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Abstract

We obtain stability estimates and derive analytic expansions for
local solutions of multidimensional quadratic backward stochastic dif-
ferential equations. We apply these results to a financial model where
the prices of risky assets are quoted by a representative dealer in such
a way that it is optimal to meet an exogenous demand. We show
that the prices are stable under the demand process and derive their
analytic expansions for small risk aversion coefficients of the dealer.

Keywords: multidimensional quadratic BSDESs, stability of quadratic BS-
DEs, asymptotic behavior of quadratic BSDEs, liquidity, price impact.
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1 Introduction

One-dimensional backward stochastic differential equations (BSDEs) with
quadratic growth are well studied. Existence, uniqueness, and stability of
their solutions for bounded terminal conditions have been established in the
pioneering paper Kobylanski [17]. Alternative proofs have been proposed
in Tevzadze [20] and Briand and Elie [1]. Generalizations to the unbounded
case have been obtained in Briand and Hu [2, 3] among others.

The situation with systems of quadratic BSDEs is more cumbersome.
Unless there is a special structure (as, for instance, in Darling [6], Tang
[19], El-Karoui and Hamadene [8], Cheridito and Nam [4], and Hu and Tang
[14]), they may fail to have a solution even with bounded terminal conditions.
A counterexample can be found in Frei and dos Reis [10]. On a positive side,
existence and local uniqueness of solutions have been obtained for sufficiently
small terminal conditions, first, in Tevzadze [20] for the -Z,-norm and then
in Frei [9] and Kramkov and Pulido [18] for the bounded mean oscillation
(BMO) norm.

In this paper, we establish stability properties and derive analytic expan-
sions of such local solutions. Our main results are stated in Theorems 2.1
and 3.2. In Theorem 2.1, we get stability estimates in ., and BMO spaces
with respect to the driver and the terminal condition. In Theorem 3.2 we
obtain analytic expansions in BMO with respect to the terminal condition.



The coefficients of these power series can be calculated recursively up to an
arbitrary order.

This work is motivated by our study in [18] of a price impact model from
the market microstructure theory, which builds upon earlier works by Gross-
man and Miller [13], Garleanu, Pedersen, and Poteshman [11], and German
[12]. In this model, a representative dealer provides liquidity for risky stocks
and quotes prices in such a way that it is optimal to meet an exogenous
demand for stocks. As we have proved in [18], the resulting stock prices
can be characterized in terms of solutions to a system of quadratic BSDEs
parametrized by the demand process.

It has been shown in [12] that under simple demands the stock prices
exist, are unique and can be constructed explicitly by backward induction and
martingale representation. For general (nonsimple) demands the situation is
more involved. In this case, the existence and uniqueness of prices can be
obtained only if the product of certain model parameters is sufficiently small
as in (4.6) below. A natural question to ask is whether under such constraint
the output stock prices are stable under demands and, in particular, whether
they can be well approximated by the prices originated from simple demands.
A positive answer is given in Theorem 4.3 and relies on the general stability
estimates from Theorem 2.1.

As the dealer’s risk aversion coefficient a approaches zero, the price impact
effect vanishes and we arrive at a classical model of Mathematical Finance.
In Theorem 4.5 we derive an analytic expansion of prices for sufficiently
small values of a, thus getting a natural scale of price impact corrections.
The leading term of these corrections has been obtained in [12] for simple
demands.

Notations

For a matrix A = (AY) we denote its transpose by A* and define its norm as

|A] £ Virace AA* = Y |Ai]%
2%

We will work on a filtered probability space (2, %, (F)ico,r), P) satisfy-
ing the standard conditions of right-continuity and completeness; the initial
o-algebra % is trivial, .% = %, and the maturity T is finite. The expecta-



tion is denoted as E[-] and the conditional expectation with respect to .%#; as
Eq[-].
For an n-dimensional integrable random variable £ set

€], ZEENY?, p>1,
€|l 2inf {c>0: |€(w)] <e¢, Pldw] —a.s.}.

We shall use the following spaces of stochastic processes:

BMO(R™) is the Banach space of continuous n-dimensional martingales M
with My = 0 and the norm

Mlsao £ supl{E[(M) 7 — (M)}

where the supremum is taken with respect to all stopping times 7 and
(M) is the quadratic variation of M.

Bmo(R™) is the Banach space of continuous n-dimensional semimartingales
X = Xo+M+A, where M is a continuous martingale and A is a process
of finite variation, with the norm

T
X1 Sri0 = 1Kol + 1M [Bro +Sup||ET[/ |dA]]] ...

Here the supremum is taken over all stopping times 7 and [ |dA] is the
total variation of A.

Z»(R"™) for p > 1 is the Banach space of continuous n-dimensional semi-
martingales X = Xo+ M + A, where M is a continuous martingale and
A is a process of finite variation, with the norm

T
1X ]|, 2 | Xo| + (M), + 11 [ 1dAlll .
0

5 (R™?) is the vector space of predictable processes ¢ with values in n x d-
matrices such that fOT ]§S|2ds < oo. This is precisely the space of
n X d-dimensional integrands (¢ for a d-dimensional Brownian motion
B. We shall identify a and 3 in % (R"*9) if fOT lay — fBs|* ds = 0 or,
equivalently, if the stochastic integrals o - B and 3 - B coincide.



6, (R™4) for p > 1 consists of ¢ € H(R™*?) such that ¢ - B € .%,(R") for
a d-dimensional Brownian motion B. It is a Banach space under the

norm:
T p/27Y VP
(/ |<s|2ds) ” .
0

Hno(R™?) consists of ¢ € J4(R"™?) such that ¢ - B € BMO(R") for
a d-dimensional Brownian motion B. It is a Banach space under the
norm:

€]

5 21 Blly, = {E

T 1/2
1l 2 1€ - Bllmsio = supu{ET [ / |<5|2ds” oo

o (R™) is the Banach space of bounded n-dimensional predictable pro-
cesses v with the norm:

V]| Zinf{c>0: |y (w)| <ec, dtx Pldw] — a.s.} .

For an n-dimensional integrable random variable £ with E[{] = 0 set

H€‘|$Blv[o = H (Et[f])tG[O,T} HBMO'

2 Stability estimates

Hereafter, we shall assume that

(A1) There exists a d-dimensional Brownian motion B such that every local
martingale M is a stochastic integral with respect to B:

M= My,+(-B.

Of course, this assumption holds if the filtration is generated by B.
Consider the n-dimensional BSDE:

T T
(2.1) Yt::+/ f(s,CS)ds—/ ¢dB, te0,T]

Here Y is an n-dimensional semimartingale, { is a predictable process with
values in the space of n X d matrices, and the terminal condition = and the
driver f = f(t, z) satisfy the following assumptions:
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(A2) = is an integrable random variable with values in R” such that the
martingale
L, = E,J[E] - E[E], t€[0,T],

belongs to BMO.

(A3) t+— f(t,z) is a predictable process with values in R",

(2.2) f(t,0) =0,
and there is a constant © > 0 such that
(2.3) |f(tu) — f(t,0)] < O(Ju—v])(Ju] + |v]),

for all t € [0,T] and u,v € R™*%.

Note that f = f(¢, z) has a quadratic growth in z. We shall discuss (A3) in
Remark 2.3 at the end of this section.

Recall that there is a constant x = k(n) such that, for every martingale
M e BMO(R"),

1
(24)  —lIMlsyo < [M|[so; = suplB[|Mr = M l]l 2, < [IM [[ro,

see [16], Corollary 2.1. Theorem A.1 in [18] shows that under (A1), (A2),
and (A3), if

1
2.5 L < —
(25) ILllvo < 5o
then there exists a unique solution (Y, () to (2.1) such that
1

H<‘|fnyI\IO < m

The analogous local existence and uniqueness result was first shown in [20,
Proposition 1] for small bounded terminal conditions and then in [9, Propo-
sition 2.1] in the current BMO setting, but with different constants.

Theorem 2.1 below provides stability estimates for such local solution
(Y, ¢) with respect to the terminal condition and the driver. Along with (2.1),
we consider a similar n-dimensional BSDE

T T
(2.6) Y/ =% —l—/ f'(s,Cl)ds —/ ¢'dB, tel0,T],



whose terminal condition =" and the driver f = f'(¢, z) satisfy the same
conditions (A2) and (A3) as = and f. We denote

Ly 2 E[2] - E[Z], te[0,T],
and assume that there exists a nonnegative process 6 = (é;) such that
(27) F(t2) = [t ) < el

Theorem 2.1. Assume that the BSDEs (2.1) and (2.6) satisfy (A1), (A2),
(A3), and (2.7) and let (Y,() and (Y', (") be their respective solutions. For
p > 1 there are positive constants ¢ = c¢(n,p) and C' = C(n,p) (depending
only on n and p) such that if

(2.8) 1¢lrimo + 116 oo < -

then

(2.9) I = ¢l < € (125 = Lrllz, + IVECI%,)
(2.10) IY' = Ylis <€ (I2 - Ellz, + V3, )

Moreover, there exist constants ¢ = ¢(n) and C = é(n) (depending only on
n) such that if

&
||C||92”BMO + ||C,||%BMO < 67
then

(211) 11 = oo < C (I = Lllswo + 1Vl )
(212) IV~ Vllo < C ([EIE ~Z)+ I1E ~ Llisnio + IV o)

Proof. To shorten the notations set AC = ¢’ — ¢, etc. Define the martingale
M and the process A of bounded variation as

M & A(- B,

42 /0 (f'(5,C) — f(s,C))ds, ¢ € [0,



We deduce that

which readily implies that
[Mrll2, < |ALrlz, + 2| Ar] 2,

From Doob’s and Burkholder-Davis-Gundy’s (BDG) inequalities we deduce
the existence of a constant C; = Cj(n, p) such that

|AC]|e, < Ch|| M7 ||,

To estimate ||Ar||.#, we use the potential Z associated with the variation
of A:

T T
z2 g | [l =g [ 17600 - .0l
tT t T
<B | [ 1760 = o Clds] 4B 10— S Clas].
Denoting Z* £ SUPeo,7] |Z;| we have, by the Garsia-Neveu inequality,
T
larle, <1 [ 1aAlls, <P Z s,

Take 1 < p’ < p and denote ¢’ = p’/(p' — 1). From (A3) and the Cauchy-
Schwarz and Hélder inequalities we obtain

T T
U, A, [ / \f’(s,<;>—f'<s,cs>|ds} < OF, [/ <|<sr+|c;|>m<s\ds]

T 1/2 T 1/2
< oF, ( / <|<s|+|<;|>2ds) (/ mcﬁds)

T ¢/21\ V¢ T p/27\ Y7
g@(Et (/ <\<sr+r<;|>2ds) D (E (/ rAcsr“’ds) D |

From Doob’s inequality, the BDG inequalities, and the equivalence of BMO,-
norms, see [16, Corollary 2.1, p. 28], we deduce the existence of a constant
Cy = Cy(n, ¢') such that

T q'/2 1/q
(Et (/t (ICS|+|C§|)2ds) D < Co(l¢line + 1€ It )-
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Using the obvious estimate

T P'/2 T p'/2
(/ |A(S|2ds) (/ |A§s|2ds> ]éNt,
t 0

and denoting r £ p/p’ > 1, we deduce from Doob’s inequality the existence
of a constant C5 = C3(r) such that

E < E,

IN|lz, < C3lIN7|l2, = C3[| A -

Combining the above estimates we obtain
10z, < CaOI¢ o + 1S a0 ) 1AL s,

where the constant Cy = C’gC’é v depends only on n and p.
From (2.7) we deduce

T T
V, £ E, {/t ‘f/(57gs> - f(5>CS)‘ds} < E l/t 0y |Cs’2 ds}

<E, [/T68|<5|2ds].
0

Another application of Doob’s inequality yields a constant C5 = C5(p) > 1
such that

T
IVl < Csl / 5, |G dsll .
0

Defining the constants ¢ = ¢(n, p) and C' = C(n,p) as

1
n 4]?0104 ’

and assuming (2.8), we obtain

1ACNA < Cip([[ALrl 2, + 2127 2,)
< Cip(|ALr|lg +2(1U% 2, + 2V 2)

< Clp(HALTpr + 204@(”0‘%”131\/10 + HC/H%”BMO)HACH%?
T 2
26| [ 6P dsl,)
0

1 C
< I8¢l + 5 (I8 Lrlla, + V3, ).

c C = 4pC,Cs,



which implies (2.9).
The estimate (2.10) follows from (2.9) and estimates above for HfOT |dAl|| 2,
with appropriate C' = C(n,p) as soon as we write

AY, = E[AZ + Aq),
AY =AYy + M — A,

with M and A defined at the beginning of the proof.
Estimates (2.11) and (2.12) are more straightforward. Using the same
processes M, A, U, and V we have that

Mt = ALt + Et[AT] - E[AT]

and for a stopping time 7

E,[| Az — E.[Ad]]] < 2E, [ [ s - 56,0 ds] < AU+ V).

By the Cauchy-Schwarz inequality we deduce from (A3) that

U= [ [ 17,0 - 1.l as] < 0. [ [ e+ 1 13 s

< @ ||C||fBMo + ”C ||JfBMo)||AC||Ji”BMO
and from (2.7) that

T T
Vo[ [ 1760 - s clas] B[ [ e e

S ||\/g<—||29fBMO

Accounting for (2.4) we obtain that

1 /
%”AT - E[ATﬂl-fBMo < @<||C||%BMO + ||C ||fBMo)||AC||%BMo + ||\/SC||§£”BMO
and since

estimate (2.11) readily follows if we choose

1 -
c=—, (C=/Ak.
c=1 K

= |[M|[smo < ||AL|[Bmo + [[Ar — E[A7]|| #py0»

10



Finally, we deduce (2.12) (with appropriate C=C (n)) from the estimates
for ||M||gmo and ||Ar — E[A7]|| 4o as soon as we write

AY =E[AZ] + M — (A — E[A7]).
0

Remark 2.2. Assume that BSDEs (2.1) and (2.6) satisfy (A1), (A2), (A3),
and (2.7) and let (Y, () and (Y’,(’) be their respective solutions. If we set

AL / (5. C) — £(s,C))ds,

A 1 ! !/ /
e (f'(s, G0) = F1(5, €))L {i¢s—cul>0y

then we can write
T T
Yt/_Yi_EI—E‘f‘AT—At"’/ VS‘C;_CS‘dS_/(CI_OdB'
¢ t

This linearization argument allows us to deduce (2.10) from the stability
estimate for Lipschitz BSDEs given in Theorem 2.2 of [7] if we observe that
the local bound (2.8) implies the conditions of item (ii) of this theorem. We
thank a referee for pointing out this connection.

Remark 2.3. Assumption (A3) on the driver f = f(t, z;w) allows us to obtain
existence of solutions to (2.1) under the condition (2.5) which does not involve
the maturity 7. Such T-independence property is not valid without (2.2)
(this fact is easy to see) or if (2.3) is replaced with a weaker condition:

(2.13) |[F(tw) = [t 0)] < O(lu = v[)(1 + |uf + [v]).
We construct below a related counterexample using the same idea as in [10].

We take a one-dimensional Brownian motion B and define the stopping
time 7 and the bounded martingale M as
oo
=30

t
1
| ian.
tAT
/ dB,, >0,

11

Témin{te(o,l):

=
3



We deduce that 7 € (0,1) and |M,| = 7/2. Standard arguments (see [16,
Lemma 1.3]) show that

(2.14) E |:exp (a_2 <M>T)] _ { 1/cos(am/2), 0<a<]l,

2 00, a>1.

We consider the three-dimensional quadratic BSDE, parametrized by a >
0Oand T > 1:

T
R / ¢dB,

/M1{8>1}§ ds—/ ¢*dB,
1@?’:5[ ()2 + (C)2) ds — /cddB

We notice that the driver in the second equation depends on (! linearly,
that (2.13) holds with © = 7 and that

—_ a
(2'15> H:Hi”BMO = ||(ﬁBT7O7O)H$BMO = a.

If [¢'dB and [(?dB are true martingales on [0, 7], then the first two
equations yield that

Clzi
VT’
T2 _a(T—l)
/0 CdB——\/T M..

The third equation implies that

e (34 [ Can—1 [ cras) =ew (5 [ ras)
— e (“ ).

In view of (2.14) and (2.15), the existence of ¢? is then equivalent to

a(T=1) _ =l oo (T = 1)
VT VT

Thus, the solvability of our BSDE depends on both ||Z|| 44, and 7.

< 1.

12



3 Analytic expansion for purely quadratic BSDE

Consider an n-dimensional BSDE

T T
(3.1) }/t:a5+/ f(s,Cs)ds—/ ¢dB, te][0,T],

where the terminal condition depends on a parameter a € R. If = and f
satisfy (A2) and (A3) and |a| < p, where

s 1

3.2 I
(3:2) P~ k0| Llwo

then, by [18, Theorem A.1], there is only one solution (Y (a),{(a)) such that

1
(33) Hg(a)”ffBMO < mv

and for this solution we have an estimate:

1€(@) |0 < 2lall[LllBymo-

In particular, ((a) converges to 0 in #Bno as a approaches 0.

In Theorem 3.2 below we obtain an analytic expansion for ((a) in the
neighborhood of @ = 0 under the additional assumption that the driver
f = f(t, z) is purely quadratic in z:

f(t,z) = Z zijzklozijkl

ijkl

for some R"-valued predictable bounded processes (a*) or, equivalently,

(Ad) f(t,2) = f(t,2,2), where for all u,v € R"™ the map t — f(t,u,v)
is an R"-valued predictable process and for every t € [0,7] the map
(u,v) — f(t, u, v) is symmetric, bilinear on R"*¢ x R"*? and bounded
by a constant © > 0. In other words,

ft, Au,v+w) = f(t, AM(v+ w),u) = A f(t,u,v) + f(t,u,w)),
Tt )| <Ol

for all t € [0,T], A € R, and u, v, w € R"*,

13



Notice that (A4) implies (A3):
F(tw) = £ 0)] = [Tt ) = Fitv,0)| = | Tt = v,ut0)
< O(lu = v])(fu +2]) < O(fu = v[)(Ju] + [v]).

Condition (A4) naturally arises in financial applications dealing with expo-
nential utilities, see e.g., [10], [18], and [15].
To state Theorem 3.2 we need the following technical result.

Lemma 3.1. Assume (A1) and (A}). For u,v € Hpno there is a unique
¢ € Hpnvo such that

(3.4 (<Bt—Ethsus,us ds]— [/fsus,vs }

Moreover,
||<||%’BMO < 2K@H/’L||%BMOHU||%BMO7
where the positive constants k and © are defined in (2.4) and (A4).

Proof. Define the martingale

28] [[ Fomns] 2] [ Fomas]

For a stopping time 7 we deduce from (A4) and the Cauchy-Schwarz inequal-

ity that
fs,us,ysds— / fsps,ysds]}

< 2FE. [/ ‘f S, sy Vs) ds} < 20E, {/ | s |Vs]ds]
T 1/2 T ’ 1/2
<20 (]ET [/ ]u5\2d3]> <IET U \1/5]2615]) .

[M|[gpo < wsup||Ec[|My — M|} 2., < 2601 tl|sinio 1Vl Asaro

E, My — M,[] = [

Hence by (2.4),

and the result follows because, in view of (A1), M admits an integral repre-
sentation ( - B for some unique ¢ € J4\0- O

14



Lemma 3.1 allows us to define the map
F: Hnio X Hnio — o

such that ¢ = F(u,v) is given by (3.4). This map is bilinear (since f(t,-, )
is bilinear) and is bounded by 2x0©.
Recall the constant p from (3.2) and the BMO martingale L from (A2).

Theorem 3.2. Assume (A1), (A2), and (A4). Then for |a| < p there is
only one solution (Y (a),((a)) to (3.1) satisfying (3.3). It is given by the
power series

convergent for |a| < p in YBMO and FBmo, respectz"uely, with the coefficients

(3.5) vV =EJ[5], telo,T),

(3.6) (W-B=1L,

and, for k > 2,

(3.7) ¢® = 3" F(¢W,¢tm),
l+m=k

(38) v = E/ Fls ¢, ¢myds], ¢ € (0.7,
l+m=k

where we sum with respect to all pairs of positive integers (I,m) which add
to k.

Remark 3.3. Based on (3.7)—(3.8) and the definition of the bilinear map F',
the power series expansion of (Y (a),{(a)) is constructed using a martingale
representation approach. We refer the reader to [5] and the references therein
for numerical algorithms to approximate martingale representation terms of
functionals of Brownian motion.

The proof of Theorem 3.2 relies on some lemmas.

Lemma 3.4. Assume (A1), (A2), and (A}). Let (™)1 be given by
(3.6)~(3.7). Then ((™)>1 C Hno and

> 1
3.9 (k) A g
( ) ;HC HffBMop = 40

15



Proof. The claim that each ¢®) belongs to %m0 follows from its construc-
tion and Lemma 3.1. For n > 1 define the partial sums

Sn £ ZlK(k) ||r%/ﬂBMOpk’
k=1

Using the boundedness of the bilinear map F by 20 we obtain

2u<<knmop<z(zw umo)pk

k=2 \l4+m=k

< 2’162 Z (”Cw||9?»”BMopl)(||g(m)H%”BMopm)
k=2 l+m=k

n—1

< 2k0O Z (HC(Z)H=9fBMopl)<HC(m)Hf%BMopm)

I,m=1

n—1 2
— 240 <Z||<<’f>||;fmp'f) — 260(s01)".
k=1

To verify (3.9) we use an induction argument. For n = 1 we have

1

S1 = ”C(I)HWBMOP = PHL”BMO - %

If now s,—; < 1/(4k0O), then

1 1\ 1
< < — -
Sp < 81+ 260(5,-1)° 50 + 2k0O (4/4;@) 10

and (3.9) follows. O
Lemma 3.5. Assume (A1) and (A}). For p,v € Hpnmo the process

T ~
X, £ E, {/ f(s,us,l/s)ds} , tel0,T],
t
belongs to .-#smo and

||X||YBMO < 2(1 + H)@HMHJfBMOHVHfBMO‘

16



Proof. The canonical decomposition of the semimartingale X has the form
X=Xo+M— A,

where

t ~
At = / f(SMuS? VS) d37
0

J,
M, = E,[Ar] — E[A7].

By Lemma 3.1 we have

| M ||emo < 2601l o |V [ Anio -

As in the proof of Lemma 3.1 we deduce that for any stopping time 7

5. aal =B [Fs.pom)

and the result readily follows. O

dS] < @H/LH%”BMOHVH%”BMO

Proof of Theorem 3.2. Take a € R such that |a] < p. Recall that (A4)
implies (A3). Theorem A.1 in [18] then implies the existence and uniqueness
of the solution ((a) satisfying (3.3). To show that

(3.10) (@) =523 (W,
k=1

we need to verify that § is a fixed point of the map F : %3m0 — Bmo
given by B
F(¢) £ a¢™ + F(¢,Q).
For n > 1 define the partial sums:

n

Ba2 Y ¢ Wat,

k=1

In view of Lemma 3.4, the processes 3 and f3,, belong to #3yo and

||6 - 671”«%”131\/[0 < Z ”C(k)H%”BMOPk — 0, n—oo.
k=n+1
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The bilinearity of F and Lemma 3.1 then yield

IF(5) — fj(/@n)H%BMo = IF(8,8) = F(Bn, Bu)llstnio
= HF(B — Bn, B+ ﬂn)HﬁfBMo

< QKGHB - BHHWBMO(HBH%”BMO + ||6n||fBMo> — 0, n— oo,

and to conclude the proof of (3.10) we only have to show that

(3'11) ||F(5n> - BHH%OBMO —0, n—o0.

From the bilinearity of F and the construction of (¢®) we deduce that
F(B,) — Bn = ﬁ(z ¢k gk, Z CWghy — Z ¢k g¥
k=1 k=1 k=2

- zn: F(¢CW, ¢tmygttm — zn: ( Z f(d”,(“’”)) aF

l;m=1 k=2 \Il+m=k

- Z f(g(l)’ C(m))aHm‘
1<li;m<n
I+m>n

Using the boundedness of the bilinear map F by 2k0© we obtain

HF<6TI) - ﬂnH%ﬂBMo < 2k0 Z ||C(l)||3fBMo||C(m)||%”BMopl+m

I+m>n

(/2] 2

00 2
< 2Kk0 (ZHC(MH%BMOPk) - ZHg(k)Hﬂ”BMopk
k=1 k=1

and (3.11) follows from Lemma 3.4.
The power series representation for Y (a) and formulas (3.5) and (3.8) for

its coefficients readily follow from the expansion for {(a) as soon as we write
Y(a) as

T ~
Vi@ = B2+ B[ Fls.¢0).Gla)ds) e 0.1,
t
and use the bilinearity of fand Lemma 3.5. O]
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4 Applications to a price impact model

We consider the financial model of price impact studied in Garleanu, Peder-
sen, and Poteshman [11], German [12], and Kramkov and Pulido [18]. There
is a representative dealer whose preferences regarding terminal wealth are
modeled by the exponential utility

Ulx) = —le*m, z € R.
a
The risk aversion coefficient a > 0 defines the strength of the price impact
effect. In particular, as a | 0 we are getting the classical impact-free model
of mathematical finance; see section 4.2.

The financial market consists of a bank account and n stocks. The bank
account pays zero interest rate . The stocks pay dividends ¥ = (¥%),_; .,
at maturity T; each U’ is a random variable. While the terminal stocks’
prices St are always given by ¥, their intermediate values S; on [0,T") are
affected by an exogenous demand process v through the following equilibrium
mechanism.

Definition 4.1. A predictable process v with values in R" is called a de-
mand. The demand ~ is viable if there is an n-dimensional semimartingale of
stock prices S with terminal value St = W such that the pricing probability
measure Q is well-defined by

dQ o U'(fy vdS) _ emehinds
dP E[U'([] 4dS)]  Ele~e s 145]

and S and the stochastic integral v - .S are uniformly integrable martingales
under Q.

Lemma 2.2 in [18] clarifies the economic meaning of Definition 4.1. It
shows that a demand ~ is viable if and only if it defines the optimal number
of stocks for the dealer trading at stock prices S = S(7).

Under (A1), for a viable demand ~ accompanied by stocks’ prices S and
the pricing measure Q there are unique processes a € J4(RY) and o €
(R4, called, respectively, the market price of risk and the wvolatility,
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such that

@ — o Jo @dB=3 [laufPdt
dP ’

t t
Sy = Sp + / os0sds + / odB.
0 0

Theorem 3.1 in [18] characterizes S, «, and ¢ in terms of solutions to
a system of quadratic BSDEs. More precisely, it states that a demand ~ is
viable and is accompanied by the stock prices S if and only if there are a
one-dimensional semimartingale R and predictable processes n € J%(R%),
and 0 € 4 (R™*?), such that, for every t € [0, 7],

T

1 T
(4.) o= [ (8 = s = [ ndb
t t
T T
(4.2) aS; = aV — / 0s(ns + 0% )ds — / 0dB,
t t

and such that the stochastic exponential Z £ &(—(n + 6*y) - B) and the
processes ZS and Z(v - S) are uniformly integrable martingales.

In this case, Z is the density process of the pricing measure Q, and the
market price of risk o and the volatility o are given by

(4.3) a=n+ 0",
(4.4) o=20/a.

The value of the auxiliary process R at time ¢ can be written as

s (e[ ) - Do)

and thus represents the dealer’s certainty equivalent value of the remaining
gain j;T vdS.

Remark 4.2. From Definition 4.1 we deduce that the dependence of stocks’
prices S = S(v,a, ¥) on the viable demand ~, on the risk-aversion coefficient
a, and on the dividend V¥ has the following homogeneity properties: for b > 0,

S(by,a, V) = S(v,ba, V) = %S(%a, bv).
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This yields similar properties of the market prices of risk & = a(~, a, ¥) and
of the volatilities o = o(7v, a, ¥):

a(by,a, V) = a(y,ba, V) = oy, a, b¥),
(4.5) 1
o(by,a, ) = o(7,ba,¥) = So(7,a,0¥).
4.1 Stability with respect to demand
A demand 7 is called simple if it has the form:

m—1
Y= Z eil(n,n+1]7
i=0
where 0 = 79 < 74 < --- < 7, = T are stopping times and 6; is a %, -
measurable random variable with values in R", ¢+ =0,...,m — 1. Theorem 1

in [12] shows that every bounded simple demand + is viable provided that
the dividends ¥ = (¥%) have all exponential moments. Moreover, in this
case, the price process S = S(7v) is unique and is constructed explicitly by
backward induction.

For general (nonsimple) demands the situation is more involved. As [18,
Proposition 4.3] shows, even for bounded dividends ¥ and demands =, either
existence or uniqueness of prices S = S(7) may fail. On a positive side, by
[18, Theorem 4.1], there is a constant ¢ = ¢(n) > 0 (dependent only on the
number of stocks n) such that if

(4'6) a"7|’-7fooH\I[ - E[\I]]HKKBMO <

then the prices S = S(7) exist and are unique.

The following theorem shows that under (4.6) the prices S = S(v) are
stable under small changes in the demand . In particular, they can be
well-approximated by the prices originated from simple demands.

Theorem 4.3. Assume (A1) and letp > 1. There is a constant ¢ = ¢(n,p) >
0 such that if (Y")m>1 and v are elements of 75, (R™) such that

(4.7) ally™|

Moo v — E[\I/HL?BMO <¢ m2=>1,

and .
[ -] 0. o
0
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then (Y"™)m>1 and ~y are viable demands and the corresponding stock prices
(S™)m>1 and S, wolatilities (6™),>1 and o, and the market prices of risk
(@™)m>1 and a converge as

(4.8) |S™ = Slo, + [|[6™ = 0|, + [[@™ = ]|, =0, m — o0.

Proof. Observe that the self-similarity relations (4.5) for the market prices
of risk and volatilities allow us to assume that

a=12 7", m=1.

Clearly, v satisfies (4.6) with the same constant ¢ as in (4.7). By [18, Theorem
4.1], we can choose ¢ = ¢(n) so that the demands (™) and ~ are viable and
are accompanied by unique stock prices. Using Theorem 2.1 and the BSDE
characterizations (4.1)—(4.4) we can also choose ¢ = ¢(n,p) so that

T
IS™=Slls, +llo™ =l +la™~all g <CI [ b =l +louf* ),
0

for some C' = C(n,p). This yields (4.8) by the dominated convergence theo-
rem. [l

Remark 4.4. Using Theorem 2.1 we can prove an analogous convergence
result of prices (S™) and their local characteristics (o™, ™) in BMO provided
that ||[vY™ — ||, — 0. It is important to highlight, however, that simple
demands are not dense in the space of bounded demands with respect to the
norm ||-|| . -

4.2 Asymptotic expansion for small risk-aversion

As the risk aversion coefficient a approaches zero, the price impact effect van-
ishes and we obtain a classical model of mathematical finance. Theorem 4.5
below provides analytic expansions of volatilities and market prices of risk
in the neighborhood of a = 0. The terms in these expansions are computed
recursively, by martingale representation and, thus, are quite explicit.

We write z € RMTDX™ ag 2 = (21, 20) with 2; € R™ and z, € R™™, the
decomposition of (n 4+ 1) x m-dimensional matrix on its first and subsequent
rows; hereafter m = 1 or d, the dimension of underlying Brownian motion

from (A1).
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For a vector w € R"™ consider the bilinear map:
g(.;w> — (91’92)(_;w) . R(n+1)><d > R(n-i—l)xd N Rn+1

defined for u = (uy,us) and v = (vy, vy) from RHI*4 a5

1
g1(u,v30) £ S (ujw, vgw) — (s, 1)

2 1

go(u, v; w) —§(u2v1 + vauy + (upvy + vous)w),

where (x,y) denotes the scalar product of z,y € R™.
Take v € £ (R™). Lemma 3.1 shows that for 4 and v in Hyo (R™H)*4)
there is a unique ¢ € %m0 (R *9) such that

t T T
@9) [ CaB=E[ gluvirds <[ gl vinds)
0 0 0
Hence, we can define a bilinear map
G(-, . 7) . %MO(R<”+1)X€Z) % %Mo(R(nJrl)Xd) N %MO(R(nJrl)xd)

with ¢ = G(p,v;7y) given by (4.9).
Denote also by S(0) and ¢(0) the unperturbed stocks’ prices and volatil-
ities corresponding to the case v = 0:

S,(0) = E,[W] = Sp(0) + /ta(O)dB, te[o,7).

Theorem 4.5. Assume (A1) and that

0 < | ¥ — E[0]] g, < 0o

|$BMO
There is a constant ¢ = ¢(n) > 0 such that if v € Ho%(R™), v # 0, and the
risk-aversion satisfies

c
I 1% = BN ns”

then ~y is a viable demand. The price S(v;a) is unique and admits the power
series expansion in SBMo-

(4.10) O<a<p=

S(v;a) = S(0) + ZS(k)ak, a < p.
k=1
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The market price of risk a(vy;a) and the volatility o(v;a) have the power
series expansions in Mo -

a(via) = (G + (@) dt, a<p,

o
k+1
o(y;a) = > ¢ Vdk, a<p.
k=0

Here the coefficients (%) = (dk),@(k)), k> 1, in Hno(RV*Y) are given
recursively as

(4.11) ¢V =", ") = (0,0(0)),
(4.12) (B =3 G, ¢"i), k>2
l+m=k

and the coefficients (S®),>1 C Famo(R™) are given by

T
0= Y BRI @ @, o]
t

l+m=k+1

Remark 4.6. The leading price impact coefficient in the expansion for stock
prices is given by

T
5 =& [ [ w0m0ras] . ve o)
t

This result had been obtained earlier in [12, Theorem 2] for a simple demand.

Proof of Theorem J.5. Theorem 4.1 in [18] yields the existence of a constant
¢ = c(n) such that, under (4.10), v is a viable demand accompanied by
the unique price process S = S(7,a). Observe that the dependence of the
coefficients (*) on v and ¢(0) has the homogeneity properties:

B (bv,0(0) = ¢ (7,00(0)) = 8¢ (v, 0(0)),
bGsH (b, 0(0)) = ¢ (7, b0(0)) = B* ¢ (7, 0(0)), b >0,

which can be verified by induction. In view of these properties and the self-
similarity relations (4.5) for the market prices of risk and volatilities, we can
assume, without a loss in generality, that

Ve = [lo(O)] a0 = 1-
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In this case, the stochastic bilinear map g(-,-;7y) is bounded by a constant
© = O(n) such that

lg(u, v;w)| < Olul|v| for every w € R™ with |w| < 1.

Taking now the constant ¢ also smaller than 1/(80k), where k = k(n) is
defined in (2.4), we deduce from Theorem 3.2 the existence and uniqueness
of n = n(a) € mo(RY) and 0 = 0(a) € Ho(R™?) solving (4.1)—(4.2)
and such that

1
VI + 1000 < 2
) P

Moreover, the maps a +— n(a) and a — 0(a) of (—p, p) to Hpmo are analytic,
and their power series are given by

n(a) =Y Ve,
k=1

0(a) = ¢{Vd,
k=1

with the coefficients (®) = ( l(k), Q(k)), k> 1, in Ao (R™HD*) determined
by (4.11)—(4.12). The power series expansion for S follow from Theorem 3.2,
while the expansions for a and o follow from the linear invertibility rela-
tions (4.3)—(4.4) between («, o) and (n,0). O
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