\

On the quantitative isoperimetric inequality in the plane

Chiara Bianchini, Gisella Croce, Antoine Henrot

» To cite this version:

Chiara Bianchini, Gisella Croce, Antoine Henrot. On the quantitative isoperimetric inequality in
the plane. ESAIM: Control, Optimisation and Calculus of Variations, 2017, 23 (2), pp.517-549.
10.1051 /cocv /2016002 . hal-01181104

HAL Id: hal-01181104
https://hal.science/hal-01181104
Submitted on 29 Jul 2015

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License


https://hal.science/hal-01181104
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

ON THE QUANTITATIVE ISOPERIMETRIC INEQUALITY IN THE PLANE

CHIARA BIANCHINI, GISELLA CROCE, AND ANTOINE HENROT

ABSTRACT. In this paper we study the quantitative isoperimetric inequality in the plane. We prove the
existence of a set , different from a ball, which minimizes the ratio §(Q2)/A?(2), where § is the isoperimetric
deficit and A the Fraenkel asymmetry, giving a new proof of the quantitative isoperimetric inequality. Some
new properties of the optimal set are also shown.

1. INTRODUCTION

The last few years have seen several remarkable breakthroughs in the study of quantitative isoperimetric
inequalities. These are refinements of the classical isoperimetric inequality, since they control the area
distance to the ball with a function of the perimeters difference, and can be viewed as stability results. In
this paper we will deal with the so called Fraenkel asymmetry and the isoperimetric deficit.

Let Q Cc RY be a Borel set, with Lebesgue measure |Q|. Its isoperimetric deficit is defined as

P(Q) — P(B)
pP(B)
where B is a ball and P(Q) is the perimeter of Q in the sense of De Giorgi. The isoperimetric inequality

guarantees that §(€2) is positive and null only if €2 is a ball. The Fraenkel asymmetry of the set € is defined
as

5(Q) = |B| = €],

A(f2) = min

zeRN

QAB,|
{W’ B. =10},

where B, is a ball centered at x. It is a natural L' distance between Q and its closest ball. The quantitative
isoperimetric inequality, first proved by N. Fusco, F. Maggi and A. Pratelli in [§], affirms the existence of
a constant Cy, depending only on the dimension, such that for every Q ¢ RY one has

(1) Q) < Chi(Q).

See [B], [7] and [13] for alternative proofs of the same result. For more on the surrounding literature,
in particular for variants or generalizations of inequality (II), we refer to [9] and [14] and the references
therein.

Despite this recent progress, the optimal value C}; of the constant in (Il is still not known, even in
dimension two. The value of C'y; can be defined as

1 . d(2
(2) o zlnf{)\z((g)),QCRN,Q#B}.

This can be seen as a non-standard shape optimization problem, since the class of admissible domains is
the class of all measurable sets but the balls. In this paper we prove existence of a minimizer for this
problem in the plane:

Theorem 1.1. There exists a set Qg which minimizes the shape functional
(@ =28
Q)

among all the subsets of R? (the ball excluded).

1991 Mathematics Subject Classification. (2010) 28A75, 49J45, 49J53, 49Q10, 49Q20.
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metry, rearrangement, shape derivative, optimality conditions.
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2 CHIARA BIANCHINI, GISELLA CROCE, AND ANTOINE HENROT

This existence result in fact provides a new proof of the quantitative isoperimetric inequality in the
plane.

In [11], [10], [3], [1] (see also [2] and [4]), the minimization problem (2)) was studied in the restricted
class of planar convex sets. In particular, one may find the following result in [1].

Theorem 1.2 ([1]). Let C be the class of planar convex sets; then
inf F(Q) = 0.405585,
QeC

and the minimum is attained at a particular “stadium”.

This optimal stadium will be useful for us in excluding possible minimizing sequences converging to
the ball. In [6], Cicalese and Leonardi addressed the same question, among all the subsets of RN, by
considering the functional F(Q2) (extended by relaxation to the ball B) defined by:

F(€2) if O+ B,

inf{liminf 7(Q,), A(2,) > 0,|Q,AB| — 0} if Q= B.

By using an iterative selection principle and by applying Bonnesen’s annular symmetrization, they showed
that a minimizing sequence for the above infimum is made up of ovals, that is, C! convex sets, with two
orthogonal axes of symmetry, whose boundary is the union of two congruent arcs of circle. They proved
this result using properties of this family of sets established in [3] and [1].

In this paper we present a different approach based on a new kind of symmetrization. We replace any
set 2 by a new set Q* having two orthogonal axes of symmetry and whose boundary is composed by four
arcs of circle. This is done in such a way that the areas of B\ Q and Q\ B, where B is an optimal ball, are
conserved. The key point in our construction is Proposition where we prove that, for sets converging
to the ball, this symmetrization decreases the functional F asymptotically. It suffices then to explicitly
compute F for this family of sets and to prove that the limit of the symmetrized minimizing sequence is
greater than the quantity 8(4—%. This is done in Theorem 2.8 Section Bl Finally, Theorem shows
that any sequence converging to the ball is excluded from being a minimizing sequence for F, thereby
concluding the argument.

In Section [3, we prove the existence result, Theorem [[.LJI Once we know that a minimizing sequence
{0, } cannot converge to the ball, we need to prove that it is uniformly bounded in a sufficiently large set
R. This is done by proving that we can replace the sequence {€2,,} by a new sequence with a fixed finite
number of connected components, see Proposition 3.3l We conclude in a classical way, using the compact
embedding BV (R) — L(R).

In Section M we establish some qualitative properties of the optimal set. Our main contribution is the
proof that the optimal set has at least two balls realizing the Fraenkel asymmetry. The case by case proof
we provide is lengthy, but rather simple. We also give a bound on the number of connected components
of an optimal set in Theorem .11

In the last section, we present in detail a possible (non convex) candidate for the optimal set for which
the value of the functional F approximatively equals 0.3931. This would give a value of 2.5436 for the
optimal constant C5. Notice that the same value C5 was conjectured in [6], where it was also shown that
it corresponds to a certain shape referred to as a mask. We will keep this denomination. We also explain
what remains to show that the mask is an optimal set for F.

2. SEQUENCES CONVERGING TO A BALL AND A NEW REARRANGEMENT

Since the class of admissible domains for F is composed of any domains but the balls, a convergent
minimizing sequence has two possible behaviours: either it converges to a ball or it converges to a domain
Qg different to a ball and this will provide a minimizer of F. Notice that, since we are dealing with the
Fraenkel asymmetry, the convergences of sets that we consider are convergences of the measure of the
symmetric difference to zero.

In this section we are going to study the behaviour of sequences of sets converging to a ball. To do that,
we will define a new kind of symmetrization of sets which turns out to decrease (at least asymptotically)
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the functional F. Since our functional is scale invariant, without loss of generality, we can fix the area of
admissible domains equal to m, if not differently stated.
In the sequel a special class of sets, named transversal, will be useful for our pourposes.

Definition 2.1. We say that a set Q) is transversal to a ball B if the number of intersection points
M; = (x,yi),i € {1,...,2p}, between 0N and OB is finite.

Definition 2.2. Let Q be a planar set and let B be a ball such that |QQ| = |B| and Q transversal to B. We
define the rearranged set * as follows. Let

QUT =\ B, QN=B\Q.

Let us now consider the parts of the circle which bound QN and QOUT. Let 4N = H1 (0O \ Q) and
'VOUT — ’Hl(aQOUT \ 8Q) — 'Hl(aB) _ 'VIN-

Let Ay, As, A3, Ay be four points on OB defined as follows. The length of the arcs of circle o192 and o34,
with endpoints Ay, Aa, and As, Ay, respectively, equals vOUT /2. The length of the arcs of circle o3 and
041, with endpoints Ag, Az, and Ay, Ay, respectively, equals vV /2. We next consider another arc of circle,
012, with endpoints A1, Ao, outside B, such that the measure of the surface ais between &12 and o12 is
equal to |Q°UT|/2. In an analogous way we define G34. We consider an arc of circle o3 with endpoints
Aoy, As, inside B, such that the measure of the surface ass between Go3 and o3 is equal to ]QIN]/2. We
define 641 in an analogous way.

OF is the set whose boundary is the union of the arcs &12, 523,034,041 -

Remark 2.3. The previous rearrangement can be extended to mon-transversal sets in a natural way. In
this general case, the boundary of Q* will contain 4 congruent arcs of the boundary of the ball with length
(2m — 4N — 4OUT) /4 each. We point out that we will use this rearrangement for domains Q such that
|QAB| will be small enough, in such a way that the above construction is always possible.

QIN

FIGURE 1. A set ) and its symmetrization *.

Remark 2.4. The previous symmetrization does not coincide with the circular Bonnesen symmetrization,
used in [4] and [6]. This can be easily seen by noticing that the circular Bonnesen symmetrization of a set
Q necessarily intersects the largest ball containing Q0 (at least at one point). This is not the case for the
symmetrized set Q. Moreover the boundary of the set Q* is in general not of class C1, even in the convex
case.

The first order optimality condition satisfied by a ball which realizes the Fraenkel asymmetry gives a
constraint on the coordinates of the intersections points. More precisely we prove the following.

Proposition 2.5. Let Q be a transversal set to an optimal ball B. Then the intersection points M; =
(x4, 9i),1 € {1,...,2p} between 0N and OB satisfy

T+ 23+ w21 — (T2 + Ty + .+ 1) =0,
Y1 +ys+ ... +yop—1— (y2 +Ys+ ... +y2p) =0.
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Remark 2.6. The assumption that 2 is transversal to the ball B will be used to prove that the function
Y(x,y) = |Ba,y)AQ| is differentiable. Moreover, if Q is a transversal set to an optimal ball B, then by
previous result, the intersection points between the boundary of a minimizing set 92 and OB are at least
four.

Proposition is in fact a corollary of the following differentiability result.

Lemma 2.7. Assume that ) is transversal to a ball B, ) centered in (x,y). Then the function ¥(z,y) =
|QAB, | is differentiable and

(3) b _

By =
Proof. Notice that

’QAB(%Z/)‘ - /Rz ‘XQ T XBzy) ‘2 dudy = /R2 xq dedy =2 /R? XQXB(z,y) drdy + /RQ XB(a,y) dzdy,

—2(%1 +r3+ ... +x2p-1 — (xo+ x4+ ...+ xgp)).

that is, ¥ ((z,y)) = 2m — 2 Xq- Moreover
B(a,y)
z+1  py+y/1—(u—=x)2
/ X0 = / / xa(u,v) dv du.
Bz, z—1 Jy—y/1—(u—z)2

Now, the number of points where / xq is not differentiable is finite, due to the assumption that € is
B(a,y)
transversal to B(, ). Therefore one can compute the derivative:

o z+1

o[ xa= [ (xelwy+ VT= (=2 = xalwy - VT=(@=2)) du.
Y Y B,y z—1

Notice that these two integrals measure the length of the projection on the horizontal axis of 0B N (2

(counted positively on the upper half plane, negatively on the lower half plane). This entails (see Figure

9 0
8_/ xo = (x1 — x2) + (23 — x4) + ... + (T2p+1 — Tog) + (T2p—1 — T2p)]-
Y IBa,y)

O

In the following theorem, we study the asymptotic behaviour of F(£2%), where €. is a sequence of sets
converging to a ball. In particular, we prove that the limit value is always greater than the value of F
for the optimal stadium of Theorem We will work in the general case where the boundary of Q2 may
contain arcs of the ball (see Figure 2]), even if we will use later this theorem only for transversal domains.

Theorem 2.8. Let {Q:}es0, be a sequence of sets, such that |Q:| = m = |B| where B is a ball. Assume
that |BAQ.| = 4e. Then

T
imj ) > o ~ 0.45.
lim ipf F(QF) > gr— =~ 045
From now on we will use the following functions:
t
(4) g(t) =t —sin(t) cos(t), h(t) = 9(2) ‘
sin”(t)

Proof. Let us fix some notations for QF; let us consider the case (a) of Figure 2l According to the figure,

__ sin(nf) __ sin(n3)
Ri - sin(e%) and RS - sin(G%)

0<nf+n <72, ni <61 <, 05 < n5 < /2.

are the radii of the arcs A1 B, A2 Bo, respectively. We observe that

Notice that, by construction, it holds
Q*AB 4
AQ) = [QEAB] _ =

¢ T T
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AlBl

Az
......... 02 02
By
area € area €
(a) (b)
FIGURE 2. The parametrization of a set QF in the proof of Theorem 2.8
and hence
(5) e = (Ri)’g(05) — g(nf) = sin?(ni)h(65) — (1),
e = —(R5)%g(65) + g(13) = —sin®(n3)h(65) + g(n7) -
Moreover A(€) < % and
1
5(0) = o [ARS0; +AR305+4 (T~ —n5) — 2

= 2 (sinr) o~ + sin(n) —2 — 5
7T Ysin(ps) M Ysin(05) ?)°

We deduce from (@l that

(6) ) = 0D O ey = ) — 69
Hence

o g c L 15 _76
(7) M) =7 {F ("1’ sin2<ni>> o <”2’ Sin2<n5>)} |
where

h='(h(z) +y)
F(x,y) = sin(x)— -z
(09) = o) G ) + )
Observe that h™! exists, since h/(z) = 2% is positive in (0,7). In the sequel we will omit the
dependence of 7;,0;, R; on €. Notice that the angles 71, 601,72, 02 may have the following behaviours (up to

sub-sequences), as € — 0:
Air mi — 1 > 0;
B;: n; — 0 and m—ﬂi>0;
C;: ni%Oandm%O;

D;: m; — 0 and 526(77—1) — +00.

1 1 —
In each case, we are going to compute the Taylor expansion of — F' 1, % and — F' | 72, 276 .
€ sin”(n1) € sin®(n2)

This will help us to estimate from below the limit of F(€2}).

Notice that the analysis of case (b) of Figure [2] is analogous to that one of case (a). Indeed we have

£
h(n2) + h(92) = <35,

sin”(12)
which entails
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since h is an odd function. Hence in case (b) we obtain the same expression (7)) for §(2.).
Case A;. Since F is analytic, we can write

akl l B okl .
Z k"l' y o Akl = WF(%O%

where & > 0. Observe that ayo = 0 for every k, since F'(x,0) = 0. Moreover ag; = sin?(%)/2 and

cos(28)(—1)mH122m=2" | =2m

a1 =
sin(22)(—1)m22"1, k=2m+1.
Therefore
. B . o - ) y
F(z,y) = cos(22) Y (=1)"H122m =2 (g — 3)*™ (22) ) (—1)m2?m (g — )Pt 4
mz>:0 (2m)! mz>:0 (2m +1)!
Yy, ,2 ak,l k. 1—2
Tyt k; m(iﬂ—x) Yy
>0,1>2
that is,
F(z,y) = %[— cos(2%) cos(2(x — #)) + 1 + sin(22) sin(2(x — 2))] + yz% X
- Qk41,1+2 ko1
oy 0l+3 e —3) > o ()Y
l>0 k50150 (k+ D)1 +2)!
where

cos(#) sin(#)
4(sin(&) — & cos(Z))

ap,2 =

We note that the last two series are convergent for |z — &| and |y| sufficiently small, since the Taylor series
of F' at (,0) is absolutely convergent. Therefore, if 3 = 71 + 1, one has

1 5 1 . oy 1 ape
—F , ——— = —————|—cos(217)cos(2c1) + 1 4 sin(27; ) sin(2e1)| + — —= 4+
g2 (771 sm2(171)) 4sm2(171)z—:[ (2111 cos(221) (2711 sin(221)] sint(n) 2
I I
€ agp,1+3 € €1 ag1+3 €
- + = €1 .
sinb(n,) lzzo (I+3)!'sin? () sin*(m) kz%ljzo KT+ 3)! " sin? (1)
When ¢,e; — 0, the first term is equivalent to 5=, the second one is equal to 8(5111(77163)5(7;711105@1)) and the
third and the fourth ones go to 0. This implies that
1 € cos (1) 1
8 —=F | m, = = — ~ — + 5~ +o(l),
a 57 () = s et

and the first term is positive.
Case As. As in case Aj, one can write the series expansion of F'(x,y). Since 1 = 72 + €9, it holds

1 £ 1 . N 1 ape

SF(m——5—) = ———5——[cos(2 2e9) + 1 2 2 22

(7 ) %W%chmma@++mwmm@wﬁﬂm2

B £ > ao,1+3 (—€)l Z arys g, (=€)
sin% (1) =0 (I + 3)!'sin? (772) sin ( ) k50750 k(1 + 3)! 81n2l(772)
When ¢€,e9 — 0, the first term is equivalent to —2—15, the second one is equal to 8(Sm(ﬁ§;}i(;;ios(ﬁ2)) and the
third and the fourth ones go to 0. This implies that
1 € cos(72) 1

9 —F , — = — - — — — +0(1
) 8 (2 i) = St et 2 o

and the first term is positive.
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Case Bj. The angle 7; tends to zero, while §; = h=(h(n;) + ) converges to h=1(l1) # 0. Hence it

holds

a
sin?(n1)

1 € m | sin(m) h=t(h(m) + ﬁ)
= () = [ — |

sin?(ny) e2 m sin(h=1(h(m )+m

We observe that % — 400 and
lim inf sin(n) . il

=0 mp  sin(6q)

Case By. In this case 6 = h=(h(n2) —

—-1>0.

£ ;
Si102(772)), so that, as in case By,

1 € _ 2 sin(n9) h=* () — m) B
(o sin2<n2>>‘e-:2[ ST — i) |

sin? (n2)

As before, 73 — +o0 and

lim inf sin(ns) - 2 —1>0,
=0 1y sin(f)
since 72 tends to zero, while f3 tends to h=1(ly) # 0.

Case (. Since F' is analytic, we can write

k1 ok l
Z k'l' , where ay; =

ak+l

WF(()’ 0).

We need the exact value of some of the coefficients ay ;. Observe that aj o = 0 for every k, since F'(z,0) = 0;
as well, ag; = 0 for every [, since F'(0,y) = 0. Moreover ag; = 0 and for k > 1

0, k=2m+1
a1 =
(_1)m—|—122m—27 k= 92m

and a; 2 = 3/4. Hence F can be written as

2 sm2 a
k+1 _ k42 1Y _ Og4+2 I
Flz,y)=y> (- DI = ==y Y = ahyl,
1 ) k>01>0k kI +2)! k>1l>0k kI +2)!
that is,
2
ysin®(x) 23 3 a1i+3 |, 2 9 k42,142 kol
F(z,y) = 50\ 3 : _ Gk2itr
() g teg ey ; G+an? T k>%>0(k+2)!(z+2)!

We observe that the last two terms are convergent for |x| and |y| sufficiently small, since the Taylor series
of F'at (0,0) is absolutely convergent. Therefore

1 €
— I (?7177) =
g2 sin?(n;)

1 m 3 1,43 e Qk4-2,142 77]f5l
=+ +
2 sin*(nm) {8 sin? ; K1+ 3)!sin? (1) n kz%,l:zo (k +2)1(1 + 2)! sin? ()

and the last term tends to %. This implies that

1 € 1 3 m
—F (e )= — 42 o),
g2 (7717 sin2(171)) 2 78 sin(n) o)

Case Cs. In this case, o = h™ ! (h(n2) — 55%) Using the same argument as in case C7, we have

1 9 —1 3 7]2
g2 (772 sin? (n2)> 8 sint o(l).
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Case D;. We claim that

h(r —a) > % >hir—a—a?), 0<a<09.
This can be easily proved recalling that
(10) t—%<s1n(t)<t——+—.

Indeed the first inequality to prove is equivalent to (7 — a —|— sin(2a)/2) — wsin?(a) > 0 and by ([0J) a
bound from below of the left hand side is 3a4 — %ozE’ — Z—gaﬁ + 360 T_af — Mfwalo which is positive for o < 1.
On the other hand, the second inequality is equivalent to o?(m — 3 + sin(23)/2) — 7sin?(8) < 0, where

B = a+ a? and by (I0) a bound from above of the left hand side is a? (7T — %53 + %55> — (B — %3)2
which is negative for a < 0. 9

Let us set 73 = h(n1) + =——=—. The hypotheses on 7, imply that a — 0. Therefore

Fren

. € L h=Y(m/a?) L e
gli]%F (7717 sinz(m)) N g% Sm(m)sin(h_l(ﬂ/a2)) - 212% Sm(m)sin(a) -
N

Since « is equivalent to NG sin(n;), one has

€ T—«
F = — .
(1 s ) = A VE - olvE)
The hypotheses on 7; imply that
(7717 9/ N\ ) \/_\/_ + 0(\/_)
sin®(my)

. Since h(t) is an odd function, we have

X

Case Dy. Set —Z5 = h(n2) —

sin? n

F < ) = sinng
sin? 7y sin(h

which is analogous to case D;. Hence

F(m, n) VE + o(vE).

@)
(&))"

We are now able to compute lim i(I)lf F(£2%), by observing that
e—

. . a() . (5(9:)7‘(’ T 1 € 1 —e
= > x )4+ = ).
hIEIi)lélf F(Q) = hm 1nf M2 2 hgn_>10nf 6 2 8 li gnmf = —F |, 2 () + 52F 72, Sinz(ng)
. This
sin? 77

obviously depends on the behaviour of the angles n;,6; (i,j € {1,..,4}). Hence all the different possible
situations have to be considered. In all the cases, except the case (A, Az), liminf._,o F(€2¥) is infinite. In
the case (A1, Az), the liminf is finite, but larger than ﬁ. Indeed thanks to (8) and (@), it holds

() _w cos(71) cos () }

The technique consists in combining the behaviour of the function F(z,y) for x = n; and y = £

11 lim inf > = — ~ — + = . -
) 2T 2 S |SEmGmn) — r cos(in)) | Bsin(i) — e cos(ia))
since the terms in € cancel each other. Now, by the convexity of the function =z — %,

to see that the minimum of the above function of (7, 7)2) is attained for (7, 72) = (w/4,7/4), that is,

- 5(2) cos(m/4) o
(12) I ) = (sin(ﬂ/él) —/dcos(r/A)) _ 8{d—n)

it is easy

\/

> 0.44.

O

In the following proposition we prove that the symmetrization of Definition makes F asymptotically
decreasing. This is the key point of our approach.
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Proposition 2.9. For every o > 0 there exists B > 0 such that for every Q) transversal to an optimal ball
B with A\(2) < 8, one has F(2*) < F(Q) + .

Proof. Let 0 < ¢1 < 2 < ... < @9, < 27 be the angles determined by the intersection points A1, ..., Ag),
between 02 and 0B defined as ¢; = (Oz, OA;) as shown in Figure Bl Define n; = (@41 — ¢;)/2.

area €3  area €9 area €1

area €9

FicURE 3. The points A;, the angles ¢; and the areas ¢; in the proof of Proposition

Let Toyr = (Al, AQ)U (Ag, A4) U...u (Agp_l, Agp) CoOBand 'y = (AQ, Ag) U (A4, A5)U...U (Agp, Al) C
0B. According to the figure, let us denote by ¢;, for i = 1,...,2p, the area of the connected component
of QA B whose boundary contains the points A;, A;11. Using the solution of the Dido problem on each of
these connected components (where the arc A4;, A;+1 is fixed), we can replace all components of QAB by
a set of same measure, bounded by two arcs of circle, then it holds

(P HY(C)
(13 F@) > (ZEEE) ),

where 4¢ = [QAB| = Zzp 1 & and C; are arcs of circles with end-points A;, A; 1 such that the area of the

1=
region enclosed by the arc C; and the ball B equals ¢;. Since the area of €2 is 7, we have

p p
(14) 2e = Z&gi_l = Z€2i.
i=1 i=1

We are going to minimize the perimeter of Q2 over each of the sets '\ B and B \ 2, separately. We will
prove that the minimizer is Q*, in both cases. This will imply that the minimizer of F is Q*.
Notice that the set 2 satisfies the following conditions:

S (p2i — p2im1) = H (Tour) = Your,
S (@201 — i) + o1 — pan = HYUT1n) = Y1,
> i1 (cos(p2i) — cos(w2i-1)) =0,

i1 (sin(p2;) — sin(pai-1)) = 0,

(15)

where the last two constraints are a consequence of Proposition and

4e
AQ) = —.
() =—
Let us consider the set 2\ B. Let f(z) = —=%—: according to the analysis of Case A in the proof

of Theorem 2.8, we have to study the minimization problem

P , 2
(16) min {Z S S ) ol ) } ,

i=1
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under the constraints in (I4]), (I5). Instead of solving the complete minimization problem we are going to
consider only the first two terms of the developement in (I6]) that is, we minimize the function

P
G(e1,€3, s €2p— 1,11, 135 o0 M2p—1) = Y _ €351 f (M2i-1),
i=1
under constraints (I4) and (I3).
Observe that the ¢;’s are in a compact set. Let us first solve the minimization problem with respect to
the €;. If we compute the derivative of G with respect to ¢;, by constraint (I4]), we get, for every i = 1,..,p

(17) 2e9i—1.f(M2i—1) = Ao,

where A\ is a Lagrange multiplier, that is,

4e
(18) N=—T1
i=1 f(n2i—1)
If we replace 9,_1 in the expression of G, problem (I6)) reduces to find max >>?_; m, that is,
P
(19) max Z tan ng;_1,
i=1

due to constraint (3.

We are going to prove that 71, 73...,72,—1 are in a compact set contained in [0, §) and the existence of
a maximizer for (I9) will follow. First of all, we observe that ny;_; < § for every i € {1,...,p}. Indeed,
if mo;—1 > 7§ for some 4, then \g would be negative by (7). If 79,1 = 5 for some i, then Ao = 0 and we
would find one arc. Notice that this is a contradiction, as observed in Remark

Since the problem is rotations invariant, we can assume that (A;, Ay) is the longest arc and A; = (21, y),
Ay = (—x1,y), with y > 0, that is, p2 = 7 — 1. Let us assume that

T ™
5 <PSPaS . Sm <, 0<®gr1 S P42 S SP2p < 5,

for some m,q € N. We claim that if H'(T';y N {y > 0}) > H'(T;n)/2, then ¢ > HY(;x)/4. Indeed,
constraints (I5]) imply that

(20) — 208 1 = COS g — o8 1 = (COS Y3 — COS Py) + ... + (COS Pap_1 — COS PY2p).

We are going to estimate from below the right hand side. We will divide our analysis according to the
parity of m and q.

If m is even, then in the right hand side of (20)) all the terms involving indices less or equal to m are
positive. Assume that m is odd. Then in the right hand side of (20]) the terms cos p3—cos @4, ..., €0S Y21 —
COS 25, ... , COS Pm_2 — COS Pp,—1 are positive. We rewrite cos ¢, — €08 @41 = (€0s ¢, — cos m) + (cos ™ —
coS Ym+1). The first term is positive and the second one will be treated later. In conclusion, the sum of
these terms is greater than —1.

The points in the first quadrant {« > 0}N{y > 0} will be treated in the same way. For the other points,
we have to estimate the measure of the projection on the z line of 'y N {y < 0}. To do that, we observe
that if T is an arc in {y < 0}, then the measure of its projection P, on the x line is greater or equal to

2 (1 — cos w) . Since we are assuming that H!(I';y N {y < 0}) < w, then

’Hl(Fva;{y < 0})) > 9 (1 _ cos@) :

HY P, (Din N {y <0})) >2 {1 — cos (

The above estimates imply that cos ¢; < COS(W) and then
p2—¢1 7 H'(Tin)
2 -2 4
If HY(T v N {y > 0}) < HY(T1n)/2, then @1 > H(T';y)/4. Indeed, we get the same estimate as in the

previous case:
1
r
> 2 (1 — cos M) .

< m=

HU(P(Trx 0 {y < 0)) > 2 {1 ~cos (*”(FIN N{y< 0}>)

2
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We now study problem (I9). Let us write the optimality conditions, we get
1 .
(21) —5(1 +tan?n;) = —Xg+ Arsingo 1 — Ao cos o1,

1 .
5(1 +tan®n;) = Ao — A1singg; + A2 cos pa;,

where A\g, A1, Ao are Lagrange multipliers.

Assume now (A1, A2) # (0,0). Let a = \/A\? + A3. Then \; = asinfy and Ay = acosfy. Summing up
in (2I0), we get for any i cos(fy + p2;) = cos(p + ¢2i—1). The only possibility is 0y + @2; = —0y — pa2i—1,

1

that is, the 7;’s are equal. Therefore the functional F is ktan(%), for some k£ € N. The maximum
is attained at the minimal possible value of k, which is 2 (notice, indeed, that k£ = 1 is impossible due to
the constraints). For k = 2 we obtain a geometric configuration which coincides with the symmetrized set
Q*.

Assume (A1, A2) = (0,0). For every i € {1,...,p}, tan?ny;_1 = 2\g — 1. Therefore 1y;_1 = 5 £ h. Since
S P mai—1 < m, there exist [ elements 7; equal to 5 — h and either 0 or 1 element equal to 5 + h. The last
case is impossible, since I(§ — h) + 5 + h < 7 is in contradiction with A < 5. Therefore we have

2N G | — 1tan (- (Tour)
27 21 ’

as seen in the previous case. We thus find that the minimum is attained for [ = 2 and a similar conclusion
holds true.

The analysis of B\  is analogous. Therefore Q* is a minimizer of (I9]).

Hence, in every cases, by (1)) it holds

2p

S HY(C) = P(QY) —a,

i=1
for some @ > 0. By coupling the above inequality with (I3)), and recalling that A(Q2*) = A(Q) = %, we
obtain that
(22) F(Q) > F(Q) —«

for some o > 0.
O

We now describe the possible behaviour of any sequence converging to a ball. A consequence of the
previous results is

Corollary 2.10. Let {Q:}.>0 be a sequence of sets converging to a ball B such that |BAQ.| = 4e. Then

T
o S .
(23) llgl_gélf F(Q.) > Y=

Proof. Let o > 0 and let § be the corresponding value to /2 given by Proposition Let B. be an
optimal ball for Q. so that A(€2.) < 4e/m. We choose ¢ sufficiently small such that A(£2.) < /2. We can

modify . into a transversal set ﬁa to its optimal ball B, such that
[Qc| =,

6(8e) _ 8(%)

A2(Q)  A%(Q)
AMQe) < 8.

«
SEu

Since Qg is transversal to B., by Proposition one has
602 _ 0(Q) _«
Q) M) 2

and summing up we get R
52 _ 5(0)
A2(Qr) T A%(9)

+ o
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By Theorem [2.8], one has

e 0()
>
111811_)1(1)1f)\2(96) +a> A7)’

and this entails the result, as « is arbitrary. O

We underline that, although inequality (23]) is sufficient to prove that the sequences converging to the
ball are not “competitive”, we prove also that the value ﬁ is sharp, in the sense that there exists a
sequence {{,} such that F(£,) gives this value at the limit. For that purpose, we need a preliminary

result for optimal balls which has, however, its own interest.

Proposition 2.11. Assume that Q C R? has a symmetry azis II and is convex in the perpendicular
direction. Then there exists an optimal ball centered on 1I.

If, moreover, the domain is transversal to its optimal balls and it does mot contain segments which are
orthogonal to 11, then all the optimal balls are centered on II.

Proof. We first prove the result for a transversal domain €) to an optimal ball and we assume that its
boundary does not contain segments which are orthogonal to the axis of symmetry. We can assume that
IT lies on the z axis. The boundary of Q will then be given by y = £+ f(x) for some function f: R — R
such that f > 0 in an interval [a,b], and f(x) =0 if z < a or x > b. Set
V(M) = (2, y) = [QABuM,
where M = (z,y) and By denotes the unitary ball of center M. Let M, Mo, ...M>s, be the intersection
points between 02 and dBj; in an counter-clockwise order such that the boundary of 2 comes into the
disk following the standard orientation of the curve (see Figure d (a)). By Lemma 27 we have
2_15 = —2($1 +x3+ ...+ Top—1 — (l‘g + x4+ ...+ ﬂj‘gp)) .

Hence in the case where B)y is an optimal ball for Q, we have that z1+x3+...+22,—1 —(zo+24+...+22,) = 0.

In particular we denote by u; the z-coordinate of the point M; belonging to the half plane [T = {(z,y) :
y > 0} and by z; the z-component of the point M; belonging to II™ = {(z,y) : y < 0}. For simplicity
we can assume b > /1 — t2 in such a way that u; > ug > ... > up and 2p11 < 2pyo < ... < 29p. The case
ugp > Uy > ug > ... > uy, corresponds to Figure @ (b) and can be treated in an analogous way.

FIGURE 4. The intersection points of a minimizing set {2 and its optimal ball, in the proof
of Proposition 2111

Assume by contradiction that the center of the optimal ball is (0,¢),¢ > 0. We are going to prove that
g—z > 0 which leads to a contradiction.
Define
gi(@)=2"+ (fx) =) = 1;  go(a) =2 + (f(x) +1)* - L.
Notice that the intersection points of the optimal ball with 2, in IT*, satisfy g; (u) = 0, while the intersection
points of the optimal ball with € in IT~, satisfy g2(z) = 0. Observe that ga(z) > ¢1(x) for every = € R since
g2(z) — g1(z) = 4f(x)t > 0. Hence there cannot exist zeros of gs in an interval where ¢; is non-negative.
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Moreover for x € (a,b), ga(z) > g1(z), while for < a or z > b, g1(z) = ga(x) = 22 +t* — 1 and hence
g1,92 — +oo if x — £oo. Let u; > u;41 be two consecutive zeros of g; and assume that g; < 0 in
(uiy1,u;). Since we assumed b > /1 — t2, necessarily 7 is an even index. We now focus the analysis of gy
in the interval (w;y1,u;).

Three different situations may occur: (i) the function gs has no zero in the interval (u;41,u;); (ii) there
exists exactly two zeros of go belonging to (u;41,u;); (iil) there exist more than four zeros of g, belonging to
(uit1,u;). We analyse each situation in order to study the sign of the function z1+...4x2,—1—(z2+...+22;).

In situation (i), the function gs is strictly positive, and u; — u;+1 > 0, that is, ; — z;41 > 0. In situation
(ii), let z; < 241 be the only two consecutive zeros of g, belonging to (u;4+1,u;), that is g2 < 0 in (27, 2741)
and positive elsewhere. Hence the index [ is even as well as i. We can say that u; — u;4+1 > 241 — 2; and
hence, x; + z; — (xj41 + 2z141) > 0.

In situation (iii), go changes its sign more than three times in (uj41,u;). Let 21 < 2141 < ... < 2144 be
the zeros of go; again the indices [, ¢ are even. We can say that u; — w11 > 2141 — 21 + ... + 2i4q — Zi4q—1
which can be rewritten as z; + z; + ... + 2144—1 — (it1 + 2141) + ... + 2144) > 0. This argument implies
that % > 0, which leads to a contradiction. Hence the center of the optimal ball is at (0,0). We have
thus proved that all the optimal balls must be centered on II for such domains.

For the general case, we proceed by approximation. Let now €2 be an arbitrary domain: either if € is
not transversal to an optimal ball or if its boundary contains vertical segments, one can find a sequence
of sets €, transversal to their optimal ball or without vertical segments and converging to  in the L'
norm. Let B, be a sequence of corresponding optimal balls for 2,, of center ¢,; necessarily ¢, belongs to
II according to the first part of the proof. Up to a subsequence ¢, converges to some ¢ € II. By definition
of optimal ball,

(24) |Be, AQy| < |B(g45) A0,
for every (z,y) € R% Now,
|Be,, AQn| = [|xB.,, — Xa.ll1®e) = lIXB. — xallp ®2)-
In the same way
|B(2,y) AQn| = [IXB,,, — Xl ®2) = lIXB..,, — Xollp )
Therefore, passing to the limit in (24]), we obtain that B, is an optimal ball for €. O

By applying Proposition 2.1l in two orthogonal directions, we easily deduce the following corollary. It
will be useful to characterize the optimal ball of the symmetrized sets Q* defined in section Bl

Corollary 2.12. Assume that Q C R? is transversal to its optimal balls, it has two perpendicular azes
of symmetry 111,11y, it is convex in both perpendicular directions to 111,15 and it has no segments on its
boundary parallel to one of these directions. Then there exists an optimal ball centered at the intersection
of the two axes I11,II5. Moreover, if 02 does not contain segments parallel to directions of symmetry,
necessarily it has only one optimal ball which is centered at the intersection of the two axes.

We use now the previous corollary and Theorem [2.8] to compute the infimum of liminf._,q F(€,).

Theorem 2.13. Let € > 0. Let Q. be a sequence of planar reqular sets converging to a ball B. Then

inf {hlgl_)l(l)lf .F(Qa)} =

8(4—m)

Proof. According to Corollary 210} it suffices to exhibit a sequence of domains for which we have equality
in ([23). We choose a particular sequence Qf. If QF is convex, Corollary guarantees that the center
of its optimal ball is the center of symmetry of Q*. Let 2. be a sequence of transversal sets to a ball B,
converging to B and such that €2} is convex. This corresponds to the cases A; and A of the proof of
Theorem [2.8] for which we have, see (L)

Qx q i
lim inf 52( ) _ T { _costh) __,  cos()
=0 A(QE) 8 [8(sin(f1) — A cos(i))  8(sin(n2) — 72 cos(72))
Now the minimal value of the right-hand side is achieved for 7; = 7j; = 7/4 for which we get ﬁ, as

seen in (I2]). O
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Remark 2.14. Notice that the same result has been proved in [6] by using the so called ovals sets.

3. EXISTENCE THEOREM

In this section we are going to prove the existence of a minimizer (2 for the functional 7. We have
proved that sequences of sets converging to a ball cannot be minimizing. For the other sequences, we are
going to prove that they are contained in a fixed bounded domain R. This will allow us to get the existence
of a limit set 2. More precisely in Proposition B3] below we prove a uniform bound on the number of
connected components of a minimizing sequence. Notice that a similar uniform boundedness was proved
in [8, Lemma 5.1] in a different way.

We start with a natural result in this context.

Lemma 3.1. Let Q = Ujw; C R2?, where w; are connected components. Let Q be any set composed by
the same w; translated in such a way that the Fuclidean distance between them is more than one. Then

AQ) < AQ).

Proof. We will prove the statement for a set €2 composed by two connected components F7 and Ejs; the
general case is similar.

Assume || = 7 and let B be an optimal ball for Q, that is, A(E1 U Eq) = 2(m — |E1 N B| — |E2 N B|) /.
We denote by () the set obtained by translating far away the component Es. Up to rename F1, Fo, we can
assume that A\(Q) = 2(r — | B, N E4])/7, for some ball B, # B of radius one and center at z. Assume by
contradiction that A(€2) > A(Q), that is, |Ey N B| + |Ey N B| < |Ey N By|. Hence |Ey N B| + |F> N B| <
|E1 N By| 4+ |E2 N By, which contradicts the fact that B is an optimal ball for the Fraenkel asymmetry of
Q. O

Lemma 3.2. Let w C R? be a connected set which is not contained in a ball of radius 1. Then its perimeter
s greater than 4.

Proof. The convex hull of w, denoted by co(w), is connected and is not contained in a ball of radius 1.
Hence the circumradius of co(w) is greater than 1. Therefore the perimeter of co(w) is greater or equal to
4. Since w C R? is connected, its perimeter is greater or equal the perimeter of its convex hull. Thus, the
perimeter of w is greater than 4. O

Proposition 3.3. Let Q be a planar set whose perimeter is less than 20. Then there exists a planar set
Q composed by at most 7 connected components, such that

F(Q) < F(Q).

Proof of Proposition [3.3. Assume that ) is the union of m (possible infinite) connected components w;. By
Lemma Bl we can assume that only one connected component w;, has a non-empty intersection with an
optimal ball B, since one can translate far away each connected component and this procedure decreases
the value of the functional F (since A increases and ¢ keeps equal).

By Lemma [3.2] there exist at most 4 connected components w1, ws, ws,ws which are not contained in a
ball By of radius 1. The first step consists in replacing all the other components w;,7 > 5 by a ball: this
decreases the perimeter without changing the Fraenkel asymmetry. We relabel all these balls by choosing
a decreasing order with respect to the corresponding radii rg > r; > ro....

The optimal ball is either on one of the four first components w;,j = 1,...4 or on the ball with the

largest radius ws = By,. So we deal with a domain Q defined as
4
Q= U Wi U U BT’N
j=1 i>0
for which F(Q) < F(Q). Moreover A(Q = A(Q), where

: |w]'ABl|+7T— |wj|, ] _ 1’”"4} ‘
s

A(Q) = min {2(1 —rd)

Notice that, since A(€) < 2(1 — r2), it holds r; < a := /1 — Q) for every i > 1.
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Let ma be the area of w; Uwy Uws Uws U By, and 2w Py its perimeter. Let K be the following compact
set:

K = {EZ(T17T27’") : Zriz:l—a, OSTZSCL}

1>1

We construct the set Q by replacing the balls B, , B, ... of {2y by two balls, at most, in such a way that
% decreases. To do that, we minimize over K the quantity

. P() -1+ 22’21Ti
()
The minimizer has at most one element r;, verifying 0 < r;, < a. Indeed, if there exists r; # r; such that

0<r; <a,0<r;<a, then we can replace 7; by r; +hy and r; by r; — ho for some h; < ho, in such a way
that the strict inequalities are still satisfied. We still have an element of K, because

l—a= Z T;%+(7“i+h1)2+(7‘j—h2)2,
ki, k#j

j(r)

if and only if (h1, he) belongs to the cercle centered in (—r;,r;) of radius /r? + 7"]2-. It is easy to see that
such (h1, he) exist: this implies that r; +hy and r; — ho give a smaller value of the minimum of the quantity
j(r). This is absurd. Hence the minimum of j(r) over K is attained for r = (a,a,a, ...,a,b,0,0,...) where a
is repeated m times and b < a. The minimizer satisfies |r|> = ma? 4+ b = 1 — a, that is, m < 1—;# Notice

that the quantity j(r) is minimal for the values of a, m which minimize a(m+/ 1;—20‘ —m). It is not difficult
to prove that the minimum is realized by m = 1. Therefore, the set Q= w1 UwyUwzUwsU B, UB, UB,,

satisfies F(Q2) < F(Q). O
We are now able to prove Theorem [I.11

Proof of Theorem[11]. Let {Q,} be a minimizing sequence for F and assume |Q2,| = 7. By Corollary 210l
and Theorem [[.Z the sequence {£2,,} does not converge to a ball. Since §(£2,,) < 0.41)\2(£,,) and \(E) < 2,
for any planar set E.it holds §(€2,,) < 1.64. This implies that P(£,) < 27 + 27 1.64 < 16.6.

By Proposition B.3] we can replace €2, by another minimizing sequence (still denoted €2,,) with at most 7
connected components and each component has a diameter less or equal to 8.4 (because the total perimeter
is less than 16.6). Therefore, it is possible to enclose all the connected components, with mutual distance
between 1 and 2 in a large, but fixed, rectangle R.

By recalling that P(£,) = |Dxq, (R)|, the sequence xgq, is bounded in BV (R). By the compact
embedding BV (R) < L'(R), there exists {2 C R such that, up to a subsequence, xq, — Yo Weakly-* in
BV(R). Thus xq, — xo in L'(R) and |Q2] = m. Notice that A(Q) > 0 since € is not a ball. Moreover
linnl)gf P(£,) > P(Q2) by lower semicontinuity and thus linni)ioréf () = 6(Q).

We finally prove that A\(Q,) — A(Q2). Let B,, B;, be optimal balls, with respect to the Fraenkel
asymmetry, of ,Q,,, respectively and let x,z, be their centers. Therefore |Q,| = |B,, | = |Q| = |B.| =7
and P(B;) = P(B;,) = 2. It holds

‘QnABx‘ _ HXQn - XBacHLl(R)
- | B.| T
lIxe, — XQHLl(R) lIxa — XBxHLl(R)

< + =&, + A(Q).
™ ™

A(2)

On the other hand,

< [QAB., | Ixe = xeullzi(r) N X — XBa, |21 (R)
o ’an‘ o 7T ™

and hence we have
lim A(Q,) = A(Q).

n—-4o0o

Thus €2 provides a solution of the minimization problem. O
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4. PROPERTIES OF THE OPTIMAL SET
In this section we gather some analytic and geometric properties of an optimal set for F.

Proposition 4.1. Let 0y be a minimizer of the functional F. Then,

(1) 9 is of class C11;

(2) the boundary of Qo is composed of arcs of circle. More precisely, in any connected component of
the set R?\ Uzez(0o) (T + OB) (where Z(So) is the set of the centers of the optimal balls for Q),
0 is an union of arcs of circle with the same radius;

(3) P(Qp) < 16.16;

(4) Qo is not conver;

(5) Qo is composed by at most 6 connected components.

(6) Qo has at least two optimal balls realizing the Fraenkel asymmetry;

The first two statements have been proved in [5]. Statement (3) follows from the fact that A\(£2) < 2 for

every 2 and F(€p) < 0.41 by Theorem [[.2], so that P(€) < 2m(4-0.41—1) = 16.16. Statement (4) follows
from the existence of a non convex set My, shown in Section Bl for which F(Mg) = 0.39 (see Conjecture

2).

We sketch the proof of statement (5). Assume that the optimal domain has several connected com-
ponents: Qp = U™ w; (m possibly infinite) and assume [Qy| = 7. Necessarily, if a component w is not
contained in a unit ball, then |[WAB,| > 0, as B, is an optimal ball for the Fraenkel asymmetry; other-
wise, we could replace it by a ball strictly decreasing the perimeter. Therefore, we can use an analogous
argument to that one of the proof of Proposition [3.3] noticing moreover that the optimal ball is positioned
on one of the four first components w;,i = 1,...4 (and actually on all) and that P(y) < 20 by statement
(3). Thus we can perform the minimization procedure shown in the proof of Proposition B3] and we are
able to replace the collection of balls by at most two balls (the biggest one which could also be in contact
with an optimal ball).

Property (@) is proved in Section [£2] by using some optimality conditions satisfied by an optimal set
for F. We will compute the shape derivative of the Fraenkel asymmetry to prove these conditions.

4.1. Differentiability of the Fraenkel asymmetry. We are going to compute the shape derivative
of the functional Q +— A(€2). Since A is defined as a minimum, we first present a general lemma on
differentiability of such functional in topological spaces.

Let A, B be two topological spaces. We consider a function j(z,() : A x B — R and we assume that the
derivative of j with respect to the second variable ( exists and is continuous with respect to x. For each
fixed ¢, we define Z(() as a solution of minge 4 j(x, (). Let A be defined on B as the value of the minimum:
A(Q) = (7). C).

Lemma 4.2. Assume that for some (o € B there exists a unique T((y) € A where j(-,{y) attains its

minimum. Then the function ¢ — j(Z((),() is differentiable at {y and its derivative is g—é(f(@), Co)-

Even if the previous result is classical in variational analysis, we prove it for sake of completeness.

Proof. Fix (p,h € B and let t > 0 (the proof works as well for ¢ < 0). We are going to compute the
derivative of A(¢) = 7(Z({), ) along the direction h. By definition of Z(¢) it holds

A(Co +th) = j(Z(Co + th), o + th) < j(Z(Co), Co + th).
This implies that

Ao +th) = Mco) _ J(Z(C0): Go + th) — §(Z(o), Co)
t - t
and hence, passing to the limit as ¢ — 0, we get
t—0 t

< <§—§@<<o>,<o>;h>.

The reverse inequality is obtained in an analogous way by observing that

A(Co) = 7(2(C0), ¢o) < j(Z(Co +th), Co),
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which implies

Ao +th) = MCo) o J(@(Co +th), Co + th) — j(Z(Go + th), Co)
¢ - ¢ '
By the uniqueness of Z((p), we have Z((p +th) — #((p) as h — 0. The continuity of the function
x g—é(x, ¢) implies
A +th) — M) 9 .
h?i)lonf " > <8—C($(C0)7C0)ah>a

which gives the desired result. O

We are going to apply the previous lemma to j(X, Q) := |BxAQ|/7 in such a way that X(Q) is the
center of an optimal ball and A(Q) = j(X (2),€) is the Fraenkel asymmetry. Notice that in this way we
make an abuse of language, since €) in fact does not belong to a topological space. Instead we should
consider the classical shape derivative, as explained in [12, Chapter 5] and replace the set Q by a space of
diffeomorphisms acting on a fixed domain. Since no confusion can occur, we keep this convenient way to

present the derivative. In that context, what we denote by dA(€2; V') is the limit, as ¢ — 0, of the ratio
AM(Id+tV)(Q)) — ANQ)
t )
where V : R? — R? is any regular vector field and Id + tV a small perturbation of the identity operator.

Proposition 4.3. Let Q be a planar reqular (Lipschitz) set of area m and assume that it has a unique
optimal ball for the Fraenkel asymmetry X, whose center is at X*. Denote by QOUT = Q\ Bx« and
OIN = By« \ Q. Then the shape derivative of X exists and is given by

(25) d\(Q; V) :/ V-nds—/ V-nds,
HQOUT\GB y « IN\OB x«

where n is the exterior normal unit vector to the boundary of Q.

Proof. Assumptions of Lemma are satisfied since the measure is differentiable, see for example [12]
Theorem 5.2.2]. Notice that the opposite sign of the two terms in ([25]) is due to the fact that the measure
of € is counted positively outside Bx+ and negatively inside. Moreover, it is clear that the derivative given
in formula (28] is continuous with respect to X. O

4.2. The optimal set has at least two optimal balls. In this section we are going to prove that an
optimal set for F cannot have only one optimal ball for the Fraenkel asymmetry.

Theorem 4.4. Let Q) be a minimizing domain for the functional F. Then Q has at least two optimal balls
for the Fraenkel asymmetry.

The proof argues by contradiction. Notice that if €2, whose area equals 7, has just one optimal ball B,
then its boundary is composed by arcs of circles of radius Ry outside B and of radius R inside B. Since
0Q is of class C', each connected component w of haii rotational symmetry of order N > 2. Let x,y be
two points on the boundary of w such that the angle xOy = £ and the part of dw between x,y generates
the whole boundary of w. Since F is rotational invariant, we can assume the point x to belong to the
horizontal axis. The strategy consists in using a simple parametrization of the boundary of € with two
angles «, 0 as described below and to eliminate all possible values of these parameters by contradicting
either a first order or second order optimality condition or proving that the value of the functional F is
greater than 0.406 (see Propositions 5] and [4.16]).

We will distinguish the case where {2 is connected from the case where (2 is not connected in the next
two subsections. Figure [fl summerizes the structure of the proof in the two cases, in terms of the range of
the parameters «, 6.

4.2.1. Connected case. First of all, let us remark that, by statement (4) of Proposition [4.1] we can restrict
the analysis to non-convex domains. Let M be an intersection point between 02 and 0B, A be the center
of the arc I'y of radius Ry and B be the center of the arc I'; of radius R;. Since € is of class C*, the points
A, M, B belong to a straight line.

Let 6 € (0, &) be the angle between Oz and OM and a € (§,m) be the angle between Az and AM.

™

Notice that, by construction, 0 < § < & < a < m. The parametrization of the straight line passing
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o «
™ ™
Lemma 0)
Lemma 1
Lemma 3
m n ™ Lemma .17 | Lemma 418
2 N Lemma o (N )
- Lemma [4.9]
5 Lemma [4.19]
Lemma [4.7]
s m
N N )
Lemma, o=
0 2 ! 0 k2 !
2N N 2N N
(a) (b)

FIGURE 6. Connected case. A set {2 with one optimal ball, N = 3.

through A, M, B is x(t) = cosf + tcosa, y(t) = sinf + tsina, for t € R. Therefore the point A can be
sin(6) sin(m /N —6)

obtained for t4 = — Sn(a) and B for tg = — Snla—r/N)" Therefore
B _ sin(0) B _ sin(g —0)
(26) Ro = |tal = sin(a)’ Ry =ts] = sin(a — &)’
and so
sin(0) < T ) sin(§ — 0)
ITol asin(a)’ I TN sin(a — %)

The perimeter of Q equals 2N (|Tg| + |'1|). Therefore

2N {oﬁine +(a—F) L(%‘f)} — 2

sin sin(a—%)

o) = 27
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We are going to compute A(2) = &(A4 + A;), where NAjy is the area of Q \ B and NA; is the area of
B\ Q. Let g be defined by (d]); notice that

(27) Ao = Bgla) — 9(0),  Ar=Rig(a—1)+g(5-0).

The proof will be splitted into several parts, according to the values #,a, N. For every part, the con-
tradiction will be given by the fact that 2 does not satisfy one of the conditions expressed in the next
proposition.

Proposition 4.5. Let € be a connected planar set which minimizes the functional F. Assume that 2 has
a unique optimal ball and let N > 2 be the order of its rotational symmetry. Then the following conditions
hold.

) <
11859
A (1)
) F(Q) < 0.406.

) @

. sin® (z
> 0 where Q := mH(a) - Wl%_e)H(a - %) - @g?ﬂ)), with H(x) = tan(m()_)m.

Proof. (i) The equality follows from the fact that 7 = || = |2\ B|+ |[B\ Q| = |B\ Q|+ |B\ Q| = |B]|.

(74) This condition comes from the first order optimality condition. Indeed, the general optimality
condition is d(%, V) = u d(Area, V), where p is a Lagrange multiplier due to the fact that the areas are
fixed, and V : R? — R? is any regular vector field. This gives

11 [ 1 11 2§
— - —veopn-— | —v.nl 22 Ven—| V.
N2 {277 r Ro. 21 ), Ry ”} T3 { r /1“1 ”}

:,u{ V-n+/ V-n}.
Ty T

Since this is true for every V', we obtain

1 ) 1 §
— =4~ + 2mp\? — =4~ — 21p\?
R A+ THA", 7 N ATHAS

, where Ry and Ry are defined in (20)).

1 1 _ 8
andhenceR—O—i-R—l— Y

(747) This is a consequence of Theorem
(7v) This is actually a second order optimality condition. We are going to modify 2 by replacing « by
a+¢epin 2\ By and by replacing a by o —¢1 in By \  in such a way that the area of Q is preserved. We

have

sin 0 e

- + EpCOS @ — —;
sin o sin o

R2 = = Ro[l — epcot o + £2(1/2 + cot? a)],

and
(R5°)? = R2[1 — 229 cot a + £2(1 + 3 cot? a)).
Moreover A = (R°)?g(a + o) — g(#) and g(a + &) = g(a) + eo(1 — cos(2a)) + €& sin(2a). Therefore
A = Ay + e9R32(1 — accot @) + 2R3 (o + 3acot? o — 3cot ) .
By using an anoalogous argument we obtain
At = Ay + 21 R¥2(1 — Beot B) — e2R2(B + 3B cot® B — 3cot 3),
where f = a — §. Keeping the total area constant, it holds
2R3(1 — acot a)eg + R2ed[a + 3a cot? a — 3 cot a
= 2R3 (1 — Bcot B)e1 — RieF[B + 3B cot? B — 3cot ).
Notice that we can express €1 as a function of &g, in the form g1 = agg + be, with
o R_% 1 —-acota
 R?1-—Bcotp’
_ R3(a+3acot? a— 3cot a) + RI(B + 3B cot? B — 3cot B)a?

b 2R2(1 — Beot B)




20 CHIARA BIANCHINI, GISELLA CROCE, AND ANTOINE HENROT

Let us consider the variations of the perimeter, that is, AP = AP, + AP,, where
AP, = 2R (a+¢)— 2Ry
= 2Rpeo(1 — accot ) + Roed (o 4 2 cot? o — 2 cot ),
AP, = 2R{(B—e1) = 2Rip
= 2Rje1(1 — Beot B) — Riei(B + 2B cot® B — 2cot B).

Recalling that e1 = agg + bed, we get
R3 R3 2 2
AP, = 2R—(1 — acot a)eg + R—(a + 3acot” a — 3cot ) + Rya” cot (S cot f—1)| &5
1 1

Regarding the variation of the area of the symmetric difference, we have |Q°AB| = |QAB|+ 2AA., where
AA, is the variation of the external area.

Therefore
P+ AP — 27 AP
F(Qe) = = 5 = F ()
|QAB| + 2AA, <1 2NAA )
7 TA
and  is a minimizer of F if
AP AA AA, >0
2md A mA2 T 7

It is easy to see that the gy term of the previous quantity is null, by using the optimality condition (7).
Moreover the €3 term is

1 R3
—[Ro(a + 2a cot? a — 2cot o) + =2 (ar + 3acot? o — 3cot ) — Rya® cot B(1 — B ot B)] +

27 Ry
4 16N R}
—HRg(Oz + 3acot? o — 3cot ar) — 7727)\20(1 — acot ).
Using again condition (ii), we can say that the above quantity is positive if and only if @ > 0. O

Lemma 4.6. Let Q be a connected planar set which minimizes the functional F. Assume that £ has
a unique optimal ball and let N be the order of its rotational symmetry. If N > 4, 5 < 0 < & and
v Ja<mw, then Ap — Ay > 0.

Proof. Let us set z(0,a) := Ay — A;. It is easy to prove that Z > (; therefore z(0,a) > z(0,7/N). It is
sufficient to prove that Z(6) := z(8,7/N) > 0. We observe that Z( ) =0 and Z(5%) > 0. Notice that Z’
has only one zero g in (0, %), is positive in (0, 0y) and negative in (90, ~ ), therefore Z is positive. O

In the sequel we will often use the following formula:
L1 _sin(§)sin
Ry R; sin(f)sin (— —9)

Notice that
Ao =sin? 0h(a) — g(0), Ay =sin? (0- L) n(a- 1) +g(-0).
where g, h have been defined in ().

Lemma 4.7. Let Q be a connected planar set which minimizes the functional F. Assume that Q0 has
T

a unique optimal ball and let N be the order of its rotational symmetry. If N > 4, 0 < 6 < 55 and
v < a <3, then F(£2) > 0.406.

Proof. We observe that

1 1 sin(g)sin(a—6
sin

— + = > 2cos ( T
R(] R1 N Sin(@) (— 9)

2N )
Proposition implies that

—_

(28) % 1eos (577).

>
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and A(Q) = X(Ag + A1) = ZX 4. Notice that

(29) A@:&%E§¥Fﬂﬁwg—ﬁm@mm
< 2N {smz(l)z———i-sm( )cos(w)}
-oom 2N/ 2 2N 2N 2N
By (28]) and (29]) one has F(£2) > 0.406, since N > 4. O

Remark 4.8. In the sequel we will often use the above technique to get a contradiction.

Lemma 4.9. Let Q be a connected planar set which minimizes the functional F. Assume that Q0 has
a unique optimal ball and let N be the order of its rotational symmetry. If N > 4, 0 < 0 < 55 and
5 <a< 5+ 5, then Q <0,where Q is defined in Proposition [{.5,

Proof. Since H(a) <0 and H(a — §) > 0, the quantity @ is negative. O

Lemma 4.10. Let Q be a connected planar set which minimizes the functional F. Assume that € has
a unique optimal ball and let N be the order of its rotational symmetry. If N > 17, 0 < 6 < = and

IN
3 <<, then F() > 0.406.
Proof. One has § = %d(a,@) — 1, where

(30) d(a,0) := sin(@)% + sin <% — 9) ﬁ .

Observe that d(«,0) > d(a,0), since a—g > 0, and

d(a,0) > sin <%) —

(31) F(Q)>my = L {E sin (1)

and my > 0.406 for N > 17. O

Lemma 4.11. Let Q be a connected planar set which minimizes the functional F. Assume that Q has
a unique optimal ball and let N be the order of its rotational symmetry. If N > 8, 0 < 6 < L= and

2N
T4 <a< 3T then F(Q) > 0.406.

Proof. As in the previous lemma, 6(f2)

d(a,0) > Fsin(F). Moreover A(Q2) < 7N[ in?(5%)h(2) — g(5%)]. Hence
5(£2) sin(§) — 1
(32) F(Q) = > mg = 2 ,
V(@) N sin ()3 — gl )
and mg > 0.406 for N > 8. O

Remark 4.12. Notice that estimates (31) and (32) for F hold for every N > 4. However they are not
sufficient to conclude for any N > 3.

Lemma 4.13. Let 2 be a connected planar set which minimizes the functional F. Assume that € has a
unique optimal ball and let N be the order of its rotational symmetry. If either
(i) A< N<16,0<0< 5 and T <a <,
or
(ii))5<N<T,0<0< & and 3+ % <a<il
then @ < 0, where Q is defined in Proposztwn @

Proof. We are assuming, in both cases, that o > § + L. If H(a) < H(a — %) < 0, then Q is negative,
because the sum of its first two terms is negative. Therefore we can assume that H(a — &) < H(a) < 0.
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The mean value theorem and the estimate |H’| < 0.3 on the interval (1.973,7) imply that —H (o — &) <
0.3% — H(a). Therefore, dropping negative terms in the expression of @, we get
1 1 0.37 32N §(Q)
Q < H(a)|—=7 — —35—= + — —
sin®0 sin®(£ —6)]  Nsin®(%) T A2(Q)
0.37 32N 6(Q)
N sin® (%) T A2(Q)°
We are now going to use estimates ([B1I]) and (B2]). If assumption (i) holds we have Q < #@) — 32N, <
2N
0 for 4 < N < 16. If assumption (ii) holds true, we have @ < % — %mg <0Ofor5<N<7. O
2N

We are now left with the cases N = 2, 3.

Lemma 4.14. Let  be a connected planar set which minimizes the functional F. Assume that € has a
unique optimal ball and let N = 3 be the order of its rotational symmetry.
(1) f0<0< 5 and § < a < 3, then F(2) > 0.406.
IngHg% and%ﬁaﬁ%’r, then @@ < 0.
If0<O< T and 3F < a<m, then Ay > %.
< S% and%ﬂgagﬂ, then @ < 0.
§<0< 3 and 5 <a<m, then Ay — Ay > 0.

Moreover,

Therefore, by Proposition 45, F(2) > 0.406.
Now assume § < a < 5” . Then

8 1 1  sin(

o o
il 4+ — =
A Ry Ry sin(@) sin(% — ) -

6 o T
2 =0 - () 1 (35) -9 (5)]
A(2) Ao - sin . B I\g
Therefore, by Proposition [4.5, F(£2) > 0.406.

(2). With the same arguments of the proof of Lemma 49 one obtains Q <

(3). A1 =sin®(0 — §)h(a — §) +9(§5 — 0) = sin®(§ — {H)A(F — §) +9(§ - %) 5

(4). Let d(a, ) be defined by B0). As in Lemma EI0, we have d(a,6) > d(a,0) > d(3, %). Using
that A(Q2) < 2, one gets Q < 5l — 24 (2d(F, ) — 1) <0.

(5). The proof is completely analogous to that one of the case N > 4. (]

Moreover,

Lemma 4.15. Let Q be a connected planar set which minimizes the functional F. Assume that Q has a
unique optimal ball and let N = 2 be the order of its rotational symmetry. Then Q@ < 0, where Q is defined
in Proposition [{.0]

Proof. Notice that H(a) <0 for § < a <7 and H(a —7/2) > 0 for a < 7. Therefore Q < 0. O

4.2.2. Non-connected case. Let us first remark that we can assume that the optimal domain has, in this
case, only two connected components. Indeed, let E; be the connected component which intersects the
optimal ball and assume we have several other connected components Fs, Fs,.... First, we can assume
that all these components have an empty intersection with the optimal ball B, since otherwise one can
translate the components far away, increasing the value of A and keeping the value of 4, by Lemma [B.11
Moreover, by the isoperimetric inequality, we can obviously assume that all of these components Ej, k > 2
are balls. Then, we can apply the optimization procedure explained in the proof of Proposition for
which we have seen that the optimal configuration is composed of one or two balls. But if there are two
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balls, they must have different radii which is not possible since the optimality condition (2) of Proposition
[4.1] claims that the radii outside the optimal balls must be equal. Thus, the optimal domain must have
only two connected components F, E5 and F» is a ball not intersecting B.

If the set Fy is contained into B, then F; is a ball. Hence, by a direct computation for the union of two
balls, it holds F(€2) > 0.406, and so 2 cannot be optimal.

We therefore assume that F; is not contained into B. In this case, the parametrization of its boundary
is the same as in the connected case (see Figure [2), and we have 0 < 0 < % and 0 < o < 7. Indeed, the
condition
sin(a — 0)  siné

1< TA + R(] = - . )
sin « sin «
where A is defined as in Figure 2] is equivalent to o > 6. Moreover we observe that
(T _p (0
(33) Ry — sin(x —6) Ro = s_m( ).
sin(§ —a)’ sin(a)
We remark that Es is a ball with radius Ry. Notice that
N N
(34) Ao=Rigla) —g(0),  A=Rig(a-=)+g(=-0).
and
2N N [ si N\ sin(¥ -0
A = 2N ope g = Y {as,me + ( - —) M} + Ry —1.
v T | sina 7/ sin(a — =)

As in the above subsection, the proof will be splitted into several parts, according to the values 0, «, N.
For every part, the contradiction will be given by the fact that 2 does not satisfy one of the conditions
expressed in the next proposition.

Proposition 4.16. Let Q be a non-connected planar set which minimizes the functional F. Assume that
Q has a unique optimal ball B. Let w be the unique connected component which intersects B and let N be
the order of its rotational symmetry. Then the following conditions hold.

(1) .Ao - A1 + LR} =0, where Ay and Ay are defined in (34);
(ii) Ro + R1 = %, where Ry and Ry are defined in (33);
(iii) F(2) < 0.406;
(iv) @ > 0, where Q :=
)

(v

Proof. Statements in (i)-(iv) are analogous to those of the connected case (see Proposition .5]). Let us
prove statement (v). We consider the following perturbation of ©: we reduce the area of the second
component Fs, increasing that one of E; \ B in order to keep the total area equal to w. Therefore « is
modified into o + € and Ry into R§. Observe that Ry keeps unchanged. Now,

sin3(z
SIHS(Q)H(O[) B WH(O[ —m/N) — %%’ H(z) = tan(m()_)m ;

® (@) > 0, where ®(ar) := NRy[l — acot(a)][cot(a) — X (1 — acot(a))].

. sind g? 9 9
Ry = —+¢ccosa — —— = Ry[l —ecota + °(1/2 + cot” a)],
sin o sin o

and
(R5)? = R2[1 — 2ecot a + %(1 + 3cot? a)).
Moreover A = (R§)?g(a +¢) — g(#) and g(a +¢) = g(a) + &(1 — cos(2a)) + €2 sin(2a). Therefore
A5 = Ao+ eR%2(1 — acot a) + e2R3[a + 3a cot? a — 3 cot al.
Since we are keeping the total area unchanged, we have 7R2 — N (A5 — Ag) = 7(R§)? which gives

c_p LN —A) 1 N?(A§ — Ag)?
0 — fW 3 )
2 7TRO 8 7TRO

and hence

N
21(R§ — Rg) = —N |2¢(1 — accot @) + &%((a + 3 cot? o — 3 cot @) + — (1 — avcot )?) | .
7T
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The variation of the perimeter equals to

2N(a+¢)Ry [1 —ecot a + e2(1/2 + cot? oz)] —2NaRy +
N

-N {25(1 —acota) + (a4 3acot?> a — 3cot  + —(1 — arcot a)?)| .
s

Observe that the previous expression is a second order polynomial in €. In particular the terms in € vanish
according to (ii). The terms in £2 equal to NRy®(a) = NRy[l — arcot(a)][cot(a) — &(1 — a cot(a))] and
must be positive by the optimality of the set 2. O

Lemma 4.17. Let Q be a non-connected planar set which minimizes the functional F. Assume that
has a unique optimal ball B. Let w be the unique connected component which intersects B and let N > 2
be the order of its rotational symmetry. Hence the function ®(«) defined in Proposition [{.16] has a zero
a(N) > & such that ®(a) < 0 for a(N) < a <. In particular o(2) ~ 1.22 and a(N) < 1 for N > 6.

Lemma 4.18. Let Q be a non-connected planar set which minimizes the functional F. Assume that ()
has a unique optimal ball B. Let w be the unique connected component which intersects B and let N be
the order of its rotational symmetry.

IfN >3, £ <0< % and 9 <a<m, then Ag — A1 + FRE > 0.

Proof. We divide the proof into two parts, according to the values of a. If § < a < 7, one proves, as in
the connected case, that Ag — A1 > 0. If 0 < a < ~ Wwe have

Ay — Ay = sin® Oh(a) — g(0) + sin® <% a H)h (% a O‘) 9 (% - 9) .
Let us set z(0,a) the right hand of the last equality. The derivative with respect to a of z is positive.

Therefore Ay — A1 > 2(0,6) = 0. O

Lemma 4.19. Let Q be a non-connected planar set which minimizes the functional F. Assume that ()
has a unique optimal ball B. Let w be the unique connected component which intersects B and let N be
the order of its rotational symmetry.

IfN>3,0<6< 5% and § < a < «N), then F(2) > 0.406.

Proof. The proof is composed by several steps.
Step 1. Assume that § < a <1 and N > 10. By Proposition [4.16]

85(9)—i+i 200s<7r)
) Ry Ry — 2N
Moreover
2N 9 {_2(7?) T 1,(77)}2N 1
= — < - - _ - - -
M) == Ao+ 28 < [sin” | g5 J i) = o5 9 sinl 5y )| T o ()’

and hence F(£2) > 0.406.
Step 2. Assume that < a < {5

5 and N =7,8,9. By Proposition [4.16]
8(Q2) 1

~e = 5 T i 2cos( T )
AQ) Ry Ry~ 2N
Moreover,
2N
AQ) = — Ao + 2R2
< {sin2<i)h( T )—i—klsm( z )} &—1-71
- 2N N-1 2N 2N/l m " 2cos? ()’

and hence F(£2) > 0.406.
Step 3. Assume that "5z < a <1and N =7,8,9. By Proposition 116,

@ _1 . 1, t( )( m _L)
Q) T R R - CMan/M\N 17N/




ON THE QUANTITATIVE ISOPERIMETRIC INEQUALITY IN THE PLANE 25

Moreover,

2N
ANQ) = 7Ao+2Rg
SESYET R I TE S ———
N/ "\N—1) Tavy T Nl T T et ()
therefore F(£2) > 0.406.

Step 4. Assume that 7 < a < a(N),

IN

0 <0 < 555 and N = 3,4,5,6. By Proposition [4.16]
85(€2) 1 1 sin(%)

AQ) Ry R~ sin(gs)
Moreover,
2N
AQ) = 7,40+2R%;
202 s

9N  sin ( )
< [ (ors) r(awes) o ra) | 5 )
= {Sm ov+2/)"ang2) TNl T Tt )

therefore F(£2) > 0.406.
Step 5. Assume that

a < a(N), svis <0 <5y and N =3,4,5,6. Then

. 7T ~ (T 4 ) S (2N+2)
T TN g
St (2N+ 2) sin (§) e N 2N +2 } + sin(a(N))

Moreover,
T \12N = 2sin?(5%)
i) —g ()] 5+ 2,
™ sin”( %)
therefore F(£2) > 0.406. O

Lemma 4.20. Let Q be a non-connected planar set which minimizes the functional F. Assume that
has a unique optimal ball B. Let w be the unique connected component which intersects B and let N be
the order of its rotational symmetry.

IfN>3,0<0< 5% and < a < §, then F(£2) > 0.406.

Proof. Let us estimate 6(2) and A\(Q2); for every N we have

o) > g {G—I-Sin(% —0)} +Ry—1> ESID(N) + Ry —1,
_2N 20 2N
T |sin® o N
Let ay =1+ %g(%), by = %sin(%) — 1. One has
(35) Q) < 2R2ay,
and hence 5(9)
by + Ro
F(Q) = > .
(@) N2(Q) — 4Rld%
Notice that the function
by +
4a*a?;’
attains its maximum at x = ——bN Therefore F(2) > 0.406 if Ry > —%bN and N > 5.

Now, let N =3,4 and Ry > ——bN We divide the analysis in two parts, according to the values of a.
Assume that a < §. We can write §(2) = %d(a,@) + Rp — 1, where d has been defined in (30). We
observe that g—i < 0. Therefore

7T s T
> > — — .
d(c.0) d(QN 9) = NCOS(ZN)
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By estimate ([B3]) of A(2) we get
FQ) > cos(gy) — 1+ Ro
4R}a%;

Notice that the right hand side is a decreasing function of Ry on [—%bN, @] and its value at Ry =

greater than 0.406.
Assume now that o > . We have % > 0. Since we are studying Ry > —%bN, we are reduced to

5
[\
"

compute the minimum of d(arcsm(%‘%), ). The minimum of this function is equal to 0.9918 if N =3
and 0.7630 if N = 4. Therefore ’

4 N | 09918, N =3,
o) > —zby — 1+ —-
3 T
0.7630, N = 4.

We are now going to estimate A(€2). Since Ry > ——bN and o > 5%, then 6 > §N, where §N is defined by

sin 9]\/ 4
—— = —bn.
sin 57 3
Therefore N N
2 2
AQ) =A< Ty (% - eN)

One can easily verify that F(€2) > 0.406.

We are now going to study the case Ry < —%bN. Let b < 1 and assume that Ry < b. Then sin(a — 6) >
sinf cos 0(3 — 1). Therefore
5(92) S sin(%)sin(a —0) _ 1

>-—1 vV N.
A(Q2) — sinfsin(g —0) b

For b = —%N, one has F(2) > 0.406, by estimate (B3l); that is, for N > 3, if Ry < —%bN, then

iy > 0.406. O

Lemma 4.21. Let Q be a non-connected planar set which minimizes the functional F. Assume that
has a unique optimal ball B. Let w be the unique connected component which intersects B and let N = 2
be the order of its rotational symmetry.
(1) If a > «(2), then ®(c) < 0, where ®(-) is defined in Proposition [].16]
(2) If7<0<5andd <a<3, then.Ao—A1+%R8>0.
(3) Ifa <% then F() > 0.406.
(4) Jfo<9<Z I <a<a2) and Ry <045, then Ag — Ay + FRE < 0.
(5) f0<O<7, & <a<a?)and Ry > 045, then F(£2) > 0.406.

(36) 8

5
Proof. (1). This follows from Proposition 17

(2). The proof is analogous to that of the case N > 3, see Lemma [L.I8]

(3). Let < a < § and let Ry < 0.3670. One can use estimates (B5) and (B6) with b = 0.3670 to prove

that 62 > 0.406. We now assume that Ry > 0.3670. Let us estimate §(€2): using the function d defined in

B0) we get

2 2 2 Z
5(2) = Zd(,6) + Ry~ 1> 2d(5.6) + Ry~ 1> =3 4 Ry 1,
us T \06 7 sin 5
because the derivative of d with respect to « is negative. On the other hand,

4 4
NQ) = S Ao+ 283 < “R3g (2 ) + 283

therefore
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The function on the right hand side being decreasing with respect to Ry, if Ry € (0.3670, @), it holds

F(Q) 0 %ﬁ:—%+ﬁ_l 0.406
= — > _ > 0.406.
A2 29(5) +1
(4). We are going to prove that Ay — A + %Rg < 0, that is,
.2
G(a,0) :== S_m2 b {g(a) + q + sin(26) + cos?(9)h (z - a) <Z
sin” « 2 2 2

Since %—g > 0, we have

G(0,a) < G(arcsin(0.45sin o), ) <  max  G(arcsin(0.45sin o), o) <

T
ag[X a(2)] 2

(5). We can write § in the following way:
() = %d(aﬁ) + Ro— 1,
where d has been defined in ([B0]). Observe that d is concave with respect to 6. Therefore
mind(f,a) = main{d(oz, arcsin(0.45sin a)), d(a, arcsin(v/2/2sin o))}
~ 1.4169.

On the other hand,
4 4
)\(Q) = ;Al == ;L(a,@),

e =o(56) - 524 (5 0)

~ cos2a
Now, it is easy to see that L is decreasing with respect to 6. Therefore L(c,6) < L(a,arcsin(0.45 sin «v)).
This implies that

where

4
A(2) < —max L(a, arcsin(0.45sin o)) ~ 0.7081.
T «

The estimates above on §(€2) and A\(Q2) entail F(£2) = ;52((99)) > 0.406. O

5. CONJECTURE ON THE OPTIMAL SET

In this section, we describe a set that we conjecture to be optimal for F. This conjecture would follow
from these two properties:

Conjecture 1. (i) The optimal set Qg is connected and has two perpendicular azes of symmetry.
(2) The optimal set has ezxactly two optimal balls By and By realizing the Fraenkel asymmetry.

Once these properties (which seem to be difficult) are proved, the problem becomes finite dimensional.
More precisely, the optimal set belongs to a class of sets named masks in [6] (see Figure [7). Three
parameters are sufficient to describe the family of masks M in competition. For that purpose, we will
use the C! regularity of the optimal domain which allows us to consider only C! competitors. Moreover
the volume constraint allows us to get rid of one of these parameters, leading to a simple unconstrained
optimization problem in two variables. We point out that the solution of this minimization problem is a
non convex domain Mg such that F(Mg) < infoec F(2) = 0.405585, where C be the class of planar convex
sets (see Theorem [I.2)).

We recall that by Proposition 1] statement (2), the boundary of the optimal domain is composed of
arcs of circle, the radius of each arc is the same in any connected component of the complementary of
the union of boundaries of the two optimal balls. This holds true since small variations of the boundary
far from the optimal balls do not change these balls (and then the Fraenkel asymmetry). Therefore,
the problem is locally equivalent to minimizing the perimeter with a volume constraint. Thanks to the
symmetry assumption, a mask is thus composed of 8 arcs of circle with three different radii.

Let us fix the notations (see Figure [7). We will explain later what are the parameters that we use to
completely describe the sets. We choose to work with sets of area 7 in an orthonormal frame centered at
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FIGURE 7. Parametrization of a mask M with «, @, xg

O. The two optimal (unit) balls By and Bs are respectively centered at P; = (x9,0) and P> = (—x,0).
By symmetry, it suffices to describe the boundary of M in {z > 0,y > 0}. In this quadrant, the boundary
is composed of three arcs of circle:

e an arc 7y, of center O; = (0,y;) and radius R; in the intersection of the two optimal balls,

e an arc 7y, of center Oy = (z2,y2) and radius Ry inside the ball By and outside the ball By,

e an arc 73 of center O3 = (z3,0) and radius R3 outside the two balls.
We also introduce the intersection points of the boundary of M with the boundary of the optimal balls in
the upper half-plane, A = (z4,y4) and B = (xg,yp) being in the first quadrant and A’ = (—z4,ya), B’ =
(—zp,yp) their symmetric with respect to the y axis:

OMNAB; = {B,A’} and OMNAdBy = {A,B'}.

Moreover, by Corollary these points have same height: y4 = yg. We finally introduce the angles
—> ?
o = (018,01 ) and 6 = (PlOg,Pl )

The C! regularity of OM implies that O, 4,0y and O, O3, B are on the same line. By elementary
trigonometric calculus the following relations hold:

Rlzcos‘H—xo’ Ry = ‘azo ’ Rgzsine,
sin « sin « cos &
0, = (0, cos(f - a). — 0 cos(a)) , Oy = (cos 0,sinf — xo‘cosa) , O3 = <:E0 + cos(a +6) 6)) ,
sin «v sin « cos(a

that is, all these quantities can be expressed in term of the three parameters «, 8, xg.
With all these formulae in hand, it becomes easy to compute the perimeter P(M) of M, its area A(M)
and its Fraenkel asymmetry A(M). More precisely we have:

(37) P(M) = 4<

and, by definition, (M) = P(M)/2r — 1,

a(rg+cosf) asinf  wsind
sin av cosae  2cosa )’

2 2 .92
(38) AM) =4 <w h(a) + xo(sin @ + h(a) cos 0) + cos O sin 6 + s1n2 0 h <g - a)) ,
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where h is defined in (@), and finally
4
(39) AM) =2—-— <2x0h(a) cos O + 6 4 cos fsin 6 — h(a) cos? 9) .
7r

Notice that the boundary of an optimal domain is composed by arcs of cercles whose radius changes
depending on the mutual position of OM and the boundary of an optimal ball. That is OM changes
curvature at the intersection points of the boundary with the optimal circle, and hence we do not need to
check that B; and By are indeed optimal balls. More precisely, we are now looking for the best domain,
namely the best parameters «,,zg for the ratio 6/A? with the constraint A(M) = 7. It turns out that
the area is a quadratic polynomial in z, therefore, the constraint A(M) = 7 allows us to eliminate the
variable xg, by expressing it as a function of 8, a. By construction, the three parameters must satisfy

ogagg, —xg+cosf >0 oz—l—@ﬁ%

the second inequality expresses the fact that the point A must be in the first quadrant and the third one
that the radius R3 < 1, otherwise the arc 3 would not be outside the ball B;. Thus the second inequality
just means that we will look for the root of the quadratic which is between 0 and cos 6.

Finally, the problem reduces to minimize the function of two variables J(a, ) := (P(M) — 27)/A?(M)
where P(M) and A(M) are defined respectively in (37) and ([B9) and zg is expressed by A(M) = 7 with
A(M) defined in (38). We just have to assume 0 < o, 0 < 0, a+60 < 5. We observe that in the configuration
where the sign of the curvatures inside the optimal balls is opposite, the parameters satisfy 0 < a < 7/2
and 0 <0 <.

A numerical computation provides the explicit values of the optimal parameters; Figure [[] has been
drawn by using such values. For the corresponding set the value of the functional F is approximately
0.3931. This entails that the optimal set for F cannot be convex by Theorem

Conjecture 2. The value of the optimal constant is ¢* = 2.5436249 and the set which saturates is the
“mask” My described above with the following values of the parameters:

a = 0.2686247, 6 = 0.5285017, z¢ = 0.3940769.
The value of F for the set My is 1/c¢* = 0.3931397.
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