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DIRICHLET UNIFORMLY WELL-APPROXIMATED NUMBERS

DONG HAN KIM AND LINGMIN LIAO

ABSTRACT. Fix an irrational number 6. For a real number 7 > 0, consider
the numbers y satisfying that for all large number @, there exists an integer
1 < n < Q, such that ||nf — y|| < Q 7, where || - || is the distance of a real
number to its nearest integer. These numbers are called Dirichlet uniformly
well-approximated numbers. For any 7 > 0, the Haussdorff dimension of the
set of these numbers is obtained and is shown to depend on the Diophantine
property of 6. It is also proved that with respect to 7, the only possible

discontinuous point of the Hausdorff dimension is 7 = 1.

1. INTRODUCTION

In Diophantine approximation, we study the approximation of an irrational num-
ber by rationals. Denote by [|t|| = minyez [t — n| the distance from a real ¢ to the
nearest integer. In 1842, Dirichlet [12] showed his celebrated theorem in Diophan-

tine approximation:

Dirichlet theorem Let 0, Q) be real numbers with (Q > 1. There exists an integer
n with 1 <n < Q, such that |nf) < Q1.

Following Waldschmidt [42], we call Dirichlet theorem a uniform approzimation
theorem. A weak form of the theorem, called an asymptotic approximation theorem,
was already known (e.g., Legendre’s 1808 book [32, pp.18-19])! before Dirichlet:
for any real @, there exist infinitely many integers n such that ||nf|| < n~!. In the
literature, much more attention has been paid to the asymptotic approximation.

The first inhomogeneous asymptotic approximation result is due to Minkowski
[35] in 1907. Let 6 be an irrational number. Let y be a real number which is not

equal to any mf + ¢ with m,¢ € N. Minkowski proved that there exist infinitely

L
4Aln[

many integers n such that [|[nf — y|| <
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2 DONG HAN KIM AND LINGMIN LIAO

In 1924, Khinchine [24] proved that for a continuous function ¥ : N — RT if

2+ x¥(z) is non-increasing, then the set
Ly :={0€R: ||nb]| < ¥(n) for infinitely many n}

has Lebesgue measure zero if the series > ¥(n) converges and has full Lebesgue
measure otherwise. The expected similar result by deleting the non-increasing
condition on ¥ is the famous Duffin-Schaeffer conjecture [13]. One could find the
recent progresses towards this conjecture in Haynes—Pollington—Velani-Sanju [18]
and Beresnevich-Harman-Haynes—Velani [3].

For the inhomogeneous case, Khinchine’s theorem was extended to the set
Lo(y) ={0€R: ||nf —y| < ¥(n) for infinitely many n}

by Sziisz [41] and Schmidt [38]. On the other hand, it follows from the Borel-Cantelli

Lemma that the Lebesgue measure of
Ly[0] :={y eR: ||nf —y| < ¥(n) for infinitely many n}

is zero whenever the series Y, ¥(n) converges. However, it seems not easy to obtain
a full Lebesgue measure result. In 1955, Kurzweil [30] showed that, if the irrational
6 is of bounded type (the partial quotients of the continued fraction of 4 is bounded),
then for a monotone decreasing function ¥ : N — R with " W(n) = oo, the set
Lg[0] has full Lebesgue measure. In 1957, Cassels [8] proved that for almost all
0, the set Ly[f] has full Lebesgue measure if Y ¥(n) = co. For new results in
this direction, we refer to the recent works Laurent—Nogueira [31], Kim [27], and
Fuchs—Kim [17].

At the end of twenties of last century, the concept of Hausdorff dimension had
been introduced into the study of Diophantine approximation. We refer the reader
to [14] for the definition and properties of the Hausdorff dimension. Using the
notion of Hausdorff dimension, Jarnifk ([22], 1929) and independently Besicovitch
([2], 1934) studied the size of the set of asymptoticly well-approximated numbers.
They proved that for any 7 > 1, the Hausdorff dimension of the set

L:(0):={0€R: |nd|| <n~7 for infinitely many n}

is 2/(1 +1).
The corresponding inhomogeneous question was solved by Levesley [33] in 1998:

for any 7 > 1, and any real number y, the Hausdorff dimension of the set
L(y):={0cR: |[nf—y|| <n 7 for infinitely many n}

which is different from £,(0), is also 2/(7 + 1).
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As in the Lebesgue measure problems, for the inhomogeneous case, one is also
concerned with the Hausdorff dimension of the sets of inhomogeneous terms. For

a fixed irrational 0, let us denote
L[0]:={yeR: |nf—y| <n~" for infinitely many n} .

In 2003, Bugeaud [4] and independently, Schmeling and Troubetzkoy [37] showed
that for any 7 > 1 the Hausdorff dimension of the set L[] is 1/7.
In analogy to the asymptotic approximation, for 7 > 0, we consider the following

uniform approximation sets:

U-(y) = {0 €R: forall large Q, 1 < In < Q such that ||nf —y|| < Q "},
U 0] := {y e R: for all large Q, 1 < In < Q such that ||nf —y[| < Q™ "} .

The points in U, (y) and U,[f] are called Dirichlet uniformly well-approximated
numbers. The set U, (0) is referred to as homogeneous uniform approximation. In
general, except for a countable set, U, (y) and U, [A] are contained in L, (y) and
L-[0] correspondingly, since the uniform approximation property is stronger than
the asymptotic approximation property.

We see from Dirichlet Theorem that U (0) = R. However, Khintchine ([25], 1926)
showed that for all 7 > 1, U,(0) is Q. Consult [29] for the uniform approximation
by general error functions. In general, for y € R, the set U;(y) does not always
contain all irrationals. Thus, there is no inhomogeneous analogy of the Dirichlet
Theorem. The question on the size of U, (y) for general y € R is largely open.

For higher dimensional analogy of U, (0), Cheung [9] proved that the set of points
(61,02) such that for any § > 0, for all large @, there exists n < ) such that

max {[|né [, [ns]|} < 3/Q7,

is of Hausdorff dimension 4/3. This result was recently generalized to dimension
larger than 2 by Cheung and Chevallier [10].

In this paper, we mainly study the set U, [f]. We will restrict ourselves to the
unit circle T = R/Z, for which the dimension results will be the same to those on
R. The points in T are considered as the same if their fractional parts are the same.

The irrationality exponent of @ is given by
w(f) :=sup{s > 0 : [|nf]| < n~* for infinitely many n}.

We remark that the usual irrationality exponent is defined as 1+ w(6). See for ex-
ample [5, 42]. Tt was shown in Propositions 9 and 10 of [28] that U [6] is of Lebesgue
measure 1 if 7 < 1/w(f) or 0 if 7 > 1/w(0) (see also [26] for a related result). De-
note by dimy the Hausdorfl dimension. Let ¢, = ¢,,(0) be the denominator of the
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n-th convergent of the continued fraction of . The following main theorems show
that dimy (U;[0]) can be obtained using the sequence ¢, (#) and strongly depends

on the irrationality exponent of 6:

Theorem 1. Let 0 be an irrational with w(f) > 1. Then U-[0] =T if 7 < 1/w(6);
U0 ={i0 €T:i>1,i € Z} if T > w(d); and

tog (™ II=! ) Img6ll) 4

li , <7 <1,
. e log (nx 0] ) w(o) =7
dimy (U-[0]) = o :

o clos (IS wlmsel ) "

um , w(0).

o log (nk]nf] 1) !

where ny, is the (mazimal) subsequence of (qx) such that
nellned||” <1, if 1jw(0) <71 <1,
npllnebl| <2,  ifl <t <w(d).

By a careful calculation for the case of 7 = 1 combined with Theorem 1, we have

the following bounds of dimension in terms of w(#).

Theorem 2. For any irrational 6 with w(0) = 1, we have U:[0] = T if 7 < 1;
U] ={i0 i >1,i € Z} if 7> 1; and

% <dimy U, [0) <1, if 7=1

Theorem 3. For any irrational 0 with w(f) = w > 1, we have

w/T—1 ) 1/7+1 1
<d ) < LT S <r<i,
w2—1 — iy (U [0)) < w+1 w= =
) w/T —1
0 <dimpy (U, [0]) < R 1< <w.

Moreover, if w(f) = oo, then dimy (U,[0]) =0 for all T > 0.

We will show in Examples 16, 17, 18 and 19, that the upper and lower bounds

of Theorems 2 and 3 can be all reached.

Remark 4. Consider the case 7 > 1. By optimizing the upper bound in Theorem 3

with respect to w, we have for 7 > 1,
1
dimy (U [0]) < ———————,
and the equality holds when w = 7 + /72 — 1. We then deduce that
1 1
<2_7'2<E for all 7 > 1.

As we have mentioned, for all 7 > 1, U, [0] is included in £,[0] except for a countable

set of points. In fact, excluding the countable set {nf : n € N}, the set £.[f] is a
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level set of the lower limit of the hitting time for the irrational rotation x — z + 6
(see for example Lemma 4.2 of [16] and Lemma 3.2 of [34]), while the set U, [0] is
a level set of upper limit of the same hitting time. So the fact that U, [0] is almost
included in £,[f] follows directly from the fact that lower limit is less than the
upper limit. Recall that dimg(L-[0]) = 1/7 for all 7 > 1. Our result then shows
that the inclusion is strict in the sense of Hausdorff dimension: the former is strictly

less than one-half of the latter one by Hausdorfl dimension.

We will also prove the following theorem on the continuity of the Hausdorff

dimension of the set U, [f] with respect to the parameter 7.

Theorem 5. For each irrational 0, dimy (U-[0]) is a continuous function of T on
(0,1)U(1,00).

Finally, we note that our results give an answer for the case of dimension one
of Problem 3 in Bugeaud and Laurent [6]. We also remark that the uniform ap-
proximation problem for the b-ary and S-expansion has been recently studied by
Bugeaud and Liao [7]. The symbolic technique which is quite efficient in [7] falls in
our context.

The paper is organized as follows. Some lemmas for the structure of uniform
approximation set U, [f] are stated in Section 2. The proof of Theorem 1 is given
in Section 3. In Section 4 we discuss the set U, [0] for 7 = 1 and prove Theorem 2.
Section 5 is devoted to the proofs of Theorems 3 and 5. In the last section, we give

the examples in which the bounds of Theorems 2 and 3 are attained.

2. CANTOR STRUCTURES

In this section, we first give some basic notations and properties on the continued
fraction expansion of irrational numbers which will be useful later. Then we describe
in detail the Cantor structure of the sets U [6].

Let 6 € [0,1] be an irrational and {ax}r>1 be the partial quotients of 6 in its
continued fraction expansion. The denominator ¢; and the numerator py of the

k-th convergent (¢o = 1, pp = 0), satisfy the following relations
Pntl = Gn41Pn + Pn—1,  Gn+l = Gng1Gn + Gn-1, Vn =1 (1)
A corresponding useful recurrence property is
lgn—10ll = ant1llgndl + llgn110]l- (2)
We also have the equality

QH+1||QH9H =+ QH||QH+19H =1, (3)
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and the estimation

L < < |lgnf| <
2qnt1 Qut1t+qn ol = Qnt1

(4)

Recall that the irrationality exponent of § is defined by w(f) := sup{s > 0 :
liminf,_ o j°||76|| = 0}. By the theorem of best approximation (e.g. [36]), we can

show that
log gn+1 ( 5)

Since (gy,) is increasing, we have w(f) > 1 for every irrational number 6. The set of
irrational numbers with w(f) = 1 has measure 1 and includes the set of irrational
numbers with bounded partial quotients, which is of measure 0 and of Hausdorff
dimension 1. There exist numbers with w(f) = oo, called the Liouville numbers.
For more details on continued fractions, we refer to Khinchine’s book [23].

In the following, we will investigate the Cantor structure of our main object
U-[0]. Denote by B(z,r) the open ball of center z and radius r in T. Fix 7 > 0.
Let

n 1 Qk+1
G, = UlB (w,F> and Fj, = Q G
1= n=q

Then we have
U000 = J (G =J ) Fr-
t=1n=¢ £=1k=t
We will calculate the Hausdorff dimension of (-, Fj. From the construction,
we will see that for all ¢, the Hausdorff dimensions of ;- , F, are the same to that

of Ny, Fi. Thus by countable stability of the Hausdorff dimension,
dimg (U, [0]) = dimp (ﬂ Fk> .

k=1
For m > 1, set

E,, = ﬁ Fy,.
k=1

Then for each m, E,, is a union of intervals, and we have
¥m > 1, Epi1 C B, and () Em =[] Fr.
m=1 k=1

We are thus led to the calculation of the Hausdorff dimension of the nested Cantor
set ﬂ;ozl E,,. To this end, let us first investigate the structure of Fj.

We note that ¢y — pr, > 0 if and only if k is even. In the following lemmas,
we will only consider formulae of Fj, for even k’s since for the odd k’s we will have

symmetric formulae.
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The well-known Three Step Theorem (e.g. [39]) shows that by the points {i6}7* ,,
the unit circle T is partitioned into g intervals of length ||gx—160]| or ||qx—10]|+||ax0|-

Furthermore, for even k, we have

T\ {—if:0<i<q}

dk—1 qk
= JW—a)b(i—a1))U  |J (=)0, (i —ar — qe-1)0)
1=1 1=qr—1+1
dk—1 qk
= |J 0 —llandll,i0 + a0l U (0 = llawbl],i0 + laxdll - llax—10l)-
=1 i=qr—1+1

(6)
We remind that here and further throughout the paper, we will always consider 6

as a point in T, but not in R. So the absolute values of these points are always less

than 1. In particular, ¢,0 = ||gi0]| if k is even.
Lemma 6. (i) If

1 T
2(———) > llges6]l + st )
qk+1

then we have Fj, = T.

(ii) For the case of T =1 and ag41 =1, we have F, =T.
Proof. (i) For each qx < n < gx41 we have

1\" 1\
2<_> 22<_——) > a1l + a0
n qk+1

Since any two neighboring points in {i6 : 1 < i < ¢} are distanced by ||gx—10|| or

llgr—10| + ||lgx0]|, all intervals overlap. Hence,

Gn=|)B(i6,n ") =T.

-

i=1

The result then follows.
(ii) If ag4+1 = 1, then by (2) and (3) we have
G+1 (lge—101 + llaxbll) = qrs1 (2l ardl + llgr+1011)
= 2qi+1 g0 + (qk + qr—1) [lgr+10||
=2 = kllgre10ll + gr-1llge+10] < 2.
Hence, by (i), if =1, F, = T. O

Lemma 7. For any 7 <1, we have

(1)

qk T
, 1 , . 1
Ao U (0 (o) o i (Dol + e ) )

i=1
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(ii)

1

qk 1 1
Fi, D 10 — ||qi0]|, 0 + CT<7> -2 0l ],
k L_J( Jau6] ( aElarf] Jas0)

where C, = o + 7771, Note that 1 < C, < 2.

(iii)
qk . 7—11 %ﬂ
Focl(io-r (_|q’f9|> i+ C; (—'qke”) .
i—1 4k dk

Proof. (i) Let n be an integer such that ¢z < n < g1 for some k& € N. Then if

k is even (the case when k is odd is the same up to symmetry), for each ¢ with

1 <i < g we have

G, = LnJ B (j@,n_T)

j=1

DB<i9,%>UB<(qk+i)9,%>U..-UB<( {”q;iJ qk—i-i)@,%).

Notice that for g < n < qg41

Thus, the above {"q;iJ intervals overlap and for each 1 <1 < g

1 _ 1
Gn3<i9——, ¢9+V ZqueJr—).
nT qr nT

For each 1 <i < g, if (c—1)gr +i <n <cqy+1i—1, then

1
(cqp +i—1)7"

n—1 1
{ J larfll + — > (c = 1)llgx0]| +
qk n

Therefore, we have for each 1 < i < g

dk+1 dk+1 1 n—z 1

n=qr n=qg

1 1
D (i@— —, i + min ((c—l)|qk9|+7.>> .
Qi 41 1<c<ar4+1+1 (CQk +1— 1)T

(ii) By elementary calculus,

. 1
int (slandl + )

Thus, we have

-
1

1 = lgxfll\ 7
: ) ( qk '

1
((c+ 1)Qk)7>

T 9 T+1
> (177 4 777) (I% |> — 2.
dk

I
/
ﬂ
4
p
+
\]

N

1<c<arji+1

i (<c —1)lad] +
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- 2|Qk9”> :

Hence, by (i) and (8), we have

o . e (sl T
Fie o (J (0= il 0+ (r7 7 (F2
=1

(iii) Let
()™
c:= .
ap [0l

We will distinguish two cases. If ¢ < agy1, then we have

Fp= () Gn CGeq, = U B(if, (cqr)™")
n=qy i=1
= (U BUi6 (ca) ™) U B((an + )0, (car) ™) U+ U B(((e = Dax + )6, (can) ")
i=1

Since

1\" 1 1 1
— ) >—> > > [lgif],
Cqk Clk Ak+19k qr+1

the above c intervals in the union overlap and we have

k

Fi ¢ |J (6 — (cqu) ™60 + (c = 1)ard + (car) 7).

=1

By the definition of ¢, we have

9k S 1 .
. T4k T+ 1 TQk T+ Tq T
z-:Ul ( llaxd] NI labll + \ o
9k T -
kd 0 T+ - 0 1
=U(z’9—7—m (M) ,m+(7:ﬂ+7—m)(|qk |> )
i=1 e qr

Then the assertion follows.

If ¢ > ag41, e,

()

> Q+1,
gk 0|
then we have

. 60 1—11 2
(TTL+1 + 27‘777+1) (”C];—”) > (1 + ;) ak+1||qk6‘|| > 3ak+1qu9H
k

> [l ge—101| + | axf-
Thus,

qr = 1
U io—77= (M> Uiot (Tril +T‘f11) (M) Y=
Gk K

i=1

and the assertion trivially holds. O
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Lemma 8. Suppose T > 1.

(i) We have
qk+1
UB 29 qu) C Fy C U B 16‘ qu)
=1 =1

and for large qi the balls B (i6‘, qk_ll), 1 <i < qry1, are disjoint.
(i) If gy + 4" < llawbll, then

qk
F, = U B (i0,q;],) -
i=1
(iii) For large g
max(cg,1) qx (2¢K+3)qr
U B@.qn)ckc |J B(ifqgl)-
i=1 i=1

where

1

(azran)
k= o an
{qqukﬁll

Proof. (i) For each 1 <i < ¢ and qx <n < qiy1,

J |

z@qk_H UB jGnT.

Thus,
9k qk+1 n
UB@b.q7)c () (| UBGORT) | = F
i=1 n=qi \j=1
On the other hand,
k41 qk+1
b = ﬂG CG%+1_U 19 qk+1

n=qk

Since 7 > 1, for large g, (hence for lager qxy1),
25T, < —— < [lgsd]
k .
Ot 2qk41 I

Thus, the balls B (i@, ql;zl), 1 <i < g1, are disjoint.

(10)

(ii) Suppose that there exists = € F \ U7, B (i, q;/,). By (i), we have z €

B(j@,qk_fl) for some g +1 < j < gr41. Since x € F, C G, there exists
1 <i < g such that 2 € B (i0,q;, 7). Since i — j0| > ||gx0|| and = € B (j6, ¢, ;)N

B (i0,q; ") # 0, we have ||qx0|| < g5~ + qr+1~ ", which is a contradiction.

(iii) Suppose ¢ > 2. Then for 1 <m < ¢ — 1, and for large qk,

1 e 0|l
< E— _
mllqrf| < ((qgllqzﬁl) 1) a0l = (—) — llgx

1 1 1 1
<

= (erar)” (@)™ = (ler—m+ D)™ (qepr)™

(11)
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where for the second inequality we use (10).

Let 7 be an integer satisfying g < ¢ < crqr. For each n with ¢x < n < ¢, choose
masi—mq, <n<i—(m—1)g. Then 1 <m <¢p—1and n < (¢ —m+ 1)q.
By (11) we have

B (i0,9,{,) € B ((i —ma)d, ((cx —m+1)gx)™") C B ((i —ma)8,n"7) C G
We also have for i <n < qg41,
B (if,q;],) C Gn

Therefore, for g, < i < cxqs,

dk+1
B(if,q;.],) € () Gn = F.
n=qr
Hence, if ¢ > 2, we have
Crqk
U B(i0,q.])) C Fu
i=qr+1

On the other hand, we have already proved in (i) that

qk

U B (i0, q;71) € Fi.

i=1
Therefore, the first inclusion for the case ¢, < 1 in (iii) follows.

For large g,

-

1 7—11 q 0 T+1
(et D0l > () ™ ) lawtll = (1220) ™ pase

% ll g0l
1 1

> + .
(e +Dar)™  (qr+1)"
Suppose (2¢; + 3)qr < @ < qg+1. Then for any j with 1 < j < (¢ + 1)gr we have
10— 0] > (e +2) 50, thus

B (i0,q,7,) N B (j0, ((crk + )ar) " 7) =0,

which implies
B (i, 4;{1) N Gepsnyg =0
Hence,
B (i0,q;0,) N Fr = 0.
Therefore, by (9) we have

(2¢k+3)qr

F,c |J B(i,q],). (12)
=1

which is the second inclusion in (iii). O



12 DONG HAN KIM AND LINGMIN LIAO

3. PROOF OF THEOREM 1

We will use the following known facts in fractal geometry to calculate the Haus-
dorff dimensions. Let Ey D E1 D Es D ... be a decreasing sequence of sets, with

each E,, a union of finite number of disjoint intervals. Set

F= ﬁ E,.
n=0

Fact 9 ([14], p.64). Suppose each interval of E;_1 contains at least m; intervals of
E; (i=1,2,...) which are separated by gaps of at least ;, where 0 < €,11 < &; for
each i. Then
dimpg(F) > Jim 280 1)
isoo  — log(me;)
Fact 10 ([14], p.59). Suppose F can be covered by ¢; sets of diameter at most §;
with 6; — 0 as i — co. Then

log ¢;

di F) <1 .
ronE) = B ogs,

Now we are ready to prove Theorem 1. Recall that
dk+1 n
Fk = ﬂ (U B (i@,n_T)> .
n=qr \i=1
By the discussion at the beginning of Section 2, we need to calculate the Hausdorff
dimension of the set
F={()En with E,= () Fs
n=1 k=1

The dimension of F' is the same to that of U, [0].

Proof of Theorem 1. (i) If 7 < 1/w(#), by (5) we have for all large k,

1 T 2 1 1
2(— ) >—>—+—>|lgs—10] + [lax0]l.
dk+1 gk gk Qk+1

Thus by Lemma 6 (i), for all large k, Fy, is the whole circle T. Hence,

U000 = J () Fe =T

(=1k=¢t

(i) If 7 > w(#), then we have ¢ ||gi0| > 2 for all large k, thus
Qi+ 4" <2q,7 <llgbl| for large k. (13)

By Lemma 8 (ii), for large k

qk

By = U B (m’qk_jr—l)'

=1
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Thus,

ak k1
= (U)o (U

i=1 j=1

By (13), for 1 < # j < qrq1 we have [if — jO| > [|qr410]| > q; {5 + ¢, thus

dk
FpN Frpr = B(i0,q,7,) -
j=1

Inductively, for each ¢ > 0 we get

9k
FyNFea NN Fepe = B(i0,q,7,,,) - (14)

i=1

Hence, we conclude

U100 = J () P = {i0 i > 1},
=1 k=¢
(ili) Assume that 1/w(0) < 7 < 1. If gx||gxf]|” > 1 then we have

1\ . .
2<_) > 2aub]” > laudll” + el
dk+1

1
> o + |k > llar—10] + |lgx0]|-

By Lemma 6 (i), we have Fj, = T. Since removing such sets Fj, from the intersection
F =N, Fr does not change F', we only consider Fy, such that gx|g0||” < 1.

Suppose for some k

arllgrl||” < 1. (15)
Then las6l
L/lgbN= 1 1
- — — < =||lqr_10||. 16
1(07) 7 < g < gllatl (16)

For 1 < i < q, put

- . 1 adl T
Fili) = (w o o+ (1227 men) .
dk

By (15), for any constant ¢ > 0 for large k

T+1
(1) s > el an
Since C; > 1, by (17) and Lemma 7 (ii)
dk
Fy = Fi(i) C Fr. (18)
1=1

By (16), the intervals in F}(i)’s are disjoint and distanced by more than llar—16].
We estimate the number of subintervals of ka in each F}, (i) by the Denjoy-
Koksma inequality (see, e.g., [19]): let T be an irrational rotation by 6 and f be
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a real valued function of bounded variation on the unit interval. Denote by var(f)

the total variation of f on the unit interval. Then for any =

qr—1

> H1m) —a [ s

n=0

< var(f). (19)

For a given interval I, by the Denjoy-Koksma inequality (19), we have

qr—1
#{1<n<qg :nhel}= Z 1,(T"x) > qx|I| — 2.
n=0
Since Fj k¢ consists of the disjoint intervals at gx4¢ orbital points, we have for each
1<i<q

~ ~ . 1 9 7':»1
#{1§n§%+e3Fk+e(n)ﬁFk(l)7ﬁ®}ZQk+2'Z <|q;—k”) -2

and
N N oI\ 751
#{1§7’L§qk+g:Fk_;,_g(n)CFk(i)}Z% (”qq%) — 4.
By applying (17), we deduce

.

~ ~ 0 T+
# {1 <1 < Qe Fryo(n) C Fk(z)} > dktt llgx0|| '
5 dk

Let {n;} be the sequence of all integers satisfying

We remark that since 1/w(f) < 7, by the definition of w(#), there are infinitely
many such n;’s. Further, by the Legendre’s theorem ([32], pp. 27-29), we have
n; = q, for some k;.

Since Fj, = T if k # k;, the Cantor set F is

Then (2, E; C F. Keeping the notations m;, e; as in Fact 9, we have for i large
enough,

> % <|qk119”

o —1 0 20
i ) i > ’ .
=5 - > € 2qu1 1 H ( )
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Since the lower limit will not be changed if we modify finite number of m; and ;s

we can suppose that the estimates (20) hold for all i. Hence, by Fact 9

log(my - --m;)

dimg(F) > lim ——————
u(F) 2 i —log(miyigit1)
7-+1 log( ””12” Dzn 10”) +log(ny -~ -n;) —ilogh
> lim v
; —7 log(ni/||nif|)
log(|[n10]] - - - [[ni—10])) + 7 log(n1 - - ni—1) + (1 + 1) logn,
= lim .
; log(ni/||n:6]])
The last equality follows from the fact that ny increases super-exponentially when
w(f) > 1.

For the the upper bound of dimy(F'), by Lemma 7 (iii), we have

£ c U (w . (quen) 04C (qul\) ) — F,.

dk dk

By the Denjoy-Koksma inequality (19), the number of subintervals of F},, contained

is at most

)N
2Cqui(|lq;cH H) Ty
ki1

in each interval of Fj,_,

Therefore, F; := ﬂ;:l F‘kj can be covered by /¢; sets of diameter at most d;, with

0|\ 5= R RNE=S
gi < Gk, <207'qk2 ( ”qkl H) B + 4) s <207-le (Hq}€171 ”) B + 4> )
qk Ak; 4

1

T
5, 2c, (12:21)

qk;

(21)

By (17)

i719|"" > ZCTC]ki i,leH > Cr > 1.

O\ ==
207%1- (M) o > 2Oqui
Ak;

Thus by the fact that x + 4 < 5x for z > 1, we have

: a6\ 7+
0 < (10C,) Y (- nimn) T g (]| -+~ [na—a0]) 7, 6 < 20 B
Hence, by Fact 10, we have
log&
. -1
dimp (F) < lim — log 3,
_og([lna8]] - - - lni—10||) + £log(ny ---ni—1) + (1 + 1) logn,
< lim .
i log(ni/[[nif|)

(iv) Suppose 1 < 7 < w(@). Let {n;} be the sequence of all integers satisfying

n] [|n:0| < 2.
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Remark that by the definition of w(#), there are infinitely many such n;’s. Applying

the Legendre’s theorem ([32], pp. 27-29), we have n; = g, for some k;.
If k # ki, then ¢, [, + ¢, 7 < 2¢, 7 < ||gx0]|. Thus by Lemma 8 (ii)

U B (if,q,1,)
Therefore, by (14)
kit1—1 9k;+1
N f=U B(ifa,).
(=ki+1 j=1

Also since |if for 1 <4 # j < qg,+1, we deduce that

max(ck; ,1)qr; max(ck;,1)qk; Ak 41

U (19 qml) = U BGe ) | n| U B (j9,q,;:1)

j=1 j=1 j=1

Thus, by Lemma 8 (iii) and (22)

max(ck,,1)qr, kit1—1 kiy1—1
U B (j@,q,;_:l) ch.n| () F ﬂ Fy.
j=1 (=ki+1
Take
max(cg;,1)qx; i
F; = U B (39 qklﬂ) and E; =
j=1 Jj=1
Then
m EZ C F.
1=1

By the definition of ¢, if cx, > 1, then qf |lqx, 0|l < 1. Using 7 > 1, we have for

large k

1 1 i
(cki - 1) quﬂ” + P < < ™ llgx ) H%ﬁ” -

kit kit
1 1 1
lowfl = gt 2~ < o
Therefore, for each 1 < j < gy,
max(cy, 1)1
B(jo.q,)nF,= |J B ((th +4)9, kuH) :

h=0

The number of intervals of Fi in each interval B (j@, qk_:) of E,l is

RN
m; = max(cg,, 1) = max <77> ,1
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and the gaps between intervals in Fj is at least
2
(qki+1 )T '

Since max(|z],1) > Z for any real z > 0, we have

21 1 i
m; > = [ ——— .
2 \ ¢f, llaw 0

For large 7, from 7 > 1, we deduce

€ > |l 0l —

2 > qu19

|
(qki+1)T N 2 '

€ > |lgr, 0l —

Therefore, by Fact 9

log(my ---m;_1)

B —log(miai)

= 1og(na[[na 0] " ng 2|7 -+ ni 01 0)|Y7) — (i — 1) log 2

dimg (F) > li

=

> lim _THL
& —7 log(ni/|Inif||) +log4
T —log(na|[ma 8] "na |02 /7 - - mi—a i1 6]M/7)
= E .
; log(ni/||nifl)

For the upper bound, by (22) and Lemma 8 (i), (iii),

min((2¢k; +3)qk,; Gk, +1) ir1—1

k
o= B(j6.q;7,)> () Fe
l=k;

<.
Il
—

Then
F C ﬂ Fl
i=1

By a similar calculation of (23), we deduce that each E; := ﬂ;zl Fj can be covered

by ¢; sets of diameter at most ¢§;, with

l; < (2Ck1 + 3) T (201%71 + 3)

1 = 1 =
< 2<77> +5] - 2(77) +5],
ni |10 nl_yllni1 0|
2 1\
|+ —< 2(77 > +5 ] - [[nif].

G 0]) VD 5 91/ 5 9-1/2

6; < (2Cki + 3)qu10

Note that

(ar,
and 22 4+ 5 < 10z for 2 > 271/2. Then we have

-

1
(1 1 e 6]\ 75
eig1ozl< > , 5i§10<— .
nillnfl  ni_y|ni-10] ni
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Thus by Fact 10,

log ¢;
dimy (F) < hzm —(ifg G
< Ly L0810l "o |InaO) /T - mia [[niaO)1/7) 4+ (i — 1) log 10
- log(n;/||n:0]]) — log 10
_ iy ~Lo8(allma Ol o [na0] V7 - i [Ini 67
= lim .
; log(ni/[|n:0l|)
The last equality is from the super-exponentially increasing of ny when w(8) > 1.

O

4. THE CASE OF 7 = 1 AND PROOF OF THEOREM 2

For the case of 7 = 1, we need more accurate estimation on the size of intervals
of Fy. We first prove the following two lemmas which describe the subintervals

contained in F},.

Lemma 11. Ifm < qgillgkf| < m, for some b > 1, then

, 10+ (b—1)gpd +

U (w— L _ )
I<i<a Qk+1 (b+1)ax

Proof. Since m < |lgrf| < m, for any integer ¢ > 1

C Fy.

1 1

1
(b —)|lab| + E S =(b—-c¢) <|Qk9| - m) <0

Therefore, for all ¢ > 1 and 1 <14 < g

(0 —1)llgx0ll + < (e—=Dllgrb]l + < (e=1Dllgxdl +

(b+Lgr — (c+Dgr — cqr + i
Applying Lemma 7 (i), we complete the proof. O

For each k > 0, denote

b/ dagyr + 5J -3, aps1 # 2,

1, Ak4+1 = 2.

Tk+1 =

We remark that 0 < ry 1 < ap+1 and the first values of r,41 are
0, ap+1 =1,
Thy1 =4 1, ary1 =2,3,4,
2, apy1=5,6,7.
Define inductively

~ rer1 +1 =2, if agy1 =4 and agyo > 2,
Tk+1 =
Tht1, otherwise.
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The first values of ;41 can be easily calculated:

0, ak41 =1,

1, agt1 =2,3,

Try1 = 1, ary1 =4, a2 =1,

2, agpy1 =4, ap42 > 2,

2, apy1 =5,6,T.

Note that for ag1 # 4 or agro > 2 (i.e., for all cases except agi1 =4, a2 = 1)

g1 + 1> Vag +1> ,/q’;—“. (24)
k

We can also check

- k41
Tra1 <

for apy1 > 1, (25)

1
o1 +1 < 5(4ak+1 — 1) for p+1 > 3. (26)

Lemma 12. For each k > 1 with ag+1 > 2, we have

qdk

U (0 = 1101011, 36 + ris1llgr0ll + llar+10]) € Fr.
=1

Moreover, if ag+1 =4 and apyo > 2, then

dk

U (10 — llgx0ll, 30 + 7ry1llgnbll + llgr+101l) C Fr, if ap =1,
i=1

(Fe+1)qr—1

U (0= lladl,i0 + Frsal|audll + lgus10ll) € Fr,  if a > 2.
=1

Proof. For the first part of the proof, We distinguish two cases.
(i) Suppose a1 = 2. Then rpy1 =1 and 1 < qi|gxf]| < 3. Thus, by applying
Lemma 11 for b = 1, we have
. I 1
U i — —, 29+2— C Fy. (27)
1<i<qn dk+1 dk

Using the equality (3) for n = k — 1, and observing qx+1 = ag+1qkx + -1 =
2qr + qi—1, we have

1 1 1 ( 1 1 )
— 4+ e
2gr Qv Gk 20 Qe
_ arllge10l + gr—allgrfll  grr1 — 2gk
Qi 2qkqK+1

qk—1 1
lax—10] + o <||Qk9| - %> > |lgr—10|-
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Then by (27), for qx—1 < i < g

(16 — llgxbll, 0 + llgr0ll + llgr+2011)

1 1 1 1
clio- —— i+ —)u(li—gr1)0— ——, (i—qr1)0+— ) C F.
( Qk+1 2%) (( a-1) qr+1 (i = @) 2%) ¥
(28)

On the other hand, by (3), and the assumption ag1 = 2, we can check

1 1
a0 + |gp+10|| < ——, r10]] < 7/——.
]l + e f) < —— kbl < 5

Thus, for 1 <i < qx_1
(10 — llgkbll, 0 + llaxbll + llge+161)

1 1 1
c (- ,i9+min(7, 0 +7>)CF, 29
( qr+1 Gk + qr—1 g 2qk + qr—1 ko (29)

where the second inclusion is from Lemma 7 (i).

Combining (28) and (29), we conclude that for a;1 = 2

U G0 —llabll, 6+ |axbll + llgr+10]) C F.

1<i<qp

(ii) Assume apy1 > 3. There exists an integer b > 1 satisfying

bh+1) < — 1 < (b+1)(b+2).

arllgf|
Thus, we have b(b+1) — 1 < ap41 < (b+1)(b+2) — 1.
By the fact
1
w lak—10|] = art1llgedl + [lgr+10]],
we have
1 —b bllg10 0
k1 1916]| + gkl + llgk+19|
b+ Vg~ b+1 b+ 1 50)
A1 — b
ﬁ”%eﬂ + lqr+10]-

We will apply Lemma 11 and we will distinguish three parts according to the value

of apy1.
If02+b—1<ak <b*>+2b—1, then |/dar 1 + 5] =2b+ 1 and by (30)

1
% — 2) [|quf 9l < (b—1)||gb| + ——.
( Marbll + llgr10l < (0= 1)[lg0] + e

If b2 +2b < ajy1 < b+ 3b, then |\/Zary1 + 5] = 2b+ 2 and by (30)

1
20— 1) [|qi8|| + 0 < (b—1)l|lgub|| + ———.
( Miadll+ llge+10l < (0= Dllandll + 77
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Finally if ary1 = b% +3b+ 1 we have |\/dag 1 + 5] = 2b+ 3 and by (30)

1
2bl| g0 0 b—1 0 —_—
llgnf] + llax+10] < ( Max0|| + O+ Dar

Therefore, in all cases, we have

1
- < (b— S
([vaars+5] = 3) lautll + lawsafll < ¢ = D] + 5

By Lemma 11, we have

U 8= llgebll, 0+ riceladll + llaws161)  Fi.
1<i<qx

Now we prove the second assertion of the lemma. We will apply Lemma 7 (i).

To this end, we will obtain in the following many estimates of the form:

1
b—1 0 1<i<qp).
O-Dladl+ 5= (<i<a)

(a) If ar = 1, then we have
Gl gr+10) = qe—1qr+10] + qe—2]lqr+10]]
< (art+2 — 1)qr-11|gr+10|l + qr—2|lgr+10||
< apt2qk—1||gr+10] < qr—1/lqx]-

Hence, for all b > 1

(b+1)ar (3 =0)llgrf|l + llar+101) < 4qrllqr0 + 2qrllqr+10|
< Aqi||gx0| + qr—111g601 + qrllqr+16]]
= Gr+1 g0 + qrllgr+10) =1,

which yields that for all b > 1

1
2||qx0| + O < (b—1)||lgb] + 7——-
lasdll + llge+1011 < (b = Dllandll + 777

Therefore, by Lemma 7 (i), we have
U @0 —llaxbll, i+ 2llar8]l + llgr+161l) € Fi.
1<i<qr
(b) Suppose a > 2. We will prove for all b > 1

1
qr + (T + 1)qr—1’

2]l + llgr+10] < (0 = Dllaw]l +
which is equivalent to

(bgr + (7 + 1)ar—1) (3 = b)llgbl + llgr20[]) < 1.
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In fact, for 1 < b < 3, by (25), we have
(bar. + (Fr + 1)qe—1) ((3 = b)llawb + llge+101])

a
< (bae+ (5 +1) a1 ) (B = B)llawdl + lgera])

3—b)a (31)
= = Pt + 0~ Daclanol] + (C% 42 0) o)
ak
+ (7 + 1) Qr—1llar+10] + arllge+10 + ar—1llaxb|l.
By (2) and (1) respectively, we have the estimations:
1
g6 < ——llgxb]  and gy < 2. (32)
Af+2 ak

Thus, for 1 < b <2

(3b — b%)arllarb|l + (b — 1)qr|lqrs10||

3—"b)a a
N <% Lo b> ailladll + (5 +1) auoallans 0

b—1 3-b 2-0 1 1
<<Gb—¥+ + + +<—+—J
Q42 2 Qg 2 ag

)qmqwn.

Ak+2

By using the assumption ag42 > 2 and 1 < b < 2, we then deduce

(bgr + (Fr + Dar—1) (3 = b)lgbl + llgr+101])

b—1 3-b 2-b 1
< (3b—b2+ + + + —) Qe llar 0l + arllars101 + ar—1lla0||

2 2 2 2

5 5b
= (5 +5 - b2) arllak0l + arllax+10| + qr—1llar0||

< 4qk gkl + gr—1llarb|l + axllge+10] = 1.
For the last equality, we have used the assumption ajy; = 4 and the fact (3).

If b = 3, then from (31) and (32) we have

~ a
(bae + (7 + ax—1) (3 = )lawdll + laws10]) < (30 + (5 +1) au1 ) w6

< (Z+L) gellansstl
5 ar 9k | 9k+1

< Aqr|qes10] < 1.
For b > 4, it is easy to see that

(bgr + (7% + 1)gr—1) (3 = 0)llgx0ll + llgr+10])) <0 < 1.

Thus, for each 1 <4 < (7 + 1)gx—1, we have for any b > 1

1

1
— < (b—1)[|grb] + -
T < b Dl

bgr + 1

ﬂMWH+H%+ﬁH<(b—1NWﬁH+b
dk
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By Lemma 7 (i), we have

(Fe+1)qr—1
U @0 —llgbll, 0 + i lgrdll + llans101) € F. O

=1

The proof of Lemma 12 is completed.

Now we are ready to give a new nested Cantor subset of U, [f]. Remind that we
assume k is even. We denote
T, Ak4+1 = 1,

Dy =14 % o (33)
U (10 — lax0ll, 70 + Trr1llarll + lge+101) . ar1 = 2.
i=1

For the case k is odd, we have the symmetric formula:

k

Dy = (0 = Fr1lland|| — llan101, 36 + | axdl)) - (34)
i=1

Then, by Lemma 12, we have Dy C F}, thus

D := ﬁ Dy, C ﬁ Fy..
k=1 k=1

Now we will investigate the numbers of subintervals of Dy, in each interval of
Dy. Let (u;,) be the Fibonacci sequence defined by ug = 0,u1 = 1 and w1 =

Um + U —1-
Lemma 13. Suppose that agr1 > 2, akio41 > 2 and appm = 1 for all 2 <m < ¢.
Then the number of points of j60, 1 < j < qr4¢ in each interval of Dy, is

qk+¢

vV Aakdk+1 '

Proof. For each integer n > 0 we have a unique representation (called Ostrowski’s

UpTp1 + Upyp1 =

expansion, see [36]):

%)
n= § Cm+19m;
m=0

where 0 < ¢; < a1, 0 < g1 < amy1, and ¢, =01 ¢p1 = A1

If
k+0—1

J= Z Cm414m
m=k
is an integer with its representation coefficients:

0<cpt1 <Tpy1 <apt+1, 0<cmy1 <ame1 =1 (k <m<k-+ é), (35)
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then, by the fact that qx6 — pr > 0 if and only if &k is even, we have

J0 = cr1960 + Cri2qr10 + -+ CrteQrte—10
< Trp1q0 + apg3 20 + apgsrral + -0 < Frpa||@r0l] + [l g0

30 > ak2qr10 + apraqiyst + - > —[lqrb]).

Thus, for each ¢ with 1 <17 < ¢
i0 — [lqrbll < (i + )0 < i0 + Frp1llgb|| + [lar+16]-
The number of the above integer j’s of which expansion satisfying (35) is the number
of (-tuples of (¢k+1,Ck42,-- -, Crte) such that
0<cpy1 <Tpy1 <apt1, 0<cmy1 <l=amy1 for k+1<m<k+0-1
and
CmCmt1 =0 fork+1<m<k+/0-1,

which is wg7r 41 + uer1. Note that if £ = 1, then the number of j’s satisfying (35)
iS Trp+1 + 1 = u1Tr+1 + ue. Hence, for each 1 <14 < gy,
#{L < J < qrre 2 30 € (10 — l@rbll, 10 + Trpallgebl] + ge1601)} = vefrqr + uesr

If ag+1 # 4 or £ = 1, then using (24) and the fact qxr¢ = weqr+1 + we—1qx, the

number of points satisfies

- - qk+1 qk
WeTpy1 + U1 = Ue(Trpr + 1) +we—1 > ugy | LA Ug—1,
qdk qk+1

UGkt FUe—1Qk  Qrte
vV dkdk+1 vV dkdk+1

If apy 1 = 4 and £ > 2, then % < 5, thus

k41

ar, —2 V=2 1wy,
< S <o < —

1— K 1_ﬁ 2 Up

3

which is equivalent to

2y + Up—q > up /(]k_Jrl + Up_q q_k
dk V Qk+1

UpThy1 + Upp1 = Ug + Upyp1 = 2Up + Up—1

qk+1 qk Upqk+1 + Ur—1Gk Qk+-¢
> Upy | —— +Uup—1 e e .
dk qk+1 Vakqk+1 Vakqk+1
O

Therefore, we have

We use the mass distribution principle (e.g. [15]):
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Fact 14 (Mass Distribution Principle). Let E C R"™ and let p be a finite Borel
measure with u(E) > 0. Suppose that there are numbers s > 0, ¢ > 0 and §y > 0
such that

pU) < cup
for all sets U with |U| < 8y, where | - | stands for the Euclidean diameter. Then
dimy(F) > s.
Now we are ready to estimate the Hausdorff dimension of U [6].

Theorem 15. For 7 =1 and for any irrational 0

. 1

Proof. We may assume w(f) < oo. If a = 1 for all large k, then Lemma 6 (2)
implies that U, [f] = T. Thus we assume that aj > 2 for infinitely many k’s. Let

(k;) be the increasing sequence of integers such that ky = 0 and
{ki,ko,...} ={keN:ap >2}.

Denote by m; the number of intervals of Dy, contained in each interval of Dy, ,.

Then by Lemma 13 we have

my > —— 2k (36)

- ki 19k 141
Define p on D given by

w0 =115

for each interval I of the form (50 — ||qx,0
j < qi, in Dy,. Note that

[, 30 + T +1llar, Ol + [ g, +10]]) with 1 <

l71 = j2| = llgr;—10]|  for 1 < ji,j2 < qx, and j1 # jo. (37)
Let U be an interval with
quwlflon < |U| < quifleH

for some i > 1. Then by (37), U intersects at most (|U]/||qx,,, 10| + 2) interval of

Dy, Thus, we have

i+1°

u(U) < ! <

mimsa - Mi4q

U] +2) - 3|U]
llgr;r 10| = mama - it Qe 10|

(38)
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If ag,+1 > 3, then by (37) the smallest gap between two intervals in Dy, is at

least

g, —101] = (Fri+1 + 1) lg, 01l = llgr;+101 = (ar;+1 — 1 — Tr; 1) [l qx, 0|

Q41 — 1L — T 41
> ,9
e ]

lgr, 161l _ U]
> = - = > —,
- 5 5
where we use (2) and (26) for the first and the second inequalities. Thus U intersects
at most 6 intervals of Dy, and

6
<
pU) € (39)

If ag,+1 = 2, then each interval in Dy, is of length

(Fki"rl =+ 1)”(] i

Therefore, U intersects at most 2 intervals of Dy,. Thus

2

n(U) < OUNUR (40)
mimeso m;

Hence, (38), (39) and (40) imply that
6 U
w(U) < min ( vl 7mi+1) :
Mi4+1 |

mims--- |qki+1710”

For any 0 < s < 1, since min(z,y) < 2°y'~* for z,y > 1, we have

nU) < : ( a ) :
mimsa - -y miJrlquHl*lo”

y (36), we have

\/qkoqko-l-l \/q/ﬁqkl-l-l ) \/qki—lqki—l"”l ( \/Qk qk; +1|U| >S
dk; qk1+1||qk1+1 19”

/ / / \/ U
<6 Qk1 le 1 2\/m|U|) < 12( qk; dk; +1| |)
Gko vV 4k

Let s be any real number satlsfymg

wU) <

1 . log g,
——— = lim .
w+ 1 i—00 log Ak, + 1Og qk;+1

Then by (41) for sufficiently small |U]|

s <

(U < 12|07

Therefore, by Fact 14, we have

=1
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Proof of Theorem 2. When 7 < 1 or 7 > 1, the proof is the same as that of Theo-
rem 1. The case of 7 = 1 follows from Theorem 15. O
5. PROOFS OF THEOREMS 3 AND 5

Using Theorem 15, we can prove Theorem 3.

Proof of Theorem 3. Let us use the same notation (gx,);>1 for the subsequences
selected in Theorem 1 for the two cases 1/w(d) < 7 < 1and 1 <7 < w(f). Then
by the fact that n; = g, increases super-exponentially, we can replace [|n;0| by

qk_lerl and rewrite the formula in Theorem 1 as follows.

i—1 1/ — 14+1/7
log (Hj:l(qk; qkjl-l-l)'qkj_ / )

1
lim if <Tt<l1
. i—oo log(qr; gk, +1 ' w(f ’
dimy (U, [0]) =< i—l( 7;7) )
T log (Hj:l qqukjﬂ) )
lim ) if 1<7<w(8).

Further, let w; be the real numbers defined by 2g; 1 = qzjjj for the case 1/w(f) <
7 < 1 and 4q,41 = qz;j for the case 1 < 7 < w(#). Then by (4), w; > 1/7 if
1/w@) <7 <land w; > 7if 1 <7 <w(d). By (5), we have
i w; = w(0). (12)
Jj—o0

and the dimension dimy (U, [f]) is equal to

lim 1+%—lle_%-1oquj 1fL<T<1
imoo \ Wi+ 1 w1 logqr, |’ w(6) ’
- log gy,

lim . ,
imoo = wi + 1 loggy,

if 1<7<w(d).

Now fix w(f) =w € (1, +o0]. For all j < i, we have

0< oBak _ loggr,  logak., _ logay  loggr., _ 1
log g, logar,,  loggr, ~ loggr41  logar 41 wjewion

e 1
Hence, if = <7 <1,

1. 1 . 1 1
0< (wy =) ot < -
T log qk; Wij41 - Wi—1 TWj - Wi—1

and if 1 <7 < w,

1 . 1 1
OS(__).OngJS 3 '
T log g, TWjg1 - Wi—1 Wy Wi—1

Let
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Then for 1/w <7 <1

1 1 1 1 144
lim (- + (— - 1)&,1 + 7> < dimy (U, [0]) < lim + =
7' wl .. .wl 1

z~>oowz+1 T 1~>oowz+1

and for 1 <7 < w

1 1 1 1
< di < - — - — = ).
0 < dimy (U-[6]) th p— ( (1 T)SZ 1 Py 'wil)

If w = oo, then limw; = oo for both two cases 0 = 1/w(f) < 7 < 1 and
1 <7 <w(f) =o0. Thus by (43), we have

1+
lim =
i—oo Wi +1

=0, 0<T7<l,

lim
i—oo Wi + 1

1
—=0, 1<7<o00.
-

Therefore, dimy (U-[0]) = 0 for all 7 > 0.
If w < oo, then by (42), for any € > 0 there is N such that if § > N then
1 1 1 1 1—(w+e) N

S {1 =—" " 4... > _ —
o w1---wi_1+ +wi_1 (w—i—a)l_N—i_ +w+e wHe—1

Thus, for 1/w <71 <1

1 1 1 1 1+2
_— (= — ) < di < T
w—+1 (7’ + (7’ 1)w 1) < dimyg (UT[H]) -

and for 1 <7< w

0 < dimp (U [0]) < —— (1 - (1 - l)L) .

w4+ 1

For the case of 7 = 1, we complete the proof by Theorem 15. O
Now we are ready to prove Theorem 5.

Proof of Theorem 5. Let 1/w < 7 < 7 < 1 and (k;) and (k}) be the maximal

sequences of

arllaw 07 <1

Note that (k.) is a subsequence of (k;).

w'

Let w;, wj be the real numbers defined by 2qx; 11 = q,C , 2%’+1 = qk,' as in the
proof of Theorem 3. Recall that for all j, we have w;7 > 1 and w’ T > 1 Thus, by
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noting the fact qx;,, > qx;+1 > qkjl/T, we have

i—1

1+1/T Z’U}J—l/T 1qukj
wi + 1 w; +1  logqy,

j=1
1+l U —1r iiwj_l/T/ log g1, Z1/7_1/7 10g g,
_wi—i—l w; +1 = w; + 1 long w; + 1 loqui
1—1

>1+1/TI—ij_1/T/ 1quk _i 1/7-_1/7—
w4+ 1 w; +1  log g, 1/r=9(1+1/7)

1+1/7 Flw-—l/T’ log g, -7
SESTAN ST TR

— . 44
T wi+1 w;+1  loggr, 7'(1—72) (44)

j=1
Let s be the index such that k] < k; <k, ;. Noting that w; —1/7" <0 if k; is

not in the subsequence (k.), we have

14+1/7 _Swj—l/r’ log g, < 1+1/7 _zs:w; —1/7" logaw

: . (45
w; +1 w;+1  loggy, — w;+1 w;+1  loggy, (45)

j=1 j=1

By the choice of s, we know qr, > g 11 = qzj,; Hence, the right hand side of (45)
is bigger than

1+1/7" w,—1/7 _Sw‘;—l/q-’ log g,

w; + 1 _(wi—i—l)w’ = w; + 1 .w’sloqug’

which is equal to

1+1/’ iw—l/f log gk

7/ (w; + 1) jlwri-l L logagr

Reminding the fact 1/7 < w; < 1/7/, we then deduce that

1+1/7 _Sw‘j—l/T’ log gy, - 1+ 1/w) _§ wh —1/7' .loquj/_
(

w; +1 wi+1  logqr, — 7 +1 1+ 1/7)w, logqr

j=1
By verifying (1 4+ 1/7)w) > w} + 1 and

L l/w,  141/7
71 T w,+1

we obtain

i~1 s—1
1+1/7 _ij—l/T’ log g, < L+1/7 _Zw; —1/7" logaw,

. . 46
w; + 1 w; + 1 logqr, — wi+1 wl +1 loqug (46)

j=1 j=1
Therefore, combining (44) and (46), we have for k, < k; < ki,

i—1 s—=1 !
1+1/7 Zw,-—l/T logqr, _ 1+1/7 wi —1/7" logqu -7
_ . ) i _Z . i

w; +1 w;+1  logaqr, — wi+1 w,+1  logqw _7"(1—7'2)'




30 DONG HAN KIM AND LINGMIN LIAO
Hence, by (43), we have
i1

. . 1+1/7 w; —1/7 logqs,
d [0]) =1 - ” ' ]
g (Ur(]) = lim | S =S

/ s—1 / _1 ! 10 / o
> lim 1/7' +1 ij /T. S
sooo | WL+ 1 — wi+1  logqr, 7'(1—172)
T—7
=di Uu.0)) - —————.
i Q4 1)~ 7=

Let 1 <7 <7’ <w. Let (k;) and (k}) be the sequence of

ar llaw; 01 < 2.

Clearly, (k}) is a subsequence of (k;).
Let w; be the real numbers defined by 4¢,+1 = qzj as in the proof of Theorem 3.
Recall that for all j, we have w; > 7. Then, by (43), we have

i—1

Jr—1 1 .
dimy (U [0]) = lim S W/ =L losar,
i iz witl loga

i—1 i—1

w;/m" =1 logqy, w;(t" —7) loggy,
2 g T2

w; + 1 log qr, = 17'7' w; +1)  log gy,

Jj=1

-1, | [t o
< lim ZMJ/T L o8dy | i > vt )

1—r00 j=1 w; + 1 log qk; 1—>00 — m
=l / 1 / /
j —1 loggx: _
< lim Zw;/T . 4 wl(7'2 ) .
i—00 =1 w; +1 log k! TT (7— — 1)
Hence,
iy (U [0]) — dima (1o [0]) < =D
H T H T/ = 7'7’/(7’2—1)'

Since U, [0] D U [0],
dimyg (U, [0]) — dimg (U, [0]) > 0.

Therefore, the claim holds. O

6. EXAMPLES

The following examples show that the upper and lower bounds in Theorems 2

and 3 can not be replaced by smaller or larger numbers.
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Example 16. Let 6 be of irrational exponent w(f) = w > 1 with g1 > ¢}’ for
all k. Then the subsequence k; in the proof of Theorem 1 is given by k; = 1.
Put gx, 41 = q}f Then lim w; = w.

11— 00

For 1/w < 7 < 1, we have

1/7 1/7 1/7 1+1
. _log(ar lg0llay’ @20 -+ 0/ Tllai—10] - )
dims (- (6) = Jim Tog(ai/ T
11— 00 1 1
I log(q; /"' a7 q)T)
= 11m
i—o00 log(qiqiy1)
, 1 1 11 11 1
= lim = + —= +oo+ 5 + =
isoo LA wi \wi---wi—1 w2 Wiy wi—1 T

1 $—1+1
l+w\w—-1 71/

For 1 < 7 < w, we have

—log(q1[|q0l1" " qollq20)*/ ™ - - - qi—1llqi—10]|*/7)

dimyg (U-[0]) = lim

i—roo log(gi/llg:fl)
1-1/7 1-1/7 —1/7
—10g(q1q2 / ...qiil/ g /)
= lim
i—ro0 log(qiqis1)
= lim = + —= +oo+ 5 + =
oo L+ w; \wy---wi—1  wa--wiq wi—1 T

1 %—1+1
14w \w—-1 7)°

Therefore, for each 1/w < 7 < w we have

w_1

w2 —1"

dimy (U [0]) =

Example 17. Assume that ¢ is an irrational of w(6) = w > 1 with the subsequence
{k;} of qi, 41 > qy, satisfying that a,41 =1 for n # k; and qx, > (qki71+1)2 . Then

we have

lim
17— 00

<1oqu1_Floqu2_+...%_long1> 0
logqr,  logaqy, log g,

Since w; converges to w, by (43), the Hausdorfl dimension of U, [f] is 11/11 T:ll and 0,

respectively for 1/w < 7 <1 and 7 > 1.
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If 7 = 1, then, by the proof of (4),

loggr, + Y log &HL

1<k<k; Qk
a =1
dimg (U, [0]) > lim E
i—oo log qk; + 1Og Qkiy1 — Z log dhl
ki<k<kit1 k
ak+1:1
. log Qk; + (1Og qk; — 1Og qki—l“rl) . 2 - 10g ki1 +1/ log dk;
> lim > lim
oo log gk, +10g gk, +1 isoo 1 +logqr,+1/logaqx,
. 2271 2
> lim =

ivoo L +1logar+1/logqe, w+1
Hence, we have
1+
dimyg U, 0]) = § w+ 1’
0,

for 1/w <1 <1,

for 7 > 1.

Example 18. Let 6 = \/52_1, of which partial quotients ay = 1 for all k. Note that
w(f) = 1. By Lemma 6, U, [0] = T for 7 = 1. Thus, we have

1, 7<1,

3

dimg (U, [0]) = S

Example 19. Let 0 be the irrational with partial quotient ay = k for all k. Then

w(f) = 1. Consider the case of 7 = 1. By Lemma 7 (iii), we have

R Cj <i9_2(|Qk9”)é, Z.(,Jrz(llqwl)%) '
=1

dk dk

Thus, by (21), F} can be covered by ¢j sets of diameter at most 0y, with

o () ) (o520

1 1
1 3 1
< 8h-1g, (q_2> (q_k) =8 (q1qr)?,
q1 qk—1
o)\ % 1 \z
o < 4(—”‘1’“ H)2 <a(——)".

o qk QkQk+1

Here we use the fact z + 1 < 2x for z > 1 for the second inequality for £;. Thus,

dimy (U [6]) < lim —=* =i_m( )Ogl zog i +log 1)
. —log by k. —log4+ 1(log g +log qr+1)
Since

k+1 k+1 1
log qp+1 > Zlog a; = Zlogi > / (logz)dzr = (k4 1)log(k + 1) — k,
i=2 L

i=1
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one has
I 1 1)+ 1
lim —0, 1< Jim 0B _ gy los(@n+ D +logar
k—o0 loqu k— o0 1quk k—o0 loqu
Therefore,

. . log gy 1
dimg (U-0) <lim ——=————— = —,
(- [PD) % logqr +logqer: 2

Hence, by Theorem 15, we have

1, 7<1,

dimyg (U-[0]) = %, T=1,

0 7>1.
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