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EXISTENCE AND SYMMETRY OF LEAST ENERGY NODAL
SOLUTIONS FOR HAMILTONIAN ELLIPTIC SYSTEMS

DENIS BONHEURE, EDERSON MOREIRA DOS SANTOS, MIGUEL RAMOS,
AND HUGO TAVARES

ABSTRACT. In this paper we prove existence of least energy nodal solutions
for the Hamiltonian elliptic system with Hénon-type weights

—Au = |z|?|v]T v, —Av=|z|*u/f"lu inQ, u=wv =0 on 0%,

where Q is a bounded smooth domain in RV, N > 1, a,8 > 0 and the
nonlinearities are superlinear and subcritical, namely
1> 1 " 1 N -2

p+1 gqg+1 N
When (2 is either a ball or an annulus centered at the origin and N > 2, we
show that these solutions display the so-called foliated Schwarz symmetry.
It is natural to conjecture that these solutions are not radially symmetric.
We provide such a symmetry breaking in a range of parameters where the
solutions of the system behave like the solutions of a single equation. Our
results on the above system are new even in the case of the Lane-Emden
system (i.e. without weights). As far as we know, this is the first paper that
contains results about least energy nodal solutions for strongly coupled elliptic
systems and their symmetry properties.

1. INTRODUCTION

We consider the Hamiltonian elliptic system with Hénon-type weights

—Au = |z||v]7 v, —Av = |z|*ulP" u  in Q, u=v=0o0ndQ, (1.1)
where  is a bounded domain in RV, N > 1, and o, 3 > 0. We consider superlinear
and subcritical nonlinearities, namely
S 1 n 1 S N -2

p+1 qg+1 N
Observe that the first condition is also equivalent to pq > 1.

The system (1.1]) is strongly coupled in the sense that v = 0 if and only if v = 0.
Moreover, u changes sign if and only if v changes sign.

(H)
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We recall that a strong solution to this problem corresponds to a pair (u,v)
with

ue WHaD/la Q) aw ), p e wREE/pQ) n Wy PTIP ()

satisfying the system in for a.e. z € Q. By using a bootstrap method (see
[37, Theorem 1(a)]), it can be shown that strong solutions are actually classical
solutions.

Consider the energy functional

1 1
E(u,v):/Vu~VvdJ;—7/ || [u|PT dx—i/ |z o]t dz, (1.2)
Q p+1Jq q+1Jg

which is well defined for strong solutions thanks to assumption .

One can use various variational settings to deal with the system , see for
instance the surveys [10} 21} [34]. Once the existence of at least one critical point is
proved, a natural question is that of the existence of a least energy one, by which
we mean a critical point at the level

¢ =inf{E(u,v): (u,v) is a nonzero strong solution of (1.1))}.

The solutions at this energy are usually referred to as ground state solutions and
in many problems, they are of special interest. In our setting the existence of
such solutions is clear and rely on a simple compactness argument. On the other
hand, it is useful to get a variational characterisation of these solutions to derive
qualitative properties, see for example [8, @, 10]. In our setting, any solution
at level ¢ is positive (or negative). This can be established using a Nehari type
characterization of the level c. We emphasize that the adequate associated Nehari
manifold is then of infinite codimension. We refer to [10] for more details.

Existence of sign-changing solutions has been obtained in [32, Theorem 4], under
the extra assumption p > 1 and ¢ > 1, where it is proved that there exists an
unbounded sequence of solutions (uy,vy) such that both (uj + vg)t # 0 and
(ug +vg)~ # 0 for every k. In fact, for a pair of solutions (u,v), u+ v changes sign
if and only if u and v change sign. Our results therefore present some improvement
of the result given in [32] Theorem 4] since, by imposing the mere super linearity
condition pg > 1, we are able to prove the existence of a (least energy) nodal

solution to (1.1)).

Define then the least energy nodal level as
Cnod = inf{F(u,v) : (u,v) is a nonzero strong solution of (T.1) and u*,v* # 0}.

It is not obvious that this level is achieved since this no more follows from a simple
minimisation argument. Indeed, even if we have enough compactness to extract a
converging subsequence, the limit could be a critical point (u,v) such that both
u and v are positive (or negative). The existence of a least energy nodal solution
for the scalar Lane-Emden equation [I4] [3] 4] follows from the minimisation of the
functional over a nodal Nehari set. It is not clear at all how such a nodal Nehari
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set associated to the energy functional E could be defined. Anyhow, our first main
result shows ¢,0q 18 achieved.

Theorem 1.1. Let N > 1, o > 0, 8 > 0 and suppose that 1s satisfied. Then
the level cnoq is achieved, that is, there exists a strong solution (u,v) of (L.1)) such
that u*, vt # 0 and FE(u,v) = chod-

Our proof relies on a dual method as in Clément and van der Vorst [I5] or Alves
and Soares [2]E| who deal with the singularly perturbed system

—e?Au+ V(2)u = |v|9 o, —?Av+V(x)v = |[ulfu in RY

assuming the extra assumptions p > 1 and ¢ > 1. With respect to [2], the hypoth-
esis includes more general powers, namely pg > 1 is enough. This means in
particular that we cover the biharmonic operator with Hénon weight, that is ¢ = 1
and # = 0, with Navier boundary conditions. In this context, the problem
reads as

A%y =[z]*luff 'y nQ, w=Au=0 ondQ, (1.3)
with a > 0, % > # > —]\5,4 and Theorem applies.

Next we investigate the symmetry of these solutions in case the domain is radial.
Let Q be either a ball or an annulus centred at the origin. Recall that a function
u : £ — R is called foliated Schwarz symmetric with respect to some unit vector
p € RN if, for a.e. » > 0 such that 9B,.(0) C 2 and for every ¢ € R, the restricted
superlevel set {z € 0B,(0) : u(z) > c} is either equal to dB,(0) or to a geodesic
ball in 8B,.(0) centred at rp. In other words, u is foliated Schwarz symmetric if u
is axially symmetric with respect to the axis Rp and non increasing in the polar
angle § = arccos(x - p) € [0, 7].

In the past thirty years the study on the symmetry properties of positive or least
energy solutions of strongly coupled elliptic systems has been an active research
field, see for instance [42, 35 20}, 221 [45] T3, BT [8 0] 10, 17, 18, [19]. The basic tools
used to derive the symmetry of the solutions are the method of moving planes [25],
symmetrization or polarization and Morse index arguments. All these techniques
were originally developed for second order elliptic equations and their use in the
context of strongly coupled elliptic system requires more involved arguments.

Our second main result is the following.
Theorem 1.2. Let Q C ]RN, N > 2, be either a ball or an annulus centred at

the origin. Let (u,v) be a least energy nodal solution of (1.1)). Then there exists
p € 0B1(0) such that both u and v are foliated Schwarz symmetric with respect to

p.

As mentioned above, our results cover the biharmonic operator complementing
therefore some of the results in [43].

n order to apply the dual variational method, the two potentials on the left hand sides of
[2) eq. (1.3)] must be equal as follows from [2] line 5 p. 114].
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Corollary 1.3. Let Q ¢ RN, N > 1 and assume that % > pﬁ > %. Then
the fourth order problem admits a least energy nodal solution. Moreover, if
Q is either a ball or an annulus centred at the origin, N > 2, then any least energy
nodal solution of is such that uw and —Au are foliated Schwarz symmetric

with respect to the the same unit vector p € RN,

For the scalar Lane-Emden equation (i.e. without weights), it is known that
any least energy nodal solution has Morse index 2. Combined with the analysis
of the Morse index of the sign changing radial solutions when (2 is either a ball
or an annulus, this leads to the conclusion that whereas least energy solutions are
radially symmetric, least energy nodal solutions are not. The foliated Schwarz
symmetry is thus somehow optimal.

For the Hénon-Lane-Emden system , it is not clear how to compute (or
even define) the Morse index of the solutions. Although we conjecture that for any
D, q satisfying and «a, 8 > 0 every least energy nodal solutions of are non
radial, we are not able to prove it. Symmetry breaking occurs at least for p ~ ¢,
a~0and g~ 0.

Theorem 1.4. Assume N > 2 and Q C RY is either a ball or an annulus centred
at the origin. Let qo satisfy

g>1 and q+1<2N/(N—-2)if N >3.

Then there exists g > 0 such that, if p,q € [go — b0, qo + o], a, B € [0,d0], then
any least energy nodal solution (u,v) of (L.1)) is such that both u and v are non
radially symmetric.

At this point, we emphasize that when Q C R¥ is either a ball or an annulus,
we can work in a functional framework of radially symmetric functions yielding at
least one radial sign-changing solution having least energy among all radial nodal
solutions. The previous theorem gives therefore a range of coexistence of both
radially symmetric and non radially symmetric sign-changing solutions. When
p > 1 and g > 1, the existence of infinitely many radial sign-changing solutions
follows also from applying the method of [32] Theorem 4] in a functional framework
of radially symmetric functions. Although these solutions can a priori coincide
with the solutions obtained in [32] Theorem 4], we clearly do not expect that to
happen. A difficult question seems to be that of providing a precise information on
the number of nodes of radial nodal solutions. Both the gluing approach [6] and
an optimal partition method [I6], reminiscent of the original approach of Nehari,
seem out of reach for the Lane-Emden system (without weight). Therefore, the
existence of radially symmetric solutions with a prescribed number of nodes is a
challenging open question.

Finally, we show that all of our results apply to the Hénon equation

—Au = |x|a‘u|p_1u in Q, u = 0 on 0. (1.4)

For this purpose we prove a kind of symmetry theorem for the components, which
guarantees that when p = ¢, « = 3, then any solution (u,v) of (1.1 is such that
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u = v and whence u solves (1.4]). For related classifications results we mention [31]
Theorem 1.2] and [24].

Theorem 1.5. Assume that u,v € Hg(2) solves the system (1.1

—Au = |z|’v]T 1y, —Av = |z’ i Q, u=wv=0 on 09,

where Q is a bounded domain in RN, N > 1, ¢ > 1 and ¢+ 1 < 2N/(N — 2) if
N > 3. Then u=w.

Combining Theorems and we get the following results about
least energy nodal solutions of the Hénon equation (|1.4]).

Corollary 1.6. Let N>1,a>0,p>1andp+1 <2N/(N—-2) if N > 3. Then:

i) There exist least energy nodal solutions of .

ii) Let Q C RN, N > 2, be either a ball or an annulus centred at the origin. Let
u be a least energy nodal solution of . Then there exists p € 0B1(0) such
that u is foliated Schwarz symmetric with respect to p.

iii) Assume that 0 C RN, N > 2, is either a ball or an annulus centred at the
origin. Then there exists dg > 0 such that, if o € [0,0¢], then any least energy
nodal solution u of is such that u is non radially symmetric.

Items i) and ii) are known cf. [5 [I4, [30]. To our knowledge, Corollary iii)
is new, though expected from a perturbation analysis for small . However, we
stress that the approach of [I] to symmetric breaking of any least energy nodal
solution of the autonomous equation

—Au= f(u) inQ, u =0 on 0,

where Q C RY, N > 2, that stands either for a ball or an annulus centred at the
origin, cannot be extended to the non autonomous case. In particular it cannot
be extended to the Hénon equation . We expect however that least energy
nodal solutions of are non radial. We provide a proof for a small whereas
this should follow from an asymptotic analysis as in [39] for « large. The general
case seems more delicate.

The structure of the paper is the following. In Section [2} we introduce the vari-
ational setting corresponding to the dual method and prove Theorem showing
the existence of a least energy nodal solution, providing as well alternative charac-
terizations of the level ¢0q. In Section 3| we prove the Schwarz foliated symmetry of
these solutions when 2 is a radial bounded domain, namely Theorem Finally
in Section [4] we provide some examples of symmetry breaking, proving Theorems

[L4] and LA

2. EXISTENCE OF A LEAST ENERGY NODAL LEVEL

Let us now introduce in a precise way the variational setting corresponding to
the dual method. Given r > 1 and v > 0, we denote

L"(Q,]z|77) := {u: @ — R measurable : / |u|"|z| 7Y dx < oo},
Q
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which is a Banach space equipped with the norm

1/r
full = ([ ulrtetas)
Q

Observe that, since € is bounded and v > 0, we have the inclusions L™ (2, |2|~7) C
L™ (), where the last is the usual L"(€2)- space. In fact, it is easy to check that
there exists a constant C(2) such that

[lu]l < C(Q)%||u||m Yu e L"(Q,|z|77), r>1, v > 0. (2.1)

In an informal basis, the method consists in taking the inverse of the Laplace
operator, rewriting the system as

(=) (2P0 o) =, (=A) T (2] [uP ) = v
and defining wy = |2|*|u|P~ u, wy = |z|?|v|?" v, which leads to
_ _a 1_ _ _B 1_
(—4) hwy = |z Jwa | 1w1, (—4) bwy = 2| ™ @ wa s "ws. (2.2)
We will work in the product space
X = L% (Q|z]7%) x L (Q, |27 9),
I, w2) = sl e

and will use the map T : X — L'(Q) given by

+ [Jwall g1 8 Vw = (wy,ws) € X
q ’q

Tw = w Kwy + wa Kw; w= (wy,wy) € X

where, with some abuse of notations, K denotes the inverse of the minus Laplace
operator with zero Dirichlet boundary condition. We observe that we use the

same letter K to denote both the operators K, 1)/ : LPTH(Q) — WQ%(Q) N
il g e .
Wol’ P () and K(g41y/q : L#(Q) — WQ%(Q) N WO1 7 (). Later on, we will
use the fact that

uwe€ LNQ)NL Q) = Ku= Ku (t,s > 1),
which is a consequence of the uniqueness of the Dirichlet problem. Thanks to the
subcriticality, namely the second inequality at , we have compact embeddings

W25 (Q) C LPYQ), WS (Q) ¢ LITHQ).
This, together with standard elliptic estimates, yields
/ w1 Kwa| dz < Jlwi|lens [ Kwallps < Cullwalless [|Kwe| o a1
Q P P q

< Collwi e [|wa ats < Csllwi ot o [lwa a2
P q P P q

2w

)

and an analogous estimate holds for wyKw;. Thus

/ Tw|dz < clfws|[pes ollwslless s V= (wi,ws) € X, (2.3)
Q P ’p q ’q
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Also, using integration by parts,

/lewgdﬂc:/ngwldx Vw = (wy,ws) € X. (2.4)
Q Q
Now, let I : X — R be the functional defined by
g+1
T(wr, ws) = p+l/ o |5 2|5 dx+—/ o] “* 2] % der

—E/dex. (2.5)
2 Ja

It is easy to see that I is a O functional and, thanks to (2.4), that its derivative
is given by

I'(w)(p, ) = /Q o |3~y ol =% da + /Q w5 waple] 5 de

—/(@ng + ¢ Kw)dx
Q

for every (wy,ws), (¢, ¢) € X. In particular, (wy,ws) is a critical point of I if and

o4 3
only if (2.2) holds, and so (u,v) := (|x|7?|w1|%71w1, |x|7%|w2|571w2) is a strong
solution of the original system (|1.1)). In this case we have that

pq
I(wy,w2) = E(uy,up) = W/ |u[P T 2|* dz > 0.

Working in this framework, we can rewrite the least energy nodal level as
Cnod = inf{I(wy,wy) : wi, wi #0, I'(wy, wy) = 0}.

In the following, we will adapt some of the ideas of [2| [I5] into our situation. A
first novelty in our arguments consists in introducing the following constants A and
u (in view of evening the different powers of w; and ws in the functional I), as
well as the introduction of the map 6, in view of obtaining Proposition [2:4] ahead.
Let
~ 2p(g+1) ~ 2(p+1)
p+q+2pq’ p+q+2pg’

so that

=

p+1 _Mq+1 ~_2(p+ (g +1)
p q p+q+2pq
We start by introducing the Nehari type set:

€(1,2) and A p=2.

NMiod = { (w1, w2) € X : w1 # 0, wQjE Z0 and
I'(w) (wy s pwy) = I'(w) (Awy, pwy ) = 0}
and the level

Croa = Inf I(w),



8 D. BONHEURE, E. MOREIRA DOS SANTOS, M. RAMOS, AND H. TAVARES

which, we will check later on that, coincides with c¢,,q and that I is positive on
Niod; cf. Theorem m and - 2.18]) respectively. The study of this problem will be
done by means of a fiber-type map: given (w;,ws) € X such that w1 % 0 and
wy # 0, define § = 6,, : [0,00) x [0,00) = R by

0(t,s) = I(t°"w] — s*wy, trwy — s'wy).

Observe that if ¢,s > 0, then
VO(t,s) = (0,0) if and only if (trw — sMwy, trwy — s"wy ) € Nyod. (2.6)

In what follows it will be important to prove that #,, admits a critical point.
However, this seems not to hold for every w € X. Indeed, for some w it turns out
that 6, has no critical points and its supremum is plus infinity. For that reason,
we introduce the following auxiliary set

Ao w Kws T wy Kwy dz > 0 }
A Jqwi Kwpdz + p [ wi Kwy de <0

= {w € X : MOy + pCs < 2B+,,u01 + ACy < QB*},
where we have used the fact that A + p = 2, and the notations

N():{wEX:

BT = / wi Kwy dx > 0, B™ = / wy Kwy dx >0, (2.7)
Q Q

and
Clz/wi"KwQ_d:v>0, C’Q:/wl_Kw;d:c>O.
Q Q
We point out that, by the strong maximum principle, if w € Ny then wi # 0,
wi # 0.
Lemma 2.1. The set Ny is nonempty and Nyoq € Np.

Proof. Claim 1 — Ny # (0. Let 3 be the second eigenfunction of —A with zero
Dirichlet boundary condition, and denote its eigenvalue by Ao. Then (p2, p2) € Ny,
as

2
A/wﬁﬂpzdxﬂc/szso;dx=7/(so§)2>0
Q Q 2.JQ

and 9
A ¢§K<p2dz+u/gﬁzK@{dI:*r/(<ﬂQ_)2<O~
Q Q 2 Ja

Claim 2 — Nyoa € My. This is an immediate consequence of the equalities that
define NV,0q. Indeed, since w # 0,

)\/wILngdx—l—,u/lew;dac
Q Q

—)\/|w de+u/|w+|q ~Gdr >0
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and

)\/wl_ngderu/lewQ_dx
Q Q
:4/|w;\"pi|x|—%dx+ﬂ/|w;|%|x|—§dx<o. 0
Q Q

Let us now study in detail the map 6, following a standard procedure. We recall
that 0 = 0, for w = (w1, w2) € X such that wli # 0 and wét # 0. After a few
computations, we can rewrite it as

O(t,s) = ATt" + A=s7 — BTt? — B~ 5% 4 C1t*s* + Cytt's?,
with
p 4t o q 4akt B
Aizi/w v |z rd:chi/w a |x|" 9 dx > 0. 2.8
L [l e e (28)
Our goal is to prove that 6,,, for w € Ny, admits a unique critical point, which

is a global maximum, attained at a pair with positive components. We divide the
proof of this fact in several lemmas.

Lemma 2.2. Let w € Ny and take 0 = 0,. Then 0 has a global mazimum at
some (to, so) with to,so > 0. Moreover, every local mazimum must have positive
components.

Proof. Young’s inequality yields

At2 2 tQ )\2
tAs“§7—|—% and t“s*g%Jr% Vi s>0,

and thus
1 1
O(t,s) < AT + A7 + (2()\01 + pCy) — B+> 2+ (2(”01 + A\Cs) — B‘) s2.

Asw € Ny, the coefficients of the quadratic terms are negative, hence 6(t, s) — —oo
as |s| + |t| = +oo, and 6 admits a global maximum (tg,sg) with nonnegative
components.

To conclude, let us prove that it cannot happen that either to = 0 or sg = 0.
This is an immediate consequence of the fact that

O(t,s) = ATt7 — BT 4 s7(A™ — B~ s*77) + C1t*st + Cotts™ > 0(t,0)

for s > 0 sufficiently small. Analogously, 0(t,s) > 6(0,s) for ¢ > 0 sufficiently
small. g

Lemma 2.3. If (t,s) is a critical point of 0 with t,s > 0, then (t,s) is a non
degenerate local marimum.

Proof. If (t,s) is a critical point of 6, then
2Bt = yA 772 L ANC1t T 2sH 4 pCoth 287,
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and
2B~ =yA" 7% 4+ ,uClt’\s“_2 + ACott 2,
Thus
O (t,8) = v(y — DNATET™2 = 2B + XA — 1)C1t*2sH + p(p — 1)Coth 257
=q(y = 2)AT"2 £ X\ = 2)C1t2 25" + p(p — 2)Cath 25> < 0,

Oss(t,s) =v(y — 1)A™8772 = 2B~ + p(p — 1)O1t*s* 72 + XA — 1) Oyt s 2
= y(y = 2)A" "2 4 pu(p — 2)C1t*s* 72 £ AN\ = 2)CattsN 2 < 0,
and
Ors(t, ) = AuCrt* " 1sh = 4 AuCott 161,
The proof is complete as soon as we prove that 6% < 6,05, which is equivalent to
AZ2O22A-D 2= 1) 4 322024201 201 | 932201
AN = 2)u(p — 2)CPHPAD2H=D L XX — 2)u(p — 2)C22 =D 2D
+ NN =22+ 12 (n— 2)YC1Cy + 72 (y — 2)2 AT AT 2572
+ 9y = 2)u(p — 2)ATCMT 25172 py(y — 2N\ — 2) ATyt 2sH T2
+ (7 = 2)AN = 2) AT Ot 72272 4 i — 2)y(y — 2)Co A~ M =2¢H2%)
Now A+ u = 2 is equivalent to A2u? = A(\ —2)u(u — 2), which in turn implies that
22 < NN = 2)% + i (n - 2)%

Since the last five terms in (2.9)) are positive, combining all of these we prove that
the desired inequality holds true. O

Proposition 2.4. Let w € Ny. The map 0., admits a unique critical point (to, So)
with tg,so > 0, which corresponds to its unique global mazimum. Moreover, the
pair (to, so) can be characterized as being the (unique) solution to the system:

{2B+ = YATE™2 4+ ACy (s/t)" + pCa(s/t)*,

2.10
2B™ =y A8 % 4 uCi(t/s)* + ACa(t/s)". .

Proof. The only think left to prove is the uniqueness statement. One could argue
as in [40, Proposition 3.2], but here instead we present a shorter argument, which
makes use of the Poincaré-Hopf Theorem [28]. Recall that this result states that
given M a smooth manifold with boundary, and X a vector field having only
isolated zeros z; (i € I) and such that it points outward on dM, then

x(M) = ZindeX(X7 Zi),
if
where x(-) is the Euler characteristic. Let (to,so) be a global maximum as in

Lemma Take M to be a bounded regular set containg (o, so), which coincides
with the square [e, L] x [e, L] expect at the corners, where it is smooth. Then
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x(M) =1, and X = —V# points outward on OM for sufficiently small ¢ and L
large enough. Lemma on the other hand implies that index(—V#, (s,t)) = 1
at each critical point (s,t), and thus we prove that (o, sp) is indeed the unique
critical point of 6,,. O

Lemma 2.5. Let w € Nyoq be such that I(w) = énoa. Then I'(w) = 0.

Proof. We will argue as in [23]; see also [B [16].
Step 1 — Assume by contradiction that I’(w) # 0. Then there exists v € X such
that I'(w)v = —2. By continuity, there exists a small ¢ > 0 such that

I'(tMw) — sMwy, thwd — sfwy ) + ro)v < —1 VOo<r<eg [t—1|,|s—1] <e.

Set D:=[1—-¢,1+¢] x[1—¢,14+¢]. We fix a smooth function 7 : D — [0, €] such
that n(1,1) = e and n = 0 on 0D, and denote

h(t,s) = (hi(t, s), ha(ts)) := (t)‘wl+ — s’\wf,t”wz+ — sfwy ) +n(t, s)v,

H(t, ) = (T'((t, 5) (AT (1, 5), wh (8, 5)), T'((t, ) AR (1, 5), b (8, 5)) ).
By possibly taking a smaller €, we can insure by continuity that
h(t,s) € Ny V(t,s) € D.

Step 2 — We claim that there exists (to, so) € D such that H(to, so) = (0,0). To
prove this, we use the classical Miranda’s Theorem [29]. We will need to compute
H on 0D, where as n = 0,

I'(Pwf — sty thwy — stwy ) (A wf, pttwy) \ _ ( t6:(t,5)
I'(tMwf — sPwp, thwd — stwy ) (AsPwy, pstwy) —s6s(t,s) )’

H(t,s):(
We have VO(1,1) = (0,0), which tells us that

yAT — 2Bt + \Cy + uCsy = 0, vAT —2B7 4+ uCi + AC2 = 0.
For s € [1 —,1 + ¢] we have that, if t = 1 + ¢, then

0, =vAT (141 —2BT(1+¢) + AC1(1 + ) L + puCy(1 + )1

<AHAT(1+e)[(1+e) 2 —1] <0;

whileift=1—¢
0; > yAT(1—e)(1—e)"2—=1)>0.
Analogously, for ¢t € [1 —¢,1 + €], we have
0s <0 fors=1+e¢, fs >0 fors=1—¢

and the claim follows.
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Conclusion — By the previous point, which shows that h(to, s0) € Muod, it follows
that

Cnod Sf(h(tm 50))

S Aoy et Koy =
=I(tyw; — sywy , thw; — spwy)
n(to,s0) N \
+/ I'((tw — sqwy  thwy — shwy ) +rv)vdr
0

<O (to, 50) — 1(to, s0) < 0w (1,1) —1(to, S0) = Cnoa — N(tos 50),

and so 7(tg, so) = 0 and, in particular, 6., (to, o) = 0 (1,1). By the uniqueness
of maximum provided by Proposition [2.4] we must have (to, s9) = (1,1) while, by
construction, n(1,1) = e > 0, a contradiction. O

Our purpose in the remainder of this section is to prove the following result.

Theorem 2.6. The number ¢noq is attained by a function w € Nyoq. Moreover,
Cnod = Cnoa = inf sup I(t*wf — sy, trwy — sfwy ) > 0. (2.11)
wENo ¢,5>0
Observe that this implies our first main result, namely Theorem[1.1] From (2.6),
Lemma [2.1] and Proposition we have
Cnoqd = Inf sup I(tAwf — sAwl_,t“w; — stwy ). (2.12)
weNy t,s>0
So the only thing left to prove is that ¢poq is achieved. To this aim, we rely on
an indirect argument. The difficulty of a direct approach is that the weak limit of
a minimizing sequence of ¢,0,q does not belong necessarily to Ny, and we cannot
project it in Myoq. Indeed, even if we can bound from below the norms of the
positive and negative parts of a minimizing sequence, the weak convergence in
X does not imply the weak convergence of the positive and negative part of the
sequence. Observe also that the lack of regularity of the nodal Nehari set makes
rather tricky the use of Ekeland’s principle to build a Palais-Smale sequence from
a minimizing sequence.

To overpass this difficulty, we regularize the problem by introducing the auxil-
iary functional I. : X — R defined by

I (wy, wy) =2 V|5 do+ [ [wi |5 2|75 d
(W1, W2 7p—|—1 3 o w1 X le €T €Z

q a+l atl B 1
+— 5/ [Vws| @ dav—!—/ lwa| @ || Qda:) —f/dex,
CI+1< Q Q 2 Ja

where ¢ > 0 and X := (W™ (Q) x Wh" (Q)) N X.

Such a regularization is a standard approach to regularize non uniformly ellip-
tic operators, such as the curvature operator, see for instance [41], 27, [7]. It is
surprisingly useful in our context to regularize a zero order term. Actually, the
main utility of this approach is that it somehow provides a regularized minimizing
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sequence which solves an approximating system. The key point is then that the
regularization does not affect the geometry of the original functional, while the
presence of the gradient terms give rise to Euler-Lagrange equations in which we
can pass to the limit. For that, we will exploit the fact that X is dense in X.

Lemma 2.7. Let X = (Wlpr#(Q) X quqj(Q)) N X be endowed with the norm

[(wi,w2) | = [Vwr o1 + [[Vws || atr + [lwi [[ess

o
p P

+ lwallats 5.
q ’p

Then X is a reflexive Banach space which is continuously embedded in T/Vl’ppi (Q)x

qu(#(Q) Moreover X is a dense subspace of X.

Proof. The first two statements are obvious. To prove the density of Xin X , first
observe that
T: L5 (Q) x L (@) — L5 (@ Jo|75) x L% (@ [ 77),
defined by T(f,g9) = (f|:b|ﬁ,g|x|q%), is an isometric isomorphism. For each
§ >0, fix p5 € C°(RY) such that
0<ps <1, @s(x)=1if |z|>20 and ps(xz)=0 if |z| <4.

Then observe that A = {(fws,g99s); f,g € CZ(Q), &> 0} is dense in L%l(ﬂ) X
LT (Q) and that T(A) € X C X. O

One can check easily that the functional I. belongs to C*(X), and

I(w)(p. ) = € / (Vw57 Ve - Vo de + / fwr[# wrplal ¥ da
+E/Q \ngﬁ_leg-V@/Jd:v—i—/Q |w2\%_1w2w|x|_§ dw—/Q(QDng +yKw;)de,
for every (w1, ws), (¢, p) € X. In particular, (w1, ws) is a critical point of I, if and
only if

{_Ediv(wwnélwl) + lun[»unfe] " = Kuw (2.13)

—ediv(|Vws |1~ Vws) + [wa| 7 wa|z|"F = Kun
in X*. Define now
_ ~ A fow Kwydr + Kwj dz >0
No=<weX: wilﬁ W2 ae ufﬂwl wi *
A fqwi Kwydx + p [ w1 Kwy de <0
and, for each € > 0,
NEq = {(wi,wy) € X : wif £0, wf #0 and
I (w) i, pwy) = I (w) (hwy, pwy ) = 0}
Observe that _
Nq CNo CNg.

n
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In the statement of the next lemma and its proof, we keep the definitions of A%

and BT as given in ) and .

Lemma 2.8. Let w € Ny. Then the map RT x RY — R defined by
(t,s) — L. (t"w] — s™wy , trwy — sfwy)

admits a unique critical point (tg, so), which is a global mazimum. Moreover, the
pair (to, so) can be characterized univocally by the condition

(trwi — sMwy, trwy — sfwy ) € NEgy

or equivalently through the system

9B+ = (At g H5 ) 2
ol < + s / |Vwi | et sq 1 5
+AC (s t)“ —l—,uC'z s/t
( / /) p+1 q+1 (2.14)
2B~ = 7(14_—1—5 /|Vw1| +e Jrl/|Vu)2| ) 12

+uC1(t)s)N + ACao(t/s)H.

Proof. Since the functional I. has exactly the same shape and geometry of I, it is
enough to repeat the Igoofs of Lemmas and of Proposition replacing
only Ny and Nyoq by Ny and NE_, respectlvely7 and A* by

+1
V| +
L [ et e

inf{l.(w): weX, w,wF #0, I'(w) =0}

:t‘(H»l.

At 4 ¢ b
p+

Define the levels

Cnod -

and

Eiod = J\I/I[%fd IE'
Lemma 2.9. Given ¢ > 0, let w € N 4 be such that I.(w) = & 4. Then
I'(w) =0.

Proof. The proof follows the lines of that of Lemma [2.5] with obvious changes as
in the proof of Lemma O

Proposition 2.10. Given ¢ > 0, the number c g4 is attained by a function w. €

NE

vod- Moreover, we have

Eoq = Eoa = Inf sup I(trw] — s*wp, trw) — sfwy ) > 0. (2.15)

weNy t,s>0

Proof. Step 1 — NE 4 is not empty for every € > 0. This clearly follows from
Lemma, 2.8
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Step 2 — boundedness and convergence of minimizing sequences. Let (wy,), C
NE,q be a minimizing sequence for ¢_,. Denote, by simplicity,

on = [l Fal F ek = [t e
Q
bn:/ |w2,n|qu|m|_§d:& /|w2n| ; \xI_de
Q
One has

A(a +€/|Vw1n| v dx>+u(b++5/Vw2n|QJ«rldx>

= /\/wa,ang,n dx + ,u/g w;anLn dz, (2.16)
)

pt+1 g+1
A(an —l—s/ Vw1n|r7dx> —|—u<bn—|—5/ [Vw,, |7 dx)
Q ' Q
= —/\/ wy , Kwa p dm—u/ wy ,, Kwi 1y, d. (2.17)
Q

By adding (2.16]) and -, we obtain

A(an—Fe/ |Vw1n| - dx) +u(b —|—£/ |Vw2n| 7 dm) =2/w17an27ndx
Q

and we deduce that

(pqg — 1)p ( / pt1 )
I (w,) = an +¢€ Vwi | 7 de
(tn) (p+1)(2pg +p+q) Q| Lo

(pg —1)g a1
TESCTETEY) (bn + E/ [Vws | da:) >0. (2.18)
Observe that this shows that I. is positive on NZ ;. Therefore (wn)n is bounded
1n X and up to a subsequence, we have that w, — w weakly in X strongly in
L% (Q) x LT (Q) In particular, (wfmw;n) — (wi,w¥)in L 5 Q) x L i (Q)

and

Step 3 —w € ./\70. We need to show that
)\/ wf‘ngdm—i—M/ wy Kwj dz >0
Q Q

and
/\/wl_ngda:+u/w1Kw2_da:<O.
Q Q

From Step 2 and the continuity of K, we infer that the right-hand side in (2.16
and (2.17) do converge. We now show that the left-hand side in (2.16]) and (2.17]
are bounded away from zero. Starting from (2.16)), we get

Aa)f + pbf < )\/waan;’ndx+,u/QwZanf:ndx:Q/waanZn,




16 D. BONHEURE, E. MOREIRA DOS SANTOS, M. RAMOS, AND H. TAVARES

which by (2.3)) yields, for any § > 0,
C (p+1)
At + bt < cllwin et ollwan|lers s < dat + g(bi)qqp“
p ’p 9 ’4q

Since q(p +1)/(¢ + 1) > 1, we deduce that b} > ¢ > 0 for some § > 0. The
inequalities B -
b, >8>0, af>6>0

follow by arguing in a similar way.

Conclusion — By Lemma we can take (g, sp) such that

Aot Ao — b+ —
(towy — sqwy , thwy — sqwy ) € Nioq.

By the uniqueness assertion in the same lemma and the weak lower semicontinuity
of the norm, we infer that

G AT Ay = Py =

Choa < Te(tqwy — sgwy  tywy — sywy)
< 1imianE(téwin - séwin,tgw;n — sqwy,,) <liminf I (w,) = &4

Hence (tyw] — s())‘wl_,tgw;' — shwy ) € NZ 4 achieves ¢&&_,.

At last, the characterization (2.15) of the critical level can be proved in a
straightforward way. O

Our strategy to prove Theorem now essentially consists in passing to the
limit in (2.13]) when € — 0. As a first step, we prove the convergence of the critical

level, namely ¢4 — €noa as € — 0. We start with two preliminary lemmas.

Lemma 2.11. Take (wq,ws) € No € Ny and let (to, S0) be the unique pair such
that

to, so > 0, (towy — sqwy s thwy — shwy ) € Naod
while, for each € > 0, let (t.,sc) be the unique pair such that
te; 8¢ > 0, (tg‘wf—sg\wf,t‘;w;—s’;wg)E/\/’Ifod.
Then
(te, 5c) = (o, 80) as e — 0.

Proof. The pair (te, s¢) solves , so that
2B+t§_7 > ~yAT and 2B_s;’_2 >~vA".
Since 2 — v > 0, we infer that t.,s. > a > 0 for some constant a independent of ¢.
For the sake of contradiction, assume that {(t., s.)} is unbounded as e — 0.

Case 1 — there exists b > 0 such that ¢ < s. <bora<t. <bfore e (0,1]. In the
first alternative, taking the limit in the first equation of , we obtain 2B = 0
which is a contradiction. In the second alternative, taking the limit in the second
equation of leads to 2B~ = 0 which is still a contradiction.

Case 2 — both t.,s. — +0o as € — 0. We divide this case in two subcases.
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Case 2.1 —t./s. — +oo or t./s. — 0. This case leads again to either 2BT = 0 or
2B~ =0.

Case 2.2 —t./s. — | € RT. Taking the limit in (2.14]) gives

2Bt = )\Cl(l/l)“ + MCg(l/l))‘
2B~ = MC1V‘ + AColH.

If 1 <1, then 2B~ < uCy + ACy whereas 2B < A\Cy +puCy if [ > 1. In both cases,
we obtain an inequality which contradicts the fact that (wq,ws) € N.

We now conclude that, up to a subsequence, t, — t > 0, s, — 5 > 0, which
satisfy (2.10). Hence, the uniqueness assertion in Proposition implies (¢,5) =
(to, 80) . O

We just proved the continuity of the projection on NE , when ¢ — 0. We
will need also the continuity of the projection on MN;oq with respect to strong
convergence in X.

Lemma 2.12. Take (w1, ws) € Ny and (w1, wsn) € Ny such that

(w1,n,w2,n) — (wy,ws) m X, as n — oo.
Let (tn, sn) and (tg, so) be the unique pairs of positive components such that
(ti\twi‘—n s nWy, s thwy ' ShWa ), (t())‘wf' - Séwl_atng 50wy ) € Nnod

Then
(tn, $n) — (to, So) as n — 0o.

Proof. We have

2B = yAt172 + ACn (sn/tn)! + ,UCQ,VL(Sn/tn))\a
2B, =yA;s) 7%+ uCLn(tn/sn)A + AC2 p (tn/Sn )t

From the strong convergence in X and the continuity of K, we deduce that

p q+1 8
n. vdm—i-i a |x|”e dx
L= [, SACARS
+ -2 + -a +
d — Sdr=A >0,
p+1/|w1| Plol % dot L [ a2 o =
(recall that wi # 0, 1= 1,2 whenever w € Np),
BF ::/wanwécndx%/wlianQindx = B¥>0
and
Cin ::/wIanQ_’nd:ﬂ%/waw; dr =: Cq >0,
Q Q
Con ::/wZanindx—)/w;wadz =:0% > 0.
Q Q

Using Proposition and arguing exactly as in the proof of Lemma [2.11] we can
infer that (¢, sn)n, is a bounded sequence which actually converges to (¢, sg). U



18 D. BONHEURE, E. MOREIRA DOS SANTOS, M. RAMOS, AND H. TAVARES

We can now turn to the convergence of the critical level which implies that the
extension of the map RT > e+ ¢, by ¢ c od = Cnod is right-continuous at zero.

Proposition 2.13. We have &4, — €nod, as € — 0.
Proof. We deal successively with the upper and lower-semicontinuity.
Step 1 — Upper semi-continuity.

Fix w € Nj. Since X is dense in X and A is open, there exists (wy), C Ny
such that w, — w strongly in X. Given ¢ > 0 and n € N, according to Lemma
2.8 there exist unique ¢, c, s, > 0 such that

A A — " + " —
(t wl n = Sn,eWin tn,ewZ,n - Sn,5w2,n) € nod

Therefore, we have

~& A A — ) + m —
Cnod <I (t wl no Sn,swl,n’ tn,ew2,n — Sn w2 n) (220)
A T L T i
7I(t wl n Sn,ewl,nv tn,sw2,n Sn ’LU2 n

D ptl L

+5tz,s <_|_1/vwin| v +q+1/‘v 2n q>
_ L _ L

+e <+1/|V inl? +ﬁ/|v aml @ )

Now observe that by Lemma [2.11] for each fixed n € N, we have
(tn,sa Sn,s) - (tn,Oa sn,O) as € — Oa

where t, 0, 55,0 > 0 is the unique pair of positive components such that

P X o= m o wo—
(tn,0WT 1 = S oW1 s by 0Wa , — S oWa ) € Naod-

Taking the limit in as € — 0, we obtain

+ X = gh ot peo—
lim sslpc od < I( n,0W1n = SnoWin, tn,OwQ,n - Sn,OwQ,n)'
E—>
On the other hand, by Lemma we have
(tn,05 Sn,0) = (to, S0) as n — 0o,

where g, sg > 0 is the unique pair of positive components such that
(fwi” = sgwi , thwy — sfwy) € Myoa.

Hence we deduce that

lim sup &oq < I(fgw)” — spwy, thwy — sgwy)
= ts;1>po I(t*w] — sMwy, thwy — sfwy).
Since this holds for every w € Ny, (2.12)) implies
lllglj(l)lp Cood < wlenfo tssu>po I(t wf‘ — sMwp, trwd — stwy ) = Enod.

Step 2 — Lower semi-continuity.
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Take w. € N4 such that I.(w.) = &_ 4 and I(w.) = 0. Since N, C Ny C
N, there exists unique (¢, s.) € RT x R+ such that
A+ Ay = gt Mooy —
(te Wy e = SeWy e 28 Wa e — Se w2,e) € NHOd
Therefore, we have

Cnod < I(t)‘wi: -5 wg’s,t”w;s — sng_E) (2.21)

+ et) —/ Vw B +7/ Vuw a
s(pﬂ [vur s+ L [ (9,

+es? [ vu; - v >
+1 15 q+1 26

A A " n
_I(t wla 8w287t wQE_S wQE)
A

< sup I (t* wi, —s
t,s>0

w25’t wQE_SMwQE)_I(wE)_C od* O

Consider now the family of approximating minimizers
We = {(wé" ) e'/\/.od x R* | IE(wLE’wQ,E) = 61810d}'

Our subsequent step is to prove that, given a sequence (e,,),, converging to zero
and a sequence (we, ) such that (we, ,e,) € We, , (we, )n converges strongly in X
and achieves ¢po4.

Arguing exactly as in the proof of Proposition we infer that

(pg —p </ _a / p+1)
I (w;) = € p pd + \Y €
(we) (p+1)(2pq+p+q w1l Jol 5 dote | [Vund
(pqg — (/ / q+1>
+ Wa ¢ qdm—i—e Vw €
(Q+1)(2pq+p+q ol T [Viws.e|

Combining this identity with Proposition [2.13] we deduce the existence of C' > 0
such that

sup ( \w1,8|%|x\7%dx/|wga| a |x) <cC. (2.22)
Q

£€(0,1]
Moreover, arguing as in Step 2 of Proposition [2.10} we deduce that

inf </ lwi |5 || % d:m/ lwE_ | 2|~ dx) >5>0, (2.23)
e€(0,1] Q ’ Q ’
together with the lower estimates
)\/ wi Kws . dx + u/ wy Kw ¢ dx > 20, (2.24)
Q Q
—)\/ wy Kws . dr — ,u/ wy Kwi ¢ dx > 26, (2.25)
Q Q

which hold for every € € (0, 1].
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Next we prove that the gradient terms disappear when taking the limit in I’ (w,)
as e — 0.

Proposition 2.14. Let (w.,e) € W,. We have

max (5/ |Vw1,g|pr1, 5/ |Vw2’5|q;rl> — 0, as e — 0.
Q Q

Proof. From the inequalities in (2.21]), we actually deduce that

: D D U T Y [ S S
;I_I)% I(tewl,s Se w2,svts w2,s Se w2,s) = Cnod;

p pt1l q a+1
limet? [ —— [ |Vw; —/ Vwy =0,
tyett (5 [ 1ot + 7 e

ptl +1
;1_1%537 <pi1/ngl’€ E + / |Vw, | = ) =0.

The conclusion is an obvious consequence of the following claim.

Claim — t., s /+ 0. We argue as in the proof of Lemmas [2.11] and 2.12] though
we proceed with extra care since we have no information yet about the convergence
of (w) in X. The pair (t.,s.) satisfies

A2YBF > yAF  2s2T7BI > yAC (2.26)

p d | ﬁ| |_,
: % —
6 p+1/| x—i— / T x

+ . + +
B> = /2w17€Kw2,5 dx.
¢

and

with
and

From (2.22)), we deduce the existence of w, (f1,g+), (f—,9—) € X such that, up to

X,
a subsequence, w, — w,
4fj[ >0, weakly in L7 v (Q lz| %)

and

in 4gi >0, weakly in L0 7 (Q |x|_7)

Taking the limit as ¢ — 0 in 7-, we obtain
A/Qf+K(g+ —g,)dx—ku/QngK(er — f-)dx > 26,

A F Ko —gdo—u | ng(f+—ff)dx225,

and it is clear that fi, g+ = 0. Gomg back to , we see that the lower estimate
- 2.23)) yields AF > 6 > 0, where 6 is 1ndependent of €. Since moreover

Bfﬁ/fiKgidm>0,
Q

we have that ., s. 4 0, as claimed. O
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We are now ready to conclude this section by proving its main result.

Proof of Theorem[2.6, The key point is the next claim.
Claim — up to a subsequence, w. — w strongly in X for some w € X.

We first deduce from (2.22) the existence of w € X, g; € LPT(Q,|z|" %),
go € LIL(Q, ||~ 7) such that w. — w weakly in X

|w1,5|%71w1,5 — g1 weakly in LPT1(Q, |x\7%)

and
5
|w275|%_1w275 — go weakly in LIT1(Q, x| 7).

In particular, taking e — 0 in the approximating system (2.13|) and using Propo-
sition [2.14] we conclude that

_a _8
g1lz|”? = Kws, g2lz| "1 = Kw;. (2.27)

This implies in particular that

at+1

gz~ e W (@)W, T (Q) C LPHL(Q)
and
+1

gl 5 e WEER @) AW T (Q) ¢ L(Q).

Writing g1 = |f1|%71f1a with f1 = [g1|P"'g1, we observe that fi € Lpr#(fl [~ 7)
because

/|f1|%1|$|7%d$=/|g1|”+1\ml’%dx<oo.
Q Q

Now take 6 > 0 and fix hs € WlpTH(Q) N Lthl(Q, |z| 7% ) such that
v = holless o <0 (2.28)

Using the test function w; . — f1 in the equation
. 1_ 1_ 1_ _a
—5d1v(|Vw1,€|P 1Vw1,5) + (|’w1’5|1’ 1w1,5 — |f1|P 1f1)|$| P = ng,a — ng,

we deduce that

1 1_ _a
/ (el Ywre — A3 112 (wre — o)zl ~5 da
Q

19
=—¢ [ |Vwie|?  Vwie V(wie —hs)de + [ (Kwa e — Kws) (w1, — hs) da.
Q Q

Proposition [2.14] the upper bounds ([2.22)) and the compactness of the operator K
now imply that the right hand side of the last equation converges to 0 as ¢ — 0.
Consequently, we can take £ > 0 such that

< 4, for every e < &. (2.29)

/(|w1,5|%*1w1,5 AT ) (e — he)a| da
Q
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Combining (2.22), (2.28) and (2.29)), we infer that

\ [ el s = £ ) = 1)l
Q

1_ 1_ _ o
s\ [ el e = LA ) e — ha)lalF da
Q

! ’/ (o e[~ wne = A1 i) (s — fi)la] 75 da
Q

1_ 1_
<6+ llhs = filles o llwrel ™ wie = A2 fillpra,e <8+ C5,

for some C' > 0 (independent of e and §). We therefore conclude that

. 1_ 1_ _a
lim (|w1’€|z’ 1w1)8 — |f1|P 1f1)(w1,5 — f1)‘.73| » dr =0. (230)
e—=0 Jo

Using the classical pointwise estimate

i_ 1_ p—1 p+1 .
(e —Inl»~ ) - (E=m) 2277 € —nl"7 if0<p<l,
see for instance [36], we easily deduce from (2.30) that w; . — f1 = w; strongly in

L5 (Q, |:c\_%) when p < 1. In the complementary case p > 1, using the pointwise

estimate
11 1_q 1 2 1_1 .
(€76 = Inl» n)-(f—n)zgli—nl (1€l +nl)» ifp>1,

see again [36], we observe that

p+1

ptl a w — P p2-1 _a
ftone = AF e = [ R 725
¢ ¢ (Jwrel +1f1]) 2

p+1

— . %
g(/ _ f1'1|x|—pdx> ([
Q (Jwie + |fa]) 77 Q
ptl

1_ 1 _a 2p
<0 ([ un el e = 1 )~ f)lel S o)
Q
and we reach the same conclusion as for p < 1. Obviously, the convergence of the
component ws . follows in an analogous way.

The previous claim guarantees that w. — w with w, wy # 0 since (2.23)) now

implies
min (/ |w1i|pr#|x|7% d:m/ |w2i|qT+1|x|7§ dx) >4 >0.
Q Q

From Propositions and together with the strong convergence in X, we
conclude that I(w) = éy04. Moreover, the equations in tells that w is
actually a critical point of I so that we have indeed proved that ¢,.q is achieved
by a critical point of the functional I.

p—

2p

p+1 _a
D5 Je pdx)
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At last, the characterization (2.11)) of the critical level follows in a straightfor-
ward way as previously mentioned. O

3. LEAST ENERGY NODAL SOLUTIONS ARE FOLIATED SCHWARZ SYMMETRIC

Let © be a bounded radial domain centred at the origin, namely a ball or an
annulus. The purpose of this section is to prove Theorem via polarization
methods, in the spirit of [5l [0]. First, we introduce some definitions and recall
some known results. Define the sets

Ho={H C RN : H is a closed half-space in RY with 0 € OH}
and, for p # 0,
Ho(p) ={H € Ho: p€int(H)}.
For each H € H, we denote the reflection in RY with respect to the hyperplane

O0H by oy : RV — RY, and define the polarization of a function u : @ — R with
respect to H € Ho by

UH(LL') — { max{u(x),u(aH(gg))} re HNQ,
min{u(z), u(on ()} =€ Q\H.

As far as we know the link between polarization and foliated Schwarz symmetry
appeared first in [38]; cf. [5l Theorem 2.6] for further results about the foliated
Schwarz symmetry of least energy solutions of some second order elliptic equations
with radial data. We recall from [12, Lemma 4.2], see also [44], Proposition 2.7], the
following equivalent characterization of foliated Schwarz symmetry which involves
polarization.

Proposition 3.1. Let u: Q — R be a continuous function and take p € 9B1(0).
Then the following statements are equivalent:

i) u is foliated Schwarz symmetric with respect to p;
i) ug(z) =u(z) Ve € QN H, whenever H € Ho(p).

Moreover, the next lemma collects some known properties about polarization;
cf. [44] Lemma 3.1] for the first property and [5, Lemma 2.1] for the second.

Lemma 3.2. Let u: Q — R be a measurable function and H € Hy.
i) If F: QxR — R is a continuous function such that F(x,t) = F(y,t) for

every x,y € Q such that |z| = |y| and t € R and / |F(x,u(x))|dr < 400,
Q

then / F(z,ug)de = / F(z,u)dx.
i) (i)™ = (), ()™ = ()
Observe that the second statement of the previous result implies that:
(au™ —bu")g = a(ug)™ — blug)~, Va,b>0. (3.1)

Finally, before we head to the proof of Theorem we recall the following key
estimate from [J, Lemma 3.7].
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Lemma 3.3. Given u € L%(Q), v E L%(Q) and any H € Ho, we have that

/qug/uHK(vH).
Q Q

We are now ready to prove our second main result.

Proof of Theorem[1.2, Let (u,v) be a least energy nodal solution of and
take the corresponding pair (wy,ws) € X. Fix any r > 0 such that 9B,(0) C Q
and take p € 9B1(0) such that wi (rp) = maxpp, (o) wi. Given H € Ho(p), we aim
at proving that (w1)g(z) = wi(z) and (w2)g(z) = wa(z) for x € QN H. As

O</\/waw2dx+,u/w1Kw;dx
Q Q

< )\/(wfr)HK(U}Q)deE+[L/(U)1)HK(U)2)E dx
Q Q
and
0<>\/(—w1_)Kw2dx+u/ w1 K (—wy ) dx
Q Q

< [ (k) de+ i [ )k -0y do

_ ) /Q (w1)sr)~ K (w2)sr d — 1 /Q (wn) i K (w2) )™ dc

then ((wy1)m, (w2)m) € Ny, and from Proposition [2.4] we know there exist ¢, sg >
0 such that (¢ (w1)}; — sd((w1) )™, th(w2)F; — sh((w2)r)™) € Nnoa. Thus, by
putting together Lemmawith (3-1) and with the uniqueness of global maximum,

Cnod < I(ty (w1)fy — 5o ((w1)m) ™t (wa)fr — s (w2)m) ™)
= I((tyw] — spwy)m, (thws — shw; ) )
< I(tywy — spwy , thwy — shwy ) = 0, (to, 50)
< sup O,(t, 8) = 0,(1,1) = I(w) = chod-

t,s>0

Thus (t0750) = (Ll)a ((wl)Hy(w2)H) S Nnod and I((wl)Ha(wZ)H) = Cnod- By
Lemma I'((w1) g, (w2)g) = 0. Going bak to (u,v), we have that both this
pair as well as (ug,vy) solve (1.1]). Thus

— Aur—u) = 2/ (jor T o — o] 1), —A(vr—0) = ol (fug P ug— |l ),

(3.2)
inQNH, andug —u=vg —v=00n 00U (QNOH). As vy >vin QN H, then
—A(ug —u) > 0 and by the maximum principle we have that either ugy = u or
ug > u. Since ug(rp) = u(rp), then ug = v in QN H. Going back to (3.2)), we
have —A(vg —v) = 0, and thus also vy = v. O
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4. SYMMETRY BREAKING

We start by proving Theorem [1.5

Proof of Theorem [1.5, Multiplying the first equation of (1.1)) by u, the second
of (1.1) by v and integrating both gives

T o
/\Vu|2dat:/ |v|9 You|z|Pde < (/ |v|q+1|x|ﬁdx) </ |uq+1|x|5da§)
Q Q Q Q
and
/|Vv|2d:c:/ lu|? Yy |z|Pdr < (/ |u|q+1|x|ﬁd:c) (/ |v|q+1|x|5dx) .
Q Q Q Q

Multiplying the first equation of (|L.1]) by v, the second of ([1.1) by u and integrating

both gives
/Vu-Vvdch/ \v\q“\ﬂﬂdm:/ |u|?H || P da.
Q Q Q

Putting these estimates together, we infer that

/\Vu|2dx+/ |Vv|2dx§2/Vu-Vvdx,
) Q )

which obviously implies u = v. O

Remember that for the single equation

—Au = [u|? u, in Q, u =0 on 01,

it is known, cf. [I, Theorem 1.3], that any least energy nodal solution is non radial
when Q C RN, N > 2, is either a ball or an annulus centred at the origin. We will
show that when (p, q) is close to some couple (qo, qo), and (e, ) is close to (0,0),
this property is also true.

Take qo satisfying

go >1 suchthat ¢o+1<2N/(N—2)if N >3, (4.1)
and &g such that
g —06>1 and gqo+1+6d <2N/(N—-2)if N >3, (4.2)

that is, such that the square [go — 6, go +dp]? is contained in the region of the points
(p,q) such that holds.

The proof of Theorem [I.4] consists in doing some asymptotic estimates of the
least energy nodal solutions and levels as p,q — ¢o and a,8 — 0, combined
with the known fact that, at the diagonal point (go,qo) and o = 8 = 0, least
energy nodal solutions are non radial. Having this in mind, let us introduce some
notations. Given (p,q) satisfying (H), o, 3 > 0, we denote by cﬁ;)qéa’ﬁ the least
energy nodal level of (L)), and by E, 44,4 its associated energy (1.2). We will
also use the variational framework introduced in Section [2] denoting by Ip, 44,3
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the energy functional (2.5). Recall that E, 4. 5(u,v) = Ip 4.0,8(w1, ws2) at critical
points, under the relation

_a 1_ _B8 1_
(u,v) = (|2 ;|w1\v 1w1,|x| 7 |wa|a 171)2)-

Finally, recall the characterizations (cf. Theorem [2.6)):

24,058 _ 3 PPN w oM
Chod Nirqdl{xﬁlpqmﬁ—wej\lfﬁ}gaﬁtsufl paas(wf — stwp trwd — stwy),
where
2p(q+1 2q(p+1
A= Ap,q) = ¥7 w=pu(p,q) :== 24+ 1)
p+q+2pq p+q+2pq
and

Nfég7a7ﬁ = {(wlv“@) € Xpga,8: wli Z0, wét #0 and
L g (W) Qw0 pwy) = I, o o 5(w)(Mwy, pwy ) = 0},
A [ wi Kwy dx + wiKw} dz >0
NPB = e Xpgop Jo Lo o 2
/\wi1 Kws dx+,uf9w1Kw2 dr <0
with X, g0 = L% (|| 5) x L (2|~ 7).

For simplicity, when p = ¢ and o = 8 = 0 we will use the notation c”

rod for

cflf(jo’o. First we prove an uniform lower bound for the positive and negative parts

of elements of Nfg‘é’o"ﬁ.

Lemma 4.1. Given qo satisfying (4.1) there exists 09 > 0 and € > 0 such that
/|w1| v |z| 7 de > e and /\w2| @ |z|” Gdr > e

for every (w1, ws) € Nfg‘é’a’ﬁ with p,q € [go — 00,490 + o] and «, B € [0, dg).

Proof. We use the estimates in the proof of Theorem [2.6]- step 3, this time keeping
a better track of the constants. We split the proof in several steps.

1) There exists Cy (independent of p and ¢) such that
a1
[ullp+1 < Cl||u||W2,% Yu e W35 (Q), p,q € [q0 — do, g0 + o).

Since  has finite measure and p < gg + dg, from Holder’s estimates we deduce
that
+o0— +o0—
lullps1 < 1T g 4501 < ra|QATFGTTT ], spsian
W~ a0+d0

20+3%9+1
where k1 is a constant associated to the embedding W2t Lo+t recall

that Jg is such that ( . ) holds. Moreover, again by using Holder estimates and
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also that (go + do +1)/(qo + o) < (¢ +1)/q,

a0+d0

qp+dp+1
+80+1
full spssger = (30 [ 107" s
Wt laj<2/9
ap+3g
d0+50+1 qo+d0+1
< |Q|(«J+1)(qo+50) Z ||Da qu0+50
|| <2
N(N —1) oot 5
— 40120 qo+dép—a
< (MR m )" e
S q

and thus lullps1 < £, Qlul e, with
q

0td9
— 5 — —
k(p, q) = kK1 <N(N21) + N + 1) oo 9] <q+‘1’?£§“+a§+1> || (p+‘i‘§<+q§°+s§+1>,

which is bounded from above by some C1, for every p,q € [go — o, g0 + o]

541 ’QO+5+1
2) There exists Cy such that, for all u € w2 <10+5 Q) NW, 201 Q)
[Kull , a+sot1 < Collullasgrsora,
W™ d0+%0 ag+o

cf. [26] Lemma 9.17].

3) As (w1, wq) € NP4 # from steps 1) and 2) above there exists C' > 0 indepen-
dent of p,q, a, 8 such that

)\/|wf‘|%\ de—|—,u/|w KR qu<2/wf'Kw;'dx
Q Q

< 2w ez [ Kwg llper < 2] wq flegs [Kwi ], aptigon
)

< 2C1 Oy || e [y laotgs < Clwf e [lwg ]| e
< COllwf ezt allwg [lass o,
p ’'p a ’q

where we have used estimate (2.1) and the fact that ¢ < gop + do. By using the
Young’s inequality

Cab <

A i (2p)pcp+l p+1
5 + Wb Va, b > O,

we have
a(p+1)

PESY | (2p)PCPHi (/ FVES I ) aF1
q d _— q ad R
/Q|w2 | |$| T < —= )\p( 4 1)p+1 o |w2 | |£L" £
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and thus
g1
|5 pAP(p + PFLN P
/Q|w2| 2] d@( Bt — K(p,q).

As K(qo,qo0) > 0, then from sufficiently small §o we have K(p, q) > & > 0 for every

P, q € [g0 — o, go + do].
The lower bounds for the remaining integrals follow in an analogous way. O

Lemma 4.2. We have

q0
nod

lim sup cﬁgﬁo"ﬁ <c as p,q — qo, o, — 0.
In particular, there exists dg and k > 0 such that

0< Cﬁgqéa’ﬁ <K, Vp,q € [q0 — 0,90 + do], o, B € [0,d].
Proof. Take p,,qn — qo, On, Bn — 0.

1) We adapt some ideas from [I1, Lemma 3], where a different problem is consid-
ered. Let (wq,ws) be such that wljE £ 0, u)2jE Z£0,

I (w1, we) = ¢

nod’ Iég(w17w2) =0,

where Iy, = Iy, 40,00 Denote A, := A(pn, ¢n) and py, := (P, ¢n). Since Ay, fin, —
1 as n — oo and

/werwgdac—i—/lew;rdac>O7 /wawgdgc—i—/lew;dac<O7
Q Q Q w

then (wy,wy) € NE» 7P for large n, and

n>Qn s Cn s Bn A + A — 4 + w —
Cﬁo(’i o S tsu>pO Ipn;Q'ruan,Bn (t nwl - S nwl ’t an - nw2 )
)

Assume that the supremum at the right hand side is achieved at (¢, ) = (tn, Sn)-
2) We claim that t,, s, — 1.

2a) First observe that t,, s, are bounded. In fact, repeating the computations of
Lemma [2:2] we have this time that

A +
Ly, am 00m B (tp" wy

1 1
+ (2()\n01 + pnC2) — B+) 2+ (2(Mn01 + A C2) — B_> so,

— syrwy, thrwy — shrwy ) < AT+ AL s+

with

pn + pnt1 _oan qn + an+1 _ Bn
Ai = / w rn |x|” Pn dx + / w an || an dx
£l ) [ 5

(positive and bounded in n), B* and C; are as in Lemma[2.2] and

+1 +1 +1
DPn dn qo

Yo =A 1,2).
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Since moreover

%()\ncl + MnCQ) - BT > %(Cl + CQ) - BT < 0,

1 1
5(#%01 + )\nCQ) — B — 5(01 + 02) — B™ <0,
then if |s,| + |t,| — oo we would have
0 < el < Ly g (0w} — shrwp thrwd — shrwy) = —oo,

a contradiction.
2b) We have t,, s, / 0. In fact,

An o+ An, = thn,,+ Moy — P sqns%n ;B
(thrwi — sprwy , thrwy — shrwy ) € NP ,

hence by Lemma

/|t:‘]‘nwi‘_|pz:1‘x|_%dm, /|52"w1—|pz:l‘x|_%dx25>0’
Q Q

which proves the statement.
2¢) The claim of 2) now follows. We have ¢, — ¢ # 0, s, — 5§ # 0. Since

An ot A= $Hn,,,t o gy —
Iy, gnscn b (W1, w2) < SUD Iy g b, (B W] — s w17 wy — st wy)

t,s>0
_ Mgyt _ Angp— phin —
= I, gnon, o (T W] — SpM WY, EM Wy — Shmwy).
by passing to the limit,

sup Iy (tw — swi twy — swy ) = Iy (wi,we) < I (Fwf — swi, twy — swy).
t,s>

By the uniqueness provided by Proposition we have t = 5 = 1.
3) Finally, by making n — oo in the inequality
nsqns0n;Bn An ot Anyy— n nanT
Cﬁodq anf < IanQn,7an,76n,(tn Wy — S W ’tz ’LU;'_ 78% Wy )7

we obtain

lim sup cflg(,iqman,ﬁn < I, (w1, wz) = Cg?)d'
As a consequence, we have the following a priori bound.
Lemma 4.3. Given qq satisfying (4.1)) there exists 69 > 0 and x > 0 such that
[[(u, 0)||oo <

for every (u,v) least energy nodal solution of (L.1) with p,q € [q0 — 00, qo + Jol,
avﬂ € [Oa(;()]
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Proof. Having the uniform upper bound of the energy levels coming from the
previous lemma, and since the nonlinearities in (|1.1)) satisfy

[l *[sP7 ], [lz]%]s|%s| < C(1+ [s|]%*1*%)  ¥s € R,

for p,q € [q0 — d0,40 + do], & € [0,d0], C independent of p,q,a, 8, then one can
reason exactly as in the proof of [33, Lemma 5.4] (see also [I0, Theorem 5.18]) to
obtain uniform L* bounds. O

Lemma 4.4. Take qo satisfying (4.1). Then

Cp,q,a,ﬂ o0

nod nod

as p,q — qo, auﬂ_>0~

Moreover, the corresponding least energy mnodal solutions converge:  if
(Up.q,0.8, Up,q,a,3) 15 a sign changing solution of (L.1f) with

Epq.0.,8(Up,q,a.8: Vp,g,a,8) = Cfli)qéa’ﬁv
then
Upgap — U Vpgap—v inCH(Q) for every 0 < v < 1,
where (u,v) solves forp=q=qo, a=p3=0, and Ey (u,v) =l ,.

Proof. Take pn,qn — qo, @n,Bn — 0, and let (u,,v,) be the corresponding
least energy nodal solution of (1.1)) with (p,q,«,8) = (Pn,4n,@n,Br). Then

[(tn,vn)lleo < k and, by elliptic estimates, the sequence (uy,,v,) is uniformly
bounded in W?2* x Wz’i for every s,t > 1. Thus there exists u,v such that
Up — U, vy — v in CH7(Q), and (u,v) solves
—Au = |v|? 1y, —Av=|u/* 'y in Q, u=wv=0 on JIN. (4.3)
Defining
Win = 2| |un P, weg = 2] o],
we deduce from Lemma [£.1] that

/ |u7:|z:|pn+1|x‘a" dx = / |wfn|p231 ‘le_% dz 2 g,
Q Q

n Bn
/ |U7:i:|qn+1|x|5" dr = / ‘w2in|qq:1 |1‘|_ﬁ dx > €,
Q Q

for some € > 0 independent of n. Thus (u,v) is a sign changing solution of (4.3),
and
Choa < Ego(u,v) = liTILn B sn B (Uns Un) = h}ln Cflg(’iqmamﬁn'
Combining this information with Lemma yields the desired result. O
Proof of Theorem [1.] This is now an easy consequence of Lemma [I.5] and
Lemma [£:4] Arguing by contradiction, we would get a radial least energy nodal
solution of
—Au = [u|? u, in Q, u =0 on 0,

contradicting [I, Theorem 1.3]. O
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Remark 4.5. Reasoning as in this section, we can prove that the map (p, q, ., B) —
Cflf(ia’ﬁ is continuous for (p,q) satisfying (H), o, 8 > 0, and that the corresponding
least energy nodal solutions converge.
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