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A new extension of the class of regularly varying
functions

Meitner Cadena* and Marie Kratz'

Abstract

We define a new class of positive and Lebesgue measurable functions in terms of
their asymptotic behavior, which includes the class of regularly varying functions.
We also characterize it by transformations, corresponding to generalized moments
when these functions are random variables. We study the properties and extensions
of classical theorems for this class.

Keywords: asymptotic behavior; Karamata’s representation theorem; Karamata’s the-
orem; Karamata’s tauberian theorem; measurable functions; Peter and Paul distribu-
tion; regularly varying function

AMS classification: Primary: 26A12; 26A42; 40E5; secondary 28A10; 60G70

Introduction

The class of regularly varying functions has been introduced in the 30s by Karamata, who
defined the notion of slowly varying (SV) and regularly varying (RV) functions, describing
a specific asymptotic behavior of these functions, namely:

Definition. A Lebesgue-measurable function U : R* — R* is RV at infinity if, for all £ > 0,

Uxt)
im
x—oo U(x)

=t forsomep€eR, (1)

p being called the tail index of U, and the case p = 0 corresponding to the notion of SV
function. U is RV at 0" if (1) holds, when taking the limit as x — 0" instead of +oo.

Since then, much literature has been devoted to RV functions (see e.g. [33], [5] and refer-
ences therein), in particular in Extreme Value Theory (EVT) (see e.g. [20], [18], [14], [31])
where the RV property helps characterizing maximum domains of attraction. The notion
of multivariate regular variation has been developed (see e.g. [15], [32], and references
therein) and various extensions of the RV class have been proposed. We may cite, in a
non exhaustive way, the class of Extended RV (ERV) (which is implicit in the work of Ma-
tuszewska [29], and simply allows the limit in (1) to vary), its natural extension, named the
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O-Regularly Varying (O-RV) class, defined and studied by Avakumovi¢ [2], also analyzed
by Karamata [27] (see also e.g. [29], [19], [33], [1], [28], and [11], where relations between
ERV and O-RV are analyzed), the Bojanic-Karamata class (see [7]) that is a subclass of the
SV class, the IT classes (see e.g. [3], or [5]), and the Beurling classes, the slowly varying one
(see e.g. [5]) that contains the SV class, or the RV one (see [6]). It is worth noticing that the
Beurling theory includes the Karamata theory (see [6]).

In this paper, we propose a new extension of the RV class, defined in terms of the asymp-
totic decay of the functions, and for which the limit in (1) might not exist. This new class
not only extends in a simple way main RV properties but also offers broader applications,
as e.g. in EVT. We can mention, for instance, new results on maximum domains domain
of attraction (see [10]) and the proposition of a new tail index estimator (see [9]).

The aim of this work is to present and characterize fully this new class.

The paper is organized in two main parts. The first section defines this large class of func-
tions, describing it in terms of their asymptotic behaviors, which may violate (1). It pro-
vides its algebraic properties, as well as characteristic representation theorems, one being
of Karamata type. In the second section, we discuss extensions for this class of functions
of other important Karamata theorems. Proofs of the results are given in the appendix.

1 Study of a new class of functions

We focus on the new class .# of positive and measurable functions with support R*, char-
acterizing their behavior at co with respect to polynomial functions. A number of proper-
ties of this class are studied and characterizations are provided. Further, variants of this
class, considering asymptotic behaviors of exponential type instead of polynomial one,
provide other classes, denoted by .#, and .#_,, having similar properties and charac-
terizations as .4 does.

Let us introduce a few notations.

When considering limits, we will discriminate between two main cases, namely when the
limit is finite or infinite (+oo0), and when it does not exist.

The notation a.s. (almost surely) in (in)equalities concerning measurable functions is
omitted. Moreover, for any random variable (rv) X, we denote its distribution by Fx (x) =
P(X =< x), and its tail of distribution by 1_3X =1- Fx. The subscript X will be omitted when
no possible confusion.

RV (RV,, respectively) denotes indifferently the class of regularly varying functions (with
tail index p, respectively) or the property of regularly varying function (with tail index p).

Finally recall the notations min(a, b) = aA b and max(a, b) = aVv b that will be used, |x] for
the largest integer not greater than x and [x] for the lowest integer greater or equal than
x, and log(x) represents the natural logarithm of x.

1.1 Theclass .«

We introduce a new class .# that we define as follows.



Definition 1.1. ./ is the class of positive and measurable functions U with support R™,
bounded on finite intervals, such that
U U
JpeR,Ve>0, lim ) =0 and lim W) =

x—o0 xP x—o00 xP—€

0. (2)

On ./, we can define specific properties.

Properties 1.1.

(i) ForanyU € ., p defined in (2) is unique, and denoted by py.

.. . V(x)
IfU, Vel s.t. py > pv, then lim —— =0.
i) If €A s.t. py > pv, then lim U

(iii) ForanyU,V e M andanya=0,aU+V € H withpau+v =puV Pv-
(iv) IfU € 4 with py defined in (2), then1/U € .4 with p1;y = —py.

(v) LetU € 4 with py defined in (2). If py < —1, then U is integrable on R*, whereas, if
pu > -1, U is not integrable on R* .
Note that in the case py = —1, we can find examples of functions U which are inte-
grable or not.

(vi) Sufficient condition for U to belong to .4 : Let U be a positive and measurable func-
tion with support R*, bounded on finite intervals. Then

—oco< lim log(ﬂ = Uel.
x—oo log(x)

To simplify the notation, when no confusion is possible, we will denote p; by p.

Remark 1.1. Link to the notion of stochastic dominance

Let X and Y be rv's with distributions Fx and Fy, respectively, with support R*. We say
that X is smaller than Y in the usual stochastic order (see e.g. [34], pp. 3) if

Fx(x)<Fy(x) forallxeR". 3)

This relation is also interpreted as the first-order stochastic dominance of X over Y, as Fx =
Fy (seee.g. [22], pp. 289).

Let X, Y be rv's such that Fx = U and Fy =V, where U,V € 4 and pu > pv. Then Prop-
erties 1.1, (ii), implies that there exists xy > 0 such that, for any x = xy, V(x) < U(x), hence
that (3) is satisfied at infinity, i.e. that X strictly dominates Y at infinity.

Furthermore, the previous proof shows that a relation like (3) is satisfied at infinity for any
functions U and V in M satisfying py > pv. It means that the notion of first-order stochas-
tic dominance or stochastic order confined to rv’s can be extended to functions in 4 . In this
way, we can say that if py > pv, then U strictly dominates V at infinity.



Now let us define, for any positive and measurable function U with support R,
[e.0]
KU:=sup{r:r€]R and f xr_lU(x)dx<oo}. 4)
1

Note that xy may take values *oo.
Definition 1.2. For U € ./, xy defined in (4) is called the # -index of U.
Remark 1.2.
1. If the function U considered in (4) is bounded on finite intervals, then the integral

involved can be computed on any interval [a,oc0) with a > 1.

2. When assuming U = F F being a continuous distribution, the integral in (4) reduces
(by changing the order of integration), for r > 0, to an expression of moment of a rv:

f x"lﬁ(x)dlef (x’—l)dF(x):lf ¥ dp) - £,
rJi rJi r

1

3. We havexy =0 for any tail U = F of a distribution F.

Indeed, suppose there exists F such that k7 < 0. Let us denote xi by x. Since x <

oo — —
x/2 < 0, we have by definition of x thatf x> VF(x)dx = co. But, since F <1 and

0 _ oo

x/2—-1< -1, we can also write thatf 2 'F(x)dx < f 2?7 1dx < co. Hence
1 1

the contradiction.

4. A similar statement to Properties 1.1, (iii), has been proved for RV functions (see [5],
pp. 16).
Let us develop a simple example, also useful for the proofs.

Examplel.1. Leta € R and U, the function defined on (0,00) by

1, O0<x<l1
Ua(x).:{ xa, x>1.

Then Uy € M with py, = a defined in (2), and its /4 -index satisfiesxy, = —a.

To check that U, € ., itis enough to find a py,, since its unicity follows by Properties 1.1,
(i). Choosing py, = a, we obtain, for any € > 0, that
Ug(x) . 1 Uq (%)

lim =lim —=0 and lim = lim x¢ = oo0.
x—00 xPUa+€  x—o00 x€ x—00 xPUa—€  x—00

Hence U, satisfies (2) with py, = a.
Now, noticing that

o0 o0
f xs_an(x)dx:f © ldx <00 < s+a<0
1 1
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then xy, defined in (4) satisfies k7, = —a. O

As a consequence of the definition of the .#-index x on .4, we can prove that Proper-
ties 1.1, (vi), is not only a sufficient but also a necessary condition, obtaining then a first
characterization of /4.

Theorem 1.1. First characterization of ./
Let U be a positive measurable function with support R* and bounded on finite intervals.

Then
log (U (x))
m-—————=

-1, 5
x—oo log(x) ! ©)

Ue M withpy =-1

where py is defined in (2).

Example1.2. The function U defined by U(x) = x™% does not belong to ./ since the limit
expressed in (5) does not exist .

Other properties on .4 can be deduced from Theorem 1.1, namely:

Properties 1.2. ForU, V € .4 with py and py defined in (2), respectively, we have:

(i) The product UV € M with pyv =pu +pv.

(ii) Ifpy <pv<-1lorpy<-1<0<py, then the convolution U * V € 4 with py.y =
pv.-If-1<py<pvy, thenU *V € M withpy«v = pu +pv+l.

(iii) Ifxlim V(x) =00, thenUoV € M with py.v = pupv-
— 00

Remark 1.3. A similar statement to Properties 1.2, (ii), has been proved when restricting

UxV
the functions U and V to RV probability density functions, showing ﬁrstxli_pgo W\(/x()x) =

1 (see [4], Theorem 1.1). In contrast, we propose a direct proof, under the condition of inte-
grability of the function of 4 having the lowest p.

When U and V are tails of distributions belonging to RV, with the same tail index, Feller
([18], Proposition, pp. 278-279) proved that the tail of the convolution of 1 - U and1-V
also belongs to this class and has the same tail index as U and V.

We can give a second way to characterize .# using xy defined in (4).

Theorem 1.2. Second characterization of ./
If U is a positive measurable function with support R*, bounded on finite intervals, then

U € # with associated py < «kKy=-pu (6)

where py satisfies (2) and xy satisfies (4).

Here is another characterization of .#, of Karamata type.



Theorem 1.3. Representation Theorem of Karamata type for ./

(i) Let U € 4 with finite py defined in (2). There exist b > 1 and functions a,  and €
satisfying, as x — oo,

a(x)/log(x) — 0, ex) — 1, px) — pu, (7)
such that, forx = b,

X
h) } ®)

U(x) :exp{a(x)+e(x) Tdt
b

(ii) Conversely, if there exists a positive measurable function U with supportR*, bounded
on finite intervals, satisfying (8) for some b > 1 and functions a, B, and € satisfying
(7), then U € ./ with finite py defined in (2).

Remark 1.4.

1. Another way to express (8) is the following:
U(x)=exp{a(x)+&;g(x)f ,B(t)dt}. 9)
b

2. The function a defined in Theorem 1.3 is not necessarily bounded, contrarily to the
case of Karamata representation for RV functions.

Example 1.3. Let U € 4 with 4 -index xy. If there exists ¢ > 0 such that U < c, then
xy =0.

Indeed, since we have lim M > lim M
x—oo  log(x) x—oo log(x)

one to conclude. O

=0, applying Theorem 1.1 allows

1.2 Extension of the class .«

We extend the class .# introducing two other classes of functions.

Definition 1.3. .4, and ./ _., are the classes of positive measurable functions U with sup-
portR*, bounded on finite intervals, defined as

U
Mo = {U :VpeR, lim () :0}, 10)
x—oo xP
and U
M_m:={U:Vp€R, lim—x=oo}. (11
x—oo xP

Notice that it would be enough to consider p < 0 (p > 0, respectively) in (10) ((11), respec-
tively), and that 4, #—o and ./ are disjoint.

We denote by ., the union Ao U M _ .

We obtain similar properties for %, and .#_,, as the ones given for .4, namely:



Properties 1.3.

A UelMs <— 1UEM .

\%
(i) If (U, V) € M_oo X M OF M_co X Moo OF M %X Moo, then lim ﬂ =0.
x—o0 UJ(x)

(iii) IfU,V € Mo (M—- respectively), then U+ V € M, (M- Tespectively).

The index xy defined in (4) may also be used to analyze .#, and .#_.. It can take infinite
values, as can be seen in the following example.

Example 1.4. Consider U defined on R* by U(x) := e *. Then U € Mo with xy = oo.
Choosing U(x) = e* leads to U € M, withxy = —oo.

A first characterization of .4, and .#_., can be provided, as done for .# in Theorem 1.1.

Theorem 1.4. First characterization of 4, and #_.,
Let U be a positive measurable function with supportR*, bounded on finite intervals. Then

we have
log (U(x)) _

Ue by < lim —00 (12)

x—oo log(x)

and log (U
Uetlo < lim 28U _ (13)

x—oo  log(x)
Remark 1.5. Link to a result from Daley and Goldie.

If we restrict M U M+ to tails of distributions, then combining Theorems 1.1 and 1.4 and
Theorem 2 in [13] provides another characterization, namely

Ue MU Mino — Xye PO,

where Xy is a rv with tail U and 4 PC is the set of non-negative rv’s X having the property
introduced by Daley and Goldie (see [13], Definition 1.(a)) that

K(XAY)=«x(X)+x(Y)

for independent rvs X and Y. We notice that x(X) defined in [13] (called there the mo-
ment index) and applied to rv’s, coincides with the #/ -index of U, when U is the tail of the
distribution of X.

An application of Theorem 1.4 provides properties as in Properties 1.2, namely:
Properties 1.4.

@) If (U, V) € Moo X Mso OF Mico X M OF M_oo X M_oo, then U -V € My, OF Mix OT
M _~, Tespectively.

(i) If(U,V) € Moo x M withpy =0 0orpy <—1, thenU =V € M with py«v = pv.
If(U,V) € Moo X Moo, thenU = V € Moo.
If(U,V) € M_oox M O M_oo X Masoo, thenU *V € M_.



(iii) IfU € M1oo andV € M such that xlim V(x)=ococorVell o, thenUoV € Mio.
—00

Looking for extending Theorems 1.2-1.3 to .#, and .#_, provides the next results.
Theorem 1.5.

Let U be a positive measurable function with support R*, bounded on finite intervals, with
Ky defined in (4).

(i) (@ Uedblyy = Ky=o0.

(b) U continuous, }im Ux)=0,andxy=00 = UE€ M.
—00

(ii)) (@ Ue Ml = «Ky=—00.

(b) U continuous and non-decreasing, andxy = —oo —> U€ M _o.

Remark 1.6.

1. In (i)-(b), the condition xy = co might appear intuitively sufficient to prove that U €
M. This is not true, as we can see with the following example showing for instance

that the continuity assumption is needed. Indeed, we can check that the function U
defined on R* by

neN\{0}

—*  otherwise,

I/x if xe U mn+1/n"
U(x):=

e
satisfiesky = co and lim U (x) = 0, but is not continuous and does not belong to M.
X—00

2. The proof of (i)-(b) is based on an integration by parts, isolating the term t"U(t). The
continuity of U is needed, otherwise we would end up with an infinite number of
jumps of the type U(t*) — U(t7)(#0) on R*.

Theorem 1.6. Representation Theorem of Karamata Type for 4, and /_,

(i) IfU € M, then there exist b > 1 and a positive measurable function « satisfying
a(x)/log(x) — oo, (14)
X—00

such that,Vx=Db,
U(x) = exp{—a(x)}. (15)

(ii) If U € M_, then there exist b > 1 and a positive measurable function a satisfying
(14) such that,Vx = b,

U(x) = exp{a(x)}. (16)

(iii) Conversely, if there exists a positive function U with support R*, bounded on finite
intervals, satisfying (15) or (16), respectively, for some positive function a satisfying
(14), then U € M, or U € M _, respectively.



1.3 Onthe complement set of ./ U ./,

Considering measurable functions U : R* — R*, we have, applying Theorems 1.1 and 1.4,

log (U
that U belongs to ./, s, Or M if and only if lim og(U(x))
x—oo  log(x)

Using the notions (see for instance [5], pp. 73) of lower order of U, defined by

exists, finite or infinite.

. log(U(x))
U):=lim —— 17
p(U) 22 Tlog 17)
and upper order of U, defined by
— 1
V(U) = Tim 28D (18)

x—oo  log(x)

we can rewrite this characterization simply by u(U) = v(U).

Hence, the complement set of .4 U ./ in the set of functions U : R* — R*, denoted by
0O, can be written as
O :={U:R*" - R" : u(U) <v(U)}.

This set is nonempty: G # @, as we are going to see through examples.

Examples of functions U satisfying p(U) < v(U) are not well-known. A non explicit one
was given by Daley (see [12], pp. 34) when considering rv’s with discrete support (see
[13], pp. 831). We will provide a couple of explicit parametric examples of functions in
© which include tails of distributions with discrete support. These functions can be ex-
tended easily to continuous positive functions not necessarily monotone, for instance
adapting polynomials given by Karamata (see [25], pp. 70-71). These examples are more
detailed in Appendix A.3.

Example 1.5.
Leta >0, B R such that B # —1, and x, > 1. Let us consider the increasing series defined
by x, = xé”“)n, n =1, well-defined because x, > 1. Note that x, — oo as n — oo.
The function U defined by
U(x) := { l’amﬁ) 0=x<xn (19)
X5 , X€EI[Xp Xp+1), V=1,

belongs to G, with

wy =29 d vy =at 4B, if1+>0
1+a
p=at+p) and vn="P ipipeo

Moreover, if 1+ <0, then U is a tail of distribution whose associated rv has moments lower
than-a(1+ f)/(1+ ).



Example 1.6.

Letc >0 and a € R such that a # 0. Let (x) e be defined by x, = 1 and x,11 =2%/¢, n > 1,
well-defined for ¢ > 0. Note that x, — oo as n — oo.

The function U defined by

1 0<x<x;
U(x):=
(x) {2”” Xp<X<Xp41, Vn=1,

belongs to C, with
uU)=ac and v({U)=oc0, ifa>0

pU)=-oc0 and v(U)=ac, ifa<O.

Moreover, if @ < 0, then U is a tail of distribution whose associated rv has moments lower
than —ac.

2 Extension of RV results

In this section, well-known results and fundamental in Extreme Value Theory, as Kara-
mata’s relations and Karamata’s Tauberian Theorem, are discussed on .#. A key tool for
the extension of these standard results to .# is the characterizations of .# given in Theo-
rems 1.1 and 1.2.

First notice the relation between the class .# introduced in the previous section and the
class RV defined in (1).

Proposition 2.1. RV, (p € R) is a strict subset of M .

The proof of this claim comes from the Karamata relation (see [26]) given, for all RV func-

tion U with index p € R, by
log (U (x))
Jim B2 (20)
—oo  log(x)

which implies, using Properties 1.1, (vi), that U € .4 with .#-index xyy = —p. Moreover,

Ul(t
RV # ./, noticing that, for £ > 0, lim (£x)
X—00 ( x)

a RV function U. For instance the function defined on R* by U(x) = 2 + sin(x), is not RV,

log(U
but lim M =0,hence U e 4.
x—oco log(x)

does not necessarily exist, whereas it does for

2.1 Karamata’s Theorem

We will focus on Karamata’s well-known theorem developed for RV (see [23] and e.g. [14],
Theorem 1.2.1) to analyze its extension to .4 . Let us recall it, borrowing the version given
in [14].

Theorem 2.1. Karamata’s Theorem ([23]; e.g. [14], Theorem 1.2.1)

Suppose U : R™ — R™ is Lebesgue-summable on finite intervals. Then

10



(KD

U € RV, >—-1 < lim xU) =p+1>0
prP x—oco XU ()dt Bl ’
(K2)
UeRV, 0<-1 « lim -9 _ 150
0 P x_’oofxooU(t)dt— p .
K3) () UeRV, — lim YW _g
! s=oo [XU(ndr
xU(x)

i) UeRV_ df Umdr< =  lim —(——=0.
w vand J, Vindr<eo % [P U(Ddi

Remark 2.1. The converse of (K3), (i), is false in general. A counterexample can be given

U
by the Peter and Paul distribution which satisfies lim ofi =0 butis not RV_;. We
x—oo [P U(H)dt

return to this in more detail in § 2.1.2.

Theorem 2.1 is based on the existence of certain limits. We can extend some of the results
to ./, even when theses limits do not exist, replacing them by more general expressions.

2.1.1 Karamata’s Theorem on .4

Let us introduce the following conditions, in order to state the generalization of the Kara-
mata Theorem to /:

r 1 ‘- luwdte
€1 —I9 ¢ 4 with #-index0, i.e. lim 08 (/p (0dt) _log(U()) _
Jp T UWdr x—00 log(x) log(x)
r 1 -1y dte
2r =YY ¢ 4 with #-index0, i.e. lim og(/x (ndt) logU@) | _
[t lumdt x—00 log(x) log(x)

Theorem 2.2. Generalization of the Karamata Theorem to ./

LetU:R* — R* be a Lebesgue-summable on finite intervals, and b > 0. We have, forr € R,

(K1)
log( [t~ lUudt
i g(fbl (1) )=p+r>0
U € M with M -index (—p) such thatp+r>0 << e 0g(x)
U satisfies (C1r).
(K2*)
1 ©r-ludte
lim og (/s 0 ):p+r<0
X—00 log(x)

U e M with 4 -index (—p) such thatp+r <0 <
U satisfies (C2r).

11



(K3%)

log(fy ™ 1U(ndt)

U € M with M4 -index (—p) such thatp+r=0 < ® 0g(x)
U satisfies (C1r).

This theorem provides then a fourth characterization of ./ .

Note that if r = 1, we can assume b = 0, as in the original Karamata’s Theorem.

Remark 2.2.

1. Note that (K3*) provides an equivalence contrarily to (K3).

2. Assuming that U satisfies the conditions (C2r) and
o0
f t'Umdt < oo, (21)
1

we can propose a characterization of U € 4 with M -index (r + 1), namely

1 CrUdt
Ue # with 4 -index (r+1) < lim og(fx 2 ) =0.
X—00 log(x)

This is the generalization of (K3) in Theorem 2.1, providing not only a necessary con-
dition but also a sufficient one for U to belong to 4, under the conditions (C2r) and
(21).

2.1.2 Illustration using Peter and Paul distribution

The Peter and Paul distribution is a typical example of a function which is not RV. It is
defined by (see e.g. [21], pp. 440, [17], pp. 50, [16], pp. 82, or [30], pp. 101)

F):=1- Y 27% x>o. (22)

k=1:2k>x

Let us illustrate the characterization theorems when applied to the Peter and Paul dis-
tribution; we do it for instance for Theorems 1.1 and 2.2, proving that this distribution
belongs to 4.

Proposition 2.2.

The Peter and Paul distribution does not belong to RV, but to .4 with 4/ -index 1.

This proposition can be proved using Theorem 1.1 or Theorem 2.2. To illustrate the appli-
cation of these two theorems, we develop the proof here and not in the appendix.

12



(i) Application of Theorem 1.1
For x € [2"2"*1) (n = 0), we have, using (22), Fx) = Z 27k = 27" from which

k=zn+1
log (F(x)) log (F(x))
we deduce that <- <1, hence lim ————= = -1, which by The-
n+1 log(x) x—oo log(x)

orem 1.1 is equivalent to

Fe#4 with 4 —index]1.

(i) Application of Theorem 2.2
Let us prove that
log (f;l_?(t)dt)

im
x—00 log(x)

Suppose 2" < x < 2" and consider a € N such that a < n. Choose w.l.o.g. b = 24,

Then the Peter and Paul distribution (22) satisfies

X__ n-1 p2k+l x_ n-1

f F(ndt= Y f F(t)dt+f F(ydt= Y 27%@F 12K+ (x-2M27" = n—a+x27"-1.

b k=av2F 2" k=a
Hence

log(n—a+x27"-1) - log (flfl?(t)dt) - log(n—a+x27"-1)
(n+1)log2) ~ log(x) - nlog(2) ’
log(flfl?(t)dt)
and, since 1 =27 "x <2, we obtain lim ——— = =0.
X—00 log(x)

Moreover, we have

F(x) — _
log (m) L log(Fw)  log(Jfy Fnat)
X—00 log(x) B x—oo log(x) xl—{go log(x)
Theorem 2.2 allows one then to conclude that F € .# with .#-index 1. O

Note that the original Karamata Theorem (Theorem 2.1) does not allow one to prove that
the Peter and Paul distribution is RV or not, since the converse of (i) in (K3) does not hold,
contrarily to Theorem 2.2. Indeed, although we can prove that

xF(x) . x27"
im ———= lim ——————=0,
x*oofb F(Hdt »n—con—a+x27"-1

Theorem 2.1 does not imply that F is RV_;.
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2.2 Karamata’s Tauberian Theorem

Let us recall Karamata’s well-known Tauberian Theorem which deals on Laplace-Stieltjes
(L-S) transforms and RV functions.

The L-S transform of a positive, right continuous function U with support R* and with
local bounded variation, is defined by

U(s):= f e XdU(x), s>0. (23)
(0;00)

Theorem 2.3. Karamata’s Tauberian Theorem (see [24])

IfU is a non-decreasing right continuous function with support R* and satisfying U(0*) =
0, with finite L-S transform U, then, for a >0,

U€RV, atinfinity < UeRV, at0".

Now we present the main result of this subsection which extends only partly the Karamata
Tauberian Theorem to ..

Theorem 2.4.

Let U be a continuous function with support R* and local bounded variation, satisfying
U(0%) =0. Let g be defined on R* by g(x) = 1/x. Then, for any a > 0,

(i) Ue .M with M-index(—a) = Uoge M with H-index (—a).

(ii) { Uog e M with 4 -index (-a) Ue .U with 4 -index (—a).

and An e [0;a) : x "U(x) concave

3 Conclusion

We introduced a new class of positive functions with support R*, denoted by .4, strictly
larger than the class of RV functions at infinity. We extended to .# some well-known
results given on RV class, which in particular will help to expand EVT beyond RV. This
class satisfies a number of algebraic and characteristic properties, and its members U are
characterized by a unique real number, called the ./ -index x ;. Extensions to .4 of the
Karamata Theorems were discussed. Four characterizations of .4 were provided, one of
them being the extension to .4 of Karamata’s well-known theorem restricted to RV class.
Furthermore, the cases xy = co and xyy = —oo were analyzed and their corresponding
classes, denoted by .#, and .#_, respectively, were identified and studied, as done for
. The three sets M, #_oo and # are disjoint. Explicit examples of functions not
belonging to .4 U .., were given.

Note that any result obtained here can be applied to functions with finite support, i.e.
finite endpoint x*, by using the change of variable y = 1/(x* — x) for x < x*.

This new class seems promising in terms of applications. Several have already been de-
veloped, as the ones mentioned in the introduction (see [10], [9]). Note also a study com-
paring the various extensions of the RV class, including this new class (see [8]).

Further investigation will concern a multivariate version of /.
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A Proofs of results given in Section 1

A.1 Proofs of results concerning .#

Proof of Theorem 1.1. The sufficient condition given in Theorem 1.1 comes from Proper-
ties 1.1, (vi). So it remains to prove its necessary condition, namely that

log(U(x)) _
xqw—w— ou, (24)

for U € .4 with finite py defined in (2).

Let € > 0 and define V by

1, O0<x<l1

Applying Example 1.1 with a = py + € with € > 0 implies that py = py +¢€, hence py > py.
Using Properties 1.1, (ii), provides then that

Ux)y .. Uk
im =lim ——=0
x—oo V(x) x—oo xPUte

’

so, for n € N*, there exists xy > 1 such for all x = xg,

U(x 1
()s—, ie. nU(x) <xPvte,
xPute n

Applying the logarithm function to this last inequality and dividing it by —log(x), x = xo,

1 log(U log(U
gives — 0g(r) _ log(U(x)) = —py —¢€, hence _Logtx)) = —py —¢€, and then
log(x) log(x) log(x)

m _08WU)

x—oo log(x)
We consider now the function

1, 0<x<l1
W(x):{ xPu=€ x=1

—  log(U
with € > 0 and proceed in the same way to obtain that, for any € > 0, lim _log{U(x)) <
x—oo  log(x)

—pu +¢€. Hence, Ve > 0, we have

_logU(x)) _ — _logU(x)) _

—py—€< lim < <-py+e
i i—oo log(x) — x—oo log(x) v
from which the result follows taking € arbitrary. O
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Now we introduce a lemma, on which the proof of Theorem 1.2 will be based.

LemmaA.l. Let U € 4 with associated 4 -index xy defined in (4). Then necessarilyxy =
—pu, Where py is defined in (2).

Proof of Lemma A.1. Let U € .# with ./ -index xy given in (4) and py defined in (2). By

log(U(x))

Theorem 1.1, we have lim =py.

x—oo log(x)
Hence, for all € > 0 there exists xy > 1 such that, for x = xy, U(x) < xPU™€.

Multiplying this last inequality by x"~1, r € R, and integrating it on [xg; 00), we obtain

[0} o0
f x’_lU(x)dxsf xPUTETT=L gy
X

0 Xo

which is finite if r < —py —e€. Taking € | 0 then the supremum on r leads to xy = —py. O

Proof of Theorem 1.2.

The necessary condition is proved by LemmaA.1. The sufficient condition follows from
the assumption that py satisfies (2). O

Proof of Theorem 1.3.

* Proofof (i)
For U € .4, Theorems 1.1 and 1.2 give that

m 108U M)

=—-py =ky with py defined in (2) and xy in (4). (25)
X—00 log(x)

Introducing a function y such that
lim y(x) =0, (26)
X—00

we can write, for some b > 1, applying the L'Hépital’s rule to the ratio,

I;clog(U(t)) dt log(U(x)
lim |7y(x)+ 0 los®W r ) _ lim g —-Ky. 27)
X—00 log(x) x—oo  log(x)

> Suppose ky # 0. Then we deduce from (25) and (27), that

lim log(U(x))

TPy (x) log(x) + f; lotglf)[g]((f)) L di

(28)

log(U(x))

y(x) log(x) + f;f lotglélg]((tt)) L

Hence, defining the function ey (x) := ,for x = b, we

can express U, for x = b, as

X
U(x)=exp{aU(x)+6U(x)fb 'BUt(t)dt}

18



log(U(x))

log(x) 29

where ay(x):=ey(x)y(x)log(x) and Pyx):=

It is then straightforward to check that the functions ay, By and ey satisfy

the conditions given in Theorem 1.3. Indeed, by (26) and (28), lim ay(x) _

| x—colog(x)
U

lim ey (x) y(x) = 0. Using (25), we obtain hm ﬂU(x) = lim M =—Kky=

x—00 x—oo  log(x)

pu. Finally, by (28), we have th ey(x) = 1.
—00

> Now suppose kg = 0.

We want to prove (8) for some functions «, B, and € satisfying (7).
Notice that (25) with x; = 0 allows one to write that lim M =

x—oo  log(x)
So applying Theorem 1.1 to the function V defined by V (x) = xU(x), gives that
V € . with py = —xy = 1. Since xy # 0, we can proceed in the same way as
previously, and obtain a representation for V' of the form (8), namely, for d > 1,

Vx=d,
X
V(x):exp{av(x)+ev(x)f 'th(t) dt}
d

log(V (x))

where ay, By, €y satisfy the conditions of Theorem 1.3 and By = 10200
og(x

(see (29)). Hence we have, for x = d,

U Vix)

x] tU(t
—exp{ log(X)+aV(x)+€V(X)f %dt}

“log(U(1))
exp{av(x) + (ev (%) — 1) log(x) — ey (x) log(d) + ey (x) fd t log(1)

ay(x) + (ey(x) —1) log(x) — ey (x) log(d)
log(x)
U satisfies (8) when setting, for x = d, ay(x) := ay(x) + (ey(x) — 1) log(x) —

log(U
ey (x) log(d), fu(x) := %

= 0, we obtain that

Noticing that lim
X—00

andey :=¢€y.

* Proof of (ii)
Let U be a positive function with support R*, bounded on finite intervals. Assume
that U can be expressed as (8) for some functions a, f, and € satisfying (7). We are
going to check the sufficient condition given in Properties 1.1, (vi), to prove that
Ue.

ogUw)  at)  JyBlde
glx

Since log() :log(x)+€(x) Top ()

and that, via UHopital’s rule,

&)
lfﬁt dt lim Bx)/x
x—oo log(x) x—o0 1/x

= lim B(x),

then using the limits of «, 8, and € allows one to conclude.
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Proof of Properties 1.1.

e Proofof (i)
Let us prove this property by contradiction.
Suppose there exist p and p’, with p’ < p, both satisfying (2), for U € .. Choosing
e=(p-p")/2in (2) gives

. U . Ux .. U
lim —— =0 and lim = lim —— =
x—o00 xP'+e€ X—oo0 xP~€  x—oo xp'+€

i

hence the contradiction.

* Proof of (ii)

Choosing € = (py — pv)/2, we can write

U(x) xPv*e U(x) xPv+e

V() V(@) XV V() (U7
(xPU‘e)

from which we deduce (ii).
* Proof of (iii)

LetU,V e, a>0,e>0and suppose w.l.o.g. that pyy < py.
U(x) a U(x) ooaUx)+Vix) B

. .. a .
Since py — py > 0, writing ZPviE = 3pu-pu gouie gives xlgl;) pry: 0 and
aU(x)+ V(x)
)6121010 e = 0o, we conclude thus that p,y+v =pu VvV pv.

* Proof of (iv)

It is straightforward since (2) can be rewritten as

lim LU =oco and lim VU@ _

x—oo x~PU—€ x—oo x~PUTE -

* Proofof (v)
First, let us consider U € .# with py < —1.

Choosing €g = —(py +1)/2 (> 0) in (2) implies that there exist C > 0 and xy > 1 such
that, for x = xo, U(x) < CxPv*¢ = C xPv=D2 from which we deduce that

f U(x)dx < oo.
X0

o0
We conclude that f U(x) dx < oo because U is bounded on finite intervals.
0

Now suppose that py > —1.
Choosing eg = (py +1)/2 (> 0) in (2) gives that for C > 0 there exists xy > 1 such that,
[e.o] oo
for x = xy, U(x)sz(pU‘”/zf U(x)dxzf U(x)dx = oo.
0 Xo
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* Proof of (vi)

Assuming —oco < lim log (U0)
x—oo log(x)

implies that U € /.

< 0o, we want to prove that U satisfies (2), which

So let us prove (2).

log(U
Consider p = lim M
x=co  log(x)
we can deduce that,

well defined under our assumption, and from which

log(U
Ve > 0,3xy > 1such that, Vx = xg, _< < M—ps E.
2 log(x) 2

Therefore we can write that, for x = x3, on one hand,

U {(log(U(X))
=eXx _—

T oxpte log(x)

-p- e) log(x)} <exp {—g log(x)} el 0,

and on the other hand,

U(x) { (log (Ux)
=ex —_—
XxXP—€ log(x)

-p +e) log(x)} > exp{ log(x)} 2.0,

hence the result. 0

Proof of Properties 1.2.
Let U, V € 4 with py and py respectively, defined in (2).

* Proof of (i)
It is immediate since

log(U(x) V(x)) _ lim log (U(x)) +log(V(x))
x—o00 log(x) ~x—oo| log(x) log(x)

+pv

* Proof of (ii)
First notice that, since U,V € .4, via Theorems 1.1 and 1.2, for ¢ > 0, there exist

xy >0, xy >0, such that, for x = xg = xy Vv xv,

P2 < Ux) < xPUT2 and  xPVT? < V(x) < xPV T2,

> Assume py < py < —1. Hence, via Properties 1.1, (v), both U and V are inte-
grable on R*. Choose p = py.
Via the change of variable s = x — ¢, we have, V x = 2x( > 0,

UxV
CAadC) f oM

xp+e

- U ) pv+€/2d 1 x/2V 1 S pu+€/2d
- xe/zf(‘) (1) _; t+xpv—pu+€/2j(; (S)( _;) $

max(lycpv+€/2) x/2 max(l’CpU"'e/z) x/2
<— undt+ —— V(s)ds,
x€/2 0 xPv—pu+el2 0

dt+f U (x )dt
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1 t
since, for0 <t < x/2, i.e.0<c<551——sl,
X

t pU+€/2
) < max(l,ch+€/2).

¢ pv+el2
(1——) Smax(l,cp‘/+€/2) and (1——
X X

Hence we obtain, U and V being integrable, and since py — py +€/2 >0,

max(l, va+€/2) x/2 max(l, Cpu+€/2) x/2
lim —f Ut)dt=0 and lim —f V(s)ds=0,
0 0

X—00 x€/2 x—oo  xPv—pu+el2

UxV(x)
xpte
Applying Fatou’s Lemma, then using that V € .4 with py = p, gives, for any ¢,
UxV - 1 t Vix—t
fim 22 > | fU(t) YX28 4> tim U(t)&dt> U Jim (L)drz
—»oo

X—00 xP— 1—00J0 X—00 xP—€

from which we deduce that, for any e >0, }im
—00

We can conclude that U * V € .4 with py.y = pv.

Assume py < —1 <0 < py. Therefore U is integrable on R*, but not V (Proper-
ties 1.1, (v)). Choose p = py.

Using the change of variable s = x — t, we have, V x = 2xp > xo(> 0),

UxV(x X=Xo Vix— x Vix
—(): U ( )dt U(t)gdt
xpte X—%o xP
% -V Yo Ulx-s
= U(r) ( )dt f Vis )(—st
0
X—Xo (x )py+€/2 Xo (x— S)pU+€/2
Sﬁ U(t)Tdt‘i‘fo V(S)Tds
1 X—Xo t pv+el2 1 Xo puy+el2
- xflzfo U(t)(l— ;) dt+—xpv_pu+€/2f V(s) (1—;) ds.
t py+el2
Noticing thatfor 0 < t < x—xy, so (1 -— <1l,andfor0<s<xy<2xp<x,
X
1 X s pu+tel2
0O<c<-<1-2<1-Z<1,50 (1——) " < max(1, cP*¢'2), we obtain
2 X X X
UxV(x) 1 X—Xo max(lycpu+€/2) Xo
xP+e = xe/Zj; U(t)dt+ xPV—Pu+€/2 /(; V(s)ds'

Since U is integrable, V bounded on finite intervals, and py — py +€/2 > 0, we
have

1 X—Xp ) maX(l,CpU+€/2) 0
xll—>rlgoﬁ U(t)dt:() and }Egowﬁ V(t)dt:().
UxV(x)

therefore, for any € > 0, we have lim
x—oo xPte€

Applying Fatou’s Lemma, then using that V € .4 with py = p, gives, for any e,

limU*—Ve(x)_x_’oo[U(t) x_)dt>l fU(t) Vix- dt>fU(t)l ((x_t))dt_

x—oo xP— el X—00 p—€

We can conclude that U * V € 4 with py.v = pv.
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> Assume —1 < py < py. Then both U and V are not integrable on R* (Proper-
ties 1.1, (v)). Choose p = py + py + 1.
X
Let0<e < py+1. Since V is not integrable on R*, we havef V(t)dtx—» 00.
—00

0
So we can apply the L'Hopital’s rule and obtain

. ffvwde . (Fvmdr) V(x)
lim = lim =1 =
x—oo xPvtlte X—00 (xpv+1+e)’ x—00 (0y + 1 +€)xPv+e

and

. Fvwde . (Fvwdr) V(x)
lim —— =1lim —— = lim
x—oo xPvtl-e X—00 (xpv+l—e)’ x—00 (o +1—€)xPv=E

)

X
from which we deduce that Wy (x) := f V(t)dt e # with 4 -index py + 1.
0

X
We obtain in the same way that Wy (x) := f U(t)dt € 4 with #-index py+1.
0
We have, via the change of variable s=x -,V x = 2x9 >0,

X
UxVix) f v LD g U(t)mdt
p+e x/2

F\Pv+e/2 1 x/2 s\pu+el2
s—pr+1+€/2f0 U(t)(l—;) dr+—xpv+1+€/2f0 V(s)(l—;) ds

Smax(l’cpv+€/2) Wy (x/2) aX(l,CpU+€/2) Wy (x/2)

xPu+l+el2 xpvtlte/2’
and
UV v 14
;Te(x) f vl gy f uin 2D g,

r\Pv—el2 1 x/2 s\Pu—e€l2
ZT/Zf U(t)(l——) dt+T/2f V(S)(l——) ds
xPuri=ele Jo X xpvrizeris Jo X

_ Wy (x/2) _ Wy (x/2)
i pv—el2y U2 py—el2y TV RIE)
Emln(l’c ' )xPU+1—e/2 n(l,c ! )xpv+l—€/2’
. ) 1 t
since, for0<t=<x/2,ie.0<c< > <l--—-<1,
X
t\Pv €/2 t pv+el2
min(l,cp‘/_e/z) < (1——) < (1——) Smax(l,ch+€/2)
X X
and
t pu—€/2 t pu+el2
min(l,cp"_dz)s(l——) 5(1——) Smax(l,cp"”/z).
X X
UxV(x UxV(x
Hence, for any 0 < € < py + 1, we have lim LhadCy) =0and lim U=V =
x—oo xPte€ x—oo xP—€

oo. We can conclude that U * V € .4 with py.v = py+pv +1.
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* Proof of (iii)
It is straightforward, since we can write, with y = V(x) — co as x — oo,

m log(U(V(x))) _ lim log(U(y)) « lim log(V(x) _

00 log(x) ~y—c  log(y) x—oo log(x) pupv

Hence we obtain py.y = py pv. 0

A.2 Proofs of results concerning ./, and ./ _,

Proof of Theorem 1.4.

It is enough to prove (12) because by this equivalence and Properties 1.3, (i), one has

Uell o = 1UeMyx <— lim _M: — lim _log(ﬂ:_ ,
X—00 log(x) x—oo  log(x)
ie. (13).
log (U(x)) _

e LetusprovethatUe .#,, — lim
x—oo  log(x)

U
Suppose U € .. This implies that for all p € R, one has lim % =0, i.e. forall

X—0o0 X
log (U(x
€ > 0 there exists xo > 1 such that, for x = xy, U(x) < ex” which implies M <

log(x)
1 log (U
08(€) + p, hence lim log () < p and the statement follows since the argument
log(x) x—oo log(x)
applies for all p € R.

log (U
* Now let us prove that lim _log(Ux) =

= U€ My
x—oo  log(x)

For any p € R, we can write

log g log (U
—M = lim (—M + p) =oo under the hypothesis,
x—oo  log(x) x—00 log(x)

U
which implies that U(x) / xP <1 and hence lim ﬂ =0.
x—oo xP O

Proof of Theorem 1.5.

* Proof of (i)-(a)
Suppose U € 4. Then, by definition (10), for any p € R, xlim xPU(x) = 0, which
—00

implies that for ¢ > 0, there exists xy > 1 such that, for all x > xy, U(x) < cx™?, from
which we deduce that

[e.0] (o0]
f xr_lU(x)deCf x 1 Pdx
Xo X0

which is finite whenever r < p. This result holds also on (1;00) since U is bounded
on finite intervals.

Thus we conclude that k7 = co, p being any real number.

24



* Proof of (i)-(b)

o0
Note that U is integrable on R* since f x"'U(x)dx < oo, for any r € R, in partic-
1
ular for r = 1. Moreover U is bounded on finite intervals.

For r > 0, we have, via the continuity of U,

(e.9) o0 X o0 (e.9)
f xr+1dU(x):(r+l)f f y’dydU(x):(r+1)f yr(f dU(x)) dy,
0 o Jo 0 y

which implies, since xlim U(x) =0, that
—00

—f xr+1dU(x)=(r+1)f y U (ydy, (30)
0 0

which is positive and finite.

Now, for ¢ > 0, we have, integrating by parts and using again the continuity of U,
t t
U=+ 1)[ x"U(x)dx +f x"tdu(x)
0 0

where the integrals on the right hand side of the equality are finite as ¢ — oo and
their sum tends to 0 via (30). This implies that, Vr >0, t"*1U(f) — 0 as t — oo.

For r < 0, we have, for ¢t = 1, using the previous result, " "1 U(f) < r?U(t) — 0 as
r — oo.

This completes the proof that U € .
* Proof of (ii)-(a)

U(x)

Suppose U € #_. Then, by definition (11), for any p € R, we have lim =00,

x—oo xP
which implies that for ¢ > 0, there exists xy > 1 such that, for all x = xo, U(x) = cx?,

from which we deduce that, U being bounded on finite intervals,

fxr_lU(x)dxch X" Pdx
1

Xo
which is infinite whenever r = —p.

The argument applying for any p, we conclude that xy = —oo.

* Proof of (ii)-(b)

Let r = 0. We can write, for s+2<0and ¢ > 1,
t
0 = —f x”ld(xr U(x)) (x"U(x)being non-decreasing)
1
t pt
— f (f d(ys+l) _ tS+1) d(er(x))
1
P y ¢
f ysHl (f d(er(x)))dy - t”lf d(x"U(x))
1 1 1

S+2 _

t
= fly”r“U(y)dy— U - (f'U®-U@1) (U being continue).

s+2
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t
Hence we obtain, as t — oo, " "1U(f) — oo since f YU (y)dy — oo and
1

$+2
4 s+1

+t°7 " — 0 (under the assumption s < —2).

S+2
This implies that U € 4 _,, since s+r+1€R. 0

Proof of Remark 1.6 -1.

oo
Set A= f e *dx=e'andletus prove that U € M. If r >0, then
1

0o [e) n+1/n" 00 n+1/n"
f er(x)dst+Z er(x)dx=A+Z xdx
1 n=1Jn n=1Jn
00 n+1/n" 1 &
<A+) xm_ldx:AwL—Z((n+1/n")[r]—nrr])dx
n=1Jn |—I‘] n=1
1 & [r1-1
=A+— Y n LN i 1/n"H <o,
[l = k=0

o0 o0
If r <0, then we can write f xX"Ux)dx < f xU(x)dx, which is finite using the previ-
1 1

ous result with r = 1.

Now, let us prove U ¢ ., by contradiction.

log (U
Suppose U € M. Then Theorem 1.4 implies that lim log(U(x) =

—o0, which contra-
x—oo log(x)

dicts log (U log(1/
m log(U(n)) = lim log(1/n) =-1>—o0.
n—oo log(n) n—oo log(n)
O
Proof of Theorem 1.6.
* Proofof (i)
log(U
Suppose U € . By Theorem 1.4, we have lim _loglU(x) = oo. It implies that
X—00 log(x)
_log(U (x))

there exists b > 1 such that, for x = b, f(x) := > 0. Defining, for x = b,

log(x)
a(x) := B(x) log(x), gives (i).

* Proof of (ii)

Suppose U € #_~. By Properties 1.3, (i), 1/U € #~. Applying the previous re-
sult to 1/U implies that there exists a positive function « satisfying a(x)/log(x) T

—

oo such that 1/U(x) = exp(—a(x)), x = b for some b > 1. Hence we get U(x) =
exp(—a(x)), x = b, as required.

* Proof of (iii)
Assume that U satisfies, for x = b, U(x) = exp(—a(x)), for some b > 1 and « satis-

log(U
fying a(x)/log(x) T 00 A straightforward computation gives xh—ng _ Olgo(g( J(Cg)c)) =
a(x)

im
x—o0 log(x)

=o0. Hence U € M.
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We can proceed exactly in the same way when supposing that U satisfies, for x = b,

U(x) = exp(a(x)) for some b > 1 and a satisfying a(x)/log(x) 00 to conclude
—00

that U € M_ . 0

Proof of Properties 1.3.

e Proofof (i)

1/U
It is straightforward since, for p € R, lim v =0 < lim W) =00
x—oo xP x—oo x~P

* Proof of (ii)
> Suppose (U, V) € M_ x H with py deﬁned in (2).

V(x) V(x) ( Ux) V(x)
= , we obtain lim —— = 0 since
U(x)  xPvte {xpvte x—o0 U(x)

V e . with py satisfying (2) and U satisfies (11) with py =py +€€R.

> Suppose (U, V) € M_xo X Moo

1% Ux)\!
Let p > 0. We have lim ﬂ = lim ﬁ ( (x)) = 0 since V satisfies (10)

x—o0 UJ(x) x—oo xP
and U (11).
> Suppose (U, V) € M x Mo with py defined in (2).
By Properties 1.1, (iv), and Properties 1.3, (i), we have (1/U,1/V) € M x M_

174 1/U
The result follows because lim ) = lim ) =
x—oo UJ(x) x—o01/V(x)

Let € > 0. Writing

xP

* The proof of (iii) is immediate. O

Proof of Properties 1.4. Let U, V € .4 with ./ -index xy and x v respectively.

e Proof of (i)
It is straightforward as lim —log(U(x) Vi) = lim log (U() + log (V(x))
x—00 log(x) x—oo| log(x) log(x)

* Proof of (ii)

We distinguish the next three cases.
(@) LetU € My, and V € M with py ¢ [-1,0).

Let W(x) = x"1(x>1) + Lio<x<1), Withn = =2 if pyy =0, or n = py — 1 if py < —1. Note
that W e 4 with pyy =n < py.

U(x)

By Properties 1.3, (ii), hm W) =0, so for 0 < § < 1, there exists xy = 1 such that,

forall x = xp, U(x) < 5W(x)
Consider Z defined by Z(x) = U(x)1(0<x<x,) + W (X)1(x2x,), which satisfies Z = U and
Z € M with pz = pw =1 < py. Applying Properties 1.2, (ii), gives Z * V € .« with
pz«v = pzV py = py (note that the restriction on p, corresponds to the condition
given in Properties 1.2, (ii)).
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We deduce that, for any x >0, U * V(x) < Z * V(x), and, for e > 0,
U=xV(x) - Z *V(x)

xpv+€ - xpv+6 X—00

0.

Moreover, applying Fatou’s Lemma gives

im 259 S i fU(t) dr> lim U(t) (_)dt> U(t)hm(

x—oo xPv—€ X—00 x—o00J0 X—00

Vix-1)
xPv—€

)dtzoo.

Therefore, U * V € 4 with ./ -index py.v = pv.

(b) (U,V) € Moo x Moo, then U =V € Moo
LetpeR.

log(U
Consider U € #,. We have, applying Theorem 1.4, lim log(U(x) =

—oo. Rewriting
x—oo log(x)

this limit as
log(U(x)) _

im =

x—oo log(1/x)
we deduce that, for ¢ = |p|+1 > 0, there exists xyy > 1 such that, for x = xy, log(U (x)) <
clog(1/x),i.e. U(x) < x™°. On V € .4, a similar reasoning leads to that there exists
xy > 1 such that, for x = xy, V(x) < x~°.

Using the change of variable s = x — ¢, we have, V x = 2max(xy, xv) >0,

x/2 _ X _
U=x*V(x) :f U(t)V(x t)dt+f U(t)V(x t)d
xP 0 xP x/2 xP

fox/z U(t)(l—%)_c xplﬂ 0x/2 V(s)(l—)—sc)_cds

xP+c
2c x/2
pofO v(s)ds,

. . 1 t 0=c .

since, for0<t<x/2,ie0<-<1--<1, (1——) <2°.
2 X X
C . . . . UxV(x)
This implies, via the integrability of U and V, for p € R, th — - 0. Hence
—00

UxVeE Ms.
(c) LetU € M_oo and V € M OF M+oo.

We apply Fatou’s Lemma, as in (a), to obtain, for any p € R,

1 1 _
limmzli_m/ v ”m[ v lim(U(x “))dtzoo.
0 xP 0 xP

X—00 xP T—oo X—00

We conclude that U * V € M _

Proof of (iii)
First, note thatif V € .4_, then lim V(x) = co. Hence writing
X—00

log(U(V(x)) _log(U(y) log(V(x))
log(x) log(y) log(x)
allows one to conclude.

, with y=V(x)
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A.3 Proofs of results concerning 0

Proof of Example 1.5.

Let x € [x;, Xn+1), 1 = 1. We can write

logw) _log(xn "’ log (xn)
0 X)) n _ 08 (Xpn
log(x)  log(x) a1+p) log(x) Gy

Since log(x,) <log(x) <log(x,+1) = (1 + a)log(x,), we obtain

a(l+p) - log (U (x))

<a(l , if 1 0,
l+a log(x) al+p), 1 th>

and

log (U(x)) - a(l+p)

all+p)= log(x) 1+a

, if 1+6<0,

from which we deduce

a(l+pB)

U) =
pu) = l+a

and v(U)sa(l+p), if 1+6>0,

and

)= a(l+p) and v(U)sailjaﬁ), if 1+p<0.

Moreover, taking x = x,, in (31) leads to

log (U(xp)) _
n—co  log(x,) =al+p)

which implies
vi)za(l+p), if 1+6>0

and
p)=ald+p), if 1+p<0.

Hence, to conclude, it remains to prove that

u(U)s“(lTJrf), if 1+8>0, and v(U)=

a(l+pB)
1 +a

, if 1+p<0.
If 14+ B > 0, the function log (U(x)) /log(x) is strictly decreasing continuous on (x,; X;+1)

reaching the supremum value a(1 + ) and the infimum value a(1 + 8)/(1 + a). Hence, for

0 > 0 such that
a(l+p) - a1+ p)

l+a l+a

+6<a(l+p),

there exists x, < y, < X541 satisfying

log(Uyw) _a+p) ,
log(y,)  l+a '
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log(U 1
Since y,, — oo as n — co because x, — coas n — oo, u(U) < lim g( (yn)) = ! +ﬁ)+5
n—o0 ]og(yn) l+a
a(l+p)
l+a

follows. Hence we conclude p(U) < since 6 is arbitrary.

a(l+
If 1+ B <0, asimilar development to the case 1 + § > 0 allows proving v(U) = i - a'B ) .
Moreover, if 1+ 8 < 0 we have that U is a tail of distribution. Let us check that the rv having

a tail of distribution F = U has a finite sth moment whenver 0 < s < —a/(1 + B/ 1+ a).

Let s = 0. We have

f FdF@ =Y xS (U - UG)
0 n=1

oo e8] a(1+h) o0 a(1+ph)
IR e B s CaE e A ED WA
n=2 n=2 n=2
because s < —a(1+ 8)/(1+ a).
o0
Notethatifsz—a(1+/3)/(1+oc),f x3dF(x) = co. O
0

Proof of Example 1.6.

If « >0, v(U) = oo comes from

i ! 1 log(2
() = Tim 08U JogUGe) - axnlog@ _
x¥=oo  log(x) oo log(xp) xp—o00  log(xy)

and, if @ <0, u(U) = —oo comes from

log(U log (U log(2
(U) = lim (0BWON _ o MogW ) _ 4 log@)
oo loglx) T mmoo loglxy)  m—eo log(xn)

Next, let € > 0 be small enough. Then, we have, if & > 0,

log (U log(U(x,, —
4(U) = lim og( (x))S im og(U(x,—¢€))
oo log(x) xp—oo  log(x, —e€)
log (29%n-1)  log(2n-1/¢) . log(2%¥n-1)
= 1m = 11um ——— =0
xn—00 log(2%n-1/¢) log(2%n-1/¢ —¢)  xp—o0log(2¥n-1/¢)

)

and, ifa <0,
vU) = Tim log (U (x)) > lim log (U(x,, —¢€))
x—oo log(x) xn—oo  log(x, —¢€)
log(2%-1) log(2™-1/9)  log(2%n-1)

= 1m = lim =ac
%00 log(2%n-1/€) log(2*n-1/¢ —¢) ~ xu—00 log(2%n-1/¢)

It remains to prove that, if @ >0, u(U) = ac, and, if @ <0, v(U) < ac. It follows from the
fact that, for x,, < x < x,41,

log(U(x)) _ ax" log(2) aclog(an) { > ac, ifa>0
log(x)  log(x) log(x) < ac, ifa<o.
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Next, if @ < 0 we have that U is a tail of distribution. Let us check that the rv having a tail
of distribution F = U has a finite sth moment whenever 0 < s < —ac.

Let s > 0 and denote xy = 0. We have

o0 o0 o0 (0]
f deF(x) — Z x;‘l (U(x;) _ U(x;;)) — Z x;S'l (zaxn—l _zaxn) < Z Z(S/C—Q)Xn—l <00,
0 n=1 n=1 n=1

because s < —ac.

o0 1 0
If s=0,lete = —ac/2 (> 0) and the statement follows fromf dF(x) :f dF(x)+f dF(x) <
. - 0 0 1
f dF(x) +f x*dF(x) < oo.
0 1

o0
Note thatif s = —ac, f x3dF(x) = co. O
0

B Proofs of results given in Section 2

B.1 Section 2.1

Let us introduce the following functions that will be used in the proofs.

We define, for some b>0and r e R,

[ y'Uydy, x=b
1, O<x<b

[ y'uydy, x=z=b

1, 0<x<b. (32)

Vr(x)={ : w,(x):{

For the main result, we will need the following lemma which is of interest on its own.

LemmaB.1. Let U € ./ with finite # -index xy and let b > 0.

(i) Consider V; defined in (32) withr +1 > «y. Then V, € 4 and its M -index kv, satis-
flesxy, =xy—(r+1).

(ii) Consider W, defined in (32) with r +1 < xy. Then W, € . and its M -index Ky,
satisfiesxw, =xy — (r +1).

Proof of Theorem 2.2.

* Proof of the necessary condition of (KI*)

As an immediate consequence of Lemma B.1, (i), we have, assuming that p +r > 0:
U € 4 with #-indexxy =—-psuchthat(r-1)+1=r>-p=xy

X
= Vr_l(x)zf tr_lU(t)dtEJ%withJ%-indeXKvH=1<U—r=—p—r
b

Hence, by applying Theorems 1.1 and 1.2 to V;_;, the result follows:

1 “tlundt _
og(/p (0dt) _ . log(Vr1(x)) k. =ptr >0,
X—00 log(x) x—oco  log(x) '
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* Proof of the sufficient of (KI*)
log(/f; ™ 1U(ndt)
log(x)

Using (C1r) and lim =p+r gives
X—00

log(fxxi&) +log(x™" [ ™1 U(nd1)

_log(U(x)) _ 3 Trlu(ndt
x—co  log(x)  x—oo log(x)
1 luwadr
=r+lim—0g(f Q) ) -(p+r)=
x—00 log(x)

and the statement follows.

e Proof of the necessary condition of (K2*)

As an immediate consequence of Lemma B.1, (ii), we have, assuming that p + r < 0:
U € 4 with #-indexxy =—-psuchthat(r-1)+1=r<-p=xy
[e.0]
= W,_1(x)= f YU dt € M with A -indexxw, | =Ky—-r=—-p—r
X
Hence, by applying Theorems 1.1 and 1.2 to W,_;, the result follows:

1 =1y (ndt
lim Og(fx (1) ) — lim log (W,_1(x))
X—00 log(x) X—00 log(x)

=—-Kw,_, =p+r<o.

 Proof of the sufficient of (K2*)
log ([ ¢ tUndr)
log(x)

Using (C2r) and xlim =p+r gives

x"U(x) X7 r—
log(U() _ . _log(W)Hog( [ tunat)

=3 log(x) x—00 log(x)
1 ©Cr-luwdt
:r+lim—0g(fx 0 )=r—(p+r)=—
X—00 log(x)

and the statement follows.

o0
* Proof of the necessary condition of (K3*); casef " U@ dt = co withb> 1.
b

On one hand, assumed p +r =0, U € .4 with .#4-index xyy = —p implies, for any

€>0,
U U
lim %xe) =0 and lim (x)

x—o0 xP x—o0 xP—€

=00 33)

X

On the other hand, f LUt dt = oo implies llm f " LU (t)dt = co. Hence we
b
can apply the LHépital’s rule to the first limit of (33) to get, for any € > 0,

S U(ndt r-1
lim Jy " Umdt g Y U U (34)

X—00 x€ x—oo ex~lte x—oo ex~T—1+€  x—oo exPte
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Moreover, we have, for any € > 0,

[yt udte (
lim — =

X—00 x—€

X

lim | ¢! U(t)dt) ( lim xf) —coxoo=00  (35)

X—00 b X—00

Defining V;_; as in (32) we deduce from (34) and (35) that V,_; € .« with . -index

0= p+r. So, taking x = b, the required result follows:
log(f, " 'U®dt)  log(Ve—1(x) _

lim = lim
X—00 log(x) x—oo  log(x)

+r=0

o0
e Proof of the necessary condition of (K3*); casef " lUdt < oo withb > 1.
b

Suppose U € 4 with ./ -index k7 = —p. By a straightforward computation we have

i log(f, ''UMdr) log(fpy° UML)
00 log(x) T limy_oolog(x)

=p+r

* Proof of the sufficient condition of (K3*)

A similar proof used to prove the sufficient condition of (K1*).

Proof of Lemma B.1.

* Proof of (i)
Let us prove that V, defined in (32) belongs to .4 with 4 -indexxy, =xy — (r +1).
Choose p=—ky+r+1>0and0<e < p. Note that xP** - ocoas p+e>0.

Combining, for x > 1, under the assumption r + 1 > kg, and for U € ./,

1 (o]
xlggoVr(x)=fb y’U(y)dwaf1 Y U(y)dy = oo,

and,

(Ve U(x) { 0 ifs=e
lim - = lim = .
X—00 (xp+6) x—c0 (p +8)xKutd oo ifd = —¢,

provides, applying the LUHopital’s rule,

Vi (x) -k (Vr(x))/ _ { 0 ifd=¢

1m - :
X—00 xp+6 X—00 (xp+6)’ oo ifd =—¢€,

which implies that V; € 4 with 4 -indexxy, = —p =«xy — (r +1), as required.

* Proof of (ii)
First let us check that W, is well-defined. Let § = (xy —r —1)/2 (> 0 by assumption).
We have, for U € 4, lim Utx)

x—oo x~Ku o
U((x)

x—K(]+5 -

= 0, which implies that for ¢ > 0 there exists xy = 1

such that for all x = xg,
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Hence, one has, V x = xg,

® & kytotr O kutrl
f yU(y)dySCf y dy:f:f y oz dy <oo
X X X

because of —xy +r+1 < 0. Then, we can conclude, U being bounded on finite
intervals, that W, is well-defined.

Now choose p = —ky+r+1<0and0<e<—p. We have x**¢ — 0as p+e<0. We

will proceed as in (i).

For x > 1, under the assumption r +1 < xy, for U € .4, we have Jgim Wy (x) =
— 00

(W (x)" . U(x) {0 if6=¢

(e o] ’ B .
/x y'U(y)dy =0, and lim o ifS=—c

= lim — =
x—00 (xp+6)' x—00  (p+8)xTK+0

Hence applying the L'Hopital’s rule gives

W, (x) — i (W (x)) :{ 0 iféo=¢

x—0o xP+0  x—oo (xp+6)’ oo ifd =—¢,

which implies that W, € .4 with 4 -indexxw, = -p =xy—(r+1).

B.2 Section 2.2

Proof of Theorem 2.4.
* Proofof (i)

Changing the order of integration in (23), using the continuity of U and the assump-
tion U(0*) =0, give, for s >0,

U(s) = sf e MUx)dx,
(0;00)

or, with the change of variable y = x/s,

~(1
U(—) =f e YU(sy)dy.
S (0;00)

Let U € 4 with /4 -index (—a) <0.Let0<e< a.

We have, via Theorems 1.1 and 1.2, that there exists xy > 1 such that, for x = xy,
x* < U(x) < x*€,

Hence, for s > 1, we can write

o0 o0 o0
f e (x8)* “dx sf e *U(xs)dx Sf e *(xs)* dx
X

o/s Xo/s Xo!s

o e U (xs)dx + Sopse x¢dx 1 S e U (xs)dx + Sogse  x**dx
s0 s-a+e = U(;) = s—a—¢ ’
from which we deduce that

log(U(1/s
—a—€< lim —M <-a-+e.
s—00 log(s)
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. : : . log(Ta/s)
Then we obtain, € being arbitrary, Shm - ﬁ =—a.
—00 og(s

The conclusion follows, applying Theorem 1.1, to get U o g € .4 with g(s) = 1/s,
(s> 0), and, Theorem 1.2, for the .4 -index.

Proof of (ii)

LetO<e<a.

Since we assumed U(0") =0, we have, for s > 1,
x x ~(1
e tU(s) sf e sdU(x) sf e sdU(x) = U(—). (36)
(0;9) (0;00) S

Changing the order of integration in the last integral (on the right hand side of the
previous equation), and using the continuity of U and the fact that U(0%) = 0, gives,
for s> 0,

(7(1) = f e *U(sx)dx. (37)
N (0;00)

Set I, = f e *x"ldx, for n € [0, ) (such that x~7U(x) concave, by assumption).
(0;00)

Introducing the function V(x) := I, (sx)”"7 U(sx), which is concave, and the rv Z
having the probability density function defined on R* by e *x" /I,,, we can write

—x
f e’xU(sx)dx:s”f V(x) ¢ X dx=s"E[V(2)] <s"V(E[Z]),
(0;00) (0;00) I

applying Jensen’s inequality. Hence we obtain, using that E[Z] = I;+1/I, and the

definition of V,
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from which we deduce, using (37), that
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Therefore, since U o g € .4 with g(s) = 1/s and .#-index (—a), we obtain
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But U o g € ./ with ./ -index (—a) also implies in (36) that
From these last two limits, we obtain that U € .4 with ./ -index (—a).
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