AMA(f),

2. the subspace C is closed in X(S2), so that Q = X(Q)/C inherits a Banach space
structure from |||,

3. ker Z4 and C are (topological) complements in X,
4. L maps C onto X ().

Proof. First observe that given any decomposition f = g —goT + ¢ and any T-invariant
probability measure u, we have

/fduz/gdu—/gd(T#u)+0:c

where Tl 14 is the usual pushforward of the measure j14 with respect to T'. Since 14 is
invariant, it follows that ¢ must equal [ fdua and is uniquely defined.
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Let us then check that any f € C Nker £, must vanish. First, it is easy to see that
ker £x C ker pu4:

[ rana= [ ra(zim) = [ 2 aua=o.
It follows that we can write f = g — go T, so that
0=Lu(g—goT)=2Zalg) -y
and ¢ is an eigenfunction of £, for the eigenvalue 1. Therefore g is constant and f = 0.

To prove 1, we write f = g1 — g1 o T + ¢ for some g, and with ¢ = [ fdua. Setting

g=¢g1— [ g1dpa, we still have f =g —goT + ¢ and
La(f—c)=Zulg—goT)=%ulg) — g

since £, is a left-inverse to the composition operator. Now, from g € ker j14 it follows

g=—(I —ZLa) ' La(f —c) = Ma(f), as claimed.

To prove 2, consider a sequence of functions f, € C which converges to f € X (Q).
Then using 1, we can write f, = ¢, — g, o T + ¢, where g,, ¢, are images of f, by
continuous operators. In particular g, and ¢, have limits g € X'({2) and ¢ € R, so that
f=g—goT+celCl.

To prove 3, since we already know that ker Z4 and C intersect trivially, we consider
any f € X(Q) and let ¢ := [ fdua and g = #a(f). We have

Zalg—goT+c)=ZLalg) — g+ cZa(1) = Za(f — ¢) + ¢ = Zau(f)

where the second equality follows from (L4 — ).y = L4 on ker ps. It follows that
(:=f—(g—goT+c) is an element of ker Z4. The decomposition

f=0+(g—goT+c)

shows that X(Q2) = ker.Z, + C and since both spaces are closed, ker.Z4 and C are
complements.

To prove 4, let f € X(Q) and set ¢ = [ fdpua and g := (I — L) *(c — f). Now
g—goT +cis an element of C, and we have

ZLa(g—goT +c)=La(g) —g+c
:—([—XA)(Q)—FC
=f—c+c=f
L]

We are know in a position to prove our first main result, that A/ is an analytic sub-
manifold of X'(€2). This result might be known, but we did not find a clear statement in
the literature, related statements are often framed into a weaker definition of analytic-
ity, the identification of the tangent space seems new, and we obtain the result without
resorting to complex analysis as usually used to prove the regularity of the eigendata of
operators (see appendix V in [PP90], where the weak definition of analyticity should be
noted, and also section 3.3 in [BS01|). We shall in fact deduce from Theorem 3.4 that
the leading eigenvalue and positive eigenfunction of .Z4 both depend analytically on A.
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Theorem 3.4. The set N of normalized potentials is an analytic submanifold of X (),
and its tangent space at A € N is TyN = ker Z,.

Proof. This is a direct consequence of the implicit function theorem.
Let F': X(Q) — X(Q) be the map defined by

F(A)(z) = Za(1)(x) = Y _ '

Ty=x

Then F' is analytic, as follows from the analyticity of the exponential:

F(A+¢) =) D*Fa(¢)

k>0

where

D*Fa(Gro- o G () == Y e zlﬁ)

Ty=x
defines a series of continuous, symmetric k-linear operators with infinite radius of con-
vergence (note that we use here the assumptions that X'(£2) has multiplicative norm,
and that > ., ((y) is in X(Q) for all ¢ € X(12)).
Now, given a potential A and a vector ¢ both in X(£2), we have

DF4(¢) = > e*¢(y) = Za(0),

Ty=x

so that DFy = Z,; since we know from Proposition 3.3 that ker £, is complemented
and 2, is onto X' (£2), we can apply the implicit function theorem. O

We also get directly the analyticity of the normalization map as explained in the last
paragraph of Section 2.3

Theorem 3.5. The normalization map N : X(Q) — N sending a potential to its
normalized version is analytic. Moreover, its derivative DNy at a point A € X () is
the linear projection on TN(A)N = ker ZLya) in the direction of C.

Proof. See figure 1 for a general picture of the various maps involved. Let IT : X(Q2) — Q
be the quotient map; it is a continuous linear map, and in particular it is analytic. Its
restriction ITjy to the submanifold A is therefore an analytic map, and we have for all
AeN:

D(M)a =Hryn = jer 2, -

Since ker .2, and C are topological complements, this differential is invertible with con-
tinuous inverse. The inverse function theorem then ensures that

Hj\} Q- N
is well-defined and analytic. We get the desired result by observing that
1
N =1 oIl
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Figure 1: Potentials and Gibbs measures

Corollary 3.6. The maps A : X(2) = R and H : X(Q2) — X () sending a potential to
its leading eigendata, i.e. defined by

AA)=X4 and H(A)=hy

(normalized by the condition logha € ker 4, for any fized Ag) are analytic maps.
Moreover for all A, € X(Q):

D(log A)A(¢) = / Cdua.

Note that it will turn out that in our framework log A equals the pressure functional,
so that this result gives also the derivative of the later.

Proof. Fix Ay be any potential, which can be assumed without loss of generality to be
normalized. We then have

A(A) = exp (/(A — N(A))dpa,) and H(A) =exp (Aa,(A— N(A))

which are analytic as composed of analytic maps.
Differentiating log A(A) = [(A — N(A)) dpa, with respect to A it comes

D(log A)(C) = / (€ = DNA(C)) dyiny.

This holds for any Ag and any A, in particular taking Ay = A and observing that
DN4(C) € ker 14 yields the desired formula. O

Corollary 3.7. The map G : A — pa € X(Q)* is analytic. In particular for each
p € X(Q), the map G, : A— [ pdpa is analytic.
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Proof. Corollary 3.6 implies that us = D(log A)4 as a linear form defined on X (£2), so
that the Corollary follows from the analyticity of log A. m

At this point we have proved Corollary B from the introduction.

Corollaries 3.6 and 3.7 where obtained under different assumptions and with differ-
ent methods by Bomfim, Castro and Varandas [BCV12|; note that we notably do not
assume the high-temperature regime (see their conditions (P) and (P’)) and that once
our framework is set, our proofs are very simple.

4 Differentiating the Gibbs map in the affine
structure

There are at least two ways to endow the set of probability measures P(£2) with a kind
of differential structure, i.e. to define what it means for a map such as the Gibbs map
G : A ua to be differentiable. In this section, we consider the affine structure, while
in Section 6 we will consider the Wasserstein structure.

The affine structure is obtained simply by observing that P(€2) is a convex set in
X (Q)*; “coordinates” are obtained by looking at integral of test functions, so that G is
often considered to be differentiable if

d
VA, (,pe X(Q): — /SOd,UAthg exists.

dt =0

We will adopt here the definition of Fréchet differentiability for G : X' () — X(2)*.
It is stronger than the above one in three respects: we ask that for each ¢ the directional
derivatives at A can be collected as a continuous linear map X' (£2) — R, that all these
linear maps for various ¢ can be collected as a continuous linear map X'(2) — X' (Q2)*,
and that in the Taylor formula defining the derivative, the remainder is of the form
o(|l¢llll¢]l) (when ¢ — 0). Note that at this point this strong definition is already
ensured by the analyticity of G and we only want to get an explicit formula.

Theorem 4.1. For all A € X(Q2) there is a neighborhood U of 0 in X(Q2) such that for
all o € X(Q) and all ¢ € U, we have

/ o djtas — / o dua = / (I — L) M (a) - DNAC) dpia + O lICIP)

where @4 = o — [@dpa is the projection of ¢ on ker ua along the space of constants.

Implicitly, the constant in the O depends only on A (and of course U, ), T, X (Q2)) but
not on ¢ and ¢. This result will be deduced from the following special case where the
expression is simpler.

Theorem 4.2. Assume that A is normalized, ¢ has mean 0 with respect to 4, and ¢
is tangent to N at A and small enough. Then:

[ eduse= [(1-2070)- Caia+ OCIICI)
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Writing G, the composition of the evaluation at ¢ and the Gibbs map, i.e. G,(A) =
[ ¢ dpa, the above formula can be recast as:

D(G,)a(C) = /(I — Z2) ) - Cdpa when A € N, ¢ € ker Zy, ¢ € ker puy.

Observe that using the series expression of (I — Z4)~!, that 4 is fixed by £ and
that the transfer operator is a left-inverse to the composition operator, this also rewrites
as

DGO =Y [ CoT du

This version has the advantage that it applies to test functions ¢ not necessarily in
ker p14, because ¢ € ker £, implies ¢ € ker pys and adding a constant to ¢ does therefore
not change the value of the integrals.

We can rephrase Theorem 4.1 in a similar way, which will be used in the sequel to
define a metric on X' ().

Corollary 4.3. For all A,(,p € X(Q), if ¢ is small enough we have

/SOdMA+<—/90dMA=

[escana+ Y [oa-Com +oaoT ) dua+ 0l
=1

where the above sum converges and defines a continuous bilinear form.

4.1 The case of a pair of normalized potentials

To obtain Theorem 4.2, thanks to the regularity of the normalization map proved in the
previous section, we are mostly reduced to estimate [ ¢d(ug — pa) when ¢ € X(Q) is
fixed and A, B are normalized potentials. Up to adding a constant to ¢, which does not
change the value of the above integral, we assume that ¢ € ker p4.

We first write (using that ua and up are respectively fixed by £ and Z})

/s@d(uB — pa) = /XB(sO) dpp — /XA(sO) dia
= / (ZB(0) — Zalp)) dup + / Za(p)d(us — pa) (2)
Then, we observe

(Ls(p) — Za(p)) (2)

|

)
2
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so that writing R(z) = e” — 1 — x ~ 127, we get

Zp(p) — ZLalp) = ZLalp- (B—A)) + ZLalp- R(B - A)).
Thus:

/s@d(uB — pa) = /XA(sD (B—A))dus + /.ZA(SO -R(B—A))dup
+ [ Za(o) dlun — )
— [ Zue (B- s+ [ Zalo- (B~ 0)dlua — )
+ [ Zate BB - ) dun + [ 2a0) Al — )

/gode ) = /@ (B - A)dpa+ /.zA«o) A5 — i)
+ (. B) 3)

where (¢, B) = [ Za(¢ - (B — A))d(up — pa) + [ ZLa(¢ - R(B — A))dpp, which is
linear in ¢ and which we now aim at bounding by a multiple of ||¢||||B — AJ|>.
A first tool is the regularity of G.

Lemma 4.4. The map G : X(2) — X (Q)* is locally Lipschitz: for all A € X(Q) there

exist a neighborhood U € X (Q2) of A and a constant C' such that, for all ¢ € X(Q) and
all B € U, it holds:

| [ edtun - )] < Cliell - 4l
Proof. This follows from the analyticity of G obtained in Corollary 3.7. O
A second observation is that since X'(€2) has a multiplicative norm, we get

> %(B — A

k>2
1
< Z HHB —AJl*
k>2
= R(||B — Al])
< B - Al

IR(B = A)| =

when B is in any fixed neighborhood U of A.

Now, since ||-|| is assumed to control the sup norm and pp is a probability measure,
whenever B € U it comes

7 (0, B)| < ClZalllellll B — Al* + C"|Zallle || R(B — A)|
< C"lllllB — Al

22



Now, applying (3) to its own second term repeatedly and recalling that Z4 () goes
to zero thanks to the spectral gap assumption, we get

/sod(uB — pa) = /90 (B—A)dpa+ /ZA(w)d(MB — jua)
+ (¢, B)
= [ o+ 200)) - (B Ayua+ [ 230 dlun — )
+ I (p+ Za(), B)

- [(X2) - 8- s+ (3 2i(0). B)

Z/(I—XA)_I(@ (B = A)dpa+O(lelll|B — All*) (4)

which is almost Theorem 4.2, except for the assumption that B is normalized.

4.2 End of proofs

Proof of Theorem 4.2. Since N is an analytic projection to N (i.e. N restricted to N is
the identity), we have

N(A+¢) =A+¢+0(¢I)

for all A € N and all small enough ¢ € TyN = ker Z4, with an implicit constant only
depending on A.

Fix A € N, ¢ € ker %, and ¢ € ker pa, and set B = N(A + (). Using (4) with the
normalized potentials A and B, we get

/‘Pd<ﬂA+C_NA> = /@d(um —uB)+/<pd(uB — pa)
= O(llelllA+¢ = N(A+ Q)
+ /(I —Za)"H(p) - (B = A)dua+ O(lell|1 B = Al]?)

_ / (1= Za)7"(9) - Cdpaa + O(llellICI?),

for ¢ small enough, and with an implicit constant that depends only on A. O]
Proof of Theorem 4.1. Let A,(, ¢ € X(Q2) be arbitrary. Then we consider:
e N(A), which is the normalized potential such that pna) = pa,

e DN4(¢), which is the projection of ¢ on ker £y (4 in the direction of C,

e ps=p— [@dua € kerpuy
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and we apply Theorem 4.2 to this new potential, tangent vector, and test function. We
obtain exactly the desired expression once we notice that

[are — BN +DNA0)| = [HN(A+e) — HN(A)+DNA©)]
— O(|IN(A +¢) — N(A) — DNA(O)])
= O(II<I?).

Proof of Corollary 4.3. We have to rewrite

/(I — L) wa - DNA(C) dpa.

We first observe that the final expression we aim for only involves A through the measure
la, so that we can as well replace A by N(A), i.e. assume that A is normalized (this
has for sole purpose to avoid writing a dozen times Zy(4)).
We first write (I — Z4) tpa =50 -Lawa, and recall that DN4(¢) is the projection
of ¢ to ker £, along C; this means that there is a function g € X'(£2) such that
DNa({)=Ca+g—goT (5)

(where (4 = ¢ — [ (dpa € ker pa) and that ZL4(DN4(¢)) = 0. In particular, we have
%A(DNA(C)) = O; thus,

g = MA(DNA(Q) — Ca) = —Ma(() = ZZQCA-

1>1

This leads us to

/ (I Z) " pa DNA(C) djin

:/Ziﬂf\@fx'CAdMAJr/foWA'QdMA—/ZgﬁwA'gonMA

1>0 1>0 1>0
:/ZgﬁwA'CAduAJr/ZXA@A'ngA—/Zfﬁ;HSOA'QdMA
1>0 1>0 1>0

:/Zf,Z@A'CAdMAﬂL/@A'ngA
i>0
:/ngi%@fx'CAdMA+/90A'Z-$,fxCAdMA,

i>0 i>1

and, using the invariance of ;14 under .Z;:
[0 =207 ea - DNAC) di
= /SOACAdMAJrZ/ (pa-CaoT' +@aoT" - Ca)dpua,

i>1
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where the sum converges (exponentially).

Finally, we observe that there is no use normalizing both ¢ and (, since for example
[ paCadpa = [ @aCdua. All (4 can therefore be replaced by ¢, and we get the desired
formula. O

5 A Riemannian metric on the space of normalized
potentials

The goal of this section is to define and to study a (weak) Riemannian metric on the space
of Gibbs measures. More precisely, we construct a Riemannian metric on the manifold
of normalized potentials, which corresponds equivalently to a Riemannian metric on the
quotient space Q@ = X' (£2)/C, and relates in various ways to dynamical quantities. After
a conformal rescaling by the metric entropy, this metric is very closely related to the
metric defined by McMullen [McMOS§]| (see also [BCS15| and references therein).

5.1 Weak and strong inner products on Banach spaces

Consider a positive symmetric bilinear form (-,-) on some Banach space ). There are
two possible definitions of positive-definiteness. The first one is a copy and paste of the
finite-dimensional definition, that is, we ask that

Vy#£0eY: (y.y)>0.

In this case, one says that (-, ) is weakly positive-definite. The second one is to ask that
the Banach norm ||-|| of ) controls (-, ) from below, that is,

IC>0vyeY: (y,y) = C|yl?

In this case, one says that (-,-) is strongly positive-definite; note that this condition
implies weak positive-definiteness.

Most of the time, one is only interested in bilinear forms which are continuous with
respect to the Banach topology of ). But if (-,-) is both continuous and strongly
positive-definite, then its associated norm is equivalent to ||-||, and in particular ) must
be isomorphic to a Hilbert space. Therefore, most Banach spaces have no continuous,
strongly positive-definite inner product.

We shall say that (-,-) is an inner product if it is continuous and weakly positive-
definite, and use the term semi-definite inner product for a merely continuous, positive
semi-definite symmetric bilinear form. By a Riemannian metric on a smooth Banach
manifold, we mean a field of inner products on the tangent spaces, such that when
translated in a chart, the inner product depends smoothly on the point, that is, it
defines a smooth map from the domain of the chart to the Banach space of symmetric
bilinear forms.

As a last remark, note that when (-, -) is an inner product inducing a complete norm,
it endows ) with a second structure of Banach space (more precisely a Hilbert structure
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of course). Then the the identity map ) — ) is a continuous bijection between the two
Banach structures at hand, and is therefore an isomorphism. This implies in particular
that (-,-) is strongly positive-definite. In other words, inner products which are not
strongly positive-definite induce a norm which is never complete. This means that there
will be a relatively subtle interplay between the topology of ) and the measurements
made from (-, -).

5.2 The Variance metric

Now, we introduce our proposed metric. Its main properties are summed up in the
following result.

Theorem 5.1. There exists an analytic map from X (§2) to the space of its continuous
symmetric bilinear forms, which maps any potential A to a semi-definite inner product
(-,-)a such that:

1. (-,ya restricts to Ta4N into an inner product for all A € N, thus inducing a
Riemannian metric on N,

2. this Riemannian metric coincides with the one obtained from L*(pa):
VAN CETING (0,00 = [nCdua

3. for all A, (-,-) 4 induces a well defined inner product on Q, thus inducing a Rie-
mannian metric on this quotient space,

4. forall A, ¢, € X(Q), it holds:

d

el dpeagee

= <907 C>A7

t=0

5. forall A, € X(Q), it holds:
1 n—1 ‘
Var(CA,;LA) = hmﬁ/ (;QA\OT%)QCI[LA = <<, C)A

Of course, the metrics in A and X(Q)/C correspond one to the other through the
natural identification between these two spaces. There is really only one Riemannian
metric, which can be viewed in two ways. Any of the last two items completely specify
(-,-)a, and can be taken as a definition. Our point here is that these expressions define
the same bilinear form, inducing an inner product on Ty N.

The end of this section is devoted to the proof of Theorem 5.1. The first step leading
to this result is to observe that the expression in Corollary 4.3 is symmetric: in the
right-hand side, ¢ and ¢ play the same role (up to normalization, but the formula holds

26



and was even proved with ¢ also normalized to (4). This means that the function against
which g4 is tested and the direction in which A is moved play precisely the same role in
the evolution of the integral, a somewhat surprising connection (but which also follows
from Corollary 3.6 and the Schwarz Lemma). It also indicates that the right-hand side
in Corollary 4.3 defines a symmetric bilinear form: given A € X (£2), we define for all

n,¢ € X(Q):

<77,C>A—/77A CAdMA-FZ/ Na-CaoT +ma0T" - (a)dua

1>1

/77.4 Cadpa + Z/ Ny (na) - Ca+ 14 Ly (Ca)) dpa

1>1

The second expression shows that (1, ()4 is a well defined number, and that it defines a
continuous symmetric bilinear form on X (Q2). It also follows from Section 4 that (-,-)
depends continuously on A; in fact the analyticity of (-,-) 4 follows from Corollary 3.6
in the same way as Corollary 3.7: we have ((,n)4 = D?*(log A)(¢,n) which depends
analytically on A.

From Corollary 4.3, we see that

(n,Q)a = /(1 — L) (M) - DN4(C) dpua, (6)

which seems asymmetric but will be useful.
As it is, (-,-)4 does not define an inner product, because it is not weakly positive-
definite.

Proposition 5.2. The symmetric form (-,-,) 4 is positive semi-definite, and for all A €
N and ¢ € TAN we have (¢, ()a = [(*dua. Moreover given A,¢ € X (), the following

three statements are equivalent:

1. <C777>A =0, for all ne X(Q);

2. <<7 C>A
3. CeC.

Proof. First, observe that when A € N and ¢ € TyN we have (4 = ¢ and Z4(¢) = 0,
so that:

€0a= [ Gadia+ Y [ (23 -ca+Ga- 236 dua = [ ¢-Cdun

i>1

It is clear that 1 implies 2, and (6) shows that 3 implies 1. Let us show that 2 implies
3. Since (-, )4 does not change if we add a constant or a coboundary to A (i.e. it only
depends on py4), we can assume that A is normalized.

Suppose that ( is isotropic, i.e. ((,()4 = 0. By Proposition 3.3, we decompose
¢ =+ f, where (' € ker %4 and f € C. Then, ((',(")a = ((,()a, since C is in the
kernel of (-,-)4. Thus, we get 0 = (¢/,(")a = [(?dua. It follows that ¢' = 0 and
(=feC. ]
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The last line of this proof is where we use (H5).

Definition 5.3. Let A € X(2) be any potential and [A] € Q = X (£2)/C be its class
modulo C. For all [n],[¢] € Q, we define

([l [y iay = (0, €) s

which is well-defined by Proposition 5.2, i.e. does not depend on the chosen representa-
tives in each class. If A € N, we still write (-, -) 4 for the restriction of this inner product
to TyN. Proposition 5.2 shows that both these products are weakly positive-definite,
and thus induce a norm on the Banach space they are defined on (Q and TyN = ker £,
respectively). We denote both norms by ||| 4, i.e.

1Cla = V(¢ Q)as

and we use this notation for general ( € X'(€2).

Let us now prove the last statement of Theorem 5.1. As usual, we can define the
variance of a function in ker pi4 by

n—1
Var((A,,uA) = hm%/(;(AOT1>2dMA

By direct computation, we obtain

/(iQAOTi)Qd#AZnz:l/CAOTi'CAOTdeA
1=0

1,j=0

=[Gtz 3 [ ot

0<i<j<n—1
n—1
= ”/CZdMA +22(n— k)/CA CaoTFdpa.
k=1
Assume without loss of generality that A is normalized. Then,
1 n—1 N2 n—1
E/ <ZCAOTZ> dpa = /Cf;dMA+QZ/CA'§AOdeMA
i=0 k=1
2 n—1
- Z/k«gf(%) Cadpa,
k=1

where the last term is bounded in norm by O(w Sore ké*) with 0 the spectral gap
of &£ A-
It follows that for all A, we have

Var(Ca, p1a) = |I<|I%
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which, as usual in common examples and as follows from Proposition 5.2, vanishes
exactly when ¢ € C.
This concludes the proof of Theorem 5.1, and of Theorem D once one observes that

D2(10gA)A = DGA = <~, '>A-

Remark 5.4. We have thus recovered in our setting the convexity of log A, which will
be given — as is customary— an interpretation in term of “pressure” below.

A notable consequence of this is that the submanifold N does not contain any straight
interval: it is contained in the zero level set of log A, so that any straight interval in A
passing through A would have its direction in T4AN and in the kernel of (-, )4, whose
intersection is trivial.

6 Regularity of the Gibbs map: the Wasserstein
structure

The development of optimal transportation and more precisely of the 2-Wasserstein
distance has let an alternative differential structure for the set P()) emerge, notably
driven by the work of Otto [Ott01]|, Benamou and Brenier [BB00| and Ambrosio, Gigli
and Savaré [AGS05]. We shall rely on the formulation given by [Gigl1], which allows to
define the differentiability of a map at a point (as opposed to more global notions, such
as speed vectors defined almost everywhere). One could in principle consider the case
when € is a Riemannian manifold, but for simplicity we shall restrict to Q = S!' = R/Z
throughout this section.

6.1 Elements of optimal transportation

We will not give much details on optimal transportation, but many references are avail-
able (e.g. [Vil09] for a comprehensive source). Let us say that the 2-Wasserstein distance
W, is a metric compatible with the weak topology, defined on P(2) as the least cost
needed to move one measure to another, when the cost to move a unit of mass is pro-
portional to the squared distance between the starting point and the stopping point.

For each 1 € P(S'), Gigli introduces a tangent space 7,,/P(S') which may be only a
metric cone, but turns out to be a Hilbert space in a number of cases. There are several
possible definitions of such a tangent space (or cone), e.g. in term of geodesics, in term
of measures on the tangent bundle, or in term of vector fields on the manifold; the work
of Gigli ties all these points of view together when p belongs to a certain class of “nice”
measures. In the present one-dimensional case, the relevant class to be considered is the
set of atomless measures. Assuming p € P(S!') has no atom, one can consider as tangent
space to P(S') at p the space

L2 ()

T,P(S') = Li(n) == (V]| ] € O~ (S, B))
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of vector fields on S* which are square-integrable with respect to p and which are limits
of gradients of smooth function in L?(u) (note that the quotient structure of S' = R/Z
makes it possible to identify all tangent spaces of S' with R, so that we can see vector
fields as functions, and V f is simply f’). There is an obvious exponential map: given
pand v € T, P(S") one sets exp,(v) = (Id +v)upu, i.e. the mass at any point z € S' is
moved to z 4+ v(z) mod 1. Then for each v € T,/P(S'), one gets an exponential curve
(exp,,(tv))icfo,e) Which has the property that

Wa(p, exp,,(tv)) = t]jol|, + o(t)

where ||v]],, is the L?(u)-norm of v (here the fact that v can be approximated by gradients
is crucial).

We will say that a curve ¢ — p; from an interval to P(S') is Wasserstein-differentiable
at to with tangent vector v € T}, P(S') whenever it holds

Wa(jtag s, €D, () = o).

Similarly, a map H : J) — P(S!) from a Banach space to the set of probability measures
on St is Wasserstein-differentiable at a point A € Y in a direction ¢ € ) whenever there
exist v € T, P(S') such that

Wa(H(A+1€), expya)(tv) ) = oft)

i.e. the tangent vector v describes the first-order variations of H in the Wassertein
distance. Of course, one can define more stringent versions of this definition (Fréchet-
like rather than Gateaux-like), but since our result is negative we get the strongest
statement by sticking to the weakest definition.

When 2 is a manifold, in each of its variations (Gateaux or Fréchet), Wasserstein
differentiablity is stronger than the corresponding variation of affine differentiability be-
cause of the continuity equation below; roughly, affine differentiability is about recording
the “vertical” variations of the measure, i.e. the variation of weight it gives to any given
set, while Wasserstein differentiability is about recording the “horizontal” variations of
the measure, i.e. how one should move the mass in the most economical way in order to
obtain the given change of measure. The physical principle of mass preservation leads
to the continuity equation, which in the present case {2 = S' has the following form:

Lemma 6.1. Assume that (u;); is a curve of probability measures on S' which is dif-
ferentiable at 0 with tangent vector v € T,,P(S"), then for all smooth function ¢ we

have
= / v dpo.
t=0

The most common version of the continuity equation is stated for curves of measures,
with the above equality integrated over time. The proof of the present version is very
simple and can be found in [Klo15a].

d

— d
dt © bt
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A curve (z¢)ier in a metric space is said to be absolutely continuous whenever there
is a positive function g € L'(I) such that for all to,t; € I:

t1
o) < [ gls)ds

to
(note when considering a curve (p;) in P(2), that this notion as nothing to do with
each measure p; being absolutely continuous or not!) In other words, an absolutely
continuous curve is a curve whose speed exists almost everywhere and is integrable. A
particular case is given by Lipschitz curves, whose speed is in L°°; absolute continuity is
therefore a very mild regularity condition. A Rademacher theorem holds in this setting:
an absolutely continuous curve in P(S') endowed with the 2-Wasserstein distance is
differentiable at almost every time and satisfies the mean value theorem (see [AGS05]).

6.2 Roughness of the Gibbs map in the Wasserstein space

We are now in a position to state and prove the main result of this section, which shows
that the Gibbs map is very far from being Wassertein-smooth.

Theorem 6.2. Assume T is v — dr mod 1 acting on S' and X(S') is the space of
a-Hélder functions for some o € (0,1]. If (A;); is any smooth curve in X (S'), then its
image curve (ua,): under the Gibbs map is not (even locally) absolutely continuous in
(P(SY), Ws) unless it is constant (i.e. unless Ay € Ao+ C for all t).

Recalling the interpretation of the Wasserstein metric W5 above, we see that changing
smoothly the potential changes smoothly the levels of the Gibbs measure (Theorem
4.1), but in a way that corresponds to brutal reallocations of the mass distribution
(Theorem 6.2). This result should be compared to Corollary 1.3 in [KLS14|, where a
Lipschitz-regularity result is proved for the Gibbs map when P(Q2) is endowed with the
1-Wasserstein distance (which however does not yield a differentiable structure).

The proof mostly relies on the following point-wise non-differentiability result.

Proposition 6.3. Under the same assumption as in Theorem 6.2, consider the Gibbs
map G : Hol,(S') — P(S') sending each A to pa.

If G is Wasserstein-differentiable at any potential A in any direction (, then either pa
is the Lebesque measure (i.e. A € C) or the derivative vanish (i.e. Wa(ptayic, pta) = o(t)).

Proof. Assume that G is Wasserstein-differentiable at A in the direction (.
If ¢ is any smooth function, on the one hand the continuity equation gives

d
= / @'vdpa
t=0

— d
dt YA A+t¢
where v € L*(ua) is some vector field (which can be approximated by gradients in
L*(p14)); on the other hand section 4 gives

d

wl¢ dpatee

— [~ 22 (o) DNAC) dua

t=0
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We get two very different-looking linear forms in ¢ which both describe the variations
of its integral. The proof will thus be complete as soon as we prove that unless 4 is
the Lebesgue measure, these two forms can agree only by vanishing.

For this, we use the following approximation lemma.

Lemma 6.4. Let p be a measure on S* which is singular with respect to the Lebesque
measure and without atoms; then for all f € L*(u), and all 8 < 1 there is a sequence of
smooth functions ¢, : S' — R such that @), — f in L*(1) and @, — 0 in Holg(Sh).

Proof. We first claim that when I C [0,1] is an interval of length ¢, w : I — R is
measurable and p-essentially bounded by some number M, and £ > 0, there is a smooth
function ¢ : I — R such that ¢ and all its derivatives vanish at the endpoints of I,
lelloe <& ¢l < M, and [ (" —w)*dp < €2¢%,

Let n > 0 be arbitrary, to be chosen later on. Since p is concentrated on a A\-negligible
set, there is a finite set of intervals I,...,[;, C I with disjoint interiors whose total
length is less than 1 and whose complement J = I\ ([; U---U I}) is given by p a mass
less than 7. Let w; be the function which:

e is constant on each [;, with value the p-average of w on I;,
e is constant on J, with value such that f ;wdA = 0.

By taking 1 small enough and by dividing the intervals [; into smaller intervals, we can
ensure that [(w — wq)?*dy is arbitrarily small.

Let wy be a smooth approximation of w; such that [(w — ws)?dy stays small, ws is
bounded by M, [ ;w2 = 0, and wy is zero on some neighborhoods of the endpoint of 1
(this last condition is easy to fulfill since p has no atom).

Define a smooth, M-Lipschitz function ¢ by

oa) = [ uslt)ar

where a = min [ is the starting point of 7. Then ¢’ = ws is close to w in L?(u, I) norm
and bounded above by M (though ¢” is extremely large), and ¢ and its derivatives
vanish at both endpoints of I. The uniform norm of ¢ is then bounded by M, and can
thus be made arbitrarily small, proving the claim.

Now, given v and an integer n, choose a pu-essentially bounded function v which is
1/n-close to v in L?(u), call M its essential bound, then choose ¢ small enough to ensure
that (1M < 1/n. Divide S! into intervals of length ¢ and apply the claim to each
of them. The boundary conditions enable us to glue the smooth functions defined on
each interval into a smooth function ¢,, defined on S', such that ¢/, is M-bounded and
1/n-close to v in L?(p) and ||, ||ee < 1/n. For any z,y € S, when |z — y| < £ we get

|on(7) — n(y)] B o
T <l =y < MetP <
|z =y n
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and when |z — y| > ¢ we get

[on(@) = Pa(@)] _ [n(@) =01+ 10 = wuly)| _ _2M¢
e —ylF |z —y|? e —yl?

<2MOP <2/,

This proves the Lemma. O

Now we simply apply the Lemma to f = v, and f = «a if a < 1, or any lower (3
otherwise (using that the thermodynamical formalism holds for the current 7" with any
B). This gives us smooth functions ¢,, such that

ood
/ v dpa = lim T / n dpiate

(every operator being interpreted in the S-Holder space if necessary) so that v vanishes
pa-almost everywhere, and the Wasserstein derivative of ji44 vanishes. O

— [(=22)710)- DNA) dua =0

t=0

Proof of Theorem 6.2. If (u4,); is absolutely continuous, it is differentiable almost-every-
where and from Proposition 6.3 we deduce that at each ¢ such that p4, is differentiable
and not Lebesgue, its derivative vanishes. The mean value inequality then ensures that
(f14,) must then be constant. O

We end this section with some open questions. First, Proposition 6.3 leaves open the
following.

Question 6.5. In the case of T : x — dr mod 1, is the Gibbs map differentiable at A
when A € C (i.e. when p4 is the Lebesgue measure)?

Second, note that the analogue of Theorem 6.2 for the shift is true independently of
the map G, since the 2-Wasserstein space of an ultrametric space such as AN contains
no absolutely continuous curve at all (see [Klo15b]). But the 2-Wasserstein space of a
manifold contains plenty of absolutely continuous curves (it is even a geodesic space),
so when (2 has a smooth structure, the irregularity of G with respect to the Wasserstein
metric can be somewhat surprising. One then wonders how much it has to do with G,
and how much it has to do with its image:

Question 6.6. Assume 2 is a manifold and 7" is smooth. Are there any non-constant,
absolutely continuous curves () in (P(§2), W) such that p; is T-invariant for all ¢?
What about the subset of Gibbs measures with a-Holder potential?

In other words, we ask whether the set of T-invariant measures is a nice, somewhat
smooth subset of the set of all probability measures, or if from the Wasserstein point of
view it is a very irregular subset of P(S') (one can think of the Von Koch curve in R?
as an example of a connected, very irregular subset of a smooth space).

7 Application to equilibrium states

In this section we use the differential calculus developed above to study several classical
optimization problems.
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7.1 Entropy and pressure

Given our broad framework, we shall use the following Legendre transform definition for
entropy: for any T-invariant measure v, we set

hy(v) == fi‘g{(log)\A—/Adl/).
Note that this quantity a priori depend on the chosen class of function X'(2); but in
many cases it is in fact equal to the metric entropy of p, see remarks 7.5 and 7.8. The
assumption (H6) ensures that X'(£2) is quite large, preventing hy to be too degenerate.

Remark 7.1. The number log A4 — [ Adv only depend on the class [A] of A modulo C
(adding a constant to A changes log A4 and [ Adv by the same additive constant, and
adding a coboundary leaves both terms unchanged). In particular, one can rewrite

hx(v) :Agﬁf (—A)dv

and observe that A(y) = loge*®) where

eAW)  when T(y) =z

0 otherwise

Plx — y) := {

defines transition probabilities for a Markov chain on {2 supported on backward orbits
of T'. In other words, H, is the infimum of [ ( —logP(T'(y) — y)) dv(y) over Markov
chains supported on backward orbits of T', such that transition probabilities depends on
the endpoint, with a regularity specified by X ().

Together with such a definition of entropy naturally comes a dual quantity, the pres-
sure: for any potential B € X (£2) we set

Pr(B) := supﬂ) (ha(p) —I—/Bdu).

HEPT(

In many cases (e.g. shift in the Bernoulli space), this turns out to coincide with the
classical topological pressure (see again remarks 7.5 and 7.8). Here we will concentrate
on the study of the above Legendrian formulations for these quantities, as they fit our
framework most naturally.

One of our main concern is to understand when and where the above infimum and

supremum are attained; we thus consider the families of functionals defined for u,v €
Pr(2) and A, B € X(Q2) by

H,(A) =log A4 — /Adl/

Palk) =) + [ By
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The functional Pg is defined for all T-invariant measures but we shall also study its
restriction to Gibbs measures, considered as acting on potentials:

Pa(4) = b(u) + [ Bdus

We will abusively use the same name Ppg for the map defined on invariant measure,
the map defined on potentials, its restriction to normalized potential and the map it
induces on the quotient Q@ = X(Q2)/C. The way we write the argument (Pg(pa), Ps(A)
or Pg([A])) will usually make the difference clear.

Since H,, is C-invariant,it induces a functional on the quotient Q, which we still denote
by H,.

7.2 Classical equilibrium states and Legendre duality

7.2.1 The entropy functionals

We start with the study of the functionals H,.

Proposition 7.2. For all v € Pr(Q), the functional H, on X () is analytic with

D(H)AQ) = [ Cana— [ can

Moreover the map [A] — H,([A]) induced on Q is strictly convex.

Proof. Let us recall that A : X(Q) — (0,+00) is the analytic functional defined by
A(A) = A4, and that for all A,¢ € X(Q) we have D(logA)4(¢) = [¢dua (Corollary
3.6). Since the second term in H,(A) =logAs — [ Adv is linear and thus analytic and
equal to its derivative at any point, H, is analytic with D(H,)4(¢) = [(dpa — [ ¢ dv.
The second term is constant in A, and by the work of Sections 4 and 5 the second
derivative is given by

D*(H,)(¢,n) = DGa(n)(¢) = (n,C) a-

In other words, considering the functional H, induced on Q we have D*(H,) = (-, )4
which is positive-definite, proving the strict convexity on Q. n

Note that we do not have uniform convexity (even locally) since the inner product is
only weakly positive-definite (there are directions [(] with fixed size ||[¢]|| such that the
“convexity” ||[¢]]|fa) is arbitrarily small). Of course, H, is only weakly convex on X'((2)
since it is constant along each fiber A + C.

Proposition 7.2 now implies the following result.

Corollary 7.3. When v = pp for some B € X(R2), then H,,([A]) is uniquely minimized
at [A] = [B] and thus

h(us) = log s~ [ Bdpn =~ [ N(B)dus

When v is not in the image of the Gibbs map, H, does not reach its infimum.
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Note that a normalized B is non-positive and non-zero and has A\g = 1, so that
hx(pup) > 0 (use (H5) to get the strict inequality).

Proof. Hypothesis (H6) implies that X'(£2) “separates measures” i.e.

(VCGX(Q):/{du:/Qdy> — u=v

Using D(H,)a(¢) = [ {d(ua — v) we see that when v is not in the image of the Gibbs
map H, has no critical point, hence no minimum; and when v = ppg the critical points
of H,, are exactly the potentials A such that 14 = up. Going down to the quotient we
get only one critical point [B] and the strict convexity implies that this critical point is
the unique minimizer. O

Remark 7.4. At first glance, it looks like we used that the Gibbs map G : A — 4 is
one-to-one in this proof, while we were only able to prove it in some cases in Remark 2.11.
But in fact, the above proof rather implies the injectivity of G, as by strict convexity
for all v it can exist at most one critical point of H, on Q.

Remark 7.5. When v = up is a Gibbs measure we thus obtain

b (jiz) = / (— log "PW) dyup(y)

where V() can be interpreted as a transition probability, or as the Jacobian of “dy/djo

T” (Remark 2.11). This can be used for some (2, T, X'(£2)) to show that hxy(up) is equal
to the metric entropy h(pp); in particular this is the case for the shift o acting on the
Bernoulli space AN with Hélder potentials (the Classical Thermodynamical Formalism
in the sense of [PP90]).

In this case (o, AN, Hol,) the equality hy(r) = h(v) extends to any invariant prob-
ability v. Indeed by Theorem 9.12 in [Wal82] for any o-invariant probability v on the
Bernoulli space, the metric entropy h(v) satisfies

hv) =t Py - /Ady}
AeCO(AN)

where P is the topological pressure. As topological pressure is a continuous function on
the continuous potential A (see Theorem 9.7 in [Wal82]) and the set of Holder functions
is dense in C°(A"Y), the infimum above can be restricted to the Holder potentials A. For
Holder potentials the pressure satisfies P(A) = log A4 and this shows that hy(v) = h(v).
Of course this reasoning applies to all cases when the topological pressure coincides with
log A and the metric entropy is the Legendre dual of pressure.

The analogous results is proved for Gibbs plans in Lemma 6 in [LMMS]. An invariant
probability is particular case of a Gibbs plan (see equation (1) in [LMMS]) and this
provides another proof for the equality of entropies.
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7.2.2 The pressure functionals

We are now in a position to extend the following classical result to our general framework.

Theorem 7.6 (Gibbs measures are equilibirum states). For all B € X(Q2), we have
Pr(ug) =log A\p and up is the unique mazimizer of Pg(p) = hx(p) + [ Bdp among all
T-invariant probability measures.

Proof. Simply observe that

P, —1 = inf A)— H,(B).

B(1) —log A Aelg(ﬁ) u(A) u(B)
Consider the functional A — H,(A) — H,(B): it takes the value 0 at A = B and by
Corollary 7.3 this is its infimum precisely when p = pg. We deduce that Pg(up) = log A
and that for any other measure u € Pr(2), Pg(u) < log Ap. O

Remark 7.7. The expression Pr(up) = log Ag shows that Pr and hy are really Legen-
dre duals one to the other, since we can now write the later hy(p) = inf 4 Pr(A)— [ Adu.

Remark 7.8. We can deduce from that result that hy is the metric entropy and Pr the
topological pressure whenever we know the later to be equal to log A and the former to
be its Legendre dual. In particular, this holds when T is the shift over a finite alphabet
and X = Hol,, but of course in this case it is possible and more satisfactory to prove
that hy and Pr are the classical quantities® and recover their interpretation in terms of
eigenvalue and Legendre dual by the above.

Remark 7.9. As a particular case, the measure of maximal entropy is unique and equal
to pp where 0 is the zero of X'(£2). One can then describe i as the stationary measure
for the Markov chain on €2 defined by the normalized potential N(0). When T is d-to-
one, then —logd is obviously normalized and in the class of 0 modulo C, so that the
measure of maximal entropy is the stationary measure for the uniform random walk on
backward orbits of T'.

However, this hides some complications when points of €2 do not all have the same
number of inverse images under the action of T it might then be quite difficult to
express N (0).

7.3 Gradients and gradient flows
7.3.1 Computation of some gradients

We can now use the metric (-, )4 to define the gradients of the functionals hy and Ppg.
Note that a weak Riemannian metric such as (-, -) 4 does not give a gradient to all C"
functionals: indeed (-,-) 4 induces a continuous, one-to-one map from the tangent space

SFor example one can proceed as in [LMMS15], noting that we use here the classical normalization.
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of N to its dual, but this map is not onto.” Only those functional whose differential
belong to the image of this map will have a gradient.

First, the results of Section 4 and the very definition of the metric yields that G, :
[A] — [ @ dpa defined on the quotient Q has a gradient:

D(Gy)a(C) = (¥, ()a

(], [CDra
VG, ([A]) = [#]-

Similarly, the function A — [ ¢ dua defined on N has a gradient at A, given by DN4(p)
(recall that the gradient must be a vector in TyN = ker £ and that DN, is precisely
the projection on this space along C).

Then, we consider the map A +— hy(pa). As before, we will abusively denote by hy
this map, as well as its restriction to N and the map it induces on Q.

From hy(A) = — [ N(A)dua, the product rule yields

Db )a(¢) = — / DNAC) dpa — (N(A), )
= <_A7 C)A

since DN4(¢) € ker £y C kerpus and C = ker(-,-) 4. This computation shows further
that hy (now considered as induced on Q or restricted to A') has a gradient:

Vhy([A]) = —[A], oragain Vhy(A) = —DN4(A) when A € N.
Observing that Pg(A) = hy(A) + Gp(A) we thus proved the following.

Proposition 7.10. The maps G, hy and Pp have gradients for the weak Riemannian
metric (-,-)a, given by

VG, (A)) = [¢] VG, (A) = DNA(¥)
V he([A]) = —[4] Vha(A) = —DNa(A)
V(Pg)([4]) = [B - A V(Py)(A) = DNA(B — A)

where the functionals are considered either on Q (left column) or N (right column).

7.3.2 Gradient flow

One particularly nice feature of the gradient of the pressure Pg computed in Section
7.3.1 is that it straightforwardly induces a gradient flow: for all [Ay] € Q, there is a
differentiable curve [A;] such that for all ¢

d

&[At] = V(PB)(At)-

"If it where, by Banach’s isomorphism theorem the map ¢ + ((,-) 4 from X () to its dual would be
an isomorphism, which is equivalent to (-,-) 4 being strongly positive-definite.
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Indeed, a solution is given by
[A;] = e "[Ay — B] + [B].

Let us give a physical interpretation when 7' is the shift: we consider a system con-
sisting of a Z-lattice of particles, a potential Ay then represents a combination of the
interaction (and self-interaction) energy of the particles and of the temperature, the
Gibbs measure gy, is an equilibrium state (which minimizes the “free energy” —Pjy,)
and represents the macroscopic state of the system at equilibrium. Assume now that
this system interactions changes instantly to be now described by the potential B. The
gradient flow above is a natural and simple model for the evolution of the macroscopic
state of the system, where the systems evolves “driven” by B. Note that in this interpre-
tation, the state of the system out of equilibrium is an equilibrium state for a varying
potential.

Remark 7.11. Let us consider a particular case, where the interactions are constant
and only the temperature changes: A, = Tioap and B = Tilgo for some ¢ € X(Q);
this corresponds to a system in contact with a heat bath whose temperature changes
suddenly. According to our model, the system then evolves only in its temperature, as

_ _ 1
4] = '[A0 = Bl + [B] = (¢ (7 — 72) + 7))
will be proportional to [¢] for all £. Note that here, ¢ should not be considered as the
time as the speed of evolution of temperature would not be right. It might be possible
to give a physical interpretation to the parameter ¢, or to rescale the functional Pg and
the metric in a way to obtain a physically sound evolution of the temperature.

Remark 7.12. Beware that this gradient flow really takes place on Q (or equivalently,
on N): it is not defined on the whole of X' () because there the metric has a non-trivial
kernel. Also, we cannot see this gradient flow as taking place in the set of invariant
measures with the Wasserstein structure, because of Section 6: the Gibbs map is not
differentiable, and when (A;) is a integral curve of our gradient flow, the curve (p4,) is
not absolutely continuous (Theorem 6.2) and in particular not a gradient flow curve in
the sense of Ambrosio, Gigli and Savaré [AGS05].

7.4 Prescribing integrals

In this section we study how one can find Gibbs measures with prescribed values for
the integrals of a given set of test functions. This is both an application of the tools
we introduced here (in particular, the weak metric of Section 5 makes the proof quite
easy), and a main ingredient in the proof of existence and uniqueness of equilibrium
states under linear constraints.

Fix a tuple of test functions ® = (¢1,...,9x) € X(Q)E; we want to study the set
Rot(®) of possible values taken by the rotation vector

rv(p) = (/(pldp,...,/goKd,u) e RE
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where p runs over the set Pr of T-invariant probability measures, and the freedom one
has to prescribe the values of these integral with respect to a Gibbs measure.

It is well-known and straightforward that Rot(®) is convex; it must also be bounded
since potentials are assumed to be bounded by (H1).

Observe that if the classes modulo C of the ¢, are linearly dependent, then their
integrals with respect to any invariant measure must satisfy a linear relation. Let us be
more specific: if g — go T + ¢ is any element of C and p is any T-invariant probability
measure, then [(¢9 — go T + ¢)du = c. Therefore, if there is a non-trivial relation
> xklpr] = 0 then there are g € X and ¢ € R such that Y zrpr =g —goT + ¢ and for
all € Pr we get the relation > xy, [ ¢ du = ¢, constraining the vector of integrals to
an affine subspace of RX. But this constraint on the rotation vector can be worked out
from the ¢y, and one can restrict to a maximal subset of indexes S C {1,..., K} such
that the family ([px])res is linearly independent. Then the corresponding integrals will
determine the integrals of all ;. This procedure reduces the problem to the case when
the [py] are linearly independent, which we will always assume in the sequel.

We then get the following (which does not pretend to much originality, see [KW14] and
[Jen01]; note that our proof is close to the one by Kucherenko and Wolf, but the metric
(-,-) a4 makes the injectivity of the Jacobian obvious and we use a differential-geometric
argument to show that the map is onto).

Theorem 7.13. Let ® = (¢y,...,0x) € X(Q) be such that the classes [p1],. .., [¢K]
modulo C are linearly independent. Then for all B € X (), the map

R® — int Rot(®)
(ab s 7aK> = rv(/’l’B+CLl<Pl+"'+(lK4PK>

is an analytic diffeomorphism; in particular Rot(®) has non-empty interior and all its
interior values are achieved by Gibbs measures.

Proof. Consider the analytic maps
I:RY = X(Q)
a=(ag,...,ag) — B+Zakg0k
where B is any fixed potential,
J:X(Q) — RE

A (/Qpld/vLAu'-w/SoKdﬂA)

and their composition L = Jo I : RX — RX. We also denote by L;, the k-th component

of L, ie. Ly(@) = [ vr dpra).-
The differential of L is given by Sections 4 and 5:

g_zf(a) = ([ex], [2i]) 1(@)-
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This defines a Gram matrix, which is invertible since the [¢g] are linearly independent;
it follows from the local inverse function theorem that L is a local diffeomorphism.

If B is any potential, this implies that L(B) is in the interior of the image of L, in
particular in the interior of Rot(®) (which must thus be non-empty).

What we have left to prove is that L is a global diffeomorphism from R¥ to int Rot(®).
Since that interior is diffeomorphic to RX, a Theorem of [Gor72| reduces this to prove
that L is proper when its codomain is taken to be int Rot(®), i.e. that whenever
a sequence 7™ escapes compacts of R¥ the points L(z™) escapes the compacts of
int Rot(®). In other words, we want to prove that if ™ — oo and L(z™) converges,
the limit lies on 0 Rot(®).

Now, if 2" — oo and L(z™) converges, up to taking a subsequence we can assume
that z(,) = t,u + o(t,) where (t,) is a diverging sequence of positive numbers, and % is
a unit vector in R® (this is simply the compactness of the unit sphere).

Observe that if Z is a boundary point of Rot(®) and ® = > yre; (where (ef) is the
canonical dual basis) is a linear form of R® whose maximum on Rot(®) is reached at 7,

then
®(z) = maX{/Zyk‘Pk dp ‘ JUAS PT},

and reciprocally points maximizing a linear form must lie on the boundary.

Back to L(z™), we have I(z™) = t,05 + o(t,) where vz = > uppy. The variational
principle tells us that ji ;) maximizes hy(u) + [(tnpa + o(t,)) dp and it follows that
the accumulation points of this sequence of measures are all maximizing measures of ;.
This precisely means that the limit of L(z(™) is a boundary point, and we are done. []

As a by-product of this result, we get the following.

Corollary 7.14. If X(Q) is separable,® then the set of Gibbs measures G(X(Q)) is
weakly dense in Pr().

Proof. By assumption, there is a sequence (¢x)ren of elements of X(2) such that all
continuous f : 2 — R is the uniform limit of a subsequence (¢, )ien-

Let pu € Pr(Q); from Theorem 7.13, for each K € N there is a potential Ax € X(2)
such that

1

Given any continuous f : Q@ — R and any ¢ > 0, there is some ky such that ||f —
ko lloo < €. For all K > max(ko, %) we thus have

]/fduAK—/fdu] < ]/fduAK—/wkod/mk‘+’/<pkoduAK—/wkodu‘
+‘/¢kodu—/fdu‘

< 3e

Letting e — 0, we see that [ fdua, — [ fdu, so that (pa, ) converges weakly to p. [

80r more generally if in (H6) the approximation can be obtained from a fixed countable subset of X
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7.5 Optimization under constraints

Our goal here is to optimize the Pg functionals (for example, the entropy hy ) on natural
subsets of invariant measures, obtained by constraining the integrals of some functions.
These questions have been considered by Jenkinson [Jen01] in the case of entropy and
Kucherenko and Wolf [KW14, KW13|, with somewhat different assumptions and meth-
ods. We believe that part of our claims are more explicit in some issues.

We fix as before test functions ® = (¢1,...,¢x) € X(Q)X and we consider the set
Pr[®] of T-invariant measures p such that [ ¢, dp = 0 for all k; among them are the
Gibbs measures whose normalized potential lies in

N[®] := {A€N|Vk:/g0kd,u,4:0}

We will also denote by Q[®] the set of classes [A] € Q = X (Q)/C such that A € N[®].
With these notation, we will prove the following constrained (or “localized”) version
of the variational principle.

Theorem 7.15. Let ® = (¢y,...,¢x), B € X(Q)K be such that the [pi] are linearly
independent, and such that 0 is an interior vector of Rot(®). For each B € X () denote
by By the unique element By = B+ a1p1+ - - -+ axpk such that [By| € Q[®] (Theorem
7.13).

Then up, uniquely mazimizes Pg over Pr[®|, and the value of the mazimum is
PB(B()) = IOgABO.

Proof. We simply observe that for all u € Pr[®] we have

Pp(p) = ha(p) + /(Bo —apr = = agpr) dip = ha(p) +/Bo dp = Pp,(p).
Applying Theorem 7.6 to Pp, we see that Pg(up,) = Pg,(it5,) = log Ap, is greater than
Pg(p) = Pg,(p) whenever p # up, is in Pr[®]. O

We can use this to recover in our setting another result from [KW14].

Corollary 7.16. Let ® = (¢1,...,pK) € X(Q), such that the [¢g] are linearly indepen-
dent and B € X (), and for w € int Rot(®) define

H(w) = sup{hx(p);rv(p) = w}.
Then H is a positive, analytic map.

Proof. By Theorems 7.13 we know that there are uniquely defined analytic functions
ay, - int C — R such that

v (Ma1(w)901+~~+ak(w)<ﬂK) =w Y

Setting A(w) = a1 (w)p1+- - -+ax (w)px and applying Theorem 7.15 to (1 —wy, . .., Pk —
wg ) we obtain

H(w) = ha(jrag) = 1og A(A(w)) — ay(w)wr — - — axc(w)wic,

proving the claim. OJ
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Remark 7.17. Assume that 7" is the shift over a finite alphabet and X = Hol, (recall
that h(x) = hy(p) in this case, Remark 7.5). Let n be any positive integer, and let
® = (¢1,...,¢x) and B be Holder functions that only depends on the first n coordinates,
and such that Q[®] is non empty.

Then we claim that there is a unique measure maximizing Pg(p) among all elements
of Pr[®], and that this measure is a (n — 1)-steps Markov measure (i.e. a Gibbs measure
fa such that N(A) only depends on the first n coordinates). In particular, applying this
to B = 0, there is a (n — 1)-steps Markov measure maximizing the entropy subject to
any finite set of simultaneously satisfiable constraints [ ¢, dy = 0 whenever the ¢y are
constant on cylinder of depth n.

Proof. The only point that does not follow immediately from Theorem 7.15 is that x4
is n-Markov. But we know that we can take A = B+ )z for some (xy); notice that
this A might not be normalized, but is constant on each depth-n cylinder.

Now, .Z4 preserves the subspace of X'(£2) made of functions that only depend on the
first (n — 1) coordinates. In particular, for all N the function .ZY (1) only depends on
the first (n — 1) coordinates. Since this is a closed space, the leading eigenfunction h 4
only depends on the first (n — 1) coordinates, and h o T only depends on the first n
coordinates.

Now N(A) = A+loghs —loghsoT —log A4 only depend on the first n coordinates,
which precisely means that py4 is (n — 1)-steps Markov. ]

Let us give a couple of examples, which we will not make as general as possible but
we will intentionally keep very explicit. Let Q = {0,1}N, T be the shift and X () be a
space of Holder functions for one of the usual metrics of 2. Given any finite word w, let
wx* be the cylinder defined by w, i.e. the set of words starting with w.

Example 7.18. Among shift-invariant measures p such that p(0%) = .9, the Bernoulli
measure of parameter .9 (i.e. the law of the word ajay ... where the o are i.i.d. random
variables taking the value 0 with probability .9) maximizes entropy.

Indeed, from Remark 7.17 we know that there is a Bernoulli measure realizing this
maximum, and the Bernoulli measure with parameter .9 is the only one to satisfy the
constraint.

Example 7.19. Among shift-invariant measures p such that p(01x) = 2u(11%), the
Markov measure associated to the transition probabilities

PO—0)=1—-a P0O—1)=a
P(lﬁ()):% IP’(1—>1):%

where a is the only real solution to

4 5

(1—a) = 370 (a ~ 0.487803)

maximizes entropy.
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It is easily seen that the constraint is satisfiable by a Markov measure, in particular by
a Gibbs measure, thus we can apply Remark 7.17to B =0, K =1 and ¢ = 119, —2- 111,
where 1g is the indicator function of the set S.

The constraints easily translates into P(1 — 0) = 3, and we define a = P(0 — 1). We
know that the Gibbs entropy maximizing measure is given by a potential of the form
A = zp where x € R; to translate this into the transition probabilities, we only have to
normalize A:

N(A) =xzp+logh —loghoT +log A

where A € R and h only depends on the first coordinates and matters only up to a
multiplicative constant; we thus define o = h(0x%)/h(1x). Letting n = e*, we then
recover the transitions probabilities as follows:

P(0 — 0) = N0 — )

( ) =
PO —1)=
P(1 — 0) = VWO — )
P(1—1)= N(A)(1x) 7772)\

e N(A)(10%) _ 7704_1)\

We then have to solve the system

l—a = A
a = na ')
2/3 = a\
1/3 = n2\

This will give the only 1 such that u4 with the above A satisfies the constraint, and
from Remark 7.17 we know that 4 maximizes entropy under this constraint; then the
corresponding value of a gives the transition probability we seek. Note that, while we
have some computation to do, we do not have to estimate the actual entropy of Markov
measures, nor do we have to compute directly the eigendata of 2.

The above system is easily solved by substitution: A = 1 — a, then a = 2/(3(1 — a)),
n=2a/(3(1— a) ) and finally the last equation yields [2a/(3(1 — a)2)}2 =3(1 —a), so
that (1 —a)® = +a?.

8 Explicit computations for a restricted model

In this section we explicitly show an example of the construction of section 5 and some of
its consequences. The dynamic we consider is the shift acting on the space {1,2}N. We
choose X’ to be the space of a-Holder functions for any «, and denote by &5 the subset of
potentials which depend only on the first two coordinates (of elements in {1,2}"). Note
that we formally cannot take A5 as our full space of potentials, since it is not invariant
under composition by 7. It is easy to check that, in this setting, (H1)-(H6) are satisfied
(or one can find all the details in [PP90]).
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8.1 A positively curved metric

If a potential A € X, depends just on two coordinates then we can write A(i, j) for the
value of A evaluated on the cylinder ijx (i.e. the elements of {1,2}" of the type ij---),
and we shall identify X, with the space of 2 by 2 real matrices. The value of e is well
defined on such a cylinder, and the action of the operator £, on potentials ¢ depending
only on the first coordinate explicitly reads

eAn A2
(a1, Zao2e) = o10) o(20) (“ )
We can thus think of the operator .Z4 as acting on a function as a left multiplication of
the matrix, and we shall denote by L the map

. B All Aqg B e A2
L:A= <A21 A22 = La= 6A21 €A22
which exponentiate each coordinates of a matrix A, and identify freely Z4 and L.
To normalize the potential, that is to find the potential A := N(A) differing from A by
a coboundary and a constant such that Z4(1) = 1, we can apply the Perron-Frobenius

theorem? to the matrix L, and solve with respect to the maximal eigenvalue and the
left eigenvector, i.e. /L4 = Asf. After the normalization, we obtain

eAld) g,
Aal;

A(i, j) =

From now on, we will assume that A is normalized and avoid the notation A.
We observe that the set N(X;) =: N3 of normalized potentials depending on two
coordinates is defined by the equations

A + ed21 — 1
A2 4 ed22 — 1

so that L(N3) is the set of 2 by 2 column stochastic matrix, denoted by Ss.

To sum up, a normalized potential in NV, can be represented by the matrix of its values
on cylinders, subject to a nonlinear system of constraints, or as a column stochastic
matrix after coordinate-wise exponentiation. We thus obtain a natural chart S : [0, 1] x

[0,1] — S, by setting
T 1-—
sen=(,", 1Y)

where 2,y € (0,1) can be thought of as transition probabilities P[1 — 1] and P[2 — 2],
respectively.

This parametrization has the advantage that S, is (an open set of ) an affine subspace
of Ms5(R): it has the same tangent space at each point, a basis of which is given by

S (1 0 s (0 —1
or  \—-1 0 gy \0 1)

9see for example [Gan59] for the exact statement.
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A tangent vector ¢ to Sy at S(x,y) shall be written as (1, 9) in this basis, so that the
corresponding parametrized line v can be expressed for s € R sufficiently small by

[ xEsh 1—y— s,

The expression above is very readable, though does not allow us to compute right
away the metric of TyN,. However, given A € N, and £ € Ty.45, by Item 2 of Theorem
5.1, we have that

(€. Cha = / ¢ dpua

It will thus be convenient to work both in N3 where the functional interpretation of
matrices and vectors is clear, and in Sy where the Gibbs measures naturally appear.
If we consider a variation exp(A;; + s¢;;) and differentiate at zero we obtain that the
system

61411<11 + 6A21C21 =0
€A12C12 + €A22C22 =0

defines TaNy C X, (in particular we see that this tangent plane depends on the point
A). If Ly = S(z,y) and ¢ corresponds to ¢ in 17, ,Ss, i.e. ©» = DL4((), it comes

(cn C12>: oo
Ca1 a2 %’D; %

Now the matrix S(z,y) has a right eigenvector

R |

2—r—y' 2—x—y

which is the invariant measure on {1,2} of the Markov chain defined by A, and the
measures of cylinders with respect to 4 are

p(11x) = P[1 — 1]7(1)
p(12%) = P2 — 1]7(2)
w(21%) = P[1 — 2]x7(1)
wu(22%) = P2 — 2|7(2)

It is now easy to compute the metric:

2 2

22—x—y (1—-y)? 2—-zx—y

V7 (1—x)(1—y)+w_§y(1—x)
(1-—xz)? 2—z—y Y2 —x—vy

B 1 1—y 11—z
“Iou—y (x<1_x>¢f+y<1_y>¢5>

+
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Proposition 8.1. The restriction g of the variance metric {(-,-) 4 to Ny is given in the

chart S by
g e 0
ga = (1—z) (7)

0 P e}

(which is positive-definite for all z,y € (0,1) x (0,1)).

This means that for L4 = S(x,y) and ¢» = DL 4(¢) we have (|3 = (wl wz) ga (Zl)
2

Remark 8.2. Observe that, not incidentally, by recalling the proof of 5.2 we could have
computed ((, ()4 in a more roundabout way by using the equation contained there

(¢,¢)a = D*(log A)4(¢,¢) = D(G¢) ().

As a side effect we easily obtain that

z(1 —y) (1—2)y
1-2)2-z-y -y)2-z-y)

We see for example that when z or y goes to 0, the pressure becomes very flat (as
opposed to very convex, i.e. its Hessian goes to zero).

D*(log A)a(¢,¢) = (22 (8)

From the metric tensor, we compute the curvature at each point. For simplicity, if we

let g4 = ( f)? g ) then we use the explicit formula for the curvature

e (), () }

where subscripts indicate partial derivatives with respect to the indicated variables. The
expression simplifies greatly (see Section 8.3):

Corollary 8.3. The Gaussian curvature of g at A is given when Ly = S(x,y) by

1
2—2—y)
Remark 8.4. In the case at hand, the curvature its always strictly positive. In fact, it

is even bounded away from 0, so that N5 endowed with ¢ is not complete (indeed, if g
where complete then the Bonnet-Myers theorem would imply that A5 is compact).

K(A) =

8.2 Rescaling the metric

We considered in the previous reasoning the Riemmanian norm ((,()4 of a tangent
vector ( at the potential A given by the asymptotic variance, as in theorem 5.1. We
wonder how rescaling the metric by the entropy would effect such curvature, based on
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previous work by McMullen [McMO8|. Given the eigenvector 7 of the previous section
(which corresponds to the eigenmeasure) the entropy is given as a function of x,y by

1 —
1—2

S R (1 —y)log(1 — ) + ylog(y))

g ; (xlog(x) 4+ (1 — z)log(l — x))

This function is always positive on (0,1) x (0,1) and is 0 in the limit to the vertex
(0,0) and the edges {1} x [0,1] and [0, 1] x {1} (Figure 2). Note that there is a strong
asymmetry between the cases x = 0 and x = 1 (similarly for y), as © = 1 means the
Markov chain gets stuck at the state 1, while x = 0 means the random walk is always
repelled away from state 1, but then can either stay at 2 or come back to 1, leaving
enough uncertainty to yield positive entropy.

Figure 2: The entropy in (x,y) coordinates.

We rescale the metric associated to the matrix g4 of the previous section to a new g4
E

. . . N =0 : :
in the interior of the square by setting g4 = ( 8 G) where h is the entropy functional.
n

We denote K the curvature associated to the metric g and K the one associated to g.
After a little bit of juggling with the equations, for the strictly positive function h(x,y)

one gets
5 — K+ 1 \/E@ + @@
h 2VEG\\VGh ) ~\VEI ],
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The explicit expression of K is particularly long and tedious to handle. We use the
software Maxima both to do the necessary symbolic manipulation and the plot of the
graph (Figure 3). In the case of some subshifts related to Fuchsian groups, McMullen
showed that this precise scaling of the metric identifies with the Weyl-Peterson metric
on Teichmiiller space, which is known to be of negative Ricci curvature. One could thus
expect that ¢ has negative curvature, but this turns out not to be the case: K takes
both positive and negative values.

R
‘t\‘g‘t

i
Il
i

z 0.5 | il

Figure 3: Curvature of the variance metric with McMullen’s normalization.

8.3 Intermediate steps

From Section 4 of [dC76], to explicitly compute the curvature we have the followings
step. Observe that

1 1
E,=-—— d Go=—F—"—"7-—.
CE y(2 -z —y)?
Moreover,
1
VEG =
VITY2 -z —y)
Therefore,
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and similarly

Finally,

(

VEG

3( G ):_ I (@2+z—y)
VEG 27y (2 -z —y)?

E, ) +< G, ) 1 @2-z+y 1 (2+a-—y)
y \WEG/,  2Jay2-z-y)? 2J/7y2-xr—y)
2 1

VY (2 -z —y)?
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