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DIRICHLET UNIFORMLY WELL-APPROXIMATED NUMBERS

DONG HAN KIM AND LINGMIN LIAO

ABSTRACT. Denote by ||-|| the distance of a real number to its nearest integer.
Fix an irrational 8. For a real number 7 > 0, consider the numbers y satisfying
that for all large number @ > 1, there exists an integer 1 < n < @, such
that ||n@ — y|| < Q7. These numbers are called Dirichlet uniformly well-
approximated numbers. For any 7 > 0, the Haussdorff dimension of the set of
these numbers is obtained and is shown to depend on the irrationality exponent
w(#) :=sup{s > 0 : liminf;_, j°||j0|| = 0} of 6. It is also proved that with
respect to 7, the only possible discontinuous point of the Hausdorff dimension

isT=1.

1. INTRODUCTION

In Diophantine approximation, we study the approximation of an irrational num-
ber by rationals. Denote by ||t|| = min,ecz |t — n| the distance from a real ¢ to the
nearest integer. In 1842, Dirichlet [10] showed the his celebrated theorem of Dio-

phantine approximation:

Dirichlet Theorem Let 0, QQ be real numbers with QQ > 1. There exists an integer
n with 1 <n < Q, such that ||nf|| < Q1.

Following Waldschmidt [40], we call the Dirichlet Theorem a uniform approzima-
tion theorem. A weak form of the theorem, called an asymptotic approximation the-
orem, is already known (e.g., Legendre’s 1808 book [30, pp.18-19])* before Dirichlet:
for any real 6, there exist infinitely many integers n such that |[nf|| < n=!. In the
literature, much more attention is paid to the asymptotic approximation.

The first inhomogeneous asymptotic approximation result is due to Minkowski
[33] in 1907. Let @ be an irrational. Let y be a real number which is not equal

to any mé + ¢ with m,¢ € N. Minkowski proved that there exist infinitely many

1
4ln|*

integers n such that ||nf — y|| <
Date: August 3, 2015.
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1We thank Yann Bugeaud for telling us this history remark.
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In 1924, Khinchine [22] proved that for a continuous function ¥ : N — R, if

2 — 2¥(z) is non-increasing, then the set
Ly :={0€R: ||nb]| < ¥(n) for infinitely many n}

has Lebesgue measure zero if the series > ¥(n) converges and has full Lebesgue
measure otherwise. The expected similar result by deleting the non-increasing
condition on ¥ is the famous Duffin-Schaeffer conjecture [11]. One could find the
recent developpements in Haynes—Pollington—Velani-Sanju [17] and Beresnevich—
Harman-Haynes—Velani [3].

For the inhomogeneous cases, Khinchine’s theorem was extended to the set
Lo(y) ={0€R: ||nf —y| < ¥(n) for infinitely many n}

by Sziisz [39] and Schmidt [36]. On the other hand, it follows from the Borel-Cantelli

Lemma that the Lebesgue measure of
Lylf] :={y eR: [[nf —y| < ¥(n) for infinitely many n}

is zero whenever the series Y W(n) converges. However, it seems not easy to obtain
a full Lebesgue measure result. In 1955, Kurzweil [28] showed that, if the irrational
0 is of bounded type, then for a monotone decreasing function ¥ : N — RT, with
> W(n) = oo, the set Lg[f] has full Lebesgue measure. In 1957, Cassels [6] proved
that for almost all 0, the set Lg[f] has full Lebesgue measure if Y ¥(n) = co. For
new results in this direction, we refer to the recent works Laurent—Nogueira [29],
Kim [26], and Fuchs-Kim [15].

At the end of twenties of last century, the concept of Hausdorff dimension had
been introduced into the study of Diophantine approximation. We refer the reader
to [12] for the definition and properties of the Hausdorff dimension. Using the
notion of Hausdorff dimension, Jarnik ([16], 1929) and independently Besicovitch
([2], 1934) studied the size of the set of asymptoticly well-approximated numbers.
They proved that for any 7 > 1, the Hausdorff dimension of the set

L:(0):={0€R: |[nf]| <n~7 for infinitely many n}

is 2/(T +1).
The corresponding inhomogeneous question was solved by Levesley [31] in 1998:

for any 7 > 1, and any real number y, the Hausdorff dimension of the set
L(y):={0€R: |[nf—y|| <n 7 for infinitely many n}

which is different from £,(0), is also 2/(7 + 1).
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As in the Lebesgue measure problems, for the inhomogeneous case, one is also
concerned with the Hausdorff dimension of the sets of inhomogeneous terms. For

a fixed irrational 0, let us denote
L[0]:={yeR: |nf—y| <n~" for infinitely many n} .

In 2003, Bugeaud [4] and independently, Schmeling and Troubetzkoy [35] showed
that for 7 > 1 the Hausdorff dimension of the set £,[0] is 1/7.
In analogy to the asymptotic approximation, for 7 > 0, we consider the following

uniform approximation sets:

U (y) == {6 €R: for all large Q, 1 < In < Q such that |nf —y|| < Q™ "},
U 0] := {y € R: for all large Q, 1 < In < Q such that ||nf —y|| <Q ™"} .

The points in U-(y) and U,[f] are called Dirichlet uniformly well-approximated
numbers. The set U, (0) is referred to as homogeneous uniform approximation. We
see from Dirichlet Theorem that ¢, (0) = R. However, Khintchine [23] showed that
for all 7 > 1, U,(0) is Q. In general, for y € R, the set U;(y) does not always
contain all irrationals. Thus, there is no inhomogeneous analogy of the Dirichlet
Theorem. For higher dimensional analogy of U, (0), Cheung [7] proved that the set
of points (61, 62) such that for any § > 0, for all large @, there exists n < @ such
that

max {1, [|nda|} < 5/Q*,

is of Hausdorff dimension 4/3. This result was recently generalized to dimension
larger than 3 by Cheung and Chevallier [8].

In this paper, we mainly study the set U, [0]. We will restrict ourselves on the
unit circle T = R/Z, for which the dimension results will be the same to those on
R. The points in T are considered as the same as their fractional parts. Denote
by dimy the Hausdorff dimension. Let ¢, = ¢, (0) be the denominator of the n-th
convergent of the continued fraction of 6. The following main theorems show that
dim g (U-[0]) can be obtained using the sequence ¢, (f) and strongly depends on the

irrationality exponent of 6:

w(f) :=sup{s > 0: laniggfjs||j9|| = 0}.
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Theorem 1. Let 0 be an irrational with w(0) > 1. Then U.[0] =T if 7 < 1/w(0);
U0 ={i0 €T :i>1} if 7> w(h); and

tog (my/ " ITiZtny " Ing0ll) 4

. : <r<ih
| B el W@
dimpy (U [0]) = k-1 !

) “log (szl njlin;0|| /T) L <7< i)

im ’ T

ke log ([ )

where ny, is the (maximal) subsequence of (qx) such that
ngllnef||” <1, if 1/w(@) <7 <1,
ni|neb| < 2, if 1 <7 <w(d).

Theorem 2. For any irrational 0 with w(f) = 1, we have U;[0] = T if 7 < 1;
U0 ={i0:i>1} if 7> 1; and

1
<dimgy U-[0]) <1, if 7=1

By Theorem 1, we have the following bounds of dimension in terms of w(9).

Theorem 3. For any irrational 6 with w(f) = w > 1, we have

w/T —1 . 1/7+1 1
YT~ g 10) < , ~<r<i,
P <dimpg (U-[0]) < ol o =TS

. w/T—1

Moreover, if w(0) = oo, then dimg (U-[0]) =0 for all T > 0.

We will show in Examples 17, 18, 19 and 20, that the upper and lower bounds

of Theorems 2 and 3 can be all reached.

Remark 4. Consider the case 7 > 1. By optimizing the upper bound in Theorem 3
with respect to w, we have for 7 > 1,
1
dimgy (U, ]0]) £ ———————,
n U < T T
and the equality holds when w = 7+ /72 — 1. Since 7 + /72 — 1 > 7, we deduce
that

1 1
<F<§ for all 7 > 1.

We know that for all 7 > 1, U, [0] is included in £,[0] except for a countable set of
points. Recall that dimpy(L£,[0]) = 1/7 for all 7 > 1. Our result then shows that

the inclusion is strict in the sense of Hausdorff dimension. In fact, the former is

dimyy (U [0])

strictly less than one-half of the later one by Hausdorff dimension.
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In this paper, we will also prove the following theorem on the continuity of the

Hausdorff dimension of the set U [0] with respect to the parameter 6.

Theorem 5. For each irrational 0, dimg (U [0]) is a continuous function of T on

(0,1) U (1, 00).

Finally, we note that our results give an answer for the case of dimension one of
Problem 3 in Bugeaud and Laurent [5].

The paper is organized as follows. Some lemmas for the structure of uniform
approximation set U, [f] are stated in Section 2. The proof of Theorem 1 is given
in Section 3. In Section 4 we discuss the set U, [0] for 7 = 1 and prove Theorem 2.
Section 5 is devoted to the proofs of Theorems 3 and 5. In the last section, we give

the examples in which the bounds of Theorems 2 and 3 are attained.

2. CANTOR STRUCTURES

In this section, we first give some basic notations and properties on the continued
fraction expansion of irrational numbers which will be useful later. Then we describe
in detail the Cantor structure of the sets U [0].

Let 6 € [0,1] be an irrational and {ax}r>1 be the partial quotients of 6 in its
continued fraction expansion. The denominator ¢; and the numerator py of the
k-th convergent (qo = 1,po = 0), satisfy the following facts

P+l = Gn1Pn +Pn-1, Gntl = Gni1Gn +Gn-1, Yn =1 (1)

A corresponding useful recurrence property is
lgn-101 = ant1llgndll + llgn+10]. (2)
We also have the equality
an+11gn0 + gnllgn10]| = 1, (3)
and the estimation

L < < |lgnf| <
2qnt1 Qnt1t+ qn ol = Gnt1

(4)

Recall that the irrationality exponent of 6 is defined by w(6) := sup{s > 0 :
liminf;_, j°||76|| = 0}. By the theorem of best approximation (e.g. [34]), we can

show that
log gn+1 (5)

Since (gy,) is increasing, we have w(@) > 1 for every irrational number 6. The set of
irrational numbers with w(f) = 1 has measure 1 and includes the set of irrational

numbers with bounded partial quotients, which is of measure 0 and of Hausdorff
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dimension 1. There exist numbers with w(f) = oo, called the Liouville numbers.
For more details on continued fractions, we refer to Khinchine’s book [21].

In the following, we will investigate the Cantor structure of our main object
U-[0]. Denote by B(z,r) the open ball of center  and radius r in T. Fix 7 > 0.
Let

n 1 qk+1
Gn,=|JB (iG, —T) and Fp= () Gn
1=1 n n=qr+1

Then we have
U100=J (N Gn=J ) Fs
=1n=¢ (=1k=¢
We will calculate the Hausdorff dimension of (), Fj. From the construction,
we will see that for all ¢, the Hausdorff dimensions of ;- , F}; are the same to that

of ﬂ;ozl Fj.. Thus by countable stability of the Hausdorff dimension,

d1mH(UT[9]) = dimH (ﬁ Fk> .

k=1

For m > 1, set

E,, = ﬁ Fy,.
k=1

Then for each m, E,, is a union of intervals, and we have
¥m > 1, Epi1 C B, and () Em =[] Fr.
m=1 k=1

We are thus led to the calculation of the Hausdorff dimension of the nested Cantor
set ﬂﬁ:l FE,,. To this end, let us first investigate the structure of Fj.

We note that gi6 — pr > 0 if and only if k is even. In the following lemmas,
we will consider only formulae of F}, for even k’s since for the odd k’s we will have
symmetric formulae.

The well-known Three Step Theorem (e.g. [37]) shows that by the points {i6} ,
the unit circle T is partitioned into g, intervals of length ||qx_10]| or ||qx—10]| +||qx0)|-

Furthermore, for even k, we have

dk—1 qk
T\{i6:1<i<q}= (U (i0, (qx — qe—1 +z‘>9)> ul U 60— a1)0)
i=1 i=qrp_1+1
We remind that here and the follows, we will always consider 6 as a point in T,
but not in R. So the sizes of these points are always less than 1. In particular,

qr0 = ||qi0)| if k is even.
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Lemma 6. (i) If

1 T
2(———) > llgeos6]l + la:6ll, (6)
qk+1

then we have Fy, = T.

(ii) For the case of T =1 and ap41 = 1, we have F, = T.
Proof. (i) For each g < n < g1 we have

1\7 1\
2<_> z2<———) > ge_16] + laxfl.
n qk+1

Since any two neighboring points in {i0 : 1 < i < ¢} are distanced by ||qx—10|| or
llgk—10]] + [|gx0]|, all intervals overlap. Hence,

-

G,=||B (i@, niT) =T.

1=1

The result then follows.
(ii) If agy1 = 1, then by (2) and (3) we have
@1 (lgr—10 + llarfll) = qr+1 (2llgx01l + llgr+101])
= 2qk+1 g0l + (g + qr—1) llar+10||

=2 — qrllgk+10|| + gr—1llgr+10]| < 2.

Hence, by (i), if 7 =1, F, = T. O

Lemma 7. For any 7 <1, we have

(i)
4k 1 T
Fiy D <Z€< ) ,i@Jeri),
U — (V)
where
=, min (| ool + o)
(1) ;= min —
F qr<n<qri1 qr ak n”
1
> i -1 0 —_ .
= 1<cZansitl <(C adll + (cqr +1i— 1)T>
(1)

4k 1 TL‘H
F, D 0 — 0, 0 + 07(7) -2 0| |,

where C, = T + 7777, Note that 1 < C, <2.

(i)
= T
(|%m) ,¢9+c;(|%“§ )_
dk dk

qk
F, C U (w B
=1
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Proof. (i) Let n be an integer such that ¢ < n < g1 for some k& € N. Then if
k is even (the case when k is odd is the same up to symmetry), for each ¢ with
1<i< g

Gn=JB(j0,n7)
j=1

1 1 —1i 1
5B <i9,—> UB <(Qk+i)9,—> U---UB <( {MJ Qk+i)9,—> .
nT nT qr nT
Notice that for ¢x < n < qr4+1

1
— > =2
nt T n

1
- > [lqxf- (7)
n qk+1

Thus, the above {”qu intervals overlap and for each 1 < i < ¢

1 —1 1
Gn O <i9 L if+ {MJ qk9+—> .
n’ K n’
Therefore, we have for each 1 <1i < g

qk+1 Qk+1 1 n—i 1
Fi. = ﬂ G, D ﬂ (Z@F, ’L@+{qk quoJrF)

n=qi+1 n=qi+1

= (0 — g1y, 0+ ri(i)) .

For each 1 <1 < g, if (c—1)gr +i<n <cqy+1i—1, then
1
(cqp +i—1)7°

n—1 1
{ Jn%ww+—;z<c—1n%m-+
dk n
Hence,

o )
@z min (e lladl +

(ii) By elementary calculus, when

1
T T+1
T=|——"">r ,
(QEIQk9H>

the function x — z||qr0|| + (xgr)~" has the minimum

=
(T%ﬂ +7—77—11) (M) .
dk

Therefore, by (8) we have

1
V> mi S 1) ————
iz, min (€= Dol + )

1
((c+1)qe)T

: . o) 7

(r77 47 7) (Ilqk I) —2/|gif].

qk

B~ (@+1m%ww+

1<c<ap+1+1

)—mqw|

Y
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Hence, by (i) and (7), we have

e 04 (oo g g (lasdl 75
B> |J (0 lawdl, o+ (777 +7770) (F20) 0~ 2)qu0)] ) .
i=1

gk
()
c= — .
az |0l

We will distinguish two cases. If ¢ < agy1, then we have

(iii) Let

Fp= () GnCGeqp =BG, (cqr)™)
n=qr+1 =1
U B0, (cqr) ™) U B((ax + )0, (cqu) ) U+ -+ U B(((c — 1)g +14)6, (ch)‘T)-

i=1

Since

1\" 1 1 1
— ] >—2> > — > |laf|l,
Cqk Cqk Ak+19k qk+1

the above c¢ intervals in the union overlap and we have

9k

F, C U (0 — (cqr)™7,i0 + (c — 1)gib + (cqr) ") -

i=1

By the definition of ¢, we have

Ak -7 1 .

. TQk T+ 1 Tqk T+ Tq 711

Fec U |- <—> i+ — <—> @l + < >
U ( Taxf] o \Tal) 1990 Ugea
Gk T -
Ea 0 T+1 - 0 1
=U (o= (1) g (oo (1227,

i=1 Ak qk

Then the assertion follows.

If ¢ > agy1, ie.,
1

(o)~
i an > Qk+1,
af llax0||
o)\ 7 g7+ \ 7T
- T+1 . T
(T%ﬂ +2T77—7+1) (”‘Jk |) > (T’il +2777T1) Af+1 <7|Qk ” >
dk T

= (1+2/7) ars1llgnbll > 3an+1lgx0|l

> [lge—101l + llgx01|-

then we have

Thus,

Ik — =
U 0 — 77 <M> - ,10 + (7’ﬁ +77*11) (M) h =T,
dk qk

i=1

and the assertion trivially holds. O
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Lemma 8. Suppose that 7 > 1.

(i) We have
qr dk+1
UB@#.q.5) c £ c U B(i0.4.],)
i=1 i=1

and for large qi the balls B (i@, qkal), 1 <i < grt1, are disjoint.
(i) If gy + ™ < llgr0]], then

qk
Fe=J B (i6.0:7,).
1=1

(iii) For large g

max(ck,1)-qx (ck+2)qr

U B (ie’qk_jr—l) Cc Fx C U B (i@,qk_fl) .

i=1 i=1

where e i= |(lacslan) ™.

Proof. (i) For each 1 < i < g and g < n < qiy1,

n

B(i0,q,,) ¢ |J B (j0,n77).

=1
Thus,

qr+1 n

@B(“’vq;ll)c N |UB@GnT) | = F

=1 n=qr+1 \j=1

On the other side,

qk+1 n qk+1
Fe= () <U B(z‘@,nT)> c |J B(ib.q ).

n=qr+1 \i=1 =1

Since 7 > 1, for large g, (hence for lager gp41),
2G5 41 < QIc_Jll < g0

Thus, the balls B (z’@, qk_ll), 1 <i < g1, are disjoint.

(10)

(i) Suppose that there exists = € Fj, \ UL, B (if, ¢;[;). By (i), we have z €
B (j@,qkj:l) for some ¢ +1 < j < grq1. Since x € Gy, 41 C F}, there exists
1 <i < g such that z € B (i0,q;, 7). Since i — j0| < ||gxf|| and z € B (j6, ¢, ;)N

B (i0,q; ") # 0, we have ||qif|| < g™ + qr+1~ ", which is a contradiction.

(iii) Let

e = [(lawllap) ™0 .
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Suppose ¢, > 2. Then for 1 <m < ¢, — 1, and for large g,
. laxtl] 7
mllasdl < ((awbllad) ™/ 1) lladll = (F7=) 7~ lawd

1 _ 1 - 1 _ 1
T (evar)” (@) T (e —mA+Dar)”  (gr)T

where for the second inequality we use (10).
Let ¢ be an integer satisfying g, < i < ¢xqx. For each n with ¢, < n < i, choose
masi—mq, <n<i—(m—1)qg (1 <m<c¢,—1). Then by (11) we have
B (i@, q,;_;fl) CcB ((z —mqi)0, ((cx —m + l)qk)f'r)
CcB ((z —mqx)0, (i — (m — l)qk)_T)
C B((i—mgp)f,n" ") C U (j0,n7 7).

j=1

We also have for ¢ <n < qg1,

(19 qu) O B (j@,n*T) .

Therefore, for ¢i < i < cpqg,

Hence, if ¢, > 2, we have

Crqk

U B(0.4.7) C Fe. (12)

1=qr+1
On the other hand, we have already proved in (i) that

dk

U B (i0,4.],) C F.

i=1
Then the first inclusion in (iii) follows.

For m > ¢; + 2, and for large gy,

- a0l 7
mllad] > ((laxbllar) ™+ +1) grol = (Tk + llast]

- 1 n 1
((er +Vae)™  (qesr)™

Therefore, if (¢t + 2)qr < @ < gr41, then for any m with i — mg, >0

B (i6,q;7,) N B ((i — may), (i — i) ~") = 0.
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Choose n = i — q,. Then
B (i@,q,;:l) N U B(jo,n"7) | =0.
j=1

Hence,
B (Zp, qk—-‘:‘l-—l) N F = 0.

Therefore, by (9) we have

(ck+2)qrk
i=1
which is the second inclusion in (iii). O

3. PROOF OF THEOREM 1

We will use the following known facts in fractal geometry to calculate the Haus-
dorff dimensions. Let Ey D E1 D Ey D ... be a decreasing sequence of sets, with

each F, a union of finite number of disjoint intervals. Set

F= ﬁ E,.
n=0

Fact 9 ([12], p.64). Suppose each interval of E;—1 contains at least m; intervals of
E; (i=1,2,...) which are separated by gaps of at least &;, where 0 < €,11 < &; for
each i. Then
dimp (F) > lim 1280 Miz1)
isoo  — log(m;e;)
Fact 10 ([12], p.59). Suppose F can be covered by {; sets of diameter at most §;
with 6; — 0 as i — 0o. Then

log ¢;

di F)< 1 .
mp (F) < ziglo —logd;

Now we are ready to prove Theorem 1. Recall that
dk+1 n
Fe= (UB(i@,nT)>.
n=qr+1 \i=1

By the discussion at the beginning of Section 2, we need to calculate the Hausdorff

dimension of the set

F = ﬁ E,, with E, = (n] Fy.
k=1

n=1

The dimension of F' is the same to that of U, [6].
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Proof of Theorem 1. (i) If 7 < 1/w(#), by (5) we have for all large k,

1 T 2 1 1
2 < ) S PR P
qk+1 qk qk qk+1

Thus by Lemma 6, for all large k, Fj is the whole circle T. Hence,

%M:Dﬁ&:T

(=1k=¢

(ii) If 7 > w(#), then we have qf||qr0|| > 2 for all large k. Hence, ¢, + ¢, <

2q, " <||qr0|| for large k. By Lemma 8 (ii), for large k

dk

Fr=JB(i0,q;7) -

i=1

Thus,
U0 = J () Fr={i0:i > 1}.
(=1k=¢
(iii) Assume that 1/w(0) < 7 < 1. If gx||qx0||” > 1 then we have

1 T T T
2 <—) > 2(|qrf]|” > |lgxf|” + [lqr0||
qk+1

1
> o + lawfl > [lar-10] + [|axb]-

By Lemma 6, we have Fj, = T. Thus we only consider Fj such that gx||ge0||” < 1.

Suppose for some k
arllard||” < 1. (14)

Then I |
1 ( qr9

(251 1 1
< — < Zlgr=10||. 15
1(507) 7 < < gllatl (15)

Put

_ ‘ ‘ 1 oI =T
Fili) = (ze o o+ (12277 men) .
dk

By (14), for large k

lardl < a7 < a7
and hence B B
|qk9|>*+1 ( 1 )’“
= < (= llgx |- (16)
< 0 i lla0l
By (14), we also have
1 1
— 00, ask — oc. (17)

>
ailladll ~ llgnoll* ="
Since C; > 1, by (16), (17) and Lemma 7 (ii)

Fk(’t) C F;. (18)
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By (15), the intervals in F}(i)’s are disjoint and distanced by more than 5 llar—10]l.
We estimate the number of subintervals of Fyy, in F; by the Denjoy-Koksma
inequality (see, e.g., [18]): let T" be an irrational rotation by 6 and f be a real

valued function of bounded variation on the unit interval. Then for any =

qr—1

f(T"z) — fd
; %/ 1

For a given interval I, by the Denjoy-Koksma inequality (19), we have

< wvar(f). (19)

qr—1

#{1<n<gqg,:nbel}= Z 17(T"x) > qep(I) — 2.

n=0

Since Fy4¢ consists of the disjoint intervals at gy.¢ orbital points, if qx¢||qrre0]|” <

1, ¢ > 1, we have for each ¢

q
<|qk9|>f+l 1 <||qk+ee|>f+l Ly
Q 4\ Qrye

la] \ ™1 2
- §|‘Qk+€719” -
Q40

1 qr0 T
> s (1 (L) - 5|qke|> .

Noticing the fact that for k large enough

1

”qk9H ";“ 1 T;H _F\ T
(M=) = () ™ sl > (at=) ™ ool > 100]au6),
k

we deduce that

~ ~ . 9 TF1
#{1SHSQk—MiFk-i-Z(?’L)CFk(’L)}Z—qué (qu |) .

Let {n;} be the sequence of all integers satisfying

We remark that since 1/w(f) < 7, by the definition of w(#), there are infinitely
many such n;’s. Further, by Legendre’s theorem ([30], pp. 27-29), we have n; = ¢,
for some k;.

Since Fy, = T if k # k;, the Cantor set F is

F:ﬁﬂ: Fy,.
k=1

5

1=1
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Now we will apply Fact 9. Let

j=1

Then F' = ﬂfil FE;. Keeping the notations m;,e; as in Fact 9, we have for i large
enough,
qk; qui—lon G 1
> — | —— ,ogi > =gk, —10]| 20
2 s (1 o> Sl 0] (20)
Since the lower limit will not be changed if we modify finite number of m; and ;s

we can suppose that the estimates (20) hold for all i. Hence, by Fact 9

1 cemy
dimH(F)Zh__mM

—log(mi+1€i41)
T n10|-||ni—160 .
. T—Hlog(%)ﬂog( ---n;) —ilogh
1171
: 71 log(ni/[[n:f]])
= lim 7log(|[naf[ - - - Ini—10]]) +log(ny - - -ni—1) + (7 +1)logn;
o 7log(ni/|[n:f|) '

The last equality follows from the fact that ny increases super-exponentially when
w(f) > 1.
For the other side, by Lemma 7 (iii), we have

Fc U (1= 0 (1), gy (Ll )

UGHCQHMM+”M”“C(ueM+”M)

Thus Fy,, hence Ej, can be covered by ¢; sets of diameter at most d;, with

1 T 1 =
;< | 200 ——5 +2) | 20 ———7 +2,
( %mwﬂ ) <(%J%ﬁﬂ )
_ 1
e, (1)
qk;

Since x +1 < 2x for z > 1 and C; > 1, we have

1 T
. 1 1 T+T 0 71
gi S (40_’_)1*1 ( - e — ) , 61, S 207_ (|TL |) )
[nabl[n]  [Ini-16]n_, n
Hence, by Fact 10, and ||qx,—10( ' < 2qx,, we have
log ¢;
di F) <l
im (F) < 11- —logé;

< iy 718U - [ni—18]) +log(n -~ ni—1) + (7 + 1) logm
-5 7log(n;/||n:|)




16 DONG HAN KIM AND LINGMIN LIAO
(iv) Suppose 1 < 7 < w(6). If

ar N0l > 2,
then
G+ a, " < 2q,7 < laxd.

By Lemma 8 (ii)
a.

Fr=JB(i0,4.0,) -

i=1

Let {n;} be the sequence of all integers satisfying
ny ||n0| < 2.

Remark that by the definition of w(#), there are infinitely many such n;’s. Applying
Legendre’s theorem ([30], pp. 27-29), we have n; = g, for some k;. Since Fj, =
" B(i0,q,],) if k # ki, we have

ki—1 Ak;_1+1
N r= U B(o.q ),
f=k;i_1+1 i=1
and thus
ki
ﬂ Fy = Fy,.
l=k;_1+1

Take E; :=(Y/_, Fy,. Then

F=()E..

s

1

In the same way as the above proofs of (ii
Lemma 8 (iii) that

— =

of Theorem 1, we can deduce by applying

“1/(r 5
m; > max ({(H%ﬁ”flﬁ) 1/( +1)J ,1) and ¢ > |lqr, 0| — ———.
1 (rii»l)‘r
Note
(llgr;0llgp, )~V TH+D > 27141 5 9172,
Since max(|z],1) > £ for any real z > 271/2, we have

< 1 1 i
m; > - | ——— .
‘T2 qu19|ql‘;

For large ¢, from 7 > 1, we deduce

‘ o 2 > ||qki9

|
(qki-i-l)T N 2 .

€ > ||qki9
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Therefore, by Fact 9

1og(m1 s mifl)

dimg (F) > lim

i —log(maei)
> lim f%ﬂ 1og(n1||n19|‘1/rn2|\n29||1/r . "”i71||ni719|\1/7) (i —1)log2
o = log(ni/|[nif]]) + log 4
o = log(nu[maf]| M sl maf[ V7 - iy [lmaa0)7)
B log(ni/[nifl])

For the upper bound, by Lemma 8 (iii)

( 1 )#1 ) ( 1 )Til ,

bl T 1017
LNk

(7”n_o||m> +2) - [nb).

Since x + 2 < 3x for z > 1, we have

4

IN

0

IN

1 T

€.<3i1( LI 1 )TH 5,<3(|m9|)7+1_
- [n10[n]  [[ni-10|n]_, ’ - n;

Thus by Fact 10,

loo ¢
iy (F) < lim jfgggi
< lim —log(na|[m 8]/ "na|[nof| /7 - - ni—a i1 8]M/7) + (i — 1) log 3
T log(ni/|[nif]]) — log3
gt —log(na[|[n16]|* "na||nof||"/7 - - - nia |1 6]]"/7)
= lim
. log(ni/||nifl)
The last equality is from the super-exponentially increasing of ny when w(d) > 1.

O

4. THE CASE OF 7 = 1 AND PROOF OF THEOREM 2

For the case of 7 = 1, we need more accurate estimation on the size of intervals
of Fk.

Lemma 11. If groygryy < akllandll < gy, b= 1, then

b(b+1)’
U (2'9 —

1<i<qe

1
, 0+ (b—1)gpd + —— | C Fy.
Qr+1 ( Ja (b+1)qz<:) y

Proof. Since m <lgx] < m, for any integer ¢ > 1

1 1

1
(b —o)l|grf] + 6D T Do =(b-2c) (|Qk9| - m) <0
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Therefore, for all ¢ > 1 and 1 <1i < g

(b —1)llgx0] + < (e—=Dllgrb]l + < (e=Dllgxdl +

b+ Vgr — (c+1)qe — cq

Applying Lemma 7 (i), we complete the proof.

For each k > 0, denote

| VAak 75| =3, an £2,

17 Ak4+1 = 2.

Tk+1 =

+i

We remark that 0 < rg41 < ag41. Further, elementary calculations immediately

give us bounds for 7, as follows:

The1 +12> aggr +1> % for ap41 # 4,
V' a

3 1 Ge+1 1 [k
Tht1 + = > vVagsr + 1+ > \/ + = ,
T i 2y/an+1 + 1 a2\ @

Tk 1+1>L( ag 1+1+;)>i(\/qk+l+l\/ qk) (
* ~ V2 * 2/ap4+1 +1 V2 qk 2V qr+1

Define inductively

- re+1 +1 =2, ifapy1 =4 and agye > 2,
Tk+1 =
Th41, otherwise.

Then for ajq1 # 4 or ap12 > 2 (i.e., for all cases except ap1 =4, a512 = 1)

Frp1 + 1> Vag +1> ,/q’;—“.
k

It is not difficult to check that for ax41 > 2

- k41
Tryr1 < 5

Lemma 12. For all k > 1, we have

9k

U (@6 = llawbll, 6 + ris1l|an| + llan+16]) C Fi.
=1

Moreover, for each k > 1

9k

UJ (0 = [lgx 01,60 + Frallgeb]l + llgr410ll) < Fi, if a =1,
=1
(Fe+1)gr—1

U (10 — [|qi], 10 + Frt1llqe0|| + lar10l) € Fi, if ax > 2.
i1

23)

(24)

(25)
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Proof. For the first part of the proof, we distinguish three cases.
(i) If ag41 = 1, then by Lemma 6, we have Fy, = T.
(ii) Suppose a1 = 2. Then 1 < gilgf|| < 5. Thus, by applying Lemma 11

for b = 1, we have

U (i9

1<i<qe

1
, i+ — | C Fy. 26
Qrk+1 2%) § (26)

Using the equality (3) for n = k — 1, and and observing qx+1 = ap+1qk + qr—1 =
2qr + qi—1, we have

1 1 1 ( 1 1 )
— 4 - | = _
2k Qr+1 Gk 2qr  Qrt1
_ Gellge—10ll + ar—1llgwbll  qri1 — 20
qk 2qkqK+1

qk—1 1
Jon-10] + 2= Qmw|5a;;>>|%;w«

Then by (26), for gx—1 < i < g
(10 — llqrfll, i0 + llgbll + llqr+101)

1 1 1 1
C (Z@—, 19+—) U <(’qu1)9 , (iqk1)9+—> C Fj.
Qrk+1 2qy, Qk+1 2qy,
(27)

On the other hand, by (3), and the assumption ai4+1 = 2, we can check

1

1
kOl + [l ge10] < ————, k]| < g
k61l + llas26] gkl < 5o——

Qi + Qr—1

Thus, for 1 <i < qr_1
(10 — llgrbll, i0 + llgebll + llgr+101)

1 1
C <z‘9 , 10 + min <7,
Qk+1 qk + Qk—1

where the second inclusion is from Lemma 7 (i).

llar 0l +

Combining (27) and (28), we conclude that for ar11 = 2

U @0~ llabll, i6+ llabll + llgr+10]) C Fi.
1<i<qy
(iii) Assume ap41 > 3. There exists an integer b > 1 satisfying
1
bb+1) < ——— < (b+1)(b+2).
b1 akllar0|| D02
Thus, we have b(b+ 1) — 1 < ajpy1 < (b+1)(b+ 2) — 1. We will apply Lemma 11

and we will distinguish three parts according to the value of aj1.
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If 0?2 +b—1<agers <b®>+2b—1, then |\/dag i + 5] =2b+1 and

1
2b — 2) || g0 0l < (b—1)[|grb]| + ———.
(26 = 2) lawbll + llgra0ll < (b = Dllawtll + ==

If b2 +2b < a1 < b+ 3b, then |\/Zary1 + 5] = 2b+ 2 and

1
2b—1 0 < (-1 0 _—.
(26 = 1) 8] + gl < (0= Dlaedl] + G

Finally if ayy1 = b% + 3b+ 1 we have |\/Zar+1 + 5] = 2b+ 3 and

1
20| g1,0 0 < (b—1)||grb|| + ———
llaxbll + llgr+101 < (0 = Dllgr0] + s

Therefore, in all cases, we have

1
- < (b— —_ .
(LvAara 5] = 3) lawtll + llaws 161 < 6 = Dl + 5

By Lemma 11, we have
U @0 —lladll, 0+ riealladl + a0l C F.
1<i<qp
Now we prove the second assertion of the lemma. We assume that ai4; = 4 and
ap+2 > 2, since other cases are implied by the first assertion by the definition of
Tr+1. We will apply Lemma 7 (i). To this end, we will obtain in the following many

estimates of the form:

1
b—1 0 1<i<qp).
O-Dladl+ 5= (1<i<a)

(a) If ar, = 1, then we have
Tk llgr110]] = qr—1llgr+10] + qr—2llqr10||
< (aky2 = Dagp—1llgp10]l + gr—2|lqp 10|
< aproqh—1llqer10ll < gr—1llgxf|-
Hence, for all b > 1
(0 + D (3 = 0)laxbll + llgr+1011) < 4qrllardll + 2qxllqr+10|]
<Ak || qrbll + qe—1llarbll + allar+10||
= qry1llgn0 + qrllgr10) = 1,
which yields that for all b > 1

1
2||qi0 0 <(b—-1 0 —_—.
gkl + llge 101 < (b —1)]lqr0]] + s

Therefore, by Lemma 7 (i), we have

U @0~ llabll, 6+ 2llard] + lax161) € F.

1<i<qs
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(b) Suppose aj, > 2. For 1 <b < 2, by (25), we have

(bgr + (7 + V)ar—1) (3 = O)llar0l + llar+101)

a
< (bae+ (5 +1) a1 (3 = Dllawdl + laes11)
3—"b)a
= = Pyt + 0~ Vst + (S22 0) gt

ag
+ (5 +1) aetllaeri0ll + anllaes6ll + g land)l.

By (2) and (1) respectively, we have the estimations:

1 k
lgrs10] < —llasb]|  and g1 < L.
AL+4-2 ag

Thus,

(bgr + (71 + )gr—1) ((3 = b) [l g0l + llgr+101])

b—1 3-b 2-b (1 1
<(3b—b2+ + + +(—+—)

(42 2 ay 2 ar) aks+1

)Qk|Qk9||-

By using the assumption ag42 > 2 and 1 < b < 2, we then deduce

(bgr + (7 + D)ar—1) (3 — O)llgr0l + llgr+101))

b—1 3-b 2—-b 1
§(3bb2+ st 5t +§)Qk|q1c9||+q1€|q1€+19|+q1c1|q1c9||

5 bb
—(3+ 3~ #) ool + axlloiafl + aucallano]

<Aqrllgrbll + qr—1llarbll + arllgr10) = 1.

For the last equality, we have used the assumption ayy; = 4 and the fact (3).

For b > 3, it is easy to see that

(bar. + (& + 1)qe—1) (3 — 0)l|qr 0| + [lqr+101])

< 4qr a0l + qe—1llar0l + qrllgr10] = 1.

Thus, for each 1 < < (7 + 1)gx—1, we have for any b > 1

1

1
— <®-1 0| + -
qx + (Fr + 1)qr—1 ( lax]

bay + i

2]l a0l + llgr+10] < (0= Dllaxf]| + 5

By Lemma 7 (i), we have

(Fre+1)qr—1

U 6 —llaxbll, i + Frsallanb]l + llgr416]) C F.
=1
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If ag41 = 2, then 7,41 =1 and

qk

U (60 = a0l i0 + l|an0]| + llan+10]1)
i=1
qr—1 ap—1

> U U (G +ear-1)0 = lladll, (i + cgr—1)0 + [|gx0l| + llar+19])

i=1 c¢=0

Q
e

= | (0 — (ar — Dllgr-10ll = llgr0l, 10 + [l g0 + llgr+1011) -
=1

Denote
T, Ak4+1 = 1,
qk—1
- U 6 — (ax = Dllgr—10] — llabll,i6 + lgef]| + lax161),  anyr =2,
) =1
qr
U (0 = llgx61l, 0 + #rs1 [l x| + llgir161)) , ap+1 >3
i=1
(29)

for even k. Note that for odd k, we have the symmetric formula. By Lemma 12 we
have Fk C Fy, thus
NFy C NE.
Now we will investigate the numbers of subintervals. Let (u;) be the Fibonacci
sequence defined by ug = 0,u; = 1 and uj41 = uj + uj—1. We have the following

lemma.
Lemma 13. Ifap; =1, 2 < j < ¢, then for each 1 < i < g,

#{1 <j < quye: 0 € (10 — |l ab||, 10 + Trr1llarf] + || qe+101)} > weFks1 + wesr

and if ap42 =2 and ap; = 1, 3 < j <L, then for each 1 < i < qp

{1 <7 <y : 30 € (10 = llgr10]l — llge+20l; 0 + o llandll + llge+101)}

> Upg1 (Frgr + 1).

Proof. For each positive integer n we have a unique representation (called Os-

trowski’s expansion, see [34]):

oo

n = E Cj+145,

Jj=0
where 0 < ¢; < a1, 0 <c¢jy1 < ajq1, and ¢; =0 if ¢j41 = ajq1.

If
k+0—1

n= . g

=k
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is an integer with its representation coefficients:
0<crp1 <Trr1 <agy1, 0= ¢ <aj=1(k<j<k+{), (30)
then, by the fact that qx0 — pr > 0 if and only if &k is even, we have

nb = cp1qk0 + Crt2qur10 + -+ ChopeQrre—10
< Tr+1q80 + art3qr20 + apsQrrald + -0 < Tl @l + [l ge10]],
nl > ap2qr+10 + agage30 + - > —|lgb|l,
thus, we have
10 — ||ge0|| < (i 4+ n)0 < 10 + Trq1 gk + ||ge—19|-
The number of the above integer n’s of which expansion satisfying (30) is the
number of ¢-tuples of (¢k41,Crt2,- .-, Chte) such that
0<cpy1 <Th1 <ap41,0<cjp1 <1l=ajy; fork+1<j<k+/(-1
and
cjcjiq1 =0 fork+2<j<k+/(—-1,

which thus is wgrg41 + wey1. Hence the first part of the lemma holds.

Similarly, if
k+0—1

n= > g
j=k
satisfies that for k+2 < j<k+4+/¢—-1
0<cpy1 <Trg1 <apg1, 0< g2 <1 <apgo, 0< i1 <1=a;1
and
cjcit1 =0 for k+3<j<k+/0-1,
then
i0 = llgr410] = llarr20l < (i +n)0 <i6 + il grbll + llgrra0]l

and the number of such integer n’s is usy1 (7541 +1). Thus we have the second part

of the lemma. 0

To see clearly the Cantor structure, we sometimes need to unify two consecutive

levels of the intervals as one level. Let

Fka if ak+1 7é 2, Ak+2 7é 2,
FiNFip, ifa 2, (o =2,
Dy i ~k k1 k1 7 +2 (31)
Friq, if ap41 =2, ap2 =2,
T, lf a/k-_;,_l = 2, a/k-_;,_g 7é 2
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and

A:={keN:ap1 >3 orars =2}

Then Dy, consists of gy intervals if K € A and Dy = T if k ¢ A. Note that for all
(>1

ﬂ Dy, C ﬂ Fy.

k=¢ k=(+1
Thus, we need only to give a lower bound of the Hausdorff dimension of (), , Dy.
To this end, we will use later a subsequence of Dy, as basic intervals for construction
of a Cantor set.

By (29), if ag+1 = 1, agso = 2, then 741 = 0 and

Dy = Fy N Fyp1 = TN Flpq = Fiopq

qk
= J (0 — lgr20]l — llgr201l,i0 + (arr1 — 1)) + llgus10])
=1
qk
= J (0 — lgr10] — llge+201,30 + Fry1 a0l + llgr4201)) -
=1

If agy1 = 2, agq2 = 2, then 71,41 = 1 and

9k
Dy = Fir = [ (0 = |g5+101l = llgr+201], 30 + (ars1 = D)llar0] + llar+101)
i=1
dk

= U (@0 = lar+101l = llar+2011, 6 + 71 awbl| + [l gr+1611) -

i=1

If ap41 > 3, agy2 = 2, then 741 = 1 and

Dy = Fk n Fk—i—l

qk
= J (0 — [|a01l, 360 + 11 [lgx0l] + llgx-+101])
1=1
qk
N 60 = llges10ll = llger201l, 30 + (arr1 — D]l + [lgu+10])
=1
qk
= J (0 — lgr10]l — llae+201,30 + Fry1 0] + llgus101)) -
=1

Therefore, for k € A, we have

qk

U (0 — ax01l,i0 + Ficsr sl + lar101) if a2 #2,
i=1

dk

U (0 — lars100 = llans2911, 30 + Frst [ ax0] + lansa6l) . if o = 2.
i=1

Dy =
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Let my, j+¢ denote the number of intervals of Dy, contained in each interval of
Dy..
Lemma 14. Ifk,k+(€ A and j ¢ A fork <j<k+{, then

Qi+ qk
qk k41

M,/q—k, ifart2 =2, anda; =1 fork+2<j<k+ /(.
qk qk+2

Furthermore, the above lower estimate can be written as

dj+1 qg+1
meere > [ /250 [
k<j<t £ k<j<t

aj+1=1

, ifaj=1fork+2<j<k+/,

Mk ke =

Proof. By Lemma 13, the number of intervals is

UpT 41 + Wpt1, if agyo 7& 2,
M k40 = (32)

Upr1 (Fegr + 1), if apyo = 2.
If £ =1, ie., agq2 # 1, then by (24),

qk+1
gk

Assume £ > 1. Then aj42 <2 and a; =1 for all k+2 < j <k + £ Thus

Mgt = The1 +1 2

Qhtt = Up—1qQk+2 + Ur—2Gk41 = (Apt2Ur—1 + Up—2)qk+1 + Ue—1qk-

If ap42 = 1, then, by (32) and (22), we have

N 1 Up_
Mg ke = UpTpg1 + Up + Ug—1 > Up <,/qk—+1 - = (1 I ) + - 1>
qk 2 Qr+1 Uy
2w< [Qe+1 7u_ <1 ak >+W—1)
qk qr+1
. ( [ Qr+1 [ QK ) _ Wk UGk [ Qe Gkte [ 4
= Uy “r
dk dk+1 dk+1 QkJrl

If agq2 = 2, then, by (32) and (23), we have

M k-t > Up1Tk+1 + Upt1

S Ut (\/m \/CIT) W+1 Qk+1 +W T
dk+1 qk+1

U 1Qryl U 1%\/7 Qk-i-é\/i Qk-i-é\/i

B 2qk41 2qk+1 Qr+2

The last assertion is followed by a direct calculation. O

Next, we will investigate the gaps between two intervals at the same level.
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Lemma 15. Let ¢ be the gap between two intervals in Dy. Then
1
er > —=|lqr_10||.
¢ 2 llae-a]

Proof. Let k € A. If a1 > 3 then
€r > (ape1 — 1 — Teg1) || qr0l-

It can be easily checked that 711 +1 < %(4ak+1 —1) for ag4+1 > 3. Since ||gx—10| =
ks 110801 + 1ge110]) < (axss + 1)nd]l, we have

g1 — 1 — T 1
> — " MNgr_10| > =lgrL_10].
o0 > BT g 10] > Sl

If ap41 <2 and apyo = 2, then

lar-101 < 2[[qrbl| + [ ge+10]] = 5l qre+101 + 2/[qr+201 < 7llqr410]-

Thus

)

e = llgp—10] — (Fra1llax0|l + 2[|qrs10 + [|qr1201])
= (ak+1 — Tet1) |kl — [lgr+10] — [[gr+20]]

= [|gr0]| — llar+10] — [lqr+20|]

1
= |l qr+10]| > ;|\Qk—19||- O

Now we are ready to estimate the Hausdorfl dimension of ¢ [f)].

Theorem 16. For 7 =1 and for any irrational 6

1

dim Urlf]) 2 oy

Proof. Let {k;}5°, be the increasing sequence of A = {k; : i € N}. Denote by

m; = Mk, , k;, the number of intervals of Dy, in an interval of Dy, ,. Then, by
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Fact 9, Lemmas 14 and 15, we have

log(my - --m;)

dimH (UT[H]) Z dimH (ﬁ Dlﬁ) Z h_m

i=1 i T 1Og(mi+1€ki+1)

1 qr+1 1 qk+1
3 Z log —|—§ Z log

0<k<k; K 0<k<k; k
> lim 7 ] k1= i a
i Gk;y1—1
¢ _z log T _ 2 log ZrAL g 19kir1 =171
7 2 lgm_=—5 > logT = —log
ki<k<kiti1 ki<k<kiti1
ap+1=1
loggr, + »_ log s
1<k<k; dx
= lim k1=
== qk+1
i loggr, +loggr,, — Y, log——
ki<k<k;y1i ax
ak+1:1
I ) 1
> lim o8 = :
i logqy, +logqy, yriy w+1
(33)
where t(i) = 1if k; + 1 = ki1 or ag,+2 = 1 and (i) = 2 if ap, 42 = 2. O

Proof of Theorem 2. When 7 < 1 or 7 > 1, the proof is the same as that of Theo-

rem 1. The case of 7 = 1 follows from Theorem 16. O

5. PROOFS OF THEOREMS 3 AND 5

Using Theorem 16, we can prove Theorem 3.

Proof of Theorem 3. Let us use the same notation (gx,);>1 for the subsequences
selected in Theorem 1 for the two cases 1/w(d) < 7 < 1and 1 <7 < w(f). Then
by the fact that n; = g, increases super-exponentially, we can replace ||n;0| by

q;lerl and rewrite the formula in Theorem 1 as follows.

i—1, 1/7 1/7+41
log (Hj:l(qk; ij1+1) ) ‘Jki/ )

lim if <T<l1
, imoo log(qk, qr.+1) ’ w(6) ’
dimg (U, [0]) = L 1r
. —log (Hj:l Tk Dp;+1 ) ,
lim if 1 <7 <w(d).
k—oco lOg (qkw qkri-l)

Further, let w; be the real numbers defined by 2qy, 1 = q;';j for the case 1/w(0) <

T <1land 2O+l .\ = q;';j for the case 1 < 7 < w(@). Then by (4), w; > 1/7 if
1/w@) <7 <land w; >7if 1 <7 <w(d). By (5), we have

lim w; = w(9), (34)

Jj—o0
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and the dimension dimg (U, [6]) is equal to

i—1

1 1 =1 log qs.. 1
lim [T+ —ij /T loga, . if — <7<,
i—00 w; +1 =1 w; + 1 lOg dk; ’LU(@)
(35)
i—1
/T —1 logqs,
lim /T : ng], it 1<7<w(d).
im0y witl loga
Now fix w(f) = w € (1, 400]. We have
0< 8%y _ loggy,  loggr., _ logay,  loggk., _ 1
logqr, logqr,,,  loggr, ~ loggr,+1  logqr, ;41  wj---wi1
e 1
Hence, if woy <7< 1,
log qs.. 1 1
0< (1)~ 1/7) - ot < - ,
log g, Wil Wi—1  TWj - Wi—1
and if 1 <7 < w(0),
log qr.. 1 1
0< (w/r—1) 2% o - .
log g, TWj41 - Wi—1 Wy Wi—1
Let
1 1 1
Si—1 = + + -+ .
wyp - Wi—1 w2« Wi—1 Wi;—1
Then for 1/w <7< 1
1/7+1

1 1 1 1
li - ——1)8;_ — ) < di U-10]) < li
iililowi—i—l(TjL(T ) 1+w1...wi_1) < dimg ( H)—foo w; + 1

and for 1 <7 < w
1 1 1 1
< di -[0) < i il I Sl I el I
0< lmH(uH)_iggowi—i-1<T < T)S 1 Twl...wi_1>

If w = oo, then limw; = oo for both two cases 0 = 1/w(f) < 7 < 1 and
1 <7 <w(f) =o0. Thus by (35), we have

1 1
lim%ZO, 0<r<l,
i—oo Wi
dimgy U [0]) < . )
lim -=0, 1<7<00.

S Wi+ 1 T
Therefore, dimp (U-[0]) = 0 for all 7 > 0.
If w < oo, then by (34), for any € > 0 there is N such that if ¢ > N then

R NS R SRS BN e (/220 R
Z_l_wl---wi_l wi—1  (w+eg)i=N wHe wH+e—1

Thus, for 1/w <7 <1

1 1 1/7-1 . 1/74+1
[ = < <
w+1(7‘+ wl)_dlmH(uT[e])_ w+1"’
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and for 1 <7< w

, 1 (1)7—1 1
< < ).
O_dlmH(uT[o])_w—l—l(w—l +T>

For the case of 7 = 1, we complete the proof by Theorem 16. O
Now we are ready to prove Theorem 5.

Proof of Theorem 5. Let 1/w < 7" < 7 < 1 and (k;) and (k) be the maximal

sequences of
ar; llaw,0lI” < 1, aw law, 0" < 1.

Note that (k}) is a subsequence of (k;).

Let w;, wj be the real numbers defined by 2qx; 11 = q;:jj, 2qk,41 = q;:;; as in the
proof of Theorem 3. Recall that for all j, we have w;7 > 1 and ’LU;TI > 1. Thus, by
noting the fact g, > qx;+1 > qx; /7 we have

i—1

1/7+1 Z w; —1/7 logqx,

w; + 1 w; +1  logqs,
P41 Y -1y Swjfm’ log i, Smum 10g g,
Cowi+1 w; + 1 wi+1  logqy, w; +1  logqy,

i1 i
>1/T’+1_ij*1/7/.10quj —Z 1/7" = 1/7
j=1

T w1 w; +1  logqy, 1/r=9(1/7+ 1)

/7" +1 Flur—l/T’ log gy, T—7
ML

w1 wi+1  logq, 7 (1—72)

(36)

Let s be the index such that £, < k; <k, ;. Noting that w; —1/7" < 0if k; is

not in the subsequence (k}), we have

1—1 s

/7" +1 _Z wj —1/7" log g, > /7 +1 _Z wi —1/7' . 1oqu]/,-
w; + 1 w; + 1 log qr, w; +1 w; + 1 log g,

(37)

By the choice of s, we know qr, > qr 11 = qzjf;. Hence, the right hand side of (37)
is bigger than

1/77+1  wl,—1/7 iwé—l/f’ log qi;

w; + 1 (w; + 1w, w; +1 w log qur’

which is equal to

141w, & wp—1/7 logaw

T/(wi + 1) B (’LUZ + 1)11)2 . 1qukg '

j=1
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Reminding the fact 1/7 < w; < 1/7, we then deduce that

i—1

/7" +1 ijfl/f’ loquj>1+1/w’S § wi—1/7" logq
w; + 1 wi+1  logqr, = 7 +1 (1/7+ 1w} logqw,

By verifying (1/7 4+ 1)w, > w’, + 1 and

1+ 1/w 1/T+1
T74+1 T w41

we obtain

1 s—1

/7 +1 iiwj_l/T/ logqr, _ 1/ +1 Zw; 1/7" logaw
w; + 1 w; +1  logqr, — wi+1 — wl + 1 loqug'

Therefore, combining (36) and (38), we have for k, < k; < ki 4,

i—1 s—1

1/T+1 ij—l/'r 10ng 1/7’ +1 iw;—l/T/ 10gq;€; T —T

w; +1 w;+1  loggqy, = wi+1 =

Hence, by (35), we have

i—1
1/7+1 Z w; —1/7 logqy,

isoo \ wi +1 w; +1  logaqy,

/ 571 71 lo , o
> lim 1/ +1 Z /T logaw \ 17
e wh+1 = wh +1 1qukg 7'/(177'2)
T—7
=d 10]) —
iy QU 8]~ <7

Let 1 <7 <7 <w. Let (k;) and (k}) be the sequence of

ar, ar llaw; 01 < 2.

Clearly, (k}) is a subsequence of (k;).

3

wl +1 .1oqu; (1 -T2
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Let w; be the real numbers defined by 2¥lqy, 1 = qi” as in the proof of
Theorem 3. Recall that for all j, we have w; > 7. Then, by (35), we have
i—1

Jr—1 logqs
dimy (U [0]) = lim S /T =1 loga,
imoo = witl logay,

i Swj/Tl_l log gx, +§ wi(r" — 1) logqy,

= lim :

i—oo = w; + 1 log g, i=1 7_7—/ wz + 1 log g,
i—1 , i—1 ,

. wi/T" =1 logaqy, — (7" — Tw;
<1 / . ]+ 1 _—
- l%o ; wi+1  log gy, ey ; /(1 4+ 1)7i=5+1

w;/r —1 logay g
< lim Z w; /T . i (7" — 1w
T \ i wi 1 logq T (12 = 1)

Hence,
(7" —Tw

dimy Ur [0)) = dimp U [6]) < 2575y

Since U, [0] D U [0],
dimy (U-[0]) — dimg (U [0]) > 0.

Therefore, the claim holds. O

6. EXAMPLES

The following examples show that the upper and lower bounds in Theorems 2

and 3 can not be replaced by smaller or larger numbers.

Example 17. Let 6 be of irrational exponent w(f) = w > 1 with gz41 > ¢} for
all k. Then the subsequence k; in the proof of Theorem 1 is given by k; = i.
Put qr,+1 = q}:j Then lim w; = w.

11— 00

For 1/w < 7 < 1, we have

lo 1/7 0 1/7 0 1/7 0 1/74+1
N it 1 2 E YU B e

& log(ar/|lax0l)
. 10g( 1/7 1/'r 1 q;/rl 1. qi/r)
= lim
k log(QkaH)
1 1 1/7—1 1/7—1 1
— lim ( fr_ A=, Y +—)
E L+ wrper \we---wp  ws---wg W T

1 1/7—1 1
1+w w—1 T
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For 1 < 7 < w, we have

~1 gl1L/™ oI/ ™. g Lol
dimys (U [6]) = lim og(a1]|g10] """ g2l 420 Q-1 lgr—10]"7)

k log(gk/lax0l)
log (@ "+ g a7
= —lim
k log(qrqr+1)
1 1/7 1/7—1 1/7—1 1
= lim ( / + / et / + —)
L+ w1 \we---wg w3 - W W T

1 (1/7—1 1
1+w \ w—-1 T
Therefore, for each 1/w < 7 < w we have
. w/T—1
Example 18. Assume that ¢ is an irrational of w(#) = w > 1 with the subsequence

{k;} of qi, 41 > qy, satisfying that a,41 =1 for n # k; and qx, > (qulH)T. Then

we have |
1 1 .
lim ( 08k | logar, quku) _o.
ioo \ logqr,  logqx, log g,
Since w; converges to w, by (35), the Hausdorff dimension of U, [f] is 11{17:11 and 0,

respectively for 1/w <7 <1 and 7 > 1.
If 7 =1, then, by the proof of (33),

log gk, + Y log 241

1§k<k1i dx
dimy (U, [0]) > lim e )
v 1Og qk; =+ log kit — Z log ——
ki<k<kiti1 ax
ap+1=1
. logqr, + (log gk, —logqr, ,+1) _ . 2—10gqk,_,+1/logq,
> lim > lim
; log gk, + log gy, +1 i 1+logqr,+1/logqx,
) 99— 2
> lim —

i 1+logqr,+1/logqe, w+1
Hence, we have
1/7+1
dimy (U, [6]) = { w1
0, for 7 > 1.

, forl/w< 7 <1,

Example 19. Let 0 = \/52_1, of which partial quotients a; = 1 for all k. Note that

w(f) = 1. By Lemma 6, U,[0] = T for 7 = 1. Thus, we have

1, 7<1,

)

dimgy (U-[0]) =
0 7>1.
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Example 20. Let 0 be the irrational with partial quotient aj = k for all k. Then

w(f) = 1. Consider the case of 7 = 1. By Lemma 7 (iii), we have

Foc U< (quﬁll) 6,+2<Ilqk9|)%>
- U < () lawoll, 0+ 2( ) ol )

Thus, F) can be covered by £ sets of diameter at most 0y, with

1 3 1 3 1 3
f"(“(quqlon) ”) (4(q2||q29|) “)"'(4(qk1||qklo||) *2)

0 1 3
5 <4(”q’< ”) <4(—) .
qk gk qk+1

Since = + % < %x for x > 1, we have

1 1
1 1 2 2 2 2 1
U < gk—1 ( ) < gkt (ﬂ o2k > < 12k*1qk2:_

allaf|  gr—1llge—10] G Qe1
Thus,
log ¢ E—1)logl12+ 11
dimp (U [0]) < lim 8% _ iy (B Dlog12F glogas
k. —logdy r —logd + 5(logqr +logqri1)
Since
k+1 k+1
loggii1 > > logai = logi > (k+1)log(k +1) — k,
i=1 i=2
one has
1 1 1) +1
lim " =0, 1< lim 8%+« j5y og(art1 +1) +loggr i
k—oo 1Ong k—o0 1quk k—o0 loqu
Therefore,

. log gy, 1
dimy (U, [0]) < lim —————— = —.
# (U [6)) v logagr +log qryr 2

Hence, by Theorem 16, we have

1, 7<1,

dimp U 0) =1 7=1,

0 7>1
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