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WAVEGUIDE SOLUTIONS FOR A NONLINEAR SCHRODINGER
EQUATION WITH MIXED DISPERSION

DENIS BONHEURE AND ROBSON NASCIMENTO

Ao nosso amigo Djairo com admirac¢ao

ABSTRACT. In this note we provide some simple results for the 4NLS model
0 + A + [*7 — yAY = 0,

where v > 0. Our aim is to partially complete the discussion on waveguide
solutions in [11, Section 4.1]. In particular, we show that in the model case
with a Kerr nonlinearity (c=1), the least energy waveguide solution (¢, z) =
exp(iat)u(x) with a > 0 is unique for small v and qualitatively behaves like
the waveguide solution of NLS. On the contrary, oscillations arise at infinity
when 7 is too large.

1. INTRODUCTION

The standard model for propagation of laser beams is the 2D Schrodinger equa-
tion with Kerr nonlinearity

i00) + A + [P =0, (x,y,0) = o (z,y).

It is well known that this equation can become singular at finite time, see for in-
stance [11] and the classical references therein. Karpman and Shagalov [16] studied
the regularization and stabilization effect of a small fourth-order dispersion, namely
they considered the equation

(1) 100 + A + [Y|*79 — yA%) =0,

for some v > 0, the equation being now considered in [0, co[xR™, N > 1. One of
their results shows, by help of some stability analysis and numerical computations,
that when No < 2, the waveguide solutions are stable for all v and when 2 <
No < 4, they are stable for small values of . This result shows that when adding
a small fourth-order dispersion term, a new critical exponent/dimension appears.
In particular, the Kerr nonlinearity becomes subcritical in dimension 2 and 3 which
is obviously an important feature of this extended model.

In [11], Fibich et al. have motivated the study of (1) by recalling that NLS
(the nonlinear Schrodinger equation) arises from NLH (the nonlinear Helmholtz
equation) as a paraxial approximation. But since NLS can become singular at a
finite time, this suggests that some of the small terms, neglected in the paraxial
approximation, plays in fact an important role to prevent the blow up. The natural
question addressed by Fibich et al. is therefore whether nonparaxiality prevents
the collapse. The small fourth-order dispersion coefficient 7 is then shown to be
part of the nonparaxial correction to NLS.

In [11], Fibich et al. showed the role of the new critical exponent ¢ = 4/N
in the global existence in time when applying the arguments of Weinstein [25].
The necessary Strichartz estimates follow from Ben-Artzi et al. [1]. A necessary
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2 DENIS BONHEURE AND ROBSON NASCIMENTO

condition for existence of waveguide solutions is given in [11, Lemma 4.1], see also
the Derrick-Pohozahev identity in Section 6.

The purpose of this short note is to show that classical tools, available in the
literature, allow to state the existence and some qualitative properties of least
energy waveguide solutions. In particular, a small fourth-order dispersion coefficient
does not affect the symmetry, uniqueness and non degeneracy of the least energy
waveguide solution at least for a Kerr nonlinearity in dimension N < 3.

From now on, we focus on standing wave solutions of (1), referred to as waveguide
solutions in nonlinear optics, namely on solutions of (1) of the form

Y(t, x) = exp(iat)u(z).
This ansatz yields the semilinear elliptic equation
(2) YA%u(x) — Au(z) + au(r) = [u*u(z), =RV,
By scaling the solutions as v(z) = u(%ﬁL it is equivalent to consider the equation
(3) A?v(x) — BAV(z) + av(z) = [v[*v(x), xRN,
_ 1
where 8 = 7

It is standard that least energy solutions can be obtained by considering the
minimization problem

(4) MmN = ueijrcéN Jr~ (u)

where

(5) Jaw (1) :/ (1Auf? + B|Vul2 + aful?) de
RN

and

Mg~ = {u € H*RY): / lu[?7 2 dx = 1}.
RN
Indeed, if u € My~ achieves the infimum m = mg~, then u weakly solves
(6) A?u — BAU + au = ml|u|*7u.

Henceforth, if m > 0, then v = (m)2=u solves (3). Moreover v is a least energy
solution in the sense that it minimizes the action functional £ : H*2(RY) — R
defined by setting

1 1
E(u) := = J; - 20t2q
() = 5 o (u) 2H?/RN 27+ d

among the set of (H?

manifold

or smoother) solutions or equivalently within the Nehari

{ue H*(RY): E'(u)(u) = 0}.
We then prove the following results.

Theorem 1. Assume a >0, 8 > —2/a and 2 < 20 + 2 < 137]_\74 if N > 5. Then
problem (3) has a nontrivial least energy solution. If B > 2\/a, then any least
energy solution does not change sign, is radially symmetric around some point and

strictly radially decreasing.

An existence statement (as well as the information on the sign of the minimizer)
is also given in Section 3 and Section 4 when the equation is considered in a bounded
domain with Navier boundary conditions. The symmetry properties of the solutions
that match the symmetries of the domain are discussed in Section 4.
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When ( is large, the Laplacian is the driven term in the differential operator
in (3) and we therefore expect to recover the uniqueness (up to translations) of
the least energy solution. By scaling, we can discuss this issue by looking at least
energy solutions of (2) for small v. As a preliminary observation, we prove the
strong convergence in H' to the unique least energy solution of NLS.

Theorem 2. Assume 2 < 20+2 < % if N > 3. If v, = 0 and uy, is a sequence
of least energy solutions of (2), then (ux)x converges (after possible translations)
in H' to ug, where ug is the unique positive (radially symmetric) solution of the
limit problem (2) with v = 0.

The positive solution of (2) with v = 0 is unique up to translations. To ensure
uniqueness, we have assumed that wug is the positive solution radially decreasing
around 0. For the physical model (2) with ¢ = 1 in dimension N < 3, we can
improve this convergence to strong convergence in H2. The non degeneracy of
the least energy waveguide of NLS allows then to invoque the Implicit Function
Theorem to prove uniqueness for small ~.

Theorem 3. Assume N < 3 and o = 1. Then there exists vog > 0 such that if
0 < v < 70, (2) has a unique least energy solution (up to translations). Fizing
its mazimum at the origin, this solution is radially symmetric and strictly radially
decreasing.

An equivalent statement can be proved for the Navier boundary value problem
in a ball (and a weaker statement holds for other bounded domains), see Section 6.

In the H'! critical or supercritical regime, the least energy solution should disap-
pear at the limit v — 0. In fact, if % <20+2< %7 N > 5, the least energy
solutions are unbounded in H? when v — 0, see Section 6.

In contrast with Theorem 1, when § is small in (3), some of the usual properties
of the least energy solution of NLS cannot hold. Namely, if one can prove that any
least energy solution is radial in that case, then oscillations arise at infinity. These
oscillations were suggested in [11]. We focus again on the model equation (2) with
o = 1 in dimension N < 3. We prove that least energy solutions among radial
solutions do oscillate at infinity.

Theorem 4. Suppose that —2/a < B < 2y/a and N < 3. Then every radial least
energy solution of (3) with o =1 is sign-changing.

This statement shows that when 8 < 24/, least energy solutions cannot be
radial and monotone in contrast with the case 3 > 24/a. We point out that on a
bounded domain, we are not aware of an equivalent statement.

The paper is organized as follows. Section 2 deals with the functional framework
and the formulation of the problem on a bounded domain. In Section 3, we prove
the existence of a least energy solution in the whole space as well as in bounded
domains. In Section 4, we consider the qualitative properties for large 8. Section
5 is dedicated to the proof of Theorem 2 and Theorem 3 while Section 6 contains
the proof of Theorem 4. In the last section, we give some concluding remarks.

Notes added in proofs : We thank Jean-Claude Saut for bringing to our atten-
tion the reference [5] which deals with an anisotropic mixed dispersion NLS also
proposed in [11]. We believe that some arguments from [5] can be used to obtain
the exponential decay of the ground state at least in some particular cases.

We also mention the very recent preprint [6] where the first theoretical proof of
blow-up is obtained for the biharmonic NLS as well as a new Fourrier rearrangement
is proposed in the Appendix. This rearrangement decreases the L?-norm of (—Au)*
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for every s > 0 and is therefore adequate to deal with polyharmonic as well as
fractional equations. Applied to our problem, it completes Theorems 1 and 4 in the
following way. Assuming S > 0 and o € Ny (including therefore the physical case
o = 1), any ground state solution of (3) is radially symmetric. As a consequence
of Theorem 4, assuming o € Ny and 0 < 8 < 2y/«, any ground state is radially
oscillatory at infinity. When o is not an integer, the radial symmetry remains an
open question in the range 8 < 24/« though the natural conjecture is that radial
symmetry holds for every ¢ and every (8 in the range covered by Theorem 1.

2. FUNCTIONAL FRAMEWORK

In this section, we settle the functional setting. The natural space for (2) and
(3) is H2(RN) or H2(Q) N HE () when we consider the boundary value problem in
a bounded domain Q C R with Navier boundary conditions, namely

A%y — BAu+aou = |ul?*?u, in§,
(#) {#u? ;!

We therefore set Hq = H?(Q) N H}(Q) and Hyny := H(RY). We introduce the
following conditions on « and 3:

(A1) @ > 0 and 8 > —2V/q;

(A1) a > —BA1(Q) — A3(Q) and —2X1(Q) < B;

where \;(£2) stands for the first eigenvalue of —A in Hg(2) when Q is a bounded
domain. Observe that when || is large, A1(€Q) is small. If 8 is negative, (A1)
is then more restrictive than (A1l). The following lemma follows from standard
computations.

u=Au = 0, onJQ.

Lemma 1. Assume Q is a bounded smooth domain and (A1) or (A1) holds. Then
Hgq is a Hilbert space endowed with the inner product defined through

(u,v) = /(AuAv + fVuVu + aw)de YV u,v € Hg.
Q

Proof. From H? elliptic regularity [14, 18], we know that if u € H?(Q2) N Hg (),
then

[ull 72 < ClAu]| 2

for some C' > 0 depending on 2, so that Hgq is a Hilbert space endowed with the
inner product

(u, V), = / AuAvdx Y u,v € Hg.
Q
It will be enough to show that there exists a constant C' > 0 such that
(7) /(|Au|2 BV +afulP)de > Cllullm, ¥ u € Ho.
Q

Obviously the inequality (7) holds true if we have a > 0 and § > 0. For u € Hy,
we can apply Young’s inequality to obtain

Jul® = / (1A + BIVul® + afuf?) d

:/(|Au|2 — BulAu + alul?) dx
Q

(8) > <1+§6>/Q|Au|2dz+ (omLﬁ;)/QuFdx
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for every € > 0. We have to distinguish two cases. If we can choose ¢ > 0 such that
both terms in the right hand side of (8) are positive, then we are done. This ends
the proof if 8 > —2+/a, namely if (A1) holds. If

1+£>O and 04—&—&<O7
2e 2
we write
> (14 50 ) | [ 80P ot o(@) [ u?ds).
2e Q Q
where /
_a+ Be/2
99 =T 572

Recalling Poincaré inequality
/ |Au|? dz > )\%(Q)/ w?*dr Y u € Hg,
Q Q

we can complete the proof if
g(e) > =Xi(Q)
for some € > 0. When 8 > —2A;(€2), this condition can be fulfilled if
a>—fM(Q) - AH(Q)
while if 8 < —2X;(Q), we recover the condition

—2¢v/a < B.

In the case 2 = RY, the same arguments show that (A1) implies
(u,v) = / (AuAv + BVuVv + auwv) dx
Q
is a scalar product on Hgn~. Elliptic regularity can be used here to ensure that

<1+2i> /RN |Au|? dz + (a—kie) /RN lu|? da

is a norm on H?(R") as soon as 1+ % > 0 and a+ % > (0. This yields the following
lemma.

Lemma 2. Assume that (A1) holds. Then the bilinear form
(u,v) = /(AuAv + BVuVu + auwv)dr YV u,v € Hyn,
Q
is an inner product on Hpx .

3. EXISTENCE OF MINIMIZERS

In this section, we handle the minimization problem (4). We start with the
simpler case of a bounded domain. In this case, the minimization problem writes

mq = inf Jo(u)
ueEMq
where
Ja(u) = / (|Aul® 4 B|Vul?® + alul?) dz
Q
and

Mq = {u € Hqg : / |u\2‘7+2 dx = 1}.
Q



6 DENIS BONHEURE AND ROBSON NASCIMENTO

In the case of a bounded domain, it is standard to prove that mgq is achieved
when 20+ 2 is a subcritical exponent because Jg is the square of a norm on Hq and
we can rely on the compactness of the embedding of Hg into L2°T2(£2). Moreover,
since myg is clearly positive, we deduce that v = (mg)2=u solves (Ps). Moreover
v is a least energy solution in the sense that it minimizes the action functional

Eq : Hy — R defined by

1 1 .
Eo(u) = 5 Jo(u) - 2a+2/9|“|2 2 g

among the set of (H? or smoother) solutions or equivalently within the Nehari
manifold

{u € Hq : E(u)(u) = 0}.

Theorem 5. Assume Q is a bounded smooth domain and (Al) or (A1) holds.
Suppose moreover that 2 < 20 + 2 < % if N > 5. Then problem (Pg) has a
nontrivial least energy solution.

To handle the case of Q = RY, since we cannot use sign information, nor symme-
try, we follow the celebrated method of concentration-compactness of P.L. Lions.
We give a sketchy proof since classical arguments apply. All the details can eas-
ily be reconstructed from Kavian [17, Chapitre 8 - Exemple 8.5] with minor and
obvious modifications with respect to the case treated therein.

Proof of the existence part in Theorem 1. We introduce
My = {uec H*RY): / lu|>° T2 dz = \}
RN

where A > 0 is fixed and we consider the minimization problem

= inf J
ma =l S )

where Jgw (u) is defined as in (5).

Let (ug)r C M)y be such that Jgn(ug) — my. Then, (ug)r is bounded in
H?*(RY) and [ [ugl>***2 = A, Thus, we can apply P.L. Lions’ concentration-
compactness lemma to the sequence (pg)r = ([ |ug|?°F2), see [21, Lemma I. 1].

Since my = )\c%rlml7 we have my > 0 for all A > 0 and therefore, for all R > 0, the
sequence

Qr(R) := sup / lug ()22 da
y€RN JBr(y)

does not converge to zero. Namely, vanishing is ruled out.
Since 20 + 2 > 2, we have, for 0 < 6 < A,
AT <07 4 (A — 0) 7,
which yields
(9) my < mg + Mmx_g, Vo 6]0,/\[.
Then dichotomy is ruled out using classical truncation arguments.

Therefore, the compactness holds for pg, i.e., going to a subsequence of (uy) if
necessary, there exists a sequence (y*) C RY such that for every e > 0, there exists

R > 0 such that
/ lug|?* T2 de > X —e.
Br(y*)

Setting wy () := ug(x + y*), we have that (wy) is also a minimizing sequence for
my. Then, up to a subsequence, wy, weakly converges in H2(RV) to w € My and
Jrn (w) = my. This concludes the proof of the existence in Theorem 1. O



NONLINEAR SCHRODINGER EQUATION WITH MIXED DISPERSION 7

Remark 1. When 8 > 2\/«, we can avoid the use of the concentration-compactness
lemma. Indeed, take a minimizing sequence (uy)r C H2(RYN) for m. Then, let us
set fr = —Auy + Pug/2 and define vy, € H*(RYN) to be the strong solution of
—Avg + B /2 = |fe]* in RY, where |fi|* denotes the Schwarz symmetrization
of |fx|. Thus for each k € N, we have vy, € HZ ,(RN) which is the space of H?
functions that are radially symmetric around the origin. Then a particular case of
[3, Lemma 3.4] implies

(o ):/RN<—Avk+ﬁvk/2>2dx—<62/4—a> [ i

R
Uk |20-+2 |Vk[3542
/ (—Auy, + Bug/2)? do — (62/4—04)/ uj dx
< ZRT RY :
- ‘uk|%¢7+2

Using the compact embedding of H?, ;(RYN) into L>*+2(RN), see for instance |20,
Théoreéme 11.1], it follows that (vy)y weakly converges in H? to some v € M and
the remaining arguments are standard.

4. SIGN AND SYMMETRY

In order to investigate the symmetry properties of a fourth order equation with
Navier boundary conditions or in the whole space, it is natural to ask if the equation
may be rewritten as a cooperative system. If this is the case, then the moving plane
procedure applies, see the work of Troy [23] in the case of a bounded domain or
de Figueiredo-Yang [13] (if we assume exponential decay) and Busca-Sirakov [7]
(without assuming exponential decay) when Q = RY. Observe that when o > 0
and |8| > 2v/a, we can indeed write the equation as a cooperative system

2
—Au+ éu —v=0, —-Av+(a-— ﬂ—)u + év = |u*wu.
2 4 2

To prove that least energy solutions do not change sign, we use the minimality
combined to the classical maximum principle for a single equation. The argument
goes back to van der Vorst, see for instance [24]. We sketch it for completeness to
emphasize the role of the assumption |3] > 24/a.

Lemma 3. Assume that |3] > 2v/a and —X\1(Q) < 8/2 if Q is bounded or 8 > 0 if
QO =RN. Ifu € Hq is a minimizer of (4), then

u>0 and —Au+pu/2>0 inQ,

or else
u<0 and —Au+pPu/2<0 in.

Proof. Let w € Hgq be such that

—Aw + fw/2 | — Au+ pu/2|, inQ,
w = 0, ondQ.

Then
—Awxu)+ p(wEu)/2>0.

Using the strong maximum principle we know that u has a fixed sign if —Au+8/2 u
does not change sign. We then argue by contradiction, suppose that —Au + Su/2
changes sign. Then | — Au + fu/2| # 0 and the strong maximum principle implies



8 DENIS BONHEURE AND ROBSON NASCIMENTO

that w > |u|. For convenience denote by |- |2542 the L2°+2 norm in Q. Therefore

JQ( w >/Q(Aerﬂwﬁ)?dx(52/40)/§2w2dz

|w‘20’+2

w351
/(—Au—|—[3’u/2)2 dx—(52/4—oz)/ u? dx
Q o

<
|u|§o+2

which contradicts the minimality of u. Observe that the last inequality holds be-
cause the numerator is nonnegative. U

Remark 2. In the case of a bounded domain Q and 0 < a < \1(2)2, we then know
the sign of the least energy solutions of (Pg) for values of B € (—2A1(R2), —2y/a] U
[2y/a, 00). For Q bounded, we do not know if the least energy solutions change sign
for B € (=2v/a,2\/a). Section 6 deals with the case Q = RY under the assumption
that the minimizer is radial.

Proof of Theorem 1 continued. Existence was proved in Section 3 while we just
proved in Lemma 3 that any least energy solution does not change sign.
2
Writing f(u,v) = (’% —o)u— gv + [u**u and g(u,v) = v — gu, the equation is
equivalent to the cooperative system

Au+ g(u,v) =0, Av+ f(u,v)=0.

We are in the setting of Busca-Sirakov [7] and [7, Theorem 2] applies. Observe that
clearly uw and v must be symmetric with respect to the same point. O

In the case of a bounded domain, we have proved so far the following result for
(Ps).

Theorem 6. Assume  is a bounded smooth domain and (A1) or (A1') holds.
Suppose moreover that 2 < 20 + 2 < J\%—Z_Vél if N > 5. Then problem (Pg) has a
nontrivial least energy solution. If in addition |5 > 2\/a and —X1(Q) < /2, then
any least energy solution does not change sign. If Q) is a ball, then any least energy

solution is radially symmetric and strictly radially decreasing.

Proof. Existence has been achieved in Theorem 5 while the sign information follows
from Lemma 3. If Q is a ball, the symmetry of the minimizer follows from [23,
Theorem 1]. O

We point out that the condition || > 24/« is crucial to rewrite the problem (Pg)
as a cooperative system. In fact, we can deal more generally with smooth bounded
or unbounded domain {2 with some symmetries. Then the symmetry properties
of the solutions of constant sign can be deduced from the moving plane method
adapted to cooperative systems in [23].

5. THE EFFECT OF A SMALL FOURTH ORDER DISSIPATION

In this section, we study the behaviour of minimizers of (4) when the coefficient
of fourth order dissipation tends to zero. We assume throughout the section that
a > 0 and we choose the norm on H'(RY) defined through

Julf = [ (Val? +aluf) do
Q
We recall that the problem
A%(z) — BAV(2) + av(z) = |[v|*7v(z), xRN
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is equivalent to

yA?u(z) — Au(z) + au(z) = [u|*7u(z), = cRY.

\/ﬁ) where v = 1/32. As before we consider

by scaling the solutions as u(x) = v(
the associated minimization problem
= inf J
my = inf J,(u)
where

M:{uEHQ:/ lul* 2 dx = 1}
Q

and
Ty (u) = / (7 Aul? + |Vul? + afuf?) dz.
Q

When Q = Br or Q = R the results of the previous sections imply that when
v < i, any minimizer is radially symmetric and strictly radially decreasing (after
a possible translation in the case Q = R™). In the case = R, we assume from
now on that the maximum of any minimizer has been translated to the origin.

For v = 0, the associated minimization problem is

mo = ué%o Jo(u)

where
My = {u € H}(Q): / |u[?>? 2 doe = 1}
Q
and

Jo(u) = /Q(\w? + alul?) da.

Assume 2 < 20 +2 < % if N >3, Q= Bgror Q=RY and let uy be the
unique minimizer of Jy in My. We refer to [9, 19, 15] for the uniqueness property
(in the case Q = RV, we fix the maximum of the solution at the origin to achieve
uniqueness). We first prove that if 7, — 0, then any sequence (uy ), of minimizer
of J,, converge strongly in H 1 to up. A similar statement obviously holds for
other bounded domains except that uniqueness of the minimizer does not hold in
general so that in the conclusion, we can only state that we have convergence to
one minimizer, see Theorem 7.

Proposition 1. Assume 2 <20 +2 < % if N>3,Q=DBgr or Q=RN. There

exists C' > 0 such that for every v > 0, we have
mo < my < mo + Cr.

Moreover, if v, — 0 and (uy)x is a sequence such that J., (ug) = m~, , then ux, — ug
strongly in H'.

Proof. The estimate of m. is clear since by elliptic regularity, we easily infer that
up € H%(Q). Therefore, we have

my < Jy(ug) = ’Y/Q |Aug|? dx + Jo(ug) < Cy + my,
whereas taking any minimizer ., for m., we get
my = Jy(uy) = 7/9 | A |* dz + Jo(uy) > m.
Let v, — 0 and (ug)r be a sequence of minimizers for my, := M., . Then

/(|Vuk|2 + alug|?) dz < my, < mo + Cyp — my.
Q
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Since we know that uy, is a radial function, it follows that uy is bounded in H! ()
- the space of H' functions that are radially symmetric around the origin - so that
up to a subsequence, u;, converges weakly in H' to some u € M. The strong con-
vergence in L2°12 when Q = RY follows from the compact embedding of Hrlad(]RN )
into L2 T2(RY), see [22, 20].

Now, by weak lower semi-continuity, we have

mo < /(|Vu|2+a|u\2)da: Sliminf/(|Vuk|2+a|uk|2)dx
Q k—oco o)

< limsup/ (|Vug* + afug|?) dz = my.
Q

k—o0

Hence the convergence is strong in H! and u is a minimizer for mg. By uniqueness,
u = ug and the whole sequence converge.
O

In the model case with a Kerr nonlinearity in dimension N < 3, we can improve
this convergence.

Proposition 2. Assume @ = RN, 0 =1 and N < 3. If v — 0 and (ug)r is a
sequence such that J., (ux) = m.,, then up — uq strongly in H?.

Proof. To fix the ideas, we deal with the case N = 3, N = 2 being similar. The
starting point is an a priori bound in H' and the strategy is to end up with an
a priori H*-bound. We already know from Proposition 1 that u; converges to ug
strongly in H'. To improve the convergence, we use the Euler-Lagrange equation

Ve A%uy — Auy, 4 quy = myuy,
where my, = m,,. We can assume v; < 1 and my, € [mg, mo + C].
Bound in H'. Since uy, is a minimizer, we can assume
||uk||H1 <mg+C.
This also provides an a priori bound in L? for every ¢ € [2, 6].

Bound in H%2. We denote vy = —y;Auy. Then vy, solves
1

(10) —Avg + —v = wg,
Yk

where wy, := mkuz — awuy. Since J, (ur) < mo + C, we infer that v, — 0 strongly
in L?. In particular, (vy)x is bounded in L2. Observe also that (wy)y is a priori
bounded in L2. Now, by elliptic regularity, we infer that v;, € H?(R3) with a bound
that does not depend on k. Indeed, since ’Yik > 1, we get this a priori bound as in

Krylov [18, Chapter 1, Theorems 6.4 & 6.5]. Now, from this a priori H2-bound on
(vg)r and the Euler equation

(11) —Auy, + ouy, = mkui + Awvy,
we deduce that (uy)y is a priori bounded in H?(R3) as well.

Bound in H*. Tt is straightforward to check that the H2-bound on w; implies that
wy € L2(R3) and Awy, € L?(R3). Then, elliptic regularity implies wy, is bounded in
H? as well. Using again (10), we now infer that vy € H* with a bound independent
of k, arguing as in Krylov for H™*2 regularity [18, Chapter 1, Theorem 7.5 &
Corollary 7.6]. Looking at (11) again, we have that the right hand side is bounded
in H?, whence u;, € H* with a bound independent of k.
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Conclusion. Observe now that we can use the equation (11) to conclude. Since
—Avy, = 1 A%uy, — 0 strongly in L2, we conclude that

mkui + Avp, — moug

strongly in L? and elliptic regularity applied to (11) implies that the convergence
of uy, to ug is actually strong in H2. O

Now that we have proved the strong convergence in H? to the unique minimizer
for v = 0, we can use its non degeneracy to apply the Implicit Function Theorem.
This yields Theorem 3.

Proof of Theorem 3. We start by setting X := H2 ,(R3) and Y := H2(R3). Let

F:RTt x X =Y be the operator defined (in the sense of distributions) by
F(vy,u) = yA%u — Au + au — |ul*u.

Namely, for every v € H?(R3), we have

F(y,u)(v) = / (YAuAv + VuVv + auv — |u*uv) dz.
R3

Obviously F(0,/moug) = 0. Also, F is continuously differentiable in a neighbour-

hood of (0, /moug) with D, F(v,u) € L(X,Y) defined by

D F(y,u)v = yA% — Av + av — 3Jujuv, Vv e X,
ie.

D, F(v,u)v[w] = / (YAvAw + VoVw + avw — 3lujuvw) dz, ¥V v,w € X.
R3

We thus have in the distributional sense
L(v) := Dy F (0, /mouop)v = —Av + av — 3mouiv.

It is well-known that the kernel of L is of dimension 3 when considered in H2(R?)
and it is spanned by the partial derivatives of wg. In particular, the kernel of
L restricted to H?2 ;(R3) is trivial and L : X — Y is one-to-one. We refer for
instance to [19, 15, 8]. Moreover, it follows from the Open Mapping Theorem that
L71:Y — X is continuous.

Since the linear map L is a homeomorphism, we can apply the Implicit Function
Theorem. Namely, there exists 79 > 0 and an open set Uy C X that contains
VMmoup such that for every v € [0,70[, the equation F(y,u) = 0 has a unique
solution u, € Up and the curve

T :[0,70[— H*(R?) : v+ u,

is of class C*.

Now suppose that the uniqueness of least energy solutions fails in every interval
(0,7). We can then construct two sequences in M of least energy solutions along
a sequence 7, converging to 0. We call them (ug)g and (vg)r whereas my, is their
common energy. By assumption, ui # vg. Since v — 0, we know that uj and v
are radially symmetric. Since these two sequences converge in H? to ug as k — oo,
we have

VIMEUE, \/MEVE — /TMoUQ,

where the convergence is strong in H2. Then, for k large enough, there exist two
solutions of the equation F'(yg,u) = 0 in Uy with v, < 79. This is a contradiction
and ends the proof.

O



12 DENIS BONHEURE AND ROBSON NASCIMENTO

We now state the counterpart of Theorem 3 for the boundary value problem in
a bounded domain Q C R with Navier boundary conditions, namely
(P.) { YA%u — Au+au = |u[*u, inQ,

v u=Au = 0, on JQ.
We assume in the next statement that  is smooth. We have not searched to
optimize the required regularity of the boundary. At some point, we need to take
two partial derivatives into the equation. We assume enough regularity of the
boundary so that the solution belongs at least to H®(Q). One could work with
interior regularity which requires less regularity on the boundary but since our
main motivation is to cover the case of a ball, working with global regularity is fine
for our purpose as the ball has the regularity required.

Theorem 7. Assume 2 C RY is a smooth bounded domain of class C® and 3 <
20+2 < % if 3< N <5. If v = 0 and (ug)i s a sequence of least energy
solutions of (Py,), then, up to a subsequence, uj, converges strongly in H? to some
minimazer ug for mg. If, in addition, € is a ball, then there exists o > 0 such that
if 0 < v < 9, the problem (P,) has a unique least energy solution. This solution

is radially symmetric and strictly radially decreasing.

Proof. Step 1. Global regularity. Using elliptic regularity [14, Theorems 8.12 &
8.13], we easily infer that the solutions uy are smooth, namely at least H%((2).
Indeed, one can write the equation as a double Dirichlet problem
—Aup = ¢, ur =0 on 99,
6 APk + ¢ = mi|u[*Tuy, — aug,  ¢p =0 on IQ.

Here 7, stays fixed and we can start with the fact that u, € H?(f2), without caring
about the dependence on k. Then the term my|ug|? up — auy, € L?(Q) as it can be
easily checked from the assumption on ¢ and the embedding of H?(f2) into L7(£2)
for every ¢ > 1if N < 4 and g € [1, 22] if N = 5. We therefore infer from [14,
Theorems 8.12] that ¢, € H?(Q) which in turn implies that u, € H*(Q) by [14,
Theorems 8.13]. Now computing A(mg|ug|*7ur — auy), we realize that it is an L?
function and therefore mk|uk.|2"uk — oy, is an H? function. Indeed, the condition
on o ensures the required integrability of |uy >~ Vug|? and |ug|**|Aug|. We then
conclude that ¢ belongs in fact at least to H* and therefore u; € H5().

Step 2. Strong convergence in H'. Arguing as in the proof of Proposition 1, we
infer that there exists a minimizer ug € My and a subsequence that we still denote
(ur)r such that u, — wug strongly in H'. If © is a ball, then ug is the unique
minimizer and the whole sequence converge.

Step 3. Strong convergence in H?. To improve the convergence, we argue as in
the proof of Proposition 2. If 20 + 1 < %, then we can bootstrap using the
H™*2 regularity theory. Due to the boundary condition, the argument of Krylov
[18, Chapter 1] cannot be applied directly to get higher regularity in general, see
[18, Chapter 8]. However, in our case, since we deal with Navier condition, we have
that wy = Aug = 0 on the boundary and therefore the equation (P, ) tells that
A%y, = 0 on the boundary as well. By Step 1, we can take the Laplacian inside
the equation in (P,,) and use the fact that Auy solves a boundary problem with
Navier boundary conditions, namely

YA (Aug) — A(Aug) + o(Aug) = myf(up), inQ,
A(Auk) = Auk = O7 on 89,

where

(12) flur) = (20 + D)sign(ug) (200} Vug)® + up” Auy,) -
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Then we can use the H? regularity for the Dirichlet problem associated to the
systems

1
(13) vV = —'ykAuk — Av, + 70k = Wk,
k
and
1
(14) yp = Avg = —pA%up — Ay + P my f(ug),

where wy, = mp|ug|?*7ur, — auy and f(ug) is defined in (12). Applying [18, Chapter
8, Theorem 8.7 ] to the second equation of the first system (13), we get an H? a
priori bound of vg. Now turning to the Dirichlet problem

(15) —Auy, + auy, = mk\uk|2"uk + Avg, ur =0 on 909,

we deduce that uy, is a priori bounded in H? which leads to an L? bound for f(uy).
Applying then [18, Chapter 8, Theorem 8.7 | on the second equation of the system
(14) gives an H? a priori bound of Avg. Whence vy, is a priori bounded in H*.
This allows to conclude that uy, is a priori bounded in H* because the right hand
side of A(15), namely

—A(Aug) + aAu, = my f(ug) + A%y,

is a priori bounded in L2. The remaining steps are now as in the proof of Proposition
2.

If % +1<20+2< %, we can only start with a bound in L=5F0 on
the right hand side of

1
—Av, + —v = wi,
Yk

where we still use the notations v, = —ypAug and wy, = mg|ug|*“up — auy. We
therefore need to improve this bound first. Arguing as above (still using [18, Chap-
ter 8, Theorem 8.7 ]), we deduce an a priori bound in W24 with ¢ = %
Then Sobolev embeddings give a better integrability of wy and we can bootstrap
until we get an L? a priori bound on wy. The strong convergence in H? is then
achieved as in the proof of Proposition 2 taking into account the above remark
concerning the way to obtain the higher order elliptic regularity. Observe that even
if % +1 < 20 + 2, no additional bootstrap is necessary to derive the H* bound
on uy, since once we get an a priori H? bound on uy, the assumption on ¢ implies
that f(uy) is a priori bounded in L2.

Uniqueness in the case ) = Br. When ) is a ball, the arguments used in the proof
of Theorem 3 are available. The non degeneracy of ug allows to apply the Implicit
Function Theorem to conclude the local uniqueness (in an H? neighbourhood of

ug) for v small. The remaining arguments are then as in the proof of Theorem
3. O

We end up the analysis of the asymptotics for v — 0 by showing that the least
energy solution blows up in H? when 20 + 2 is H! critical or supercritical. We
focus on the case of Q = RY.

We first derive the Derrick-Pohozahev identity for minimizers. If u achieves m.,
in M, then, defining vy by vy(z) = )\%ﬁu()\x), we infer that f(\) := Jy(va)
achieves a local minimum at A = 1. This yields a Derrick-Pohozahev identity

v (2N — (20 + 2)(N — 4)) /RN |Au|?dz + (2N — (20 + 2)(N — 2)) /RN |Vul|? de

+a(2N — (20 + 2)N) /

|u|? dz = 0.
RN
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If 20 +2 > %, then u must be zero which is obviously a contradiction. This
shows that m. is not achieved for 20 + 2 > %.

For % <2042< %, the first coefficient in the Derrick-Pohozahev identity
is positive whereas the other two are non positive. We can then write

N

v (2N — (20 + 2)(N — 4)) /RN |Au|? dz > a(QUN)/R lu|? d.

Now, from Gagliardo-Nirenberg inequality, we infer that for some C' > 0,

8 2N
IEeF-2oN @122 N
1= (/ |u|27 2 dx) <C (/ |Au2dz> / lu|? de,
RN RN RN

which implies

1+ 20N
1(20+2)—20N
) > a(20N)C.

VQNF—@U+2XN¥—®)</TAu2dx
RN
This shows that Au blows up in L?(R3) when v — 0.

6. SIGN-CHANGING RADIAL MINIMIZER

In this section, we show that a radial least energy solution of (3) with 0 =1
is sign-changing when —2y/a < 8 < 2y/a. We assume N = 3 but the arguments
apply in dimension N = 2 also.

We will require the decay of the radial derivatives. Arguing as in de Figueiredo
et al [12, Theorem 2.2], one easily gets the following lemma.

Lemma 4. Let v € H™,(R3) and let v :]0,00[— R be the function defined by
v(r) = u(x) withr = |z|. Then, v € H™(]0,0c[,72). Moreover, for a.e. |z| €]0, 00]
we have

|Diu(z)| > [vP(z)|, Vi=0,1,....m.

In order to prove the Theorem 4 we adapt some arguments of Bonheure et al [2,
Theorem 6].

Proof of Theorem 4. We suppose N = 3, the case N = 2 is similar.

Step 1. Classical regularity. We start by observing that by elliptic regularity, we
have v € HS(R?) which implies u € C*/2(R?) and the solution can be understood
in the classical sense. Indeed, we know that the solution is H?, so that from the
equation
~A(=Au) = |ul*u — au + BAu,

we infer that —A(—Au) € L*(R3). This implies that —Au, —A(—Au) € L*(R?)
and henceforth —Au € H?(R3). Since u € H%(R?), we conclude that u € H*(R3).
Looking again at the equation, we can now use the fact that the right-hand side is
an H2-function. Then —Au, —A(—Au) € H?(R?) and therefore —Au € H*(R?).
At last, combining the fact that u € H*(R3) and —Au € H*(R?), we deduce that
u € HY(R?). Here above, the required elliptic regularity theory can be found in
[18, Chapter 1] and since we are in the whole space, this is just a consequence of
simple Fourier analysis.

Step 2. FEquation in radial coordinates and decay at infinity. Writing now the
equation (3) in radial coordinates (the expression is especially simple in dimension
N = 3), we compute that v, defined by v(r) := u(z) for r = |z|, solves

4
v

. " 2
(16) VW4 v —fu — —ﬁv’ +av=|v|?v, r€]0,00].
T r
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The H®(R?) regularity yields
lim (u(x),dp,u(z), 02 , u(z),d? u(z)) = (0,0,0,0)

‘Il*}OO ? XX P UL T T
whatever 4, j, k € {1,2,3}. Then Lemma 4 implies that v satisfies
(17) lim (v(r), o' (r), 0" (r),v" (1)) = (0,0,0,0).

Step 8. Asymptotic analysis of the solution of the ordinary differential equation
(16).

Claim 1 : Given R > 0 we can find 7 > R such that v(F) > 0.

Let R > 0 be fixed. Consider the following Cauchy problem
(1) {

where 79 > 0 and wy € R*. By using condition (A1) we have that all the roots of
the characteristic equation associated to (C1) are complex, let us say +a £ ib. We
set A := 27 /b. Then there exists ¢ > 0 such that any solution of (C1) satisfies

wi”(r)—ﬁzll/)”(r) —&—lgzw(r) = 0, r>0,
(w(ro), w'(ro), w (ro),w (ro)) =: wo,

(18) sup w, sup (—w) > clwpl.
[ro,r0+A4] [r0,r0+A]

Moreover, there exists M > 0 such that any solution of (C1) verifies

Hw||03([ro,r0+A]) < M|’LUO|

Again, we can also find N > 0 such that the solutions of

{ W) = By () + ap(r) = (), >0,
(¥(ro), ¢/ (r0), ¥ (r0), " (ro)) =t 0,
satisfy

113 (fro,rot+-al) < NIAI Lo (ro,ro+a)-
Let us set § > 0 so that ¢ — 11\{11\\/7% > 0. Denote by v(r) = v(r; g, vo) the solution of
(16) with initial conditions

1"

(v(ro), v (r0), v (’I"()),’UW (ro)) =t vo, whererg > 0.
Now, let us fix rg > R large enough so that |vg| is small enough to have
4 2
sup  |v(r)]>, sup - and sup 2 < 0.
r€lro,ro+A4] r€lro,ro+A] T r€lro,ro+A] T
We write
v=1Y+w,
where 1) solves
: " 2 4 1"
YU =By +ayp = |v|211+75v’— v > 0,
(w(ro)albl(ro),l/f” (TO),wm (T.O)) = 07
and w is a solution of
= 0, r>Q0,

’

,’LUI(TO),IU (TO)vwm(TO)) = Yo.

Now, let us choose T € [rg, o + A] such that

{ w™ (r) — ﬁ?})n (r) + aw(r)
(w(ro

w(T) > clug.
Thus,
113 (fro,rora)) < Nollvlles(iro,rotal)
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which implies that

HwHC@([TO ro+A)) < ||w||C3([To ro+A]) < |1)0|.
’ 1-N§ ’ 1-N§

Then we obtain

1—N§
Claim 2 : Given R > 0 we can find r > R such that v(r) < 0.

MNG
o(F) > elvo] — 4] > (c— )|vo| >0,

The proof of this claim is similar to that of Claim 1.

Conclusion. We have proved in the last step that u changes sign. In fact, we have
even proved that u oscillate as || — +o0.
O

7. COMMENTS

This note provides some simple results for the model equation (3) with a Kerr
nonlinearity and aims to partially complete the discussion on waveguide solutions
in [11, Section 4.1]. The methods we used are standard. On the other hand, since
radial solutions present oscillations for —2\/a < 8 < 2v/a, we expect that one
needs new arguments to answer the question whether the least energy solutions are
radial or not in this case. Also uniqueness is a challenging question if we are not in
the asymptotic regime 3 — oo (or equivalently v — 0).

We also mention that the important question about the decay at infinity of the
least energy solutions will be addressed in a future work. We are only aware of [10]
for a result in that direction. The analysis therein relies on the computation of the
fundamental solution of the fourth-order operator in (3) with g = 0.

The analysis of the decay should also allow to extend the statement of Theorem
3 to the case 2 < 20 +2 < ﬁ—lfz and N > 3. Indeed, the arguments we used are
just fine for the Kerr nonlinearity whereas some technical adjustments are needed
for a general subcritical power. In fact, one checks easily that our arguments apply
in dimension N < 4 if we assume 2 < 20 +1 < % The lower inequality on o
implies the required C'! regularity of the function s — |s|??s whereas the upper
inequality is used to start the bootstrap with a L2-bound on |u|?>°u (here u is a
solution).

The same remark holds for Theorem 4 which should be true with less restrictive
assumptions. In dimension N < 8, one can deal with 2 < 20+4+1 < %. The other

cases will require more care and will be treated in a forthcoming work.
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