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The Local Rotation Set is an Interval

JONATHAN CONEJEROS

Abstract

Let Homeog (RQ;O) be the set of all homeomorphisms of the plane
isotopic to the identity and which fix 0. Recently in [LeR13] Frédéric
Le Roux gave the definition of the local rotation set of an isotopy I in
Homeog (RQ; O) from the identity to a homeomorphism f and he asked if
this set is always an interval. In this article we give a positive answers
to this question and to the analogous question in the case of the open
annulus.

1 Introduction

The concept of rotation number was introduced by H. Poincaré to study the dy-
namics of orientation-preserving homeomorphisms of the circle T! (in the con-
text of torus flows, see [Poi85]). More precisely, for every orientation-preserving
homeomorphism h of the circle T', H. Poincaré defined a number p(h), mea-
suring the “asymptotic speed of rotation of the orbits of h around T'”. He
proved that this number provides information about the dynamics of A. The
construction of H. Poincaré can be generalized for homeomorphisms of surfaces.
In the case of the two-dimensional torus T? = R?/Z2, this notion of rotation set
was introduced by M. Misiurewicz and K. Ziemian (see [MZ89]). For a torus
homeomorphism f which is isotopic to the identity, the rotation set associated
to some lift f of f, denoted p(f), is a subset of R2. In this, and in many other
articles it is studied the relation between the rotation set and the dynamics of
f. For example if (p1/q,p2/q) is a rational point in the interior of p(f), then
there exists a g-periodic point for f (see [Fra88]). In [LM91] is proved that if
p(f) has interior non-empty, then f has positive entropy. More recently, using
transverse foliations to the dynamics, one can give more precise descriptions of
the dynamics of some homeomorphisms of the torus (see for example [Dav13]
and [LT15]).

1.1 Main results

In this article, we are interested in the local case and in the case of the open
annulus A = T! x R. In the local case, firstly, V. Naishul’ proved that for dif-
feomorphisms f which fix 0 and whose differential at 0 is a rotation, the angle
of the rotation is a topological invariant (see [Nai82]). In [GP95] J.-M. Gam-
baudo and E. Pécou gave a simple proof of Naishul’ result. Next P. Le Calvez



(see [LeC03]) and then P. Le Calvez and J. C. Yoccoz (see [LY97]) defined the
local rotation number of some homeomorphisms. These works provide settings
where the local rotation set is a single number. More recently, F. Le Roux de-
fined the local rotation set for a general homeomorphism isotopic to the identity
of the plane which fixes 0 (see [LeR13]). An easy but important example is the
family of the fibered rotations. For a continuous function « : (0,+00) — R we
define the fibered rotation as:

ha i (r,0) — (r,0 + a(r)).

In this case, the local rotation set of h, coincides with the limit points of the
function « at 0. Hence for every compact interval in [—oo, +00] there exists a
fibered rotation whose local rotation set is this interval.

A natural question is: Is the local rotation set always an interval? The
following theorem give a positive answer to the above question. We denote by
Homeog (RQ; 0) the set of all homeomorphisms of the plane which are isotopic
to the identity and which fix 0.

Theorem A. Let I be an isotopy in Homeog (RQ;O) starting from the iden-
tity. Then the local rotation set of I, pioc(I), is an interval. More precisely:
every rational number % belonging to the interior of the convex hull of pioc(I) is
included in the rotation set of a compact invariant set K arbitrarily close to 0.

Let us turn to the case of the open annulus A = T! x R. The notion of
rotation set was introduced by J. Franks (see [Fra96], see also [LeR13]). On
the other hand, P. Le Calvez introduced the rotation set of recurrent points
(see [LeC01]). Moreover these sets coincide if the latter is non-empty and the
homeomorphism satisfies the intersection property (see [Wanl4]). Our second
result is the following. We denote by Homeog (A) the set of all homeomorphisms
of the open annulus which are isotopic to the identity.

Theorem B. Let I be an isotopy in Homeog (A) starting from the identity.
Then the rotation set in the open annulus, pann(I), is an interval.

1.2 Analogous results for some compact surfaces

Let us recall briefly analogous results of Theorems A and B for some compact
surfaces. In the case of the closed annulus A = T* x [0, 1], one can easily give
a positive answer to above question. Let f be a homeomorphism of the closed
annulus which is isotopic to the identity and let I be an isotopy from the identity
to f. There is a lift f: R x [0,1] = R x [0, 1] of f associated to I. The rotation
set of I is a compact interval of R, which measures the asymptotic speeds of
rotation of the orbits of f around the annulus. More precisely let n > 1 be an
integer, we define

. {m(f"@) -n(3)

n

:EeRx[O,l]},



where p; : R x [0,1] — R is the projection on the first coordinate. The rotation

set of I is
o(1) == () I pn).

m>1 n>m

Since A is a connected set, the set p, is a connected subset of R. Using that pg,
is contained in p,, for every integer k > 1, we deduce that U, >, py, is an interval
for all integer m > 1, and thus p(I) being a decreasing sequence of intervals, it
is an interval.

In the case of the two-dimensional torus T? = R?/Z2, M. Misiurewicz and
K. Ziemmian proved in [MZ89] that the rotation set is a compact convex subset
of R%. However, it is not known which compact and convex subsets of the plane
can be realized as rotation sets of homeomorphisms of T2. It was conjectured
by J. Franks and M. Misiurewicz in [FM90] that a line segment L could not be
realized as a rotation set of a torus homeomorphisms in the following cases: (i)
L has irrational slope and a rational point in its interior, (ii) L has rational slope
but no rational points and (iii) L has irrational slope and no rational points.
Recently P. Le Calvez and F. A. Tal proved case (i) (see [LT15]), and A. Avila
has announced a counter-example for case (iii).

At first sight, the local case and the open annulus case may seem very close
to the closed annulus case. However, if we try the straightforward adaptation
of the notion of rotation set of the closed annulus, the invariance by topological
conjugacy fails. A solution for this is “to select good orbits”, but the resulting
definition is a little more complex (see the definition of px (I) below) and the
easy argument for the case of the closed annulus fails to prove the connectedness
of the local rotation set.

1.3 Strategy of the Proofs

Now, we will give the precise definitions and the strategy of the proof of Theorem
A (these can be adapted to prove Theorem B). Let f be in Homeog (RQ; O) ie. a
homeomorphism of the plane R? which is isotopic to the identity and which fixes
0. Let I = (ft)te[o,1) be an isotopy from the identity to f in Homeog (]RQ;O),
that is a continuous path ¢ — f; from [0, 1] to Homeog (RQ; 0) (endowed with
the compact-open topology), which connects the identity to f; = f. Let 7 :
R x (0, +00) — R2\ {0} be the universal covering of R\ {0} and let I = (ﬁ)te[o,l]
be the lift of the isotopy I to the universal covering of R?\ {0} such that fo = 1Id,
one defines f := f1. Given z € R2\ {0}, and an integer n > 1 we consider p,,(z)
the average change of angular coordinate along the trajectory of z for the isotopy
I, ie.

pul2) 1= = (01 (F(2)) ~ 11 (3))



where p; : R x (0, +00) — R is the projection on the first coordinate and Z is a
point in 771(2). Next for a compact set K in R? \ {0} we define

(D)= () [ U fpn(2): 2 € K, f7(2) € K}

m>1 n>m

where the closure is taken in R := RU{+o00}U{—0c0}. We will give the definition
of the local rotation set of I due to F. Le Roux (see [LeR13]). Given two
neighborhoods V' and W of 0 with W C V, we define

pvw() = () CL| |J{pn(2) 1 2 @ W, f"(2) ¢ W, and 2, , f"(2) € V'}

m>1 n>m

The local rotation set of the isotopy I is defined as

ploc(I) = ﬂcn < U pV,W(I)> )

wcv

where W C V are neighborhoods of 0. Note that py,w(I) is analogous to the
above definition of px(I) with K = V \ W. Using usual properties of the
rotation sets, we can reduce the proof of Theorem A to the following theorem.

Theorem A*. Let I be an isotopy in Homeog (RQ;O) from the identity to a
homeomorphism f. Suppose that the local rotation set pioe(I) contains both
positive and negative real numbers. Then 0 belongs to pioc(I). More precisely,
for every V' neighborhood of 0, there exists an f-invariant and compact set K
in R2\ {0} contained in V', such that 0 belongs to pr(I).

This theorem is an improvement of a result due to F. Le Roux. Under the
hypotheses of Theorem A* and assuming furthermore that f satisfies the local
intersection property, i.e. every Jordan curve 7 non-contractible in R? \ {0}
meets its image under f, i.e. f(y) N~y # 0, he proved that V' contains a con-
tractible fized point z under I, i.e. a fixed point of f such that its trajectory
under the isotopy I, z + f;(2) is a loop contractible in R?\ {0} (see [LeR13]
and for the case of the open annulus [LeC05]). Thus we see that, in this case,
we take K = {z}.

On the other hand, let us examine the opposite case when f does not have
any contractible fixed point close enough to 0. We can apply a generalization of
Brouwer’s translation theorem due to P. Le Calvez (see [LeC05]), and we obtain
an oriented foliation F defined in R? \ {0} which is positively transverse to the
isotopy I. Let 7 be a closed leaf of F. Then ~ is a Jordan curve, it is essential
i.e. non-contractible in R?\ {0}, and it is f-free, i.e. f(y)Ny = (). Using the fact
that pioe(I) contains both positive and negative real numbers, one obtains the
following situation. In every neighborhood of 0, there exist three closed leaves
Y0, 71 and 2 of F such that:



(i) the curve 77 separates vy et 7o.

(ii) The set of the points x such that all iterates of  under f remain between
~o and 1 is non-empty and its rotation set is contained in (0, 4+00).

(iii) The set of the points x such that all iterates of x under f remain between
v and 49 is non-empty and its rotation set is contained in (—o0,0).

Thus Theorem A* will be a consequence of the following theorem. This is
the main and new result of this article. For E subset of R?\ {0} we write O(E)
for the mazimal invariant set of E, that is, the set of the points x of E such that
all iterates of z under f remain in E. We remark that R?\ {0} is homeomorphic
to the open annulus A, and so all above definitions are valid in A.

Theorem C. Let I be an isotopy in Homeog (A) from the identity to a home-
omorphism f. Assume that there exist vo, y1 and o three essential, pairwise
disjoint and f-free Jordan curves in the annulus A such that ~1 separates g
of va. Fori € {0,1} let ©(A;) be the mazimal invariant set of the annulus A;
delimited by ~v; and 7v;+1. Suppose that

(i) the sets ©(Ap) and ©(A;) are non-empty; and

(ii) the set pe(a,) () is contained in either (0,+400) or (—00,0) and pea,)(I)
is contained in the other one.

Let ©(A) be the mazimal invariant set of A = AgU Ay. Then

0 € po(a)().

,,,,,,

Y\

b= et T =< 5
Y2 ftyy

- TN T Tl o
R =~ sero

Figure 1: Theorem C

Another consequence of Theorem C is the following.

Theorem D. Let I be an isotopy in Homeog (A) from the identity to a home-
omorphism f. Assume that there exist v and v~ two essential, disjoint f-free



Jordan curves in the annulus A. Let ©(A) be the mazimal invariant set of the
annulus A delimited by v+ and v~ and suppose that O(A) is non-empty. Then
pe(a)(l) is an interval.

Let us give a plan of this article. In Section 2, we will recall some definitions
and results that we will use in the proof of Theorems A and B, in particular P. Le
Calvez’s generalization of Brouwer’s translation theorem. In Section 3, we will
prove Theorem A assuming Theorem C. In Section 4, we will prove Theorem B
assuming Theorem C. In Section 5, we will prove Theorem D. Finally, in Section
6, we will prove Theorem C.
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2 Preliminary results

In this section, we will recall some definitions and results that we will use in
the rest of the article, in particular the generalization of Brouwer’s Translation
Theorem due to P. Le Calvez.

2.1 Foliations

Let M be an oriented surface. By an oriented foliation with singularities F on
M we mean a closed set Sing(F), called the set of singularities of F, together
with an oriented topological foliation F’ on M \ Sing(F), i.e. F' is a partition
of M\ Sing(F) into connected oriented 1-manifold (circles or lines) called leaf
of F, such that for every z in M \ Sing(F) there exists a neighborhood U of
z, called trivializing neighborhood and an oriented preserving homeomorphism
W, called trivialization chart at z mapping U to an open set U’ of R? such that
1 maps the foliation induced by F in U to the oriented foliation by vertical
lines oriented upwards. By a theorem of Whitney (see [Whi33] and [Whi4l]),
all foliations with singularities F can be embedded in a flow, i.e. F is the set
of (oriented) orbits of some topological flow ¢ : M x R — M (where the set of
singularities of F coincides with the set of fixed points of ¢). Therefore, we can
define the a-limit and w-limit sets of each leaf of F as follows: If [ is a leaf of F
and z is a point of [, then

wl)== () CYo(z,t):t' >t} and ol):= (| CYo(z,t):t <t}

te[0,400) te(—o0,0]

Let F be an oriented foliation with singularities on M. We say that an arc
~ in M \ Sing(F) is positively transverse to F if for every to € [0,1], and ¢
trivialization chart at y(to) the application ¢ — p1(¥(y(¢))) is increasing in a
neighborhood of ty, where p; denotes the projection onto the first coordinate.



2.2 Isotopies

An isotopy I = (ft)iefo,1] on M is a family (f;)seo,1] of homeomorphisms of
M such that the map (z,t) — fi(2) is continuous on M x [0,1]. This implies
that the map (z, t) — f 1(2) is continuons, and then we can define the inverse
isotopy 1! = (f; ")eejo,1)- Two isotopies I = (ft)iepo,1) and I’ = (f{)iejo,1) are
said to be homotopic 1f there exists a family (f:,s)(,s)e[0,12 of homeomorphisms
of M satisfying

e fio=fi forevery t € [0,1];
o fi1= f; for every t € [0,1]; and
e the map (2,t,s) — fis(2) is continuous on M x [0, 1]%.

Let I = (ft)iepo,1] and I' = (f{)tecjo,1] be two isotopies on M. Then I * I’ =
(9¢)tejo,1) denotes the isotopy defined as

_ ) fars if()gtg%
T ssoh, ifi<t<l

In particular if ¢ is an integer, we define I? as the isotopy Ix- - -xI (g times) if
g>landas [71x.--xI71 (—q times) if ¢ < —1. Let M be an oriented surface,
and let [ = (ft)te[o 1 be an isotopy from fy = Idas to a homeomorphism f; = f.

Let m: M — M be the universal covering of M, and let I= (ft)te[o 1) be the

lift of the isotopy I such that fo = Idg;. The homeomorphism f f1 is called
the lift of f associated to I. Let z € M we call trajectory of z along I the
arc t — fi(z). A fixed point of f = f; is said to be contractible for I if its
trajectory under I is a loop homotopic to a constant loop in M. This definition
depends only on the lift f associated to I. In fact, it is easy to see that the
set of contractible fixed points of I coincides with the image of the set of fixed
points of f under 7.

2.3 The existence of a transverse foliation

Let I = (ft)te[o,1] be an isotopy from the identity to a homeomorphism f; = f.
We say that an oriented topological foliation F on M is transverse to I, if for
every z € M, there exists an arc which is homotopic to the trajectory of z
along I and is positively transverse to F. We know that “F is transverse to
I persists on small perturbations of F (see Lemma 3.1.3 from [LeR13]). More
precisely, let F be an oriented topological foliation on M. Let ¢ : [0,1]> — M
be a “compact chart”, that is an injective map, which maps each vertical line
oriented upwards in [0, 1] to a leaf of F. For every real number € > 0, we write
O(1, €) the set of foliations F' which admit a compact chart ¢’ satisfying

sup da(P(t), 9’ (1) <,

te(0,1)?



where dj is a metric on M which induces the topology of M. A family of com-
pact charts (¢4 )« is said to be locally finite in M if every point € M belongs
only a finite numbers of 1, ([0, 1]?) (more details can be found in [LeR13]).

Proposition 2.1 (F. Le Roux, Lemma 3.1.3 [LeR13]). Let I be an isotopy on
M. Let F be an oriented topological foliation on M transverse to I. Suppose
that there exist a family (Vo )a of compact charts of F which is locally finite in
M, and a positive real sequence (€n)a. Then every oriented foliation F' on M
belonging to the Whitney’ open set

((7/)04 a ﬂ@ wa,ea

18 positively transverse to I too.

The following theorem due to P. Le Calvez is a generalization of Brouwer’s
Translation Theorem.

Theorem 2.2 (P. Le Calvez, Theorem 1.3 [LeCO05)). Let I be an isotopy on M
from the identity to a homeomorphism f. If I does not have any contractible
fized point, then there exists an oriented foliation F which is transverse to I.

Remark 1. By a remark due to P. Le Calvez (see [LeC05]), the oriented foliation
F is transverse to the isotopy [ if and only if in the universal covering, each
leaf [ of the lift F of the foliation F is an oriented Brouwer’s line for f the lift
of f associated to I. More precisely, by Schoenflies’ Theorem, there exists an
orientation preserving homeomorphism A of R? such that hol(t) = (0,t), for
every t € R. Then we write R(I) = h=1((0,400) X R) and L(’lv) h=1((—o0,0) x
R). We say that [ is an oriented Brouwer’s line for f if f=1(1) ¢ L(I) and
F) € R(D).

Since the set of contractible fixed points is usually non-empty, one needs
some additional modifications before using the previous theorem. In the local
case, we can use a result of F. Le Roux.

Theorem 2.3 (F. Le Roux, Appendix A [LeR13|). Let I be an isotopy in
Homeoq (RQ;O) from the identity to a homeomorphism f. Suppose that I does
not have any contractible fized point on a neighborhood U of 0. Then there
exists a homeomorphism f of the plan which coincides with f in a neighborhood
U’ C U of 0, and which does not have any contractible fized point in R? \ {0}.

2.4 Dynamics of the transverse foliation with two singu-
larities

In this subsection, we consider the open annulus A = T' x R. We denote by
N (resp. S) the upper (resp. lower) end of A and by A the end compactifi-
cation of A which is a topological space homeomorphic to the two-dimensional
sphere. Suppose that the isotopy I' = (f{):c[o,1) from the identity to f has no
contractible fixed points. Thus, we can apply Theorem 2.2, and we obtain an



oriented topological foliation F' on A which is transverse to I’. Then one can
extend I’ to an isotopy I = (ft):e[o,1] on A that fixes the ends of A, that is
ft(N) =N and f;(S) = S for every t € [0, 1]. Similarly, the foliation F’ can be
extended to an oriented topological foliation with singularities F on A where
the singularities are the ends of A. In this case P. Le Calvez proved that F
is also locally transverse to I at each end of A (see [LeC08)]), that is, for every
neighborhood U of an end %y of A there exists a neighborhood V contained in
U such that for every z € V \ {%} there is an arc contained in U which is
positively transverse to F and homotopic in U to the trajectory of z along I.

Proposition 2.4 (P. Le Calvez, Proposition 3.4 [LeCO08]). The oriented folia-
tion F is locally transverse to I at each end of A.

On the other hand, we can apply the theorem of Poincaré-Bendixson to F
seen as a flow (see [dMP82]).

Theorem 2.5 (Poincaré-Bendixson’ Theorem). Let F be an oriented foliation
on A whose singularities are the ends of A. For every leaf I of F one of the
following possibilities holds:

(i) the w-limit set of | is a closed leaf of F,
(i) the w-limit set of | is reduced to an end of A, or

(#ii) the w-limit set of | is constituted of ends of A and leaves I joining two
ends (eventually the same) of A.

One has the same possibilities for the a-limit set of I. Moreover for every no
closed leaf either

(iv) the sets w(l) and a(l) are reduced to the same end of A, or
(v) the sets w(l) and «(l) are disjoints.
We recall the following fact (see for example section 3.2 of [Hae62]).

(1) The union of the closed leaves of F is closed.

By Poincaré-Bendixson Theorem and the transversality of F and I, we have
the following properties:

(2) every closed leaf v separates N and S, i.e. N and S belong to distinct
connected components of A \ v, and

(3) every closed leaf v is f-free, i.e. f(vy) Ny =0.
The following result is due to F. Le Roux (see [LeR00] and [LeR04]).

(4) The foliation F has recurrence, that is there is a leaf [ of F such that
a(l) Uw(l) is not contained in {N, S}, or
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(5) there is a leaf | of F which joins N and S, i.e. either a(l) = N and
w(l)=Sor a(l) =5 and w(l) = N.

We deduce the following properties in a neighborhood of an end 2y of A. We
say that Zy is accumulated by closed leaves of F, if every neighborhood of Zg
contains a closed leaf of F.

Non-accumulated case: Suppose that Zy is not accumulated by closed
leaves of F. Then there exists a leaf | of F such that either a(l) = %y or
w(l) = 20.

Proof. Firstly, suppose that F has closed leaves. Let z € A closed enough to 2,
and let I, be the leaf of F containing z. Items (iv) and (v) from Theorem 2.5,
imply that «(l,) or w(l,) contains Z5. Thus I, or the leaf [ given by item (iii)
from Theorem 2.5 has its w-limit set or a-limit set reduced to Zg.

Next, suppose that F has recurrence, but not closed leaves. Let [ be a leaf of F
such that a(l) Uw(l) is not contained in {N,S}. Hence by Theorem 2.5 either
a(l) or w(l) contains Zy. One concludes, as in the first part.

Finally, if 7 does not have recurrence, then by Property (4) there exists a leaf of
F whose a-limit set or w-limit set is reduced to 2y. This completes the proof. W

Accumulated case: Suppose that the end Zp is accumulated by closed
leaves of F. Using a chart centered at Z; we can suppose that F is a foliation
on a neighborhood of 0 € R2. Let us fix a closed leaf 7 of F and put U the
closure of the connected component of complement of v containing 0. Let C
be the union of all closed leaves of F contained in U. This is a closed set of
U\ {0}. The closed leaves are totally ordered by the relation of inclusion of
the connected component of their complements containing 0. By Schoenflies’
Theorem, we can construct a homeomorphism of the plane, which maps each
closed leaf of F to a Euclidean circle centered at 0. Let A be a connected
component of the complement, (in U) of CU{0}. The set A is delimited by two
closed leaves 9T A and 8~ A, and for every leaf [ of F included in A we have
either a(l) = 0T A and w(l) = 9~ A or a(l) = 9~ A and w(l) = 9T A. Moreover
all these leaves have the same a-limit and w-limit sets. Hence, the foliation on
the closure of A is homeomorphic to a Reeb component or a spiral on T* x [0, 1].

3 Local Case

In this section we will introduce the definition of the local rotation set and we
will show Theorem A assuming Theorem C.

3.1 Definitions
3.1.1 The centered plane

We denote by R? the plane endowed with its usual topology and orientation. We
denote by 0 the point (0, 0) of the plane R2. Let « be a non-contractible Jordan
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curve in R? \ {0}. We call interior of v (vesp. exterior of ) the connected
component of R? \ v which contains (resp. does not contain) 0.

3.1.2 The set Homeoq (RQ;O)

We say that a homeomorphism f of the plane fizes 0, if f(0) = 0. We denote by
Homeog (RQ; 0) the set of all homeomorphisms of the plane isotopic to the iden-
tity and which fix 0. We recall that the fundamental group of Homeog (RQ; 0)
is isomorphic to Z (see [Ham74]). More precisely, consider J = (R¢)eo,1) the
isotopy defined by:

Ri(z,y) := (x cos(2nt) + ysin(2nt), —x sin(27t) 4 y cos(27t)).

If I = (ft)iefo,) and I = (f{)ie[0,1] are two isotopies in Homeog (RQ; O) both
from the identity to the same homeomorphism f; = f{, then there exists a
unique integer ¢ € Z such that I’ is homotopic (with fixed endpoints) to J9* I.

3.1.3 The local rotation set

In this paragraph, we consider a homeomorphism f in Homeoq (RQ;O). Let
I = (ft)te[0,1] be an isotopy in Homeog (RQ; O) from the identity to f. We will
give the definition of the local rotation set of I due to F. Le Roux (see [LeR13]).
Let m: R x (0,4+00) — R?\ {0} be the universal covering of R? \ {0} and let
I= (ﬁ)te[o,l] be the lift of the isotopy I to the universal covering of R?\ {0}
such that fo = Id, one defines f := f,. Given z € R?\ {0}, and an integer n > 1
we consider p,(z) the average change of angular coordinate along the trajectory
of z for the isotopy I, i.e.

pu(2) = (0 (F(2)) ~ m(3)),

where p; : R x (0,+00) — R is the projection on the first coordinate and z is
a point in 771(2). Given two neighborhoods V' and W of 0 with W C V, we
define the local rotation set of I relative to V' and W by

puaw (D)= (Y CL[ U {on(z) 2 ¢ W, £2(2) ¢ W, and 2, f7() € V} |

m>1 n>m

where the closure is taken in R := RU {+o00} U{—oc}. Next we define the local
rotation set of I relative to V' by

pv(I) :=Cl <U pv,w(D)

w

where W is a neighborhood of 0 included in V. Finally we define the local
rotation set of the isotopy I by

Proc(l) = mpv(I)-
14
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where V' is a neighborhood of 0

Remark 2. If we try to generalize the notion of rotation set of the closed annulus
to the local case, we will define

NN | Ulpnlz): fi(z) eV iorallie {0, ,n}}

V m>1 n>m

However, in this setting the invariance by conjugation fails, for example the two
contraction mapping z > %z and z — 5z are conjugate but they will to have
{0} and {1} by local rotation set respectively.

Remark 3. The local rotation set pioc(I) only depends on the choice of the
homotopy class of I, i.e. if I; and Iy are two isotopies from the identity to the

same homeomorphism which are homotopic, then pioc(I1) = pioc(l2).
The local rotation set verifies the following properties.

Proposition 3.1. Let I be an isotopy in Homeog (RQ;O) from the identity to
f. For every integer p let JP = (Rp¢)tcjo,1)- Then

1. The local rotation set of I is invariant by oriented topological conjugation.
2. For every p,q € Z, we have pioc(JP * I?) = q proc(I) + p.
Remark 4. One can define the following stronger and stronger notions:
(1) Every neighborhood of 0 contains a contractible fixed point z # 0 of I.

(2) Every neighborhood of 0 contains a compact and f-invariant set K not
containing 0 such that 0 belongs to px (I).

(3) Every neighborhood V of 0 contains a compact (non-invariant) set K such
that px(I) C py(I) and 0 belongs to px ().

Note that (1) = (2) = (3), and (3) implies that 0 belongs to pioc([).

3.2 Main result: Proof of Theorem A

The purpose of this paragraph is to deduce Theorem A from Theorem C.

Let I be an isotopy in Homeoq (RQ; 0) from the identity to a homeomorphism
f. Since the local rotation set pioc(I) is closed and Q is dense in R, in order to
prove Theorem A it is sufficient to show that every irreducible rational number
2 which belongs to the interior of the convex hull of pioc(I) belongs to the local
rotation set. Moreover, by considering JP % I? instead of I, we may assume that
p=0and g = 1. This follows from the formula relating the local rotation sets
of I and JP x I? (Proposition 3.1). Thus, we reduced the proof of Theorem A
to proving the following theorem.
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Theorem A*. Let I be an isotopy in Homeog (RQ;O) from the identity to a
homeomorphism f. Suppose that the local rotation set pioe(I) contains both
positive and negative real numbers. Then 0 belongs to pioc(I). More precisely,
for every V' neighborhood of 0, there exists an f-invariant and compact set K
in R\ {0} contained in V, such that 0 belongs to pr (I).

Remark 5. Theorem A* implies that Property (2) of Remark 4 holds.

Example. There is a homeomorphism f of R? which satisfies Property (2) but
not Property (1) of Remark 4. To construct f, we start with a “twice” Reeb’s
homeomorphism f] defined on the compact annulus Dy = {z € R? : 1 < ||z]| <
3} in R? satisfying:

(i) f1 fixes the circles ¢;, where i € {1,2,3}and ¢; = {z € R? : ||z|| = i} C Dy.

(ii) file, and fi|c, act as a rotation Rg with angle 5 > 0 and f]|., acts as a
rotation R, with angle o < 0.

(iii) f{ does not have fixed points in Dy.

Let I" = (f{)te[0,1) be the natural isotopy on Dy from the identity of Dy to f].
We define f, : RZ — R? by

'(3"z .
o {2 i <l < grne
f:(0)=0

Let I = (ft):e[o,1) be the isotopy from the identity to f = fi. For every integer
n € N, let us put Dy, = 5 Do. Then 0 belongs to pp, (I) but f does not have
any fixed point z # 0.

For the proof of Theorem A* one introduces the following property.

Definition 3.2. We say that a homeomorphism f in Homeog (RQ; O) satisfies
the local intersection property if there exists a neighborhood V' of 0, such that
every Jordan curve vy contained in V and non-contractible in R?\ {0} meets its

image under f, i.e. f(y) N~y # 0.

Frédéric Le Roux proved Theorem A* (see [LeR13]) in the case when the
homeomorphism f satisfies the local intersection property. He proved something
better: in this case the local rotation set “detects” some fixed points, that is
Property (1) of Remark 4 holds. This follows from the following proposition
which will be proved in the next subsection.

Proposition 3.3. Let I be an isotopy in Homeog (RQ;O) from the identity to
a homeomorphism f. Suppose that the local rotation set, pioc(I), contains both
positive and negative real numbers. Then one of the following cases holds:

Case (a) Every neighborhood of 0 contains a contractible fixed point z # 0.
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Case (b) The homeomorphism f does not satisfy the local intersection prop-
erty, and every neighborhood of 0 contains three pairwise disjoint, f-free Jordan
curves Yo, y1 and 2 which are non-contractible in R? \ {0} with ;41 included
in the interior of v; for i € {0,1} and such that the closed annulus A; delimited
by v; and v;41 satisfies:

(i) the mazimal f-invariant set O(A;) of A; is non-empty, and

(ii) the set pe(ay) (1) is contained in one of the sets (0,+400) or (—o0,0) and
the set pg(a,)(I) is contained in the other one.

We recall that this proposition is an adaptation of the following result for
homeomorphisms of the closed annulus T! x [0, 1]. This result was proved by P.
Le Calvez for diffeomorphisms in [LeC91], but by Theorem 2.2 it is also valid
for homeomorphisms.

Theorem 3.4 (P. Le Calvez [LeC91], [LeC05]). Let f : T1x[0,1] — T'x[0,1] be
a homeomorphism isotopic to the identity with a lift f : R x [0,1] = Rx[0,1] that
has no fized points and whose rotation set contains both negative and positive real
numbers. Then there exists a finite non-empty family {v;} of essential, pairwise
disjoint and f-free Jordan curves such that the mazximal invariant sets of the
closed annulus delimited by two consecutive curves has rotation set contained
either in (0,400) or in (—oo,0).

Now we show that Proposition 3.3 and Theorem C imply Theorem A*.

End of the proof of Theorem A* (assuming Theorem C). Let I be an isotopy in
Homeoq (RQ;O) from the identity to a homeomorphism f. Suppose that the
local rotation set pjo.(I) contains both positive and negative real numbers. One
considers the different cases of Proposition 3.3. In the case (a), we are done.
On the other hand, if case (b) of Proposition 3.3 holds, we can apply Theorem
C, which says that 0 belongs to pe(a)(I) where ©(A) is the maximal invariant
set of A = AgU A;. This completes the proof of Theorem A*. [ |

3.3 Proof of Proposition 3.3

Let I, f satisfy the hypotheses of the proposition. We prove Proposition 3.3
assuming that case (a) does not hold, i.e. there is a neighborhood of 0 that does
not contain any contractible fixed point. By Theorem 2.3, changing f in the
complement of a Jordan domain containing 0, we may suppose that f does not
have any contractible fixed point in R?\ {0}. Thus, we can apply Theorem 2.2
and we obtain an oriented foliation F defined in R? \ {0} which by Proposition
2.4 is locally transverse to I at 0. The foliation F can be extended to an oriented
topological foliation with singularities on the end compactification of R?\ {0}
where the singularities are the ends of R? \ {0}.

Lemma 3.5. In this case, the closed leaves of F accumulate at 0.
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Proof. Otherwise, from at the end of § 2.4 there exists a leaf [ of F whose w-
limit or a-limit set is reduced to {0}. The following lemma implies that either
Ploc(I) C [0, +00] or proc(I) C [—00,0]. This contradicts our hypotheses. [ ]

Lemma 3.6. Let I be an isotopy in Homeog (RQ;O) and let F be a foliation
positively transverse to I. Suppose that F admits a leaf 1 such that either w(l) =
{0} or a(l) = {0}. Then either pioc(I) C [0,+00] or pioc(I) C [—00,0].

Proof. Without loss of generality, we may suppose that «(l) = {0}. In addition,
conjugating f by ® (given by Schoenflies’ Theorem), we may suppose that the
negative half-leaf [~ containing one point of [ is contained in the positive z-
axis. Let U be a Euclidean circle centered at 0 whose boundary meets [~. By
Proposition 2.4, F is locally transverse to I at 0. Let V' be a neighborhood of
0 contained in U given by the local transversality of F to I at 0: the trajectory
of each z € V along I is homotopic, with fixed endpoints, to an arc a, which is
positively transverse to J and is included in U. In particular, the arcs a, can
cross [~ only downwards. More precisely, let f be the lift of f associated to I,
and let F be the lift of F. Let U and V be lifts of the sets U \ {0} and V' \ {0}
respectively. Let [~ be the lift of I~ contained in the line {0} x (0,400). Let
2z € V' \ {0} and let n € N such that {z,---, f*"1(2)} C V. Let Z be the lift of
z such that 0 < p1(2) < 1 and agz the lift of the arc a, from Z. Since the arc
Qfr(zy %o k0 is positively transverse to F and does not meet the boundary

of U, we obtain that pi(f™(%)) > 0 and thus

Lo (@) - m@) > L.

n n

pn(z)

This implies the inclusion py(I) C [0,4o0], and s0 pioc(I) C [0,400]. This
completes the proof. |

In the sequel, we suppose that the closed leaves of F accumulate at 0 and that
all closed leaves of F are Euclidean circles centered at 0 (see the description at
the end of § 2.4). We remark that F cannot coincide with the oriented foliation
in Fuclidean circles centered at 0 on a neighborhood of 0. Otherwise, f is
conjugated to a homothety.

We will consider the set A of all closed annuli A whose boundary compo-
nents are closed leaves of F, and which do not contain any closed leaf of F in
their interiors. By Poincaré-Bendixson Theorem (Theorem 2.5) the foliation on
A is a Reeb component or a spiral.

For every annulus A € A, we write 97 A and 0~ A its two boundary compo-
nents with = A included in the interior of 9% A.

Definition 3.7. We say that the foliation F goes from 0T A to 0~ A (resp. from
O~ A to 0T A) on the annulus A € A, if all the leaves of F in the interior of A
have 0% (A) (resp. 0~ A) as their a-limit set and O~ (A) (resp. Ot A) as their
w-limat set.
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We have the following lemma.

Lemma 3.8 (P. Le Calvez, [LeC91]). Suppose that the foliation F goes from
0~ A to 0T A on the annulus A € A. Let ©(A) the mazimal invariant set of A.
Then the set po(ay(I) (eventually empty) is contained in (0, +00).

Proof. Since each boundary component of the annulus A is f-free, we deduce
that ©(A) is included in the interior of A. For z € ©(A) by transversality
of F and I there exists an arc «, joining z and f(z), homotopic (with fixed
endpoints) to the trajectory of z along the isotopy I, and which is transverse to
the foliation F. Moreover from the facts that z and f(z) are both in the interior
of A, we deduce that «, is also included in the interior of A. We can find an
annulus A’ whose boundary components are Jordan curves not contractible in
R? \ {0} such that the set ©(A4) = f(O(A)) is included in A’. Considering
a change of coordinates, we can assume that the boundary components of A’
are Euclidian circles centered at 0, and that the foliation induced by F on A’
coincides with the radial foliation with the leaves toward 0. By transversality,
for every z € ©(A) and every integer n > 1, we have that p,(z) is positive.
Since ©(A) is a compact set, we deduce that pg4)(I) is included in (0, +o0).
This completes the proof. |

In the sequel, A’ denotes the subset of A consisting of the annuli A € A
whose maximal invariant set is non-empty. From the above proposition, we can
consider the following definition.

Definition 3.9. We say that A € A is a positive annulus if po(ay(I) C (0, +00).
We define a negative annulus similarly.

Lemma 3.10. Under the hypotheses of Proposition 3.3, we have

(i) the set A’ is locally finite in R? \ {0}, i.e. every compact set in R?\ {0}
can meet only a finite number of elements of A'; and

(i) both positive and negative annuli accumulate at 0.

Proof. Proof of item (i). Let A” be the subset of A constituted of the annuli
A € A that meet its image under f i.e. f(A)N A # 0. Remark that A" C A",
and so it suffices to prove that the set A" is locally finite in R?\ {0}. This will
be a consequence of the following lemma.

Lemma 3.11. Let v and v~ be two closed leaves of F with v~ contained in
the interior of y*. Let A+ .~ be the closed annulus delimited by v and ™.
Then there is a finite number of elements of A" metting A+ .

Proof. We know that the space of closed leaves of F included in A+ ,- is com-
pact and that every closed leaf of F does not meet its image under f (Properties
(1) and (4) of §2.4). Hence, we can consider the real number € > 0 defined as:

€= mvindist(%f(ﬂ)a
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where 7 is a closed leaf of F contained in A+ - and for C, D two subsets of R2?,
dist(C, D) := inf.ecaep ||c — d|| and |- is the Euclidean distance in R?. Let
us prove that all A € A” satisfies dist(0T A, 0~ A) > e. Indeed, if f(A)NA # 0,
then either f(TA)N A # 0 or f(O~A)N A # (). Suppose that the first case
holds (the proof is similar in the second case). Let z € 91 A such that f(z) € A.
Hence, there exist real numbers ¢~ < 1 < ¢+ such that 2= =t~ f(2) € 9~ A and
2T =tTf(z) € 9T A. Using the fact that 9~ A and 9+ A are Euclidean circles
centered at 0, we deduce that

e < dist(f(0TA),0TA) < ||f(z) — z+|| < ||zi — z+|| =dist(0~ 4,07 A).

Since the annulus A+ - can be covered by a finite number of annuli A satis-
fying dist(9T A, 0~ A) > € the proof follows. [ |

This completes the proof of item (i).

Proof of item (ii). Suppose by contradiction that there exists a neighbor-
hood of 0 which does not contain any positive annulus (the other case is proved
in a similar way). There are two cases.

Case 1: There exists a neighborhood of 0 which does not contain any an-
nulus A on which the foliation F goes from 9~ A to 9T A. We can find a small
perturbation F’ of F which “breaks” all closed leaves of F close to 0. From
Proposition 2.1 the foliation F’ is also transverse to I and all leaves of F’ are
spirals whose w-limit set is {0}. Hence by Lemma 3.6, the local rotation set
Ploc(I) is contained in [—o0, 0], contradicting our hypotheses.

Case 2: In the other case, every annulus A close enough to 0 on which F
goes from 9~ A to T A have maximal invariant set empty (we are assuming
this). We will construct an intermediary foliation Fs, transverse to the isotopy
I as in the Case 1. The construction has three steps.

1st step: We can replace F on each annulus A € A\ A” (annulus which that
does not meet its image under f), by the foliation in Euclidean circles centered
at 0. We remark that this foliation is also transverse to I.

2nd step: Recall that by hypothesis every annulus A (included in a small
neighborhood of 0) on which the foliation F goes from 0~ A to 1 A has maximal
invariant set empty. We will use the following lemma.

Lemma 3.12 (F. Le Roux, [LeR13]). Suppose that the maximal invariant set
of the annulus A € A is empty. Then there exists an annulus A containing A
whose boundary is the union of 9T A and f*(0~A) for some integer n, and a
foliation F whose leaves 4 in A are closed and such that f(¥) is situated on the
right of the oriented leaf 7.
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By the previous lemma, we obtain a foliation in closed leaves on the annulus
A delimited by 9+t A and f™(0~ A), this foliation can be pasted with the folia-
tion F on the exterior of 97 A, and with the foliation (f™).F in the interior of
f™(0~A) by to obtain a new foliation F4 , which is transverse to the isotopy I.

3rd step: The intermediary foliation F,, is constructed as the limit of a
sequence of foliations (F, ),y Which is a stationary sequence on every compact
set of R?\ {0}. By the first step and the fact that A’ is locally finite, the set
of annuli A on which F goes from 9~ A to 9t A accumulate only at 0 and is a
countable set. Let (A, ),y denote the ordered family of all such annuli, i.e. for
every integer n > 1, the annulus A,,_1 is contained in the unbounded connected
component of R?\ A,,. By hypothesis the maximal invariant set of Ag is empty,
so by the second step we obtain a foliation Fy = Fa,,n, Which coincides with
the foliation in closed leaves on Ay (annulus delimited by 8 A and £ (9~ Ag)
for some integer ng), with F on the exterior of 9+ Ay, and with the foliation
(f™).F in the interior of f™ (0~ A). In a similar way, we obtain a foliation
Fi := (Fo)fro(a,),n,- Iterating this process, we can construct the sequence
(Fr)pen- Let Foo be the limit of the sequence (F,), o Since, by construction
each leaf [, of F is an iterate of one leaf of [ of either F or the foliation F
provides by the previous lemma, i.e. loo = f™(I), the remark following Theorem
2.2 implies that the limit foliation obtained F., also is transverse to I. This
completes the proof of item (ii). [

End of the proof of Proposition 3.3: If the case (a) does not hold, then items (i)
and (ii) of Lemma 3.10 hold. Let V be a neighborhood of 0. Since both negative
and positive annuli accumulate 0 and the collection of them is locally finite, there
are a negative annulus A~ and a positive annulus A" included in V such that
the annulus A (eventually an empty set) “between” A* and A~ has maximal
invariant set empty. Without loss of generality suppose that A~ is included
in the closure of the interior of 8~ AT. Thus 79 = TAT, vy = 9T A~ and
v2 = 0~ A~ satisty the case (b) of the proposition, because paua- (1) = pa-(I).
This completes the proof. |

4 Case of the Open Annulus

In this section we will introduce the definition of the rotation set in the open
annulus and we will show Theorem B assuming Theorem C.

4.1 Definitions

4.1.1 The open annulus

We will denote by T! the unit circle of the plane and by A := T! x R the open
annulus. We endow the annulus A with its usual topology and orientation. We
denote by N (respectively S) the upper (respectively lower) end of A and by
A the end compactification of A which is a topological space homeomorphic
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to the two-dimensional sphere. A Jordan curve ~ in A is called essential if
its complement has two unbounded connected components. We denote by U,JYV

the upper one and by Uf the lower one. We denote Uiv = Uév U{N} and
US =USu{s}.

4.1.2 The set Homeog (A)

We denote by Homeog (A) the set of all homeomorphisms of the open annulus
A which are isotopic to the identity. We recall that every homeomorphism f in
Homeog (A) can be extended to a homeomorphism f of the end compactification
of A and this homeomorphism fixes both ends of A.

4.1.3 The rotation set of the annulus

In this paragraph, we consider a homeomorphism f in Homeog (A). Let I be
an isotopy in Homeog (A) from the identity to f. We will give the definition of
the rotation set of I due to J. Franks (see [Fra96]).

If z € A, we consider p,,(z) the average change of angular coordinate along
the trajectory of z for the isotopy I. Next for a compact set K in A, we define

(D)= () [ U fpn(2): 2 € K, f7(2) € K}

m>1 n>m

where the closure is taken in R := R U {4+o00} U {—o0}.
Finally we define the rotation set of the isotopy I by

pann(I) =Cl <UpK(I)>

where K is a compact set in A.

Remark 6. The rotation set pann(I) only depends on the choice of the homotopy
class of 1.

As above the rotation set verifies the following properties.

Proposition 4.1. Let I be an isotopy in Homeog (A) from the identity to f.
For every integer p let J? = (Rpt)iepo,1]- Then

1. The rotation set of I is invariant by oriented topological conjugation.

2. For every p,q € Z, we have pann(JP * I?) = q pann(I) + p.

4.1.4 Other rotation sets in the open annulus

In this paragraph, we introduce other rotation sets in A such as the measured
rotation set of an f-invariant compact subset of A and also the local rotation
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set relative to a neighborhood at each end of A.

Given a compact and f-invariant set K in A, we will denote by M ;(K) the
set of all f-invariant Borel probability measures whose support is contained in
K. This is a compact and convex set in the weak topology. If 4 € M;(K), we
define its rotation number as:

p(p) = / p1 dp.
K
Then, we define the measured rotation set of K as:

pmes(Ka I):= {p(:u’) IS Mf(K)}
This set is always a compact interval. More precisely, we have the following
result.

Lemma 4.2. Let K be a compact and f-invariant set in A. Then

(1) The set px(I) is a compact set in R. If K is a connected set, then pg (I)
s a compact interval.

(2) The set pmes(K, I) coincides with the convex hull of px(I).

On the other hand, let 2 be an end of A and let V be a neighborhood
of Zp. We consider an oriented preserving homeomorphism ¢ mapping V to a
neighborhood of 0 € R? such that 1(29) = 0. We write

Py (1) = =pyeiny (W11,

where p,, ) (1pIp=1) is the local rotation set relative to ¢ (V) defined in § 3.1.3.

Remark 7. By Proposition 3.1, this definition does not depend on the choice of
the homeomorphism 1.

4.2 Main result: Proof of Theorem B

The purpose of this subsection is to prove Theorem B assuming Theorem C.
As we have seen in § 3.2 in order to proof Theorem B, it suffices to prove
the following theorem.

Theorem B*. Let I be an isotopy in Homeog (A) from the identity to a home-
omorphism f. Suppose that the rotation set pann(I) contains both positive and
negative real numbers. Then there exists a compact (a priori non-invariant) set
K in A, such that 0 belongs to px(I).

The following example satisfies Property (3) but not Property (2) from the
analogous Remark 4 for the open annulus. This proves that Theorem B* is
sharp, i.e. the compact set K such that 0 belongs to px (I) can be non-invariant.
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FEzample. There are a homeomorphism f of A and an isotopy I from the identity
to f satisfying the following conditions:

(i) There is no f-invariant compact set in A, and
(i) pann({) = [-1,1].

Let us fix two real numbers 0 < R~ < R*. To construct f, we start with a
homeomorphism f{ defined on R? U {cc}, the one-point compactification of R?,
satisfying:

(i) f1 acts as a rotation Ryq (resp. R_1) on the disk {z € R? : ||z|| < R~}
(resp. {z € R? : ||z|| > RT}).

(ii) f{ is a Reeb’s homeomorphism on {z € R? : R~ < ||z]| < RT}

Let us define the following equivalence relation on R? U {occ}.

(@) 0 if ||z]| <R~ and y < 0;
z =T, ~ .
Y7 0,y) i 2] < R and y > 0.

(1) 00 if |z|| > R and y < 0;
z=(z,y) ~
Y700 it Jlz] < BT and y > 0.

Let A’ = R? U {o0}/ ~ be the quotient space of R? U {c0}. By z € R2U
{o0}, we write [z] the class of equivalence of z. Now, it is easy to check that
A"\ {[0], [o0]} is homeomorphic to the open annulus A et that f] induces a
homeomorphism f on A’. Moreover f is isotopic to the identity of A’, there exists
an isotopic I on the annulus A’ from the identity to f such that pann (1) = [—1, 1].

4.2.1 Classification

The proof of Theorem B* consider several cases described by the following
proposition.

Proposition 4.3. Let I be an isotopy in Homeog (A) from the identity to a
homeomorphism f. Suppose that the rotation set pann(I) contains both positive
and negative real numbers. Then one of the following cases holds:

Case (a) There exists an invariant and compact set K in A such that 0 be-
longs to px (I).

Case (b) The homeomorphism f satisfies the local intersection property at
least at one of the ends of A, there exists an essential f-free Jordan curve 7 in
A, such that the local rotation set of I at N relative to Uév, ppn (1), is contained

Yy

in one of the sets [0,400] or [—o00,0] and the local rotation set at S relative to
U,YS, pps (D), is contained in the other one.
Y
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Case (¢) The homeomorphism [ satisfies the local intersection property at
both ends of A, there exist two f-free essential Jordan curves vy and ~vs with
YN C U,]Y\g such that the closed annulus A delimited by vy and s satisfies:

(i) the mazimal f-invariant set of A is not empty, and

(ii) the sets pyn (1) and pps (I) are contained in one of the sets [0, +00] or
N s

[—00,0] and the set pa(I) is contained in the interior of the other one.

We prove this proposition assuming that case (a) does not hold. Then, we
may assume that I has no contractible fixed points. We apply Theorem 2.2,
and we obtain an oriented foliation on the annulus A which is transverse to I.
We can see F as a foliation with singularities on A, the end compactification of
A, whose singularities are the ends of A.

Lemma 4.4. In this situation, there exists an oriented foliation F' arbitrarily
close to F (in Whitney’s topology) which has a closed leaf.

Proof. We claim that F would have recurrence (see Property (4) of § 2.4).
Otherwise, by Properties (4) and (5) of § 2.4, there exists a leaf of F joining the
two ends of A, this implies that either pann (1) C [—00,0] or pann(I) C [0, +00].
This contradicts our hypotheses. Hence, changing the orientation of F by its
inverse if necessary, we may suppose that there is a leaf [ of F whose w-limit
set contains a point z € A. Let [, be the leaf of F containing z. Note that the
w-limit and a-limit sets of [, are reduced to S or N. Without loss of generality,
we may assume that this end is S. Let U be a trivializing neighborhood of
z. Let (zn),cy be a sequence of points in [ N U such that for every integer
n > 1, the point 2,41 belongs to ljn, the positive half-leaf containing z,, and
converges to z. For every integer n > 1, let [, be the connected component
of [N U containing z,. Then the sequence (I,,), oy converges, in Hausdorff’s
topology, to the connected component of the leaf [, N U containing z. Let a,
and b, be the first and last point in [,, respectively. Now, we perturb F enough
as Figure 2 This completes the proof of lemma.

From Proposition 2.1, the foliation F’ is also transverse to I. Let us assume
from now on that F has closed leaves. Moreover, F cannot have only closed
leaves. Otherwise f is conjugated to a homothety.

Lemma 4.5. Under the hypotheses of Proposition 4.3, assume furthermore that
Case (a) does not hold. Then the closed leaves of F do not accumulate at least
at one of the two ends of A.

Since the closed leaves of F are f-free essential curves (Properties (2) and
(3) from § 2.4), this lemma will follow from Theorem C. As in § 3.3, we consider
the set A of all closed annuli A whose boundary components are closed leaves
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closed
D leaf

Figure 2: Left: foliation F Right: foliation F’

of F, and which do not contain any closed leaf of F in their interior, and A’ the
subset of A consisting of the annuli A whose maximal invariant set is not empty.
We say that A € A’ is a positive (resp. negative) annulus if pg(4)(I) C (0, +00)
(resp. pe(a)(I) C (—00,0)).

Proof of Lemma 4.5. By contradiction, we suppose that the closed leaves of F
accumulate both ends of A. We claim that there are two closed leaves v and v~
of F close enough to the end N and S respectively, such that the closed annulus
A+ 4~ delimited by ~T and v~ contains a positive and a negative annulus. By
contradiction, suppose that all annuli of A’ are positive (or negative). Then in a
similar way as in Lemma 3.10 (applied at both ends of A) we can find an oriented
foliation Fo, which is transverse to I, and contains a leaf joining the two ends of
A. This contradicts the fact that the rotation set pann(I) contains both positive
and negative real numbers. In a similar way as in end of the proof of Proposition
3.3 we conclude (assuming Theorem C) that 0 belongs to p@(Aﬁyr)(I), where

O(A,+ ,-) is the maximal invariant set of the closed annulus delimited by ~*
and y~. This contradicts the fact that case (a) of Proposition 4.3 does not hold.
This completes the proof. |

Let us assume from now on, without loss of generality, that this end is S.
Let vs be “the last” closed leaf of F, that is g is a closed leaf of F such that
Ufs does not contain any closed leaf of 7. We have the following result.

Lemma 4.6. There exists an oriented foliation F' arbitrarily close to F (in
Whitney’s topology) which coincides with F in CI(U%) and admits a leaf either
whose w-limit set is reduced to S and a-limit set is vg or whose a-limit set is
reduced to S and w-limit set is 7yg.

Proof. Let z be an element in g and let ¥ be an arc positively transverse
containing z in its interior. Since ~g is a closed leaf of F and there is no closed
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leaf in Ufs, there is a leaf | of F which meets ¥ N Ufs at less two times. From
Theorem 2.5, we deduce that either a(l) or w(l) is vg. Without loss of generality,
suppose that we are in the first case. Since there are not closed leaves of F in
UZ., we have two possibilities (items (i) or (iii) of Theorem 2.5): the set w(l)
is reduced to S, or there is a leaf [g of F from S to S contained in w(l). In the
first case, the foliation JF satisfies the conclusion of the lemma. In the second
case, let 2’ be an element in lg and let U’ be a trivializing neighborhood of 2’.
Let (2;,),,cn be a sequence of points in I N U’ such that for every integer n > 1,
the point z;,,; belongs to l:; and converges to z’. For every integer n > 1, let [,
be the connected component of [N U’ containing z/,. Then the sequence (In) pen
converges, in Hausdorff’s topology, to the connected component I/, of the leaf
l,»NU’ containing z’. Let a,, and b’ be the first point in [,, and the last point in
I/, respectively. Now, we perturb F enough as Figure 3 to obtain the expected
foliation. This completes the proof of lemma.

Figure 3: Left: foliation F Right: foliation F’

|
Using analogous reasoning as in Lemma 3.6, we obtain the following result.

Lemma 4.7. The set pys (I) is contained either in [0, +00] or in [—o00,0].
s

End of the proof of Proposition 4.3: We have two cases.

Case 1: The closed leaves of F do not accumulate at N either. As above, we
consider “the first” and “the last” closed leaves of F, denoted vy and g respec-
tively, i.e. yn C U,% and there are not closed leaves of F outside of the closed
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annulus delimited by x5 and 7s. From Lemma 4.6 (applied to both N and 5),
we can assume that the foliation F admits a leaf [y whose w-limit set is reduced
to N and a-limit set is vy or whose a-limit set is reduced to N and w-limit set
is vy and another leaf g whose w-limit set is reduced to .S and a-limit set is g
or whose a-limit set is reduced to S and w-limit set is yg. To fix idea assume
that lg satisfies w(lg) = S and a(ls) = vs. We have two subcases.

Subcase 1.1: The leaf [y satisfies a(ly) = N and w(lny) = yn. Let O(Ayy +5)
be the maximal invariant set of A, . the closed annulus delimited by vy and
~vs. We will prove the following assertions.

(1) The set A’ is non-empty,
(2) F goes from 0~ A to T A on all annuli A € A’, and
(3) f satisfies the local intersection property at least at one end of A.

Let us prove (1). Note that if A’ is empty, then as in the proof of item (ii) of
Lemma 3.10, there exist an annulus /Al,YN,YS containing A, ~s whose boundary
components are the union of vy and f™(vys), and a foliation F’ whose leaves in
Aw,vs are closed leaves. This foliation can be pasted with F on U\, and with
(f™)«F on UJ?"'('ys) by to obtain a new foliation ]:Aw,wsﬂ which is transverse to
the isotopy I. Hence, we can find a small perturbation of 4  » which is also
transverse to I and contains a leaf that joins the two ends of A. This implies that
pann(I) C [—00,0]. This contradicts our hypotheses, completing the proof of (1).

Let us prove (2). If F goes from 0T A to 9~ A on all annuli of A € A, as in
the proof of Lemma 3.10, we can perturb F by obtain a foliation which admits
a leaf joining the two ends of A. This implies that pann(I) C [—00,0], contra-
dicting our hypotheses. On the hand hand, if there exists both an annulus A™
on which F goes from 9~ AT to 8T A1 and another A~ on which F goes from
OTA™ to &~ A~, Theorem C implies that 0 belongs to p@(AVNWS)(I). This is
a contradiction, because we are assuming that Case (a) does not hold. This
completes the proof of (2).

Let us prove (3). Under our suppositions of the leaves Iy and g and above
assertion (2), we have that pys (1)U ppny (1) C [—00,0] and pe(a I) c
s YN

YN s)
(0,4+00). Assertion (3) will is a consequence of the following claim.

Claim. Under our hypotheses. Suppose that f does not satisfies the local inter-
section property at S. Then f restricted to Ufs is a homothety. In particular
pis (1) is included in [0, 4-o00].

TN

Proof of the claim. Let (vn),cn be a sequence of essential f-free curves such
that

(i) for every integer n € N, we have v, 1 C U:an C U,YSS, and
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(il) NpenUS, =0.

For each integer n, we write ©(A,,) the maximal invariant set of A, the closed
annulus delimited by ~vs and ~,. Firstly suppose that there exists a positive
integer ng such that ©(Ay,) is not empty. Then pg(a, )({) C (—00,0) and we
know that pe(a,  ..)({) C (0,+0c). Hence Theorem C implies that 0 belongs
to the rotation set relative to the maximal invariant set of the closed annulus
delimited by yn and 7,,. This contradicts again the fact that Case (a) does
not hold. Now suppose that for every integer n, ©(A,,) is empty. Considering
f instead of f~1, we can assume that g satisfies f(vs) C U:Ygs. Hence for each

integer n, there is an integer k(n) such that f*(vg) C Uvsn' Therefore

N rwse N us =0

neN neN

This proves that f is a homothety, completing the proof of the claim. |

Let us continue proving assertion (3). Suppose by contradiction that f does
not satisfy the local intersection property at none end of A. Then, the previous
claim (applied to both end of A) implies that pann(I) is contained in [0, oco].
This contradicts our hypotheses, completing the proof of assertion (3).

To complete the proof of Proposition 4.3 in the case of Subcase 1.1, note
that if f satisfies the local intersection property at the other end of A then Case
(c) holds. Otherwise, by the previous claim Case (b) holds, completing the proof.

Subcase 1.2: The leaf [y satisfies a(In) = yv andw(ln) = N. Let ©(A4, +5)
be the maximal invariant set of A, . the closed annulus delimited by vy and
vs. Then, one and only one of the following conditions holds.

1) ©(A is a non-empty set. Then the set A’ is non-empty, and we can
YN YS pty pty,
prove as in the proof of the previous subcase that F goes either from 0~ A
to 0T A or from Ot A to 9~ A on all annuli A € A’.

(2) G(A’YN77S) is empty.

In both case, as in the proof of Lemma 3.10, we can find a perturbation F’ of
F which has an unique closed leaf . From Lemma 4.7 we know that p; N (I) is
contained in [0, 4+o00] and that Pis (I) is contained in [—o0,0]. Let us prove by
contradiction that f satisfies the local intersection property at least at one end
of A. Otherwise, since pann(I) contains both positive and negative real numbers,
we can find two f-free essential Jordan curves v and vy~ close enough to the
end N and S respectively, such that the maximal invariant set ©(A.+ ) (resp.
O(A, ,-)) of the annulus delimited by 4+ and ~ (resp. v and 77) is not empty.
Moreover p@(Awﬂ)(I) is contained in [0, +-00] and pe(a, , y(I) is contained in
[-00,0]. Therefore Theorem C implies that 0 belongs to P@(Awﬁ,)(f)- This
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contradicts that Case (a) does not hold. This proves that Case (b) holds, com-
pleting the proof.

This completes the proof of Proposition 4.3 in Case 1.

Case 2: The closed leaves of F accumulate at N. As above, we consider
“the last” closed leaf of F near to .S, denoted vg. As above from Lemma 4.6
we can assume that there is a leaf Ig that satisfy w(lg) = S and a(lg) = vs.
Since pann(I) contains both negative and positive real numbers the following
assertions hold (the proofs are similar as in Case 1).

(1) The set A’ is non-empty,
(2) F goes from 0~ A to T A on all annuli A € A’, and
(3) f satisfies the local intersection property at S.

Here again we can find a perturbation F' of F which has an unique closed leaf
~. From Lemma 4.7 we know that PoN (I) is contained in [0, +oc] and that

pgrs (I) is contained in [—o0, 0]. This proves that Case (b) holds. This completes
the proof of Proposition 4.3 in Case 2. |

Proposition 4.3 is now proved.

4.2.2 An intermediate result

The purpose of this paragraph is to prove the following proposition and its
corollary.

Proposition 4.8. Let I, f be as in Theorem B*. Assume furthermore that
(A1) the homeomorphism | satisfies the local intersection property at S,

(A2) there exists a Jordan domain V containing S (in A) such that f(C1(V)) C
V, and

(A3) the set py (1) is included in [0, +o00].
Then one of the following assertions holds.
(1) there exists a compact set K in A such that 0 belongs to px(I), or

(2) there exists a compact set K in A contained in A\ V such that the set
px (I) intersects [0, +00].

Remark 8. We can replace (Ay) by the hypothesis CI(V) € f(V) by changing
the isotopy I by I=*. We can replace (As) by the hypothesis py (I) C [—o0, 0]
by conjugating I by the orientation reversing homeomorphism (u,r) — (—u,r)
of the annulus A.
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Let us put @A*(‘A/) (resp. 6*(‘76)) the forward (resp. backward) f—invariant
set of V' (resp. V°), i.e.:
OF(V):= () f"(V) and O (V=[] Ff(VO)
neN

neN

Using hypothesis (As3), one proves that the set ©F (V) (resp. ©~(V°)) is a
continuum, its complement is a connected set of A and contains S (resp. N).
Moreover they satisfy the following properties.

Lemma 4.9. Under the hypotheses of Proposition 4.8, we have
(a) the set ©F (V) is not reduced to S, and
(b) the set O (V) is not reduced to N.

Proof. Let us prove (a). Since f satisfies the local intersection property at S,
there is an open neighborhood U of S which does not contain any f-free essential
Jordan curve. Hence for every integer n > 0, the curve f”(@V) is not contained
in U, because it is a free essential Jordan curve by Hypothesis (Az). Hence and
Hypothesis (As), (f"(CL(V)\ U))nen is a decreasing sequence of compact sets
in A, and so

0+ () fH(CUV)\T) c ot (1)

neN

This proves item (a).

Now let us prove (b). Suppose by contradiction that ©~(V¢) = {N}. So,
by Hypothesis (Az), for every compact set K in A, there exists an integer
ng =n > 0 such that K is included in f~"(V'). Hence and by Hypotheses (As)
and (As), we have

pr(I) C pjniryI) = pyy(I) C [0, +o0].

This contradicts the fact that pann(I) contains some negative real number. This
proves item (b). [

Recall that 7 : A — A is the universal covering of A, and p; : A — R the
projection onto the first coordinate.

Proof of Proposition 4.8: Let us consider V := V N A. Let T, ‘7, @*(‘7) and
O~ (V) be lifts of Fr(V), V, ©F(V)\ {S} and O~ (V) \ {N} respectively.

Let X be the set A\ (©T(V)U O~ (V). The set X is open, connected
and finvariant, ie. f(X ) = X, where fis the lift of f associated to I. Let
a:[0,1] = A be a simple arc satisfying:

(i) the endpoints a(0) and a(1) lie in O (V) and O~ (V°) respectively.
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(ii) If & denotes the interior of «, i.e. & is the image of (0,1) under «, then
the set ¢ is included in X.

(iii) The intersection a N T is a singleton.

The arc « separates X, because 7(X) is an open annulus and « joins its two
ends (see the paragraph that follows the definitions of ©1 (V) and ©~(V°)). Let
us denote Ry (o) (resp. Lx(«)) the connected component of X \ a on the right
(resp. left) of a (considering the standard orientation). Since ¢ is contained in

X, and X is f-invariant, one deduces that for every integer n > 0, the set f"(d)
is included in X, and so we have three possibilities:

o fMa)yna#0;
o f*(d) C Lx(a); or
o f"(&) C Rx(a).
To conclude the proof it suffices consider the following three cases.
Case 1: Suppose that there exists a sequence of integers (ny)reny which con-

verges to +oo such that for all k € N we have fm (&) Nev # (). Then 0 belongs
t0 pr(a)(I). This proves that Assertion (1) of Proposition 4.8 holds.

Case 2: Suppose that there exists a sequence of integers (nj)ren which
converges to 400 such that for all k € N we have f™ (&) C Lx(a). Let I'"
be the connected component of I' \ « contained in Rx (). From the facts that
fr(@nT) € Lx(a), f(I'") is a connected set in X which is unbounded to

the right and contained in V' (by Hypothesis (A3)), we deduce that
I NnanV #0.

Therefore, there exist a real constant M > 0 independent of k and a sequence
of points (2x),cy, Where z € I' for all k£ € N such that

pl(f~nk (Zk)) < p1(Zg) + M.

Hence, if p is a limit point of the sequence (pn, (2k)),cy, Where

~ 1 S~ ~
Py (Zk) = n—k(pl(f “(2k)) — p1(Zk)),
then p < 0. This implies that p = 0, because py, (I) C [0, +00]. Thus 0 belongs
to pr(I) where K = Fr(V) U (n(«) N V). This proves that Assertion (1) of
Proposition 4.8 holds.

Case 3: Suppose that there exists a sequence of integers (ng)gen which
converges to +oo such that for all £ € N we have f™ (&) C Rx(«). Let I'" be
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the connected component of I' \ « contained in Rx («). Since for all k € N, the
arc f™ (a) meets ©T (V) and O~ (V°), we deduce that

F™(an VNI £ 0.

Therefore, there exist a real constant M > 0 independent of k and a sequence
of points (2x),cy, Where 2z € aN V¢ such that

p1(Z) < pr(f™ (Z)) + M.
If p is a limit point of the sequence (py, (2x)),cy, Where

L o7 G) - mi (B,

Py, (Zk) = n_k

then p > 0. Hence, if K is the compact set Fr(V)U (m(a)NV <) of A, then pg (1)
contains positive real numbers. This proves that Assertion (2) of Proposition
4.8 holds. This completes the proof of Proposition 4.8. |

As a consequence we have the following corollary.

Corollary 4.10. Let I = (ft)icj01], f be as in Theorem B*. Assume further-
more that

(A}) The homeomorphism [ satisfies the local intersection property at S.

(Ab) There exist two f-free essential Jordan curves vy and s with yn C UJY
such that the closed annulus A delimited by vn and s has mazimal in-
variant set ©(A) non-empty.

(A3) the set pys (1) is included in [0, 4-o00] and pa(I) is contained in [—oc,0].
s

Then there exists a compact set K in A such that 0 belongs to pr(I).

Proof. Changing I by I~! and conjugating I by the orientation reversing home-
omorphism (u,r) — (—u,r) of the annulus A, we may suppose that vy is
attracting, i.e. f(yn) C UfN and that hypothesis (A%) holds. Let us put
Ay = Cl(UfN) and for every integer n > 1 we define 4,, = f’”(UfN). Note
that A" = U,enA, is an open annulus and f(A’) = A’. Let us put f' = f|ar.
We note that f’ is isotopic to the identity of A’, and since f’ = f|as there is an
isotopy I’ on the annulus A’ from the identity of A’ to the homeomorphism f’
such that for every compact set K contained in A’, we have pi(I) = pr(I').
By Proposition 4.8, applied to I’ and f’ on A’, we know that

(1) there exists a compact set K’ in A’ such that 0 belongs to px (I'), or

(2) there exists a compact set K’ in A’ contained in A’ \ UZ, such that the
set p(I') intersects [0, +o0].
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If assertion (1) holds we are done. Suppose now that assertion (2) holds. Since
K’ is a compact set contained in A"\ U,YSS7 there exists an integer positive n such
that K’ is included in AU---U f'~"(A). Hence pg/(I') is included in the union
of ppr—iay(I'). Since for every i, pp—iay(I') = pa(I') and pa(I) = pa(I'), we
deduce that p4(I) intersects [0, +00]. Moreover, by hypothesis, we know that
pa(I) is included in [—o0, 0]. Therefore, 0 belongs to pa(I). This completes the
proof. |

4.3 Proof of Theorem B*

In this subsection we finish the proof of Theorem B*, using Theorem C. Let I
an isotopy in Homeop (A) from the identity to a homeomorphism f. Suppose
that pann(I) contains both positive and negative real numbers. One considers
the different cases of Proposition 4.3. In case (a) we are done.

Suppose now that case (b) of Proposition 4.3 holds. Let g be the orientation
reversing homeomorphism of A defined by (u,r) ~ (—u,r). Considering I~*
instead of I, or conjugating I by ¢ or considering g1 'g~! instead of I, we can
assume that hypotheses (A;)-(As) of Proposition 4.8 hold. Thus, one of the
following assertions holds.

(1) There exists a compact set K of A such that 0 belongs to px(I), or

(2) there exists a compact set K contained in CI(UXN) of A such that the
rotation set px (I) intersects [0, +o0].

If assertion (1) holds we are done. Suppose now that assertion (2) holds. Since
K cC Cl(U,iV) and f(Cl(U,YS)) C U:Yg, we deduce that px (1) C Poy (I) C [—00,0],
this last inclusion holds because case (b) of Proposition 4.3 and hypothesis (A3)
of Proposition 4.8 hold. Therefore 0 belongs to px (I). This completes the proof
when the case (b) of Proposition 4.3 holds.

At last suppose that Case (c¢) of Proposition 4.3 holds. Now, by Corollary 4.10,
there exists a compact set K of A such that 0 belongs to px (I). This completes
the proof of Theorem B*.

5 Proof of Theorem D

The purpose of this section is to prove Theorem D assuming Theorem C. Let I,
f,~T and v~ be as in the hypotheses of the theorem. Without loss of generality,
we suppose that v~ is contained in U$+. Let ©(A) be the maximal invariant
set of the annulus A delimited by v+ and v~. As we have seen in § 3.2, we can
suppose that pg(ay(I) contains both positive and negative real numbers. We
want to prove that 0 belongs to pe(a)([f).

An f-free essential Jordan curve v in A will be said to be attracting if
f(y) C U,YS and repulsing if f~1(v) C U,YS. The proof of the next lemma, is easy.
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Lemma 5.1. Let v and ' be two disjoint f-free essential curves in A. Suppose
that ~y is attracting and ~' is repulsing. Then the mazximal invariant set of the
closed annulus delimited by v and ~' is a connected set.

We remark that Lemma 4.2 implies Theorem D when ©(A) is a connected
set. By the previous lemma and considering 1! instead of I (if necessary), we
can assume that both 4y and v~ are attracting Jordan curves. Hence the sets

Ot (U )= ) f"U) and O (UN):=)Ff 0N

neN neN

are continuum, their complements are connected set of A and contain S and
N respectively. Let us write A’ the set A \ (@*(Uf,) U @f(Ué\i)) Then A’
is homeomorphic to an open annulus and f(A’) = A’. Let us write f' = f|a.
We note that f’ is isotopic to the identity of A’, and since f’ = f|as there is an
isotopy I’ on the annulus A’ from the identity of A’ to the homeomorphism f’
such that for every compact set K contained in A’, we have px(I) = px(I').
Since f’ = f|as does not satisfy the local intersection property at neither N’
nor S’ where N’ and S’ are the ends of A’, by Proposition 4.3 there exists
an f’-invariant and compact set K in A’ such that 0 belongs to px(I’). Since
K is an invariant set in A’ under f’, we deduce that K is included in ©(A).
Therefore,

0 € px(I') C peayI') = pocay(I).
This proves Theorem D.

6 Dynamics in the Closed Annulus: Theorem C

The purpose of this section is to prove Theorem C. Let I, f, 9, 71 and 2 be as
in the hypotheses of the theorem. Without loss of generality, for i € {0,1} we
suppose that ;41 is contained in Ufi . Let ©(A4;) be the maximal invariant set
of the closed annulus A; delimited by +; and ~;1+1. Let ©(A) be the maximal
invariant set of the annulus A = Ay U A;. We want to prove that 0 belongs to

po(a) ).

6.1 Reduction of Theorem C

We recall that Lemma 4.2 implies Theorem C when ©(A) is a connected set.
Thus, from now on we assume that O(A) is a disconnected set. This implies
that the f-free essential Jordan curves 7y, 71 and 7, are either all attracting or
all repulsing (see § 5) . Indeed, changing I into I~!, we can suppose that o is
attracting. If 5 is repulsing, then by Lemma 5.1 ©(A) is a connected set. If v
is repulsing and 7, attracting, then by Lemma 5.1 both ©(Ag) and ©(A;) are
connected sets which separate the annulus. In this case, ©(A) is the union of
©(Ap), of ©(A4;) and of the bounded connected component of the complement
of ©(Ap)UO(A7) and so ©(A) is a connected set. Therefore, changing I into 1—*
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and conjugating it by a change of coordinates (given by Schoenflies’ Theorem),
we can assume that vy, 71 and 5 are attracting Euclidean circles.

We will work in A := R x R the universal covering of A = T! x R where
T! = R/Z. We recall that = : A — A is the canonical projection of A onto A
and that p; : A — Ris the projection onto the first coordinate. Let f be the
lift of f associated to I, that is, if I = (ft)te[O 1) is the unique lift of I such
that fo is the identity of A then f = f1 Recall that f A—>Aisa homeo-
morphism which is isotopic to the identity (this is equivalent to require that f
is orientation preserving) and which commutes with the translation T : Ao A
defined by T'(z,y) = (z+1,y). For j € {0,1,2} we define I'; := 7~ 1(7;) and let
O(A) := 771(O(A)). If v is an essential Jordan curve in A, and T' = 77 1(v), we
will write U (resp. Ur) the upper (resp. lower) unbounded connected compo-
nent of the complement of I'. From now on, we will write p(f) instead of pann (I).

Since p(f9) = qp(f) for every q € Z, if ©(A) is a disconnected and non-
empty set, then considering an iterate of f instead of f, we can assume the
following hypotheses:

(H1) The sets I'g, I’y and I'y are horizontal straight lines such that for ¢ € {0,1},
Iy C UI{_H and thus are attracting, that is f(T' i) € Uy, for j € {0,1,2}.

(Hs) For every integer n > 1, we have f"(l"o) NIy # (.

For i € {0,1}, we define by @(gl) the maximal invariant set of A; the topological
closed band delimited by I'; and I';;.

(Hs) The sets ©(Ag) and O(A,;) are non-empty and
Poin (f) C (0,400) and  pgz,)(f) C (=o0,0).

Thus, we have reduced Theorem C to the following theorem.

Theorem C*. Let f A— A bea homeomorphism isotopic to the identity,
commutmg with the translation T, and satzsfymg hypotheses (Hy) to (Hs). Let
@(A) be the inwvariant mazimal set ofA AO U A1 Then

0e p@(g)(f).

Outline of the proof of Theorem C* In Subsection 6.2, using hypotheses
(Hy) and (H2), we begin by constructing unstable sets and stable sets of the
band ZZ- delimited by I'; and I';; ;. Then we consider their connected compo-
nents, called unstable branches and stable branches: these are connected and
compact sets, contained in A; and meeting I';41 but not I'; and T'; but not I'; 4
respectively. Let Ag (z) denote the unstable branch of z € @(EO) for the band
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Ay and let A (y) denote the stable branch of y € ©(A;) for the band A;.
Next, in Subsection 6.3, we will study the sequence of iterates of Ay (z). Using

hypothesis (H3) (and in particular that 0 does not belong to Po(Ay) (f)), we will
prove the following properties:

(1) For every compact set K included in Zo, fn(f( ) is disjoint from K for
every large enough integer n.

(2) The sequence (f_”(Aa (2))nen is uniformly bounded to the right.

Finally, in Subsection 6.5, we will finish the proof of Theorem C*. From
the previous properties Theorem C* we will be a consequence of the following
proposition.

Proposition 6.1. For every z € O(A) there exists y € O(A;) such that for
every sufficiently large integer n, we have

FM(Ag (@) N AT (y) # 0.

Note that if 2 € f"(Aa (z)) N AT (y), then z € ©(A). By above Property (2)
and its symmetric statements the positive and negative iterates of Z go to the
left. This proves that 0 belongs to Pe Z)( f), completing the proof of Theorem
C*.

6.2 Stable branches and unstable branches

In this subsection, we consider a homeomorphism ]7: A— A isotopic to the
identity, commuting with the translation 7" and satisfying hypotheses (H;) and
(H2). For i € {0, 1}, we define by A; the topological closed band delimited by
I'; and I';4 1. Following an idea of Birkhoff, in this subsection we will construct
unstable branches and stable branches of the band Zi_

6.2.1 Stable sets and unstable sets

Let us begin with the definition of an unstable set (resp. stable set) of the band
A; for f.

Definition 6.2. We say that A; is an unstable set of the band AZ for f if it
satisfies the following properties:

1. the set A; is a closed subset of Ai;

2. we have A7 NTi41 #0; and

3. the set A; is negatively invariant under f, ie. ]"Ll(AZ—_) CA;.
Similarly we say that Aj is a stable set of the band 71; for ]7 if it satisfies:

1. the set A} is a closed subset of A;;
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2. we have A NT; #0; and
3. the set A} is positively invariant under f, i.e. f(A;r) CAf.
We prove the following proposition.

Proposition 6.3. Let f: A—Abea homeomorphism isotopic to the identity,
commuting with the translation T and satisfying hypotheses (H1) and (Hs). For
i € {0,1} and for every n € Z, we define

A= FM(CIUR) NCIULE ) and A, = CI(UR) N f™(CIUL,, ).

The sets
A=A, andAf = () A}

n,i?
neN neN

are respectively an unstable set and a stable set of the band AZ for f

T,

i

/')

7Ty

Figure 4: Unstable set

Remark 9. The set A, consists of the points in A; whose negative iterates under
f remain in the band A;.

Proof of Proposition 6.3. We will prove that A, is an unstable set of the band
A; for f (one shows similarly that A is a stable set of the band A; for f ). Ttem
1 of the above definition is a direct consequence of the definition of A;” and the
fact that I'; is an attracting line. On the other hand, as the horizontal straight
line T';1; is attracting, we have that ffl(Cl(U;:H)) C CI(U;:H), and so
FHAD) = () PN CUU) N FHCUTEE,) C AL

neN

We have proved items 1 and 3 of the above definition. Next, let us prove item
2, that is we prove that A, NI';41 # 0 by contradiction. Suppose that for every
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Z € T'i41, we have Z ¢ A; . Then we can find the smallest integer ng = ng(2)

such that f_""(z) (z) € Uliri . Since f is continuous and commutes with the
translation T, we have that ng(z) > ng(z’) for every 2z’ close to z and that
no(Z) = no(T(2)). By compactness, we can define the integer

ng = sup no(z) =sup{no(z) : z € I'yy1 and p1(z) € [0,1]}

z€lit

which satisfies f~°(T;41) C UIT This contradicts hypothesis (Hz), so item 2
is proved. |

6.2.2 Stable branches and unstable branches

Now, we state and prove the properties verified by unstable branches (we have
the “symmetric properties” for stable branches) that we will use in the next
subsections.

Definition 6.4. For i € {0,1}, we call unstable branch of the band A; any
connected component of the unstable set, A;. For x € A;, we denote A (x),
and we say that it is the unstable branch of x, the connected component of A;
containing x. ~

The stable branches of A; and the sets A (z) are defined similarly.

We have the following properties.

Proposition 6.5. Let ]7: A—Abea homeomorphism isotopic to the identity,
commuting to the translation T and satisfying hypotheses (Hy) and (Hs). If
x €A, then

(1) the set A; (x) is a compact subset of A;;

(2) we have A; (x) NTiqp1 # 0;

(3) we have F~H(A7 () € AT (F(@)); and

(4) there exists a real number M;” > 0 (independent of x) such that

diamp; (A] (z)) < M.

The proof of Proposition 6.5 will use following lemma.

Lemma 6.6. For x € A;, we write A, ;(x) the connected component of A
containing x. Then

A7 (@) = () A ().

neN

Proof of Lemma 6.6. First, for every n in N, from Proposition 6.3 we deduce
that A; (z) C A, ;(x). This implies that A; (z) C (N, ey A, (). To prove the
reverse inclusion we need the following claim.
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Claim. (A, ;(z))n>1 is a decreasing sequence of compact and connected sets

contained in A .

Proof of the claim. By definition for every integer n > 1, the set A, ;(z) is
connected, and since I';11 is an attracting line, we deduce that A, ,, ;(v) C
Am(:n), i.e. the sequence is decreasing. Now, the compactness follows of the

facts that f™(To) Ny # 0 (hypothesis (Hs)) and that f commutes with 7. This
proves the claim. |

From the claim the intersection N,enA,, ;(z) is a compact, connected set

contained in A;" which contains z. We conclude that NpenA, ;(z) C A; (z).
This completes the proof of the lemma. |

Proof of Proposition 6.5. Proof of item (1). We proved (see the claim above)
that A, ;(z) is a compact set for every integer n > 1, so it provides the com-

pactness of A; (z). Moreover by Proposition 6.3, A; (z) is contained in A,

Proof of item (2). We know that (A;Z-(:I:))n>1

compact and connected sets. Moreover for every integer n > 1, A, /() N1 #

is a decreasing sequence of

(). Therefore (A Jx)n FZ+1) | Is a decreasing sequence of compact non-empty
sets and so by Prop081t1on 6. 3 we have that

A7 (x)NTir = () A, (2) NTigq #0.
neN

This proves item (2).

Proof of item (3). By Proposition 6.3, we have that f- Y(A7) C A]. By
connectedness, we deduce that f~ YA (z) C AS (f ().

Proof of item (4). Let x be in A . Since by Lemma 6.6, we have that A; ()
is contained in A7 ,(z), it suffices check the property for A7 ;. Let Q; := {Zz €
Ei :0 < p1(2) < 1} be and let

My = sup [p1(F(2)) = m(3)|
ZEA

First, we claim that diam p; (f(@z)) < 2My + 1. Indeed, let z,2" € QZ Then

(FE) = pi(F@)] < 2M0+1.

On the other hand, since fcommutes with T" and I'; 4 is an attracting line,
we have

At C FCUUR) nCUTH, ) € J(T™(F(Q) N CUUE, )

neZ
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Hence, if # € A7 ;, then there is an integer n such that x € T"(]"’v(@i))ﬁCl(Ull':+1 ).

Let X be the connected component of T"(f(Q;)) N Cl(U;:_H) containing z. We
remark that by Keréjarté result (see [LY97]) the boundary of X is the union of

two arcs f(I'}) where I'; C I'; and I'} | | C T';41 . We have the following claim.
Claim. A; (x) is contained in X .

Proof. By contradiction. If A; () is not contained in X, then by connectedness
A7 (z) meets f(I}), because A; () is contained in A; (item (1)). Using item
(3), we deduce

0# FHA7 (2) NI, C A7 (fY(x)) Ny € A7 NI
This contradicts the definition of A (). [

By the claim and the first point we deduce that

diam(p; (Afz(x)) < diam(X) < diam(T"(f(Qi))) < 2Mp + 1.

6.3 Consequence of Hypothesis (H3)

In this subsection, we consider a homeomorphism f: A— A isotopic to the
identity, commuting with the translation T and satisfying hypotheses (Hj)-
(Hs). Using hypothesis (Hs) we will study the dynamics of unstable branches
(we have the symmetric properties for stable branches).

Let us begin by recalling that for i € {0, 1}, the inclusion ©(A;) C A; implies

that pgz,,(f) C pz,(f), but we cannot use hypothesis (Hs) to conclude that

pz,(f) € (0,+00) and pgz (f) C (—00,0). However, using the fact that the
straight lines I'; and I';;; are attracting, we can prove that the above inclusions
are true.

Proposition 6.7. Fori € {0,1}, we have

P35, () C pmes(©(A1), ) = Conv pg 1, (-

In particular pz (f) C (0,+00) and pz (f) C (—00,0).

Proof. Recall that we are using the notation p 3. (f) instead of pw(g_)(l). Let p

be an element in p 7 (f). By definition and the fact that v; = 7(I';) and vi41 =
m(Ti41) are f-free, there exist a sequence of points (2x),cy and a sequence of
integers (ng), oy satisfying:

ke

(i) for every k € N and integer j € {0,--- ,ng} we have fI(z;) € A; = m(4;);
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(ii) the sequence (ng)gen converges to +oo; and
(iii) the sequence (pn, (#k))ken converges to p.

Let us consider the sequence of Borel probability measures (jx);cy, where for
every integer k, uy is defined as:

where J, (z € A) denotes the Dirac’s measure at z. By item (i), these measures
have their supports included in A;, and so changing the sequence (ur),cy by
one of its subsequence, we may suppose that the sequence (py) LeN converges.
Let p be its limit. We know that the measure y is invariant (under f), and so
its support Supp(u) is contained in the maximal f-invariant set of A;, denoted
by ©(A4;). Moreover

Py (21) = /m dpr, — /m du = p(u).

From item (iii) and the uniqueness of the limit, we deduce that p belongs to
Pmes(O(A;), f). This proves that 3, (f) C Pmes(O(Ay), f). On the other hand,

by Lemma 4.2, we know that pmes(@(Al),f) = Conv p@(ﬁi)(f)' Thus, using
hypothesis (H3) we have that pz_ (f) € (0,40c) and PA, (f) C (—00,0), because

pi. (f) is a compact set. This completes the proof of the proposition. |

As an immediate consequence of the above proposition (and in particular
using that 0 does not belong to pz (f)) we have the following lemma.

Lemma 6.8. For every real number M > 0, there exists ng = no(M) € N such
that for every compact set K included in AO, with dlampl(K) < M, and for
every integer n, |n| > ng we have

fHEK)NK = 0.

Proof. Suppose by contradiction that there are a real number My > 0, and a
sequence of integers (n4),cy Which tends to +o0o and points z € AO such that

fre (%) € A, and
[P (™ (E) = 1 ()| < Mo

Hence,

1 ~ M,
pon (G )| = - | (P2 ) — )| < 2

Letting k tends to infinity, one deduces that 0 belongs to p KO(:fv). This contra-
dicts Proposition 6.7, completing the proof. |
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In the sequel, for every real number M, and i € {0,1} we write
Lz (M):={Z€Ai:p(3) <M} and Ry (M):={Z€A; :p(3)>M}.

Lemma 6.9. Let x € 9(110). For every real number M, there exists ng € N
such that for every integer n > ng we have

f™Mx) Lz (-M) and f*(x) C Rz (M).

Proof. In both cases the proof is analogous, so we only prove the first inclusion.
Let

My := sup |p1(f(2)) — p1(2)] .

ZEAp
Let M be a positive real number such that 2M > My and —M < py(z) < M.
Let us put K = Cl(Rz (—M)) N C(Lz (M)). By Lemma 6.8, there exists
no € N such that for every integer n > ng we have f~"(z) ¢ K, i.e. f"(x) €
Lz (=M)U Ry (M). Suppose that there are two integers n” > n’ > ng such
that f~"'(z) € Lz (—M) and " (z) € Rz (M). The following claim contra-
dicts the choice of ng (see Figure 5).

7 -
P )
Ly (-M) K diam(K)<M, Rz,M)

Figure 5: Orbit of x

Claim. There is an integer n’ >n >n' > ng such that f~"(z) € K.
Proof. Let
n—1:=max{me {n', -, n"}: f"(x) € Lz (M)}

(From the choice of n’ and n” such integer exists). By definition of n, we have
D1 (f‘"“(ac)) <—-M<p; (f‘"(ac)), and so in order to prove the claim it suffices
to check that f’”(:c) < M. Recall that for every integer m, the point f™ (z) is
in ;10 and so

pi(f (@) = pi(f" (@) — pr(FT" @) + pa(f T (@) < Mo — M < M.

This proves the claim. |
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We conclude that the sequence (f =" (2))n>n, is contained either in L 3 (—M)

orin Rz (M). Since pgz,)(f) C (0,+00), the second inclusion cannot possible,
completing the proof of the lemma. |

Lemma 6.10. Let 2 € O(Ag). Then the sequence {f’”(Aa () }nen is uni-
formly bounded to the right, that is, for every real number M, there exists ng € N
such that for every integer n > ng we have

7" (Mg (@) € Lg, (M),

Proof. Let n € N. Since f’”(AO_ (x)) C Ay (f~™(x)) Proposition 6.5 provides
us a real number M (independent of n) such that for every z € Ay (z) we have

p(f @) =i (@) < My

On the other hand, by Lemma 6.9, we have that lim,, 1 pl(f_”(ac)) = —o0.
This completes the proof of the lemma. ]

6.4 Proof of Proposition 6.1
In this section we prove Proposition 6.1 reformulated as follows.

Proposition 6.11 (Proposition 6.1). Let f: A — A bea homeomorphism
isotopic to the identity, commuting with the_translation T, and satisfying hy-
potheses (Hy) to (Hs). For every x € O(Ay), there exist y € (A1) and a
positive integer ng such that for every integer n > ng, we have

FM(Ag (@) N AT (y) # 0.

We note that if z € ]?"(Aa (z)) N A} (y), then z € O(A). By Lemma 6.10
and its symmetric result the sequence of positive and negative iterates of zZ go
to the left. We prove to next subsection that this implies Theorem C*.

Proof of Proposition 6.11 Let x € @(;10). Since A (z) is a compact set, we
can consider a real number M such that Ay (z) C Lz (M). Let M be the
positive real constant provided by Proposition 6.5, such that

max diamp; (A] (y')) < M,
y'€0(A1)

Let us fix y € O(A;) such that py(y) > M + M; . We recall that by the choice
of y, one has that

Ag(x) € Ly (M) and Af(y) € Rz, (M). (1)

Lemma 6.12. For every integer n > 0, we have

FrT) NAL (y) # 0.
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Proof. Suppose by contradiction that there exists a positive integer n’ such
that f7'(I'1) N Af(y) = 0. This implies that AT (y) is contained in one of
the connected components of A \ f (I';). Since T'y is an attracting line, i.e.
7Ty Ur., and since A (y) meets I'y (hypothesis (H;) and Proposition

+ + + _ .
6.5), we conclude that A7 (y) C Ufn’(rl)’ an~d soy € Uf:"(rl) = f" (Ur,). This
contradicts the choice of y, because y € ©(A1) C Npenf"(Ur, ) [

From Proposition 6.5, we know that A (y)NT'; is a non-empty set. Let us fix
Z € A (y) NT; and consider the vertical line segment « : [0, 1] — A satisfying:
e a(0)=7%;
e a(1) € Ty; and
e a((0,1)) C Int(Ap).
Let R3 (@) (resp. Lz ()) be connected component of Ao \ a which is un-
bounded to the right (resp. to the left). Let K = Ag () Ua. Since K is a

compact subset of /~10, by Lemma 6.8 there is a positive integer ng such that for
every integer n > ng, we have

(A (@) Nac fAE)NK =0. (2)

Moreover by Lemma 6.9, we can assume that ng is large enough such that for
every integer n > ng.

f'(x) € Rz, (). (3)

From now on, we fix such integer ng. Let us consider AL () := Ay () UAJ (z).
This is a connected and compact subset of Ay which separates the band Ag
(i.e. it meets both I'g and I'1). We can define its right Rz (A7 (z)) that is the

connected component of Ag \ Ag(:n) which is unbounded to the right.
Let us denote by

IM:=R; (Ag(x))NTy and Th:=Ty\T7.
(See Figure 6). Note that
If N Ag (2) € Ry (A (@) N AR (@) = 0. (4)
Proposition 6.11 we will be a consequence of the following lemma.

Lemma 6.13. For every integer n > ng, we have
(/" (Ag (@) U fH(ID)) N AT (y) # 0.

Proof. Fix an integer n > ng. We have two cases. If f*(I'') N A} (y) = 0, then

by Lemma 6.12 and the fact that I'; = '} UT}, we have that (T} )NAT (y) # 0.
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I o
r, r;
A A ; *(y )
y
I,
La(M) Ry (M)

Figure 6: Proof Proposition 6.1

This completes the proof in this case.

Now suppose that f™(I'7) N Af(y) # 0. Let T, = Ty N Lz (a) and Iy =
FO \ Fé Let
Cn:=A(y)U f"(THUaUT}.

Remark that C,, is a connected set. Moreover we can assume that it does not
meet f"(Ag (z)). Otherwise, f™(Ay (z))NAT (y) # 0, because f(Ay (z)) meets
none of f*(I'7), a and Ty (relations (4) and (2), and remark 9 respectively),
which finishes the proof in this case. _
Since I'y is an attracting line, i.e. f"(I'y) C Up, and A{ (y) is contained in Ay,
we have that

It(Rz, (o) C Int(Ag) \ o C A\ Cy.

Let X,, be the connected component of A \ C), that contains Int(R i, (@)
Remark that since C,, is a closed subset of 1&, X, is an open set of A and
Fr(X,,) is contained in C,,. Hence X, is bounded to the left, because A} (y) Ua
and f™(I'7) are bounded to the left. On the other hand, since by relation (3)
f(z) € Rz (o) and f"(Ag (z)) does not meet C,, we have that f"(Aq (2)) is
contained in X,,. Therefore the curve f™(I'}) which is unbounded to the left
must meet Fr(X,,). As Fr(X,,) C Cy, it follows that

arhne, #0.

Since T'y is an attracting line and since I'y NI} = () and fis a homeomorphism,
we have that f*(T'1) N (« UTo) = 0 and f*(T'}) N f*(T%) = 0 respectively.
Therefore, we conclude that (%) N A (y) # 0. This completes the proof of

the lemma.
[ |
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1
L,

Figure 7: Proof Lemma 6.13

End of the proof of Proposition 6.11. Suppose by contradiction that there ex-

ists a sequence of integers (n),cy which converges to 4o such that

F(Ag (@) N AT (y) = 0.

From Lemma 6.13 we obtain a sequence of points (2x),cy with 2 € T} and
F™ (%) € Af (y). Recall that by (1), we have that I’} C Lz (M) and Af(y) C
Ry (M). Hence p1(z) < p1(f™(Zk)). If p is a limit point of the sequence
(Pny (Zk))ken, where

P (Be) = (01 (F™ (31)) — pr(Ga)).

n_k(
then p > 0. This implies that 0 < p € pgl(f), contradicting Proposition 6.7.
This completes the proof of Proposition 6.11. |

6.5 End of the proof of Theorem C*

Let no € N and let 7 € f7 (Ag (z)) N AT (y) given by Proposition 6.11. From
the definitions of Ay (z) and Af (y) and the fact that T'y and Ty are f-free, we

deduce that z € ©(A). Moreover by Lemma 6.10 and its symmetric property
for stable branches, we know that

lim pi(f"(2) =-cc and lim pi(f"(3)) = —oo. (5)

n—-+o0o n—-+oo



45

Let us consider

My := sup n(fE) —m)|.
7eA

Let k be a positive integer and let us define M := p;(2) — kMp. In a similar way
as in the proof of the claim in Lemma 6.9, we prove that there are two positive
integers n™ and n~ such that

M—My<pi(f™ (3)) < Mand M — My < pi(f* (3)) < M.
Therefore by the choice of M and My, we deduce that
e nt 4+ n~ > 2k, and

pi(f" () =i (" (2))| < Mo.

Since k can be chosen arbitrarily large, this implies that 0 belongs to Po ;)( ).
This is what we needed to prove.
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