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We consider the scenario, in which the light Higgs scalar boson appears as the Pseudo - Goldstone boson.
We discuss examples both in condensed matter and in relativistic field theory. In *He-B the symmetry breaking
gives rise to 4 Nambu-Goldstone modes and 14 Higgs modes. At lower energy one of the four NG modes
becomes the Higgs boson with small mass. This is the mode measured in experiments with the longitudinal
NMR, and the Higgs mass corresponds to the Leggett frequency My = h{2p. The formation of the Higgs mass
is the result of the violation of the hidden spin-orbit symmetry at low energy. In this scenario the symmetry
breaking energy scale A (the gap in the fermionic spectrum) and the Higgs mass scale M are highly separated:
Mpu < A. On the particle physics side we consider the model inspired by the models of [1, 2]. At high energies
the SU(3) symmetry is assumed that relates the left - handed top and bottom quarks to the additional fermion
xr- This symmetry is softly broken at low energies. As a result the only CP - even Goldstone boson acquires
a mass and may be considered as the candidate for the role of the 125 GeV scalar boson. We consider the
condensation pattern different from the one typical for the top - seesaw models, where the condensate (t1x r) is
off - diagonal. In our case the condensates are mostly diagonal. Unlike [1, 2] the explicit mass terms are absent
and the soft breaking of SU(3) symmetry is given solely by the four - fermion terms. This reveals the complete
analogy with ®*He, where there is no explicit mass term and the spin - orbit interaction has the form of the four -
fermion interaction.

PACS numbers:

I. INTRODUCTION

Spontaneous symmetry breaking gives rise to collective modes of the order parameter field — the Higgs field. The
oscillations of the Higgs field include the Nambu-Goldstone (NG) modes — the gapless phase modes which in gauge
theories become massive gauge bosons due to the Anderson-Higgs mechanism; and the gapped amplitude modes —
the Higgs bosons. The Higgs amplitude modes have been recently observed in electrically charged condensed matter
system, the s-wave superconductor [3, 4] (see also review paper [5]), while they have been for a long time theoretically
[6-9] and experimentally [10-12] investigated in electrically neutral superfluid phases of *He.

In superfluid phases of *He the Higgs field contains 18 real components. This provides the arena for simulation of
many phenomena in particle physics, including the physics of the NG and Higgs bosons. In particular, superfluid He-
A violates the conventional counting rule for the number of NG modes. In *He-A the number of NG modes exceeds
the number of broken symmetry generators, but it obeys the more general Novikov rule [13], according to which the
number of NG modes coincides with the dimension of the “tangent space” in the space of the order parameter, see the
review paper [14] and references therein.

Another example of the influence of superfluid He is the connection between the fermionic and bosonic masses
in the theories with composite Higgs, which has been first formulated by Nambu after consideration of the *He-B
collective modes [15]. If the Nambu sum rule is applicable to Standard Model, one may predict the masses of extra
Higgs bosons [14, 16].

Here we discuss one more phenomenon — the appearance of the light Higgs bosons (LHB) as the pseudo NG modes.
The origin of this phenomenon in *He is the hierarchy of energy scales, which exists in superfluid >He. In particular,
the spin-orbit interaction is several orders of magnitude smaller than the characteristic energy scale responsible for the
formation of vacuum Higgs field [17]. When this interaction is neglected, the symmetry group of the physical laws
is enhanced, and the broken symmetry scheme in *He-B gives rise to 4 NG modes and 14 Higgs amplitude modes.
The spin-orbit interaction reduces the symmetry and transforms one of the NG modes to the Higgs mode with small



mass. The mechanism of the formation of the mass of the Higgs boson #15 in 3He-B is analogous to the little Higgs
scenario [18]. The similar mechanism could be responsible for the relatively small mass of the observed 125 GeV
scalar boson. We consider the LH bosons in superfluid *He-B. The parametric excitation of the LH modes has been
recently reported, which corresponds to the decay of magnon to two light Higgses [19]. We also consider the LH
modes in the recently discovered [20] polar phase of *He in the nematically ordered aerogel.

The idea, that Higgs boson of the SM may be composed of fermions follows the analogy with the models of super-
conductivity and superfluidity. In 1979 it was suggested, that Higgs boson is composed of additional technifermions
[21]. This theory contains an additional set of fermions that interact with the Technicolor (TC) gauge bosons. This
interaction is attractive and, therefore, by analogy with BCS superconductor theory it may lead to the formation of
fermionic condensate. The TC theory suffers from the problems related to fermion mass generation. Extended Tech-
nicolor (ETC) interactions [22] do not pass precision Electroweak tests due to the flavor changing neutral currents and
due to the contributions to the Electroweak polarization operators. The so-called walking technicolor [23] improves
the situation essentially, but the ability to generate top quark mass remains problematical.

The idea, that Higgs boson may be composed of known SM fermions was suggested even earlier than Technicolor
(in 1977) by H.Terazawa and co - authors [24]. In the top quark condensation scenario, the top quark represents the
dominant component of the composite Higgs boson due to its large mass compared to the other components [25]. In
1989 this construction was recovered in [26]. Later the top quark condensation scenario was developed in a number
of papers [27]. In the conventional top quark condensation models the scale of the new dynamics was assumed to be
at about 10'° GeV. Such models typically predict the Higgs boson mass about 2m; ~ 350 GeV [25-27], and they are
excluded by present experimental data. In those models the prediction of Higgs boson mass is the subject of the large
renormalization group corrections [27] due to the running of coupling constants between the working scale 10'> GeV
and the electroweak scale 100 GeV. But this running is not able to explain the appearance of the Higgs boson mass
around 125 GeV.

In addition to the TC and the top quark condensation models, models were developed [28] (topcolor, topcolor
assisted Technicolor, etc) that contain the elements of both mentioned approaches. Other models were suggested, in
which the Higgs boson appears as the Goldstone boson of the broken approximate symmetry [29] (for the realization
of this idea in Little Higgs Models see [30]).

It seems reasonable to look for a conceptually new model, in which Higgs bosons are composed (possibly, partially)
of known SM fermions. Such a model may avoid difficulties of the models of Technicolor and the conventional models
of top quark condensation if it will be based on the analogy with certain condensed matter systems, like the superfluid
3He, in which the condensates are more complicated, than in the Technicolor models and the conventional models of
top quark condensation. (The latter models are based on the analogy with the simplest s-wave superconductors.)

Recently the models were proposed, that in a certain sense realize this idea [1, 2]. In these models the Pseudo -
Goldstone boson - the candidate for the role of the 125 GeV Higgs boson appears in the framework of top seesaw
[31]. In both these papers the additional fermion Y is present typical for the top - seesaw models. It has the quantum
numbers of ¢ but if the gauge interactions of the Standard Model are neglected, its left - handed component may be
considered together with by, and ¢, as the component of the SU(3) triplet. As a result the structure of condensates is
indeed more complicated than in the s-wave superconductor or in the simplest models of top quark condensation and
is, therefore, to a certain extent similar to that of 3He. The original inter - fermion interactions of [1, 2] are SU(3)
- symmetric. This symmetry is broken spontaneously giving rise to several Nambu - Goldstone bosons. Then the
authors of [1, 2] introduce the terms that softly break the SU (3) symmetry explicitly (in particular, the explicit mass
term for  is added). As a result, one of the Goldstone bosons acquires a mass that may be smaller than 2m,. Such a
state is considered as a candidate for the role of the 125 GeV Higgs boson.

In the present paper we consider the model inspired by the models of [1] and [2]. In our case the original SU(3)
symmetry is broken explicitly by the additional four - fermion interaction instead of the explicit mass terms. We
investigate the resulting model in the leading order of 1/N,. expansion. It is shown that the CP - even pseudo -
Goldstone boson may have mass equal to 125 GeV while the branching ratios of its decays do not contradict the
present LHC data. We consider the condensation pattern different from the one typical for the top - seesaw models
with the off - diagonal condensate (1, x r). In our case the condensates are mostly diagonal.

It is worth mentioning that the considered model is of the Nambu - Jona - Lasinio (NJL) type, that is it contains the
effective 4 - fermion interaction [32]. The use of the one - loop approximation may cause a confusion because formally
the contributions of higher loops to various physical quantities are strong. In [33, 34] it has been shown that the next
to leading (NTL) order approximation to the fermion mass m y is weak compared to the one - loop approximation only
if this mass is of the order of the cutoft m; ~ A. It follows from analytical results and from numerical simulations
made within the lattice regularization [35] that the dimensional physical quantities in the relativistic NJL models are
typically of the order of the cutoff unless their small values are protected by symmetry.



In the model of the present paper formally the one - loop results cannot be used because the cutoff is assumed to
be many orders of magnitude larger than the generated fermion mass. That means, that in order to use the one - loop
results we should start from the action of the model with the additional counter - terms that cancel dangerous quadratic
divergences in the next to leading orders of 1/N,. expansion. Then the one - loop results give reasonable estimates
to the physical quantities. Such a redefined NJL model is equivalent to the original NJL model defined in zeta or
dimensional regularization. The four fermion coupling constants of the two regularizations are related by the finite
renormalization (see [36], Appendix, Sect. 4.2.). The NJL models in zeta regularization were considered, in [36, 37].
The NJL model in dimensional regularization was considered, for example, in [38].

It is generally assumed that there is the exchange by massive gauge bosons behind the NJL models of top quark
condensation, top seesaw, and ETC. The appearance of the one - loop gap equation of NJL model may follow from the
direct investigation of the theory with massive gauge fields interacting with fermions. Indeed, recently the indications
were found that in the theory with exchange by massive gauge bosons the NJL approximation may be applied under-
stood through its one - loop expressions [39]. Anyway, we assume that the model with the four - fermion interactions
considered here should be explored in this way, i.e. the higher orders in 1/N¢ contributions are simply disregarded.
We suppose, that such an effective model appears as an approximation to a certain unknown renormalizable micro-
scopic theory. For the further discussion of this issue see [14, 16, 37] and references therein.

The paper is organized as follows. In Section II we discuss the appearance of the pseudo - Goldstone boson in
superfluid phases of *He due to the spin - orbit interaction. In Section III we consider the model, in which the Pseudo
- Goldstone boson composed of top quark and the heavy fermion y plays the role of the 125 GeV Higgs boson. In
Section IV we end with the conclusions.

II. SUPERFLUID *HE
A. ”Hydrodynamic action” in *He (neglected spin-orbit interaction).

According to [40] Helium - 3 may be described by the effective theory with the action

§=2 a@ew)ar) = 5 D Talial), (M

pyi,a=1,2,3

where

(@)
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Here V is the 3D volume, while 5 = 1/T is the imaginary time extent of the model (i.e. the inverse temperature).
Both 8 and V should be set to infinity at the end of the calculations. a(p) is the fermion variable in momentum
space, vr is Fermi velocity, kr is Fermi momentum, g is the effective coupling constant. Since the spin-orbit coupling
in liquid *He (the dipole-dipole interaction) is relatively small, the spin and orbital rotation groups, SO5 and SOL,
can be considered independently, and one has

G=U(1) x SO x 503 . 3)

Let us call this G the high-energy symmetry. Eq. (1) is invariant under the action of this group.
Next [40] we proceed with the bosonization. The unity is substituted into the functional integral that is represented
as

1~ /DADAexp(é Z Ai,a(p)Ai,a(p))v )
2N

where A; , (i, = 1,2, 3) are bosonic variables. These variables may be considered as the field of the Cooper pairs,
which serves as the analog of the Higgs field in relativistic theories. Shift of the integrand in DAD A removes the 4 -
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fermion term. Therefore, the fermionic integral can be calculated. As a result we arrive at the “hydrodynamic” action
for the Higgs field A:

1 _ 1 _
Serr == Aia(p)Aialp) + slogDetM(4, A), (5)
9 Pl 2
where
i 1 7i 1AV A.
M(A, A) _ 1(“" *}ZF(“fL*ﬁF))épmz W[(lﬁ - kz)Am (p1 erg)]aa ©)
BV (k] — k5)Aia(p1 + p2)loa —(iw —vp(|k] — kF))0pips

The relevant symmetry group G of the physical laws, which is broken in superfluid phases of *He, contains the
group U(1), which is responsible for conservation of the particle number, and the group of rotations SO37. This
symmetry is spontaneously broken in superfluid phases of *He. The order parameter — the high-energy Higgs field —
belongs to the representation S = 1 and L = 1 of the SO and SO groups and is represented by 3 x 3 complex
matrix A;, with 18 real components.

B. Vacuum of *He-B

In superfluid *He-B, the U (1) symmetry and the relative spin-orbit symmetry are broken, and the vacuum states are
determined by the phase ® and by the rotation (orthogonal) matrix R;,:

A~ A e Ry, . ™

Here A is the gap in the spectrum of fermionic quasiparticles. The symmetry H of the vacuum state is the diagonal
SOs3 subgroup of G: the vacuum state is invariant under combined rotations. Space R of the degenerate vacuum states
in He-B includes the circumference U (1) of the phase ® and the SO3 space of the relative rotations:

R =G/H=U(1) x SO3. ®)

The number of the Nambu-Goldstone modes in this symmetry breaking scenario is 7 — 3 = 4, while the other 14
collective modes of the order parameter A,; are Higgs bosons. These 18 bosons satisfy the Nambu sum rule, which
relates the masses of bosonic and fermionic excitations [15]. The possible extension of this rule to the Standard Model
Higgs bosons is discussed in Ref. [14, 16].

In the B - phase of 3He the condensate is formed in the state with J = 0, where J = L + S is the total angular
momentum of Cooper pair [17]. In the absence of spin - orbit interactions matrix I?;, may be absorbed within
Egs. (5), (6) by the rotation of vector k’. At the same time the phase ® may be absorbed by the transformation
M(A, A) — diag(e?®, e21%) M(A, A) diag(e=%?®,e2®?) that does not change the value of the determinant in Eq.
(5). As aresult the vacuum is invariant under the combined spin and orbit rotations. So, we consider the state

A
A (p) = (BV)Y *5 Opodia )

as the symmetric low-energy vacuum. Parameter A satisfies gap equation

_§_i 2 2 _ 2 2\—1
o_g i zp:(w + 02 (k| — kp)? + A?) (10)

A is the constituent mass of the fermion excitation. We denote the fluctuations around the condensate by 6 A4;, =

Aia — Agg). Tensor 0 A;,, realizes the reducible representation of the SO ;(3) symmetry group of the vacuum (acting
on both spin and orbital indices). The mentioned modes are classified by the total angular momentum quantum number
J=0,12.



C. Collective modes in *He-B

According to [41, 42] the quadratic part of the effective action for the fluctuations around the condensate has the
form:

1
Sé}ic:;(u,v)[l—gﬂl(z), (1)

where 0Aiq(p) = Upia + 1VUpia, While II is polarization operator. At each value of J = 0, 1,2 the modes u and
v are orthogonal to each other and correspond to different values of the bosonic energy gaps. The spectrum of the

quasiparticles is obtained at the zeros of expressions for %Sﬁ;)f and ﬁé’é})f. The energy gaps appear [42]
i OUj i OV

as the solutions of equation Det (gH(iE) - 1) =0:

E) = /202(1 £ (), (12)

This proves the Nambu sum rule for *He-B [14—16]:

(B + (B = 4A? (13)

u

Explicit calculation gives /=% = /=1 = 1, and /=2 = 1. The 18 collective modes (9 real and 9 imaginary

deviations § A,; of the high-energy order parameter from the vacuum state Eq. (9)), decompose under the SO group
as

J=0",J=1T,J=0",7=1",J =2%, (14)

Here + and — correspond to real and imaginary perturbations d A,;. The bosons in the first two representations are
NG bosons in the absence of spin-orbit coupling: the first one is the sound mode, which appears due to broken U (1)
symmetry; and the second set represents three spin wave modes.

The other sets represent 1 4+ 3 + 5 + 5 = 14 heavy Higgs amplitude modes with energies of order of fermionic gap
A. These are: the so-called pair breaking mode with J = 0 and mass 2A; three pair breaking modes with J = 1~
and mass 2A; five the so-called real squashing modes with J = 2% and mass \/12/5A; and five imaginary squashing

modes with J = 2~ and mass /8/5A.

D. Taking into account the spin-orbit interactions

The spin-orbit interaction reduces the degeneracy of the vacuum space and transforms one of the NG modes to the
massive Higgs boson. Under the spin-orbit interaction the high-energy symmetry group G is reduced to the low-energy
symmetry group

Gso = U(1) x SO , (15)

where SOf is the group of combined rotations in spin and orbital spaces. The spin - orbit interaction gives the
following contribution to the effective low energy action [17]:

3 _
Ssold] = =90 Z Aia(p)Aj5(p) <5ia5jﬂ + djadip
P

2
*gﬁsij(gaﬂ), (16)
where gp is the new coupling constant. Matrix I?; ,, still can be absorbed by the rotation of k' in Eq. (6). However,

the complete effective action depends on it due to the contribution of Eq. (16). As a result instead of Eq. (9) we keep

A
AR (p) = (BV)Y2 5 690 Ria (17)



where orthogonal matrix R;, may be represented in terms of the angle 6 and the axis 1 of rotation:
Rin (01, 0) = Ngni + (d0i — Nai) o8O — eqinfip sin g . (18)

Here 6 changes from 0 to 7; the points (f1,§ = 7) and (—n, § = ) are equivalent. Being substituted to Eq. (16) the
condensate of the form of Eq. (17) gives

6 3
Sso[A©)] = gDAQ(g(COSG +1/4)% - g) BV, (19)

Minimum of this expression is achieved, when 6 = 0y = 104° (the so - called Leggett angle).

In principle, Eq. (16) affects the gap equation. The functional form of the condensate is given by Eq. (10). However,
the constant ¢ entering this equation receives small A - dependent contribution. We neglect this sontribution in the
following. The most valuable effect of the spin - orbit interaction is the appearance of the explicit mass term for the
collective mode given by the fluctuations of # around its vacuum value given by the Leggett angle 6.

It is worth mentioning that the interaction term of the form of Eq. (16) is equivalent to a certain modification of
the original four - fermion interaction of Eq. (1). The modified four - fermion interaction is obtained as a result of
Gaussian integration over A;, in the functional integral.

E. Higgs #15 from spin-orbit interaction

Let us consider the collective mode 6 = 6 — 0. It originates from the modes with J = 17 and forms the low-
energy Higgs field — the light Higgs. The J = 17 collective mode is the 3-vector field, whose components can be
obtained from the orthogonal matrix R,;, when it is represented in terms of the angle 6 and the axis n of rotation. The
directions of unit vector 1 correspond to the two massless Goldstone modes. The field 6 represents gapped collective
mode.

The mass term for this collective mode is given completely by the form of Eq. (16) because the dynamical contribu-
tion coming from the integration over fermions vanishes. However, the kinetic term comes from the integration over
fermions. We represent the effect of the fluctuation 0 on the condensate function as follows

A; 0[00] = Rio(,0) = Rin (11, 0p) Rin (2, 60) (20)

Within the functional determinant we absorb R;,, (11, ) by the rotation of &*. The remaining part gives actual form of
5Ai,a:

A
6Ai 0 = —eainfip 00 (5V)1/25 1)

The kinetic term for 06 has the form Siin[60] = >, | o (w, k)[660(w, k)]?, where

Ty(w,0) = —izSpG(e—l—w,k)O(ﬁ)G(e,k:)O(ﬁ)
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Constant Zy enters the expression for the effective action of 6(w, 0):

So~ Y (zgw2 + %gDAQ) [50(w, 0)]? (25)
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This gives the following expression for the energy gap of the LH mode:

3
Eo =Qp = 2—Z9VQDA (26)

Here Q) is the Leggett frequency (the frequency of the longitudinal NMR) in 3He-B [17].

In the language of quantum field theory Z7 is the wave function renormalization constant for the field 6. It depends
logarithmically on the width of the region of momenta around the Fermi surface. This is the region over which we
should integrate in Eq. (22). Using manipulations with the derivatives of the partition function we are able to relate
Zy with spin susceptibility yp = diB (o), where (o) is the spin density in the presence of magnetic field B:

x5 =723 27)

Here 1 is the gyromagnetic ratio for the 3He atom. This allows to rewrite the § dependent part of Eq. (19) for the spin
- orbit interaction as

32 xB
Ssolf] = 7= 5 p(Inl* = ng)* BV, (28)
15 v
where ng = 1/5/8, which corresponds to the Leggett angle cos 6y = *i measured in NMR experiments. Here we

represent the field of the J = 17 collective modes (see Egs.(2.2) and (2.3) in [43]) as
— Asin . 29
n = nsin 5 (29)

The spin-orbit interaction fixes the magnitude of the light Higgs field, |n| = ng, in the equilibrium, but leaves
the degeneracy corresponding to the other two components of the J = 17 collective mode given by the direction
of . This corresponds to the symmetry breaking scheme SO3 — SO7 /SO, where SO is the symmetry group
of rotations around axis n. Thus the Higgs mechanism gives rise to two NG modes and one LH, i.e. the spin-orbit
interaction (28) transforms one of the NG modes to the LH mode.

The mass of the LHB is determined by the parameters in Eq. (28). The Leggett frequency 2 determines the mass
of the amplitude Higgs mode — the #-boson with the dispersion low

E? = Of + 2k (30)

Here c is the relevant speed of spin waves, which in general depends on the direction of propagation [17]. In *He-B,
Qp ~ 1073A, i.e. the light Higgs acquires the mass, which is much lower than the energy scale A, at which the
symmetry breaking occurs and which characterizes the energies of the heavy Higgs bosons. Note that in 3He-B, the
low-energy physics has all the signatures of the Higgs scenario. The low-energy vector Higgs field n has both the
massive amplitude mode and two massless NG bosons.

In applied magnetic field the time reversal symmetry is violated, and two massless NG modes transform to the mode
with the Larmor gap (magnon) and NG mode with quadratic dispersion. The parametric decay of magnons to the pairs
of the LH bosons has been recently observed in NMR experiments with Bose-Einstein condensates of magnons [19].

The given scenario in *He-B does not say anything on the NG mode, which comes from the breaking of U(1)
symmetry. The latter is determined by the high-energy physics and is not influenced by spin-orbit coupling. When the
spin-orbit coupling is taken into account, the symmetry breaking scheme gives

Reo = Geo/Hyo = U(1) x SOJ /SO = U(1) x S?. (31)

This results in the 2 + 1 NG bosons instead of 3 + 1 NG bosons in the absence of spin-orbit coupling.

The U(1) degree of freedom does not appear if instead of superfluid *He-B one considers a non-superfluid anti-
ferromagnetic liquid crystal. Here the transition occurs without breaking of U(1) symmetry, and U (1) drops out of
Egs. (15) and (8). Such transition is fully determined by the real-valued order parameter matrix A.;. If the relative
spin-orbit symmetry is broken in the same manner as in 3He-B, one obtains in the absence of spin-orbit coupling 1+ 5
heavy Higgs bosons with J = 0 and J = 2; and 3 NG bosons with J = 1. The spin-orbit coupling then transforms
one of the NG bosons to the light Higgs.



F. Polar phase of superfluid >He

Polar phase of superfluid *He has been recently observed in strongly anisotropic alumina aerogel [20, 44]. New
phases of superfluid He with strong polar distorsion have been also reported in anisotropic aerogel [45]. Here we
neglect the anisotropy of aerogel. Inclusion of this anisotropy is straightforward, and does not influence the mechanism
of the light Higgs mass generation.

1. Neglected spin-orbit interaction

In the polar phase, the U(1) symmetry is broken, and each of the two SO3 groups is broken to its SOy subgroup:
H = SO35 x SO%. The order parameter matrix A,; in the polar phase vacuum has the form:

Api = A ® dying (32)

where d and rh are unit vectors. Space R of the degenerate states in the polar phase includes the circumference U (1)
of the phase ® and the two S? spheres:

R=G/H=U(1)x 5% x S2. (33)

The high-energy polar phase has 1 + 2 4+ 2 = 5 NG modes and 18 — 5 = 13 heavy Higgs modes with mass (gap) of
order A. The anisotropy of aerogel fixes the orbital vector m and thus removes 2 NG modes.

2. Higgs #14 from spin-orbit interaction

When the spin-orbit interaction is taken into account, the symmetry breaking scheme becomes
Geo =U(1) x SOJ |, Hyo =1, Reo = Gso. (34)

The spin-orbit interaction reduces the degeneracy of the vacuum space, Ry, < R, leaving only 1 4+ 3 = 4 NG modes
(two of which are removed by strong orbital anisotropy of aerogel). As a result, the spin-orbit coupling transforms one
of the NG modes to the massive Higgs boson — the light Higgs.

Let us start with vacuum state with d = 1 = 2. This vacuum state has quantum numbers S, = L, = 0, and thus
J. = 0, which corresponds to symmetry SO3 of the vacuum state. This symmetry is broken by light Higgs. The LH

field can be introduced for example as the real vector field n L z, which describes the deviation d — m:

m=2/1-n2+n, d=2,/1—|n2—n. (35)

In terms of the vector n the spin-orbit interaction in the polar phase is

F = 2%Q§01(|n|2 —n2)?, (36)

where €01 is the Leggett frequency for the polar phase, and ng = 1/1/2. The spin-orbit interaction fixes the magni-
tude of the little Higgs field |n| in the equilibrium, but leaves the degeneracy with respect to its orientation in the plane
perpendicular to z-axis. This leads to one NG boson — the spin wave mode with spectrum £ = cp, and the light Higgs
mode:

E? = Q2 + Pk, (37)

with mass (gap) Qp01 < A.



III. A MODEL WITH THE PSEUDO - GOLDSTONE BOSON COMPOSED OF THE TOP QUARK
A. Dynamical symmetry breaking and dynamical masses of quarks
1. Lagrangian

Let us consider the model inspired by the top seesaw model suggested by Cheng, Dobrescu and Gu in [1]. This
model contains (in addition to the SM fermions) the fermion x. The action contains the four - fermion interaction
terms, that being written through the auxiliary 3 - component field ® have the form:

1 1
& &
1
ta e+ ol @)
X
(B, B X ) @t (B B X ) Bax

+(h.c.)} , (38)

L = —M} (5% + @0,

For the convenience of the further consideration we have changed the order of ¢’ and b’ compared to [1]. Also for the
convenience we denote & = (0, ®,, ®,) and

L; = —TrdQdt — [&LMR + (h.c.)}, (39)
where
by Vr
’LZJL - tlL 5 wR = ﬁIR (40)
X% Xr

while (2 is the corresponding 3 x 3 matrix. Notice, that the three components of i/ are equal to the fields of b, ¢, and
x only in the basis, in which the mass matrix is diagonal (see below). Therefore, in Eq. (40) written in arbitrary basis
we do not identify ', ¢ and x’ with the actual fields of b - quark, top - quark and the heavy quark .

The global symmetry of the given lagrangianis SU(3), @ U(1), @ U(1);, r @ U(1)y,r. Here SU(3), corresponds
to the SU(3) rotations of ¢y, while the U(1) parts of the global symmetry of our lagrangian correspond to the
transformations ¢, — €**¢r, 1y g — €4y g, and ®; — € (*~A) P, (and the similar transformation for ).

The quantum numbers of X/, and x’; including the hypercharge (and the quantum numbers of t;) are equal to the
/

quantum numbers of the right - handed top quark. This is the doublet field ?,L ), which is transformed under the
L

SU(2) 1, SM gauge field. Therefore, the gauge interactions of the SM break the SU(3), symmetry - the effect, which
we neglect here.

Using orthogonal rotation of ¢z and x r we can always bring € to the diagonal form with 1/&;,, = 0. We denote in
this representation

0 0 0 0 0 0
QO =(0w?” 0 | =01/ 0 M2 41)
0 0 w 0 0 1/&§

In [1] the explicit mass term in lagrangian that breaks the SU(3) symmetry down to SU(2) was added:

Ly = _Nxt)thR — MxxXLXR + (h.c.), 42)

In addition, in [1] the other contributions to the lagrangian were considered that do not originate from the four -
fermion interactions. A similar construction has been considered in [2], where the original SU (3) symmetry is broken
both by the additional four - fermion terms and the mass term of the form of Eq. (42). In our model we restrict
ourselves with the four - fermion interaction terms and do not consider the explicit mass term. We introduce the
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following modification of the four - fermion interaction that reveals an analogy with the spin - orbit interaction of *He
considered in the previous section (see Eq. (16)).
Namely, we add the following terms to the lagrangian

Lo = 9107 + 197 + gfy) (<T>§<<I>§ + (h.c.))

= Tro GOd+Y,, (43)
and
Ly = —bO[m®? [ - b [Im®?|?
—2b)) (Im®? ) (Im®?)
1
= JTr(@ — o*) BO(@T — o+)T3, (44)
where
00 0 00 0
R K L L R )
0 62 o 0 40 o
000
Ts = [ 000 (45)
001

We bring (2 to the diagonal form via orthogonal rotations of ¢r. Further we choose the representation in this basis.
We assume that the elements of matrices €2, B and G are real - valued.

2. Effective action for scalar bosons

Let us choose the parametrization in which the massless b - quark is identified with b’ = ', It corresponds to the
representation ® = (®) + & =V + P, where

0 0 0
- 1 1
V: 0 75’1}15 T§’UX ,
0 %ut Ly
2 V27X
0 H Hy
T OL(h—i-'A)L(h +iA,)
b = e\ i) Ty Ay (46)
0 %((pt—l—iﬂ't) %(@XH@)

This expression is similar to that of Eq. (2.11) in [1]. Here the values of v; , and u, , correspond to the condensate.
Effective action for the field ® has the form:

S[®] = —/d4xTr (V + @) QO + &)t
+ / d*aTr (V 4 )G (V + &)ty
—I—/d%iTr(V -V +®— %)
BOWT — vt 40T —ah)Ty
—ilog Det (ma — Q(V + é)) 47
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Here for any matrix O we define
ot 0
Q0 = ( g O) (48)

V+ plays the role of mass matrix, and we denote m = V.

3. Gap equation

Gap equation appears as

~LS[&>]=0, i=1,2,3, a=2,3 (49)
6(I)ia

We represent the determinant in Eq. (66) as follows
—ilog Det (ma - Q(V + i + é))

= const — i Sp log (iaE — Tﬁ’b)

, 1 =
BT

{ 1 = 1 =
TPy T Yoy T 0

Here
zz(gg) TOzyOQO:(OOJF g) 1)

This gives for the gap equation (7 = 2,3 and a = 2, 3).

QOV* 4 (i BImV — GOV T, = 2 et = _(5 52
+ (Z m ) 3 u - (27T)4 p2 B m+mm a - <wL1/1a,R> ( )

First of all, Eq. (44) suppresses the imaginary parts of ®;,. Therefore, this is reasonable to look for the solutions of
the gap equation with real - valued V. This allows to eliminate matrix B from the consideration of gap equations:

N,
872

Let us perform orthogonal rotations of 1, g that bring 77 to the diagonal form:

Y = Oy, Yr — AYg,

<A2 it log— )m+ (53)

mrtm

QOmt — GOty =

m — 0TmA = diag(0, m, my) (54)
where
0 = exp(fiQUQ), A =exp (fiomQ),
10 0
o9 = 00 — (55
07 O

As a result we come to the following form of gap equation with diagonal matrix m:
ATQO A — AT GO AmeT T;0m !

Nefiy o A2
=5 (A —® 1ogm2), (56)




We assume, that the SU(3) breaking terms are small, that is

0
glg,)z,tx
(0)

Wt x

<1

12

(57)

This does not mean, however, that the resulting corrections to fermion and boson masses are small if we consider the
system near to the criticality and disregard the next to leading 1/N, corrections (see discussion in the Introduction).
We also assume m; < m, and § < 1. By g;, we denote the elements of matrix A7 G A that are related to the

(0)

¢y as follows:

original parameters g

gt = (cosa gEO) + sin « gg)) cos

+(cos « gg) + sin g>(<0)) sin

gy = —(cosa gt(o) + sina gt(?()

+(cos « gt(?() + sin g>((0)) cos &

gy = —(—sina gt(o) + cosa gg)()

(0)

tx

)sin

)sina

+(—sina g;,) + cosa g;O))cosa

Direct calculation gives the following relation between the angle 6, the ratio m, /m,,, and the values of g;

0 = (gemesing + gi my cos)cos /my

—(g1y mysing + g, my, cosf )sind /my
Therefore,

m
g~ X - — 4 o(m3)
_ My m
9x m2 gt "X

For the angle o we have

Wiy = §(w>(<0) — w”)sin 2
— (gt my sin @ + g¢, cos 9) cos & gpy
My
This leads to
(0)
29,
o~ —arctg X + O(m?)
2 w>(<0) _ w§0) _ g>(<0) N gt(o)
We are left with the following equations:
Ne /19 5, AZ
we — fe = 32 (A —mj 1ogm—t2);
N, A2
= fx = g (A = milosy )
X

where A is the ultraviolet cutoff (of the order of the scale of the new hidden interaction), while

— 2009 L gin?a '@
Wiy = COS“arwy \ +sIn"aw, 3
and

2
ft = sinf (gtsinH + gtxﬁ cos@) ~ Jx +O(m?),
mg 9x

m
fx = cosf (gtxm—tsiDH + gy, cos 9) ~ gy + O(m3)

X

(58)

(59)

(60)

(61)

(62)

(63)

(64)
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Gap equation provides that w,g,o)z ~ éng A? while w)((o) — w§0> ~ mi. Therefore, in general case « is not small.

For the calculation of the scalar boson spectrum we will need the exact expressions for f, f, through 6 and the
exact expression that relates m?/ m and 0. In the following we shall use in our expressions the values of g; ¢, but

we should remember that they differ from the original parameters g;)z,tx.
(0)

determipe precisely 0 anq « as functions of g, . ,, and then g; y ¢ as functions of g
expressions are so complicated that we do not represent them here.

In principle, Eqgs. (58) and (59) allow to
(0)

t .ty However, the corresponding

B. Effective action for scalar bosons
1. Polarization operator

Let us consider the system in the parametrization, in which the fermion mass matrix is diagonal. Those fermion

fields tha/t are the mass eigentstates are expressed linearly through the original fields t/; , X/, t’z, X’p. This is the doublet

field ( ZZ,L ), which is transformed under the SU(2), SM gauge field. At the same time x; has the quantum numbers
L
of tr. Thus, the mass eigenstates do not have definite charges with respect to the SM gauge fields. Below we neglect

the influence of the gauge fields on dynamics of the scalar bosons. We shall consider the terms in effective action with
the interaction between the gauge fields of the Standard Model and the composite scalar bosons in Section III D.
In this basis €2 has the form

= AT diag(w (), ())A<wt th),

X Wiy Wy
wiy = Jilx (65)
In the same way we substltute G=ATGOA B=ATB®Aand Y = 7730 instead of G¥, B and Y.
Taking into account that <= S [®] = 0 we come to
S/ = — / T BOHT + / P Tr BGHHT
1
+/d4zZTr (@ — ") B(®T —dH)T

~iSplog (10— 1)
i (P

- o D+ ...
2R Q@ 590 (66)

Let us denote ®(p) = [ d*x®(x)e™*, and ®iy(p) = @/, (p) + i®/,(p). The CP - even scalar states are given
by the real parts of the components of ®(p) while imaginary parts correspond to the CP - odd states. Then we have
S = const + S’ + S with

dp &’

S/[(I)] ~ za llbq)zb ab(I)_]b( )T” (67)
2iN, d4k 9 , ,
/ Z / )((k 4 p) ) (k/’(p + k)[ (p)] + mimaq)ai(p)q)ia(p))
S//[(i)] ~ d p q)// d p q)// ab(i);/b(p)'rij (68)

ab(i);‘/b (P)Tij

’L(l

abij

d4p 2'LN d'k I 2 o & 1"
+Z/ / (kamf)((ker)Q—mg) (k(p+k)[q)za(p)] % a(I)az( )(I)za(p))
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Masses of scalar bosons appear as the zeros of operators

52 )
Pliayiny(0) = —(27)' —=———=—=5[],
o 5%, (p)0%, (p)
52 )
Pl = —Q2m)——S[® 69
) = S s ©
We may represent
Pliaygey = Qb0 = Gap X7 + Tl (50, (70)
Playgry = Qa0 = Gap Y7 + By T + 1,00 )

where II is polarization operator. For its non - vanishing components we have (a # 7):

, _2iN, / dk ,
(aa)(aa) ™~ (27T)4 (k2 — mg)((k +p)2 — mg) (/C(P + k) + ma)

. 2iN, / dik
(ia)(ia) =~ (27)4 (k2 — mf)((k )2 —m2) k(p+ k)

21N, d*k
H/' s ° iMq ; b
(ia)(at) (27T)4 / (k}2 *mf)((k+p)2*mg) mi;Mg, 275
y 2iN.. / d*k 5
~ — k k) —
oo =~ | Gy ey (09 =)
21N, d*k
"o c & i
(ia)(ia) (2m)4 / (k2 — m%)((k‘ )2 —m2) (p+k)

1 21N, / d*k .
; P~ i1lay b 71
wied ~ * it | w7 oy

a

2. Calculation of polarization operator

Let us introduce notations

i 1
I(m) = @ / dﬂm (72)
1,y A
~ T mmiloe )
i 1
I = [au
mmen) =~ [

Using these notations we rewrite

Q

(—p* + 4m2)NI(m;, ma, p) — 2NcI(ma)
(=p* +mi +mg)NeI (mi, ma, p)
—N_I(m;) — NeI(my)

lia)(ai) = 2mimaNeI (mi, ma,p)

~ _p2NcI(mi; maap) - 2Ncl(ma)

"
(aa)(aa) ~

!
(a0)(aa)

Q

’
(ia)(ia)

Q

(=p* +m? + m2)N.I(m;, mq, p)
—N.I(m;) — N.I(my)
*2mimaNcI(mia maap) (73)

1
ITGia) (ia)

Q

7
(ia)(ai)
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At the same time the gap equation can be written as
Wa — fa = 2Ncl(ma)a (74)
fora =t,x.
C. Evaluation of the scalar boson masses

1. Masses of charged scalar bosons

Masses of charged bosons appear as the solutions of equation

Det Pcharged (p2) =0 (75)
where
(—p® +mf)x
X NI(0,ms,p) Wiy
oy _ | +fe— Ne(I(me) —1(0))
Pcharged(p ) - (_p2 + mi)x (76)
Wiy XN (0, my,p)

+fx = Ne(I(my) — 1(0))

Here parameters w are the elements of matrix € in the basis of mass eigenstates and are given by Eq. (64). Parameters
f are given by the next equation after Eq. (64). In those equations o and ¢ are the mixing angles that enter the
transformation from the basis of initial fermion fields to the mass eigenstates (see Eqs. (54), (55)). Integrals I are
defined in Eq. (72).

First of all, it is clear, that there is the massless charged scalar (one can check, that Eq. (76)) has vanishing determi-
2

nant at p = 0. The second scalar is massive, and in order to evaluate its mass we are able to substitute p2 A omy into
Eq. (76). Let us define the following quantities:
NI (ma,mp,me) = Z%, (77)

Here

NeI(ma,my,p) = (78)

N, [t A2
° drl
1672 J, vo8 m2x +mi (1l —z) — p?zx(l — x)

and we substitute p? = m?. Notice that these integrals have imaginary parts for m. > m, + m;, which correspond to
the decays of the corresponding state with mass m,. into the two fermions with masses m, and my. In the following we
will chose the definition of logarithm (for negative values of arguments) in the above integral such that the imaginary
part of the integral is positive. This will result in negative imaginary parts of the unstable scalar boson masses. If
one of the arguments of I(m,, my, m.) is zero, we denote the corresponding constant by Zgbc witha = 0,b =0, or
¢ = 0 correspondingly. In Euclidian region, where p? < 0 the integrals remain real - valued. Therefore, the mentioned
imaginary parts do not affect stability of vacuum (to be considered after the Wick rotation). We also take into account

that
N.I(mp) — NI(mg)

2 _ —
Zab() - N(:I(ma) mb7 0) - mg — mg (79)
In Table I we represent real parts of Zgbc for the example choices of arguments. These values should be compared to
quantities
N, A2
72 = —“log —
i 1672 08 m3
N, A2
2 c
Zx = log — (80)

1672 m3

represented in Table II.



A =10TeV, my = 10my

m3:O

ms3 = Mg

ms3 = My

ms3 = My

m3 = 2my

mi1 = Mg

m2:0

0.1727103569

0.1917080789

0.1785398615

0.1052842378

0.07821589679

mi1 = M2 = Mg

0.1537126350

0.1572500229

0.1553811083

0.1063659370

0.07854932119

0.08433889975

0.08442804052

0.08438340225

0.09888674840

0.08900924267

m1 = Mg
ma = My
mi1 = Mmy
mQIO

0.08522261432

0.08531792115

0.08527018798

0.1042203362

0.08856698817

mi1 = M2 = My

0.06622489239

0.06625658696

0.06624073174

0.06976228029

0.1042203362

A =100 TeV, my = 10 my

ngO

ms3 = My

m3 = myg

ms3 = My

m3 = 2my

m1 = My

mQIO

0.2601980996

0.2791958215

0.2660276041

0.1927719804

0.1657036394

m1 = M2 = Mt

0.2412003776

0.2447377655

0.2428688510

0.1938536796

0.1660370638

mL = 0.1718266423|0.1719157831|0.17187114490.1863744910|0.1764969853

ma = My

m= n:)x 0.1727103569 |0.1728056638 |0.1727579306 |0.1917080789 | 0.1760547308
mo =

mi1 = ma = My

0.1537126350

0.1537443296

0.1537284743

0.1572500229

0.1917080789

A =100 TeV, my = 100 m;

m3:O

ms3 = Mt

ms3 = My

ms3 = My

m3 = 2my

mi1 = Mg

m2:0

0.2601980996

0.2791958215

0.2660276041

0.1042397334

0.07788940920

m1 = M2 = My

0.2412003776

0.2447377655

0.2428688510

0.1042591342

0.07789491718

0.08520511502

0.08520605549

0.08520558924

0.1036341612

0.08857432364

m1 = My
ma = My
mi = My
mQIO

0.08522261432

0.08522356424

0.08522308927

0.1042203362

0.08856698817

mi1 = ma = My

0.06622489239

0.06622520902

0.06622505070

0.06976228029

0.1042203362

A = 1000 TeV, m, = 100m;

ngO

ms3 = My

m3 = Mmpgyg

ms3 = My

m3 = 2my

m1 = My

m2:0

0.3476858422

0.3666835641

0.3535153468

0.1917274761

0.1653771518

m1 = M2 = Mt

0.3286881203

0.3322255082

0.3303565936

0.1917468768

0.1653826598

0.1726928576

0.1726937981

0.1726933318

0.1911219038

0.1760620662

mi1 = Mg
ma = My
mi1 = Mmy
m2:0

0.1727103569

0.1727113068

0.1727108319

0.1917080789

0.1760547308

mi1 = m2 = My

0.1537126350

0.1537129516

0.1537127933

0.1572500229

0.1917080789

A =5 x10° TeV, m, = 100 m;

m3:0

ms3 = Mg

m3 = My

ms3 = My

ms3 = 2my

m1 = My

mQZO

0.9337636057

0.9527613276

0.9395931101

0.7778052396

0.7514549153

mi1 = Mm2 = Mg

0.9147658838

0.9183032715

0.9164343571

0.7778246403

0.7514604233

= me 0.7587706210 |0.7587715618 |0.7587710286 |0.7771996673 |0.7621398296
mo — mX

= nz)" 0.7587881204|0.7587890701 |0.7587885946 | 0.7777858424 |0.7621324942
mo —

mip = Mz = My

0.7397903985

0.7397907150

0.7397905568

0.7433277863

0.7777858424

TABLE I: The values of Re Z2,, for the values of parameters encountered in the text. Masses entering the corresponding integrals
are denoted here by m, = m1, my, = ma, m. = ms. For mg > m1 + my the values of Zgbc have imaginary parts, which are
omitted here.
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Let us assume, that the parameters b and g of the original Lagrangian are of the order of mf(. Then in order to
calculate the second charged scalar boson mass (which is of the order of m, ) we may apply the approximation, in
which the integrals I (mq,mas, p) are substituted by Zﬁhmme. This approximation may be used at least for the rough
evaluation of the scalar boson masses as follows from Tables I and II, i.e. its accuracy is within about 20 per cents for
A =10 TeV, m, = 10my, and is improved, when the ratios m;/m, and m, /A decrease. For example, for A = 1000
TeV, m¢/m, = 1/100 the accuracy is within about five percents while for A = 5 x 10 TeV, m;/m, = 1/100
the accuracy is within two percents. Later we shall improve this accuracy substituting into the integrals I(my, ma, p)
the values of p? equal to the calculated values of the corresponding scalar boson masses squared. Thus in the first
approximation we come to

2 2\ 72 272
—p*+mi) L. + fr —miZ w
P(:harged(l?g) :< ( p t) t0x It t £t00 tx ) (81)

Wix (—p* + mi)Ziox +fx— miZ?(OO

Because of the SU(2),, symmetry of the original lagrangian we have wfx = fify. Let us neglect the difference
between Z, 0, and Z,g. This gives for the channels that include the b - quark

Myt = Mgtz =0 (52
1 2 1,9
{Mg,i),H%} - 5(22—X(1 +w?yy) +mioy)
i x0x
1 9x Ix
+- (== (1 +w?y2) —m2d,)% + 4m26
2\/ Z>2<0X X X X XZ>2<OX
~ —g2X (1+w272)+m25X71 ,
ZXOX X UL+ w2'y>2(
2 2
o= Zox 5 Fo— Do
x = ;o Ox =
Zt0x Z>2<0X

Atit was mentioned above, in this channel the charged exactly massless Goldstone boson appears (to be eaten by the I/
- boson) that corresponds to the spontaneous breakdown of SU(2),. Notice, that constant ZEOX has an imaginary part

because we consider the case m, > m;. As aresult Mgi
—_ Tt
the decay of the charged scalar field into the pair ¢b (or bt). As it was mentioned above, in order to improve the estimate

of this mass, we should substitute into Eq. (82) constants N.I(m¢, 0, MY ) and N.I(m,,0, MY instead

i i )
of ZEOX and Z)%OX with the masses Mgli) HE evaluated using the first order approximation of the above expression.
X

HE receives imaginary part as well, which corresponds to
X

t

2. Masses of CP - odd neutral scalar bosons

For the CP - odd neutral states we use the basis A; = @/, ~ [tptr — trtr], A, = é;’x ~ [tLxr — XRrtL],
= é;t ~ [Xrtr —trXL]. T = (i);éx ~ [XLXr — XrXxw]- We should solve equation

Det P”(p*) = 0 (83)

The matrix function P”(p?) in the above mentioned basis is given by:



18

2
( f ft) Nc(lg(tn%b?z;gf) Wiy — (Gtx — bex)Ae —(gt — bi) Ay —(gtx = bex) Ay
(=p* +mi +m3)x
X NI (my, my, D)
+NC(I(mX) — I(my))

+fx— (gx - bx)>‘t

—2mymy X
XNCI(mtvmxvp) *(gx - bx))‘tx
*(th - btx)AtX

Wiy — (gtx - btx)At

84
(=p* + mi +m3)x ha
—2msmy, NI (my, my, p) X NI (mg, my, D)
—(gt — b))\ X X PO Wiy — (Gex — by )A
e = A o b —Noll(my) — I(myy) I TP
+fi = (gt — be) Ay
2
—-p )Ncl(mxamxap)
—(gtx = bix) At —(g9x = bx) e Wiy = (gtx — bix)A (
X x)Mtx x — Ux)Atx X X x)Mx Ffy = (gy — by)Ay
Here parameters \ are given by
A\ =sin®0, A\, =sinfcosf, M, = cos’) (85)

Parameters g are the elements of matrix G in the basis of mass eigenstates and are given by Eq. (58). Parameters b are
the elements of matrix B in the same basis. Parameters w are the elements of matrix 2 in the basis of mass eigenstates
and are given by Eq. (64). Parameters f are given by the next equation after Eq. (64).In those equations « and € are
the mixing angles that enter the transformation from the basis of initial fermion fields to the mass eigenstates (see Eqs.
(54), (55)). Integrals I are defined in Eq. (72).

First of all, we have checked using MAPLE package, that the determinant of Eq. (84) for p = 0 is zero, which
means, that there exists the CP odd neutral Goldstone boson to be eaten by the Z boson. Again, we assume, that
parameters b and g are of the order of m?2. Therefore, the remaining masses are of the order of m,. And as for
the charged scalar bosons we first apply the approximation, in which all integrals I are substituted by the factors
VA .

MMMy
Next, we neglect the ratio m;/my and arrive at the following expression for P” (p?):

*pQZtQtX + % Jtx 0 0
Gtx (—p* + mi)ZtQXX - miZfXO + 9x 0 ) 0
0 0 (=p* + m3) 22\ +m2 27 + i;—;‘ —gi +by biy

0 0 biy —p2Z>2(XX + by

The exactly massless Goldstone boson to be eaten by the Z - boson is mostly given the combination of A; and A,,.
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The masses of the remaining CP - odd neutral scalar bosons in this approximation are

MﬁfjAX = 0,
2 2 1. g
M@0 ]" = 22wt +m2a)
txx
1 9x 9Ix
+= (T(lerQ'th) fm25t)2+4m25t )
2\/ thx X X thx
9x 2.2 2
= 1+w +mioy————,
Zt2xx ( K ) X + wQ'yf
2 2
_ Zixx 5, — thx B ZtXO
Tt = ) t — 2
Zttx ZtXX
MO, = (2 BB (4 Bt hy?
X7t X QZtXX X QZtXX
Db oo by b }1/2)1/2
1 2 1 )
thx X thx thx
where
2
= g
by = by — gy + =X (86)
9Ix

In expression for Mfri%r)t we neglect the difference between 7, Ziy0, and Zy,,, for simplicity. In practical calcu-

lation of these masses for the particular example choices of parameters (see below Sect. III D 3) we take into account
this difference. It appears, that the above expression is only the first approximation, and the actual values of masses

may have imaginary parts, which correspond to the decays of the given states to the pairs of fermions (see Sect. IIID 3,
. . . 1,2 1,2) .

where we substitute into the mass matrix constants NI (m,, m,, Mfrxyﬂ)t) and N.I(my, m,y, Mfrx_jr)t) instead of Z>2<xx

and Zt2xx with the masses M%i), evaluated using the first order approximation of the above expression). Notice, that

Ztth itself has nonzero imaginary part from the very beginning because m, > 2m;. Therefore, the mass ]\{f(‘i)Ax has
imaginary part, which also means that the corresponding state is unstable and is ably to decay into the pair ¢t.

3. Masses of CP - even neutral scalar bosons

For the CP - even neutral states we use the basis h; = ®l, ~ [trtr + trtr], by = CTDQX ~ [tLxr + XrLL],
o1 = )y ~ [XLtr +TrXL], oy = P, ~ [XLXR + XrXL]- In order to calculate the scalar boson masses we need
to solve equation

Det P’ (p?) = 0 (87)

and to identify the lowest solution of this equation with M #. The matrix function P’(p?) is



20

(—p? + 4m?)x

chI(mt, mt,p) Wiy — gtx)\t 7gt)\tx 7th)\tX
+ft — gthe
.2 2 2
( I;Vj;(mt erx))x 2mymy X
XIWNed (Mg, My, P
Wix — A X XNCI 5 ) —GxA
R +Nc(l(mx) - I(mt)) (gmtAmX p) S
— Yt t
+fx = 9xAe XX (88)
(=p? +mi +m3)x
2mym,y, X X NI (mg, my, p)
_gt)\t Wty — gt A
X XNl (mi,my,p) — gixAey  —Ne(I(my) — 1(mye)) * o
+ft - gt)\x
(—p? + 4m§()><
_gtx)\tx _gx)‘tx Wiy — th)‘X XNCI(mxa My, p)

+fx = 9xAx

Here parameters A are given by Eq. (85), parameters g are the elements of matrix G in the basis of mass eigenstates
and are given by Eq. (58). Parameters w are the elements of matrix 2 in the basis of mass eigenstates and are given
by Eq. (64). Parameters f are given by the next equation after Eq. (64).In those equations « and 6 are the mixing
angles that enter the transformation from the basis of initial fermion fields to the mass eigenstates (see Egs. (54), (55)).
Integrals I are defined in Eq. (72).

Our aim is to check that there exists the region of parameters, where the lowest CP - even neutral scalar boson
mass is given by My ~ my/ /2. One can easily find, that in the zero order approximation in powers of 1m; we have

M 1(1? ) = 0. In order to calculate the first and the second order approximations we substitute p> = M% = m?/2 into
the integrals I(m1,m2,p) in Eq. (88). Since we know the exact value of the required mass, we can do this in order
to evaluate the region of parameters, which gives the correct lightest Higgs boson mass. For the calculation of this
lightest CP even scalar boson mass we use the more refined approximation than for the calculation of the other scalar

boson masses. Namely, in order to calculate the correction to [M }f )]2 = 0 proportional to m? we consider first the
zero order approximation to P’ (p?) (with p?> = M substituted into the integrals I (m1, ma, p)) in the form

—P°Ziy + i;_; Jtx 0 0
Gtx (_P2 + mi)ZEXH - mizfxo + 9x 0 ) 0
0 0 (—p* +m3) 25 + My 20 + 5 — gt 0
0 0 0 (—p® +4m3)Z2, 4
The zero order in the powers of m; gives the following value of the smallest mass:
0 L g L /g g
MR = S+ w?) +m20) = 5 (P +wy?) = m20)? + 4m2d2~
itxH txH txH
25 w22
X1 + ’LU2’Y2,
A ZQ o ZQ
_ tXH7 5= tXH2 tXO, w:gt_x (89)
Zun ZtXH 9x
and the corresponding Higgs scalar field
h h
H o~ V2 =0
1+ w242(?
m2
(=1—-—-2X_——39§ (90)
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(The kinetic term for this field is normalized in such a way, that it is given by 1 H?*pH).

We take into account, that § < 1, i.e. that the difference between ZtQX y and tho is small. For example, for
A =1000 TeV, m, = 100m; we have § ~ 3 x 1076 as follows from Table I. Thus, this is a reasonable approximation
that allows to evaluate the lightest mass even in the presence of a fine tuning. In order to calculate the corrections
to the value of My proportional to mt we use the ordinary second order perturbation theory applied to the lowest
eigenvalue of the following matrix M2, (calculated up to the terms ~ m?):

even

2 2
Jix Zt,xH + (4Z
Jix ZixH m )
V) txH Z Z Zixn Z
9x Zin pi , {gxw +wlgs — 2w29X)m—§} Zunt {f gtwﬂ} Zun w2gy M Zexit Zusit
tx H t X L X L X XX
+[gtw2 _ 2gxw ] = )% m ttH m ttH m ttH H
ttH X
2 m? 9Ix +m (thH thO)
w(gr — 2w QX)W + (Z + 72 ym (222 2 2 ) e my ZixH
1 ZixnH xH tXO tXHmX w-9x mx WIxmy My ZxxH
[ T w ZitH 2) m;
72 —gxw W
txH X
g e Zexat (222, yym? — w?gy ) g+ (Zixu Zth)mJ wme Zox
Iy Zivn txH Ix)m 2mp G0 Zoxrt
X +(39t — ngw ) x Zxx
X
472 m?
—w2g. e ZixH ZixH my LixH w ZixH txH2 X
Ixmy My ZitH ZxxH WIxmy My LxxH 9t My LxxH 2Mmy ZixH
+gxw 2 2
m3 Z2u
X
Here g; = (Z}y + Zio)m; + w?gy — g while w = 2. This mass matrix is defined in the basis @' =
X

(Zesrrhe, Ziy by, Ziym b1, XXH¢X) in which the effective action for p? around m? /2 has the form
d4p 1T N =
Seven ~ R |:(b/i| A2 _ M2 (bl 91
/ (27T4) (p even) on

In the correction to M?, proportional to m? we may neglect d. The resulting expression for M % has the form:

2
z 1+ tx() m2
72 7?2 tXH{ X
2ZixH o2 ZtxH txH rxo
ZtQXH ZtQXO w ZtZtH 2 ! v thtH ( gt ! + tXH 4
M? ~ +4m +0(m}) (92)
H 72 Z2 4 t Z2 4 t
txH 1+ w? 1+ w?
ttH ttH

In the following we may neglect J in all other expressions. This means, in particular, that ¢ = 1 in Eq. (90). Notice,
that Eq. (92) is valid only for the small values of ratio m;/m,,. Our numerical analysis demonstrates, that Eq. (92)
gives accuracy witin one percent for the calculation of the lightest neutral Higgs boson mass for A = 1000 TeV and
my/m, = 1/100, while for A = 10 TeV and m,/m, = 1/10 it gives the accuracy of about 10 percent.

In order to calculate the remaining masses (that are of the order of m, ) we neglect the ratio m;/m,,, and consider
P’(p?) in the form

pRzd, + o Gix 0 0
Jix (=p* +m3) 22, — M3 27 + 9x 0 0
0 0 (—=p® +m2) 22, +m} ZX0+gﬂ—g 0
0 0 0 (—p? +4m2) 22,
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Iy Zy

A=10TeV 1) 16622489236 0.1537126349
my = 10my

A=100TeV | 537196349 |0.2412003776
my = 10my

A=100TeV 6 (16692489236 |0.2412003776
my = 100 my

A = 1000 TeV

0.1537126349 |0.3286881202
my = 100 my

A =5 x 10° TeV
my = 100 my

0.7397903985 |0.9147658838

TABLE II: The values of Z7 and Z; for certain values of parameters.

This gives
@ 1? L. 9x 2.2 2
[Mhthx} = §(Z2 (1 +wvyy) +myde)
txx
1 9x 9x
2 SR (1 w2?) = m20,)? + 4m26,
2\/ Zt2xx ' X X Zt2xx
~ g2X (14 wQ'th) + m%ﬁ%,
ZtXX X 1+ w27t
2 2
vy = Zixx 5 = Zinx — Zixo
Zitx , Zt2xx
M‘/’x R 2my
\/(ZEXX + Z%0)m2 +wigy — g
M,, ~ p 93)
txx

Recall, that ZtQtX has nonzero imaginary part because m, > 2m;. Therefore, the mass M ,(f;lx has imaginary part,

which means that the corresponding state is unstable and may decay into the pair {t. Again, as for the CP - odd states
the above expression for M, is only the first approximation. It actually may have an imaginary part, which results
from the more precise estimate

\/(wa,t + foo)mi +w?gy — gt
M, =~ 7 (94)
txpt

mew, = Nel(myg, my, M, ) with the first order approximation for M,,,. If the latter
. t X%Dt t . . . . wt . .

mass is larger, than the sum of m; and m,, the value of M, acquires imaginary part. In practical calculations in Sect.
IIID 3 we apply the same procedure to all other composite scalar boson masses.

We should substitute here Z2

D. Phenomenology
1. PNG candidate for the 125 GeV Higgs

Symmetry breaking pattern in the given model is as follows. Without the SU (3) breaking terms we have the original
global SU(3),@U (1), @U (1), r@U (1), g symmetry that is broken spontaneously down to U (1), QU (1), @ U (1)p.
(Here U(1)4, U(1)y, act on the left and the right - handed components of ¢ and x while U (1), acts on the left - handed
b - quark.) As a result among the 12 components of ® we have 8 Goldstone bosons. There are 4 massless states that
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Aymy+memy

) 2
mt-i-mx

are composed of b - quark: Hft7 H f, there are 3 CP - odd massless states A, 7, and and there is one

h —
CP - even massless state o T8t

When the SU (3) breaking modification of the model is turned on, the original symmetry is reduced to SU(2)1 ®
U(1)r. This symmetry is broken spontaneously down to U(1),. As a result we have 3 exactly massless Goldstone
bosons to be eaten by W+ and Z, and 5 Pseudo - Goldstone bosons. When the SU (3) breaking terms are turned on,
the structure of the scalar spectrum is changed.

We consider the particular case, when there are the following relations between the parameters of the model:

M7 < Geyy ~ My L wp ~ wy ~ A2 (95)

In the considered case the lightest CP - even state [1 is given mostly by the combination of 7, h, instead of the
combination of ¢y, hy (Eq. (90)). This state realizes the conventional top quark condensation scenario, when g¢,, < gy
so that it is composed mostly of ¢£. When m; = 0 it becomes massless. The presence of nonzero m; gives it the mass.
The expression for the mass in general case is very complicated. It depends on 5 parameters: g, gy, Gy, M, M-
The leading order in my is M% ~ m?. We demonstrate, that there exists the appropriate choice of the remaining
parameters such that the Higgs boson mass is set to its observed value that is M2, =~ mTf

Above we derived Eq. (92) for the Higgs boson mass, which is valid at m; < m,. Parameters g entering this
expression are the elements of matrix G in the basis of mass eigenstates and are given by Eq. (58). The corresponding
values of parameters satisfy relation My = m;/ V2, and g, 9x» Jixs £, my, m,, are expressed through the mentioned
above bare parameters via the gap equations Eq. (63), and through Eq. (72), and Eqgs. (58) and (59) that allow
to determine precisely 6 and « as functions of gi%tx and then g, as functions of g§f2,tx. (As it was already
mentioned, the corresponding expressions are so complicated that we do not represent them here.)

In Euclidean space the effective potential for the CP even neutral scalar bosons and charged scalar bosons is stable

if
gy >0, g >0 (96)
The appropriate choice of parameters by, by, by, always allows to make stable the effective potential for the CP odd

scalar bosons (those parameters do not enter Eq.(92)). Therefore, we consider Eq. (96) as the condition for the stability
of vacuum.

2. Electroweak symmetry breaking

Above we calculated effective action for the field <i>, which is the fluctuation above the condensate. We may consider
the part of this effective action that contains p? and reconstruct the whole effective action for the field ®:

+
S ~ /d4$ (I)bt ij2 NCI(mt,O,ﬁ) 0 (I)bt
Dy, 0 N(:I(mx7 0,9) Dy
+
n / de Dy P NI (my, my, p) 0 Dyt
(I)tx 0 Nc[(mt7 My, ﬁ) (I)tx

+
P R N I(my, my, p) 0 Doy .
+ / d'z | X P o ) X =V(p, @), 97)
< Pyx 0 Nel(my, my, p) Pyx

where potential V(p, ®) depends on momentum operator as well as on the scalar fields. V(0,®) = V(®) has its
minimum at () = % =my and (D, ) = u—\/XE = m,. We are not interested in the particular form of V.

In order to calculate the gauge boson masses we should substitute p — p — A, where A is the corresponding gauge
field. In the tree level we should then substitute the scalar fields by the condensates, and omit p. The mass term with
the gauge field squared originates from the factor ? of the above expression if the integrals I(1m1,ma,p) would be
constants. Since these integrals are slow - varying logarithmic - like functions, for the evaluation of the gauge boson
masses we are able to substitute them by the values I(my, ma,p) for a certain typical value of momentum p. For
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example, for A = 1000 TeV and m, = 17.5 TeV (and for A = 10 TeV and m, = 1.75 Tev ) the difference between
the values N.I(m¢, my,0), NoI(myg, my, Myr), and NoI(my, my, iMpr) is within 1 per cent. The typical value of p?
in this problem is, in turn, of the order of the gauge boson mass squared, which is of the same order as M 7. Therefore,
instead of N.I(m,, ms, p) in the following we substitute constants Zgb e

The mass eigenstates x 7, and ¢, are composed of the original x and ¢/ :

X = —sin@t; + cosfx}
tr, = cosOty +sinfx} (98)

/
These is the field < Z;L ) , which carries the quantum numbers of the SM SU (2), left - handed doublets. At the same
L

time t';, X, X’ carry the quantum numbers of the right - handed top quark. Correspondingly, we represent

(I)Xt = —sinH(I)t/Lt +COS€‘I)

Xpt
Py = —sinf Py +cosf P,
@y = cosO Py +sinf Py,
Py = o8O Py +sind Py (99)

This gives

+
S ~ /d4x Dy pr Zig 0 Dy
(I)bx Z>2<0H (I)bx

0
+ 2
—|—/d4$ @t/Lt ~2 ZtXHSlH 9 + ZttHCOS 9 0 @t/Lt
Dy 0 Vs Hsm29 + Z, rcos’0 Dy
Jr
+/d4x q)t/Lt ]32 —s1n29( ttH Zt2XH) 0 , q)x/Lt
q)thX 0 SlIl 29( txH ZXXH) q)X’LX
Jr
+/d4x ( q)x/Lt) ]32 (—s1n29( ttH ZtQXH) L 20 , ) <(I)t’Lt>
Dy x 0 5sin 29(thH ZXXH) Dy
Jr
+/d4z Dyry e Z2 sin?0 + Z} pcos*0 0 Py
Dy 0 72, pcos?0 + Z3, ysin®0 Dy

-V(®), (100)

In this basis (¢}, X7, tr, X r) the vacuum averages are:

<<I>t/Lt> <(I)t’Lx> _ %’UtCOSH —%uxsinH (101)
(Dyre) (Pyrx) \%vtsinﬁ %UXCOSQ

The fields @y, + and @y  are transformed under the action of the SM gauge group while @,/ ; and ®,, , are not. In
order to calculate the gauge boson masses induced by the scalar fields, we need to keep in the effective action the terms
proportional to p? standing at the products of o, . ., and @’

t xR
Sp24, = / d4x<I>t/ (w22 sin®0 + 22 gcos®0)®y, (102)
/d4z<I>t/ tnD (ZtXH sin? @ + Z2 ; cos? 0) ) v tn
In this expression we should substitute (®/, , ) = vy cosf and (@}, ) = —u, sinf. At the same time we substitute
LR LXR

p? by the gauge field squared A% = i(QQ‘Q,VWJ WH+ g% Z,Z"). Then Eq. (102) gives the masses of W and Z bosons
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Mz = gzn/2 and My = gwn/2, where

n?* = vZcos’0(Z2 ycos?0 + ZtXHsm 0)

+u sin?6 (Z xstm 20 + ZtXHCOSQO)

~ 272 m? (1 + gt; ?g’f) (103)
ttH

(We neglect here the terms proportional to m? / m .) The W and Z - bosons acquire their observable masses if 17 ~ 246

GeV. In principle, this expression works reasonably well even for A = 10 TeV, m, = 10m,.

Notice, that in our approach the two composite scalar fields ®; and @, are condensed and both contribute to the
gauge boson masses. While the condensate of @, (proportional to the mass of the heavy fermion x) is larger, that the
condensate of ®y, the coupling of Oy to the W and Z bosons is suppressed by the factor my/m.. Thus, in general
case the contributions of both scalars to the gauge boson masses are of the same order. For the large values of A the
®yy dominates while for low values of A the ®,, dominates. The 125 GeV Higgs boson is composed mostly of @
and ®,. Therefore, for low scale of the hidden interaction its contribution to the Electroweak symmetry breaking is
not dominant.

3. Example choices of parameters

Below we consider the two particular example choices of parameters, which give realistic spectrum of the scalar
boson masses.

1. Let us suppose first, that the scale of the new interaction is A ~ 103 TeV while m,, = 100 m;. We require
My =~ my/V2 ~ 125 GeV (104)

and consider as an example the following particular choice of parameters (that provides Eqs. (103) and (104)):

_y Zyn 1
X thH ZtQtH

= 0379 Z7, ymy, g = LTAZ] ym?,

Jtx -1, (105)

All values of bare and intermediate coupling constants as well as all observable masses for this example choice
of initial parameters are collected in Table III.

2. The second example choice of parameters correspondsto A = 10 TeV and m,, = 10m;. In this case we consider
the following particular choice of parameters (that provides Egs. (103) and (104)):

g ZywH 1
X thH ZtQtH

gy = 0.169 Z} ym?, g = 1742} ym?

Jtx = -1, (106)

All values of bare and intermediate coupling constants as well as all observable masses for this example choice
of initial parameters are collected in Table IV.

Recall, that the values of g¢, gy, g+, are the elements of matrix GG in the basis, in which the fermion mass matrix is

diagonal. The original parameters of the model gﬁ?;tx are the elements of matrix G in the basis, in which (b ¢7 )7 is

the SU(2), doublet, x/ is the SU(2), singlet while matrix € is diagonal. (Here SU(2)y, is the part of the SM gauge
(0)

group.) The values g; y

are related to gy, xix via Eq. (58) while « is given by Eq (61) Parameters w ,, are related

that is much larger than the
(0) (0)

other quantities we encountered here. The orlglnal parameters are related to w; x as wy, = cos’aw; yt sina wy,

N

and are also of the order of =% A?. This is the difference between wy and 3 Ne A2 that together W1th the Values
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of g¢.ytx define the dynamical fermion masses. The angle 6 relates mass eigenstates ¢, x, with the original states
), X, (where ¢, is transformed under the action of the SM SU (2), gauge group).

In the first one of the above examples the difference of scales between A ~ 103 TeV, my ~ 17.5TeV and m; ~ 175
GeV implies a kind of fine tuning. Such a difference may survive in the theory only if the values of coupling constants
are close to their critical values at which the chiral symmetry breaking occurs. Moreover, to provide this we are to
disregard the higher order 1/N, corrections. The latter implies that the given NJL model should be defined with the
counterterms that cancel the dangerous terms of the order of ~ A? coming in the next to leading 1/N, corrections.
(As it was mentioned in the introduction we imply this kind of the NJL model. For the discussion of this issue see also
[16, 39, 50] and references therein.) Notice that the results of [2] are valid under the same assumptions.

In general case the masses of the remaining CP - even scalar bosons are of the order of m,, if g, ~ mi and may
be made sufficiently large by the appropriate choice of the ratio m;/m,. Correspondingly, they are able to decay
into the pairs of fermions, which results in the imaginary part of their masses. The masses of CP - odd scalar bosons
depend on the additional parameters b¢, b, , b.,. Those parameters should be chosen large enough in order to provide
the stability of vacuum. We may choose their values in such a way, that the corresponding masses are also of the order
of m,. The mass of the charged scalar boson is given by Eq. (82) that is approximately equal to M, ,S;LX = MX)AX.
In the considered examples the CP - even pseudo - Goldstone boson - the candidate for the role of the 125 GeV Higgs
is the only stable composite boson and is sufficiently lighter than the other composite scalar states. Due to mixing all
neutral scalar bosons (except the 125 GeV scalar) are able to decay into the pair ¢£. We do not exclude, that some of
the composite scalar bosons may become stable if the scale of the interaction is lower, than 10 TeV while the heavy
fermion mass is smaller, than 1.75 TeV: this may occur if the masses of the scalar bosons are smaller than 2m; (for
the neutral scalar bosons) and m; + my ~ m; (for the charged scalar boson).

4. The Effective lagrangian for the decays of the CP - even Pseudo - Goldstone boson (neglecting the ratio my/m.)

As it will be seen below, the decay probabilities of the given scalar boson do not contradict the present experimental
constraints. The H - boson production cross - sections and the decays of the Higgs bosons are typically described by
the effective lagrangian of the following form:

2

Qm%/v + _ mZ Qg
HWN WN + CZTHZ#Z# + CgTﬂ'nH GZVGZV + C

Lejs = cw %H A A, (107)

T
Here G, and A, are the field strengths of gluon and photon fields. We do not consider here the masses of the
fermions other than the top quark and x. Therefore, we omit in this lagrangian the terms responsible for the core-
sponding decays. This effective lagrangian should be considered at the tree level only and describes the channels
H — gg,vv, ZZ, WW,. The fermions and W bosons have been integrated out in the terms corresponding to the de-
cays H — v, gg, and their effects are included in the effective couplings ¢, and c¢,,. Inthe SM we have ¢z = cw = 1,
while ¢, ~ 1.03, ¢, = —0.81 (see [47]).

Below we evaluate the mentioned coupling constants in our model neglecting the ratio m;/m,,. We will demon-
strate, that the result is given by the SM values. The corrections to these values, therefore, depend on the ratio m;/ my
and are small provided that this ratio is small. The evaluation of these corrections is out of the scope of the present
paper.

Let us define the neutral scalar field given by the sum of the condensate and the fluctuation A around the condensate:

72
Zyn®, — w LD,
ttH ¥ ¢t Zeirr X (108)

2
1+ w? Zixn
z;

2
ZixH

ZitH

(I)H%\/E

(tLXr + XrtL)

~

\/izttH(thR +ipty) —w

72
2 tx H
1+ w Zr
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Vacuum average of this field is
Z.
(On) ~ —=HL (109)

Z

2
2 ZtxH
1+w 7

We also define the neutral scalar fields

ﬁthXH (I)Qt + thH (I)QX

)
hihy =
L+ w22
ttH

D,, ~ V2Zyu®,
V272 ®, (110)

Q

Q

Px

The latter field has vacuum average

(Py,) = Zyymuy (111)

In order to calculate the decay constants of the Higgs boson we should substitute into Eq. (102) the following
expressions

<I>trLt = cost Py —sinf Oy,

Dy x cos O @y, —sinf @y, (112)

This gives

Spa,p, = / d*z(cos Py — sin 0 By )p° (Z2, ysin®0 + Z7, jycos°0) (cos § Py —sinf Dy ) (113)
+ / d*z(cos @ Dy — sin O B, )p* (ZfXH sin? 0 + Z2 ;; cos® 0)(cos O &y — sin 0 @, ;)

The real parts of the scalar fields should be expressed through ® 5, @5y, Py, , and o, :

Pt

(‘I)H +wZns @hthx)

ZiH

o, =
tt = —
ﬂZttH\/ 1+ w?
ttH
— dyuwint L P
(I)/ _ H Zit i hy,hx
tx T >
V3 |1+ w2 52
ttH
)
O, ~ —2—
X ﬂthH
q)/ ~ (I)‘/’x
XX \/§ZxxH
Next, we expand them around the condensates and keep only the terms linear in H:
cos HwZxr
Spe.m = / d'z Z“; P2 (Z5 ysin®0 + Z7, pycos”0) sin 6 uy (114)
thH 1+ ’LU2 #’Zj
0H
+ / dz o8 ﬁQ(ZtQXH sin? 0 + Z2 7 cos® 0) cos 0 vy
Z2
Zymy |1+ w? 552

ttH

Finally, we substitute p® by the field A* = (295, W,fW* + g3, 7, Z"):
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2 Zix
o HVE e
sz,H = d*x A thH UVt (115)

2
1+ w? Zixm
ZQ

ttH

H
b [dte e
2
ARl v
Z2
/d4IL'HUtZttH 1+’U_)2tTXH A2
ZttH

/d4:cHnA2 (116)

2
A" Zym ve

%

Q

Recall that My = gzn/2 and My = gwn/2. Thus we are able to evaluate the values of ¢y and ¢y entering Eq.
(107):

lew|* = Jez” =1 (117)

In order to evaluate constant ¢, we need to consider the vertex for the transition H — ¢t. It appears from the interaction
term of the lagrangian

Lo = — [{Lq)tttR + (h-C.)} (118)

This gives the interaction term of A and the top - quark:

H ) )
=—"nH (119)

LH%R = - 22 n
V2Zsimy 1+ w? F
ttH

and results in the Standard Model value

legl? =1 (120)

Expression for ¢, is more complicated. However, in the considered approximation (when we neglect corrections
proportional to m?/ mi)) it is also given by the SM value. Notice, that the top quark is integrated out in Eq. (107),
and its coupling to H is absorbed by ¢, and c,.

In principle, if we consider the choice of coupling constants that corresponds to sufficiently light x, the valuable
corrections to the Higgs boson decay constants would appear. The corresponding experimental data are presented in
Fig. 25 of [48].

Thus we see, that although the contribution of the 125 GeV Higgs to the Electroweak symmetry breaking may not
be dominant, its decay constants are close to their values in the Standard Model, where it gives the only contribtion to
the gauge boson masses.

It is worth mentioning, that in our estimates we disregarded completely the running of coupling constants from the
scale A to the electroweak scale. This running affects essentially the values of the scalar boson masses if the scale is
sufficiently high [26, 27]. This is more or less obvious, however, that our large number of free parameters allows a
choice that leads to the necessary relation between the renormalized values of scalar boson masses and renormalized
values of effective coupling constants entering Eq. (107).

We did not consider in this paper the other contributions of the Electroweak gauge fields to the effective lagrangian.
Those contributions are suppressed, however, due to the smallness of the electroweak gauge coupling (see [1, 2]).
We also did not considered the contribution of the heavy fermion y to the Electroweak polarization operators (S
and T parameters). The latter contribution is controlled by the ratio m,/m,, and if its value is sufficiently small the
contribution of x to S and T parameters is suppressed [2].
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Bare parameters

0 0 0 0 0 0 0 0
B ) I o G I S I A
87 TeV 2 —84TeV 2 [106 TeV 2|18 TeV 2[5.9 TeV 2|563 TeV 2|33 TeV 2| —0.073 TeV 2[1000 TeV

Intermediate parameters
N A2

72 wx — ]:.frcz A2 gt gtx gX bt btx bX ft f)(
78TeV?2 | —74TeV?2 |92 TeV 2|39 TeV 2|20 TeV 2|528 TeV 2|105 TeV 2|264 TeV 2|77 TeV 2|20 TeV 2

Wy —

Fermion masses, scalar boson masses, and mixing angles

2 2 1
m, My Mu M;(L,,)hx Mf(4t)Ax M;%,H%
175GeV  [17.5TeV| 125GeV  [(22 — 2.94) TeV (22 — 2.914) TeV| (22 — 2.9i) TeV
1 2
M, M, MY M2, o 0
(22 — 0.51) TeV| 35 TeV |(63 — 10) TeV| (38 — 74) TeV | —0.0763 7 0.00627

TABLE III: Values of bare and intermediate coupling constants as well as the observable masses for the first considered example
choice of initial parameters. Bare coupling constants enter the original lagrangian: Eqs. (39), (41), (43), (44). The ultraviolet cutoff
A is present there implicitly. Intermediate coupling constants appear, when the lagrangian is written in terms of mass eigenstates.
Those parameters enter gap equation Eq. (63) and the expressions for scalar boson masses. Mixing angles « and 6 enter the relation
between the original fermion fields of the model and the mass eigenstates in Egs. (54), (55). Accuracy of our calculations is within
about 5 per cents for the considered choice of parameters. All scalar bosons excluding the 125 GeV Higgs are unstable, which
corresponds to their decay into the pairs of fermions. Correspondingly, their masses have imaginary parts. The imaginary part of
M., is suppressed by the factor m;/m, and is not represented here.

Bare parameters
R g N T N N I I A

82

0.45TeV?2 | —0.38 TeV 2 [0.48 TeV 2{0.063 TeV 2]0.0094 TeV 2{2.7 TeV 2|0.27 TeV 2| —0.056 TeV 2|10 TeV

Intermediate parameters
_ Ne A2 _ Ne A2 b b b
Wy — gx2 Wy = 272 gt Jix 9x t tx X Jt Ix
0.43TeV 2 | —0.36 TeV 2 [0.45 TeV 2|0.14 TeV 2[0.044 TeV 2[2.6 TeV 2{0.5 TeV 2|1.3 TeV 2|0.44 TeV 2|0.044 TeV 2

Fermion masses, scalar boson masses, and mixing angles

(2) (2) (D)
my My My MhthX MAtAx MH,*,H*
175 GeV 1.75 TeV 125 GeV (2.0 —0.54) TeV|(2.0 — 0.53) TeV|(2.0 — 0.57) TeV
1 2
Mapt MLPX MT(rt?ﬂ'X MT(FX),Trt « 0
(2.3 —-0.149) TeV| 3.5 TeV | (5.8 — 214) TeV| (3.5 — 13) TeV —0.054 7 0.0098 7

TABLE IV: Values of bare and intermediate coupling constants as well as the observable masses for the second considered example
choice of initial parameters. Bare coupling constants enter the original lagrangian: Egs. (39), (41), (43), (44). The ultraviolet cutoff
A is present there implicitly. Intermediate coupling constants appear, when the lagrangian is written in terms of mass eigenstates.
Those parameters enter gap equation Eq. (63) and the expressions for scalar boson masses. Mixing angles « and 6 enter the relation
between the original fermion fields of the model and the mass eigenstates in Eqgs. (54), (55). Accuracy of our calculations is within
about 15 per cents for the considered choice of parameters. All scalar bosons excluding the 125 GeV Higgs are unstable, which
corresponds to their decay into the pairs of fermions. Correspondingly, their masses have imaginary parts. The imaginary part of
M., is suppressed by the factor m;/m, and is not represented here.

IV. CONCLUSION AND DISCUSSIONS

In the considered scenario, the symmetry breaking takes place at the high energy scale, where there is the hidden
symmetry (in *He-B it is the separation of spin and orbital rotations, in the proposed model of top quark condensation
this is the SU(3), symmetry). This symmetry is violated at low energy. As a result, some of the Nambu-Goldstone
modes transform to the light Higgs bosons. Such scenarios of emergence of light Higgs may have some, though not
always exact, parallels in the other models of high energy physics.

Let us consider, for example, the hidden chiral symmetry in QCD. It is provided by an approximation in which the
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u and d quarks are considered as massless. The spontaneous breaking of the hidden symmetry leads to three pions
(one neutral and two charged) as the massless Goldstone bosons. These pions become massive when one takes into
account the nonzero masses of u and d quarks. The masses of pions are much smaller, than the mass of the local Higgs
boson (the o-meson). This situation is similar to that of the top - seesaw models of [1, 2], where the explicit mass term
is introduced that breaks the hidden SU(3) 1, symmetry. It, however, is different from that of 3He-B, where there is no
explicit mass term for the fermions. Instead, the spin - orbit interaction appears as a modification of the original four
- fermion interaction. In the present paper we propose the model of top quark condensation, in which the SU(3),
symmetry is broken by the modification of the four - fermion interaction in an analogy with He-B.

The top quark condensation model considered in the present paper is similar to the top - seesaw models of [1, 2].
Our model (as well as the models of [1, 2]) contains the CP - even light Higgs, whose mass appears as a result of the
soft breakdown of SU (3), symmetry. In this respect this model differs from QCD, where the massive pions are CP -
odd states. The light Higgs of our model is similar to the light Higgs boson of He-B, that has all the signatures of the
Higgs boson: it is the amplitude mode of the Higgs triplet vector field n, while the rotational modes of Higgs triplet
represent the NG bosons in a full correspondence with the Higgs scenario.

The situation in *He-B and in the complicated top quark condensation model considered here is also close to that
of the Little Higgs models (see review [18] and references therein). In the Little Higgs approach the Higgs particles
also appear as the pseudo-NG bosons (though not composed of the top quark). The corresponding field has all the
properties of the Higgs field, whose collective modes contain both the amplitude Higgs modes (the Higgs bosons)
and the NG modes (in gauge theories the NG modes are absorbed by the gauge fields and become the massive gauge
bosons). That is why we may also say that the massive mode #15 in *He-B — the gapped spin wave — represents
the condensed matter analog of the Little Higgs. The appearance of the analogs of the Little Higgs bosons is also
possible in the other condensed matter systems. The abstracts of the recent International Workshop “Higgs Modes in
Condensed Matter and Quantum Gases”, can be found in Ref. [46].

In ®He-B, there is the large difference in energy scales between the heavy Higgs bosons and the light Little Higgs.
That is why the transformation of the NG mode to the Little Higgs practically does not violate the Nambu sum rule
[15]. The Nambu partner of the Little Higgs is the heavy Higgs with energy close to 2A, which has the same quantum
numbers (J = 1,J, = 0), but different parity. The considered light Higgs is essentially lighter than the fermionic
quasiparticles, which have the gap A. This indicates, that if this scenario works in the SM and the observed 125 GeV
Higgs is the Pseudo - Goldstone boson, then there should be the additional fermion, which is much heavier, than the
top quark.

Indeed, in the considered model of top quark condensation the additional fermion x is much more heavy than the
top quark. In the proposed model we evaluate in the leading order of the 1/N, expansion the decay branching ratios
of the Higgs boson. Their deviations from the SM values are suppressed by the ratios m;/m,,, and therefore do not
contradict the present LHC data. The CP even neutral pseudo - Goldstone boson may be composed mostly of the
trtr and t1, x g pairs (with the valuable contribution of the first pair). The corresponding coupling constants in the
effective lagrangian (that describe its decays) may be very close to the SM values. The parameters of the model may
be chosen in such a way, that the Higgs boson mass is given by the observable value 125 GeV. In the present paper we
do not analyse in details the phenomenology of the model. In particular, we do not consider the effect of the SM gauge
interactions on the model and the mechanism for the generation of the masses of the other SM fermions. (Only the
mechanism for the generation of m; has been discussed.) Besides, we disregarded completely the running of coupling
constants from the scale A to the electroweak scale. This running may affect essentially the values of the scalar boson
masses if the scale A is sufficiently high [26, 27]. This is more or less obvious, however, that even in such case our
large number of free parameters allows a choice that leads to the necessary relation between the renormalized values
of scalar boson masses and renormalized values of effective coupling constants entering Eq. (107). On the other hand
for low values of A our estimate for the Higgs boson mass Eq. (92) becomes less accurate. Say, at A = 10 TeV and
m, = 1.75 TeV it gives accuracy about 10 percent. However, the proposed approach clearly remains at work for A
equal to a few TeV. The detailed consideration of this case is technically rather complicated if we need to achieve a
better accuracy of the estimates. Thus we expect, that our consideration may give a sufficient qualitative pattern of
the theory, in which the pseudo - Goldstone boson plays the role of the 125 GeV Higgs. We prefer not to call our
construction the top - seesaw model because unlike [31] the traditional scheme with the off - diagonal condensate
(trxr) is not necessary (though allowed).

Unlike [1, 2] in our case the explicit mass term is absent and the soft breaking of the SU(3) symmetry is given
solely by the four - fermion terms. This reveals the complete analogy with He, where there is no explicit mass term
and the spin - orbit interaction has the form of the modification of the original four - fermion interaction.

The top quark condensation model with the four - fermion interaction considered here should necessarily appear
as the effective low energy approximation to the unknown microscopic theory. Certain non - NJL corrections to
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various physical quantities are to appear from this microscopic theory. If the discussed scenario (in which the 125
GeV Higgs boson appears as the composite Pseudo - Goldstone boson), will be confirmed by experiment, such a
theory is to be constructed. It may be very unusual. In particular, the nature of the forces binding fermions in
Higgs boson may be related to such complicated objects as the emergent bosonic fields that exist within the fermionic
condensed matter systems (graphene and superfluid He-3). In condensed matter systems various emergent gauge and
gravitational fields appear [49]. Those emergent gravitational fields should not be confused with the real gravitational
fields. Typically, the emergent gravity in condensed matter does not have the main symmetry of the gravitational
theory (the invariance under the diffeomorphisms does not arise). That’s why in the majority of cases we may speak
of the emergent gravity only as of the geometry experienced by the fermionic quasiparticles. The fluctuations of the
gravitational fields themselves are not governed by the diffeomorphism - invariant theory. We suppose that the objects
like these emergent gauge and gravitational fields may play a certain role in the formation of forces binding fermions
within the composite Higgs bosons.

We also do not exclude the possibility, that certain part of the extended real gravitational fields may play a role in
the formation of such forces. In particular, there exist the theories of quantum gravity with torsion [50], in which the
fluctuations of torsion have the scale slightly above 1 TeV while the scale of the fluctuations of metric is the Plank
mass. The mentioned fluctuations of torsion may also be related to the formation of composite Higgs bosons.

A less unusual scenario of physics behind the four - fermion interactions of the top - seesaw model involves the
exchange by massive gauge bosons, which appear in the conventional renormalizable field theory (see, for example,
[39] and references therein).

It is worth mentioning, that our model, in principle, admits a generalization to the case, when all remaining SM
quarks and leptons are present. In the framework of top - seesaw models the corresponding generalization has been
discussed, for example, in [31]. In our case we should start from the generalization of Egs. (39) and (40), where
all left - handed and right - handed quarks and leptons are present. In addition the lagrangian may include several
extra fermions x(¥, i = 1,2, ... (similar to the x of the present paper). The lagrangian should be invariant under the

unitary transformation group G that mixes left - handed quarks and leptons and the extra fields X(Ll). At the next step
of the construction we should break this GG softly by the four - fermion interactions and, possibly, by the explicit mass
terms that involve the extra fermions x(?). This will result in the appearance of the Pseudo - Goldstone bosons. The
whole construction should provide the appearance of the CP - even Pseudo - Goldstone boson that may be identified
with the 125 GeV Higgs boson, while the remaining scalar bosons should have much larger masses (or much smaller
production cross sections) in order to avoid the present experimental exclusions. From the technical point of view such
a construction should be rather complicated.
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