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Abstract

We suggest a new nonparametric estimate of the interaction function of
pairwise interaction point process on R? such that its Papangelou condi-
tional intensity is translation invariant and satisfied finite-range interaction.
We prove uniform strong consistency of the nonparametric estimate of the
interaction function . Sufficient conditions of the rates of uniform strong
consistency for the resulting kernel-type estimator are valid by the nonuni-
form mixing condition for a stationary point process, which can be viewed
interchangeably as a lattice field in Z<.

Keywords: kernel-type estimator, mixing random fields, pairwise interaction spa-
tial point process, Papangelou conditional intensity, rates of converge,uniform
strong consistency

1 Introduction

Point processes are well studied objects in probability theory and statistics, which
is of interest in such diverse disciplines as forestry, seismology, spatial epidemi-
ology, materials science, astronomy, geography, ecology and other disciplines. In
this work we will develop some recent results of nonparametric statistical spatial
processes. Functional data analysis is a typical issue in modern statistics. Dur-
ing the last years, many papers have been devoted to theoretical results or applied
studies on models involving functional data. The main goal of this paper is to
present a nonparametric estimation of interaction function for stationary pairwise
interaction point processes (they have been introduced in statistical literature by
Ripley and Kelly [20], Daley and Vere-Jones [4] and Georgii [9]) defined in the



space R? for which its Papangelou conditional intensity (Papangelou [17]). In
general it is not possible to deal with densities of infinite point processes, instead,
the Papangelou conditional intensity becomes the appropriate starting point for
modelling. A formal definition and interpretation of the Papangelou conditional
intensity are given below. The estimate of the interaction function plays a very
important role in the statistical analysis of spatial point pattern data. We explore
the spatial dependence of random fields (mixing random fields) and we discuss the
uniform strong consistent estimation. Many modelizations of the mixing random
fields have been proposed through in literature, we refer to Bradley [2], Rosen-
blatt [21], L.A.Ibragimov [12]. Bosq [1], Delecroix [5], Heinrich and Liebscher
[11], and Pelidrad [19]. The mixing hypothesis was introduced to extend the
central limit theorem for more general classes dependent random variables (see
Ibragimov and Linnik [13]). It also helps to generalize almost sure convergence
obtained with independent data.

The paper is organized as follows. In Section 2, we set up the generic nota-
tion. In Section 3, we present the model that has been considered for stationary
pairwise interaction point process and we suggest a new nonparametric estimator
of interaction function. We present some conditions that will be helpful in the
following paper and we present the main results, We suggest a new nonparametric
estimate of the interaction function of pairwise interaction point process on R in
the Papangelou conditional intensity and we prove uniform strong consistency of
the resulting estimator. The Section 4 is devoted to the proofs. Our methods of
proofs are based on new Kahane-Khintchine inequalities in Orlicz spaces induced
by exponential Young functions for stationary uniformly strong mixing random
fields, obtained by (El Machkouri [7].

2 Generic notation and Basic tools

We introduce some necessary definitions and notations and recall some basic facts
from the theory of Gibbs point processes. Let %8¢ be the Borel o-field on R? of
general dimension d > 2 and #% = {A € #¢: A bounded} . For a set A €
%4, |A| is the positive volume of A. We define the space of locally finite point
configurations in R? as Njy = {x C R%;n(xNA) < 0, VA € %4} equipped with
the smallest o-field .47 containing all set of the form {x € N;s : n(xNA) = k} for
keNyp=1{0,1,2,3,...} and any A € ,%’g . Y7 denotes summation over summands
with index tuples having pairwise distinct components. The origin in R? will be
denoted by o.

The Papangelou conditional intensity of Gibbs point processes X in R? (Mgller
and Waagepetersen [14]) is a function A : R? x N, — R4 and characterized by the
Georgii-Nguyen-Zessin (GNZ) formula (see Papangelou [18] and Zessin [22] for



historical comments and Georgii [8] or Nguyen and Zessin [16] for a general pre-
sentation). The GNZ formula states that for any nonnegative measurable function
h on Rd X N; f

E Y HEX\E)=E [ h(EXL(EX)E. @

Eex

Heuristically, A(&,x)d& can be interpreted as the conditional probability of X
having a point in an infinitesimal small region containing & and of size d§ given
the rest of X is x. Using induction we obtain the second-order GNZ-formula

o
EY nEnX\Enh= [ [ EMEnXnEn X @2

&.n,eX

where A(£,1,x) = A(&,x)A(n,xU{E}), for &, € RY, x € N; with a nonnega-
tive measurable function (&, 7,x) on R? x R x N, 2

3 Main results

3.1 The model and its estimator

Throughout this paper, we shall focus on stationary pairwise interaction point pro-
cesses (Daley and Vere-Jones [4], Georgii [9]). We specify that the Papangelou
conditional intensity is translation invariant for a configuration x € N;r and a lo-
cation & € R¥ should be of the form

A(E,x) = exp( Y, vn- é) (3.3)

nex\§

where B* is the true value of the intensity parameter. The function V; represents
the pair potential defined on R?. To do this, we will assume the following condi-
tion on the potential V;:

0<Va(&) < oo. (3.4)

Condition 3.4 says that the interaction is purely repulsive. In physics applications,
V, is interpreted as the energy of the configuration x. V = exp(—V,) represents
the pairwise interaction function. The Papangelou conditional intensity is said to
have finite interaction range R with 0 < R < oo, if

/FL(évX):l(évXﬂB(évR))a (3.5)



for any & € RY, x € Ny, where B(§,R) is the closed ball in R? with center & and
radius R.

Our objective is to study problems of estimation of the interaction function V
in the model (3.3). For this, let A, € %g, for n € N, be a sequence, denotes a
bounded observation window in such a way that |A,| — e, as n — co. In most
application examples A, cubes growing up to R?. Throughout in this paper, f is
a nonnegative measurable function defined for all w,w' € RY x € Nir, by

fw,w' x) =N (xNB(w,R) =0, xNB(W',R) = 0)
and we also introduce the following function

Clo,1) = E[f(0.1,X)] = P(XNB(0,R) = 0,XNB(t,R) =0).  (3.6)

Now, we suggest a new edge-corrected nonparametric estimator for the func-
tion B*V (t) by

V() = 222 for teR? (3.7)

where

B nm—&eB<o,R>>f<§,n,X\{m})K(";ﬁ—f)
(3.8)

Ju(t) =

0=, X - iTAn (At (1)

is a kernel-type estimator estimating $*2V (t)C(o,t), where |A, N (A, + (n —&))|
is an edge correction factor and assume this has the positive volume. Recall that
A+ E={n+E&:n €A} denotes A, translated by &. A kernel function K will
be any measurable function associated with a sequence (by,),>1 of bandwidths. To
estimate the function $*C(0,1), we propose an empirical estimator C,(#) defined

by
f(&,t+&,X\{E})
AN (A+E)|

Calt) = (3.9)

EeXnA,
In this case, the denominator equals 0, we choose (by convention) an usual way
to define our estimator : V,(r) = 0.

3.2 Uniform strong consistency

The proof of uniform strong consistency of the nonparametric estimator \7n(t)
defined by (3.7), requires more delicate conditions. We have to impose certain
restriction on the kernel function K and the sequence of bandwidths (b,,),>1. The
following assumptions are required.



(A1). The kernel function K : RY — [0, ) is bounded with bounded support, and
satisfies: Let &€ = (&1,...,&;), & € R,

Rdé:lll-"étlidK(xllw--ugd)dél"'déd:{ 0 1 2 d

if 0<ij+ip+...+ig<s.

/Rd||§||f|1<(§)|dg<oo for i=0 and i=s, /K(@)dézl.

R4

(A2). The kernel function K satisfies a Lipschitz condition, i.e. there exists a
constant L > 0 such that

K(&)—K(m)|<L|[E—n|| forany &.neR’

(A3). The sequence of bandwidths (b,),>; is a decreasing sequence of positive
real numbers satisfying:

limb? =0 and lim b¢|A,| = .

n—yoo n—oo
These assumptions are more than enough to guarantee rates of convergence of
mean and a uniform strong consistency of the kernel-type estimator J,(¢) (defined
by (3.8)). Now, we establish thereafter interesting results for establishing the
uniform strong consistency of the estimator V,, ().

Theorem 1. Let X be a stationary pairwise interaction point process in R? with
Papangelou conditional intensity (3.3) satisfying conditions (3.4) and (3.5). Let
the kernel function K satisfy (A1) and (A2). Let the bandwidths (b,)n>1 satisfy
(A3). Furthermore, we assume that V (t)C(0,t) has bounded and continuous par-
tial derivatives of order s on for any fixed compact set Koy C R%. Then,
sup [V (t) — BV (1)| = 0.
tekp n—ree

The proof of uniform strong consistency of the nonparametric estimator Vn(t)
(Theorem 1) is based on some asymptotic properties of the estimators (,A’n (t) and
Jn(t). For the estimator J, (1), we are exploring the spatial dependence of point
processes, 1.e. ¢-mixing conditions.

3.3 Rates of uniform strong consistency of the kernel-type es-
timator J,,(7)

In this section we discuss sufficient conditions which ensure uniform strong con-

sistency (including a convergence rate) of the kernel-type estimator J,(¢) un-

der uniformly strong mixing (i.e. ¢-mixing) random fields. We use Kahane-
Khintchine inequalities in Orlicz spaces induced by exponential Young functions
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for stationary ¢-mixing real random fields which satisfy some finite exponential
moment condition.

Now let us the nonuniform ¢-mixing condition. Given two sub-c-algebras %
and 7 of .. The ¢-mixing coefficients had been introduced by I.A.Ibragimov
[12] and can be defined by:

0(%,7V) = sup{[[P(V|%) =P(V)||eo, V €V}

In the sequel, we consider the nonuniform ¢ ..(n)-mixing coefficients ¢ ..(n)
defined for each positive integer n by

01 0(n) = sup{d(c(Xp),-Zr), k€ 24, T c 24, d(T,{k}) > n},

where %1 = 6(X;,i € I') is the o-algebra genereted by X;, i € T, |T| is the cardinal
of 'and d(I';,I';) = min{|i — k| : i € "1,k € I';}. We say that the random field
(Xi);cga is @-mixing if 1im, e @ () = 0. As shown by (Dobrushin [6]; Georgii
[9]; Guyon [10]), the weak dependence conditions based on the above mixing
coefficients are satisfied by large classes of random fields including Gibbs fields.

Now, we assume that the domain A, is divided into a fixed number of sub-
domains as follows A, = Ujcr, A;, where A; be the unit cube centered ati € 74 and
assume that I, C Z¢, such that |T',,| — oo, as n — oo. We will consider estimation
of B*2V (¢)C(o,t) from J,(t), where the process is observed in Ujer, A as

R y 11(77—56B(o,R))f(&,n,X\{g;—,n}ﬂ((n—b_i—t)
Le)=Y )

i€ly & nEXNA; bﬁHAn N(A+(n—=8))|
Put
# j— JE—
hi= ¥ n-&eBlo.R)En X k(1)
& neXnA; n

and we note that: J,; = J,; — E(J,.).

Recall that a Young function y is a real convex nondecreasing function defined
on RT which satisfies lim,_,e W(¢) = +o0 and y(0) = 0. We define the Orlicz
space Ly, as the space of real random variables Z defined on the probability space
(Q,.#,P) such that E[y(|Z|/c)] < 4oo for some ¢ > 0. The Orlicz space Ly
equipped with the so-called Luxemburg norm ||.||y defined for any real random
variable Z by

1|}y = int{c > 0: E[w(|Z|/c)] < 1}



is a Banach space. Let 8 > 0. We denote by Yy the exponential Young function
defined for any x € R" by

Yo (x) =exp((x+&)%) —exp(&g) where & =((1-6)/6)"/°11{0 <6 <1}.

(3.10)
On the lattice Z¢ we define the lexicographic order as follows: if i = (iy,...,i;)
and j = (j1,...,jq) are distinct elements of Z4, the notation i <., J means that

either i1 < jj or for some pin {2,3,...,d},i, < j,and iy = j, for 1 < g < p. Let
the sets Vi1 - i € 74 be defined as follows:

Vi={jeZj<ii}.
To establish the proof of Theorem 2, we need the following result.

Corollary 1. (El Machkouri [7]). Let (X;);cz« be a zero mean stationary real
random field which satisfies the assumption:

39 €]0,2] 3e>0 Elexp(c|X|®)] < oo,

where 0(q) = 2q/(2 — q). There exists a positive universal constant M;(q) > 0
depending only on q such that for any family (a;);cza of real numbers and any
finite subset I in 74,

Y aiX;

icl’

N 12
<M(q) HXOHWe(q) (Z ’ai’bi,q(x)>
ier

Yy

where

big(X) = lail +C(q) Y lagsily/ 91 (IK1).
kev,

C(q) is the positive constant depending only on q.
Theorem 2. Let the kernel function K satisfy (A2). Then, for any fixed compact

set Ky C RY, we have:
If there exists 0 < q < 2 such that J, € ]L%(q) and

Y/ 91w([k]) < oo (3.11)

kezd

Then

-~ ~ B (logn)l/q
tseulg |Jn(t) —E(Jn(t))‘ =0y (W) as n— oo,



Corollary 2. If in addition the function V (t)C(0,t) has bounded and continuous
partial derivatives of order s on Ky C R and we suppose that (A1) and (A3) are
fulfilled. If there exists 0 < q < 2 such that J, € L%(q) and

Y \/01e([k]) < oo

kezd
Then
' * ~ o (logn)l/q s
tseulg) MAGES: 2V(t)C(o,t)‘ = Oy, (W) +0(b)) as n—oo.
4 Proofs

Proof of Theorem 2. Let (ay),>1 be sequence of positive numbers going to zero.
Following Carbon et al. [3], the compact set Ky can be covered by v, cubes T}
having sides of length L, = a,b%"! and center at ¢;. Clearly there exists ¢ > 0,
such that v,, < ¢/L%. We use the following classical decomposition

sup [7o(¢) ~EJp(0)] < max sup|dat) —Jn(co)]
teky ISkSVnZETk

EJ,(t) —EJ,
+lr§r}€angntsg£\ n(1) = BJu(cr)|

+ max | (ck) = Bdu(ck)|

=B +B,+ Bj3.

For any ¢ € T, by assumption (A2), we derive that there exists constant L > 0
such that n sufficiently large

£
SLa—g Y 10— €Bo.R)AENX\ (&),

&.neXnA,

T(t) = Ju(cx)

Using the spatial ergodic theorem of Nguyen and Zessin [15], and by the second-
order Georgii-Nguyen-Zessin formula (2.2) with

h(é?nax) = 11(71 _5 GB(O7R>)f(§7n7X)

it easily follows
B = ﬁa.s. (an)

From L!-version of the ergodic theorem of Nguyen and Zessin [15], it follows

By = ﬁa.s. (an>

8



Now, we focus on the term B3. In the sequel, the letter C denotes any generic
positive constant. Let € > 0 and t € K, be fixed. We use the Tchebychev-Markov
inequality, we have

P <]J/,\1(t) —EJ,(1)| > ean> =P (! Y Jnil > ean(nbn)d>

i€l

ga,(nby,)? )q] | Yicr, In,i 1
Sexp|:— <—_+z Bexp | [ ~=bmil 3V | (412
I ier, Jnilly, * | Lier, Jnilly, *

Therefore, we assume that there exists a real 0 < ¢ < 2, such that J_mo € Ly, s
As a direct application of Kahane-Khintchine inequality of Corollary 1 to the zero
mean sequence J_,”, fori € I',,, we obtain that:

ga,(b,n)? "
= 7 q
Mi(q) ol (Eier, big(1))'/?

iel’y,

where

big()=1+C(q) ¥ /01K,

kev,

M, (q) and C(q) are positive universal constants depending only on ¢. Thus, under
condition (3.11) and from the stationary of X and by definition of the norm || -
[y, » We infer that there exists a constant C > 0 such that

eval <bnﬁ>ﬂ .

P(|J,(t) —EJ,(2)] > €a,) < (1 +el;’) exp [_ -

Inserting a, = (logn)'/4/(b,/n)?, we see after a short calculation that

~ ~ €11
P(9:0) - B (0] > ea,) < (1 F)exp | - 8" .
From the last equality, we find that
~ ~ 1]
sup P(|J, () —EJ,(t)| > €a,) < (1 +elg) exp | — ogn (4.13)
teky Cq

Since

P (|B3| > €ay) < v sup P(|J,(1) —EJa(t)| > €ay),
teky

using (4.13), it follows with Borel-Cantelli’s lemma

P(lim sup |B3| > €a,) =0

n—oo

We conclude the proof of Theorem 2. [



Proof of Corollary 2. Using the second-order Georgii-Nguyen-Zessin formula (2.2)
with
11(77 — é € B(O,R))

_ n—&—t
0= e T gy e ok (1),

we have

g [ & <BoR) g
B0 = [ s SRt e x) (15 ) acem Xjazan

We remember the second order Papangelou conditional intensity by:

A& X)=A(,X)A(n,XU{&}) forany §,n e RY.

Using the finite range property (3.5) for each function A (&,X) and A (n,XU{&}),
we have

l(éax) = l(g,XﬂB(g,R))
=pB* when XNB(E,R)=0

and

A, XU{&}) =A(n,(XNB(N,R))U{c})
=p*V(n—¢&) when XNB(N,R)=0 and & < B(n,R).

We obtain by stationarity of X and from the definition of f giving by (3.1) and

C(o,t) is defined through (3.6):

(G € Aw €A —EEBOR) & o _g)K("—b_i—’)vm &)dedn

Ejr\z(t)zﬁ*z/de bfﬂ/\nﬂ(/\n‘l‘(n_&”

(€ e Ap,n+& €Ay,n €B(0,R))
R2d bg’An N (An + 77’

1(n € B(o,R)) = n—t
i bﬁ\/\nﬂ(An+n)\c(0’n)K(b—n>V(n)/RdH(é € ApNA, —1)dEdn

g [ MmN 0
=p Z/RJ b%|Anﬁ(An+n)\H(n GB(O,R)C(o,n)K< h

— ﬁ*Z

Clomk (M1 vimagan

_ B*Z

t

)V(n)dn.

In this way we get:
EJ,(1) = BV (1)C(o,1)
11

= B*2 RdK(z)( (baz+1 eB(o,R))C_(O,bnz+l)V(an+f)—V(l)c_(07t))dz'

10



By Taylor expansion of the integrand in neighborhood of ¢ and making use of

(A1), (A3) and the function V (¢)C(o0, ) has bounded and continuous partial deriva-
tives of order s of in B°(¢,0) (for some 6 > 0 ), we get the following rate of
convergence

EJ,(t) — BV (1)C(o,t) = O(b}) as n— oo
By the Theorem 2, we complete the proof. 0

Proof of Theorem 1. We consider the decomposition

In(t) = B2V()C(0,1) | nui Calt) = B*Clo,t)
a0 +B*V () 20 L (4.14)

Now, we prove by the ergodic theorem (Nguyen and Zessin [15]) that

Va(t) =BV (1) =

Ca(1) — B*Clo,1)] £ 0, as n— oo, (4.15)

Let (7y),cra be the shift group, where 7y is the translation by the vector —y € R4,
Let consider the following quantity for each Borel A

La= ), f(Er+&X\{&}).

EeXnA
It is seen that L, is covariante:
Lya(TyX) = La(X)
and additive: if AjNAy =0,
Laynny = LA, +La,-

Hence, from the Nguyell and Zessin [15] ergodic theorem, and additionally as-
sume that [P is ergodic, C,(¢) converges almost surely to

LY ferrex\(€))

L=—
Aol EEXNAg

where A is a bounded Borel subset of R¢. It follows immediately from the GNZ
formula (2.1)

1
L—mE&;AOf(é,H%,X\{é})
1
- WE/W g (€)£(&.1+ & X)A(€,X)dE

11



Since X is stationary with translation invariant interaction function and using the
finite range property (3.5), i.e.

A(8,X) =A(E,XNB(S,R))
=p* when XNB({,R)=0
then, it follows that L = B*C(o, ). We conclude that C, () defined by (4) turns out
to be unbiased estimator of 3*C(o0,t) and strongly consistent as n tends infinity.
Using the monotony of functions C and C,, we can approach the functions

C and C, by their values in a finite number of points, furthermore by the result
(4.15), we have as n — oo,

sup |Gy (t) — B*Clo,t)] — 0 (4.16)

IGKO

almost surely.
By Corollary 2, the result (4.16) and the expression (4.14), we complete the
proof. ]
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