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FACTORS OF TOEPLITZ FLOWS AND OTHER
ALMOST 1-1 EXTENSIONS OVER GROUP ROTATIONS

T. DowNAROWICZ, F. DURAND

December 18, 1998

ABSTRACT. If a flow has a symbolic extension then it also has a symbolic almost
1-1 extension. The factors of symbolic almost automorphic flows are characterized as
those almost automorphic flows which admit a symbolic extension. As an application,
we provide concrete examples of factors of Toeplitz flows, which are neither Toeplitz
flows nor odometers.

INTRODUCTION

From the topological point of view Toeplitz flows are characterized by the fol-

lowing three properties:

(a) being minimal,

(b) being almost 1-1 extensions of odometers,
(c) being symbolic.

The first and last property have been known since the time when Jacobs and
Keane started to investigate these flows ([J-K]). The property (b) was described
by Eberlein ([E]), one year later. Sufficiency of these three conditions has been
established in [M] (see [D-L] for another proof).

In this paper we provide a similar conjunction of three conditions which charac-
terizes all topological factors of Toeplitz flows. Namely, the conditions (a) and (b)
remain unchanged, while (c) has to be replaced by the condition of admitting any
symbolic extension.

The above is attained by applying two much more general theorems. The first one
concerns factors of arbitrary minimal almost 1-1 extensions over group rotations,
and it says that every such flow is itself an almost 1-1 extension over a group
rotation. This fact can be derived from the characterization of so called almost
automorphic points presented in [F]. In order to make this paper self-contained, we
provide a direct proof. The second theorem states that if a flow admits any symbolic
extension then it also admits an almost 1-1 such extension. Similar theorems about
replacing an arbitrary extension by an almost 1-1 extension have been known since a
long time (e.g. [F-W]), but a general statement concerning particularly the symbolic
extensions was missing. A symbolic version of the Furstenberg-Weiss theorem can
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2 T. DOWNAROWICZ, F. DURAND

be found in [D-L], alas, in that paper there are additional assumptions made on the
base flow, and these assumptions are relatively strong from the point of view of our
purposes (for instance being itself symbolic). Interestingly, the methods developed
in this note allow to completely skip these assumptions in [D-L] and thus generalize
stated there results.

At the end we provide a practical method of producing flows satisfying our three
conditions, and we give some examples exhibiting certain, perhaps unexpected,
topological properties.

This study has been provoked by the question raised in [G-J] whether there
exist totally disconnected factors of Toeplitz flows other than Toeplitz flows and
odometers, for which we would like to express our gratitude to the authors of the
above paper.

TERMINOLOGY

In order to avoid confusion, we point out certain aspects of the by us used
terminology.

For example, like many authors, we will use the word “flow” with respect to
what others call “cascades”, i.e., to the action of the group Z of the integers.
More specifically, a flow is a pair (X,T'), where X is a compact metric space and
T : X — X denotes a homeomorphism. Perhaps this is not the most apt choice,
but the name “Toeplitz flows” has been used in this context since a long time. The
other meaning of “flow”, i.e., the continuous action of R will not appear in this
note.

Another non-uniformly called object is an “odometer”. The frequently used
synonyms are “adding machine” or “p-adic integers”. In any case one has in mind
a compact monothetic infinite totally disconnected group G. It is customary to use
either of the first two names to denote the flow (G, R) on G, where R is the rotation
by a topological generator of G. The last name involves a parameter p, which in
the general case denotes an arbitrary sequence of integers, i.e., p = (p;)ten. Then
G equals to the inverse limit of the cyclic groups Z,,, where ¢ = pip2...p;. If
not clearly specified, the name p-adic integers may suggest that the sequence p;
is constant (or even equal to a prime number p) in which context it appears most
often. In this paper we will stick to the first option (as it is the shortest) and
indeed, we will always consider G along with its natural action by R.

We will often refer to “symbolic flows”, by which we shall understand what
others call “subshifts”, i.e., shift invariant closed subsets of % (the set ¥ called
“alphabet” is necessarily finite) along with the action induced by the left shift,
always denoted by S. It is well known that such flows are characterized in purely
topological categories as expansive actions on totally disconnected spaces. The shift
transformation S has well defined meaning also in the case where ¥ is infinite, but
then we no longer deal with a symbolic flow, and we will avoid using the letter
Y in this context. When talking about a symbolic flow (X,S), we will be using
such phrases as “the block b of length k appears in © € X (starting) at position
(coordinate) n”. This specifies that z[n,n + k) = b, where b = b[0, k) € Z*.

For the purposes of this paper we will need neither the formal definition of an
odometer nor that of a Toeplitz flow. It suffices to know that the first one is a
minimal equicontinuous flow, and that the second is characterized by the three
conditions stated at the beginning of this article. For the original definition we
refer the reader to any paper where Toeplitz flows appear in the title.
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Let (Z,T) and (Y,U) be two flows. We say that (Y,U) is an “extension” of
(Z,T), or equivalently that (Z,T) is a “factor” of (Y, U) if there exists a continuous
surjection 7 : Y — Z such that 71U = T'w. The last condition is usually pronounced
as m “preserves the action”. If an extension is given then by “fibers” we will mean
preimages (by 7) of single points.

An extension is called “almost 1-1” if the set of points having one-point preimages
is residual (contains a dense Gy) in Z. In the minimal case it suffices to verify that
a one-point fiber exists.

The flows which are minimal almost 1-1 extension of group rotations have been
studied under the name “almost automorphic flows” ([M], [M-P], [F]). We will also
use this name from time to time.

FACTORS OF ALMOST AUTOMORPHIC FLOWS

Theorem 1. ([F], Theorem 9.13 and Proposition 9.9) Let (G, R) be a rotation of
a compact monothetic group, and let (X,T) be a minimal almost 1-1 extension of
(G, R) via a map ©. Further, let (Y,S) be an arbitrary factor of (X,T) via a map
¢. Then there exists a factor (H,R) of (G, R) (via some map ) such that (Y, S) is
an almost 1-1 extension of (H,R) (via some map p). The corresponding diagram
commutes:

Proof. Recall that the Ellis semigroup E(X,T) of the flow (X,T) consists of all
(not necessarily continuous) maps obtained as pointwise limits of the iterates of T'.
Minimality is equivalent to the condition that for any pair of points z,z’ € X there
exists a 7 € E(X,T) with 7(z) = 2'. For our monothetic group rotation, E(G, R)
consists of all rotations by the elements of G. If ¢ : (X, T) — (Y, S) is a factor map,
then for every o € E(Y,S) there exists a 7 € E(X,T) such that ¢7 = 0¢. We then
say that 7 is a lift of 0. Conversely, every 7 € E(X,T) is a lift of a ¢ € E(Y,S).
Such ¢ is unique for 7 and we call it the projection of 7. It is straightforward that
if 7 is a lift of 0 and y € Y then 76~ (y) C ¢~ ' (y).
For each y € Y we denote

Hy =m¢"'(y).

Clearly (Hy)yey is a cover of G by closed sets. We claim that for any two such sets
H,, H, there exists a g € G such that Hy, = gH,. Indeed, let ¢ € E(Y,S) be such
that o(y) = ¢/, let 7 be a lift of & and let the rotation by g; € G be the projection
of 7. Then

Hy =719~ 'a(y) D nrd ™ (y) = ume™ ' (y) = g1 H,y.
By a symmetric argument, H, D goH, for some g» € G. Finally,
Hy D ggHyl D ggngy.
By compactness of G, we have equalities, hence g = g».

Next we show that two such sets Hy, H, are either disjoint or equal. Suppose
that there is a ¢ € H, N Hy . Fix a point e € G with a one-point fiber 77*(e), Let
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7 € E(X,T) be alift of the rotation by eg~! and let o € E(Y, S) be the projection
of 7. We have

eceg ' (Hy) =nrd~ ' (y) C o~ 'a(y),

and analogously for y’. Thus m~!(e) intersects both ¢~'o(y) and ¢~1o(y'). But
since it is a one-point fiber, the last two sets (being non-disjoint preimages of points)
must be equal. Passing to the image by m we obtain

Ho(y) = Ho(y)-
We have proved that
eg_l(Hy) C H,y) = H,(y) D eg_l(Hy:).

Since these are all rotations of the same set, we have equalities.

It now follows that the sets H, form a quotient group H of G. (This H, which
contains the unity of G is easily seen to be a closed subgroup.) Thus (H, R) (where
R denotes the rotation induced on H by R) is a topological factor of (G, R). We
skip the standard argument showing that the map p : Y — H defined by p(y) = H,
is continuous and that the corresponding diagram commutes. The last thing we
need is that p provides an almost 1-1 extension. To this end, by minimality, it
suffices to find a one-point fiber of ¢. Consider a point y for which e € H, = p(y).
Then 7~ 1(e) € ¢~ (y), which determines y as a unique such point. O

SYMBOLIC ALMOST 1-1 EXTENSIONS

Denote by A the class of all almost automorphic flows. We are especially inter-
ested in characterizing the class FSA of all flows which can be obtained as factors of
symbolic flows from A. From Theorem 1 it follows that (including finite flows) every
such flow is again in A. Let FS denote the class of all minimal flows which admit
a symbolic extension, and FS', those which admit a minimal almost 1-1 symbolic
extension. Since a composition of almost 1-1 extensions is an almost 1-1 extension,
we have ANFS' € FSA C ANFS. There are no immediate reasons why could
we reverse at least one of the above inclusions. The following theorem solves the
problem, by showing that FS = FS'.

Note that if a minimal flow admits an extension with certain properties (such
as being almost 1-1 or symbolic), then it also admits a minimal extension with the
same properties (namely a minimal subset of the extension), thus in the assertion
of our theorem we can skip minimality of the extensions of minimal flows.

Theorem 2. Let (Z,T) be a minimal flow and (X,S) a symbolic extension of
(Z,T). Then there exists a symbolic almost 1-1 extension (Y,S) of (Z,T).

Proof. We employ a modified version of the method used in [D-L] where an al-
most 1-1 extension of a minimal flow (Z,T) is constructed from an arbitrary ex-
tension with some additional conditions on (Z,T) (one possible condition was that
(Z,T) is symbolic). Applying an idea, due to Y. Lacroix, of marking the return
times of trajectories to certain open sets we introduce a symbolic “almost factor”
(Z,S) of (Z,T) through which we are now able to generalize the technic of [D-L].
The main difference is that, unlike in [D-L], there is no immediate way of defining
the factor map from Y to Z. Most of the difficulty of the proof arises from the
necessity of such assignment.
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On the other hand, we have simplified slightly the construction by skipping the
technical details responsible for minimality of the flow (Y].S). We do not need to
care about minimality, because, as mentioned before, any minimal subset of (Y, S)
is again an almost 1-1 extension of (Z,T).

Denote by 7 the factor map from X to Z. Let (Uy);en be a decreasing sequence
of open sets with a one-point intersection zg € Z. Since the theorem holds trivially
in finite spaces, we are assuming that there are no isolated point in Z, and that
the sets U; essentially decrease. For each z € Z we produce a 0-1-sequence Z which
will mark the return times of the trajectory of z to the sets U;. This sequence will
be constructed inductively.

Initially Z consists entirely of zeros. Next we place the symbol 1 at the positions
corresponding to the integer moments when the trajectory of z visits U;. By choos-
ing U; small enough, we can assume that consecutive 1’s are separated by at least
two zeros. The blocks of the form 1000...0 we call Uy -blocks of type 0. Later we will
also use similar blocks of the form 1111...10 which we will call U;-blocks of type 1.
Note that in any concatenation of U;-blocks (of both types) we can determine the
breaking points by locating the pairs 01. Every U;-blocks of type 0 can be promoted
to a block of type 1 by replacing all but last of its zeros by ones. At this stage Z
consists entirely (as a concatenation) of U;-blocks of type 0, for example:

0 0 0 0 0 0 0 0 0 0 0 0
P T i i S U U e A U A u—
z =...1000100000 100 10000 100 1000 100000 1000 10000 1000 1000 100000. . .

Next, we observe the integer moments when the trajectory of z visits Us. Since
U, C Ui, these integers meet some of the previously inserted in Z symbols 1, i.e.,
the first positions in certain U;-blocks of type 0. We now promote these U;-blocks
to Up-blocks of type 1. After this step Z is a concatenation of U;-blocks of both
types, as in the example below:

1 0 0 0 1 0 0 1 0 0 o

0
Pty wvbuolatolavol iV abulmubuny ot auintabutraduy auum
Z =...1110100000 100 10000 110 1000 100000 111010000 1000 1000 100000.. .

As noticed before, the above decomposition is uniquely determined.

Again, we can assume that consequential U;-blocks of type 1 are separated by
at least two Uj-blocks of type 0. We call Us-blocks of type 0 the concatenations
of U;-blocks where the structure of types is 1000...0. Analogously, the structure of
types of U;-blocks in a Us-block of type 1 is 1111...10. Each Uz-blocks of type 0 can
be promoted to a Us-blocks of type 1 by promoting all but last of its component
Ui-blocks of type 0. By the same argument as before, in any concatenation of
Us-blocks we can determine the breaking points by analyzing the sequence of types
of the component U;-blocks. At this stage Z consists entirely of Us-blocks of type 0.
In our example this partition looks as follows:

0 0

A A
N/~ /7~

0
- 1 0 0 0 1 0 0 1 0 0 0 0 B
SN AN AN AN A S AN AN A SN AN

Z =...1110100000 100 10000 110 1000 100000 111010000 1000 1000 100000.. .

—_

Next we mark the return times of z to Uz by promoting certain Uz-blocks in
appropriate places, for example:

> —
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And so on. We omit the formal description of the obvious induction. In each
step t + 1 we promote certain U;-blocks of type 0 to mark the return times to
Uiy1. Promoting a Ug-block consists in promoting all but last of its component
U;—1-blocks of type 0, (hence it is recursively defined).

In the limit (which clearly exists, because we never replace ones by zeros) we
obtain a 0-1-sequence Z having the following properties:

(-) for each ¢, Z is a concatenation of U;-blocks,

(+) each Uz-block consists of at least three U;_;-blocks, the first of type 1, the last
of type 0,

() the partition of Z into Us-blocks is unique,

(+) the starting positions of the component U;-blocks coincide with the return times
of z to the set Us;.

If a Us-block consists of n U;—1-blocks, then the one whose index is 5 or "T“ will be
referred to as the central U;—q-block. The central position of a U-block is defined
recursively as the central position in its central component U;_;-block.

The closure Z C {0,1}% of the collection of all so obtained sequences  is shift
invariant, but it is not a factor of (Z,T). The map z — Z fails to be continuous at
points whose trajectories visit the boundaries of the sets U;. Neither is in general
(Z,8) an extension of (Z,T). (In cases where it is, we can end the prove here,
because then this extension is almost 1-1. Alas, this happens only in very restricted
cases, e.g., if (Z,T) is equicontinuous). Nevertheless, Z will play an important role
in our construction.

From now on, by U;-blocks (of both types), we shall understand only those
Us-blocks which do appear in Z.

We will treat the sets U; differently for even and odd indices t. Therefore we
will change slightly our notation. Namely we assume that we have two sequences
U; and V; (Uy D Vi D Upya,t € N). Accordingly, we will speak about U;-blocks and
Vi-blocks. We need to be more specific about the choice of the sets U; and V;. Fix
a summable sq (). For each given ¢t we pick U; of diameter smaller than €;. Then,
by minimality, there exists a positive integer p; for which

(1) U, T(Uy) ..., TP (U,) is a cover of Z,

and at the same time such that for each pair of points 1,22 € X

(2) z1[—pe, pt] = T2[—pt, pt]) = dist(n(z1),7(22)) < €.

The choice of V; is even more sophisticated: Consider the family of sets consisting
of T=P(U,) ..., TP (U,) with s < t, and T7P(V,) ..., TP (V,) with s < t, and let
V; be the finest partition of U; generated by the intersections of these sets and their

complements. At least one of the elements of V; has nonempty interior. We decide
to choose V; so that

(3) V; is contained in the interior of a set from V.

and

(4) T=Pt(V}) ..., TP (V;) have diameters smaller than ¢,
By choosing V; sufficiently small we can assume that

(5) the sets Vi, T(V;) ..., T4Pe+3)Pe (V) are pairwise disjoint.
By (1), all U;-blocks are not longer than p;, by (5), all V;-blocks are not shorter
than (4p; + 3)p:, hence

(6) each V;-block consists of at least 4p; + 3 Uy-blocks.
From the condition (3) it can be derived that
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(7) all V;-blocks have the same first component U;-block, and all V;-blocks have the
same last component U;-block.

Denote by ¥ the alphabet of X. Asin [D-L], we treat each € X as the top row,
and we add two more rows below: the middle row temporarily entirely filled with
empty cells (later in this row we will insert also letters from ¥), and the bottom
row, where we place the sequence Z, with z = mw(z). This produces a sequence &
over the finite alphabet ¥ = ¥ x (SU{O}) x {0,1} (the letters of this alphabet can
be viewed as columns of height 3). The set of so obtained elements {Z : x € X} is
easily seen to be shift invariant. We denote by X the closure of the above set in %7%.
Clearly, (X, S) is a symbolic extension of (X,T) (by the projection onto the top
row), hence also of (Z,T). We denote by 7 the factor map from (X, S) to (Z,T).

Note that since we have taken the closure and since z — Z is not continuous,
it is no longer true that the bottom row of an arbitrary # € X coincides with 2,
where z = #(&). However, since the above does hold on a dense subset of X, it is
true that for any & € X the bottom row is an element of Z, and, if r is the starting
position of a V;-block in the bottom row of Z, then

(8) #(z) € T7"(Vp),
while in the remaining cases

(9) 7(2) ¢ T~"(VA)-

By t-wagons we shall mean these blocks over the alphabet ¥ which have a
Ui-block in its bottom row. Analogously, by t-trains we shall mean these blocks
which have a V;-block in its bottom row. Rereading (6), we obtain that

(6’) each t-train is a concatenation of at least 4p; + 3 t-wagons.

We call the first and last wagons in each train the locomotive and the caboose,
respectively. The condition (7) now means that

(7°) all t-locomotives have identical bottom row, all t-cabooses have identical bottom
rOw.

By (1),
(1’) the length l; of the t-locomotives and t-cabooses is at most p;.

By original t-trains we shall understand these t-trains which do appear in X.

Consider two points Z;,%s € X having the same original ¢-train covering the
zero coordinate. If the zero coordinate falls at least p; positions away from the
ends of this t-train, then (2) applies to the top rows of Z; and Z2. By the definition
of T we obtain that

(10) dlSt(’fl’(i’l),’fT(fg)) < €.

In the remaining case we can apply (8) for some r (—p; < r < p;), hence by (4) we
conclude that (10) holds as well.

We will now inductively define a sequence of codes ¢; transforming the original
t-trains into so called regular t-trains, preserving their length and the bottom row.
We let ¢g be the identity.

Suppose that after step t we have changed all ¢-trains of X into regular t-trains
by a 1-1 transformation, which does not alter the bottom row. Moreover, we assume
that the central cell in the middle row of every ¢-train remains empty.

The code ¢4 is defined on X as a composition of ¢; with a code defined
on qbt(X' ), whose construction is as follows: We start by selecting one original
(t+1)-locomotive A;; and one original (t+1)-caboose By11. Then ¢;(As11) and
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¢+ (Biy1) are well defined (A¢41 and By like all (t+1)-wagons are concatenation of
some number of ¢-trains, hence their images by ¢; are defined as the corresponding
concatenations of the images of the component ¢-trains), and they are locomotive
and caboose appearing in ¢,(X). We transform all the (t+1)-trains by applying to
each of them the following two modifications:

(A) We remove all symbols from the top and middle row of the locomotive and
place them (preserving the order) in the central cells of the consequent 2l; wagons.
Similarly, we remove all symbols from the top and middle row of the caboose and
place them (preserving the order) in the central cells of the preceding 2I; wagons.
By (1’) and (6’), there is enough wagons in each (t+1)-train, moreover the central
wagon will not be used, hence its central cell will remain empty.

(B) We replace the locomotive by ¢:(A:+1) and the caboose by ¢¢(Biy1).

Note, that by (7’), the above code does not alter the bottom row. So defined
¢141 is a 1-1 correspondence between original (t+1)-trains and the newly obtained
(t+1)-trains, which we now call regular. During the modifications (A) and (B)
each component (regular) t-train of the (t+1)-train can be either left unaffected
or replaced by another regular ¢-train (modification (B)), or it can happen that
a letter will be inserted into its central cell (modification (A)). A t-train differing
from a regular one in having the central cell occupied will be called an irregular
t-train. In this notation, every regular (t+1)-train is a concatenation of regular
and irregular ¢-trains. Every such train has the “standard” locomotive and caboose
¢¢(A41) and ¢y (Byy1).

Later we shall be also using a reversed procedure. A given regular t¢-train can
be t-decoded, i.e. replaced by its (unique) preimage by the t-code. Moreover, we
can also t-decode an irregular ¢-train simply disregarding the letter occupying its
central cell. For instance, we can t-decode a regular (or irregular) (¢+1)-train by
t-decoding all its component t-trains. Comparing the t-decoded (t+1)-train with
the original ((¢+1)-decoded) (¢+1)-train we can see that the differences result
from not applying the reversed modifications (A) and (B), hence the t-decoded
(t+1)-train differs from the original (¢+1)-train only in having different locomotive
and caboose (in the first case we have t-decoded the component t-trains of ¢ (A1)
and ¢¢(Byy1), hence the locomotive and caboose of the t-decoded (t+1)-train are
A¢rq1 and Biyq, respectively, while in the second case the “standard” locomotive
and caboose have been removed and the original locomotive and caboose have been
recovered from the central cells of the wagons — these cells have been ignored in the
first case).

As easily seen, ¢, converge pointwise to an invertible and action preserving map
¢ on X' C X, defined as the set of such points that every coordinate falls into at
most finitely locomotives and cabooses (i.e., for finitely many indices ¢). Namely,
for such points every position can be affected by at most finitely many modifications
(B); the modifications (A) never change a position more than once. The set X' is
obviously shift invariant. It is also nonempty: note that there exists a point such
that for every t the zero coordinate falls in the central wagon of a t-train. (In fact,
X' is residual, moreover, it has full measure for every invariant measure on X; this
follows easily from the fact that (p;) grows to co.) For us it is essential that X' is

dense in X. We let Y = ¢(X'). By approximation, the bottom row of every y € ¥
is an element of Z, and for each ¢t € N, y is a concatenation of regular and irregular
t-trains.

We are in a position to define the factor map p : Y — Z. For this we want to
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be able, for any y € Y, to locate p(y) in Z up to € accuracy knowing only the
t-train of y € Y which covers the coordinate 0. More precisely, we will assign a
point z, € Z to every t-train ¢ = ¢[0, k] of Y. We will also make sure that the above
assignments converge, i.e., we will assure that if d = d[0,!] is a (t+1)-train of ¥ in
which ¢ appears, say, d[r,r + k] = ¢, then for each n, 0 < n < k we have

(11) dist(T™" (24), T™(2.)) < 2€;.
Once this is done, we define the map p by the formula

ply) = im T™ (z,),

where, for each t, y[—n¢, ks —n¢] = ¢; is a t-train (the ¢-train covering the coordinate
0 in y). Continuity of such map follows immediately from summability of the
sequence €;. Later we will also check that Tp = pS. We proceed with the assignment
as follows:

For each (regular or irregular) t-train ¢ of Y we denote by ¢;*(c) the original
t-train obtained from ¢ by t-decoding. Then we select one point &. in which ¢; *(c)
appears at the coordinate 0, and we let z. = #(&.). It remains to check the
convergence condition. Let d be a (t+1)-train in which ¢ appears, d[r,r + k] = c.
We consider separately two cases:

(a) ¢ falls neither into the locomotive nor caboose of d.

Then ¢; '(c) appears in ¢;, _1_11 (d) at the same position r. Thus z. and T"(z4) are
images by 7 of two points #. and S”(#4) having the same t-train ¢; '(c) starting
at zero. The application of (10) to S™(&.) and S™"(Z4) (0 < n < k) yields (11),
hence ends this case.

(b) ¢ falls into either the locomotive or caboose of d.

We proceed for the case of a locomotive. Since d has the “standard” locomotive
b:(Aiy1), ¢7 (c) is part of A;, 1 and it may not appear at the appropriate position
r in ¢, +11(d), where the original locomotive is restored by (¢+1)-decoding. But
A4 is also an original locomotive, so there exists a point &y € X which has this
locomotive at the position —r. Then ¢; *(c) appears in Z, starting at zero, hence
we can apply (10) to the pair Z. and Zy. Denoting 29 = 7(Zo), we obtain

(12) dist(T™(2c), T™(20)) < & for 0 <n < k.

On the other hand, both &y and S"(Z4) have a (¢t+1)-locomotive at position —r.
Shifting each of them by n and applying (8), we obtain T"(z) € T™(V;), and
Tt (z4) € T™(V;). For 0 < n < py, the application of (4) yields that

(13) dist(T™(20),T™"(24)) < €.

Combining (12) and (13) we obtain (11), and the convergence condition is verified.

It follows immediately from the definition of p that the condition 7'p = pS holds
at such points of Y that the zero coordinate is not the last one in a t-train for
infinitely many indices ¢. But such points are dense in Y, hence, by continuity, p
preserves the action.

Finally, we need to show that the map p provides an almost 1-1 extension, by
finding an element of Z with a one-point preimage. It is easy to see that the
point zo (the intersection of the sequence (1)) satisfies this condition; by (9), and
because zp is in the interior of each V;, each point in the preimage must have a
t-train starting at zero in the bottom row. But there is only one such point in Y,
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namely the one which has the “standard” locomotives extending to the right, and
the “standard” cabooses extending to the left from the zero coordinate. O

Remark. Using the above construction we can completely omit the assumptions
made in [D-L] on the minimal flow (Z,T). The proofs of all theorems there can
be adapted accordingly. The full strength version is stated below. By a Borel*
isomorphism between two flows (X,T) and (Y,T) we shall understand a Borel
measurable invertible and action preserving map ¢ : X’ — Y’ between sets X' C X
and Y’ C Y, both of mass 1 for any invariant measure on the respective space,
such that the adjacent map between the sets of invariant measures is an affine
homeomorphism for the weak* topology.

Theorem 3. (cf. [F-W] and [D-L]) Let (X,T) be an arbitrary extension of a mini-
mal non-periodic dynamical system (Z,T) (we denote the corresponding factor map
by wx). Then (X,T) is Borel* isomorphic (via a map denoted by ¢) to some
minimal dynamical system (Y,T) which is a topological almost 1-1 extension of
(Z,T) (we denote the corresponding factor map by wy ), and the following diagram
commutes:

X &y
TN Uy
7z

If (X,T) is a subshift over an alphabet X then (Y, T) can be obtained also in a form
of a subshift over the same alphabet . O

EXAMPLES OF FACTORS OF TOEPLITZ FLOWS

The facts proved in the sections 1 and 2 applied to odometers, and the well
known fact that a factor of an odometer is again an odometer, give the following
characterization of flows which are factors of Toeplitz flows:

Theorem 4. A dynamical system (X,T) is a factor of a Toeplitz flow if and only
if it satisfies the following three conditions

(a) (X, T) is minimal,

(b) (X,T) is almost 1-1 extension of an odometer,

(c) (X,T) has a symbolic extension. O

We will give soon a practical condition equivalent to the conjunction of (a) and
(b). But first we need to recall one of the standard methods of producing almost
automorphic flows (cf. [M], [D-I] and [D]). Let G be a compact monothetic group.
We can view G as a compactification of Z (by identifying the multiples of the
topological generator with the integer coefficients). Let K be some compact space
and let f : G — K be a function whose restriction to Z is continuous in the topology
inherited from G. Finally, we let (X, S) be the shift orbit closure of (f(n))nez in
K”. In order to have (X;,S) an extension of (G, R) we need one more condition:
For g € G we let F' denote the closure of the graph of f|Z in G x K. For each g € G
let Fy = {k € K :(9,k) € F}. Note, that for every n € Z we have F,, = {f(n)}.
We say that f is invariant under the rotation by h (h € G), if Fyy, = F, for every
g € G. If the above fails for any h € G then we say that f is invariant under no
rotations.
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Theorem 5. Let (G, R) be a minimal rotation of a compact monothetic group, and
let (X,T) be a dynamical system. Then (X,T) is a minimal almost 1-1 extension
of (G, R) if and only if it is topologically isomorphic to a flow (Xy,S) (as defined
above), where f is invariant under no rotations.

Proof. First consider the flow (X, S). By definition, for every its point & there
exists a sequence my such that xz(n) = limg f(n + ng) for each n € Z. Then
x(n) € F,4n for each n if h is a cluster point in G of the sequence (ng). As not
hard to see, for every such h the pairs (n + h,z(n)) (n € Z) are dense in F. But
F' is invariant under no rotation, hence h is uniquely determined for every x. We
omit the standard verification that the map = — h is continuous and preserves the
action. It is also clear, that the integer 0 € G is assigned to f and to no other
element of X;. Thus (Xy,S) is an almost 1-1 extension of (G, R). Minimality of
(X, S) is now immediate, because every invariant subset of X; must contain at
least one point in the preimage of 0, i.e., f, and hence its entire orbit closure, i.e.,
Xry.

For the converse, suppose that (X,T') is an almost 1-1 extension of (G, R) via
a map m. We can also assume (by rotating if necessary the group G) that 1 (the
unity of G) has a one-point preimage by 7. Then we simply let K = X and we
choose f(g) to be any selector from 7= (n). It is well known that the inverse to a
continuous map between compact sets is continuous on the set of points having one-
point preimages, hence f is continuous on Z. The topological isomorphism between
(X¢,S) and (X, T) is provided by the projection onto the coordinate 0. [

The condition (c) of Theorem 4 is by itself an interesting subject of investigation.
Mike Boyle has an example of a finite entropy system which doesn’t have this
property ([B]). Very likely, using a method of producing minimal flows based on
the construction by S. Williams ([W]), one could obtain a minimal such example.
On the other hand, it is known ([B]) that any zero entropy system has a symbolic
extension. In the following examples we avoid problems with the condition (c¢) by
using only zero entropy flows.

If the function f appearing in the definition of (X, S) has the property that
F' assumes one-point values on a full measure set in G then 7 is 1-1 on a full
measure set, hence (X, S) is strictly ergodic and measure theoretically isomorphic
to (G, R), and thus has topological entropy zero.

Using the above methods we will now provide examples of minimal zero entropy
almost 1-1 extension of adding machines, i.e., by Theorem 4, flows which are factors
of Toeplitz flows.

Let G denote an odometer group.

Example 1. Consider f : G — I, where I = [—1, 1], having a unique discontinuity
point go € G'\ Z, and such that Fy, = I (i.e., behaving at go like the function sin 1
at zero). The flow (X, S) has all required properties. The fibers 77!(g) are either
singletons or intervals. This provides an example of a non-totally disconnected
factor of a Toeplitz flow.

The following example provides a complete answer to the questions concerning
possible factors of Toeplitz flows raised in [G-J].

Example 2. We can construct a function as above, with I replaced by the classical
Cantor set C. This time we obtain of a totally disconnected factor of a Toeplitz
flow.
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Observe the points from the fiber 77!(go). These are sequences differing only
at the position zero, where all values from C' can be assumed. Thus we can index
them by these values: m=1(go) = {@. : ¢ € C}. It is now seen that the flow is not
expansive, because the points S™(z.), S™(z!) are close to each-other at all times
n € Z for close values of ¢ and ¢’. Thus (X, S) is not symbolic, in particular it is
not a Toeplitz flow. Clearly, this flow is not an odometer, because no odometer is
a non-isomorphic almost 1-1 extension of another. Our flow is not even a minimal
subset of a product of a Toeplitz flow with an odometer. Such products are no
longer expansive, nevertheless, two different points from the same fiber project to
two different points in the component Toeplitz flow, hence they cannot behave as
x. and z.

From the above discussion on expansiveness it follows immediately, that (X, S)
is itself a Toeplitz flow if and only if all sets F,, are finite with a common upper
bound on the number of elements, i.e., when f is topologically equivalent to a func-
tion assuming finitely many values. The products of Toeplitz flows and odometers
cannot be represented as (Xy,S) where f has but one discontinuity along some
orbit.

Finally, we can also easily produce flows with large variety of fibers.

Example 3. Let (K,).en be any countable family of compact metric spaces rep-
resented as subsets of the Hilbert cube K. Let f, be the function on G which
has only one discontinuity at a point g, € G \ Z, and such that F, = K, (here
F denotes the appropriate set for f,). We also assume that the points g, have
pairwise disjoint orbits. Then we define f : G — K as f = Eng—ﬁ (addition is
defined coordinatewise in the Hilbert cube). This function has discontinuities only
at the points g,, hence it satisfies all requirements of the construction of (Xy, S).
It is seen that 7~'(g,) is homeomorphic to K,, i.e., that (X, S) has the designed
fibers.
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