
HAL Id: hal-01181237
https://hal.science/hal-01181237

Submitted on 31 Jul 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Thermodynamics in CEDRE
D. Dutoya, L. Matuszewski

To cite this version:
D. Dutoya, L. Matuszewski. Thermodynamics in CEDRE. Aerospace Lab, 2011, 2, p. 1-11. �hal-
01181237�

https://hal.science/hal-01181237
https://hal.archives-ouvertes.fr


Issue 2 - March 2011 - Thermodynamics in CEDRE
1
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Thermodynamics in CEDRE

The CEDRE thermophysics model combines all the data and procedures that allow 
the calculation of the thermodynamic properties and transport coefficients of the 

material media that make up the multi-physics system to be analyzed. This document 
is more specifically concerned with the thermodynamics of compressible fluids and 
is limited to the study of homogenous mixtures of chemical species. Starting from the 
different forms of the fundamental equation of thermodynamics, it involves some use-
ful concepts: state variables and functions, extensive and intensive properties, specific 
(or molar) properties of the mixture, partial properties of species in the mixture and 
properties of pure substances. It is shown that, in the pressure-temperature-compo-
sition variable system, the free enthalpy is a potential that all the other properties are 
derived from (volume, entropy, enthalpy, etc.), from which arises a set of general rela-
tions between calorific and thermoelastic coefficients. Then, different models for the 
calculation of the properties of pure substances are presented, from the “perfect gas” 
limit through real gases, to compressible liquids.  These are then reused in the section 
that covers the way in which the properties of the mixture are calculated from those of 
its components. Finally, the document briefly describes how the computer data man-
agement and the thermophysics computing service are organized in an independent 
library called ThermoLib.

Introduction

As its name indicates, numerical fluid mechanics is nothing but nu-
merical calculation applied to solving fluid flow equations and so 
much the better for the reader, who will see this definition as merely 
obvious. Historically, this discipline was first limited to the study of 
potential flows. Then, it undertook the solution of the Euler equations, 
thus confronting the characteristics of compressible media, and, in 
parallel, the solution of the Navier-Stokes equations, which at first only 
concerned the motion of fluids with constant density. Today, the de-
scription “Navier-Stokes Code” has a nebulous coverage that includes 
the solution of the aerothermochemical transport equations. We recall 
that this hyperbolic (in time) system expresses the conservation of 
the extensive quantities that characterize the state of a flow: the linear 
momentum vector, the total energy and as many masses as the num-
ber of independent chemical species of the phase being considered 
(homogeneous mixture).

It was when NFM entered the world of compressible flows that ther-
modynamics invited itself in, through the state equations chosen to 
model the fluid properties. For obvious reasons, the first model used 
was that of the perfect gases, and it is within this restricted context 
that most numerical models have been developed today. In this regard 
we note that, based on the formalism presented in [3], the numerical 
flow models used by the CEDRE CODE [12, 2] were programmed 

from the start with a view to using any thermodynamics whatsoever: 
this investment has allowed the fluid models presented here to be in-
tegrated very rapidly, and to develop them without risk of overlapping 
other developments.

If the only purpose of the CEDRE code was to simulate the flight 
of aircraft in cloud free skies, its fluid model could be described in 
few words: a mixture of chemical species with a fixed composition, 
whose behavior is similar to that of a perfect gas with constant spe-
cific heat. If it was a matter of explaining the concepts and models 
used in chemical engineering [19] in detail, not even several pages 
would suffice. The field of application of CEDRE [14] being situated 
well beyond the first example cited, it is the same for its modeling 
domain, and in particular for its fluid models: compressible, single or 
multiple species, possibly reactive, even multiple phase.

The CEDRE thermophysics model brings together all the data and 
procedures that allow the calculation of the thermodynamic proper-
ties and transport coefficients for any material medium likely to be 
involved in a multi-physics system, as it has been defined by the 
user: compressible, for which the CHARME solver calculates the flow, 
dispersed phases handled by the SPARTE (Lagrangian) and SPIREE 
(Euler) solvers, and solid materials on which the Acacia solver works. 
This document is more specifically concerned with the thermody-
namics of the main fluid (that of Charme), and it is limited to the study 
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of homogenous mixtures of chemical species. For greater detail, the 
reader could refer to the references [1, 19], in the first chapter of the 
thesis report [8] and to the CEDRE theoretical manual [4].

§ “Theoretical framework” sets the theoretical framework for the 
modeling and states its notations. Starting from the different forms 
of the fundamental equation of thermodynamics, it summarizes some 
useful concepts: state functions and independent variables, extensive 
properties and intensive properties, thermodynamic potentials, spe-
cific (or molar) properties of the mixture, partial properties of spe-
cies in the mixture and properties of pure substances (not mixed). 
§ “Fluids properties” recalls that, in the so called system of natural 
variables (pressure, temperature and composition), the free enthalpy 
of the mixture is a potential from which all other first order quanti-
ties (volume, entropy, internal energy, enthalpy, etc.) are derived, and 
deduces all the relations between second order calorific and thermo-
elastic properties. Also indicated there is how it is possible to calcu-
late, without limitation to the special case of perfect gases, data that 
is indispensable to any code handling fluid mechanics, such as the 
specific heat ratio, the speed of sound or the partial derivatives of 
pressure with respect to the conservative volume quantities (mass 
and energy). § “Properties of species” presents different models for 
calculating the properties of species (not mixed), from the “perfect 
gas” limit, through the various models for real gases (the Viriel law 
and cubic state equations), to compressible liquids. These models 
are reused in § “Mixture models”, which shows how the properties 
of the mixture are calculated from its components. Finally, § “The 
CEDRE ThermoLib library” briefly describes how the computer man-
agement of the thermophysics calculation service is organized in an 
independent library called ThermoLib.

Theoretical framework

The flow of a compressible fluid comprising  en   chemical species is 
considered, and it is assumed that this system changes sufficiently 
slowly for thermodynamic equilibrium to be preserved at any point in 
space and time (local equilibrium). In these conditions, the state of 
each fluid particle is defined uniquely by 2en +   extensive quantities 
(i.e. proportional to the size): the volume  occupied by the component 
considered, its internal energy E  and the masses jM  of the species 
that it contains.

Although this set of independent variables, which will be called basic 
variables (or primitives) here, is sufficient to describe the state of any 
continuous medium in equilibrium, even if it is composed of different 
phases, and thus offers access to all of its properties, we will limit this 
dissertation to the special case of single phase fluids.

Fundamental equation

Applied to systems of this type, thermodynamics postulates the ex-
istence of an extensive quantity called entropy, a homogenous first 
degree function of the basic variables, or:

1( , , ) ( , , ), 0j jS S E V M S E V Mλ λ λ λ
λ

= = ∀ >                      (1)

This state function only defines a stable physical system if it satis-
fies certain conditions of monotonicity and convexity. In particular, 
it must increase strictly with energy and volume, which implies that 

the corresponding partial derivatives are positive. Applying the Euler 
theorem to the first degree homogeneous functions, postulate (1) can 
be written:
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or in the following (more classical) form:

1 1
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j j j j
j j

E TS pV M dE TdS pdV dM
= =

⇔= − + = − +∑ ∑ g g      (3)

Thus, the pressure p , temperature T  and thermodynamic potentials 
per unit mass jg   for the species in the mixture are defined by:
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These new quantities, which only have meaning with the assumption 
of local equilibrium and are described as intensive because they do 
not depend on the size of the system, are homogenous zero degree 
functions of the primitive variables.

Free energy and volume-temperature variables

If the free energy F E TS= − , also called the Helmoltz function, is 
used, equation (3) becomes:

1 1

e en n

j j j j
j j

F pV M dF pdV SdT dM
= =

= − + ⇔ =− − +∑ ∑g g        (4)

From this the partial derivatives of the free energy in the  system of 
variables are deduced:

, , , ,j j j i

i
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Free enthalpy and pressure-temperature variables.

By replacing the internal energy by the enthalpy H E pV= ×  in equa-
tion (3), we immediately obtain:

1 1

e en n

j j j j
j j

H TS M dH TdS Vdp dM
= =

= + ⇔ = + +∑ ∑g g                 (5)

From which, by introducing the free enthalpy G H TS= − , also 
called the Gibbs function:

1 1

e en n

j j j j
j j

G M dG Vdp SdT dM
= =

= ⇔ = − +∑ ∑g g                         (6)

This new form of the thermodynamic postulate (Gibbs) means that, in 

the , , jp T M    system of variables, we have:
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In this regard, we note that the change of variables
, , jV E M   → , , jp T M     leads to a loss of information on the 

zones where different phases coexist. This is the case, for example, 
on the phase change curves for pure substances ( )1en = : the pres-
sure and temperature being related there, these two variables do not 
permit a complete description of the state of the system in equilib-
rium.

Molar approach

Chemists prefer to measure the quantities of matter in numbers of 
moles. Let jN  be the number of moles of the species j ,  N  the 
total number,  jm  the molar masses of the species and m   that of the 
mixture. The change from  jM  to jN   is immediate:

j j j j jM N m M N m Nm= ⇒ = =∑
In the new variables , , jp T N   , the equations (6) are written

1 1

e en n

j j j j
j j

G N dG Vdp SdT dNµ µ
= =

= ⇔ = − +∑ ∑

Here, the partial derivatives jµ  (also denoted by ,m jg ) are the molar 
thermodynamic potentials of the species in the mixture:
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 g

Partial quantities

In the , , jp T N    system of variables, the free enthalpy is a homog-
enous first degree function of the masses. It is the same for any ex-
tensive quantityΨ  , which can be translated into the following form:

1 1

e en n

j j j j
j j

M d dp dT dM
p T

ψ ψ
= =

∂Ψ ∂Ψ
Ψ = ⇔ Ψ = + +

∂ ∂∑ ∑               (7)

The quantities jψ  thus defined are called specific (per unit mass) 
partial quantities of the species in the mixture. In general, they are 
a function of all of the variables chosen to define the state of the 
system, which distinguishes them from the intrinsic properties of the 
same species (measured when not mixed), which only depend on the 
pressure and temperature, and that will be denoted here by *

jψ . We 
will return to these two important concepts later.

In terms of molar variables , , jp T N   , the equations (7) are written:

, ,m j j m j jN d dp dT dN
p T

ψ ψ∂Ψ ∂Ψ
Ψ = ⇔ Ψ = + +

∂ ∂∑ ∑              (8)

Here, ,m j j jmψ ψ=  is the partial molar quantity of the species j   in 
the mixture, to be distinguished from the molar property *

,m jψ   of the 
pure substance.

Mass specific (or molar) quantities

The homogeneity of the state functions, such as free enthalpy rela-
tive to the masses of the species allows the study of the relations 

between thermodynamic quantities to be reduced to that of a system 
whose total mass M remains equal to unity. The composition of such 
a mixture is defined by the en  mass specific fractions /j jy M M= , 
it being understood that these new state variables are not independent 
because their sum is equal to unity. In the rest of this presentation, 
we will call any extensive quantity referred to the unit mass of the 
system being studied a mass specific property (or property per unit 
mass), that is:

, , , , ,V S E H Gs e h e p g h Ts
M M M M M

υ υ= = = = = + = = − etc...

We note that neither the density of the mixture ( )1ρ υ−=  nor that of 
the species ( )j jyρ ρ=  are specific properties in the sense that is 
understood here. For any extensive quantity MψΨ = , the equations 
(7) are written:

 j j j jy d dp dT dy
p T
ψ ψψ ψ ψ ψ∂ ∂

= ⇔ = + +
∂ ∂∑ ∑                  (9)

If the composition is measured in moles (8), the following molar frac-
tions are introduced:

1
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j j j j

j j
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−
 

= = = =   
 

∑ ∑

and the fluid is characterized by its molar properties:

, ,
m m

m m j j m m j jm x d dp dT dx
p T
ψ ψ

ψ ψ ψ ψ ψ
∂ ∂

= = ⇔ = + +
∂ ∂∑ ∑

To go from the specific approach (which is preferred in this presen-
tation) to the molar approach, it is sufficient to replace the mass 
fractions by the molar fractions ( )j jy x→  in all the mathematical 
expressions below, and the specific quantities by the corresponding 
molar quantities ( )mψ ψ→ .

Fluid properties

Free enthalpy and derived properties

On condition of the assumptions stated at the start of the previous 
section, and subject to the constraint  1jyΣ = , the fundamental 
equation (6) becomes:

1 1

e en n

j j j j
j j

y dg dp sdT dyυ
= =

= ⇔ = − +∑ ∑g g g 	             (10)

Of course, these relations are only valid if the function g  is con-
tinuously differentiable, in other words, free of singularities related 
to phase changes (figure 1). As has already been remarked above, 
they throw light on the special status of the pressure-temperature-
composition variables relative to the free enthalpy g . In this space 
with 1en +   independent coordinates, the function:

( , , ) , 0 1j jp T y p T y= > =∑g g ,‖
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is a thermodynamic potential, which, among other things, implies that 
any specific property of the fluid (in the sense stated in § “Mass spe-
cific (or molar) quantities“ is a linear form of g and its partial deriva-
tives, or, with the first order of differentiation:

2
j

j

s h T T
p T y T T T

e p T
p T

υ ∂ ∂ ∂ ∂ ∂  = = − = ⇒ = − = −  ∂ ∂ ∂ ∂ ∂  

∂ ∂
= − −
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g g g g g
, , g g

g g
and g

It is the same for the specific heat at constant pressure, or 

2

2p
h sc T T
T T T
∂ ∂ ∂

= = = −
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g

and for any first order partial derivative of the properties. Because of 
the commutativity of the differentiation operators, these second order 
quantities (relative to the potential g) are related to each other (Max-
well). Thus, in the pressure-temperature plane, we have:

, ,s h eT p T
p T p T p p T

υ υ υ υυ υ∂ ∂ ∂ ∂ ∂ ∂ ∂
= − = − = − −

∂ ∂ ∂ ∂ ∂ ∂ ∂

As regards the derivatives of the first order quantities in the composi-
tion space, these are related to those of the thermodynamic potentials
g j  with respect to pressure or temperature, for example:

j j j
j j j j

j j j

s hs h T
y p y T y T
υυ

∂ ∂ ∂∂ ∂ ∂
= = = = − = = −
∂ ∂ ∂ ∂ ∂ ∂

g g g
, , g etc...

It is easily shown that these quantities jψ are identical to the partial 
properties whose definition was given in § “Partial quantities”. Sub-
sequently, we will show how these are calculated from the properties 
of pure substances *

jψ via a mixture model. First, we present a series 
of relations between thermodynamic functions that any mechanical 
fluid code is able to use.

Thermodynamic relations

To simplify the expressions that follow, let:

 ( , , )j
pr r p T y
T
υ

= =

and let the thermoelastic coefficients pα  (isobaric expansion) and
Tχ    (isothermal compressibility) be made dimensionless in the fol-

lowing way:

,,

and
jj

p T T p
p yT y

p Tp T
p T
υ υω χ ω α

υ υ
∂ ∂

= = − = =
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We note that the factor r  thus defined is a specific property in the 
same way as the volume, that it is measured in the same units as 
entropy or specific heat, and that the equation that defines it as a 
function of the variables ( ), ,p T y plays the role of the equation of 
state for the mixture. To return to more classical notations, it is suf-
ficient to note that:

(J/K/kg) then (J/K/mol)m
RZr r RZ
m

= =

where R  is the universal gas constant, m   is the molar mass of the 
mixture and Z  is the compressibility factor from the theory of real 
gases.

From the relations stated in § “ Free enthalpy and derived properties “, 
it is easily deduced that any specific quantity derived from a first order 
property is expressed as a function of volume (or, what amounts to 
the same thing, from the factor r  ), the specific heat at constant pres-
sure and the two dimensionless thermoelastic coefficients. Here, pre-
sented in differential form and still in the system of natural variables
( ), ,p T y , is the table of these partial derivatives:
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We recall that these partial derivatives , , ,j j j j jr v s h et e  are partial 
mass specific quantities (9), and that they are related by the same 
type of relations as the properties from which they are derived, for 
example:

, ,j j j
j j j j j

p h
r h e r T T

T p T
υ υ

υ
∂ ∂

= = + = −
∂ ∂

    etc...

It may be necessary to use the volume rather than the pressure as the 
independent variable, with a state equation of the form:

( , , )j
pr r T y
T
υ υ= =

In this case, let:

1 1

, ,
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By combining the previously obtained results, it is found that in the 
new system of variables :
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  T
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p
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ω
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In particular, Mayer’s relation is deduced, which expresses the differ-
ence between the specific heat at constant pressure and the specific 
heat at constant volume:

2

 p
T

v
p

c c rω
ω

− = 					                    (11)

and the specific heat ratio:

2

21p p pT

v p v p p T

c cr
c c c r

ωω
γ

ω ω ω
≡ = + =

−
                                             (12)

As for the speed of sound in the mixture, it is easily obtained by 
changing to the ( ), ,p s y  system of variables. It is found that:

2

, j ps y

p r Tc γ
ρ ω
∂

≡ =
∂

 			                             (13)

The last two equations show that a fluid model defined by an equa-
tion of the form ( ), , jp T y=g g   is only stable if the following two 
conditions are satisfied:

20 d  anp p p Tc rω ω ω> >

Finally, we note that in the ( ), ,T yυ   system of variables, the free en-
ergy f e Ts= −   is a more suitable state function for the calculation 
of its derivative properties:

1
( , , )

en

j j
j

f f T y df pd sdT g dyυ υ
=

= ⇒ =− − +∑
Volume specific variables

The ,j eρ ρ     system of variables is important for the Euler ap-
proach to fluid mechanics: the masses of species and the internal 
energy per unit volume are the thermostatic part (i.e. without motion) 
of the so-called conservative quantities. In the transport equations, 
the fluid properties intervene via the pressure (Euler flux) and the tem-
perature (heat flux). The result of this is that the functions:

( , )

( , )
j e j j

j e j j

p p e dp d e d

T T e dT d e d

ρ ρ π ρ π ρ

ρ ρ ϑ ρ ϑ ρ

= ⇒ = +

= ⇒ = +
∑
∑

and their partial derivatives, here denoted by andπ ϑ , play an im-
portant role. The simplest way to express these as a function of 
the mass specific quantities and coefficients defined in the , , jp T y  
system of variables, is to go through the variables ,j Tρ    . After 
some elementary analytic developments, we find:

2
2
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e j e j
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T T

v

r c
c

r
c h

c T r
π

π π
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π= = = −  and

1 , T
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r T h
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ω
ϑ ϑ ϑ

ρ ω
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It is easily verified that the speed of sound c  and the partial deriva-
tive of the pressure are linked by the following relation (which can 
moreover be proven):

2
e j jc h yπ π= + ∑

Properties of species

As has already been noted in § “Partial quantities “ and “Mass spe-
cific (or molar) quantities“, any extensive quantity referred to the unit 
of mass of the mixture can be written

1 , ,

( , , )where
e

k j

n

j j j j k
j j p T y

y p T y
y
ψψ ψ ψ ψ

≠
=

∂
= = =

∂∑

the jψ  being, by definition, the partial mass specific properties of the 
species in the mixture. As for the properties of pure substances (i.e. 
measured outside a mixture), which, let us recall, generally differ from 
those above, these will be denoted by *

jψ  :

* * ( , ) ( , , )j j j k jkp T p T yψ ψ ψ δ= = =

The second equality means that the intrinsic properties and partial 
quantities are only equal if the mixture is composed only of the spe-
cies being considered.

Figure 1 - Phase diagram for a pure substance

To calculate the properties of pure substances, it is normal to re-
fer to those that are measured along a particular isobar, that is 

510op p Pa= =  , and for which the variations as a function of tem-
perature are listed in thermodynamic tables. These quantities are gen-
erally described as properties in the standard state:

*( ) ( , )o o
j j j oT p Tψ ψ ψ= =

Applied to the free enthalpy, this concept allows the following equa-
tion to be written for each substance j :

* * *( , ) ( ) ( , ) ( )
o o

p po o
j j j j jp p

dpp T T p T dp T T r
p

υ= + = +∫ ∫g g g     (14)
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Thus, the properties of the species j   are entirely defined by its state 
equation, that is,

*
* * * *( , ) ( , )j
j j j j

p
p T r r p T

T
υ

υ υ= = =or

and its free enthalpy o
jg   in the standard state. To calculate these 

explicitly, it is sufficient to apply the results of Section 3 to this single 
species system. In the paragraphs below, we will temporarily drop the 
index  j  and the exponent "*"  , it being understood that the results 
presented here concern either the intrinsic properties of any constitu-
ent of the mixture, or what amounts to the same thing, the properties 
of any single species fluid.

Perfect gases

This is the case of any gas subject to a sufficiently low pressure for 
the molecules to be considered as material points (zero covolume) 
whose interactions are negligible, except for impacts. This purely ficti-
tious state, or ideal state according to Anglo-Saxon terminology, can 
be defined without prejudging the stability of the real physical system. 
For example: Water vapor at atmospheric pressure and at 0° C ...

The universal molar gas constant is denoted by R , m is the molar 
mass of the species considered and or  is its specific constant per 
unit mass. The state equation is written

( )( ) ( ) ( )  1
idid id ido

o p T
r TRr r

m p
υ ω ω= = ⇔ = = =

 
and the free enthalpy (14) becomes

( ) ( , ) ( ) ln ( ) ( )id o o o o
o

o

pp T T r T h T Ts T
p

= + = −g g where g

Thermophysical databases such as the NIST-JANAF tables supply the 
information needed for the calculation of the properties in the stan-
dard state ( )op p=   for a large number of ordinary gases. In addi-
tion to the molar masses, the following can be found:
	 • the enthalpies and entropies of formation measured at a refer-
ence state ( ),o op T  ,
	 • and a tabulation of the specific heats at constant pressure ( )op , 
from which it is possible, by using the least squares method, to draw 
a polynomial representation over a range of temperatures suited to the 
calculations, that is, a limited set of species parameters and physical 
constants that can be combined in a reasonably sized database. This 
is the case for the thermog.xml file of the CEDRE calculation chain. 
From this, it is possible to calculate explicitly the intrinsic proper-
ties of any “perfect gas” type component, first in the standard state 
(isobar ( )op ):

( ) ( )  , , etc.. . 
o o

T To o o o o o
f p f pT T

dTh T h c dT s T s c
T

= + = +∫ ∫

And then in the entire plane ( ),p T  :

( ) ( ) ( )( ) ( ) ( ) ln, , , e  tc...id o id o id o
p p o

o

pc c T h h T s s T r
p

= = = −

Compressible liquids

Here is an example of a simplified state equation for a compressible 
liquid, valid in the vicinity of a reference state ( ),o op T  :

1 ( )
1 1

1 ( )
o

o o o
o

T T
T p

p p
α

υ υ α β
β

+ −
=

+ −
where et 

In these conditions, the dimensionless thermoelastic coefficients are:

~ ~andp Tp Tω β ω α
 
Equation (14) become:

~ ( ) ( ) ~ ( ) ( - ) , ( )o o o
o o o o p pT p p h h T p p c c Tυ υ+ − + =g g hence

It is easily shown that if the fluid cannot be expanded ( 0α = ), the 
ratio γ   is strictly equal to unity. In CEDRE, this model for a fluid with 
little compressibility is used to evaluate the robustness and stability of 
numerical models initially developed for gas flows.

Real gases

When a gas is subject to high pressures, the molecules can no longer 
be considered as material points and their interactions can no longer 
be neglected. As a result, the compressibility factor:

 
( ) , oid

o o

r p RZ r
r r T m

υ υ
υ

= = = = 		               (15)

differs from unity, as does the fugacity coefficient ( )ϕ , a dimension-
less parameter whose logarithm measures the difference between the 
free enthalpy of a mole of real gas and the value that a perfect gas 
would have at the same temperature, that is, in terms of mass spe-
cific properties:

( )( , ) ( , ) ln ( ) ln lnid o
o o o

o

pp T p T r T T r T r T
p

ϕ ϕ= + = + +g g g     (16)

By combining equation (14) and the definition of the fugacity coef-
ficient (16), we obtain:

( )
( )

( )1ln
o

id p id

p
o o

dp
r T r T

ϕ υ υ−
= = −∫

g g
                                        (17)

In this paragraph, we will assume on the one hand that the pressure   

op is sufficiently low for the standard state to coincide with that of the 
perfect gas (or Z° ~ 1) and, on the other hand, that the state equation 
can be written in one of the two forms below:

( , ) ( , )or  Z p T Z Tυ= =Z Z
	                		

						                  (18)

In these conditions and depending on the case, the logarithm of the 
fugacity coefficient is written:

0
ln ( 1) 

p dp
p

ϕ = −∫ Z                                                                 (19)

or    ln 1 ln ( 1) dZ Z
υ υϕ

υ∞
= − − − −∫ Z                                      (20)

We note in passing that the two forms (18) are only equivalent if, at a 
given temperature, pressure and volume vary in opposite directions, 
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which must be the case for the speed of sound in the substance to be 
calculable (see § “Thermodynamic relations“).

Principle of corresponding states

In what follows, the critical pressure of the gas that is being consid-
ered will be denoted by cp  , its critical temperature will be denoted 
by  cT , and this data will be used to make the state variables dimen-
sionless:

, and c
r r r c

c c o c c

pp TP T V Z
p T r T

υ υ
υ

= = = =                      (21)

According to the “principle” of corresponding states, the volume fac-
tor must be a universal function of the reduced variables. Experience 
shows that this is only the case for rigorously symmetrical molecules, 
in other words, for monatomic substances. This is why Pitzer and 
other authors have introduced the concept of the acentric factor ω , 
this dimensionless number being assumed to represent the molecular 
characteristics of the gas being considered. They let:

 

( , , )r r
r r

r

PVZ P T
T

ω= = Z

the function Z  being common to all species. This approximation, 
which is found to be fairly close to reality for most ordinary gases, 
allows considerable simplification of the relation between the calcula-
tion library and the thermophysical database: so that a chemical spe-
cies for which “perfect gas” data is available, via the thermog.xml file 
for example (see § “Perfect gases”), can be treated as a real gas, it 
is sufficient to add the three additional constants , andc cp T ω  to the 
data for the standard state.

Viriel expression

At moderate pressure, we can be content to express the volume fac-
tor by means of a limited expression around the perfect gas state, or

 0 0
    1 1  

k

k r
kk

k k rr

A PZ B
TV> >

 
= + = +  

 
∑ ∑

the coefficients andk kA B (related to each other) only depend on the 
reduced temperature and the Pitzer acentric factor.

 

2
1 1 2 2 1( , ) , , ,k k rA A T B A B A Aω= = = − …

As for the free enthalpy and the other calorific properties, they can be 
deduced from the fugacity coefficient (19), which here has the value:

 0
ln

k

k r

k r

B P
k T

ϕ
>

 
=  

 
∑

Cubic state equations

At higher pressure, it is preferable to use one of the state equations 
derived from the Van der Waals equation. This is the general form, 
with the two numbers 1 2and σ σ , as parameters and expressed as a 
function of the molar volume:

1 2

( ) ( ) 1
( )( )

where c
m m m

RT a Tp T
b b b

α α
υ υ σ υ σ

= − =
− + +

   (22)

After changing to reduced variables (21), and once we let:

 
2( )

and  c c
r r

c c

p b p a
b a

RT RT
= =

Equation (22) becomes:

 1 2

( , )
( )( )

 r r r
r

r r r r r r

T a TP
V b V b V b

α ω
σ σ

= −
− + +

Both dimensional constants rb  (reduced covolume) and ra  (internal 
pressure coefficient) are such that the first and second derivatives of 
the function (23) with respect to the volume are zero at the critical 
point, or  rP 1rT= = . Table 1 shows the constants for four of the 
best known models: Van der Waals (VdW, [18]), Redlich-Kwong (RK, 
[11]), Soave-Redlich-Kwong (SRK, [16]) and Peng-Robinson (PR, 
[9]). The first is mainly of historical interest. The correction to the 
Redlich-Kwong equation by Soave permits a better representation of 
the behavior of hydrocarbon gases close to the saturation curve. 

EOS 1σ 2σ rb ra CZ ( , )rTα ω

VdW 0 0 0.125 0.421875 0.375 1

RK 0 1 0.08664 0.42748 0.333
0.5

rT
−

SRK 0 1 0.08664 0.42748 0.333
20.51 (1 )rm T + − 

PR 1 2− 1 2+ 0.07780 0.45724 0.305
20.51 (1 )rm T + − 

SRK 20.48508+1.54171 -0.17613m ω ω=

PR 20.37464+1.54226 -0.26992m ω ω=

Table - 1 Cubic state equations
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As for the performance of the Peng and Robinson model, it is better 
on the liquid side and in the vicinity of the critical point [17]. Here we 
let:

( ), andr r r r
r

r r r r

b P b a T
T V b T

α
ξ η= = Θ = = Θ

The covolume rb  being the threshold value for the reduced volume, 
the variable  η  defined above varies between 0 (perfect) and 1 (in-
finite pressure). With this notation, the state equation (23) becomes:

2

1 21 (1 )
 

(1 )
η ηξ
η σ η σ η

Θ
= −

− + +
                                                (24)

hence, the compressibility factor is:

1 2

1
1 (1 )(1 )

Z ξ η
η η σ η σ η

Θ
= = −

− + +
                               (25)

The fugacity coefficient (20) is deduced from the state equation (25). 
After integration of the function Z along each isotherm, we find:

ln 1 ln ln(1 ) ( )Z Z Uϕ η η= − − − − −Θ                                                (26)

the function  being defined by

2
1 2

1 2 2 1 1

1 2

11 ln
(1 )(1 ) 1

1

or if

if if (for example Van der Waals)

o
dU U

U

η σ ηη σ σ
σ η σ η σ σ σ η

η σ σ σ
ση

 +
= = ≠ + + − + 

= = =
+

∫

From equation 26, we deduce the free energy  of the real gas
 

[ ]( ) ln(1 ) ( )id
of p f r T Uυ η η= − = − − +Θg

then, by differentiation with respect to temperature, all the calorific 
properties, for example:

( )

( )

( )

( )

1 ( )

ln ln(1 ) ( )

id
o

id
o

id
o

de e r T T U
dT

dh h r T Z T U
dT

ds s r Z T U
dT

η

η

η η

Θ = −   
Θ = + − +  

 Θ  = + + − + Θ+    

Figure 2 - Cubic state equation, Clapeyron diagram.
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Soave - Redlich- Kwong , =0ω

The state equations (22-25) are described as cubic because the 
calculation of the volume (or factor ) from the intensive parameters 
(pressure and temperature) involves the solution of a third degree 
equation. This does not present any difficulty in the supercritical do-
main ( )1rT > : the solution there is necessarily unique. Otherwise, 
the problem can have three solutions, as shown in figure 2. The one 
located in the increasing part of the curve can be eliminated automati-
cally because it is not physical, which does not necessarily mean that 
the other two will be. In fact, over the entire domain above the satura-
tion curve, each isotherm from the cubic equation must be replaced 
by a horizontal plateau (isobar) whose level is the saturated vapor 
pressure, and whose two ends are the values of the volume on the 
saturated liquid side (to the left) and that on the just dry vapor side 
(to the right), or:

( ) ( , ) ( , )1 ( ), ifsat sat l sat v
r r r r r r rT P P T V V V∀ < = ≤ ≤

Thus, for any state equation of the form (23) and for any fixed temper-
ature above the critical point, the saturated vapor pressure is deter-
mined by the fact that, on the one hand, the reduced volumes ( , )sat l

rV
and ( , )sat

rV υ are respectively the smallest and the greatest of the three 
real solutions of the equation

( ) ( , )sat r
r r r

r

TP V T
V

= Z

And, on the other hand, the free enthalpy is continuous across the 
saturation curve. This equilibrium condition between coexisting phas-
es comes down to writing the equality of the fugacity coefficients 
(26), or:

( , ) ( , )( , ) ( , )sat l sat v
r r r rV T V Tϕ ϕ=

This type of problem can only be solved iteratively: starting from a 
pressure level between the two extremes of the isotherm under con-
sideration, the volumes corresponding to the two intersection points   
L and V are calculated (see figure 2), then the two related fugacity 
coefficients are calculated by applying the formula (26), and the pres-
sure is iterated using the following recurrence:

( )

( ) 
L

r r VP P ϕ
ϕ

= ×

until the fugacities are equal. Figure 3 shows the result obtained with 
the Soave-Redlich-Kwong equation in the case where the acentric 
factor is zero. We note that the leaps in the derived properties are 
linked to the slope of the saturation curve via the Clapeyron relation:

( )2
( ) ( ) ( ) 

sat
sat sat satr r

v o c
r r

T dPL h T s r T Z
P dT

 
= ∆ = ∆ = ∆ 

 

If we assume that the specific heat of vaporization vL  is proportional 
to the variation of the compressibility ratio, or

( ) 7 ln10 (1 )
3

wheresatv

o c

L
A Z A

r T
ω≈ ×∆ = × +

an expression analogous to Antoine’s law is deduced from 
the Clapeyron equation,

ln ( )   11sat
r

r

P A
T

 
= × − 

 
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*( , , ) ( , ) ln ( ) ln jo o o
j j j j j j j

o

p
p T y p T r T x T r T

p
= + = +g g g

We recall that /o
j jr R m=  is the mass specific gas constant  and that 

the molar fractions only depend on the composition. As a result, for 
an ideal mixture, and only in this case, the partial volume and enthalpy 
of each species in the mixture are respectively identical to the volume 
and enthalpy of the pure substance:
 

( )
o

j j j o
j j j j

j j

r T hh T h T
y p p y T
υυ

∂ ∂∂ ∂
= = = = = − =
∂ ∂ ∂ ∂

g g
, g

More generally, in any ideal mixture, we have:
 

* * *( , ) , (  , ) , ( , )j j j j j jy p T h y h p T e y e p Tυ υ= = =∑ ∑ ∑

but

* ( , ) ln where  j j j j jj

Rs y s p T x x m x m
m

= − =∑ ∑ ∑

Other models

In general, the chemical activity of a component j  in the mixture is 
defined as follows:
 

( , , ) ( ) lno o
j j j j jp T y T r T= + ag g

It has been seen that, for ideal mixtures of perfect gases, this inten-
sive quantity only depends on the partial pressure of the constituent 
in the mixture, that is:

 

( ) jid
j

o

px
p

=a

This assumption implies that the fugacity coefficient of each pure 

constituent  ( )1jα =  is equal to unity. It is thus absolutely unsuitable 
for mixtures of real gases. In this case, more or less complex mixture 
rules are used.

The simplest rule (Kay, [5]) is only valid for mixtures of substances 
with similar properties. It consists of applying the principle of cor-
responding states on the basis of a pseudo critical point with coordi-
nates depending on the mixture composition and the critical data of 
the constituents j  :

,
j jc j c c j c

j j
p x p T x T= =∑ ∑                                                        (27)

Then, it is sufficient to choose a real gas law, such as one of those 
presented in see § “Real gases”, to write it in reduced coordinates 
and to apply it to the mixture:
 

Z , , where j j
jc c

p TZ x
p T

ω ω ω
 

= = 
 

∑            (28)

A less elementary model consists of writing that the molar volume of 
the mixture obeys a cubic state law of type (22) where the constant  

which, as can been seen in figure 3, is close to that obtained from the 
state equation.

Figure 4 shows, as a function of the ratio rP / rT  and of the values of  
rT , from 0.5 to 2, the compressibility factor resulting from the Soave 

equation and with a correction for the Maxwell plateaux procedure. It 
shows, if this was needed, that in the zone of coexistence between 
liquid and vapor (colored yellow), where pressure and temperature 
are related, the fluid properties can only be calculated if additional 
information is available, such as the liquid mass (or volume) fraction. 
Furthermore, it is noted that, even at moderate pressure, the perfect 
gas assumption ( )1Ζ =  is only really justified (as close as five per 
cent, for example) if the temperature is greater than one and a half 
times the critical temperature.

Figure - 3 - Cubic state equation, saturation curve.

Figure 4 - Cubic state equation, compressibility factor.

Mixture models

Ideal mixture

We will consider the special case of an ideal mixture of perfect gases. 
Let jx  denote the molar fraction of the species and let and j jj p px=  
be its partial pressure. Once this constituent is placed in the mixture 
(and after homogenization), its thermodynamic potential becomes:

Soave - Redlich- Kwong , =0ω
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(covolume) and product aα (function of temperature) are calculated 
from the data for pure constituents, or:

2( )
,, andj j

j j j

c c
j r j r j j

c c c

RT RT Tb b a a
p p T

α α ω
 
 = = =
 
 

Applied to the Van der Waals equation ( )1jα = , the rule of the same 
name states that:

,
and wherei i i j ij ij i j

i i j
b x b a x x a a a a= = =∑ ∑

To extend this to all the equations 22, it is sufficient to substitute the 
products and ij ija aα α for the above constants and ija a .  

This is the model used by the CEDRE code to calculate the properties 
of mixtures of real gases with cubic state equations (“GCUB1” type 
species, see following section). In [8] the reader can find a more 
complete presentation of this fluid model.

Finally, we note that, although the models presented here only need 
a minimum of information in the species databases, they are far too 
elementary to be reasonably applicable to complex systems like hy-
drocarbon mixtures (see [19]) or liquid solutions.

The CEDRE ThermoLib library

The ThermoLib library combines all the thermo-physical model relat-
ed procedures in the CEDRE chain, from loading data into an internal 
model to calculating the properties of any phase (homogeneous mix-
ture of chemical species) defined during loading. This independent 
set of FORTRAN 90 procedures can be used by all the components 
in the calculation chain, including those whose source is written in 
C++.

Uploading data, the first operation that the user code must start with, 
consists of reading the fluid model data and storing it in an internal 
static structure (F90 derived type). It continues by reading two XML 
files:
	 • thermog.xml is a portable database (i.e. available on the deliv-
ery CD), which contains the pure substance data (see § “Properties 
species”) for about sixty chemical species;
	 • epicea.xml, produced by collecting the CEDRE calculation data 
via the EPICEA graphic interface, brings together all the physical-
chemical model parameters set by the operator, including the fluid  
definition data.

From the THERMOLIB service viewpoint, any “fluid” defined by the 
user is any set of chemical species chosen from among the items 
available in the database and able to form a homogeneous mixture 
whose properties can be calculated as a function of pressure, tem-
perature and composition. Since this concept can be extended to 
solid material, we prefer to speak of a mixture (current terminology) 
or phase.

As for the species themselves, they are identified by their name 
( )4 2: , , , , ,2 2 2exemples  etc...N O CH CO H O , which allows the up-

loading procedure to read their data from the file thermog.xml. At the 
same time, each species is characterized by the type that the op-
erator has assigned to it from the graphic interface: perfect gas with 
single polynomial representation (GP1), compressible liquid (LC1), 
real gas whose state equation takes on the form of a Viriel expression 
(GR1), real gas with cubic state equation (GCUB1), etc. Of course, 
the choice of type depends on the type of data in the database. Thus, 
a gas for which only the standard state is known can only be of the 
“perfect gas” type, whereas if the coordinates of the critical point and 
the acentric factor appear in its data, it can be allocated either to the 
“perfect gas” type, or to one of the “real gas” types.

We note that it is possible to allocate different types of species to the 
same mixture, with the exception of the GCUB1 type, which has its 
own mixture model. Thus, some users combine a gaseous mixture 
of air and water vapor (type GP1) with liquid water (type LC1), in the 
same “fluid” treated by the CHARME solver, by considering that the 
two phases would be able to maintain themselves in mechanical and 
thermal equilibrium (same pressure and temperature), without the 
equality of the chemical potentials, etc., being ensured.

The data collected during the uploading phase is classified and stored 
in an internal ThermoLib model. This provides management of all its 
internal data, so that the user does not need to be concerned with this, 
and can just recover the content through the extraction procedures. 
Examples: number of mixture of a given name, number of species 
defined in this mixture, names of these species, molar masses, etc.

The procedures for calculating the properties operate on a mixture 
with number set by the calling program. For example: calculate, for 
the mixture 1mei =  , the enthalpy ( )H  and its partial derivatives 
with respect to pressure ( )pH  , temperature  ( )TH  and the mass 
fractions ( )yH  , from the state data (P, ,  ).T Y  To simplify vectoriza-
tion and optimize the calculation time, each operation is performed 
on a set of sn   independent states (treatment by packets). Thus, the 
arguments that appear in the calling interface are real tables whose 
first dimension has a size equal to the size of the packet to be pro-
cessed, for example:

, ( )
, ( ) ,

, ( ) ( ), ( ), ( , )

, ( ) ( ), ( ), ( ), ( , )

, ( )
, , , ,

:

:

:

:

:

:

mel

s esp

s s s esp

s P s T s y s esp

p T y

INTEGER Intent in i
INTEGER Intent in n n
REAL Intent out P n T n Y n n
RGAL Intent out H n H n H n H n n
INTEGER Intent out error
OPTIONAL H H H H

Of course, the size espn  of the second dimension of the table of com-
positions ( )Y  must be equal to the number of species in the mixture 
considered: any ThermoLib calculation function verifies this first.

Conclusion

The CEDRE thermo-physical model has allowed the field of applica-
tion of the code to be extended beyond the perfect gas domain. For 
the moment, the modeling remains fairly elementary, in particular at 
the level of mixture rules, but the fact that they are encapsulated in an 
independent library will allow progressive enrichment  and without the 
risk of overlapping other developments 
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