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AN INVERSE STABILITY RESULT FOR NON COMPACTLY SUPPORTED POTENTIALS BY
ONE ARBITRARY LATERAL NEUMANN OBSERVATION

M. BELLASSOUED, Y. KIAN, AND E. SOCCORSI

ABSTRACT. In this paper we investigate the inverse problem of determining the time independent scalar po-
tential of the dynamic Schrodinger equation in an infinite cylindrical domain, from partial measurement of the
solution on the boundary. Namely, if the potential is known in a neighborhood of the boundary of the spatial
domain, we prove that it can be logarithmic stably determined in the whole waveguide from a single observation
of the solution on any arbitrary strip-shaped subset of the boundary.

1. INTRODUCTION

In the present paper we seek global stability in the inverse problem of determining the (non necessarily
compactly supported) zero-th order term (the so called electric potential) of the dynamical Schrodinger
equation in an infinite cylindrical domain, from a single lateral observation of the solution over the entire
time span. But in contrast to [30], where the measurement is performed on a sub-boundary fulfilling the
geometric control property expressed by Bardos, Lebeau and Rauch in [3], we allow in this paper that the
Neumann data be taken on any infinitely extended strip-like subset of the lateral boundary, with positive
Lebesgue measure.

1.1. Inverse problem. Let us make this statement a little bit more precise. We stick with the notations of
[30]. Namely, w is an open connected bounded domain in R"»=1 n > 3, with smooth boundary dw, and we
consider the infinite straight cylinder €2 := w x R, in R", with cross section w. Its boundary is denoted by
I''=0wxR. GivenT > 0,p: Q2 — Rand ug : 2 — R, we consider the Schrodinger equation,

—i0wu(x,t) — Au(z,t) + p(z)u(x,t) =0, (z,t) € Q x (0,7T), (1.1)
associated with the initial data v,
u(z,0) = up(z), € Q, (1.2)
and the homogeneous Dirichlet boundary condition,
u(x,t) =0, (x,t) € I' x (0,7). (1.3)

For suitable (real-valued) ug and p, and under appropriate compatibility conditions on these two functions,
we denote by wu,, the unique C°([0, 7], H'(£2))-solution to the initial boundary value problem (abbreviated as
IBVP in the sequel) (1.1)—(1.3). Given an arbitrary relatively open subset S, of dw, with positive Lebesgue
measure, we aim for determining the unknown potential p = p(x) from one Neumann observation of
the function u, on X, = I', X (0,T), where ', := S, x R is an infinitely extended strip designed on
the boundary I' of the waveguide 2. We refer to [29, Section 1] for both the relevance and the physical
interpretation of the system modeled by (1.1)—(1.3) and the related inverse problem.

The uniqueness issue in the inverse problem examined in this paper is to know whether any two admissible
potentials p;, j = 1,2, are equal, i.e. p1(z) = pa(x) for a.e. x € €, if their observation data coincide, that
is if the following identity holds true:

Opp, (z,t) = Oyup, (2, 1), (x,t) € .
1
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Here v = v(z), x € T, denotes as usual the unit outward normal vector to I" and J,u = Vu - v stands
for the normal derivative of u. We shall give a positive answer to this question provided the two unknown
functions p; and py coincide in a neighborhood of the boundary I'. This extra information imposed on the
unknown zero-th order coefficient of (1.1) near I' is technically restrictive, but it is acceptable from a strict
practical viewpoint upon admitting that the electric potential can be measured from outside the domain €2 in
the vicinity of the boundary.

Actually, the above mentioned uniqueness result follows from a stronger statement claiming logarithmic
stability in the determination of the potential p from the observation of J,u, on .. This amount to saying
that [|[p2 — p1||z2(q) can be bounded from above in terms of (the logarithm of) a suitable norm of the trace
of the function d,uy, — O, up, on .. Such stability estimates play a key role in the analysis of ill-posed
inverse problems (in the classical sense of [36]), by suggesting regularization parameters and indicating the
rate of convergence of the regularized solutions to the exact one.

The main achievement of this paper is that the Neumann data used in this stability estimate can be mea-
sured on any arbitrary unbounded strip-shaped subset I, = S, X R of the whole boundary I'. The key idea of
the proof is to combine the analysis carried out in [5, 22], which is based on a Carleman estimate specifically
designed for the system under consideration, with the Fourier-Bros-Iagolnitzer (abbreviated as FBI in the
following) transformation used by Robbiano for sharp unique continuation in [45] (see also [38, 42]). Indeed
we take advantage of the fact that the FBI transform of the (time derivative of the) solution to (1.1) satisfies
a parabolic equation in the vicinity of the boundary I" in order to apply a Carleman parabolic estimate where
no geometric condition is imposed on the control domain.

1.2. Existing papers. There is a wide mathematical literature on uniqueness and stability issues in inverse
coefficients problems of partial differential equations, see e.g. [6, 10, 22, 43] and the references therein.
However, most of the known results on these two problems require that the corresponding Dirichlet or
Neumann data be at least measured on a sufficiently large part I'y of the boundary I' of the spatial domain
under consideration, if not on the whole boundary itself.

On the other hand, when I'y = {x €T, (x — z¢).rv(x) > 0}, where zg denotes a fixed point in the
complement set of ), is the sub-boundary suggested by the geometric optics condition for the observabil-
ity derived by Bardos, Lebeau and Rauch in [3], Baudouin and Puel [4] proved uniqueness and Lipschitz
stability in the inverse problem of determining the electric potential of the Schrédinger equation from the
observation of one Neumann data on I'y. In the present paper we claim logarithmic stability for arbitrarily
small boundary parts I'y = I', which do no necessarily comply with the geometric condition of Bardos,
Lebeau and Rauch. Nevertheless this is at the expense of a stronger assumption on the potential, which is
assumed to be known in a neighborhood of I'.

In the framework this paper, we are dealing with a single observation of the solution. Uniqueness re-
sults for multidimensional inverse problems from a single observation of the solution were first derived by
Bukhgeim and Klibanov [14] or Yamamoto [50] when I'y = I', by means of suitable Carleman estimates.
For the analysis of inverse coefficients problems with a finite number of observations, based on Carleman es-
timates, we also refer to, Bellassoued [5, 6], Bellassoued, Imanuvilov and Yamamoto [11], Bellassoued and
Yamamoto [9, 10], Bukhgeim [12], Bukhgeim, Cheng, Isakov and Yamamoto [13], Choulli and Yamamoto
[16, 17], Imanuvilov and Yamamoto [22, 23, 24], Isakov [25], Isakov and Yamamoto [26], Khaidarov [31],
Klibanov [32], Klibanov and Yamamoto [35], Puel and Yamamoto [43], and Yamamoto [50].

The stability issue in the inverse problem of determining the time-independent electric potential in the
dynamic Schrodinger equation from a single boundary measurement was treated by Baudouin and Puel in
[4] and by Mercado, Osses and Rosier in [40]. In these two papers the Neumann data is observed on a
sub-boundary satisfying the geometric control condition of Bardos, Lebeau and Rauch. This condition was
relaxed in [7] under the assumption that the potential is known near the boundary.
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As for inverse problems for the non-stationary Schrédinger equation by infinitely many boundary obser-
vations (i.e. the Dirichlet-to-Neumann map, abbreviated as DN map in the sequel), we refer to e.g. Avdonin
et al. [2], where the real valued electric potential is retrieved from the partial knowledge of the DN map (the
observation of the Neumann data is performed on a sub-part of I).

In all the above mentioned papers the Schrodinger equation is defined in a bounded spatial domain. In
the present work we rather investigate the problem of determining the scalar potential of the Schrodinger
equation in an infinite cylindrical domain. Actually, there are only a few mathematical papers dealing with
inverse coefficient problems in an unbounded domain. In [39], Li and Uhlmann proved uniqueness in the
determination of the compactly supported electric potential in an inifinite slab from partial DN map. In
[29], the compactly supported potential of the Schrodinger equation defined in an unbounded waveguide
was Lipschitz stably retrieved from one measurement of the solution on a sub-boundary fulfilling the geo-
metric control property of Bardos, Lebeau and Rauch. This result was extended to non compactly supported
potentials in [30], but Lipschitz stability degenerated to Holder stability. Similar uniqueness results for non-
compactly supported coefficients of the wave equation are derived by Rakesh in [44] and Nakamura in [41],
while the stability issue was treated by Kian in [28].

1.3. Main results. We start by examining the direct problem associated with (1.1)—(1.3). To this purpose
we consider a fixed natural number k& € N* := {1,2,...}, and given py € W2*+=1:2(Q) and ug € H?*(Q),
we set

vo:=wupand v; := (A +po)vj_iforj=1,... . k-1
We say that ug satisfies the k-th order compatibility conditions with respect to pg if the £ following identities
vi(x)=0,z€l, j=0,--- k-1,

hold simultaneously. Evidently, if ug satisfies the k-th order compatibility conditions with respect to pg then
it satisfies the k-th order compatibility conditions with respect to p for any p € WQ(k_l)’OO(Q) verifying
P = po in the vicinity of I'.

Further, we introduce the set

k
HE =18 Q% (0,1)) = () € ([0,T), H** (),
j=0
where H*((2) denotes the usual Sobolev space of order & in 2. Endowed with the norm

k

2 j k
Jull3e == Z Hagu”(2;0([0,7“],}[2(16—]')(9))7 ue M,
j=0

H* is a Banach space, and we recall from [30, Theorem 1.1] the following existence and uniqueness result
for the system (1.1)—(1.3).

Proposition 1.1. For k € N* fixed, assume that Ow is C**, and pick p € WQ(k_l)’OO(Q) such that we have
Pllwat-1),00 () < or some M > 0. Then for any ug € satisfying the k-th order compatibility
W o <M M >0.Th H?k(Q) satisfying the k-th ord bili

conditions with respect to p, there exists a unique solution u € HF to the IBVP (1.1)~(1.3). Moreover, the
estimate

[ulle < Clluoll g2r gy, (1.4)
holds for some constant C > 0, depending only on w, T, k and M.

Put N := [n/4] + 1, where [s] stands for the integer part of s € R. Then, applying Proposition
1.1 with k = N + 1, we get that u € CL([0,T], H*V(2)) satisfies the estimate [uller o, m2n () <
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Clluoll g2(v+1)(q)- Further, as the embedding H?N(Q) < L>*(Q) is continuous, since 2N > n/2, we
deduce from Proposition 1.1 the following claim.

Corollary 1.2. Assume that the conditions of Proposition 1.1 are satisfied with k = N + 1. Then there
exists a positive constant C, depending only on w, T' and M, such that the solution u to (1.1)—(1.3) satisfies
the estimate:

[uller (jo,77,20 () < Clluoll gav+n) (-

Having seen this we turn now to introducing the inverse problem associated with (1.1)—(1.3). We consider
Po € W2N7°°(Q; R) and pick an open subset wy of w such that dw C wy. Given b > 0 and d > 0, we aim to
retrieve all functions p : 2 — R satisfying

d
No.a(p — po) = |€"*)" (p — po) | Lo() < o0 and p(x) = po(x) for € Qg :=wo x R. (1.5)

Here and henceforth (s) is a short hand for (1 + s2)/#, s € R. Notice that the assumption (1.5) is weaker
than the compactness condition imposed in [29, Theorem 1.1] on the support of the unknown part of p.
Further, M being an a priori fixed non-negative constant, we define the set of admissible potentials as

A(po, wo) := {p € W*N>(Q); p=poinQo, ||pllwev.cci@) < M and Nya(p —po) < M}. (1.6
Last, we chose a relatively open subset S, of dw, put ', := S, X R and introduce the norm
H&,UH* = ”8Vu||H1(O,T;L2(F*)) , U € Hk
The main result of this article is as follows.

Theorem 1.3. Let the conditions of Proposition 1.1 be satisfied with k = N + 1 and p = pg. Assume
moreover that ug fulfills HU0||H2(N+1)(Q) < M for some constant M' > 0, and that

Ik >0, 3dy € (0,2d/3), |uo(z’, zn)| > wlxn) %%, (2, 2,) € Q\ Q. (1.7)

For p; € A(po,wo), j = 1,2, we denote by u; the HNF L solution to (1.1)—(1.3), where pj is substituted for
p. Then, for any € € (0, N/2), there exists a constant C = C(w,wq, T, M, M’ b,d,€) > 0, such that we
have

€

Ip1 = P2l 2y < € (101 = wa)ll, + hog 101 (ur — w2)],| ") (1.8)

1.4. Comments. Thanks to the extra information p; = ps in the vicinity of I', the sharp unique continuation
result by Robbiano [46], Robbiano and Zuily [47] or Tataru [48, 49], entails ©; = u2 and Vu; = Vuy on
9(2\ Qo) x (0,T), provided T > 0 is sufficiently large. Therefore the method developed by Baudouin and
Puel in [4] yields uniqueness in the inverse problem under consideration. However, since we address the
stability issue here, it is worth noticing that Theorem 1.3 cannot be obtained by only combining the results
of [23, 46, 48].

The technique carried out in this article may be applied, with appropriate modifications, to the determina-
tion of higher order unknown coefficients of the Schrodinger equation, but in order to avoid the inappropriate
expense of the size of this paper, we shall not go further into details about the treatment of this specific prob-
lem.

The analysis developed in this paper boils down to a new specifically designed Carleman estimate for
the Schrédinger equation in the cylindrical domain € x (0,7"), when the classical one is valid only in level
sets bounded by the weight function. For a general treatment of Carleman estimates, we refer to Hormander
[20], Isakov [25], Tataru [48], and also to Baudouin and Puel [4], where Carleman estimates are derived in a
direct pointwise manner. Due to the extra information p; = ps in the vicinity of the boundary T', it is useless
to discuss here the uniform Lopatinskii condition (see [48] or [8, Section 1.3]) or Carleman estimates with
a reduced number of boundary traces.
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We assume in (1.7) that |u(-,0)| = |ug| > 0 in any subset of 2 where the electric potential is retrieved.
This is because the uniqueness of the potential is not known in general, without this specific assumption,
even in the case where the set {z € Q \ Qo; ug(z) = 0} has zero Lebesgue measure. This non-degeneracy
condition is very restrictive but it is still an open question to know how it can be weakened in the context of
inverse coefficients problems with a finite number of data observations.

Notice that in the framework of the Bukhgeim-Klibanov method in a bounded spatial domain £2, it is
crucial that |ug| be bounded from below by a positive constant, uniformly in {2. But since {2 is infinitely
extended here, such a statement is incompatible with the square integrability property satisfied by ug in 2.
Therefore the usual non-degeneracy condition imposed on the initial condition function has to weakened
into (1.7). In the same spirit we point out that the derivation of a Carleman estimate in an unbounded
domain such as €2 is not straightforward and does not directly follows from the corresponding known results
in bounded domains.

The subset {x € ', (x — x¢) - ¥ > 0}, lying in the shadow of the boundary I" viewed from a point x¢
taken in the complement set of €, satisfies the geometric control property introduced by Bardos, Lebeau and
Rauch in [3]. This property is essentially a necessary and sufficient condition for exact controllability and
stabilization of wave equations. However, due to infinite speed of propagation in the Schrédinger equation,
this concept is not completely natural in the context of quantum systems. Nevertheless, Lebeau proved in
[37] that the above mentioned condition guarantees the boundary controllability of the Schrodinger equation
in H~1(Q) with L?() boundary controls.

The remainder of the paper is organized as follows. In section 2, we establish a Carleman inequality for
the Schrodinger equation and we state a stability estimate for unique continuation. These two results are
needed in the proof of Theorem 1.3, which is given in Section 3. Finally, section 4 contains the proof of the
logarithmic observation inequality stated in Section 2.

2. PRELIMINARY ESTIMATES

In this section we state two preliminary PDE estimates which are the main ingredients in the analysis of
the inverse problem under study. To this end we introduce the following notations used throughout the entire
text. We consider three open subsets w;, j = 1,2, 3, of wp, obeying

wj € wj—1 and dw C Owy, 2.1

and we set
Qj = (w\uTJ) xR = Q\(UJX R) ande = Qj X (—T,T).

2.1. A Carleman estimate for the Schrodinger equation. A Carleman estimate is a weighted L?-norm
inequality for a PDE solution. It is particularly useful for proving uniqueness in Cauchy problems or unique
continuation results for PDEs with non-analytic coefficients. Carleman estimates are also well adapted
to energy estimation in PDEs (see e.g. Kazemi and Klibanov [27] or Klibanov and Malinsky [33]). An
alternative method for the derivation of energy inequalities, which is not applicable to the problem under
consideration in this paper, can be found in [3].

It is Carleman who first derived in his pioneering paper [15], a suitable inequality, which was later called
a Carleman estimate, for proving uniqueness in a two-dimensional elliptic Cauchy problem. Since then, Car-
leman estimates have been extensively studied by numerous mathematicians. For the general theory of Car-
leman inequalities for PDEs with isotropic (resp. anisotropic) symbol and compactly supported functions,
we refer to Hormander [20] (resp. Isakov [25]). For Carleman estimates with non-compactly supported
functions, see Tataru [48], Bellassoued [6], Fursikov and Imanuvilov [19], and Imanuvilov [21]. Notice that
a direct derivation of pointwise Carleman estimates for hyperbolic equations, which are applicable to non
compactly supported functions, is available in Klibanov and Timonov’s paper [34].



6 M. BELLASSOUED, Y. KIAN, AND E. SOCCORSI

Although Carleman estimates for Schrodinger operators in a bounded domain are rather classical (see
e.g. [1, 4, 49]), we seek in the context of this paper, a Carleman inequality for the operator

P:=L+pwith L := —id, — A, 2.2)

acting in the infinite cylinder 2. We start by defining suitable weight functions. To this end we fix z{, €
R 1\w and put

2 /

B(m') = ’x’ —xzp|”, 2 € w, 2.3)

in such a way that 3 € C*(@). Here |2/| denotes the Euclidian norm of 2/ € R"~!. Next, for every
x = (2, 2,) € Q, we set

B(z) := B(z') + K, where K := r\\B\\Lm(w) for some r > 1, (2.4)
and we define two weight functions associated with the parameter A > 0:
eMB(x) e2A K _ o AB(w)
o(x,t) = TT0T =9 and n(x,t) := TT0T 1) (x,t) € Q:=Q x (=T,T). (2.5)

Finally, for all s > 0, we denote by M; (resp. My) the adjoint (resp. skew-adjoint) part of the operator
e 51 Le", acting in (C§°)(Q), i.e.
M =iy + A + 5%|Vn|? and My := is(dyn) + 25V - V + s(An), (2.6)

where we recall that L is the principal part of the operator P given by (2.2).
Having said that, we now state the following global Carleman estimate for the operator P.

Proposition 2.1. Let 5, o and n be given by (2.3)—(2.5), and let the operators M;, j = 1,2, be defined by
(2.6). Then there are two constants sg > 0 and C' > 0, depending only on w and T, such that the estimate

slle™* IVl T, + 8 lle™ w72, + Z 1Mje™Mw][72 (g,
j=1,2
= ¢ (He_snPwH%Q(Q) + He_snvxle%?(Qs\Qz) + ||e_snw”%2(Q3\Q2)) ’ 2.7)
holds for all s > sq and any function w € L*(=T,T; H}(2)) verifying Pw € L*(Q).

Proof. The proof boils down to [29, Proposition 3.3], which provides two constants sg > 0 and C' > 0, both
of them depending only on w, 1" and M, such that we have

slle™* V@ |72y + S lle T2y + Y I1Mje B2 ) < Clle™ P72 (g, (28)
j=1,2

for every s > sg, and any w € L*(—T,T; H}(Q)) obeying Pw € L?(Q) and 9,70 = 0 on 3. Next we pick
a cut-off function y € C>°(R"~1,[0, 1]) satisfying

, 1 ife' ew\ws
x(a') = _
0 ifz € ws,

and apply the estimate (2.8) to w(x,t) = x(z')w(x,t). Using that Pw = yPw + [P, xJw, where [A, B]
stands for the commutator of the operators A and B, and taking into account that [P, x| is a first order
differential operator whose coefficients are supported in Q23 \ Q9, we obtain (2.7). U
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2.2. Logarithmic stability of unique continuation. The unique continuation of a solution to the Schrodinger
equation (1.1) from lateral boundary data on I', was proved by Phung in [42]. The coming result claims
stability for the same problem.

Lemma 2.2. Let p; € A(po,wo) for j = 1,2, let u; be a solution to the Schrodinger equation (1.1) where
pj is substituted for p, and put u := wy —ug. Then for each T > 0 and all ;1 € (0, 1), we may find a constant
C = C(w,wq, T, M, M’ 1) > 0, depending neither on p1 nor on ps, such that we have

18su? + |V Byul7 < C (10vull? + Nlog |dyull, |~ " (2.9)
U L2((Q3\02) % (0,T)) o Ot L2((03\02) % (0,7)) = Uil T 1108 [|0v Uil : :

The proof of this result boils down to the analysis carried out by Robbiano in [45, 46] or Phung in [42],
by means of the FBI transformation. Since it is rather lengthy, we postpone it to Section 4.

3. PROOF OF THEOREM 1.3

In this section we establish the stability estimate (1.8) by adapting the Bukhgeim-Klibanov method pre-
sented in [14], to the context of the infinite waveguide 2. The first step involves linearizing the system
(1.1)—(1.3) and symmetrizing its solution with respect to the time variable .

3.1. Linearization and time symmetrization. With reference to the notations of Theorem 1.3 we put
p := p2 — p1 and notice that v := u; —ug is a HN+1_solution to the IBVP
—i0u — Au+piu = pug inQx(0,7)
u(,0) = 0, inQ 3.1
u = 0, inl'x(0,7).

In particular we have v € C1([0, T]; H*V(£2)), hence upon differentiating (3.1) with respect to t, we get that
v := Oy € HY is solution to the system

—i0w — Av+pv = poug inQx(0,7)
v(,0) = idpug, inQ (3.2)
v = 0, onI' x (0,7).
Further, putting ua(x, —t) := ua(x,t) for all (x,t) € Q x (0,7 and bearing in mind that ug and p are real-
valued, we deduce from (3.2) that the function v, extended on [T, 0) x €2 by setting v(z, t) := —v(z, —t),
is the NY_C*([—T, T), H*N=k)(Q))-solution to the system
—i0w — Av+prv = pouy inQ=Qx (=T,T)
v(-,0) = ipug, in€ (3.3)
v = 0, onY =T x (-T7,7).

The second step in the derivation of (1.8) is to apply the global Carleman inequality of Proposition 2.1 to v
in order to establish Lemma 3.1 stated below.
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3.2. An a priori estimate. We stick with notations of Subsection 3.1 and establish the following technical
result, which is quite similar to [29, Lemmas 3.3 & 3.4] and [30, Lemma 3.3]. Nevertheless we include the
proof just for the convenience of the reader.

Lemma 3.1. Let v denote the C*([-T,T], L?(2)) N CO([-T, T, Hi () N H*(Q))-solution to (3.3). Then
there exists a constant C' > 0, independent of s, such that we have
He_sn("o)puoﬂiag) < Cs7¥? (‘|€_Sn("o)p3tu2||%2(Q) + ||€_Snvx'7)\|%2(Q3\Q2) + ||€_S%H%2(Q3\Q2)> :
uniformly in s € (0, +00).
Proof. Put ¢(x,t) := 1@V ¢ (2 Yu(, t) for (2,t) € Q x (=T, T), where £ € C§°(w) is a cut-off function
satisfying
1 ifrew\w
§(a') = .
0 ifz e ws.
In light of (2.4)-(2.5) we have il(hrnT)n(yU,t) = +oo for every = € Q, and hence lim ¢(x,t) = 0. Asa
t —

L(=T)
consequence it holds true that

6,030y = [

Qx(=T,0)

Or|6|*(x, t)dzdt = 2Re </
Q

On the other hand, (2.6) and the Green formula yield

Im (/ (Mlgb)gb(:r,t)dzvdt> = Re (/ (8t¢)¢(:r,t)d$dt> + R,
Qx(=T,0) Qx(=T,0)

(0;0)p(, t)dxdt) . (3.49)

x(—T,0)

where

R=1Im ( / (A@)p(x, t)dwdt + szr<vm¢||%2<mm,0))> = —Im (||V¢H%2(QX<,T,0») =0.
Qx(=T,0)

We deduce from this, (3.4) and the identity [|¢(-, 0)|2(q) = |e=s1C0¢w (-, 0) 22, that

e ¢u(-,0) 22 gy = 2Em ( /
Qx(

< 732 (sHe*S"WvH%z(Qz) + 8%l |22, + HMle*%H%?(Qz)) '

TO)(M1¢)¢(xat)dfvdt> < 2[[Mi1¢| 1210l L2(q)

Finally, the desired result follows from this upon recalling (3.3), applying Proposition 2.1 to v, and noticing

from (2.4)-(2.5) that n(z,t) > n(z,0) for all (z,t) € Q. O
3.3. End of the proof. For any fixed y > 0 it follows from Lemma 3.1 that

||6_Sn("0)pu0||%2(w><(fy,y)) < 0572 <||€_sn(”0)PatU2||i2(Q) + Q2> , 8> 0, (3.5
where ¢? := HVIIUH%Q(%\QQ) + HUHZLQ(QS\QQ). Here and in the remaining part of the proof, C' denotes a

generic positive constant that is independent of s.

Notice from (1.7) and the vanishing of p in Q) that the inequality |(puo)(z)| > s (y)~9%/? |p(z)| holds
for every x € w x (—y, y). Furthermore, we have ||0;uz || (g) < C by Corollary 1.2, and n(z,0) > 0 for
every x € €, by (2.4)-(2.5), so we may deduce from (3.5) that

(=)~ = O572) e p gy ) < 5™ (122 gy + €) + 5> 0. (B6)
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Thus, taking s = (k?/(2C))~2/3(y)?%/3 in (3.6) and recalling from (2.4)-(2.5) that [[n(.,0)| () <
e? M /T2, we obtain that

||p‘|%2(wx(_y,y)) < CeCtu ol (HpH%Q(wX(R\(—y,y))) + 02) : (3.7
Moreover, as ||pH%2(wX(R\(7y7y))) < C||e_2b<'>dHL1(R\(_y7y)) from (1.5), we have for any ¢ € (0, b),
1PNZ2 0o @\ () < C||€75<'>dHLI(R)€7(2b76)<y>d < Cem-OW*, (3.8)
Putting this together with (3.7) we find that
Pl < GO (G004 g2) G
— = (20-9)

Set o5 : and let us now examine the two cases ¢ € (0, 95) and ¢ € [g5,+00) separately. First,

2/d 1/2
if o € (0, 05) we take y = y(0) := <(21ng5> — 1) in (3.9) so we have %> = e~ (2=9®)" and

consequently

1132y yyy < CeCW* @, (3.10)

60t2d0/3 _5ta

Since d > 2dy/3 we have sup;¢ g 1) < 400, whence (3.10) yields

/3_ —2(b—
Hp”%qwx(_y’y)) <C ( (sup )eotgdo ’ 6td> e 20-0W)" < 02 o€ (0, 0s), (3.11)
te(1l,+o00
with
b—9d
6:= 53— € (0,1/2). (3.12)

On the other hand, we have ||p]|%2(wX(R\(_y7y))) < Ce20-9W)" < 00 forall p € (0, 05), by (3.8). This
and (3.11) entail

Ipl72(q) < Co®, 0 € (0, 05)- (3.13)
In the case where ¢ € [gs, +00), we use the upper bound Hp||%2(m < C’||e_26<'>d | 21 () arising from (1.5),

and obtain that
_ \d
Pl < C (IO ry /08 ) 0% < Co™, 0 € [05, +00). (3.14)

Now, recalling that v = J,u and applying Lemma 2.2 to u, we get
2 —1\ 2N
¢ < C ([|0,ull, + ltog |a,ull,| )" (3.15)
for any arbitrary p € (0, 1). Therefore, 6 being any real number in (0, 1/2), according to (3.12) and since §
is arbitrary in (0, b), the estimate (1.8) follows from (3.13)—(3.15) upon taking e = OuN.
4. LOGARITHMIC OBSERVABILITY INEQUALITY: PROOF OF LEMMA 2.2

In this section we prove the logarithmic observability inequality stated in Lemma 2.2.
Prior to doing that we recall for further reference from the energy inequality (1.4) with k = N + 1, that
for any p; € A(wo, M), j = 1,2, the solution v = J;(u; — u2) to the IBVP (3.3) satisfies the estimate

lollen (—rmy.22)) + IWllev-1—mm,m@) < 2C1uoll aovin o) 4.1

where the positive constant C' = C(w,wq, T, M, M') > 0 is the same as in (1.4).
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4.1. A parabolic Carleman estimate for unbounded cylindrical domains. In this subsection we state
a parabolic Carleman estimate for the Schrodinger equation in unbounded cylindrical domains, which is
needed in the proof of Lemma 2.2. To do that, we start by introducing the set

Sy = 0wp \ Ow and I'y := S x R,

and we assume without loss of generality (upon possibly smoothening dwg by enlarging wy), that Sy is C2.
Then, with reference to [23, Lemma 2.3] and its proof, we pick a function 1)y € C?(wy), obeying the four
following conditions:

Po(a') > 0,2" €wy and |Vipo(a')| >0, 2’ € wy, 4.2)
Yo(z') =0,2" € Sy and Ovo(z') <0, 2’ € dwp \ Ss. (4.3)
Next we put £(7) := (1 — 7)(1 + 7) for each 7 € (—1, 1), and introduce the two functions
, eAMto(2')+a)
wo(z', 1) = ) x €wp, TE (—1,1), 4.4)

and
Ao(@)+a) _ Allldollpoo ) +0)

£(r)
where A € (0, 4+00) is a fixed parameter, 1)y is the function defined by (4.2)-(4.3), and
190l Lo wg) < @ < b < 2a = [|[9Po]] oo (1) -

Further, in connection with the Schrédinger operator P defined in (2.2), we consider the formal parabolic
operator in 9 = wp X R, associated with some fixed parameter i € (0, 1),

L :=h"'0. — A +p. (4.6)
We are now in position to state the following Carleman estimate for the operator Lj,.

Lemma 4.1. Let ¢y and « be defined by (4.4)-(4.5), and for h € (0, 1) fixed, let L}, be defined by (4.6).
Then we may find three positive constants Ao, oo and Cy, such that for every X\ > Ao and o > og/h, the
estimate

a(z' )= , T Ewo, TE(—1,1), 4.5)

o€ Varw| L2 (0 (-1.1)) + 0l Wl T2 (g (-1.1))
oo 1/2 sa
S C’0 (He ‘cth%Q(QOX(fl,l)) + O'H()OO/ e &,UJH%Q(F*X(?LD)) s (47)

holds for w € L*(—1,1; H}(Qo)) verifying Lyw € L*(—1,1; L*(Q)) and d,w € L?(—1,1; L*(T.)).
Here the constant Cy > 0 depends continuously on \, M, M' and h, but is independent of o.

We stress out that a result similar to Lemma 4.1 can be found in [23, Lemma 2.4] (see also [18, 19]) in
the context of bounded spatial domains.

The dependence of the various constants appearing in (4.7), with respect to the parameter 4 € (0, 1), is
made precise in the derivation of Lemma 4.1, which is given in Appendix A.

4.2. A connection between Schrodinger and parabolic equations. As pointed out by Lebeau and Rob-
biano [38], Robbiano [46], Robbiano and Zuily [47] and Phung [42], connections between solutions of
different types of PDEs may be useful for examining the controllability of numerous Cauchy problems. In
this subsection we prove that the FBI transform of xv, where v is the solution to (3.3) and x = x(z/) is
a suitable cut-off function that will be made precise below, is solution to a parabolic Cauchy problem in
QO = wp X R.
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Prior to doing that we introduce the FBI transform as defined by Lebeau and Robbiano in [38]. To this
purpose we fix u € (0,1) and choose m € N* so large that

1
2m> Nandp:=1— — > pu. (4.8)
2m
Then for any v € (1, 400), the function

1 ; m
ny(Z) = %ABZZWG(W/WP)Q dT], z € (C7 (49)

is holomorphic in C, and there exist four positive constants C;, j = 1,2, 3, 4, none of them depending on -,
such that we have

|F,(2)] < Crypelimel™” - e (4.10)
and
IF,(2)] < CryPe R o e (e €, [Imz| < Cy|Rez]} . @.11)
Given Tj € (T'/3, +00), we consider a cut-off function 6 € C5°(R) obeying
1 if |n] < 2Tp

0(n) = ' 4.12)
0 if |n| > 3Ty,

and we define the partial FBI transform of w € S(R™*!) by
wyi(x,7) = Fyw(z, z2) = / F,(z —n)0(n)w(x, hn)dn, z =1t — i, (4.13)
R

forallt € (—Ty,Tp), 7 € (—1,1), v € (1,4+00) and x € R™, where h := T'/(3Tp).
Next, taking into account that w; C wp, by (2.1), we deduce from the continuity of the function g
introduced in Subsection 4.1, and from the first part of (4.2), that there exists a constant 5y > 0 such that

Yo(2') > 20, 2’ € wo \ ws. (4.14)

Moreover, due to the vanishing of 1)y on Sy, imposed by the first claim of (4.3), we may find a subset
w! C wp \ @1 such that

Sy C wh and o (z') < By for 2’ € wh. (4.15)

Let us now pick &* C w* such that Sy C &%, and introduce a function y € C>®°(R™"1,[0,1]) satisfying
1 ifa’ €wo\wh
X(@') = 0\ (4.16)
0 ifa’ €@t

Thus, bearing in mind that p = p; — po vanishes in {2y and that v is the solution to (3.3), we easily find that
the function w(z,t) := x(2')v(x, t) satisfies the IBVP

—10w — Aw+prw = —[Ax]v, inQ:=Q x (=T,T)
w(0,) = 0, in Qg (4.17)
w = 0 on Yo := 0 x (=1,T).

Moreover, we deduce from (4.1) that

lwllen (—1.1,2(02)) T IWllev—1—r.11,52(0)) < Clluollgzevin gy, (4.18)
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where C' denotes a generic positive constant that is independent of . From this, (4.10) and (4.13), we get
two positive constants C' = C'(w,wy, T, Ty, M, M') and 1, the last one being independent of Tj, such that
the estimate
w72 (o (—1.1)) + IVt 2 0 x (—1.1)) < Ce™7,s
holds uniformly in t € (=T, Tp) and vy € (1, 400).
We turn now to establishing that w., ; is solution to a parabolic Cauchy problem in {1y, we shall make
precise below. To do that we derive from (4.13) upon integrating by parts that

h™ 0wy 4 (x,7) = —iFy (Ow)(x, 2) — ih ™ / Fy(z—n)8' (n)w(z,hn)dn, z =t —ir.
R

Next, as we have Aw., ((z,7) = %, (Aw)(z, z) by direct calculation, we get upon applying the FBI trans-
form .7, to (4.17) and remembering (4.6), that

Lrwyi(z,7) = Ayi(z,7)+ Byy(z,7), (x,7) € Qo x (—1,1), “19)
wy¢(x,7) = 0, (x,7) € 0 x (—1,1),
where
Ay iz, 7) = —/RFv(Z —mO0m) [Bar, x] vz, h)dn = = [Aar, x] vy.e(, 7), (4.20)
and
B, i(x,7) = —ih ! /RF,Y(,Z — )0 (n)w(x,nh)dn, z =t —ir. (4.21)

The next step of the proof is to apply the parabolic Carleman estimate of Lemma 4.1 to the solution w- ¢
of (4.19) in order to derive the coming result.

Lemma 4.2. There exists € € (0,1), 0; > 0 for j = 2,3, and o > 0, such that any solution w., ; to (4.19)
satisfies the estimate

||w'}’7t||%2((Qg\92)><(—€,€)) + ||Vxlw'%t||%2((Q3\Qz)><(—€,€)) < C (e“sﬂ =+ 6537”81/10’7,7&”%2(1"*><(—1,1))) )
uniformly int € (=T, Ty) and ~y € [yp, +00).

Proof. Fix v € (1,400) and t € (—Tp, Tp). In light of (4.19), we apply the Carleman estimate of Lemma
4.1 to w4, and find for every o € [0g/h, +00) that

2 3 2
o lle”*Varwy illzai@ox (-1,1)) + 7 1€7 Wyt 200 x (-1,1))
1/2
s G (HemAW”%2(ﬂox(—171>) + €7 By all a1y + oo’ eaaavw%tH%?(F*x(—l,l))§4"22)

Further, we notice from (4.16) that A, ;(-, 7) is supported in £y := wy x R for every 7 € (—1, 1), and from
(4.5)and (4.15) that a (2, 7) < (—p1) forall (z/,7) € whx(—1,1), with i, := e [¥olloctb) _A(Bota) ~ ¢,
As a consequence we have

€7 AnallZz@x (-1, S €7 N Avall a0, x -1 < €7 I A T2 0 (-1, (4.23)

The next step is to chose € € (0,1) so small that po(e*IVollat?) — A2Bot+a)y /p(c) < 11y Then, bearing
in mind that ¢(7) > ¢(¢) > 0 for each 7 € (—¢,¢), we see from (4.14) that a(a’, 7) > (—puz2) for every
(', 7) € (w2 \ w3) X (—&,¢). This entails that
—9 2 2
&2 (Vo oz qapamx (—een + 0nela@manx(-cen)

< o||€7MV w4

12@ox (1,1 T 017 W7 (g x(-1,17) @ € [1,400).
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Setting p := p1 — po, it follows from this and (4.22)-(4.23) that

Va0 41200\ 0)x (2.0 F 10t 22 (001020 % (.20

—2 2 2 2 2 1/2
< C (e P Ayl 21,1y + €2 1B allR2 g 1,17y F 7€ €70 2D

i2<r*x<—1€ﬁ?>‘)

whenever o € [0g/h, +00). Here we assumed upon possibly substituting max(1, oo/h) for oy, that oy > h.

In view of (4.10) and (4.20), the first term in the right hand side of (4.24) can be treated with the energy es-
timate |v||co(—7,17,m1(0)) < 2C|[uoll g2v+1) (), arising from (4.1): We get a constant 4§’ > 0, independent
of Ty and +, such that

1454132000 x (1.1 < CE7, t € (—Tp, Tp). (4.25)

For the second term, we take into account the vanishing of §’ in the interval (—27j, 27}), imposed by (4.12),
and deduce from (4.11) and (4.21) that

_smpl/p
1By tllZ2(@x (11 < Ce™0 7, t € (=T, Tv), (4.26)

for some constant & > 0 depending neither on Ty nor on . Here we used the estimate ||w|| CO([=T,T),12(Q)) <
Clluoll gr2av+1) () arising from (4.18).

Last we notice from (4.3)—(4.5) that gpé/ 2¢99 is bounded on Sy x (=1,1), and then deduce from (4.24)-
(4.26) that

[Varws il 200\ % (—ere) + 1 el E2 (000 22)x ()

’ 51/
< C <672ua+5 Y 4 2m20 =0Ty "y 4 Je2u20H@,,w%tH%Q(F*X(,l 1))> , 0 € log/h,+00). (4.27)

Now, set o := max (1,30¢/T) and for v € [y9, +00), take o := Tyy > o¢/h in (4.27). As the sum of the

two first terms in the right hand side of (4.27) is majorized by e(~2#To+0")7 4 e(22To=0T; " < Ce %27
upon taking 7Ty sufficiently large, since 1/p > 1, we end up getting for all t € (—Tp, Tp) that

V2105 4l1 200\ 0)x (e, F 10212200\ 02)% ()
< C (e_éﬂ + e‘SMH&,w%t

%Q(F*X(—Ll))> , V€ ['YO: —I—OO),

which entails the desired result. O

4.3. Completion of the proof. Set w,(x,t) := w,(x,0) and recall from (4.13) that we have
wV(:Uv t) = (F’Y * (0’@) (;L‘a ))(t)v (4.28)

for all v € [y0, +00), x € R" and t € (=T, Tp), where F, is defined in (4.9) and w(x,n) := w(zx, hn).
Let us first deduce from Lemma 4.2 the following estimate on w-.

Lemma 4.3. There exist two positive constants §;, j = 4,5, such that the estimate

”Vx’wV||%2((Q3\Q2)><(—T0/27T0/2)) T Hw7”%2((93\Q2)X(_TO/2’TO/2))
< C (e*‘m + eé”Haﬂffﬂiz(r*x(—3To,3To))> g

holds for all v € [y, +00) and for Ty sufficiently large.
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Proof. Lete € (0,1) be given by Lemma 4.2 and fix k € [Ty — ¢, Tp + ¢]. We assume (without restricting
the generality of the reasoning) that e < Tp/2. Since wy (7, 2) 1= Wy Re(z) (7, Im (2)) is analytic in 2 €
{CeC, Re(¢) € (—Tp,Tp), Im (¢) € (—1,1)} for every fixed x € wy \ w3, the Cauchy formula yields

1 1 2T )
wy(z, k) = / | Mdz = /0 wy(z, K+ 0e)dg, o0 € (0,¢).
z—k|=0

21T Z—K 2T

Therefore we have |w,(z, &)|* < - fOQﬂ |\wy (@, 5 + 0e™) !2 d¢, from the Cauchy-Schwarz inequality.
Since the above estimate is valid unlformly in o € (0,¢), we find that

2w
2
s )P < = =y

wy(z, Kk + pe ¢>)‘ dodo

< / / |wy (2, t + z7‘)| dtdr
27‘—8 |7|<e J|t—k|<e K
1 [T 2
= 2me J_g, Iyt ) L2 eyt

and hence
2 To 2
lwy 22 ((05\00) x (=10 /2,10 /2)) < C/_TO [y, 72 (3 20) x (—e.2)) Bt

upon integrating with respect to (x, k) over (Q3 \ Q) x (—=Ty/2,Tp/2). Thus, bearing in mind (4.12)-(4.13)
and applying Lemma 4.2, we end up getting that

2 -C C ~112
lwy 22 ((@0\02) x (—T0 /2,10 /2)) < C (6 Tte ”Hauw”m(r*x(—3T0,3T0))) : (4.29)
Finally, we notice upon arguing in the same way, that V,w, may be substituted for w, in the left hand side
of (4.29) so the desired result follows from this and (4.29). ]

We next establish the coming result with the help of Lemma 4.3.

Lemma 4.4. For any T > 0 fixed, we may find T\ € (0,T) such that we have

1
191172 (@02 x (11 T I Vel 2 (@ n)x (e )y < C <72uN 65’Y||8VU||%2(F*X(_T’T))> , (4.30)

for every vy € [y, +0). Here C > 0 depends only on w, wq, and T, and the constant 5 is the same as in
Lemma 4.3.

Proof. Letu(-,(), for ¢ € R, denote the partial Fourier transform computed at ¢ of ¢ — u(-,¢). In light of
(4.28), it holds true that

0w (-, ¢) — Wy(-¢) = (1 — F)fw(-(), ¢ € R. 4.31)

Therefore, taking into account that F;(C) = (61", using that 1 — e ¥"" < Cy» forall y € [0, +00)
(since 2m > N from (4.8)) and recalling that p > p and v > 1, we derive from (4.31) that

— _ 1 —
[0w(z, ) — wy (2, )| L2®) < WHCNQM(UC, Mrzmwy, =€ Q3\ Q. (4.32)
Since the function 6, defined in (4.12), is supported in (—3Tp, 37p), it then follows from (4.32) that

- 1 c
[0w(z, ) — ws (2, )| 2mr) < g 10, (0w)(x (z, M r2m) < V’TVHU}@’ e~ —smy,3m0) T € 03\ 2,
(4.33)
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for some constant C' > 0 depending neither on z nor on . Thus, bearing in mind that 6(¢) = 1 for each
t € [-Tb/2,Ty/2], we get upon squaring and integrating both sides of (4.33) with respect to x over Q3 \ o,
that

~ C
| = wy |2 ((Q5\02) % (~To /2,70 /2) < i V€ (1, +00). (4.34)

Here we used (4.18) to bound from above the L?(Q3\ Qq, H (—3Tp, 31p))-norm of the function @ (z,t) =
w(z,T/(3Tp)t), uniformly in vy € (0, 1).
Further, we proceed in the same way as in the derivation of (4.34) and obtain that

. C
Voo — Vprws || L2((03\00) x (= To /2,70 /2)) < g

From this, (4.34) and Lemma 4.3, it follows for all 7y € [, +00) that
~12 ~2
10N E2 (0\0) % (~ 10 /2,70 72)) T IV @l 22 (05000 ¢ (~10 /270 2))

< o T w22 (@s\02yx (—To /270 /2)) T 1V 0 172 (s 20) ¢ (10 /2,70 /2))

1 ) ~12
< C <,quN +e w”avw”LQ(r*x(—3To,3To>>) :
provided Tj is sufficiently large. As a consequence we have
2 2
w72 ((@\00)x (—nT0 2,870 /2)) T IV Wl T2 (000 00) % (— 070 /2,070 /2))

1 5 2
< C <72uN +e 57||aywHL2(F*><(3hTO,3hT0))> ) (4.35)

since w(-,t) = w(-, ht) for every ¢ € R. Finally, bearing in mind that » = T'/(31}) and recalling from
(4.16) that w(zx, t) = x(a')v(x,t) = v(x,t) forevery (x,t) € (23\Q2) x (=T, T), we end up getting from
(4.35) that

1 5
10112 (@000 < (~1/6.776) + 1VarllZ2 (02000 x (—176,776)) < C (VQ,LN te mHayvlliz(r*x(—T,T))) :
This yields (4.30) with T) = T'/6. 0

Armed with Lemma 4.4, we are now in position to complete the proof of Lemma 2.2. This can be done
upon applying (4.30) with v = [log ||0,v]|, | /5, which is allowed when ||9,v||, € (0,e~%7%] so that we
have v > ~p. We find that

2 2
1l (@a\@0)x (- 71.71)) F IV llT2(00\00) 0 (-13 11))
< (Jlog w0l |2 + 0,01, ) < € flog [|0ll. |2 (4.36)
for C is a suitable positive constant. On the other hand, when [|9,v||, > e~%7, it is clear from the estimate
vl 2~ 1m1 () < 2C][uol| grav+1) (@), arising from (4.1), that
2 2 2uN
HU”L2((Q2\93)x(—Tl,Tl)) + HVI/U”L2((QQ\§23)><(—T1,T1)) < Cloll

so we get (2.9) directly from this and from (4.36) (upon enlarging 7" into 67" so that we have 73 = T'/
6="T).
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5. APPENDIX

In this appendix we prove the parabolic Carleman estimate stated in Lemma 4.1. Incidentally we make
precise the dependence with respect to A and h, of the constant C appearing in the right hand side of (4.7).

We stick with the notations of Section 4 and start by gathering several useful straightforward properties
of the weight functions g and «, defined by (4.4)-(4.5), in the coming lemma.

Lemma 5.1. We may find three constants \og > 1, ¢ > 0 and ¢ > 0, all of them depending only on wy, such
that for each X\ > \o and all (z',7) € wy x (—1,1), the following estimates hold simultaneously:

D2 a(Vya,Vea)(z' 1) > cXlpo(a!,7)?, (5.1

’A Oé(l‘,T)l < C/)\2900($/,T)2, (5.2)

‘A2 a(a’, T)l < c/)\4<,00(x/,7')3, (5.3)

|(0-a)(Awa) (@', 7)| < dNpo(a’, T), (5.4)
|620¢(x’,7)| < dpo(a, )3, (5.5)

| o (0-a) (2, 1) -V (x’,7)| < C/)\2g00(56/,T)3, (5.6)
Dia(f,f)(xw) > —apol¢]”, & eR (57)

In the sequel C denotes a generic positive constant which depends only on wg, whose value can change
from line to line.
Put z := e?“w and notice for further reference from (4.4)-(4.5) that

z(x,£1) =0, 2 € Qy = wp x R. (5.8)
Next, setting f, := e%(h~10, — A)w, we find through direct computation that
Liz+ Loz = g, := fo — 0(Apa)z, (5.9
where
Liz == h'9.2420Vya-Vyz, (5.10)
Lyz = —Az—o0 (h_l(&a) +o |Vx/oz|2) z. (5.11)
Due to (5.9), we have the identity
5 L5+ ey + 2R / /. LisTazdadr) = lanlBeusiany 512

7=1,2

so we are left with the task of estimating the L?(Q x (—1, 1))-scalar product of L;z and Loz, appearing in
the left hand side of (5.12). In view of (5.10)-(5.11), we have

1
2/ / LizLyzdadr = Y I, (5.13)
—1JQg

j=1,2,3
where

1

I o= 2h—1/ / 0.2 (—AE—J(h_l(afa)—}—alvx/aﬁ)?) dadr, (5.14)
-1 JQg
1

L = —do / / (Vorar- Vorz) Azdadr, (5.15)
—1JQg

1
I = —40” / / (Vv Vi) (h_l(OTa)+0|Vx/o<|2)2dxd7'. (5.16)
-1 JQq
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Bearing in mind that 2|90 x(—1,1) = 0 from the very definition of z (since the same is true for the function
w, according to (4.17)), we integrate by parts with respect to z in (5.14)and obtain that

Re (I;) = h~! /11/Q (9192 ~ o (b~ 0,0+ 0 [Vsa?)2, |2 .
- 0
Recalling (5.8), we next integrate by parts with respect to 7 and find that
Re(I;) =oh™! /11/9 (hil((‘)za) 1212 4 20V 4 (8, 0) - Vr/a) 2|2 dxdr. (5.17)
- 0
The second term, I, is handled in a similar way. Namely, we integrate by parts with respect to z in the right

hand side of (5.15), use the identity Vz = (9, 2)r on 9§y x (—1,1), and get

1 1
Re(l) = 4o / D2a(Vyz,VZ)dedr + 20 / Va - V|Vz|*dxdr
—1JQp

—1JQg
1
o / / (0,0) |92 dzdr.
—1Jag,

Therefore, taking into account that

1 1 1
/ Va - V|Vz*dedr = —/ / (Aa)|Vz|*dxdr —|—/ / (8,) |0, 2|* dadr,
-1.JQ -1J9 —1.Jo0,

we see that

1 1
Re(ly) = 4o / D2,0(V g2,V pZ)dzdr — 20 / / (Aa)|Vz|*dxdr
—1 QO -1 Q0

1
—20/ / (8,a) |8, 2| dadr. (5.18)
—1Jogy

Let us now compute the real part of /5. To this end we notice upon integrating by parts with respect to x that

1
2Re ( / / \Vw/a|2(vx/a-vx/z)zdxd7'>
—-1JQo

1
= —/ / <|Vgcr04|2 Apo+ 2D§,a(Vw/a,Vz/a)> |z|?dzxdr, (5.19)
—1JQg

2Re ( /_ 11 /Q (@r)(Tar erz)zd:):d7>

1
- /—I/Q ((aTa)(Ax’a) + (vx/(aTa) . vx,a)) |Z’2 drdr.

It follows from this, (5.16) and (5.19) that

and that

1
Re(I3) = 203/1/Q <|V1/a|2 (Ap) +2D%a(Vpa, sza)) 2|2 dadr
- 0

1
120251 / / (9,0) (D) + Vs (Dr0) - Vo) |2[2 dadr. (5.20)
-1 JQg
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Finally, putting (5.13), (5.17), (5.18) and (5.20) together we end up getting that

1 1
2Re (/ / lengdade> = —20/ /(Aa;/a) (\Vz|2—o2|vx/a]2]z\2) dzdr
—1 QQ -1 Q0

1
+40/ Di,a(vx/z,vm@)dwd7+ Z Jj, (5.21)
Qo

j=1,2,3
where have set
1
Jy = 40° / D% a(Vya, Vea)|z|? dedr, (5.22)
-1.JQ
1
Jy = —20/ / (8,a) |0, 2|* dudr, (5.23)
1.Jo9
1
J3 = 20%h / / 2(8ra) - Vo + (8ra)Apa) | 2| dedr
+oh” / (82a) |z|* dedr. (5.24)
Qo

The next step of the proof is to bound from below each of the three terms J;, j = 1,2, 3, appearing in the
right hand side of (5.21). In view of (5.1), J; is easily treated by (5.22), as we have

Ji = 4e® N0y 2032 g (1.1 A = o (5.25)
where c is the constant defined in Lemma 5.1. Similarly, we deduce from (5.4)—(5.6) and (5.24) that
| Js] < (60°h" + Uh_2)02/\2||<Pg/2z||%2(90x(—1,1))7 A2 Ao,

where ¢’ is the same as in Lemma 5.1. Therefore, for all ¢ > o¢/h.it follows readily from this and (5.25)
that
T+ 5 2 CoP Moy 22120 0w (—11y)s A = Ao (5.26)

for some constant C' > 0, depending only on wg. On the other hand, since d,a = A(9,10)po on 0 X
(—1,1), by (4.4), the identity (5.23) yields

1/2
Jy > —20)\HSOO/ (81/1/}0)1/28VZH%2(F*><(—1,1)'
Now, putting this together with (5.7), (5.21) and (5.26), we obtain for all A > )¢ and all ¢ > o /h that
3v4q,.3/2 2 1/2
2Re (/ /Q L12L22dl‘d7’> = Co’ N0y "2l 720 x (—1,1)) — 4ol Varz| L2 x (—1,1))
0

20t 2(00) 2002 2 11y — 25 (5.27)

where

1
S = O'/ / (Apa) (|sz\2 — 02 |Vyal? |Z|2) dxdr. (5.28)
—1JQp

The rest of the proof involves bounding S from above. To this purpose we recall from (5.11) that
A 2
IVz* = 0% |Voal? |2 = Re ((L22)7) + ’;‘ +oh™ (0ra)|2]?,

and then deduce from (5.28) that

1
_ ) - | )
S = a/_l/Qo(Am/a) (A|22/2 + Re ((L22)Z) + oh™ 1 (9,0)|2[*) dadr
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1
=0 / / ((Aifoa/2) 21> + (Awa) (Re ((L22)7) + ah’l(aTa)]zP)) dzdr.
-1 JQg
As a consequence we have

IS] < HLQZH%Q(Q)/4+H’Ag’a‘1/2Z”%2(QO><(—1,1))

+o” (H(Aw’a)ZH%?(QOX(fl,l)) +h7 |07l Z”%Q(ng(fl,l)o :
This, together with (5.2)-(5.3) and (5.6), yields that
_ 3/2
S| < HLQZ”%Q(Q) J4+C (oX + 2N (N + 1) HSDO/ ZH%Q(QOX(—Ll))‘
It follows from this and (5.27) upon taking o > o /h that

1
T 3/2 1/2
2Re (/1/0 L1zL22’dwdT> + 1 Lazll72g) /2 > o> Nlp/ 201220 x (—11) — dcall gy Va2l F2 (o x (-1.1)
- 0

1/2
~20 gy (@80)? 00212 (1.1))-

Having estimated all the contributions depending on h, we proceed as in [18, Appendix] and obtain the
desired result.
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