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ONE-DIMENSIONAL SYMMETRY AND LIOUVILLE TYPE RESULTS
FOR THE FOURTH ORDER ALLEN-CAHN EQUATION IN R¥

DENIS BONHEURE AND FRANCOIS HAMEL

ABSTRACT. In this paper, we prove an analogue of Gibbons’ conjecture for the extended
fourth order Allen-Cahn equation in R?, as well as Liouville type results for some solutions
converging to the same value at infinity in a given direction. We also prove a priori
bounds and further one-dimensional symmetry and rigidity results for semilinear fourth
order elliptic equations with more general nonlinearities.

Dedicated to Haim Brezis with deep admiration

1. INTRODUCTION AND MAIN RESULTS

We consider the equation
(1.1) YAy — Au=u—u® in RY

with v > 0, which is a fourth order model arising in many bistable physical, chemical or
biological systems. When ~ = 0 in ([LT]), we recognize the well known Allen-Cahn equation

(1.2) —Au=u—vu* in RY,

also called the scalar Ginzburg-Landau equation or the FitzHugh-Nagumo equation. When
the solution w is positive and the right-hand side is of the type u — 2, this equation is also
known as the Fisher or Kolmogorov-Petrovski-Piskunov equation, originally introduced
in 1937 [29, [38] as a model for studying biological populations.

After scaling, the equation (LI]) with v > 0 can be written as

(1.3) A%y — Ay =u—u® in RY

with 8 = 1/,/7. Equation (L3)) with 8 > 0 is usually referred to as the extended Fisher-
Kolmogorov equation. It was proposed in 1988 by Dee and van Saarloos [I7] as a higher
order model equation for physical systems that are bistable. The term bistable indicates
that the equation ([2) and its extended version (LL3)) have two uniform stable states
u(z) = =£1 separated by a third uniform state w(z) = 0 which is unstable. When /3
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2 D. BONHEURE AND F. HAMEL

is negative, equation (3] is related to the stationary version of the Swift-Hohenberg
equation

ou

5% —rku+ (1+APu+u*=0

where € R. This equation was proposed by Swift and Hohenberg [48] as a model in the
study of Rayleigh-Bénard convection. When s > 1, this equation can be transformed after
multiplication and scaling into

% + (k= 1)*?[A% — AU+ u® —u) =0
with § = —-2/v/k—1 < 0.

For these model equations, a question of great interest is the existence of time-
independent phase transitions, i.e. solutions that connect two uniform states in one spatial
direction. The second order equation ([.2)) has been the subject of a tremendous amount
of publications in the past 30 years. Its popularity certainly comes in part from several
challenging conjectures raised by De Giorgi [16] in 1978. The most famous one, still not
completely solved, is:

Conjecture 1.1 (De Giorgi’s conjecture). Suppose that u is a bounded entire solution
of (L2) such that u,,(x) > 0 for every x € RN. Then the level sets of u are hyperplanes,
at least in dimension N < 8.

De Giorgi’s conjecture has been proved in dimension N = 2, see [4, Theorem 1.9]
and [3I, Theorem 1.1] and in dimension N = 3, see [I, Theorem 1.1]. The conjecture is
still open when 4 < N < 8, though a positive answer was given in [47] under the additional
assumption

(1.4) lirri u(zy,...,xy) =+1 forevery 2/ = (zy,...,25y_1) € RV !
TN—>LO0O

(see also [26] for more general conditions), while in dimension N > 9 a counterexample
has been established in [I8]. We refer to the survey [25] for more details.

On the contrary, up to our knowledge, the fourth order extension (3] of the Allen-
Cahn equation has been only investigated in one spatial dimension, see for instance [45].
In dimension N > 1, we are only aware of [30] 34] where T-limits of scaled energy func-
tionals associated to (L3]) were investigated, and [9] where the authors look for qualitative
properties of solutions in a bounded domain under Navier boundary conditions.

The aim of our present work is to make a first study of bounded solutions of (L3) in
any space dimension and in particular to establish one-dimensional symmetry and related
Liouville type results.

First of all, we state the analogue of De Giorgi’s conjecture for the fourth order Allen-

Cahn equation (L3]).

Conjecture 1.2 (Analogue of De Giorgi’s conjecture for the fourth order Allen-Cahn

equation (IT3)). Suppose that B > /8 and that u is a bounded entire solution of (L3) such
that ug, (x) > 0 for every x € RN. Then the level sets of u are hyperplanes, at least in
dimension N < 8.

This is the expected extension for the fourth order Allen-Cahn equation (3] of the
famous De Giorgi’s conjecture for the second order Allen-Cahn equation (L2). Indeed,
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as for (L2), the conjecture for (L3) is supported by a I'-limit analysis [30, 34] and the
convergence to the area functional (and the Bernstein problem). Therefore we expect
the conjecture to hold true only for N < 8 as for the Allen-Cahn equation. Regarding
the condition 8 > /8 (which means 0 < v < 1/8 in (II])), it comes from the fact that
monotone one-dimensional solutions do not exist for 0 < < \/g, see for instance [45] and
Section [2 below. In fact, one can even wonder whether there exist non-planar standing
fronts, i.e. satisfying (T4}, when 0 < 3 < /8, due to the rich dynamics of bounded
solutions in this range of the parameter.

Open question 1.3 (Existence of non planar standing fronts for the fourth order Allen-
Cahn equation (L3)). If N > 2 and 0 < 3 < /8, are there any solutions of (3] satis-
fying (L4]) and whose level sets are not hyperplanes ?

Motivated by the developments on Conjecture [LI we propose to study Conjec-
ture in connection with the additional assumption (4]) when the limits are uniform
in (z1,...,2y_1) € R¥"! namely

(1.5) lilri u(xy,...,oy) = %1 uniformly in (z,...,25_1) € RV L.
TN —>LOO

For the second order Allen-Cahn equation (L2), under the assumption (LH), De Giorgi’s
conjecture is known as Gibbons’ conjecture [32]. In this case, the restriction on the di-
mension and the monotonicity assumption d,,u(x) > 0 are unnecessary and Gibbons’
conjecture is true for any N > 1: indeed, it was proved in [3 B 21] that, for any N > 1,
any bounded solution u of (L2)) satisfying (LH]) is one-dimensional and thus only depends
on the variable xy, that is u(z) = u(zy) = tanh(zy/v/2 + a) for some a € R. Further-
more, u is monotone increasing in xzy. We also refer to [22, 27] for further results with
discontinuous nonlinearities and in a more abstract setting covering nonlocal operators and
fully nonlinear equations.

In our first main result, we prove a result related to Gibbons’ conjecture for the fourth
order equation (L3). Again the dimension does not play any role here, but an additional
quantitative bound on wu is assumed.

Theorem 1.4. For any integer N > 1 and any real number B > /8, if u is a classical
bounded solution of ([L3) in RN satisfying the uniform limits (LH) and ||ul| p@yy < V/5,
then u only depends on the variable xy and is increasing in xy.

We expect that the assumption ||u|z~@y) < V/5 can be removed though we have to
leave that question as open for the moment (see the open question in Section [B below).
This bound can be slightly relaxed for 3 > /8 and replaced by a bound depending on 3
(see Corollary in Section M below). In fact, as 5 — +o0o, this quantitative a priori
bound becomes somehow just qualitative. Furthermore, we prove in Section Fl a more
general version of Theorem [L4] with a more general right-hand side f(u) instead of u — u?
in (L3), as well as some further results for solutions which are a priori assumed to range
in one side of £1 (see Corollaries and [L.6] below).

On the other hand, the assumption 8 > /8 is necessary for the conclusion of Theorem [
to hold, since, even in dimension N = 1, no bounded monotone solutions of (3] exist
if 0 < 8 < V8, see [45]. However one can still ask whether a weaker statement than
Theorem [[4 hold or not when 0 < 3 < /8, namely if its content holds true without the
conclusion regarding the monotonicity in the direction xy.
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Our second main result deals with a Liouville type property for solutions which are
uniformly asymptotic to the same equilibria in a given direction.

Theorem 1.5. For any integer N > 1 and any real number 5 > /8, if u is a classical
bounded solution of ([L3) in RY satisfying

lim w(zy,...,ox)=—1 uniformly in (zy,...,2y_1) ERY ' and supu < 1,
TN —Foo RN
(1.6) or
lim w(zy,...,ox)=1 uniformly in (zy,...,oxy_1) ERY™' and infu > —1,
rN—Foo RN
then w is constant, that is, w =1 in RY oru= —1 in RV

In Theorem [[L3] in contrast to Theorem [[.4], there is no quantitative a priori bound on
the L°°(RY) norm of u. Indeed, the condition (ILG]) contains in particular the fact that  is a
priori assumed to be on one side of —1 or 1, and such bounded solutions then automatically
range in [—1, 1] (see Corollary B.8 below, and Corollaries 3.4l and LT for further results). On
the other hand, as for Theorem [[4], the condition 8 > /8 is necessary for the conclusion
to hold, since for 0 < B < /8, even in dimension N = 1, there are bounded solutions
of (L3) and satisfying (L6) which are not constant, see e.g. [7, 36, B3], 43]. Notice lastly

that, thanks to the interior elliptic estimates (see Section [), if u is a classical bounded
solution of (L3) in RY such that u—1 € LP(RY) and infgy u > —1 (resp. u+1 € LP(RY)
and supgy u < 1) for some p € [1,+00), then u(x) — 1 (resp. —1) as |z| = +oo,
whence ([LL6]) is automatically fulfilled. As a consequence of Theorem [[3], it follows that
if 3 > /8 and if u is a classical bounded solution of (L3) with u + 1 € LP(RY) for
some p € [1,+00) and infgy |uF 1| > 0, then u is constant, i.e. u = F1 in RY.

For the second order Allen-Cahn equation ([L2), any bounded solution u satisfies auto-
matically |[ul|p@®y) < 1 and either v = 1 in RV or =1 < u < 1 in RY, as an imme-
diate consequence of the strong maximum principle. Furthermore, if u(zy,...,zx) — 1
(resp. —1) as zxy — Zoo uniformly in (zy,...,2x_1) € RY7L then infpvu > —1
(resp. supgyu < 1). By comparing u with shifts of the one-dimensional profile
tanh(zy/v/2), it follows that u is constant equal to 1 (resp. —1). This Liouville-type
result, which in the one-dimensional case follows from e.g. [2} 28], is actually a special case
of more general results demonstrated in [23]. It can also be proved with the same method
—in the simpler second order case— as Theorem of the present paper and provides an
alternative proof to [I3] Theorem 2]. Further Liouville type results for the solutions u of
Ginzburg-Landau systems can be found in [20), 24].

As opposed to the second order Allen-Cahn equation ([L2), there are bounded solutions u
of the fourth order Allen-Cahn equation (L3) satisfying ||u|pe@y) > 1, for 0 < 8 < /8,
see e.g. [45, Chapters 4 & 5]. For 8 > /8, the bound [|ul| =g~y < 1 is expected. But even
if > v/8 and u is a priori assumed to satisfy |ul|jo@y) < 1 (the bound [|ul|je@y) < VB
is actually sufficient to have ||u||fe®y) < 1), it is still an open question to know whether
the limits u(xy,...,zx) — 1 (resp. —1) as xy — +oo uniformly in (z1,...,2y_;) € RN!
imply infgy u > —1 (resp. supgy v < 1). This is why these properties are a priori assumed
simultaneously in ([L.6]).
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Remark 1.6. In Theorems [ and [LH we point out that if uw € L=(R") solves (L3)) in
the sense of distributions, then it is automatically of class C*° (and in particular, it is a
classical solution), see the beginning of Section [ for more details.

Outline. The rest of the paper is organized as follows. We first review in Section
some results in the one-dimensional case N = 1. Section [3is concerned with the proof of
some a priori bounds, for fourth order equations with a right-hand side f(u) more general
than u — u?®, when 8 > 0 is either any positive real number or a large enough real number.
These bounds are obtained by writing the fourth order equation (L3]) as a system of two
second order elliptic equations, see (BI0)-(B.II]) below. We point out that this system
does not satisfy the maximum principle in general. Only the structure of the equation
will be used and specific arguments will be developed to establish some a priori bounds.
Lastly, Theorems [[.4] and are proved in Section @l There, we will use a sliding method,
inspired by second order equations. More precisely, one uses a sliding method for both u
and a function involving Au and one proves that both functions are simultaneously strictly
monotone in any direction which is not orthogonal to x . To do so, for § > 0 large enough,
the fourth order equation (L3]) is decomposed as a system of two second order equations for
which we prove some weak comparison principles in half spaces (see Lemmas [1.7] and

below).

2. A QUICK REVIEW OF THE 1D CASE

The study of the equation
(2_7) u" — ﬁu” - u— u3

for positive values of the parameter 5 goes back at least to Peletier and Troy in [42] [43]
where they proved, among other things, the existence of kinks for all § > 0. Van den
Berg [50] proved that, when § > 4/8, the bounded solutions of (Z71) behave like the
bounded solutions of the stationary Allen-Cahn equation
_u// —u— ’LL3

This implies that there exist two kinks (up to translations), one monotone increasing
from —1 to +1 and its symmetric, while there are no pulses. When 0 < 8 < /8, the set
of kinks and pulses is much more rich. For this range of 3, kinks and pulses cannot be
monotone anymore as at 3 = v/8 both equilibria +1 bifurcate from saddle-nodes to saddle-
foci. The linearization of (Z7]) around the equilibria then shows that the solutions oscillate
when they are close to 1 with small derivatives up to the third order. As 3 becomes
smaller than /8, infinitely many kinks and pulses appear. Peletier and Troy [43] proved
the existence of two infinite sequences of both kinks and pulses. The two sequences of kinks
consist of odd kinks having 2n+ 1 zeros and differ in the amplitude of the oscillations. The
pulses are even with 2n zeros. Again, the two sequences can be distinguished according to
the amplitude of the oscillations. Other families of kinks and pulses were shown to exist [7]
135, B6]. Basically, these solutions can be distinguished by the number of jumps from —1
to +1 and the oscillations around these equilibria in between the jumps. The complex
structure of these solutions can be quantified by defining homotopy classes, see [35].

Different methods have been used to deal with equation (Z7). Peletier and Troy intro-
duced in [42], 43] a topological shooting method that can be used to track kinks and pulses
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as well as periodic solutions. In [46], it is shown that kinks and periodic solutions can be
obtained using variational arguments. For instance, if 5 > 0, the functional

“+o00
Jg(u) = / E((u”) + fu?) + i(u2 —1)*| dw
has a minimum in the function space X = y + H%(R) where Y is a C™ function that
satisfies y(2) = —1 for z < —1 and x(z) = 1 for z > 1. When 3 > /8, this minimizer
is the unique heteroclinic connection from —1 to +1, while for 5 < /8 it is called the
principal heteroclinic as it only has one zero.

The dynamics of equation (Z7) with 8 < 0 is much less understood. Numerical experi-
ments [49] suggest that a large variety of the solutions found for § positive still exist for a
certain range of negative values of (.

In the study of ternary mixtures containing oil, water and amphiphile, a modification
of a Ginzburg-Landau model yields for the free energy a functional of the form (see [33])

B(u) = / [V + )|Vl + F ()] da dy d,

where the scalar order parameter u is related to the local difference of concentrations of
water and oil. The function g(u) quantifies the amphiphilic properties and the “poten-
tial” f(u) is the bulk free energy of the ternary mixture. In some relevant situations g may
take negative values to an extent that is balanced by the positivity of ¢ and f.

The admissible density profiles may therefore be identified with critical points of ® in a
suitable function space. In the simplest case where the order parameter depends only on
one spatial direction, u = u(x) is defined on the real line and (after scaling) the functional
becomes

(2.8) Flu) = / :o [% (w” + g(w)u?) + f(u)) d

whose Euler-Lagrange equation is given by

" 14 g’(“)u
u g(u)u 5
This model has been considered in [7, 10, 12]. Tt appears also as a simplification of a
nonlocal model due to Andelman et al. [37]. We refer to Leizarowitz and Mizel [40],
Coleman, Marcus, and Mizel [15] and Mizel, Peletier and Troy [41]. For studies in higher
dimension, we refer to Fonseca and Mantegazza [30], Chermisi et al. [I4] and Hilhorst et
al. [34]. In the the last quoted paper, the Hessian V?u is replaced by Au as a simplification
of the model. This second order energy functional with the Hessian matrix of u replaced
by Au was also proposed as model for phase-field theory of edges in anisotropic crystals
by Wheeler [51]. Finally, we also mention the study of amphiphilic films in [39].
Functionals of the form (2.8]) were considered with either a double-well or a triple-well
potential f and a function g that can change sign. The case of a triple-well is especially
relevant in the theory of ternary mixtures. We refer to [8) [11], 45] for further references.

12

+ f'(u) =0.

3. A PRIORI BOUNDS

In this section, we consider fourth order equations of the type (L3]) with any positive
real number f > 0 and with a more general right-hand side. Namely, we consider the
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equation
(3.9) A*u— BAu = f(u) in RY,

where f : R — R is any locally Lipschitz-continuous function. We first notice that, from
standard elliptic interior estimates [6], [19], any bounded solution u of (8.9) in the sense of
distributions is actually of class C**(RY), for any o € [0,1). Therefore, bounded solutions
are nothing but classical bounded solutions. By iteration, it follows that, if f is C*°(R),
then the bounded solutions u are of class C*°(R”) with bounded derivatives at any order.
In particular, any bounded solution u of the fourth order Allen-Cahn equation (L3]) in the
sense of distributions is of class C°°(R”") and has bounded derivatives at any order.

Our goal in this section is to get some a priori pointwise bounds for the bounded solutions
of (B9), in terms of the function f appearing in the right-hand side. The key-step is given
in the following lemma. To lighten some subscript expressions, we use repeatedly the
notations

M, :=supu and m, = infu,
RN RN
where wu is a given function.

Lemma 3.1. Let > 0 and let f : R — R be locally Lipschitz-continuous. If u is a
bounded solution of (B9, then
sup [ min (ﬁ +s)] <infu <supu < inf [ max (ﬁ +s)].
0<p<p2/at musssMu N [ RN RN 0<p<p?/Almy<s<M, \ [
Proof. Remember first that u is actually a classical solution of (1) with bounded and

Holder continuous derivatives up to the fourth order. Fix any real number u € (0, 3?/4]
and let A € (0, 8) be such that

A(B=A) = p.
Step 1: proof of the right inequality. Define the C? bounded function
(3.10) v=Au— A\u.
The function v solves
(3.11) Av— (=N v=A%u—BAu+A(B—-Nu= f(u)+pu in RY,

Let (2,)nen be a sequence of points in RY such that u(x,) — M, as n — +o00. Denote
up () =u(r+2,) and v,(z) = v(r + x,)

for alln € N and # € RV, It follows from the aforementioned interior estimates and Ascoli-
Arzela theorem that, up to extraction of a subsequence, the functions u,, and v,, converge lo-
cally uniformly in R" to two functions u,, € C*(RY) and vy, € C*(RY) solving (8.9), (3.10)
and BI0) with (te,Vs) instead of (u,v). Furthermore, uy(0) = M, > u.(x) for
all z € RY. Therefore, Auy(0) < 0 and

Vo0 (0) = Ao (0) — A oo (0) < —Auee(0) = =X M,,.
On the other hand, vo, > m, in R, whence

(3.12) my < —AM,.
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Similarly, let (&,)nen be a sequence of points in RY such that v(&,) — m, as n — +oo
and denote

Up(x) =u(x +&,) and V,(z) =v(x +&,).

As in the previous paragraph, up to extraction of a subsequence, the functions U,, and V,
converge locally uniformly in RY to two functions U,, € C*(RY) and V., € C*(R") sol-

ving (3.9), (310) and BI1) with (Us, Va) instead of (u,v). Furthermore,
Voo (0) = my,, < Vio(w) for all z € RY.
Therefore,
f(Uss(0)) 4 11 Us(0) = AV (0) = (8 = A) Vs (0) = =(8 = A) Vie (0) = —(8 = A) .
Using the fact that 0 < A < 5 and A (8 — A\) = p, one infers from (B3.12) that
f(Usc(0)) + pUsc(0) = (B = A) A My = pp M,
Since infpy u < Uy < supgy v in RY and g > 0, it follows that

supu = M, < max (® + s)
RN My <s< My, ,LL

and since p € (0, 3%/4] was arbitrary, the right inequality in the conclusion of Lemma [31]

follows.

Step 2: proof of the left inequality. Define v = —u and v = —v and observe that
U=Au—Auand AV — (8 -\ 0= g(u) + pu in RY with g(s) = —f(—s). Step 1 implies
that, for every 0 < pu < 32/4,

/
—infu=supu < max (® —i—s) = — min <® —|—s’>
RN RN mg<s<Myz ol My, <s' <My, I
by setting s = —s’. Since u € (0, 3%/4] can be arbitrary, the left inequality in the conclusion
of Lemma [B.1] follows and the proof of Lemma [3.1] is thereby complete. O

Remark 3.2. For the fourth-order Allen-Cahn equation (L3), the estimates given in
Lemma[ZTlimprove the bounds given in 44} 50], even in dimension N = 1, if v/2 < 3 < /8.
It can also be used to improve the bound given in [34] for a range of the parameter.

In the proof of Theorems [[L4] and [LE] we shall first show that the considered solutions u
of (L3) range in the interval [—1,1]. To do so, we need some conditions on 3, namely,
should not be too small (since there are some one-dimensional solutions of (3] satis-
fying (CH) and not ranging in [—1,1] when 0 < 8 < v/8). More generally speaking, for
the equation ([3.9), we will give some improved pointwise estimates depending on 5. We
assume that, as far as the locally Lipschitz-continuous function f : R — R is concerned,
there exist two real numbers o < a; such that

(3.13)  f(ax) =0, f>0o0n(—oco,a ), f<0on (ay,+00) and fZ0on [a_,ay]

There is then a smallest real number 5y > 0 such that

f(s)

2
(3.14) vﬂz%, Vs e |a_,aql, a,§7+s§a+.
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For the function f(u) =u —u® in (L3)), ax = +1 and B; = /8. But, here, apart from the
fact that f is not identically equal to 0 on the interval [a_, ], we do not assume anything
about the behavior of f on this interval and about its number of sign changes.

The following lemma provides some sufficient conditions depending on $ and on u for a
solution u of (BH) to range in the interval [a_, a].

Lemma 3.3. Let f be a locally Lipschitz-continuous function satisfying BI3) and let
B >0 be as in BI4). Then there is a nonincreasing map m : [Bf, +00) = [—00,a_) and
there is a nondecreasing map M : [B, +00) — (o, +00] such that, if B > [y and u is any
classical bounded solution of ([B9) with

(3.15) m(p) < infu < supu < M(p),
RN RN

then

(3.16) a_ <u<ay inRY.

Furthermore, m() — —oo and M(B) — +o0 as f — +o0.

Proof. We begin by defining the functions m and M. For any 8 > ¢, we denote

4
(3.17) m(3) = sup {s € (—oo,a_]; ggs) +s=a_+oa; — s}
and
4
(3.18) M(5) :inf{se [y, +00); 223) +5:a_+oz+—8},
with the usual convention that sup) = —oo and inf) = +o0. Notice that m(5) < a_

and oy < M(p) since f is continuous with f(ayx) = 0, and a_ < «y. Furthermore,
since f > 0 on (—o0, a_), it follows that 5 — m(f) is nonincreasing on [3f, +00) and even
decreasing on the interval, if any, where it is finite. Similarly, since f < 0 on (ay, 4+00),
the function 5+ M(/3) is nondecreasing on [, +00) and even increasing on the interval,
if any, where it is finite. Lastly, since a_ < a, it is immediate to see that m(5) — —oo
and M(B) — +o0 as f — +oo.

Consider now any classical bounded solution u of (8.9) with 5 > [, and assume
that supgy u > a . Lemma B.1] implies that

: 4 f(s) : 4 f(s)
(3.19) ,Jnin ( R s) < infu < Sup u < max ( R s).
By BI3), there holds f(ay) =0 and 4f(s)/5*+ s < s for all s € (a4, +00), whence
4f(s)
(3.20) , max < 5 + s) < sﬂyj\? u.

On the other hand,

4f(s)
(3.21) ,max ( 52 + s) <ay < sﬂy})u
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by BI4) (and 8 > pff) and our assumption oy < supgvu. It then follows

from (319), B20) and [B2]I) that infry v < a— and

supu < max <4f<8)+s).

RN My <s<a— 62

Similarly, if w is any classical bounded solution of (3.9) with § > f; and infpy u < a_,
then supgpy u > a4 and

min
ay <s<M,y

Consider now any classical bounded solution w of (33) with 5 > f; and (B3], that is,

4f(s)
(41

+ s) < inf u.
RN

m(B) <infu <supu < M(f),
RN RN

and assume that the conclusion (BI6) does not hold (that is, either suppyu > oy
or infgy u < a_). It then follows from the previous two paragraphs that these last two
properties hold simultaneously and that

() | 11(5)
< <
(3.22) a+2181£1Mu ( 52 + s) < %éleu <oa-<ay < sﬂngu < mungl?%(a_ < 5 + 5).

Since infgy u > m(f) by assumption, it follows from the definition of m(g) and f(a_) =0
with a_ < ay, that

41(s)
32

+s<a_ +ay—s forall se [ir}vfu,oz,],
R

whence

4
(3.23) supu < max ( /() + s) < max (a_+a; —s)=a_+a, —infu

RN my<s<a— 52 my<s<a— RN

by 322). Similarly, since supgyu < M(S), one infers from the definition of M(p)
that 4 f(s)/8*+ s > a_ + a, — s for all s € [a,supgw u|, whence

41(s)
32
by ([B22). The inequalities ([B.23) and (B.24]) being impossible simultaneously, one has

reached a contradiction. As a conclusion, the property (B.I6) holds and the proof of
Lemma is thereby complete. O

(3.24) a_+ oy —supu= min (a-+ oy —s) < min <

+ s) < infu
RN ap <s<My a4 <s<M, RN

An interesting lesson of the proof of Lemma is the fact that, when 3 > 3y, the
conditions supgpy u > a4 and infgy u < a_ hold simultaneously, independently of the a
priori bounds (B:IH). In other words, any of the two inequalities in (8:16) implies the other
one, as stated in the following corollary.

Corollary 3.4. Let [ be a locally Lipschitz-continuous function satisfying [BI3) and
let B > 0 be as in BI). If B > By and u is a classical bounded solution of (B.9)
such that either u < ay in RN oru > a_ in RY, then a_ <u < ay in RY.
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Lemma also provides an improvement of some pointwise bounds of u. This improve-
ment is valid even when § = fy, since m(fy) < a_ and M(f;) > a. In other words,
there is ¢ > 0 such that, if > (; and u is a classical bounded solution of (3.9) such
that o —e <u <oy +¢ein RY, then a_ <u < oy in RV,

However, the conclusion of Lemmal[3.3 does not hold in general when 3 is smaller than ;.
Indeed, in dimension N = 1 with f(s) = s — s3, it follows from a continuity argument
combined with [45, Theorem 5.1.1] and [50, Theorem 4] that when 0 < BSV8 = By, there
is a sequence of bounded solutions w,, such that —1—1/n < infgu, < —1 < 1 < supg u, <
1+1/n.

On the other hand, when  becomes larger and larger, the a priori bounds ([BI5]) become
less and less restrictive, since m(/5) — —oo and M () — +o00 as f — +00. More precisely,
the following corollary holds immediately.

Corollary 3.5. Let f : R — R be a locally Lipschitz-continuous function satisfying (3.13),
let By > 0 be as in [BI4) and let A > 0 be a given nonnegative real number. There
is Bra > Bf such that, if B > Bra and w is a classical bounded solution of ([B.9) with
Jull L@y < A, then a- < u < oy in RV,

Remark 3.6. At the limit when v = 1/3% — 07, the fourth order equation YAy — Av =
f(v) (obtained from ([B3) with the scaling u(z) = v(x/+/B)) converges formally to the
second order equation —Awv = f(v). For this last equation, under the assumption (B.I3),
it follows easily from the maximum principle that any bounded solution v satisfies a_ <
v < oy in RV,

Moreover, when f is bounded or more generally when |f(s)] = O(|s|) as s — +oo,
then it follows from the definitions (B8I7) and BI8) of m(5) and M(S) that m(f) = —oo
and M(B) = +oo for [ large enough. In other words, the L* constraint on wu is only
qualitative for large 3, and the following corollary holds.

Corollary 3.7. Let f be a locally Lipschitz-continuous function satisfying BI3) and such
that |f(s)| = O(|s|) as s — oo, and let Sy > 0 be as in BI4). Then there is S > By
such that, for any 5 > B, any classical bounded solution u of [B9) satisfiesa_ < u < ay
in RV,

To complete this section, let us finally translate the previous results to the case of the
fourth order Allen-Cahn equation (L3)), that is, f(s) = s—s3. With the previous notations,
one has oy = £1, By = V/8 and it is immediate to check that

Therefore, the following corollary holds.

Corollary 3.8. Assume that 3 > /8. Any classical bounded solution v of (L3) such
that ||ul| ey < \/1+ B%/2 satisfies ||ul|poo@wnyy < 1. In particular, any classical bounded
solution w of (L3) such that ||ul|~rn) < V5 satisfies |[ul| gy < 1. Furthermore,
any classical bounded solution u of ([L3) such that u > —1 in RY oru < 1 in RN
satisfies ||u|| Loy < 1.
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Open question 3.9. In dimension N = 1, it is known that any classical bounded so-
lution u of (L3) satisfies ||ul|r~@®) < V2 whatever 3 > 0, see for instance [44]. The
crucial ingredient to prove this a priori bound in dimension 1 is the first integral of energy
which is not available in higher dimension. In particular, from Corollary B.8], any classical
bounded solution u of (3] with N = 1 satisfies ||u[|r=®) < 1if 8 > /8. We believe that
these a priori estimates hold true in higher dimensions N > 2, at least when uniformity
conditions (LH) are assumed, however we leave them as an open problem.

4. PROOF OF THE RIGIDITY RESULTS

This section is devoted to the proof of the main results, Theorems [[.4] and [L3 As in
Section [B] we can actually consider more general fourth order equations of the type (B.9)
with a locally Lipschitz-continuous function f : R — R satisfying (8I3]) and being decreas-
ing in neighborhoods of a (by decreasing, we mean strictly decreasing, see in particular
the end of the proof of Lemma 7], where the strict monotonicity is used). Namely, the
main two results of this section are the following theorems.

Theorem 4.1. Let [ : [a_,ay] — R be a Lipschitz-continuous function such that f(oy) =
0 and f is decreasing in [a_, a_ + 9] and in [ay — 6, o] for some § > 0. Let w > 0 be such
that

f(s) = f(5)

~—— +w>0 foralla_ <s#s <ay.
5—8

(4.25)

If B> 2y/w and u is a classical bounded solution of [B9) satisfying a_ < u < ay in RY
and

(4.26) lini u(xy, ..., on) = ax uniformly in (zy,...,2x_1) € RN
TN —>LO0O

then u only depends on the variable xy and is increasing in xy.

Notice that the condition ([@2H]) is equivalent to f'(s) + w > 0 for all s € [a_, ] as
soon as f is differentiable in the interval [a_, ay].

Remark 4.2. It is immediate to see that if f(agx) =0, f #Z 0 in [a_,ay] and w satis-
fies (A.20), then

where f; > 0 is defined in ([BI4). Therefore, the parameters § considered in Theorem [T
are always larger than or equal to Sy.

Theorem 4.3. Let f: R — R be a locally Lipschitz-continuous function satisfying (8.13))
and such that f is decreasing in [a_, a_ + 9] and in [ay — 6, o] for some 6 > 0. Let w >0
satisfy (E20). If B > 2v/w and u is a classical bounded solution of [B3) satisfying

lim w(zy,...,o5)=a_ uniformly in (zy,...,oxy_1) ERY tand supu<ay,
rN—Foo RN
(4.27) or
lim w(zy,...,o5)=ay uniformly in (zq,...,ox_1) ERY and infu>a_,
rN—Foo RN

and if there is a one-dimensional solution ¢ : R — [a_, ] of BH) such that ¢p(+oo) =
a4, then u is constant.
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The condition on the existence of a one-dimensional front ¢ connecting «. is reasonable,
in the sense that it has a natural counterpart for second order equations. Indeed, for the
equation —Au = f(u) with a Lipschitz-continuous function f : [a_, a,] — R satisfying

(4.28) flag) =0, f(ax) <0, f<Oon (a_,f0) and f>0on (0, o)

for some 0 € (a_, vy ), then the existence of a one-dimensional front ¢ connecting ay is
a necessary and sufficient condition for the conclusion of Theorem to hold and it is
equivalent to f;f f(s)ds =0, see e.g. [2 2§]. Otherwise, there are non-constant pulse like

solutions u satisfying (£.27)). For the fourth order equation (3.9]), a necessary condition
for the existence of a one-dimensional front ¢ : R — [a_, | such that ¢(+o0) = ag is
that faa_* f(s)ds = 0, after integrating the equation of ¢ over R against ¢’ and using the
fact that the derivatives of ¢ (at least up to the fourth order) converge to 0 at £o0o0 by the
interior elliptic estimates [6], [19].

Remark 4.4. In Theorem [£3] the assumption (£27) and Corollary B4 imply that the
solution u ranges automatically in the interval [«_, &, |. In other words, Theorem E.3] could
have been stated as Theorem 1] with a function f defined in [, ;] and a solution u
ranging a priori in the interval [, oy ].

Before doing the proof of Theorems . Tland [£.3], let us state some immediate corollaries by
combining them with Remarks .2l and I4] and the results of Section B] (namely, Lemma B3]
and Corollaries 3.4], B3], B.7).

Corollary 4.5. Let f: R — R be a locally Lipschitz-continuous function satisfying (3.13)
and being decreasing in [a_,a_ + 6] and in [y — 0,4 ] for some § > 0. Let w > 0

satisfy (E25]).

(1) If B > 2/w and u is a classical bounded solution of [B9) satisfying E26) and such
that either u < ap in RY oru > a_ in RY, then u only depends on the variable x
and 1s increasing in xTy.

(2) Let m(3) and M(S3) be as in Lemma B3l If f > 2y/w and u is a classical bounded
solution of [B9) satisfying m(B) < infgy u < suppy v < M(B) and ([A28), then u

only depends on the variable xyn and is increasing in Ty.

(3) Let A > 0 be given. There is B4 > 2y/w such that, if § > Bf.a and u is a classical
bounded solution of [B.9) satisfying ||u|| peomry < A and [A26), then u only depends
on the variable xyn and is increasing in Ty .

(4) If |f(s)| = O(|s|) as s = £oo, then there is B oo > 2¢/w such that, if f > B and
w is a classical bounded solution of [B9) satisfying [A20), then u only depends on
the variable x and is increasing in xy.

(5) If B > 2y/w, ifu is a classical bounded solution of [B.9) satisfying (L20) and if there
is a one-dimensional solution ¢ : R — [a_,ay]| of BA) such that ¢p(+o0) = ag,
then u is constant.

In the particular case of the fourth order Allen-Cahn equation (L3) with f(s) = s — s,
one has o = +1 and the smallest w > 0 satisfying (£20) is equal to w = 2. Furthermore,
the existence of one-dimensional kinks ¢ : R — [—1, 1] solving (L3]) with ¢(+oc0) = +1 is
guaranteed when 8 > /8, see e.g. [45], 50]. Therefore, the following corollary holds, from
which Theorems [[.4] and follow.
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Corollary 4.6. (1) If B > /8 and v is a classical bounded solution of (L3) satisfying

||| poomry < A/1+ B%/2 and (LH), then u only depends on the variable v and is
increasing in ry. The same conclusion holds if, instead of ||u| peo@ny < /1 + 32/2,
u is assumed to satisfy either u <1 in RY oru > —1 in RN. Furthermore, for
any A > 0, there is ﬁA > /8 such that, if f > ﬁA and u s a classical bounded
solution of (L3)) satisfying ||u||pee@yy < A and (LE), then u only depends on the
variable xyn and is increasing in Ty .

(2) If B> +/8 and u is a classical bounded solution of (I3) satisfying (L), then u is
constant.

It now only remains to prove Theorems [£.1] and A key-point is the following result,
which can be viewed as a weak maximum principle in half-spaces for problem (3.9) when
is large enough. We denote RY =RV~ x [0, +00).

Lemma 4.7. Let [ : [a_,ay] = R be a Lipschitz-continuous function such that f(ay) =0
and f is decreasing in (o —0, ay ] for some § > 0. Assume w > 0 satisfies (£20), f > 2y/w
and X > 0 is any of the roots of the equation \> — SA+w = 0. If z; and z are two classical
bounded solutions of [BA) such that a_ < z1, 20 < ay in RN and
z > ay — 6 inRY,
(4.20) leLrl}rm 21 (x1,. .., oN) = leLrl}rm 2o(1, ... ,.xN) = (.)z+ .
uniformly in (z1,...,xy_1) € RV,
21 < 2o and Azy — Az > Azp — A zp on ORY = RV~ x {0},
then z1 < zp and Azy — Az1 > Azg — Xz in RY.

Proof. By writing

V=129 — 2z and w = Av — A\,
the desired conclusion can be reformulated as infRf v > 0 and SUpg N W < 0. Assume for
the sake of contradiction that

(4.30) m:=infv <0 or M :=supw > 0.
]R+ RN
Let (Zn)nen = (¥, Tnn)nen and (Yn)nen = (Yl Ynn)nen be some sequences in RY such
that
v(z,) = m and w(y,) - M as n — +o0.
By standard interior elliptic estimates [6 [19], as recalled at the beginning of Section [3]
the functions z; and 2, have bounded Holder continuous derivatives up to the fourth
order. In particular, both functions v and w are uniformly continuous. Furthermore,
since limg 100 21 (7, Tn) = liMyy 100 22(2', o) = . uniformly in 2’ € RV~ one infers
that lim,, s 00 A2 (2, 2x) = limg, 5100 A2o(2, 2y) = 0 uniformly in 2/ € RV~1. Hence,
lim v(2,2y) =0 and lim w(2’,2y) =0 uniformly in 2’ € RV~
TN—+00 TN —+00

Claim 1: m < 0 implies M > 0. Assume m < 0. Since v > 0 on 8R , it follows from
the previous observations that there exists a real number zy € (0, +oo) such that, up to
extraction of a subsequence, TNn — TNoo &S N —> +00. Denote

Zin(z) = 21(2 + 2}, 2n) and Zy,(2) = 20(2’ + 2, 2N)
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for alln € Nand z = (2/, zx) € RY. Up to extraction of a subsequence, the functions 7,
and Z,,, converge in C} (RY) to two classical bounded solutions Z; and Z, of ([3.9) such
thata_ < Z,,Z, < a,inRY, Zy, > a,—din Rf, Vi=7,—7y>min Rf, V(0,2n,00) =M
and W= AV — AV < M in RY. In particular, since (0,zy,o) is an interior minimum
point of V' in RY, one infers that

(4.31) M>W(0,2n0) =AV(0,2800) = AV (0,28 00) > —AV (0,28 00) = —Am >0
since A > 0, and m < 0 by assumption. Therefore, m < 0 implies M > 0 as claimed.

Claim 2: M > 0 implies m < 0. Assume now that M > 0. Since w < 0 on IRY
and lim,, o w(2/,zy) = 0 uniformly in 2/ € R¥~1 it follows that there exists a real
number yy o € (0,4+00) such that, up to extraction of a subsequence, yn ., — Yn,oo aSn —
~+00. Denote

Zin(x) = 2(2" + 4, xn) and Zy,(x) = 20(2’ + 4, 2N)
for alln € Nand z = (2/,zy) € RY. Up to extraction of a subsequence, the functions Zlm
and Z,,, converge in C} (RY) to two classical bounded solutions Z; and Zy of ([39) such
that a_ < 71,7y < oy in RY, Z, > a+—5ian, V=427, > mian, W .=
AV — AV < M in RY and W(0,yn,c0) = M. Let A > 0 be the other root of the equation
22— 5X +w =0,

that is, A = w/A = B — A. The function W = AV — AV is of class C?*(RY) and it satisfies

AW =AW = A2V — BAV +wV = f(Zy) — f(Z1) +w(Zy — Z1) in RV,
The point (0,yy ) is an interior maximum point of the function W in RY, whence
AW(0,yn.00) <0, while A > 0 and W(0, yn,oo) = M > 0. Therefore,

0> _XM Z AW(O)yN,oo) - X/Wv(oayN,oo)
(4.32) = [(Z2(0,yn,00)) — [(Z1(0, yn,00)) + w (Z2(0, yn,00) — Z1(0, Yn,o0))

= (U + w) V(Oa yN,oo)a

where

o = L1220 9nee)) =[O ve)) 5550 0 Y — 7,0, yn) = Z2(0, o) # 0
ZQ(anN,OO) - Zl(oa yN,OO)
and, say, ¢ = 0 if V(O,yN,OO) = ZQ(O,yN,OO) — ZI(O,me) = 0. Since a_ <
Zl(O,me),ZQ(O,me) < a; and w > 0 satisfies ([A27]), one has ¢ + w > 0. The
case 0 + w = 0 is impossible due to the strict sign in (£32), whence o + w > 0.
As a consequence, V(O,me) < 0, that is, ZQ(O,me) < Zl(O,me). In particu-

lar, m < \7(0, YN,00) < 0. Therefore our claim follows. Since o4w > 0, observe furthermore
that (£.32) implies
(4.33) —AM > (0 +w)m.

Conclusion. The previous claims show that the property m < 0 is equivalent to M > 0.
Therefore, if we assume (30), the calculations in the proofs of the two claims hold. Now,
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by multiplying (£31]) by X >0 and adding it to (£33)), one gets that
0> —)\Xm+(a+w)m:om
since AN = w. As m < 0, this yields o > 0, whence

(434) f(ZZ(Ov yN,oo)) S f(Zl(Oa yN,oo))

(remember that ZQ(O,prO) < Zl(O,pro)). On the other hand, ZQ(O,yN’OO) > oy — 06
(since 22, Zo > oy — 6 in RY) and Z1(0, yn o) < @y, whence

-0 < ZQ(anN,oo) < Zl(oayN,w) < ay.

Since f is assumed to be decreasing in the interval [ay — d,a.], one gets that
[(Z5(0,yn0)) > [(Z1(0,yn0)), contradicting ([34]). Henceforth, we conclude that (Z30)
cannot hold, that is, infgy v = m > 0, supgy w = M < 0 and the proof is thereby com-
plete. O

Remark 4.8. It follows from the proof that the functions 2z; and z, satisfy the following
two-component system of second order elliptic equations:

—Av+ v = —w,
—AwFAw = —f(2)+ f(21) —w (20 — 21) = —b(z) v

in RY, with v = zp— 21, b(z) > 0 (by @2H)) in RY, v > 0 on 9RY and w < 0 on ORY. This
system is competitive and some maximum principles are known to hold for competitive
systems in bounded domains. However, the comparison result proved in Lemma [4.7] is
new. Here, not only the domain RY is unbounded and one also has to use in the proof the
fact that, in Rﬂ\: , 23 takes values in the interval [a, — 0, ], in which f is decreasing.

Remark 4.9. The second line in (£.29)) is actually not necessary. To see it, notice first that,
since the functions z; and 2, are assumed to be bounded in RY (they range in [a_, a4 ]), the
function w is bounded in R¥ from the interior elliptic estimates. If we drop the second line
in (A.29), the main change is that any of the sequences (zy,)nen and (yYn »)nen introduced
in the proof may well converge to +o0o up to extraction of a subsequence. If for instance
lim,, 4o TN, = 400, one would now define Z, () = z;(x + x,) = z(2' + 2/, xn + Tn,)
for i = 1,2 and pass to the limit up to extraction of a subsequence. The limiting functions
Zy, Zy, V and W would then satisfy the same properties as in the proof of Lemma [A.7]
but now in the whole space RY (in particular, Zo > a, —d in RN, V. = Z, — Z; > m
in RY, V(0,0) =m and W = AV — AV < M in RY). The inequalities established in the
above proof would still be the same, with 2 o, = 0. S1m1larly, if hmnﬁﬂx, YN, = +00, one

would define new functions Z; » and new limiting functions ZZ, V and W and one would
complete the proof with yy ., = 0. In the statement of Lemma 7] we preferred to keep
the second line in ([{.29) for the sake of simplicity, and since this assumption will always

be satisfied when Lemma 4.7 will be used in the proof of Theorems [4.1] and [£.3]

The following lemma is the counterpart of Lemma E.7 in the half-space RY = RN-!
(—00, 0], when z is close to a_.

Lemma 4.10. Let [ : [a_,ay] — R be a Lipschitz-continuous function such that f(a_) =
0 and f is decreasing in [a_, a_ 0] for some 6 > 0. Let w > 0 satisfy (£20), let f > 2\/w
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and let X > 0 be any root of the equation N2 — BA+w = 0. If z; and z are two classical
bounded solutions of [BA) such that a_ < z1, 20 < ay in RN and

21 Soz_+5me,

lim 2z (z1,...,2y) = lim z(xq,...,25) = a_
TN——00 TN——0O0

uniformly in (zy,...,xx_1) € RV7L
21 < 2y and Azy — Nzp > Azy — Az on ORY = RN1 x {0},

then 21 < 2o and Azy — X2y > Azg — X 29 in RY.

Proof. The conclusion of Lemma follows immediately from Lemma [£.7] applied to the
functions f(s) = —f(a_ + ay —s), 21(2/,zn) = a_ + ay — 20(2', —xy) and Zy (2, zn) =
a_ +ay — 2 (2, —xN). O

With Lemmas .7 and .10 at hand, we can turn to the proof of Theorems 1] and
We rely on the sliding method adapted to the fourth order equation (3.9). Namely, for any
vector £ € RVN"1 any 7 € Rand z = (2/, zy) € RY, we set

(4.35) ur(z) = u (2, xn) =u(d' + & oy — 7).

The strategy then consists in two main steps. First we show that u, < u in RY for 7 > 0
large enough and then we decrease 7 and prove that actually, v, < u in RY for all 7 > 0.
Finally we show that the freedom in the choice of the vector ¢’ € RN~ implies that u
depends only on xy.

Proof of Theorem Il Let f, d, w, § and u be as in the statement of Theorem [.J1 Notice
that the strict monotonicity of f in [, a_ + 6] and [a; — §, ;] implies that

oy — O

o< 5

Let A > 0 be any root of the equation A\* — B\ + w = 0.

Since u(2’, ) converges to the constants ay as xy — £oo and since the function u and
its derivatives up to the fourth order are bounded and Holder continuous in RY from the
interior elliptic estimates [6, [19], it follows in particular that Au(z’,xzy) — 0 as zy — +00
uniformly in 2/ € RV~!. From the assumption ([20]), there is a real number A > 0 such
that

u>ap —0in RV x[A, +00), u<a_+din RV x (—o0, —A4],
(ap —a_ —26)
2

(4.36)

|Au| < A in R x (=00, —A] U RY™! x [A, +00).

Step 1: comparisons for large 7. We show here that u, < u in RY for all 7 > 2A.
Let 7 € [2A, +00) be given. For any 2/ € RN~ one has

(4.37) u (2, A)=u(@ + ¢ A-7)<a_ +0<a; —<u(r,A)
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and
Au (2, A) = Au (2, A) = Au(d’ + & A—71) = Au(z' +&,A—1)
G - =) Mo +0)
(4.38) P
_ Aoy ;)z_ 20) ~(ay —9)

> Au(2'; A) — du(2, A).

Define 21, 2 : RY — [a_, ay] by 21 := u,(-,-+A) and 25 := u(-,-+A). Since 20 > oy —§
in RY and both z; and z; are classical solutions of (B3] converging to a; as xy — +00
uniformly in 2’ € RV~ we deduce from ([E37)-(E38) and Lemma BT that z; < 2, and
Azy — Xz1 > Az — Az in RY, that is,

ur <u and Au, — Au, > Au— Au in RV x [A +00).

Similarly, since 2y = u,(-,- + A) = u(-+&,-+ A —7) < a_ +§ in RY (because
A— 71 < —A) and both z; and z, converge to a_ as xy — —oo uniformly in 2/ € RV~1
it follows from (£37)-(A38) and Lemma that z2; < 29 and Az; — Az > Azg — A2
in RY, that is,

w, <u and Au, — Au, > Au—Au in RV x (—o0, Al.
Therefore, for all 7 > 24, u, < v and Au, — Au; > Au— Au in RV,
Step 2: decreasing 7. Let us now set
(4.39) 7" =inf {7’ >0, up <uand Aup — Auy > Au— A in RY for all 7/ > T}.

It follows from Step 1 that 7% is a nonnegative real number such that 7* < 2A. Furthermore,
by continuity,

(4.40) Ure <u and At — Aup > Au—Au in RY.

Our final aim is to show that 7% = 0. Assume by contradiction that 7* > 0.
We first claim that

4.41 inf — ) > 0.
(4.41) RMIQ[_AA}(U Ur+)

Assume by contradiction that this is not the case. Then, we have

inf  (u—wu;)=0
RN-1x[-A,A]

and there exists a sequence (z,)nen = (2, Tnn)neny of points in RY™! x [—A, A] such
that u(x,) —u«(z,) = 0 as n — +o00. Up to extraction of a subsequence, one can assume
that xn, = Ty € [-A, A] as n — +o00. Define

Un(z) = Un(2,zn) = u(a’ + 2], xN)

in RY. The functions U, are bounded in C**(RY) for any o € [0,1) from the interior
elliptic estimates [6, 19]. Up to extraction of a subsequence, they converge in C;! (RY) to
a classical solution U : RY — [a_, a] of (B9) such that

Vi=U-U.=U-U(-+¢&,-—7)>0 in RY,
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V(0,254) =0and W := AV — AV < 0 in R". The strong maximum principle applied
to V yields V =0 in RN that is, U(2',zy) = U(2' + &, oy —7*) for all x = (2/, ) € RV,
However, U still satisfies (20 by the uniformity with respect to 2’ = (z1,...,25_1) €
RY~!in ([@26). Thus, the positivity of 7* leads to a contradiction. As a consequence, (EZT])
holds.

We next claim that

(4.42) sup  (A(u—up) = A(u—u,-)) <O0.
RN-1x[-A,A]

Assume again by contradiction that this is not the case. Then, we deduce from (£40) that

sup  (A(u—up) = A(u—1u)) =0
RN-1x[—A,A]

and there exists a sequence (Y, )nen = (Y., Yn.n)nen of points in RV~ x [— A, A] such that
A(u — U ) (Yn) — A (u(yn) — ur+(yn)) = 0 as n — +o0.
Up to extraction of a subsequence, one can assume that yy, — yno € [—A, Al as n —
+00. Define
Uy(z) =U, (2, zy) = u(a' +y,,xN)
in RY. As above, up to extraction of a subsequence, the functions ﬁn converge in C}t (RY)
to a classical solution U : RY — [a_, ay] of (B.3) such that

Vi=U-Up=U-U(-+¢,-—7)>0 inRY,

W :=AV = AV <0 in RN and W(0,yno) = 0. Let A = w/A = f— A > 0 be the other
root of A — B\ +w = 0. As in the proof of Lemma 7, the function W is a C?(RY)
solution of

AW =AW = f(U (@) — (T () +w V(@) = (s(x) +w) V(2),

where

5y = AU = S0 4Gy _ Gy~ ) 0
(o) = S T VW) =) = () #

and, say, <(z) = 0 if V(z) = U(z) — U~ () = 0. Since both functions U and U,- range
in [, ] and since w > 0 satisfies (Z.27), one has ¢(z) +w > 0 for all x € RY. Recalling
that V > 0 in R, one infers that AW — AW > 0 in RY. Since W is nonpositive in RN
and vanishes at the point (0 yNoo) the strong maximum prmmple implies that W = 0
in RY. In other words, AV — AV = 0 in RY. But the function V is » nonnegative and
bounded. By passing to the limit along a sequence (Zn)nen such that V(zn) — SUpgN 1%
as n — o0, it follows immediately that suppwy 1% < 0. Hence V =0 in RY that is,
Ux',zy) = (7(26’ + & any — 1) for all z = (¢/,zx) € RY. The positivity of 7% and the
limits (£26]) lead to a contradiction. Finally, (£.42]) holds.

Now, since both properties ({L.41]) and (4.42) hold and since by interior elliptic estimates
both functions u an Au are uniformly continuous in RY there is a real number 7, € (0, 7%)
such that

ur <u and Au, — Auy > Au—Au in RV x [=A A] for all 7 € [r,, 7]
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For any 7 € [7., 7], since u > ay — § in RV™! x [A, +00) by ([30]), it then follows from
Lemma [ applied to 2y := u.(-,- + A) and 25 = u(-,- + A) that

w, <u and Au, — Au, > Au—u in RV x [A, +00).

Similarly, for any 7 € [r,,7%], since u, = u(- + &, —7) < a_ + 6 in RN 7! x (—o0, —A]
by (£36) and 7 > 7. > 0, it then follows from Lemma applied to z; = u.(-,- — A)
and zo = u(-,- — A) that

uy <u and Au, —Au, > Au— Au in ]RN_lx(—oo,—A].

Putting together the previous results implies that v, < v and Au, — Au, > Au — Au
in RY for all 7 € [r,,7*]. Since 7, € (0,7*), this contradicts the minimality of 7* in (Z39)
and, as a consequence, 7" = 0.

Step 3: conclusion. Since 7 = 0, it follows from (£39)) that
u, <u and Au, — Au, > Au— Auin RY

for all 7 > 0. Furthermore, the arguments based on the strong second order elliptic
maximum principle imply, as in Step 2, that, for all 7 > 0,

u, < uand Au, — Au, > Au— \u in RY.

Choosing now &’ = 0 shows that u is increasing in the variable zy. Moreover, by choosing
an arbitrary vector ¢ € R¥~! and its opposite vector —¢’, it follows that, for all x =
(2 zy) € RY, w(@ + oy — 7) < w(@,zy) and u(z’ — & an — 7) < u(2/,zy) for
all 7 > 0, whence u(z' + &', zy) < u(2',zy) and u(z’ — &', zy) < u(2’,zy) by passing to
the limit as 7 — 0. Since z = (2/,zy) € RY and ¢ € RY~! are arbitrary, this means
that u(z’ + &, xy) = u(a’,xy) for all & € R¥1 and (2/,zx) € RY. In other words, u
depends only on the variable x. The proof of Theorem [4.1]is thereby complete. O]

We now prove Theorem [4.3] As for Theorem 1] we again rely on the sliding method,
but this time we will slide the one-dimensional kink ¢ with respect to u.

Proof of Theorem A3l Let f, § € (0, (ay —a_)/2), w >0, B > 2y/w, v and ¢ be as in the
statement of Theorem L3l Without loss of generality, let us assume that u(z’, xy) — oy
as xy — Fo0o uniformly in 2/ € RY~! and that infgy u > o_. Remember from Corollary 3.4
and Remark [£4] that this yields automatically

a- <u<uy in RV,

Even if it means decreasing § > 0, one can then assume that a_ + § < infgy u. Let A > 0
be any root of the equation A\? — B\ +w = 0. Our goal is to show that u = a in RY.

Let £ be any given real number. As in the proof of Theorem 3] there is a real num-
ber A > 0 such that

u>a;—06in RV X [A +00), ¢(E+-) <a_+§in (—oo,—A],

(4.43) |Au| < Aoy _;‘ = 20) iy RV x (=00, —A] U RV x [A4, +00),
e+ < 20T =) A U4, 4o0).

2
For any 7 € R, we define ¢, = ¢(- + & — 7).
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Claim 1: for all 7 > 2A, ¢, < u and ¢! — Np, > Au— Au in RY. Let 7 > 2A. As
in (E37) and (A3]), one has, for any 2/ € RN "1,
br(A) =€+ A=) Sa_+6<a, -6 <ule, A)

and

) = Ao (A) = g+ A=) Ao+ A—r) = T )
_ )\(a+—;—25) (g —9)

> Au(z', A) — Au(a/, A).
Define 21,20 : R = [a_,a | by z1 := ¢, (- + A) = (- + £+ A—7) and 25 := u(-,- + A).
Since zy > ay — § in Rf and both z; and z, are classical solutions of ([.9) converging

to ay as vy — +o0o uniformly in 2’ € RY¥~L it follows from the previous estimates and
Lemma [£.7] that

21 <z9 and Az; —Az; > Azg — A2y In Rf,
that is
¢r <u and ¢’ — N > Au—Au in RV x [4, +00).
Similarly, since 21 = ¢,(-+ A) =¢(-++A—7) < a_+6 in (—o0,0] and both z; and 2o
converge to a_ as ry — —oo uniformly in 2/ € R¥~! it then follows from Lemma
that 2; < 2o and Az — A2y > Azy — A2 in RY, that is,

¢ <u and ¢ — N, > Au—Au in RV x (—o0, A].
Therefore the claim is proved.

Define now
(444) 7 =inf{r >0, ¢» <u and ¢% —A¢» > Au—Au in RY for all 7/ > T}

It follows from Claim 1 that 7* is a nonnegative real number such that 7* < 2A. Further-
more, by continuity, we infer that

(4.45) ¢ <u and @' — App > Au—Au in RY.
Claim 2: 7% = 0. Assuming by contradiction that 7% > 0, we first aim to show that

(4.46) RNfllf[f_A,A](u ¢r) > 0.

Assume this inequality does not hold.  Then infgnx-1,_44(u — ¢«) = 0 and
there exists a sequence (T,)neny = (20, Znn)nen of points in RY™! x [—A, A] such
that u(x,) — ¢+ (xnn) — 0asn — +oo. Up to extraction of a subsequence, one can as-
sume that zn, = Ty € [—A, Al asn — +oo. Define U, (z) = U, (2, xy) = u(z'+2,, zx)
in RY. As in the proof of Theorem E.I up to extraction of a subsequence, the func-
tions U, converge in C}! (RY) to a classical solution U : RY — [a_,a,] of (B3) such
that V:i=U — ¢~ > 0in RY, V(0,2y4) = 0and W := AV — AV < 0 in RY. The strong
maximum principle applied to V yields V = 0 in RY, that is, U(2', zy) = ¢(E+xy—77) for
all z = (¢/, zy) € RY. However, U still satisfies (27 (here U(z', xy) — oy as zy — +oo
uniformly in 2’ € RN¥™1), while ¢(—00) = a_ < . One has then reached a contradiction,
whence (£46) holds.
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Similarly, we next show that

(4.47) sup (Au—¢L —A(u—¢.+)) <0
RN-1x[-A,A]

Assume again by contradiction that this inequality does not hold. Then, by (fZ5),
there is a sequence (Yn)nen = (Y., YnNn)nen of points in RV1 x [—A A] such that
Au(yn) = ¢ (Ynn) = A (W(yn) = b7+ (yn.n)) = 0 as n — +o0. Define Uy (x) = Uy (2!, ) =
uw(x' + y/,zy) in RY. Up to extraction of a subsequence one can assume that yy, —
YNoo € [—A, A] as n — +oo and that the functions U, converge in C (RYN) to a classical
solution U : RY — [av_, ;] of (B.39) such that Vi=U—¢>0inRY, W:=AV-\V <0
in RY and W(O, Yn.o) = 0. Let X =w/A=fB—)\> 0 be the other root of X2 — X +w = 0.

As in the proof of Lemma [A.7] the function Wis a C?*(RY) solution of
AW =AW = (s(z) + w)V,
where _

FO() ~ Fér-(an)
U(z) = ¢r(zn)
and, say, ¢(z) = 0 if V(z) = U(z) — ¢y« (zy) = 0. Since both functions U and ¢, range
in [a_, a ] and since w > 0 satisfies (£2H), one has ¢(x) +w > 0 for all x € RY. Recalling
that V > 0in RY, one infers that AW — AW > 0 in RY. Since W is nonpositive in R and
vanishes at the point (0, yNoo) the strong maximum principle implies that W =0in RY.
In other words, AV AV =0 in RY. But the function V is nonnegative and bounded. It
then follows that V = 0 in RN, that is, U(2/, 2x) = ¢(E+ay—7°) forall z = (2, 2y) € RY.

The limits ([£27) lead again to a contradiction, whence (£.47]) holds.

We can now conclude Claim 2. From (£40), (£47) and the uniform continuity of u, Au,
¢ and ¢", there is 7, € (0,7*) such that

¢ <u and @’ —N¢p, > Au—Au in RY! x [~A A] forall 7 € [1,,77].
For any 7 € [7., 7], since u > ay — ¢ in RN7! x [A, +00) by ([EZT), it then follows from
Lemma 7 applied to z; = ¢,(- + A) = ¢(- + &+ A —71) and 2z, = u(-,- + A) that
¢y <u and ¢! — Ao, > Au—Au in RV x [A4, +00).
Similarly, for any 7 € 7, 7%], since ¢, = ¢(-+& —7) < a_ + 0 in (—o0, —A] by (£43) and
T > 7 > 0, it then follows from Lemma[L.I0 applied to 21 := ¢, (- — A) and zo = u(-,- — A)
that

if V(z) = U(x) — ¢ (2n) # 0

s(x) =

¢y <u and @’ — N, > Au—Au in RN! x (—o0, —A].
Putting together the previous results implies that ¢, < w and ¢/ — A ¢, > Au— Au in RY

for all 7 € [, 7*]. Since 7, € (0,7"), this contradicts the minimality of 7* in (£.44]) and
thus implies 7% = 0.

Conclusion. We have shown that ¢y < u in RY, that is, ¢(& + xy) < u(a’,zy) for
all (2/,xy) € RY. Since £ was an arbitrary real number, it follows by passing to the
limit & — 400 that ay < u(a/,xy) for all (¢/,zy) € RY. But u was assumed to range
in [@_,a;]. In other words, v = a4 in RY and the proof of Theorem is thereby
complete. O



[1]

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
21]
22]
23]

[24]

FOURTH-ORDER ALLEN-CAHN EQUATION IN RY 23

REFERENCES

L. Ambrosio and X. Cabré, Entire solutions of semilinear elliptic equations in R® and a conjecture of
De Giorgi, J. Amer. Math. Soc. 13 (2000), 725-739.

D. G. Aronson and H. F. Weinberger, Multidimensional nonlinear diffusions arising in population
genetics, Adv. Math. 30 (1978), 33-76.

M. T. Barlow, R. Bass and C. Gui, The Liouville property and a conjecture of De Giorgi, Comm.
Pure Appl. Math. 53 (2000), 1007-1038.

H. Berestycki, L. Caffarelli and L. Nirenberg, Further qualitative properties for elliptic equations in
unbounded domains, Ann. Sc. Norm. Super. Pisa Cl. Sci. IV 25 (1997), 69-94.

H. Berestycki, F. Hamel and R. Monneau, One-dimensional symmetry of bounded entire solutions of
some elliptic equations, Duke Math. J. 103 (2000), 375-396.

L. Bers, F. John and M. Schechter, Partial differential equations, Lectures in Applied Mathematics,
John Wiley & Sons, New York, 1964.

D. Bonheure, Multitransition kinks and pulses for fourth order equations with a bistable nonlinearity,
Ann. Inst. H. Poincaré Anal. Non Linéaire 21 (2004), 319-340.

D. Bonheure, Heteroclinic solutions for a class of fourth order ordinary differential equations, Acad.
Roy. Belg. Cl. Sci. Mém. Collect. 8o (3) 23 (2006), 188 pp.

D. Bonheure, J. Foldes and A. Saldana, On the higher-dimensional extended Allen-Cahn equation,
preprint.

D. Bonheure, P. Habets and L. Sanchez, Minimizers for fourth order symmetric bistable equation,
Atti Sem. Mat. Fis. Univ. Modena e Reggio Emilia 52 (2004), 213-227.

D. Bonheure and L. Sanchez, Heteroclinic orbits for some classes of second and fourth order differen-
tial equations, Handbook of differential equations: ordinary differential equations, Vol. III, 103—202,
Elsevier /North-Holland, Amsterdam, 2006.

D. Bonheure, L. Sanchez, M. Tarallo and S. Terracini, Heteroclinic connections between nonconsecutive
equilibria of a fourth order differential equation, Calc. Var. Partial Diff. Equations 17 (2003), 341-356.
G. Carbou, Unicité et minimalité des solutions d’une équation de Ginzburg-Landau, Ann. Inst.
H. Poincaré Anal. Non Linéaire 12 (1995), 305-318.

M. Chermisi, G. Dal Maso, I. Fonseca and G. Leoni, Singular perturbation models in phase transitions
for second-order materials, Indiana Univ. Math. J. 60 (2011), 367-409.

B. D. Coleman, M. Marcus and V. J. Mizel, On the thermodynamics of periodic phases, Arch. Ration.
Mech. Anal. 117 (1992), 321-347.

E. De Giorgi, Convergence problems for functionals and operators, In: Proc. Int. Meeting on Recent
Methods in Nonlinear Analysis, Rome, 1978, Pitagora, 1979, 131-188.

G. T. Dee and W. van Saarloos, Bistable systems with propagating fronts leading to pattern formation,
Phys. Rev. Lett. 60 (1988), 2641-2644.

M. del Pino, M. Kowalczyk and J. Wei, On the De Giorgi conjecture in dimension N > 9, Ann. Math.
174 (2011), 1485-1569.

A. Douglis and L. Nirenberg, Interior estimates for elliptic systems of partial differential equations,
Comm. Pure Appl. Math. 8 (1955), 503-538.

A. Farina, Finite-Energy solutions, quantization effects and Liouville-type results for a variant of the
Ginzburg-Landau systems in R Diff. Int. Equations 11 (1998), 875-893.

A. Farina, Symmetry for solutions of semilinear elliptic equations in R™ and related conjectures, Ric.
Matematica 48 (1999), 129-154.

A. Farina, Monotonicity and one-dimensional symmetry for the solutions of Au + f(u) = 0 in RY
with possibly discontinuous nonlinearity, Adv. Math. Sci. Appl. 11 (2001), 811-834.

A. Farina, Rigidity and one-dimensional symmetry for semilinear elliptic equations in the whole of
RN and in half spaces, Adv. Math. Sci. Appl. 13 (2003), 65-82.

A. Farina, Two results on entire solutions of Ginzburg-Landau system in higher dimensions, J. Funct.
Anal. 214 (2004), 386-395.



24

[25]

[26]
[27]

28]

[39]
[40]
[41]
[42]
[43]
[44]
[45]

[46]

D. BONHEURE AND F. HAMEL

A. Farina and E. Valdinoci, The state of the art for a conjecture of De Giorgi and related problems, In:
Recent progress on reaction-diffusion systems and viscosity solutions, World Sci. Publ., Hackensack,
NJ, 2009, 74-96.

A. Farina and E. Valdinoci, 1D symmetry for solutions of semilinear and quasilinear elliptic equations,
Trans. Amer. Math. Soc. 363 (2011), 579-609.

A. Farina and E. Valdinoci, Rigidity results for elliptic PDFEs with uniform limits: an abstract frame-
work with applications, Indiana Univ. Math. J. 60 (2011), 121-141.

P. C. Fife and J. B. McLeod, The approach of solutions of non-linear diffusion equations to traveling
front solutions, Arch. Ration. Mech. Anal. 65 (1977), 335-361.

R. A. Fisher, The advance of advantageous genes, Ann. Eugenics 7 (1937), 335-369.

I. Fonseca and C. Mantegazza, Second order singular perturbation models for phase transitions, STAM
J. Math. Anal. 31 (2000), 1121-1143.

N. Ghoussoub and C. Gui, On a conjecture of De Giorgi and some related problems, Math. Ann. 311
(1998), 481-491.

G. W. Gibbons and P. K. Townsend, Bogomolnyi equation for intersecting domain walls, Phys. Rev.
Lett. 83 (1999), 1727-1730.

G. Gomper and M. Schick, Phase transitions and critical phenomena, Academic Press, 1994.

D. Hilhorst, L. A. Peletier and R. Schatzle, I'-limit for the extended Fisher-Kolmogorov equation,
Proc. Royal Soc. Edinburgh A 132 (2002), 141-162.

W. D. Kalies, J. Kwapisz and R. C. A. M. VanderVorst, Homotopy classes for stable connections
between Hamiltonian saddle-focus equilibria, Comm. Math. Phys. 193 (1998), 337-371.

W. D. Kalies and R. C. A. M. VanderVorst, Multitransition homoclinic and heteroclinic solutions of
the extended Fisher-Kolmogorov equation, J. Diff. Equations 131 (1996), 209-228.

T. Kawakatsu, D. Andelman, K. Kawasaki and T. Taniguchi, Phase-transitions and shapes of two-
component membranes and vesicles, I: Strong segregation limit, J. Phys. IT France 3 (1993).

A. Kolmogorov, I. Petrovski and N. Piscounov, Ftude de l’équation de la diffusion avec croissance de
la quantité de matiere et son application a un probléme biologique, Bull. Univ. Moscou Ser. Internat.
Sec. A 1 (1937), 1-25.

S. Leibler and D. Andelman, Ordered and curved meso-structures in membranes and amphiphilic
films, J. Phys. (France) 48 (1987), 2013-2018.

A. Leizarowitz and V. J. Mizel, One-dimensional infinite-horizon wvariational problems arising in
continuum mechanics, Arch. Ration. Mech. Anal. 106 (1989), 161-194.

V. J. Mizel, L. A. Peletier and W. C. Troy, Periodic phases in second-order materials, Arch. Ration.
Mech. Anal. 145 (1998), 343-382.

L. A. Peletier and W. C. Troy, Spatial patterns described by the extended Fisher-Kolmogorov (EFK)
equation: kinks, Diff. Int. Equations 8 (1995), 1279-1304.

L. A. Peletier and W. C. Troy, A topological shooting method and the existence of kinks of the extended
Fisher-Kolmogorov equation, Topol. Meth. Nonlin. Anal. 6 (1995), 331-355.

L. A. Peletier and W. C. Troy, Chaotic spatial patterns described by the Extended Fisher-Kolmogorov
equation, J. Diff. Equations 129 (1996), 458-508.

L. A. Peletier and W. C. Troy, Spatial patterns, higher order models in physics and mechanics,
Birkhauser, 2001.

L. A. Peletier, R. K. A. M. Van der Vorst and W. C. Troy, Stationary solutions of a fourth order
nonlinear diffusion equation, Diff. Uravneniya 31 (1995), 327-337.

O. Savin, Regularity of flat level sets in phase transitions, Ann. Math. 169 (2009), 41-78.

J. B. Swift and P. C. Hohenberg, Hydrodynamic fluctuations at the convective instability, Phys. Rev.
A 15 (1977), 319-328.

J. B. van den Berg, Branches of heteroclinic, homoclinic and periodic solutions in a fourth order
bi-stable system, a numerical study, Master Thesis, Leiden University, October 1996.

J. B. van den Berg, The phase plane picture for a class of fourth order conservative differential
equations, J. Diff. Equations 161 (2000), 110-153.

A. A. Wheeler, Phase-field theory of edges in an anisotropic crystal, Proc. Royal Soc. Lond. Ser. A
Math. Phys. Eng. Sci. 462 (2006), 3363—-3384.



FOURTH-ORDER ALLEN-CAHN EQUATION IN RY

DENIS BONHEURE, DEPARTEMENT DE MATHEMATIQUE, UNIVERSITE LIBRE DE BRUXELLES,
CP 214, BOULEVARD DU TRIOMPHE, B-1050 BRUXELLES, BELGIUM

AND INRIA - TEAM MEPHYSTO.

E-mail address: denis.bonheure@ulb.ac.be

FRANCOIS HAMEL, A1X MARSEILLE UNIVERSITE, CNRS, CENTRALE MARSEILLE,
INSTITUT DE MATHEMATIQUES DE MARSEILLE, UMR 7373, 13453 MARSEILLE, FRANCE
E-mail address: francois.hamel@univ-amu.fr

25



	1. Introduction and main results
	2. A quick review of the 1D case
	3. A priori bounds
	4. Proof of the rigidity results
	References

