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MULTI-LAYER RADIAL SOLUTIONS FOR A SUPERCRITICAL
NEUMANN PROBLEM

DENIS BONHEURE, MASSIMO GROSSI, BENEDETTA NORIS, AND SUSANNA TERRACINI

ABSTRACT. In this paper we study the Neumann problem
—Aut+u=uP in B
u >0, in By
81/11, = O on 8B17

and we show the existence of multiple-layer radial solutions as p — 4o00.

1. INTRODUCTION

1.1. Motivations and main results. This paper is concerned with multiple solutions of
the following problem,

—Au+u=uP in B;
u >0 (1.1)
8l,u =0 on 831,

where B is the unitary ball in RY, N > 3, and p > 1.

Such simple models, coming from a variety of applications, have started and inspired the
analysis of singular behavior in nonlinear elliptic partial differential equations in the last two
decades (see, e.g. [9, [16]). The typical situation is when, for limiting values of a certain
parameter, there are special solutions exhibiting a varied limiting behavior. Here we are
concerned with the asymptotic p — +o00. In this, as well as in many other problems, one of
the main points of the the analysis is the identification of its singular limits. Here we shall
follow this strategy, in our search for solutions showing multiple oscillations for problem
(LI,

This particular problem has attracted much interest in recent years because, in spite of its
simple and apparently harmless form, it already shows a variety of interesting phenomena.
Just to start with, the very same existence of solution is extremely sensitive to the boundary
conditions: indeed, as well known, by the Pohozaev identity [18], the Dirichlet problem has
no solution for p > % On the other hand, the situation changes drastically when dealing
with Neumann boundary conditions, when, even in the supercritical regime p > % there
hold existence results ([20, [ 6], 4] )
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2 BONHEURE, GROSSI, NORIS, AND TERRACINI

Let us start recalling that in [20] it has been showed that the problem

—Au+u = a(|z|)u? in B
u>0 (1.2)
o,u=20 on 0By,

where a € L'(By) is increasing, not constant and a(r) > 0 a.e. in [0, 1] admits at least one
radially increasing solution. It is a very remarkable fact that this holds irrespective of the
sub or supercritical character of the power p. This result was extended in [4] to the case of
a=1.

Other progresses have been made when the power p tends to +o0o. In [I3] it was shown
the existence of a radial solution u, to (I.I)) which satisfies

Gl 1)
1.3
wllel) > (13)
where G(r, s) is the Green function associated to the one dimensional operator
N -1
L:u— —u" — u' + u, (1.4)

for the boundary conditions u'(0) = u/(1) = 0 (see also [L1]). Note that (L.3) can be read as
a concentration on SN, Indeed, it can be shown that in this case we have that the terms
uP weakly converge to a multiple of the (N — 1)-dimensional Hausdorff measure supported
on the 1-sphere.

In the case of the annulus, in [5] it was shown the existence of at least three different
nonradial solutions to ([L1) as p goes to +00. These are single or double layer solutions, as
their laplacian blows up in one —or at most two— annuli about certain spheres, while in the
rest of the domain there holds full C? convergence.

The aim of this paper is to prove the existence multiple layer solutions, that is radial
solutions to (LI) whose laplacians weakly converge to measures concentrating at interior
spheres, with a simple reflection rule. The existence of multiple layer solutions was found,
for different singularly perturbed problems and various boundary conditions, in recent papers
(see for example [11 2] [15] [14] 3] 23] 19]).

We shall exploit a gluing technique, using a variant of Nehari method, adapted to deal
with Neumann problems instead of the standard Dirichlet ones: we choose a partition of
(0,1) given by 0 < t; < .. <ty < 1 and consider in (0,%¢;) the increasing solution obtained
in [4] and in (¢;_1,¢;) the solutions found in [5].

Of course, this gluing procedure provides a solution in (0, 1) if and only if the value of the
solutions at the endpoints ¢; coincide. This will be true for a careful choice of the partition,
related with an auxiliary variational problem.

Note that our approach is very different from others dealing with existence of multiple
layers radial solutions. In our opinion it is simpler and it could be applied to various per-
turbative problems. As a counterpart, it needs some careful expansions of the solutions in
[4] and in [5] as p goes to +00. We finally recall that solutions featuring highly oscillatory
behaviour have been studied, among others, in [21} 22| 17, [10]

Since we are interested in radial solutions, the corresponding equation becomes

—u" — = u=wP  in (0,1)
u>01in (0,1) (1.5)
v (0) =u'(1) =0.
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A crucial tool in our arguments is given by the nondegeneracy of the increasing (decreasing)
solution in the annulus. We think that this result is interesting itself.
Our main result is the following,

Theorem 1.1. Let k > 0 be an integer. There exists p(k) such that for any p > p(k) problem
(CI) admits a radial solution Uy, kiayer(r) having exactly k mazimum points oq p, . .., Q-
Furthermore we have that

(i) (a1p,..-akp) = (a1,...,0k) as p — 00 and (o, ..., o) is a critical point of the
function
o(S1, ..., 8,) = inf{||u||%p(31) cu € HY y(By), u(sy) = ... =u(sy) = 1}, (1.6)
in the set 0 < 51 < ...<sp <1;
(i) wp giayer(r) converges pointwise to Z?:l A,G(r, o), where (Ay, ..., Ay) is a solution

of the system
k
> AG(aiap) =1, i=1,..k (1.7)
j=1

1.2. Organization of the paper and main ideas. In Section 2] we analyze in detail the
limit problem p = +o00. The radial increasing solution of the equation (IIl) in the annulus
By \ B, (or in the ball when a = 0) converges to the increasing function

G(r,b)

— = € [a,b], a > 0.

GO0 r € la,b], a>
Recall that G(r, s) was defined above (L4]). A decreasing solution of ([[LT]) exists only in the
case of the annulus a > 0, and converges to

G(r,a)

G(a,a)’
By gluing an increasing solution and a decreasing solution, we construct a 1-layer solution
in B, \ B,. This converges to

r € la,bl, a> 0.

G(r,s)

G(s,3)
5 being the unique point where the left derivative of the function is opposite to the right
derivative.

Similarly, we study the limit problem of the k-layer solution. This is a combination of
k Green functions, with singular points being a critical point of the function ¢ in [[.6] and
normalized with value 1 at the maximum points (see Theorem [[LT]). Again, the left and right
derivatives are opposite at the maximum points. In order to prove the existence of a critical
point of ¢, we consider the juxtaposition of k& functions of the type (L8) and we prove, by
a degree theorem, that there exists at least one configuration such that this juxtaposition is
continuous.

In Section [3 we start the study of the problem p < co. We recall the variational character-
ization which ensures the existence of an increasing solution in the ball and in the annulus
and of a decreasing solution in the annulus.

In Section @] we prove that the increasing and decreasing solutions converge respectively
to the two limit functions introduced above. The convergence is C* in the interior of the
domain, but not on the boundary at the maximum point. In particular, we prove in Lemma

r € la,b], a >0, (1.8)
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4.7 that the value of the solution at the maximum point is asymptotically related to the
value of the derivative of the limit profile.

In Section Bl we prove that the monotone solutions are nondegenerate. This is the most
technical part of the paper and it is based on a blow-up argument inspired from [12]. We
present here in detail the proof of the uniqueness of the solution, which is very close to
the proof of the nondegeneracy but presents some additional technical difficulties. The
uniqueness and nondegeneracy ensure that the monotone solutions depend in a regular way
on the boundary points a and b. This is the basic tool to show the existence of a k-layer
solution of (ILT]) which bifurcates from p = oco.

In section [ we prove the existence of a 1-layer radial solution of (ILT]). We glue and increas-
ing solution and a decreasing one. Thanks to the continuous dependence of the monotone
solutions on the boundary points a and b, we can show that there exists a continuous con-
figuration. This function converges to (L8). It is remarkable that the limit point § is a
maximum point of the function ¢ in ([2.4]) (whereas the monotone solutions are associated
to minimum points of ¢).

In section[Mwe construct the k-layer solution of (ILT). This requires the additional property
that the 1-layer solution is unique, both at the limit (see Lemma 24)) and for p finite. To
this aim we prove a stronger convergence result in Theorem [7.8]

1.3. Notation. We list below some notation used throughout the paper.

- For r > 0 we have B, = {x € RV : |z| <7}, N > 3; | B,| denotes the N-dimensional
measure of B,. For 0 <r < R, Bg\ B, = {x € R : r < || < R}. In order to
treat at the same time the case of the annulus and that of the ball, we will sometimes
allow 7 = 0 in the previous definition and use the convention that Bg \ By = Bg.

- H! ,(B,) denotes the Sobolev space of radial functions H' ,(B,) = {u € H'(B,) :
u=u(lz])}. fue HY(B,), [[ulfp = [5 ([Vul* +u?) d; if u € LP(B,), 1 < p < oo,
[ull, = [, |ulP da; if uw € L¥(B,), [Jull = esssupp, |u|. Note that in the notation of
the norms the domain is not specified and is taken as the domain of definition of the
function.

- We denote by u,(r; a, §) a solution of the problem (ILI]) in the annulus Bg\ B, (with
Neumann b.c. on d(Bg \ B,)). The derivatives u,(r; o, ), u, (r; , 3), and so on, are
taken with respect to the variable r.

- We adopt the standard notation f(x) = o(g(x)) as x — ¢ if lim,_,,, f(z)/g(x) is
zero, f(x) = O(g(z)) as @ — xo if imsup,_,, |f(x)/g(x)| is finite, f(x) ~ g(z) as
x — o if im,_,,, f(x)/g(x) is finite and different from zero.
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2. THE LIMIT PROBLEM

2.1. The 1-layer solution of the limit problem. Finding a radial solution of

—Au+u=u" in B\ B,

u >0 (2.1)
&,u =0 on 8(Bb \ Ba)u
is easily done if a > 0, whatever p > 1, by minimizing the quotient
2
u
Quion(w) = 10 ¢ 11,(B,\ B) (2
[l

The limit problem as p — oo, namely minimizing

iz

= uwe H
[Jull%,’

Qoo,ja,bl (1) rad(Bs \ Ba) (2.3)

was considered in [5] and [13]. In the study of this limit problem, it was shown that an
important role is played by the function ¢ : [a,b] — R defined by

Qlap)(s) = inf GllE : (2.4)
7 ueHrlad u(8)2
u(s)#0

This function ¢,y makes sense even if a = 0, in which case we clearly have that the infimum
is zero and not achieved for s = a = 0, while it is achieved and not zero if s > 0. For every
s €la,b] when a = 0 or s € [a,b] otherwise, there exists, up to normalization, a unique
minimizer of ([2.4]). Moreover, when s € ]a, b[, this minimizer is given by the Green function,
that we denote by G,y (-, s), associated to the operator

N -1
r

L:ur— —u' — u 4 u

for the boundary conditions u'(a) = u'(b) = 0, i.e.

OGa) OGa)
or (a8) = or
If @ > 0, the punctual limit of G, (r,s) as s — a is well defined and we denote it by
Glap)(1,a). Analogously we will denote by Gia (7, b) the limit of G, (7, s) as s — b. Notice

that Gj(r, @) and Gy (7, b) satisfy (23) with only one boundary condition.

LG (1, s) = 0, for r € [a, b], (b,s) = 0. (2.5)
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To simplify the notation we set
G(r,s) == Gpoq(r, s).
We recall in the next proposition some useful properties of G(r, s).

Proposition 2.1 ([8 [13]). There exist two positive linearly independent solutions ( €
C?((0,1]) and & € C*([0,1]) of the equation Lu = 0 in (0,1) satisfying &'(0) = ¢'(1) =0,

PN E ()¢ (r) = E(r)C'(r) =1 for every r € (0, 1], (2.6)
and such that

SN C(s) forr <
G(rs) = { sNTE(S)C(r)  forr > s. (2.7)
Moreover, £ is bounded and increasing in [0, 1], ¢ is decreasing in [0,1], and
1
R 25
L N-2

T () = 29)
lim PV (r) = —(N - 2) (2.10)

r—0

Proof. The existence of &, ¢ satisfying (2.06) and (27) is proved in [I3, Lemma 6.1], based on
the case of Dirichlet boundary conditions which can be found in [8, Appendix]. Following
step by step the last mentioned paper, one can also check that £ is bounded and that (2.8])-
(2.10) hold. Finally, the monotonicity properties of ¢ and ¢ follow by integrating the equation
and using the boundary conditions £'(0) = ¢’(1) = 0 respectively. O

With ¢ and ¢ as in Proposition 2], we define

§'(a)C(r) = &(r)¢'(a) §'(b)C(r ) 6( )¢'(b)

at) (1) =  Clany (7 if0<a<b<l;
i) = e —emo@ S Vewew - emow LTS
S (1) = % Cloa () = €' (b)C(r) = &(r)¢'(b) if0<b <1

() = €(@)(r) — EC (@), Gay(r) = — <C(<a)> 0 <a<l.

(2.11)

It follows from Proposition 2.1l that these are the expressions of the Green function in the
interval [a, b].

Proposition 2.2. The functions . and () are linearly independent positive solutions of

Lu =0 in (a,b), such that &, ,(a) = ¢, ,(b) = 0. Furthermore, a4 is increasing, Cap) is
decreasing,

" ()€t (1) = Eap) ()Gl (1)) = 1 for every 7 € (a,b], (2.12)
and we have

_ SN_lga, (T)Ca, (s) forr<s
Gun(ros) = { ool nole) orr < (2.13)
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Proof. Let us show that £'(a)(’(b) — &' (b)('(a) # 0 for any a,b € (0,1). Indeed, for r € [a, b],
we have

Xia) (1) :=&'(a)¢(r) — £(r)¢'(a) > 0, (2.14)
since ¢ is increasing, ( is decreasing and both functions are positive. Moreover x|, satisfies
L(X[an)) = 0in [a,b] and X[, (a) = 0, which implies

0 < Xy (b) = £'(@)C'(b) = £(b)¢(a). (2.15)
The remaining properties can be proved by explicit computations. O

Remark 2.3. If N = 3 the functions & and ( can be explicitly computed. In this case we
have that &(r) = <55 and ((r) = <.

The function ¢, 3 was shown in [5] [I3] to have a global minimum at a and a local minimum
at b (which is also consequence of the lemma below). We will recall in the next section that
the local minimum in b gives the limiting profile of the increasing radial solution for the
original problem as p — oo while if @ > 0, the global minimum at a gives the limiting profile
of the decreasing radial solution for the original problem as p — oo. We will build a third
solution by gluing an increasing solution in a ball with a decreasing solution in an annulus.
This is a 1-layer solution, having exactly one maximum point. The construction will use
crucially the following fact.

Lemma 2.4. Let 0 < a <b <1 and let gy be as in 2.4). The function

Spl[a,b} (S)
SN_l

15 strictly decreasing.

Furthermore, its unique zero s satisfies s € (a,b) and
Elap (5) N Clapy (5)
§an)(5)  Clap)(S)
Proof. Since the infimum in (2.4) is achieved by G, (-, s), we have

Ga Yy
Pla)(s) = Qo <#((s?)) '

It is proved in [I3] Lemma 2.1] that

G[ab](~,s)) V-1
N QCUISIN P
Q (G[a,b} (Sa S) | 1| G[a,b} (57 S)

= 0. (2.16)

Hence Proposition provides

Pun(s) = 7ol
o E1a)(5)Cla)(5)

We take the derivative of the last expression and we manipulate it by making use of (212
as follows

(2.17)

SOl[a,b}(S) _ _5fa,b}(8)qa,b](8) + g[a,b}(s)q@,b}(s)
0B | §la (s

2 2
__N-1 fa,b] S - C,a,b](S)
_ s <£M 5 <CM (S>) . (2.18)
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Let us study the monotonicity of the map s — ffmb](s) /€lap(s). To this aim we multiply the
equation L& = 0 by rN—lgfavb] to get

TN_lg[a,b}gfmb] = §ab]§ab] + (N — 1)TN_2(£fa,b])2‘ (2.19)
Next we multiply the equation satisfied by §fa7b} by rV-1¢ [a,p) tO Obtain

— (r"" 1§ab]§ab]) +r §f;,b]f[,a,b} + (N — 1)7"N_3§fa,b]f[a,b} + TN_lffa,b}f[a,b] =0. (2.20)

Replacing (2.19) into the last expression and integrating on (a, s), we deduce that

SN ELy (9)Ean (5) — Ly (s)?) = (N — 1)/ N e dr- (2.21)

a

This implies

Elat) (5) Ean(5) > 0. (2.22)

We preform the same computations with the function (4, but this time we integrate on
(s,b), leading to

<§@bﬁs)>':: Ele)(5)E10 (5) = o (s)?

N ()G (8) — Gl (5)%) = <M<mmwwwN—w/ PN3CL oy dr

Since (jq,p) is decreasing and solves L{j.4 = 0, C[’mb](b) = 0, we deduce that the previous
expression is also positive. Taking again into account the monotonicity of the maps §[, and
Cla,p; We conclude that

) 2
Gun(s o (*

[ -] ’b]( ) Is increasing, s+ [ ’b}( ) is decreasing. (2.23)
§lap)(8)

Cla,b1(5)

By combining this with (2.I8), we deduce that ¢, ,(s)/ sV~ is decreasing and that relation

(2.16) holds at the unique zero §.
It only remains to show that § is an interior point. If a # 0, we see from (ZI8) that
Plap (@) > 0 and ¢, , (b) < 0 so that the claim obviously follows. When a = 0, we still have

P10y (b) < 0 and moreover

. Ploy(s) (N —2)?
i Py V22
as follows from (2.I1]) and Proposition 211 O

Remark 2.5. The formula ([210) that defines s is equivalent to

d (Glag(r,7)
dr rN-1
which means that 5 is a critical point of the weighted Robin function associated to Giayp. So

one deduces the following statement from Lemma[2.): for any 0 < a < b < 1, the weighted
Robin function associated to Giap has a unique interior critical point.

=0,

r=s
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Since Lemma [2.4] provides the uniqueness of 5, we can define the map
5: (a,b) — 5(a,b),

which is defined in the set {0 < a < 1, a < b < 1}. Similarly, when we are working in the
annulus, this is a function of one variable §(0,b) defined in {0 < b < 1}. The monotonicity
proved in Lemma 2.4l implies that this map is smooth.

Lemma 2.6. The map (a,b) — 5(a,b) is of class C* in the set {0 < a <1, a <b < 1}.
Analogously, 5(0,b) is of class C* in {0 < b <1}

Proof. 1t follows from Lemma [2.4] that s is implicitely defined by the equation

— Flab.s) — §la(5) 2_ Clag(8) ?
I <£[a,b]<s>> <<[a,b]<s>> '

The definitions of {45 and (. imply that F'is smooth. Let 0 < ap < by < 1 and sy =
5(ag, bp)). Since by [2.23) we have 0F/0s(ao, by, so) > 0, the Implicit Function Theorem
applies and 5 is a C'' function of (a,b) in a neighborhood of (ag,by). This holds for every
0 < ag < by <1l When by =1 we argue in the same way in a left neighborhood of by. In
the case of the ball ay = 0 we can proceed similarly. U

Next we study the behaviour of 5 when b — 0.

Lemma 2.7. Let 0 <a < b<1. We have
S5~b asb— 0", (2.24)

Proof. Let us first consider the case a = 0. We use (Z.11]) to rewrite the equation (2.10) as
¢(s) | g)C(s) — ) (D)
§(s)  &(b)¢(s) —&(5)¢(b)
Both b and s converge to zero, hence we can replace in the previous expression the following
asymptotic developments, which are deduced from Proposition 2Tk

=0. (2.25)

E(r) = % +o(r), &(r)=£"(0)r+o(r), asr—0

2.26
C(r):T]\}_2+0<T1\}_2), C’(r):—%%—o(ﬂ\}_l) as v — 0. (2.26)
Using these asymptotics in ([2.25)), we infer that
25N — b + 0(3) + o(bY) = 0,
which implies that § ~ b as b — 0.
Assume now that a > 0. We rewrite (ZI06]) more explicitely as
£a)¢(s) —EE)() | EBCE) —EE .

(a)C(5) — €()0a) T EDCE) — )
Since now a, 5,b — 0, we can use again (2.26) to obtain
25272 (@™ 4+ M) EN T2 267(0)aN b + 0(3* NV 2) +o((a™ +bN)EN ) 4 o(aN0Y) = 0. (2.28)
Here we have to distinguish two cases. If a ~ b as b — 0, then ([2:28) writes
N2 _ NN — Cob®N 4 052V 72) + o(3V AN + o(B*N) = 0.
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for some C1,Cy > 0. This implies 5 ~ b. Indeed, if by contradiction § = o(b), then also
g2 -2 N=2pN) and we would obtain

s =o(s
—C13V 72— O + 0BV TH) +o(WY) =0, Cp>0,05 >0,
which is not possible. When a = o(b), ([228)) yields
252N 72 — bV 4 0(52V %) 4+ o(bVEN ) 4+ o(b*Y) = 0.
Again, if 5 = o(b), then we obtain —5V=2+0(5V72) +0(b") = 0 and since this is not possible,
we conclude that 5 ~ b also in this case. U

In the next lemma, we show that the distance from 5 to the extrema of the interval only
depends on the length of the interval.

Lemma 2.8. Let 0 < a < b < 1. For everye > 0, there exists 6 > 0 such that if b —a > ¢,
thenb—5>0 and § —a > 0.

Proof. We argue by contradiction. Let (a,), and (b,), be such that b, — a,, > € and (5,,),
We have to distinguish three cases

Assume first a > 0. Suppose by contradiction that there exist sequences «
that |a§-") - BJ@J — 0 as n — oo. Replacing in (Z.27)), we obtain

(MBI — BB =o,

which contradicts (ZI3]) since | Bj(»r_L)l — 5](-”)| > ¢ for every n. The case |a§-") — 5](-”)| — 0 can
be ruled out in the same way. The cases j = 1 and 7 = k can be proved in a similar way, by
exploiting the suitable definitions in (211). O

;") B ](-7_”1 such

We will see that the point § defined in the previous lemma is the limit (as p — o) of the
maximum points of the 1-layer solutions of (ILT]). Therefore we give the following definition
of 1-layer solution of the limit problem in an interval [5;_1, 3;]. For k € Ny, let

0=0Fg <1 <...<Brp_1<pfr=1

We denote by a; := «;(8;-1,b;) the unique point satisfying (ZI6) in the interval [3;_1, 5],
namely

§1;-1,01(@) | Cg,_1,8(%)
€Bi-1.81(5)  Cgima.8,1(05)
Definition 2.9. We refer to the function

=0, j=1,...k (2.29)

Gis;_y., (T, )
oo, Ltayer(T; Bj-1, B7) = Gis;o.8, (s )

as the 1-layer solution of the limit problem in the interval [5;_1, 5;].

(2.30)

When we do not need to emphasize the interval of definition, we write weg 1 1ayer(r) tO
shorten the notations. Observe that (2.29) shows that e 1-1ayer Satisfies a reflection law at
a;: the right and left derivatives are opposite, namely

uoo,l—layer(aj + 5) - uoo,l—layor(aj) uoo,l—layor(aj + 5) - uoo,l—layer(aj>

lim = — lim .

e—0— g e—0t £
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2.2. The k-layer solution of the limit problem. In order to produce a k-layer solution
of the limit problem, we glue together k 1-layer solutions. For k € Ny, let

T = {(ﬁl,---aﬁk—l) e R 0=0 <1 <Pa<...<Br1<pfr= 1} (231)
The existence of a continuous configuration will follow from a degree argument, applied to
the map My, = (Méi), o Méf_l)) : T — RF1 defined as

MCEZ;) (517 s aﬁk—l) - uoo,l—layer(ﬁj; ﬁj’ ﬁj-l—l) - uoo,l—layer(ﬁj; ﬁj—l) 5])
§18,8,:411(81)  Cigm1,8,1(5)

18,8010 (ir1)  Ciayor,8()
1 1 1

A {5’(@)4(%“) — &) (B5)  €(B5)¢(ay) — &(ay)¢'(By) }7
(2.32)
for j = 1,...,k — 1, where a; = (8,1, 3;) are defined in (Z2J). We notice that M)

depends only on 3;_1, 5, Bjt1.
In order to study the degree of M, in T, we need to evaluate it on 9T, given by the union
of k sets:

8T = U;?:l(aT)j, with (8T)] == {ﬁo S Bl S . S ﬁj—l = Bj < ... S Bk‘—l S Bk} (233)

Using a standard notation, we denote by T the closure of T, that is to say T =T U 9T.

Lemma 2.10. There exists € such that for every 0 < e < € there exists a constant C(g) > 0
(depending only on €) such that, for every j =1,...,k— 1, we have

Mg)(ﬁla s Bemr) < =C(e) for (Bu ..., Be—r) € T with B < & < B

Proof. Fix any j =1,...,k—1 and any ¢ € (0,1). We compute the limit of MY as Bj —0
and 3,41 > . Consider the definition of MY in ([2.32). Since o, B; — 0, we can replace the
developments (2.26). Moreover, thanks to Lemma 2.8 for every fix 8;1; > ¢ > 0, we have
that oj 11 — @11, with &1 > 0 > 0 and § = (¢) independent of ;1. Therefore

hm Mo(g)(/gla DR ﬁk—l) =

B;—0
Bj+1>e
. 1 1
im — — -
g0 | €7(0)6(a500) 87" + (N = 2)8(G51) +0(1) gm0y 55, 11+ o(-25) + 0(1)
J J (2.34)
By Lemma [2.7] we have that a; ~ ;, so that
lim MY (B, ..., Be1) = — 1< —C(e), 2.35
o M Be) = e © 23
j+1>€

where in the last step we used the fact that £(0) = 1/(N —2) and {(a;41) > 1/(N—2)+C(9)
for O_éj+1 >0 > 0.
U

Lemma 2.11. M, is continuous in T and can be extended continuously on T.
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Proof. Thanks to Lemma 2.6, M, is continuous in 7. Calculations similar to the ones in
(2.34), (2.38) show that M, can be extended continuously on T O

Lemma 2.12. There exists € such that for every 0 < e < € there exists a constant C(g) > 0
such that, for every j =1,...,k—1, we have

MO (Br,...,B-1) > C(e)  for (Bu,...,Bx-1) €T with Bj_1 <1—e < B;.

Proof. We proceed similarly to the previous lemma. Now we use the fact that ¢/(1) = 0 and
that a; = a@; <1 —0, with 6 > 0, by Lemma 28 We have

1

li M) o) =1——F—>C
iy MG B = 1= ey > €6
Bj—1<l—e
since &'(1)¢(a;) > €' (1)¢(1) + C(0) for a; < 1 — 6, and &'(1)¢(1) = 1. Again, by taking ¢
sufficiently small, the statement follows. O

Lemma 2.13. There exists € such that for every 0 < ¢ < & there exists a constant C(g) > 0
such that

(i) for every j =2,....,k andl=1,...,7 — 1 we have

MO By, ..., Be1) > C(e)  for (Bry...,Br1) €T with By < B; —e < By; (2.36)
(ii) for every 7 =0,....k—2 andl=754+1,...,k —1 we have

Mé?(ﬁl, P aﬁk‘—l) < —C(E) fOT (ﬁl, ceey ﬁk—l) € T thh 61 S ﬁj + € S 614_1. (237)

Proof. We compute the limit of MY as B — B; and By < B — . To this aim, consider

the definition of MY in (Z32) and notice that both ;11 — B; and 511 — B as B — ;.
For every fix ;_1, denote by & the limit of oy as 3 — ;. We obtain

Blir% MO(By, ... Brer) =1 — 7?5”’%2@;

iy} (@

WO s 53(0%

By Lemma there exists ¢ independent of _; such that a; < 8; —d. Since (jg,_, 5, is
decreasing, we conclude that the previous quantity is larger than a strictly positive constant
which depends only on . By taking e sufficiently small, the statement follows. Similarly we

have
lim  MY(By, ..., B) = SonetBy) g —C(e). 0

Bi—B; _ B
ﬁl+1>ﬁjj+€ g[ﬁjﬂuﬂ( +)

Theorem 2.14. Let k € Ny. There exists a configuration 0 = By < 1 < ... < Bp_1 < B =1
such that the function

uoo,klayer(r) = uoo,l—layer(r; ﬁj—lu ﬁj) fOT’ re [ﬁj—lv /Bj)a .] = 07 ERCR) ku (238)

is continuous. In addition, the [3; satisfy

§'(8;) _ §lay1) — &) j=1,... k-1 (2.39)

¢'(B;)  Clajer) —¢(aj)’
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Proof. For P = (P, ..., P,_1) € T to be chosen later, let us introduce the operator

(I=P)Br,Br1) = (Br = Pryoooy By — Pra)
We want to show that the homotopy H = (HW, ... H®* V) defined by

H(t, By, ..., Bk—1) = tMx(B1, ..., Bre1) + (L =) (I — P)(B1, ..., Pr—1) (2.40)

satisfies
H(t,p1,...,0k-1) #0 for every t € [0,1] and (B, .., k1) € OT. (2.41)

Here M, is extended to 0T thanks to Lemma 2111
In the following take e < /2, with & such that the statements of Lemmas 210 and
hold true.
Let us first consider H on (07, as defined in (2Z33]). We write
(OT)1 = Uit (0T )15, (OT)1;:={(Br, - Bra) € (OT)1 = By < e < B}
By Lemma there exists C' > 0 such that
H(])(t, 517 R ,ﬁk_l) < —tC + (1 — t)(é — f)]) on (8T>17j,

for every j =1,...,k — 1. This quantity is negative for every t € [0, 1] provided that P; > ¢
for every j.
Let us consider H on (97"),. We write

(OT) = USZH (0T )iy, (0T )y == {(Br, .-, Brer) € (AT )i : o1 <1 —e < B}
Then, by Lemma 2.12]
H(])(ta ﬁla SRR ﬁk—l) > tC + (]' - t)(]' —&— P]) on (aT)k,]a

and this quantity is positive for every t € [0, 1] provided that P; < 1 — ¢ for every j.
Finally, let us consider H on (97);, for a fix j =1,...,k — 1. We define

(OT); 1 =A{(Br,-- . Br—1) € (OT); : Bj-1 =B < e},

(OT);, ={(B1,.-, Br—1) € (OT); = B < Bj—1— € < B},
forl=0,...,5—2, and

(8T>;:m = {(/817 s 75/6—1) S (aT)j : ﬁm—l < ﬁj +e< Bm},

(OT) 4r = (B, Brer) € (OT); 2 Bjoy = B > 1 — ¢},
form=j+1,...,k, so that

(OT); = Uk ((OT);_, N (OT) 1) Uiz UEEL L ((9T);, N (9T) ) -

m=j+1 m=j+1
Let us show that on each piece of this decomposition at least one component of H does not
vanish.
On (9T); _,N(AT);,,, m=j+1,...,k we have 8,, 1 < B +¢ < 2c and B, > fj+¢ > ¢.
Lemma implies

MUV (B, Brer) < —C o (9T);_, N (0T}

jvm’
so that
H™ V(@ By, Beer) < —Ct+ (1= 1)(2e = Prmt) <0 on (9T);_, N (0T}

j7m7

forevery m=j5+1,... k.
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Next consider (975, N (9T);,,, for { =0,...,5 =2 and m = j +1,...,k Lemma
implies that
MU > ¢ and M"Y < —C on (0T);, N (OT)} s
hence
H(l+l) > Ct+ (1 — t)(ﬁl-i—l — Pl+1)> H(m_l) < —Ct+ (1 — t)(ﬁm_l — Pm—l)

on (9T);, N (dT)},,. Suppose by contradiction that both H"*) and H=) vanish on
(0T);, N (IT),,, then

jom>
Bi—1—€ < Py < Py < Proy < B < B+ = Bj-1 + ¢,
which is not possible provided that |P 11 — Py,_1| > 2e.

Finally on (0T);, N (3T)} 4, | = 0,...,5 — 2, we have §; < ;.1 —¢ < 1 —¢ and

Bis1 > Bj—1 —e > 1 — 2e. Lemma [ZT2 implies
H"D > Ct+ (1= t)(1 =2 — Py1) >0 on (97);, N (0T) 11,

for every [ =0,...,5 — 2.
By (Z40) we get that

d€g (Moo(ﬁla SR ﬁk—l)a T> 0) = deg (] - Pa T> 0) = 1. (242)

Then the equation
My (B, .., Bk—1) =0 (2.43)
admits at least a solution in 7. O

Proposition 2.15. We have

k
Uos omtager = Y A5G (r, ), (2.44)
j=1
where (aq, ..., ax) is a critical point of the function ¢ defined in (L) and (Aq, ..., Ag) is a
solution of the system (7).
Proof. By construction, teg j—layer 1S the juxtaposition of & 1-layer solutions s 1-1ayer (75 5i-1, ;)
as defined in (Z30). The j; are such that the juxtaposition is continuous, that is to say (2.39)
holds. Recall that each 1-layer solution attains it maximum value 1 at r = «;, with «a; sat-
isfying (229), therefore (Ay,...,Ax) solves the system (LT). We only have to prove that
(v, ..., q4) is a critical point of ¢.
Let us write relation (2.29) more explicitely for §; satistying (2.39):
glon) | lan)l€lan) = Elan)] = Eflan)[C(az) — Clan)]
(o) (a2)C () = ((a)é(n)

("(oy)[€(ay) — E(ay1)] — & (a)[C(ag) — (i)

§(y)C (1) — () (aj-1)

('(a)[§(ajp1) — E(ay)] = §'(ay)[Clayra) = Cley)] _
§(ajr1)¢(ay) — Clay1)é(ay) A

=0, (2.45)

_|_

C(ag)[E(ar) — E(ar_1)] — & (an)[C(ar) — C(ar_1)] n ¢'(ar) —0 (2.47)

E(ou)C(ag—1) — Cau)é(ak-1) ()
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We have to prove that

O'(ag,...,a) =0 ifand only if (aq,...,qx) satisfys (245) — (2.47)
We have

k
90(517 .- -75k> = ‘831\ .Zsé,\f—l [UQO,JF(Sj;ﬁj—th) - U;,_(Sj;sjaﬁj)}

i=1

k . o e (2.48)
SPVAI S Sl NSRS U NS PPN o 3
o ;S] &, 150(55)  Clgyr(5) o Z )
with the j3; satisfying (see (2.39))
§(8;) _ &lsj+1) —&(s)) j=1,... k-1 (2.49)

C(B)  Clsiun) —C(sy)
We compute d¢/0s; for j =2,...,k—1 (the cases j = 1 and j = k being similar). For such
J, using relation (Z49]), rearranging the terms, and recalling (Z0]), we obtain
o, = Gs)I€(s5-1) — &lsjrn)] + Clsj—1)[€(8541) — &(s5)] + Cs5+1)[€(s5) — E(s5-1)]
[€(s)C(s5-1) — &(s5-1)C(s7)][€(s5+1)C (55) — €(85)C(85+1]
When we compute Op/0s;, only the terms ®;_;, ®; and &, intervene. Some tedious
computations provide

(2.50)

00; 1 ((s))[6(s5) = &(s5-1)] = §'(55)[C(s5) = C(s5-1)]  ((85)N1 = &'(55) No
55, €< (51) = E(5, 1)C (5, - pp o B
0011 ((s5)[8(si41) = &(55)] = €'(55)[C(s541) — C(s5)] . ¢'(55) N5 — &§'(s) N (2.52)
0s; [€(s+1)C(85) — &(55)C(5541)] ' D3 ’
and
00;  ('(sj)Ns — &'(5;)Ne
9s; — DD (2:53)
where

Ny := &(5j-1) Da[C(5j41) N1 — €(8j41) No] — §(5501) D1[C(s5-1) Ng — §(sj-1) V], (2.54)

o] —
Ne := ((s5-1)D2[C(8541) N1 — &(5511) Vo] — C(s511) D1[C(8j-1) N3 — §(s5-1) V). (2.55)

We sum the contributions to obtain, for j =2,... k — 1,

830 8(I)j_1 8(I)j 8(I)j+1
ds;  0s; * 0s; * 0s;

(SJ)(NQDQ -+ N4D1) C (Sj)(NlDQ -+ Nng)} . (256)

D D
Therefore d¢/ds; = 0 if and only if ([2.46]) holds. Similarly, one can prove that dp/0s; =0
is equivalent to (Z45]) and d¢/0si, = 0 is equivalent to ([2:47). O

We conclude this section with the following conjecture, which seems natural to us, since
we have proved in Lemma 2.4 that the 1-layer solution of the limit problem is unique.

Conjecture 2.16. The configuration (By,. .., Br—1) in Theorem[2.14 is unique.
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3. EXISTENCE OF THE INCREASING AND DECREASING SOLUTIONS

3.1. The increasing solution in the ball. Let 0 < o < 8 < 1. If u € H} ,(Bs \ Ba),
we can assume it is continuous in (a, #] (« included if positive) and the following set is well
defined

Cifos) = {u € Hly(Bs \ By) : u>0and u(r) <u(s) for every a < r < s < g}

Observe that if & = 0 and u € Cy |44, then u € C(Bg) and in particular it is a bounded
function. In fact, since u is non-decreasing, we can assume continuity also at the origin by
letting %(0) = lim, g+ u(r). Moreover, u is differentiable almost everywhere and '(r) > 0
where it is defined.

Lemma 3.1. Let u € Cy o g solve

—Au+u=u" in Bg\ B,
Oyu =0 on 0(Bs \ Ba).
Then
(i) eitheru =1, oru(a) <1 and u(f) > 1;
(ii) |u| < e? in Bs\ Ba;
(iii) || <1 n Bg\ Ba.
Proof. (i) Integrating the equation for u in B \ B, we obtain fBﬁ\Ba u(l —uP~t) dz = 0.
(ii) By multiplying the equation for u by u' we obtain
N -1

r

(u)?. (3.2)

' — wu + P = —

Hence the Lyapunov function

_ WP w(r)? | u(r)

2 2 p+1

L(r)

satisfies L'(r) = == («/)* < 0. As a consequence, we have L(r) < L(0) = —wl0? | wOPT o

2 L
0 by point (i), for every o <r < . This implies

u(r) <u(B) < (2%1) . (3.3)

and hence the claim.

(iii) Since the function % — fﬁ: achieves its maximum at z = 1, the inequality L(r) < 0
implies |v/(r)]? < %. O

Proposition 3.2. Let \5*(a, B) be the second radial eigenvalue of —A+ Id in Bg\ B, with
Neumann boundary conditions. If p > X5 (v, B) there exists u, (1) = w, 1 (r; o, B) € Ci [a g
which solves [B1]) and such that a suitable rescaling achieves

o (o, B) = inf {Qp g (w) 1 u € Cy fag), |lullo <Ve+1}, (3.4)

where Qp (o5 was defined in 22). By the mazimum principle, u, + is strictly increasing.
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Proof. Fix ¢ > 1, ¢ < 322 if N > 3, and sy = y/e + 1. Define the following C function

0 ifs<0
fp(s) =< s if0<s<s
sP 4+ psh (s — s0) + (5 — 50)9  if 5 > 50,

~ Vul?  u?
@mMWZ/ (555 - B a (35)
Bg\Ba

In [4, Thm. 1.3, Prop. 4.7] it is proved that there exists a strictly increasing radial solution
of (B.I]), which achieves the following mountain pass level in C, 4 g

and let F( f 0

d (a,8)= inf maxFE,, t)),
pt () Lernh 5y max By a(v(®)

where )
F%—I—(O‘aﬁ) = {7 S C([Ov 1]7C+,[a,5}) : 7(0) =0, Ep,[aﬂ}(fY(l)) < 0}

Given this result, it will be enough to show that a suitable rescaling of this solution
achieves ¢, 1 (a, ). To this aim, let

C;;_l_(a”@) lnf{ [aﬁ]( ) Tuc C—l— [o,8]» HUHHl :/ fp(U)UdI} .
Bﬂ\Ba

It is standard to see that ¢, | (o, 8) = ¢ , («, B), see for example [24, Thm. 4.2], with the
only difference that we have to work i n the cone Cy [o,5. Therefore there exists u, . € Cy (a5,
strictly increasing, which achieves ¢ |, 5 and solves (1) with f,(u) in place of u”. Since the
conclusions of Lemma [B1] still hold Wlth fp(u) in place of uP, we have

lup+| < e'?in Bs\ B, and hence f,(u, ) =ul in Bs\ B,.

Let us show that w = cp7+(a,5)_ﬁup7+ achieves ¢, (o, ) and solves —Aw + w =
¢p+(a, B)wP, which concludes the proof. On the one hand we have
p—1
2(1--2 p+1 Pl
64(0.9) < Qpra(in) = e 5,7 = (2250 009) T o)
On the other hand, t,w is an admissible test function for ¢, , (a, ), with
R
tp = llwl[fp lwll, 1

Hence

p—l o p—l p+i

_ 2 pl

& (@, 8) < Ep o (tyw) = m“tpwHHl = mcp,+(%ﬁ)” :

This implies that the inequalities in (3.0]) are indeed equalities and in turn that u, ; can be
chosen as a multiple of w. O

Remark 3.3. For a fix p, if 0 < & < B are such that there exists the solution u,_ (-;a, 3),
then by the continuity of Ny (v, B), there exist 0 < A; < & < Ay, By < B < By such that
the solution wu, 1 (-; o, B) exists for every (o, B) € (A1, As) X (By, Bs). In case & = 0, there
exist By < B < By such that the analogous holds in the ball.
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Remark 3.4. We see from the previous proof that u, y equivalently achieves

[ull7n

<IB5\BQ Fy(u) d:lf) &

As an additional information, we next show that the increasing solution is a local min-
imizer of Qa5 in H}y(Bs \ Ba). This implies for instance that the Morse index of the

a
corresponding critical point of

|Vul*  w?  wPt?
E, = —t — — —— | dx.
p7[ 75} (u> /;ﬂ\Ba ( 2 2 P 4 1

is 1. Indeed we have that wu, ; is an eigenfunction of the operator

inf ]Qp,[aﬂ} (u),  where Qn[a,g](u) =

u€Cy [a,8

p—1
v —Av+ v —pu, U

associated with the negative eigenvalue 1 —p while for smooth functions v orthogonal to u, +
in H',,(Bs \ B,), we have

rad
;,/7[a,ﬁ](up,+)[v,v] = /B . (|Vv|2 +0? — pugivz) dr >0
B «@

as a consequence of the fact that u, . is a local minimizer of the functional va[aﬁ]. The
claim then follows by density.

Theorem 3.5. The increasing solution u, , is a local minimizer of Qp a5 i HY,;(Bs\ Ba).
We first show the minimality with respect to smooth variations.
Lemma 3.6. There exists € > 0 such that for every function satisfying
¢ € C2(By\ Ba), (@) = (8) =0, [l — tp (0, B)lle < e, (3.7)
it holds Qpja.s(Upt) < Qpias)(©) (Qpas is defined in Remark [37).

Proof. It will be enough to find ¢ > 0 such that ¢ satisfying (B7) implies ¢ € Cy o 5. As
Up (1) > up () > 0, then for € < u, 4 (a)/2 we have ¢ > 0 in Bg \ B,. Let us show that
 is increasing.

Since uj, | (o) = w;, ,(B) = 0 and wu,, , (r) > 0 for r € (a, B), there exists 7 € (a, 3) such
that

. 1 1
min w, ,(r) >0 and max u, . (r)<O0.
relo,a+7) p,—i—( ) re[B8—7,0] p;i-( )

By choosing
€< -min{ min v, — max u” ¢,
2 {[a,am SRR e
we have ¢” > 0 in [o, o + 7] and ¢"” < 0 in [f — 7, 5], for every ¢ satisfying ([B.7). Then,
using the fact that ¢'(«a) = ¢'(8) = 0, we deduce

r B
o' (r) = / O'(s)ds >0, r € (a,a+T7], ¢(r)= —/ O"(s)ds >0, re[f—T,0).
Finally, since u;, , (r) > 0 in [ + 7, 8 — 7], by choosing

e< - min u . (r
27“6[014-?,6—?] p,—l—( )7
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we also have ¢’ > 0 in (o + 7, 3 — 7) for every ¢ satisfying ([B.7). Therefore ¢ € C4 0,5, O
Proof of Theorem [33. Let us show that there exists £ > 0 such that
Y e H:ad(BB \ Ba), [lo —upillm <e (3.8)

implies Qp(.5(tUp+) < Qpjas (). We proceed as in [7]. Suppose by contradiction that there

exists a sequence ¢, satisfying (B.8)) with ¢ = 1/n and Q;m[a’ﬁ](@n) < Qn[a,ﬁ](upﬁr). Since
inf{Qpag(¢) 1 ¢ € H.y(Bg\ Ba), |l — tups|lm < 1/n} is attained, we can assume that
it is achieved by ¢,,, so that

Q;;,[a,ﬁ}(@n)[w] = fn(n — Up 4, ¥) (3.9)

for some Lagrange multiplier p,, and for very test function ¢» € H'(Bjs \ B,). Therefore ¢,
satisfies

(1 = ) (=Apn + 0n) = fplen) = pn(—=AUp 4 + up 1), o) = ¢, () = 0.

Let us show that p, < 0. If ||¢, —u, + || g2 < 1/n then p, = 0. If otherwise [|@, —up 4 || =
1/n, let t > 0 and ¢ be such that ¢, +t € H ,(Bs\ By) and ||¢n + t — up || g < 1/n.
Then

1 2 1 2001112
2 > [lon + 1) — up 4 [ = o 2t(on — up 4, V) + Y|,
so that
2t(on — Up 4, 0) g1 < 0. (3.10)
On the other hand, by the deﬁnitio:il of ¢,,, we have Qp,[avm (pn+t)) — Qp,[aﬁ} (pn) > 0, which
in the limit ¢ — 0, ¢t > 0, provides Q;,[a, m(gon)[w] > 0. By comparing the last inequality with

B9) and ([B.I0), we obtain yu, < 0.

By using the equation satisfied by wu, 4, we can rewrite (3.9) as

(1= ) {=Aon — up 1) + 00 —up 1} = fipln) = fplup+).
As ¢, — u, . in H' asn — oo and p,, < 0, the bootrstap argument implies that o, — u,
in C?(Bg \ B,). This contradicts Lemma B0, thus providing that u,  locally minimizes
Qp,a,5 0 the H ~topology. 0

3.2. The decreasing solution in the annulus. As said before, finding a radial solution of
([27)) in an annulus is easily done, whatever p > 1, by minimizing the quotient @, 5 defined
in @22) in H' ,(Bs\ B,). One expects that this produces a radially decreasing solution.
One can show this fact for large p. In order to obtain a decreasing solution for a broader
range of p (we leave as a conjecture the fact that the minimizer of @, (4 g is non increasing
whatever p > 1), we introduce the cone

C_jos) = {u € H}y(Bs \ By) : u>0and u(r) > u(s) for every a < r < s < }.

Observe that here we assume a > 0. Then u € C(Bj \ B,) and in particular it is a bounded
function. Moreover, u is differentiable almost everywhere and «'(r) < 0 where it is defined.

Proposition 3.7. If a > 0 and p > \y*(a, 8) there exists u,_(r) = u,_(r;a, 8) € C_ o g
which solves [B1]) and such that a suitable rescaling achieves

p—(a, B) = inf{Qp ap (1) : u € C a5}, (3.11)

The proof is classical. Observe that by the maximum principle, w, _ is strictly decreasing.
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4. BEHAVIOUR OF THE MONOTONE SOLUTIONS AS p — 00
In this section we will prove the following convergence result.

Proposition 4.1. Denote by tueo (1) = Uoo + (15 a0, B) the unique solution of
—Au+u=0 inBg\ B,
du=0 on 0B, (4.1)
u=1 on 0Bg.
As p — 0o we have that u, . — U + in H'(Bs \ By) NC*(Bg \ B,) for every v € (0,1).
The proof of this result is inspired by [13]. We divide it in several steps.

Lemma 4.2. There exists 4 € Cy [ satisfying ||illec = w(B) = 1 such that, up to a
subsequence, it holds

up+ — 1 in H'(Bs\ Ba), u,+ — 1 in C*"7(Bg \ By), for every vy € (0,1).

Proof. Given any 1 € C, o5 With |||l < /e + 1 we have, by the Holder inequality (see
(34)) for the definition of ¢, 4 (o, 8)),

2 _ 2
(. B) < LI <5, g, 5t Wl
[ i3

which is bounded by a constant non depending on p. On the other hand, the equation for
u, 4+ provides

221 1
Cpa (@, B) = Nlup 4l 7™ = llup e llpra (4.2)

We deduce that the H'-norm of the w, , is bounded uniformly in p and hence the weak
convergence. The Hélder convergence comes from Lemma B.1] (iii).

Being u,, + positive and strictly increasing for every p, @ is non-negative and non-decreasing
by the pointwise convergence. Let us show that @]l = 1. On the one hand, ||@]|~ > 1 since
up+(B) > 1 for every p and the convergence is C*?(Bg \ B,). Suppose by contradiction that
|@]|cc = w(B) > 1. Then there exists ¥ < § and ¢ > 0 such that u,_(r) > 1+ ¢ for every
r € (7, 5). By integrating (3] in (7, 5) we obtain

_ o B
u;’+(r) > NI / (ui_,_l — 1)7’N Ldr — oo,
T

thus contradicting Lemma B.1] (iii). O

Lemma 4.3. It holds

lim sup [[up,+[[p+1 < 1.
Pp—00

Proof. For every q > p we have, by the Holder inequality,

1 1
tp s llpr1 < Ntp 4 llgr1[Bg \ BalrtT ot

Therefore

: : : 11
lim sup ||up +||p+1 < limsup lim <||up7+||q+1|Bg \ By |7 q+1>
pP—00 p—00 q—00

‘ 1 ~
= lim sup <||up,+||oo|Bg \ Ba|”“> = ||t]|e = 1,

p—0o0

by Lemma O
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Lemma 4.4. For every u € Cy a5, u Z 0, there exists a sequence {w,} C Cy (o5 such that
lim [Ju, — ulln = 0, [ulloe < Hininf [y s
p—00 p—00

Proof. We take w, of the form o,u with o, > 1, so that w, € Cy . In order to choose

oy, let f(o) = ||ou||p+1. Since f is continuous, f(1) < ||ulleo|Bg \ Ba\ril and f(o) — oo as

o — 00, there exists 0, € (1,00) such that ||opull,11 = ||ulle|Bs \ Ba\ﬁ. It only remains
to prove that 0, = 1 as p — oo. Suppose on the contrary that o, > 1+ 9 for some § > 0
and for every p large. Then

lulloo = tm (Jlullool B\ Bal#57) = lim floyullyer > (1+9) lim [luler
which provides 1 > 1+ 9, a contradiction. O

Proof of Proposition[{.1] Let

oot = inf {J[ulZn € Cypogy, [ufloe =1}

| (43)
= inf {Qw[a,g](u) TuE C_,_,[aﬁ}, (E= O} )
where Qw (o5 Is defined in (Z3). By Lemma .2 we have
e < il < T in sy s = tam k(e ) (4.4)

Using Lemma we conclude that ¢y y < liminf, , ¢, . On the other hand, given any
u € Cy (a5, uw# 0, Lemma [4.4] provides
Qoo 0, (1) > limsup Qp (a5 (wp) > limsup ¢, 4.
pP—00

pP—00

Therefore we have obtained

Coo+ = pli)ngo Cp,+-

In turn, the inequalities in (£.4)) are indeed equalities, which implies both that w, y — @ in
H'(Bgs \ B,) and that @ achieves co 1 (With ||a]w = 1).
It only remains to show that u. 4 is the unique function, having L*°-norm equal to 1,
which achieves ¢, . On the one hand, u 4+ uniquely achieves
inf {[Jul|3 : w=10n 0Bz} < coo 4

On the other hand, u - is radial and satisfies

1 r
oo+ () = 5 / " Moo 4 () dt > 0, V1 € (a, ),
) /r: _— o
so that us 4 is an admissible test function for co 4. O

Remark 4.5. Note that we cannot have the C'-convergence of the solution up to r = 3.
Indeed w, . (8) =0 and u, ,(B) > 0.

An analogous result holds for the decreasing solution in the annulus.

Proposition 4.6. Let o > 0. Denote by U (1) = Ueo —(7; v, B) the unique solution of

—Au+u=0 inBg\ B,
dyu=0 on 0Bg (4.5)
u=1 on 0B,.
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As p — 0o we have that u,  — U in H'(Bg \ By) N C%(Bs \ B,) for every v € (0,1).
We conclude this section with a result that we will need later.

Lemma 4.7. We have
hm up,-i—(ﬁ; OK, ﬁ)p

pP—00 p

= 2 (B0, )" (1.6

Proof. The Pohozaev identity provides

N -2 N N N
( — )/ Vu, |? dSL’+( ——)/ wl  dx
2 p+1 Bs\Ba 2 +1 Bg\Ba

p+1
do,
so that

e I T )/ Vit
Bg\Ba

w‘“@m

Ba\Ba

1ot p+1 2 p+1

N N u?
EN ] ] e
2 p+1)JsaB. 0(Bs\Ba) 2

On the other hand, writing the Pohozaev identity satisfied by 1., + we obtain,

(4.7)

2

0B N -2 N
Mugo&(ﬁ)z = —— (Voo +|* dz — — ul, . dr+ Yo 4. (4.8)
2 2 2 2
Bg\Ba Bg\Ba 9(Bg\Ba)

The convergence u, y — s + in H'(Bg \ B,) proved in Proposition E1 and the fact that
up 4+ () < 1 imply that the right hand side in (£7T) converges to the right hand side in

@s). O

5. UNIQUENESS AND NONDEGENERACY OF THE MONOTONE SOLUTIONS

5.1. Uniqueness. In this section we show that the minimal energy solution in the cone
found in the previous section is unique.

Theorem 5.1. The value ¢, (o, B) is uniquely achieved by a multiple of u, +(-; o, ) for p
large enough.

Proof. Step 1. Following [12] Theorem 1.5], we perform a blow-up analysis of u, .. Let
p

[[tp.+[| oo

Uy (Bt &) — llupslloc) . 7€ [—5‘—“,0] R

zp(r) = c,

where [Jty.+ oo = tp+(8) and 1

-1
[tp+ 5
From Lemma (4.7 we obtain that, for p large enough,

VP V2 (5.3)

PEp = — — as p — 00,

ufx;,+(5)

pes = (5.2)

g illoZ
so that, in particular, €, — 0 as p — oo.
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We claim that for every R > 0 there exists C' > 0 independent of p such that
||+ |2,(r)] < C, 1€ (=R,0). (5.4)
Of course, z, < 0. In order to obtain a bound from below, write

pep up+(8 — epR) — up 1 (B)

“R) = —
w0 = s -

= _Cu;/n,—l— (gp)>

for some &, € (B — ¢,R, 3), by the mean value theorem and (5.3). The last quantity is
bounded from below by Lemma [B1]¢7i). This lemma, together with (5.3]), also provides

Pep

EAR
T e

|u;)7+| S Ca

so that (5.4) is proved.
From (5.4) and the equation solved by z,:

(N—1)ep Zp ) __ Zp P B—«a
{‘Zﬁf = e 20 TP (1 + ?) - (1 + ?) forr € <_ & ’0> (5.5)
2p(0) = 2,(0) = 0,

we can see that also z) is bounded in (—R,0). Therefore there exists zo € C''(—00,0) such
that 2z, = 2, in C} (—00,0) and we can pass to the limit in (5.5]), obtaining that z,, satisfies

—Z"=¢* in (—00,0). (5.6)
All the solutions to this equation are given by
4 A2 V2(Ar+B)
z(r) = log ‘ 5 A, BeR. (5.7)
(1 + e\/i(Ar-l-B))
Using that z4(0) = 2. (0) = 0, we deduce
4eV?r ol
2p(1) = 200(1) = log ————— in (), (—00,0). (5.8)
(1+ev?r)

Step 2. We argue by contradiction and suppose that there exists @, 4 (-; @, 3) € Cy [a,5], Up,+ Z
U, +, which solves the equation and such that a suitable multiple achieves ¢, 1 (a, 5). All the
results proved in Sections ] apply to 1, 1 since it has the same variational characterization
as u, 4+ and all the arguments can be repeated.

Since w, + # u, 4, the following normalized function is well defined

w, = ot~ Unk (5.9)

||up,+ _ﬂpv—irHoo'

Letting K,(r) = fol(tup7+(r) + (1 = t)i, (r))P~*dt, we have that w, solves

{_(TN—lw;,)’ + iy, = r¥ T pKw,  forr € (a, B) (5.10)

wp(0) = wh(B) =0, |wy| <1

We claim that there exists C' > 0 independent of p such that

jw, ()] < Cp for every r € (a —|2- 5,5) : (5.11)
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Integrating (5.10) in ((a+ 8)/2,7), for (a+ 3)/2 < r < 3, we obtain

‘s

< [ S ey [ IGO0 (612
2 2
Since |w,| < 1, we have
lw,(r)| < C +p/ , tNH K ()| dt. (5.13)
a+
R
On the other hand we have that
B
/ |K,(r) |7 tdr < C. (5.14)
atB
2
This comes from the inequality
|27 — y?| < ple —y| (max{z,y})’"", for every z,y >0, (5.15)
applied as follows
Up 4 (7)P — Up (1) - _
16 )] = 2= Bl < a0, )1 (5.16)
p7 p7
and from the fact that
/ Wbt da + / abtlde < C, (5.17)
Bﬂ\Ba Bﬁ\Ba

uniformly in p, by the H'-bound in Lemma and relation ([A2). So the claim (B.IT]) is
proved.

Thanks to this C*-bound, we can perform a blow-up analysis of w,, similar to the one in
Step 1. Let ¢, be as in (5.2)) and let v,(r) = w,(8 + ¢,r) for r € (=(8 — a)/ep, 0), so that

{—v;' - %v; + e2v, = el (B + epr)p for r € (—i‘p‘l, O) (5.18)
v (@) = v (B) =0, Jv,| < 1. ’
By (BI0]) we deduce that
W (r)| < C forre (—%,0) . (5.19)
Let us show that
per K, (B +epr) — € (5.20)

locally in the compact subsets of (—o0,0), with z,, defined in (5.8). To this aim, consider
the function z, introduced in (5.I]) and analogously let

1 - D _ - _
~2
P, = T (r) = 57— (Up+ (B + &) = [ltp1]l0) (5.21)
o ’ It llo g '
so that
- - 1_ (¢
b3 &3r) = il (14 22, (20)). (5.2
p
Since the asymptotic in (53] holds for both ¢, and £,, we deduce
oy Ml o) e (5.23)
€ [tp,+ [l oo
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so that, using also (B.8),

Zp <§—Zr) — 2Zoo(T)  as p — o0. (5.24)
Using this and (5:23)) again, we have

Ky(B+e,r) = |lup|P! /01 {1 +% [tzp(r) +(1-1)3, <?r>} + op(l)}p_ldt

p
~ |55 = as p = o0,
proving (5.20).
By combining (2.18)), (£.19) and (5.20), we deduce that also v, is bounded, so there exists
Voo € C'(—00,0) such that
Uy = Voo 0 O} (—00,0). (5.25)
Moreover v, solves

{—v” =e*>v in (—o0,0) (5.26)
v'(0) =0, |v] < 1.
It is known, see [12, Lemma 4.2], that
1— eV 1— eV
v(r):Am+B<¢§rl+e 2T+2), A, B€eR. (5.27)

Since v, is bounded, we immediately obtain that B = 0. On the other hand, the condition
vl (0) = 0 implies that A = 0. Therefore

vy, = Voo =0 in C} (—00,0). (5.28)

Step 3. We will see that v, = 0 contradicts the fact that ||wy|« = 1 for every p. Let
m, € [a, ] be such that wy(m,) = 1 and let (up to a subsequence) m, — ms € |o, (]
Denoting by G|a,g(r,t) the Green function of the operator —u” — ¥4/ 4+ u with Neumann
boundary conditions u'(a) = u/(8) = 0, we have

B
wp(r):/ Gla,g) (1, 1) pI, (t)wy(t)dt. (5.29)
Then

B B
L= wylmy) = [ Glosa iy OO0t = [ Gy DD ey €)1 + 0,(1),

where we used the fact that u, +(t) < C <1 fort € [(a+ 3)/2,5]. By applying the change
of variables ¢t = 3 + ¢,5, we obtain
0
1 = pep / o Gla,6)(mp, B+ p8) Kp (B + €p5)vp(s)ds + 0,(1)
- 2ep

0
= png[a,B](mpvﬁ) / o K,(B + eps)vy(s)ds

0 P
+p€p/ (G[a,m (Mmp, B+ €ps) — Gla,g(my, B)) K, (s)vy(s)ds + o0,(1)

_B=a
2ep

= [17;,,—'—]2,1,—'—0;,,(1). (530)
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Let us observe that there exists C' > 0 such that, for any r, a, 8 € [0, 1], the following holds

|G(r,a) = G(r, )| < Cla—f.

(5.31)

This can be seen for example by making use of relations (ZT)-(2I0), we omit the details.

Then, using (5.150]) we can estimate I, as follows

0
gl < Coluelt [ 1ol (14

2ep

Y (s

—a
2ep

0
< Cllupel [, 1l uy(s)ds,

where we used (.2). We claim that

0
/ﬂa |s|e*®) |, (s)]ds — 0 as p — oo.

2ep

(5.32)

(5.33)

Since we know that v, — 0 a.e. as p — oo, it will be enough to show that the Lebesgue
dominate convergence theorem applies. To this aim we use the following lemma, of which

we postpone the proof to Section (.2

Lemma 5.2. There existp > 1, 5 € (—(8 — «a)/(2¢5),0), C > 0 such that
2 (s) > C

for every p > p and s € (—(8 — a)/(2¢,), 5).

Given p and § as above, we compute

2(s) = — /SO 2 (r)dr = / 2 (r)dr — /80 2 (r)dr < —C(5—s) < Cs,

for every p > p and s € (—(8 — a)/(2¢,), §), which gives (5.33)).
So we have proved that |I5,| — 0 as p — oo, so that (B.30) becomes

0
=02y Glagt(mpnB) [ K3+ ps)un(s)ds + o,(1).

_B—a
2ep

On the other hand, (5.28) implies (repeating the same procedure as before),

(5.34)

(5.35)

(5.36)

B B
op(1) = w,(B) = / G[avﬁ}(ﬁ>t)pr(t)wp(t)dt = / G[avﬁ}(ﬁ>t)pr(t)wp(t)dt + 0p(1)

atp

0 2
= 15Glan(6:0) [ | KB+ esluls)ds

2ep

0
+pep / ia (G[aﬂ} (8,8 +¢eps) — Gla,8) (8, B)) Ky(B + eps)up(s)ds + op(1)

- 2ep

0
= 5Glap(6.8) [ | K8+ eps)un(s)ds + o,(1),

_B-«a
2ep

which contradicts (5.36]). This concludes the proof of Theorem [5.11

(5.37)



MULTI-LAYER RADIAL SOLUTIONS 27

Corollary 5.3. Let us suppose that (ay,,,) — (a,f) with o < [. Then there exists
po = po(a, B) > 1 such that, for every n, the value cpy (o, Bn) is uniquely achieved by a

multiple of up, 4+ (+; o, Bn).

Proof. Tt is enough to repeat step by step the proof of Theorem B.Il We just remark that

_Bn

the functions z, and v, are now defined in _po‘” 0) and by assumption this interval

converges again to (—oo,0). This applies also to Lemma O
5.2. Proof of Lemma
Lemma 5.4. Recall that ¢, (o, B) is defined in Proposition[3.3. We have that

cpi(a, B) = |0Bglul,  (B; o, B) +0p(1)  as p — o0. (5.38)

Proof. By definition we have

p—1

(0, 8) = Qpiap(itps) = (|aBl| / P (e 1dt)p“. (5.39)

Then, recalling the blow up procedure (&), (E.8]), we obtain

p+1

p—1 B 0
—C”*‘(géﬁ‘) =/ Wl (N :EP/B WY B+ ,5) (B + £ps) N Nds
1 o R =

0 p+1
Zpl S _
= éprU%-I-HI;:l/Ba (1 + p; )) (B+eps)V " lds
T e

0
I A (5.40)

—00

where in the last step we applied Fatou’s lemma. Next by (5.2), (58]) and Lemma L7 we

obtain
ptl

(@ B)7T o gy (%) (V2+0,(1)) = Bl 1 (B) + 0,(1),

0B |
On the other hand, taking u. 1 as test function for ¢, ;(«, ), we have
N-1 Uoo 4—(/3)
(01 B) € Qyponfte) = |0BIS" 20 (5.41)
where in the last line we used the equation satisfied by us . U

Corollary 5.5. For every 6§ > 0 there exist s(0) < 0 and p(d) > 1 such that, for every
p>p(d) and s € (—(8 — ) /ep, 5(0)), the following holds

/S (1 + Zp(T))pH (B +e,7)V"ldr < 6, (5.42)

B—« P

Proof. For any ¢ > 0 let us choose s(J) such that

s(9)
-1 / e*=Mdr < - (5.43)
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We point out that a consequence of (5.40) and (5.41]) of Lemma [5.4] is that
’ Zp(T) o N-1 N-1 ’ 2o (7)
1+ —= . (B+e,r)" dr — e*=\"dr, (5.44)

8 —00
€p

as p — 00, hence we can choose p;(0) such that, for every p > p;(9),

0 p+1 0
/ i <1 + Zp](:)) (B +e,m)N tdr — BN_I/ > dr

8 —00
€p

)
—. 4
<3 (5.45)

Next, using the uniform convergence of z, to zo, on the compact sets of (—o0, 0] let us choose
p2(d) such that, for p > ps(9),

0 p+1
/ (]_ + M) (5 + EPT)N_l _ 61\/—16200(7')
5(6) p

Finally, let ps3(d) be such that —(8 — «)/e, < s(0) for every p > ps(d) and set p(d) :=
max {p1(d), p2(0), p3(9) }.

dr < g (5.46)

If p>p(d) and s € (—(8 — «)/ep, s(0)), we have
s p+1 s(8) p+1
/ ( ZP(T)) (8 +epm) V" ldr < / (1 + —Z”(T>> (8 + epr) ¥ Hdr
_B-a P _B-a P
s(9) 0 P (7_) p+1 0
= BN_l/ e*= (M dr + / (1 + 2 ) B+ 8pT)N_1dT — ph-t / e*=(N) dr
—0o0 — p —0o0
0 p+1 0
— </ (1 + Zp(T)) (B+ 6p7')N_1d7' — ﬁN_lf e*dr | <4,
s(0) p s(6)
(5.47)
which proves the claim. O
Proof of Lemma (5.2 Writing the equation satisfied by u, ; we obtain
B+eps B+eps
— (B +p8) (B +ps)V 7+ / w4 (V! = / ub ()N, (5.48)
which implies by (G.1]),
lup,+lloo s -1 _ e N-14
e ( )(B +eps ) = up,+ ()t t
8 N (5.49)

s > (t p
el [, (1420 ) 4 0

Using (5.2)), (53)) and the fact that s € (—(8 — «)/2¢,,0), we obtain, for p large enough,

a+ﬁ

ﬂ(ﬂ) 5;—1 / (0t

) ﬁ—f—fp )N 1dt_ Il Igp( )

v

4s) > 5

2 \V! e 2,(t)
- <a +ﬁ) /_w <1 "

(5.50)
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By Corollary 5.5, with ¢ = I; /2, there exist p and 5 such that

I _
I,(s) < 51 for every p > p, s € (_Bg a,s) : (5.51)
p

The Hoélder inequality with exponents (p + 1)/p and p + 1 provides

/s - (1 + Z”:))p (8 + ept)N "t

B

1

S </_B (1 + Zp;t))pﬂ - Ept)N_ldt) : | (/_Oga (8 + 5pt)N—1dt> "

€p

s p+1 ppﬁ 1
< (/ (1 + Zp(t)) (B + Ept)N_ldt) Ce, 7. (5.52)

We notice that

1
£ (B) sothat e," =1 as p— . (5.53)

p
p ﬁum,—l—
By combining (2.50)-(5.53) we obtain that 2 (s) > I,/2 for every p > p and s € (—(8 —
a)/ep, §). O
5.3. Nondegeneracy. With very few changes with respect to the proof of the uniqueness,
one can prove the following nondegeneracy result,
Theorem 5.6. Let v, solve
— (PN Ny = Nyl forr e (a,B)
v(a) = v'(8) =0
Then v, =0 for p large.

(5.54)

Proof. As in the proof of Theorem [5.I], Step 2, we suppose by contradiction that there exists
a nontrivial solution of (5.54). The blow-up analysis of this solution can be performed
exactly as in the proof to Theorem [5.1] reaching the contradiction in the sae way. Here the
calculations are indeed easier because there is only one blow-up parameter ¢,, hence (5.23))
holds automatically. Also, in the analogous of (.10) there is u} in place of K, so that (5.14)
is trivial. U

5.4. C'' dependence on the boundary points. The following result is inspired from [17,

Lemma 3.4].

Lemma 5.7. Let p be fized and let 0 < A; < Ay < By < By be as in Remark[3.3. Define
I={(r,a,0): Ay <a< Ay, By << By,a<r<pf}.

Then the map I > (r,«, B) = up, +(r; o, B) is continuous.
Stmilarly, in the case of the ball, let 0 < By < By be as in Remark and I =
{(r,B): By < < By, 0<r < p}. Then the map I > (r,) — u,(r;0,8) is continuous.
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Proof. We prove the result in the case of the annulus, the case of the ball being analogous.
Let (7, a, B,) be a sequence in I such that o, — o, B, — B.. Let 4, (1 ay, 5,) be the
trivial extension of w, 4 (r; oy, 3,) in the interval [A, B] := [A;, Bs] (extend as a constant
outside (a, 3,)). Define @, 4 (r; o, 5,) analogously. Since {a, 1 (-; o, 5,)}n is bounded in
H'(Bp \ Ba), there exists @ € H'(Bp \ Ba) such that (up to a subsequence)

Gy 1 (+; O, Bn) — @ weakly in H'(Bg \ Ba).

In order to conclude the proof it will be enough to show that @ = w, . (-; o, fs). Let
© € C(Bg, \ B,,). Then ¢ € C*(Bg, \ Ba,) for n sufficiently large and the H'-weak
convergence implies

/ (Vi -Ve+ap) de = / P dr.
B, \Ba B, \Ba,
Therefore both @ and u, 4 (-; a, B,) solve equation (B.I]) in Bg, \ B,,. Moreover, by the point-
wise convergence, @ is non-negative and non-decreasing (and hence positive and increasing
by the maximum principle) and, by Lemma B.1] (ii), it satisfies ||@]|« < v/e+ 1. Therefore @
can be used as a test function for ¢, (., 5).

Suppose by contradiction that @ # wu, 4 (-; ax, 8x). Then the uniqueness of the minimal
energy solution in the cone with variable intervals proved in Corollary implies

va[amﬁ*}(a) > QP,[OJ*,B*](UR-F('; a*? 5*)) (555)
On the other hand, the H'-weak convergence implies
pr[a*yﬂ*} (ﬁ) S llr{Ii)lorolf pr[a*,ﬁ*} (,&pd'('; ana 577/)) (556)

We use (5.50), (B.56) and the continuity if @ (a5 With respect to a, 3, to obtain
Tim Qp a5, (U, (55 Qs ) = @ ] (U4 (5 2, ) < Qa1 (W)

—

< liminf Qp ja, .1 (tlp+ (5 Ons Ba)) = WM Q0 5,1 (tp (5 O, Ba))-

This implies that 4, . (-; o, B.) achieves ¢, 1 (ay, 5,) for n large, which contradicts Theorem
Bl

Finally, by the uniqueness of the minimal solution in [a, 8] it is standard to show that the
sequences «,, and 3, do converge. 0

Lemma 5.8. In the same assumptions of the previous lemma, the maps I > (r,«, ) —
up o+ (r;a, B) and I 3 (r,8) — u, o (r;0, 8) are of class C*.

Proof. Again we prove the result only in the case of the annulus and we set [A, B] := [A;, By].
Let ) N
up,-l—(s; Oé, ﬁ) = h'pilup,-l'(h’s + k? Oé, ﬁ)v
with
a—pf AB — Ba
"=ap MM P TaTE
Then 4, € H} ,(Bp \ Ba) and solves
. N-—-1. . .
g~ hp et W2y = ()"
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We define a functional @ : H2 ,(Bg\Ba){u > 0}x{(a,3) : A < a < Ay, By < < By} —
L*(Bg \ Ba) as follows
N -1
hs + k

The Implicit Function Theorem applies to ®(u; «, ) = 0 near the point (4, 1; «, 5). Indeed
we have

u' + h2u — uP.

O(u;a, f) = —u" —h

~

¢ +h2¢ p(up +) _1¢-

0 ity (500, B); 0 B[] = " — hp

Letting 1(s) = ¢ (hs + k) and rescaling back to the original variable hs-+k = r, the previous
expression becomes

N -1
WA= = —— + ¢ — pu ).

The nondegeneracy of u,  proved in Theorem implies that 0,P (4, +(-;, B);a, B)) is
injective. Being a Fredholm operator of index 0, it is also surjective.

By the Implicit Function Theorem there exists locally a C* map («, 3) — u(+; a, 8) such
that ®(u(-;a, f); o, ) = 0. Then Lemma 5.7 implies that (o, 3) — u, (s, f) is of class
ct. O

Lemma 5.9. Fix 0 < a < 1. For every € > 0 we have that
Up o (530, B) = Uy (50, B8)  in H (B \ By) N C*(Bs \ By) for every v € (0,1),

as p — oo, uniformly in B for a +e < B < 1. Analogously, fit 0 < 5 < 1, then for every
g > 0 the convergence is uniform for 0 < a < —e.

Proof. We only prove the first statement. First we claim that for every ¢ > 0 there exists
C = C(e) such that

(0, B) + g4 (5 0, B) I + Nupa (50, Bl < €

for every p > 1, § € [a+¢, 1]. To prove the claim we proceed similarly to Lemma L2l Given
any 7 € Cy |o,1] satisfying ||7]/ < v/e+ 1, we have

||77||%1 1(Bs\Ba) ||77||H (Bs\Ba) p—1 ||77||H1 Bi\Ba
oty B) € TR < | By \ B[P e PR < B\ By o B
HIOHLP+1(BB\BQ) In HL2(BB\BO¢ In ||L2 (Bate\Ba)

(5.57)

for every p > 1, B € [a + ¢, 1]. This together with (£.2)) proves the claim.
By Lemma B.T] (iii) and Lemma [5.7] we have

|u;,+(-; a, B)] < 1, up +(+; v, B) is equicontinuous in /3,

which provides the uniform Holder convergence by the Ascoli-Arzela Theorem. Note that
the equicontinuity in /5 of u, (-; «, 5) follows by Lemma [II] (which holds independently).

To prove the uniform H'-convergence, we test the equation satisfied by w, . (-;a, 3) —
Uso + (-3, B) by itself in Bs \ B, and apply the Holder inequality to obtain

[ uoo-i—”Hl(BB\Ba < up 4+ — oo 4[| oo (Bg\Ba) Hup-i-”Lp (Bs\Ba) —|—|(935||u;o’+(ﬁ)||up,+(ﬁ)—1|.

The uniform estimate (5.57) and the uniform Hoélder convergence allow to conclude. U
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Remark 5.10. By combining the previous result with the proof of Lemma (L0), we see that

. D 1
PILIQOM = 5 (ugo,+(5;a>5)>2a

uniformly for a+¢ < [ <1, for every e > 0.

6. EXISTENCE OF THE 1-LAYER SOLUTION

For k € Nglet 0 = 6y < 1 < ... < Br_1 < B = 1. In this section we prove the
existence of a 1-layer radial solution of the equation (ZI) in the interval [5;_1, f3;], for some
Jj = 1,...,k, by gluing the increasing solution in [5;_;,a] and the decreasing solution in
[, B;], for a suitable a € (8;_1, 5;).

Theorem 6.1. For p sufficiently large there exists a radial solution uy 1 jayer(7; Bi—1, Bj) of
@200 in Bgs, \ Bgs,_,, having eractly one mazimum point at r = c,. Furthermore,

Qjp = Qj,  Upi-layer — Uoo1-layer POTNIWISE, (6.1)

as p — 0o, where

G[ijlvﬁj] (Tv T) '
/raN—l
r:aj

(compare with Definition[2.3).

G[ﬁjﬂﬁj} (T, aj)

(6.2)
G[Bj—lyﬁj}(aj’ aj)

= 07 uoo,l—layer(r; Bj—lu ﬁj) =

Proof. We juxtapose the increasing solution w, 4 (r; 8;_1, @) to the decreasing one u,, _(r; cv, 3;).
For a generic o € (1, 3;) this is a discontinuous function. Our aim is to find «a;, such
that it is continuous, that is to say

Uy 1 (G5 Bi—1, Qp) = Up, (3 i, B). (6.3)

Since we are working with Neumann boundary conditions, the function

5 gy = (B agp) i (B, ) 6.4
uP’l_layCr(r’ﬁj_hﬁj) { up,—(“ajmvﬁj) in (O‘J}pvﬁj) (6.4)
is the requested solution if «;, satisfies (6.3]).
We define
Up 4 (a5 Bij—1, )P — u, (o, 35)P
Ly Byas 5) s € (50, y) o e AP S U (B (g

p
We aim to prove that L, has a zero for p sufficiently large.

(i) We proved in Lemma [5.7] (and analogous result for u, _) that L, is continuous. This
is a consequence of the uniqueness of the increasing and decreasing solutions.
(ii) Due to Lemma .7 we have that

Pl (a5, 55)°

u:)o,-i-(a; ﬁj—la O{)

(6.6)

L,(a; Bi-1, B;) = Lo (s Bi—1, ;)

pointwise for a € [5;_1, 5;].
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(iii) By Propositions 1] and B8 and by (213]) we have
G[ijlya}(r7 OZ) ﬁj 1 ﬁj /r)

. _ 1
Uoo,-l—(ru Bj—lu Oé) - G[ﬁj,l,a] (Oé, Oé) - ﬁj 5] (Oé) (67)
G[a 5] (T> a) ﬁ 1,85] (T)
Uso,— (1500, B5) = - e 6.8
5008 = (@) ~ Gy v (@) (68)

Comparing with (2.I8]), we obtain
2 2
L (Ozﬁ . 5) _ 1 g[/ﬁjflvﬁj](a) . C[/ijlvﬁj}(a) _ _Spl[ﬁjflyﬁj](a)
e 2 5[5;‘71753‘](04) C[ﬁjﬂﬁj}(a) 2|aBl|aN_1
Therefore Lemma 2.4] implies that

0
aLoo(Oé, 5]'_1, 6]) >0 (69)
and that Lo («; -1, 5;) admits a unique interior zero a;.

Combining (i)-(ii)-(ii) we deduce that L, has a zero for p sufficiently large, which provides
the existence of the 1-layer solution. O

7. EXISTENCE OF THE k-LAYER SOLUTION

In this section we write for shorter notation w, (r) = u,(r;a,b) and ue (1) =
uoo,-‘r(r; «, b)

Let p be fixed. Let us recall the definition of I in Lemma [B.7l In the case of the annulus
we have

I={(r,a,0): Ay <a< Ay, By<fB < By,a<r<f},
with 0 < A; < Ay < By < By as in Remark In the case of the ball we have
I:{(Taﬁ): Bl<ﬁ<BQ>O§T<5}a

again with 0 < B; < Bj as in Remark 3.3

Lemma 7.1. Let (r,«, 5) € I. There exists C' > 0 independent of 5 and p such that

up,+
<C.
% e <
Proof. Notice first that 22 o (r) = &gy (r;r, B) exists by Lemma [0.8 and solves
" /
(%) -2 () + = rg e m(a9)
Oup !
(22 (8) = —up4(8) (7.1)

Oup !
( a/;) (a) = 0.
Step 1. Let ¢, be as in (0.2]) and 2z be as in (5.8). We claim that there exists A # 0 such
that

8up (B +epr)

vp(r) = ‘ - — Azl (r) in C}.(—00,0).

op

o
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To prove the claim we perform the same blow-up analysis as in the proof of Theorem [E.11
We have (compare with (B.18]))

p
ot = By 2y = <1 + %”) vy for r € (—B_", O)

p B4epr Ep
|Up‘ S 17

where z, is as in (G.I]). Proceeding as in (5.11)-(E.13) and (5.19), we can show that there
exists C' > 0 independent of p such that

(7.2)

lu,(r)] < C forr e (—%,0) :
Indeed we have
0

0 p—1
(M < C+ / - (B+e,t)N ! (1 + %) dt < O+ 5N—1/ e dt < C.

—00

2ep

Therefore there exists vo, such that v, — v in C (—00,0) and v, solves

loc

{—v” = €™ for r € (—o0,0)

ol < 1. (73)

We deduce form (527) that v, = Azl . Finally, proceeding as in Step 3 of the proof of
Theorem [5.1] one can show that A # 0.

Step 2. Proceeding similarly to (Z.19)-(2.21]), we multiply [B.I]) by ag%rN ~Land (ZI) by

u, +rV 1 and we integrate in («, 3):
ou ' P ou
— gt <8—pﬁ+> (8) up,+(B) = (p — 1)/ up 82+TN_1 dr. (7.4)

On the one hand, by Lemma [£.7], we have

(8gg+)/ (B) = —uy (B) = up (B) —up1(B) =p <7 n 0(1)) o (75)

On the other hand, by performing the change of variables r = 3 + ¢,s, we obtain

b ou ou 0w, (B+e,s)P
ubh 2N g = ¢ PEN lu ||§O/ AR P, (8) (B + gps) N ds,
[ 0 I D P o S
(7.6)
with v, as in Step 1. Recalling that (see (5.1), (5.3) and (5.8))
pt+1
c Hu +||p _ €P||up7+||002 u,ooci-(ﬁ)
piYp,Tlloco ™ )
VP V2
up,-l—(ﬁ + 5p3)p Zoo
ep, 4115 ’

and using (5.35]) to pass to the limit in (7.0]), we get

A ou
/ Up P,+,,,,N—l dr = '
(07

Oup,+

op

P+ aﬁ

—00

) (ufx,\,;ﬁ(@ _|_0(1)) 6N—1A/0 (e to(1)) ds. (7.7
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Oup,+

Since A # 0 and u., , (8) # 0, by combining (Z4)), (Z3) and (Z1) we deduce that ‘
is bounded.

[e.9]

Corollary 7.2. Let (r,a, ) € I. There ezists a function C(f) such that

up,+

9p

— C(ﬁ)uoo,-i-

pointwise as p — 0.

Lemma 7.3. We have

B
(V=) [ty = 557 (0 (0) e (9F) — 0 sl (78)

B
2 / U = BN (i 1 (B) + Bule 1 (B) = YUl 1 (B)F — 0" s (@) (7.9)

Proof. Proceeding similarly to (m) (Iml) we multiply (@I) by ¥~ 'u/_ , and we multiply
the equation satisfied by ul, , by N1y, 1 to obtain

(PNl o) = (7 g ) = (N = D e 7V

Intergating in (a, 3) and recalling that u/_ (@) = 0, ul, (@) = e 1 (@), U+ (B) = 1, we

obtain (Z.8]).
Let k = rul, , so that
N -1
—k'— ———F + k= —2u
,

We multiply the last equation by 7V u., + and [@I) by 7V ~'k to obtain
(Bttoe, 771 = ((too 1)) = 20, ™

Intagrating in (o, 8) and noticing that k'(8) = ul, ,(8) + Bul, ,(B) and that &'(a)

oo

QUeo + (), we obtain (7.9).
Lemma 7.4. For (r,a, ) € I we have
8up+ use +(B) — (ul . (8))?
ria, 3 =2— : + o(1
s A, e W
Proof. We define w := uy, ,, so that
—w" — 2w 4+ w = pub) +w—Nr§1w for r € (a, B)
w(a) = w(ﬁ) =0 (7.10)
w'(a) = uy (), w'(B) = up  (8),
and z 1= ru, , + p%lup7+, so that
— =By g = puzjrlz — 2u, 4 for r € (o, B)
2 (B) = Buy . (B), #'(e) = auy_(a) (7.11)

2(8) = JHup+(B), 2(e) = Frup(e).
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We multiply (ZI0) by rV~ 18“”* and (ZI) by rV~!w and integrate in («, 3):

B
N‘luz,+<ﬁ>agg+<ﬁ>—aN‘lu;:,+<a>a“”’+<a>=<N—1> [ et @)

Similarly, we multiply (ZI1) by ¥ 16“” + and ([ZI) by V12 and we integrate in («, 3):

up,+

op

8up-l— 2 N—1, 1

8ﬁ ( ) + -1 - up,-‘r(ﬁ)up,-‘r(ﬂ)
g ou
= 2/a Uy + 8%* rNdr. (7.13)
Using Lemma [£.9] equation ([Z.3]), Corollary and Lemma [7.3], we can pass to the limit in

(CI2) and (ZI3) to obtain

-5 (22 o)) 2t (5) - (0 sl

= C(B) {8 (ule 1 (B) — 1o 1 (8)?) — @™ s s ()} +0(1) (7.14)

My (B)

(8) — o™y (a)

and
2 / 2
_ ﬁN ( 0, —5(5) + 0(1)) agg—i- (5) . C(ﬁ)OéNUOO7+(Oé)2 o %SN_l (Uoo,-g(ﬁ) + 0(1))
BY BN (e, 1 (B) + Bul 1 (B)) — BYule 1 (B)* — @™ s ()} +0(1). (7.15)
By combmlng the two previous expressions we obtain the statement. O

Remark 7.5. We infer from ([LI14) and (ZI3) that C(B) = —ul, . (B), so that Corollary
[7-9 provides

pointwise as p — 0.
Lemma 7.6. The convergence in Lemma [7.4) is uniform in B for (r,a, ) € I
Proof. We argue by contradiction and suppose that
0 ull, — (ul, 2
lim sup |p up+(7" a, B) -2 ’+(ﬁ), (50,4 (B))
P00 Be[By,By) op r=8 uoo,—l—(ﬁ)

So we can select sequences p, — +o0o and [, — By € [B1, Bs| such that

>C>0. (7.16)

8Up + ugo +(5n) - (ugo +(ﬁn))2
n n QB -2 : ; - —C > O, 717
P55 (ria, By) . e (Bo) (7.17)
and the smoothness of uy 4 implies
Oy, + ul, (Bo) — (uly 4 (Bo))?
n = T O, On -2 7 ’ - — C > 0 718
P55 (ria, By) . w1 (o) (7.18)

Let us consider relation (T.12)) evaluated along the sequences p,, (,. By Remark .10 we

have , ) )
upn,+ (ﬁn) - uoo,-i—(ﬁO)

Dn 2
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uniformly. Moreover by repeating the proof of Lemma [.Il with p = p,, and 5 = 3, one can
prove that

0
' uapgﬂr (va,Bn)|| < C, with C independent of n.
Lemma and Remark provide
ou
U (1500, Br) = u (1500, Bo), 5}? (ry o, Bn) = =t 4 (Bo)tioo,+ () (7.19)
pointwise. We can apply the dominated convergence theorem to pass to the limit in (12l
to obtain ") — (i ()
Oup,, + U+ (Bo) — (ule, 4 (Bo
Py (ria, ) —2— ’ — 0, 7.20
a5 (") (o) (720
which contradicts (ZI8). O
We have an anologous result for the decreasing solution.
Lemma 7.7. We have
Dy, - us, _(a) = (ul, _())?
El . 2 El )
P 80& (raaaﬁ) e — u/oq_(a)

uniformly in 3 for (r,a, ) € I.

Theorem 7.8. Let L,(a; -1, ;) and Loo(a; B-1, ;) be defined in (6.5]) and (6.6]) respec-
tively. There exists € > 0 such that

Lp(';ﬁj—laﬁj) — Loo(';ﬁj—laﬁj) m Cl(Oéj —6,06]‘ —|—€) (721)

Proof. On the one hand we have

0 , ou ou
B (Up,+(04;5j—1704)) = Up,+(04;5j—1704) + a—i:(“ﬁj—lva) = 8Z+ (T%ﬁj—laa)
so that, by Lemmas 7 and [7.4]
0 [y (a;Bi_1, )P Uy (o; Bit, )Pt Ou
8_a < p,—i—( f)] 1 ) ) _ P,-‘r( 6]]9 1 ) P 8};4— (T;Bj_ha)

1

L LA 2 ugo,-i—
- 2 (uoo,—i-(aﬂﬁj—lva)) 2

(a; Bj1, ) — (uly (@ Bj-1,@))?
U (@5 B, @)

On the other hand, by computing explicitely the derivatives in ([G.7]), we obtain

+o(1). (7.22)

/!
oul, |

(1) = (ks B, 0) (7.23)
and hence
/ . Q. 2
5104 ((uw7+(a72ﬁj_l’a)) ) =t o (0 Bj—1, ) ugg (a5 Bj—1, o) = (ugg (0 Bj-1,0))?. (7.24)

The convergence is uniform by Lemma and by Remark Remark [5.I0. Since an analogous
result hold for the decreasing solution, the statement is proved. O

Corollary 7.9. The map «;,(B;-1, 3;) defined in Theorem[6.1 is of class C*.
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Proof. «;, is implicitely defined by the equation L,(«;,; 81, 3;) = 0, with L, as in (G.5]).
We infer from Theorem [.8 and relation (6.9) that

0

8_OéLp(a; ﬁj—lv BJ) > 07

so that the Implicit Function Theorem applies. U

Corollary 7.10. “p,l—layer(ﬁﬁﬁjaﬁjﬂ) is C'in (5j75j+1)

Proof. It follows by the continuity of the map «;,(8;-1, ;) and the uniqueness result for
ODE. O

Theorem 7.11. For p sufficiently large there exists a radial solution w, yiayer of (L)) having
exactly k mazimum points o p, ..., Q. Furthermore, Uy pigyer — Uoo klayer POINtWISE, as
defined in Theorem [61.

Proof. Let T be as in (2.31]) and let M, = (MY, MDY T — RE1 defined as

M;zgj) (/81, . ,ﬁk—l) = up,l-layer(ﬁj; ﬁjv /Bj-l-l) - up,l—layor(ﬁj; ﬁj—h ﬁj) (725)

forj=1,....k—1
Let us consider a domain U C T such that (M (B1....,Bk—1)))" (0) C U. Relation
(2:42)) and the excision property of the topological degree imply

deg (Moo(B1, ..., Bk—1),U,0) = 1. (7.26)
Finally, since M, — M., uniformly in U, we get that
deg (M,(By, ..., Br—1),U,0) =1, (7.27)
so that M), admits at least one zero in U. Il
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