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Vocal folds are composed of elastic, soft, multilayer material, and are set to various vibration
regimes during phonation, while speaking or singing. To explore such vibration phenomena, a
vocal folds replica has been built, allowing to control physical parameters (subglottal pressure,
vocal folds stiffness, and glottal aperture) in order to understand their respective contribution.
Vocal folds are imitated by latex tubes filled with water under variable pressure. The present
study aims at presenting mechanical measurements performed on a single vocal fold replica by
means of a shaker provided with an accelerometer in conjunction with a laser vibrometer. This
vibration measurement protocol yields a series of frequency response functions over a specific area
of the vocal fold. Modal analysis is then performed using an algorithm based on the least square
complex exponentials (LSCE) method, which has been developed for single input-multiple output
(SIMO) systems. Results are further compared with those from the rational fraction polynomial
(RFP) method. Although results are in fair accordance, the observed discrepancies are quantified
and discussed.

1. Introduction

Voice production is of primary importance in the context of human communication. Although
vocal folds mechanics is one of the elements involved in voice production [16], aspects of the dynam-
ical behavior of this soft, elastic, multilayer material remain unclear. Vocal folds have been modeled
by means of analytical models, e.g. the largely used two-mass model [9] and numerical models, e.g.
using the finite element method [1]. Characterization of vocal folds is not trivial because of the vocal
folds location, in the throat, not easily accessible by measurement devices. Previous research has
focused on excised larynges whose mechanical properties change fast [5], especially the viscoelastic-
ity, since those are early dead human tissue. An alternate means to perform measurements of vocal
folds vibration in auto-oscillation regime is to use a replica [14]. Various geometries and materials
have been used, based on the works from the musical acoustics community and the development of
an artificial mouth [7]. Vocal Fold replicas allow for measuring frequency response functions (FRF)
depending on various parameters such as the vocal fold geometry and stiffness.
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Modal analysis applied to an element of human body has been seldom used in previous studies.
Most research using this method is applied to bones quality or integrity [6, 15] and generally to hard
material, as opposed to soft human tissue. Modal analysis has been applied to human vocal folds
through extraction of empirical orthogonal functions [10], either based on numerical methods such as
the finite element method [2] or based on high-speed glottography and videokymography [17] for in
vivo experiments [12]. These studies have shown various particular vibration modes related to healthy
and pathological vocal folds, including biphonation due to vocal fold asymmetries.

The present study focuses on vibration patterns of a single vocal foldreplica presented in section 2,
in order to obtain a precise knowledge of the vibrational behavior of the vocal fold, independently
from the rest of the replica, before conducting more complex experiments. The associated modal
analysis methods used to characterize the modal behavior of the structure, both in time and frequency
domains, are presented in section 3. Results from both methods are further discussed and compared
in section 4.

2. Measurements

2.1 Vocal fold replica

The vocal fold replica under study is based on the design of previous research [14]. It is composed
of a steel structure representing a half cylinder, covered by latex tubes filled with water. A schematic
of these artificial vocal folds can be seen in Fig. 1a. Water inside the vocal folds is connected to a tank
whose height controls the water pressure within the latex tubes, modifying its stiffness. These vocal
folds are connected to a large box containing pressurized air representing the lungs. The whole replica
allows for controlling independently three physical parameters: the vocal folds stiffness, upstream air
pressure, and the distance between vocal folds.
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Figure 1: (a) Schematics of the vocal fold replica as a water-filled latex membrane on a steel structure
(from [8], dimensions in mm), and (b) measurement setup with a tangent mechanical excitation and a
normal vibrometry measurement.

2.2 Measurements procedure

Measurements are performed on a single vocal fold replica mounted on a half cylinder shell made
of copper, as can be seen in Fig. 1b. The vibratory excitation is made by a shaker whose input signal
is noise, ranging from 50 Hz to 400 Hz at a sampling frequency of 10 kHz. This noise was pre-filtered
according to the power density spectrum of the shaker in order to provide a flat excitation spectrum.
The shaker is in tangential contact with the latex tube near one end of the latter to leave some space to
observation points, and it makes a 45◦ angle with both x and z axis, as shown in Fig. 1b. It should be
noted that no attachment of the shaker rod is possible due to the soft and lightweight structure under
study.
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Observations are made with a scanning laser vibrometer allowing to perform velocity measure-
ments with the same excitation signal at each point of a specific grid on the vibrating structure. An
accelerometer is mounted on the shaker so that the excitation acceleration is known. In conjunction
with the axial velocity of observation points measured by the vibrometer, transfer functions can be
estimated using the ratio of the input and output cross spectral density over the input auto spectral
density. This ratio provides a complex mechanical frequency response function (FRF) at each mea-
surement point of the structure. The obtained FRF series, including amplitude and phase signals, as
visible in Fig. 2, are used to estimate the modal parameters of the structure.
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Figure 2: Example of a single FRF (green curves, on point 11), overall average of complex FRF (red
curves) and average on FRF magnitudes (blue curves).

3. Modal analysis

Modal analysis used to characterize the vibratory behavior of a structure. Although vocal folds
are naturally set to auto-oscillation by the air flowing between them, due to fluid-structure interaction
and viscous forces, the present study considers a single vocal fold without air flow interaction. The
natural resonances of this complex structure are studied by means of FRF measurements and modal
analysis.

Two methods are used in the present study: the Least Square Complex Exponentials method
(LSCE) and the Rational Fraction Polynomial method (RFP). The main difference between them
is the fact that LSCE has been developed for time domain data while RFP uses frequency domain
data [11]. In general terms, time domain models tend to provide the best results when a large number
of modes exist in the data, whereas frequency domain models tend to provide the best results when
the frequency range is limited and the number of modes is relatively small [11]. Both LSCE and
RFP methods are said to be indirect methods because they are based on identification of the modal
parameters of a model, as opposed to considering directly the general matrix equation of dynamic
equilibrium. Besides, they allow for multiple degree of freedom (MDOF) analyses, i.e. they can
detect several modes within a given FRF.

3.1 Time domain SIMO method

Least Square Complex Exponentials method (LSCE) method [4] is a single input-multiple output
(SIMO) method, working in time-domain with one excitation point and processing simultaneously
several FRF related to various measurement points. This method has been implemented in the Abrav-
ibe Toolbox (Matlab) [3], which was adapted to the requirements of the present study.
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In the frequency domain, the FRF in terms of receptance αjk ( displacement at point j due to a
force at point k) for a linear, viscously damped system with N degree-of-freedom can be written as

αjk(ω) =
2N∑
r=1

rAjk

ωrξr + i(ω − ωr

√
1− ξ2

r )
,(1)

where ωr is the natural frequency, ξr is the viscous damping factor, and rAjk is the residue cor-
responding to each mode r. It should be noted that the sum order goes up to 2N because the N
complex conjugate of the numerator are directly included since absolute value is considered. The
corresponding impulse response is obtained by means of the inverse Fourier transform:

h(t) =
2N∑
r=1

Are
srt,(2)

where sr = −ωrξr + iωr

√
1− ξ2

r . By discretizing the time length into L intervals ∆t, the impulse
response h becomes

hn = h(n∆t) =
2N∑
r=1

ArV
n
r ,(3)

where Vr = esr∆t, which can be known using Prony’s method [13]. The principle is that there
always exists a polynomial in Vr with real coefficients β such that:

β0 + β1Vr + ...+ βnV
n
r + ...+ βLV

L
r = 0.(4)

In order to calculate the coefficients β to evaluate Vr, Eqs 3 and 4 yield, for each Vr:

L∑
j=0

βjhj = 0.(5)

L is taken as equal to 2N for convenience, so there are 2N sets of data points hj , each one shifted
one time interval, and β2N is set to 1. This yields, in matrix form, for p impulse responses:

hm β = h′m.(6)

The least-squares solution can be found via the pseudo-inverse technique:

β =
(
[hm]Thm

)−1
[hm]Th′m.(7)

Knowing the coefficients β, a polynommial solver can be used to calculate the roots Vr from
Eq. (4). The latter allows for using Eq. (3) to calculate the residues, and consequently the modal
constants and phase angles.

The main issue of this method is the estimation of the number of modes within the series of FRF.
Calculating the rank of matrix hm from Eq. (6) can be used as an indication of that quantity.

3.2 Frequency domain SIMO method

A common basis of several frequency-domain methods is the modeling of the FRFs as the frac-
tion of a numerator and a denominator that are expanded on basis functions Ωn of the frequency ω
(normalized by the upper bound of the frequency range under analysis):

H̃k(jω) ∼ Numk(jω)

Den(jω)
=

∑M
n=0 b

k
mΩm(jω)∑N

n=0 anΩn(jω)
(8)
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with a common denominator Den. A least-squares formulation considers the error criterion

J =
∑
k

∑
i

∣∣∣H̃k(ωi)Den(jωi)−Numk(jωi)
∣∣∣2(9)

that may be seen as weighting the approximation error by the denominator values. Denoting bk and a
the column vectors of the numerator and denominator coefficients, respectively, the minimization of
the error criterion with respect to (bk) leads to the first set of normal equations Y · bk = Xk · a with:

Ymn = <(< Ωm,Ωn >) = <
(∑

i

Ω∗m(jωi)Ωn(jωi)

)
and Xk

mn = <
(
< Ωm, H

kΩn >
)
.(10)

The inversion behaves bad when considering an expansion on the canonical polynomials, thus jus-
tifying the use of the Fourier functions Ωn(jω) = ejnω in the case of the Least-Squares Complex
Frequency-domain method (LSCF, see [18]) or of the Forsythe orthogonal polynomials in the case of
the Rational Fraction Polynomial method (RFP, see [19]). The error criterion then only depends on
the denominator coefficients J = aT · A · a where

<(A) =
∑
k

(
Zk −XkT · Y −1 ·Xk

)
with Zk

mn = <
(
< HkΩm, H

kΩn >
)
.(11)

Contrary to Ref. [19], the same functions are used here for the numerators and the denominator,
avoiding the expensive computation of several orthogonal polynomial basis and the formulation of a
secondary least-squares approach to merge estimations from several FRFs. While the highest order
coefficient is usually set to 1, Ref. [18] considers varying the denominator coefficient that is con-
strained to 1. In both cases, the minimization of J with respect to the remaining coefficient leads to
the second set of linear normal equations using submatrices of A, and the poles, i.e. the roots of the
denominator, are efficiently computed by means of the generalized companion matrix (see [20]) of
the orthogonal polynomials in the case of the RFP, avoiding the numerical instability of the canonical
polynomials.

It is interesting to note that the frequency-domain SIMO methods derived from Eq. 9 is known [21]
to be biased for noisy measurements due to the weighting by the unknown denominator coefficient.

3.3 Application to measurements

Mobility measurements were performed on 40 points of the artificial vocal fold, as presented
in Fig. 1b, providing 40 FRF. Both LSCE and RFP methods were used to analyze these transfer
functions, providing complex pole values. The usual stabilization chart relies on Nsim evaluations by
either increasing the model order N (in the RFP and the LSCE method) or varying the denominator
coefficient an that is constrained to equal 1 (in the RFP method only). The classical technique appears
to only retain a single estimation of a pole without really exploiting the various samples that could
be identified as the same pole, at least as performed in Abravibe [3]. We here adopt a bi-dimensional
dispersion representation in the (fn, Qn) plane, fn being the resonance frequency and Qn the quality
factor. The stable poles whose real part is negative with positive frequency are presented in Fig. 3,
where the distribution is heterogeneous.

Some regions show an important density of poles. One expects the agglomeration of samples to
be related to physical poles, while the dispersion relates to non-physical ones. The LSCE graph shows
a strong "background" noise, i.e. many samples that do not agglomerate. Moreover, the dense regions
seem to have a larger extent in the Qn axis, i.e. a higher dispersion of the evaluation of the quality
factor. In contrast, the RFP method with variable constraint shows less "background" noise and more
compact dense regions. This is in accordance with the observation of Ref. [18]

In order to quantify these results, a cluster analysis was performed to determine which estimated
poles must be considered.
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Figure 3: Representation of the stable poles (negative real part) with positive frequency, as the quality
factor versus the resonance frequency, from both LSCE and RFP analysis methods, between 60 Hz
and 250 Hz.

3.4 Cluster-based algorithm for modal analysis with uncertainties

In the manner of the procedure described in Ref. [18], we investigate the use of cluster algorithm to
discriminate the physical poles from the nonphysical ones. Either in the s-plane or in the (frequency-
quality factor) plane, physical poles gather into tight clusters while the others are scattered within a
larger domain on the plane. The challenge is then to be able to identify the clusters and to compute
statistics as theirs centroïd (the pole estimation) and standard deviation (the estimation uncertainties)
along each axis. We do not follow the algorithm from Ref. [18], as it is explicit how nonphysical
poles are gathered in clusters too.

Two approaches are proposed here. The first one relies on the Kernel Density Estimation (KDE)
method. A histogram-like function Φ is built from the summation of contributions from each samples
(fi,Qi) weighted by a gaussian window whose bandwidths are chosen to equal the expected resolution
∆f and ∆Q on each axis:

Φ(f,Q) =
∑
i

exp−1

2

(f − fi
∆f

)2

+

(
Q−Qi

∆Q

)2
.(12)

It is computed on a regular mesh of the domain of interest as defined by the excited frequency range
(50−−400 Hz) and pertinent quality factor (0-50). High values are found where samples agglomerate,
and low values where samples scatters. All peaks higher than a threshold based on Nsim are then
considered: it is required that at least 25% of the evaluations return a pole in the vicinity of the peak.
They are iteratively fitted on a gaussian function whose moments (mean value and standard deviation
on each axis) define the pole estimation and uncertainty (i.e. its confidence bounds).

The alternative method is based on a k-nearest-neighbours (k-NN) analysis. We look for the
poles whose k nearest neighbours lie within the smallest spheres (using a quasi euclidian measure
that accounts for the expected resolution in each axis). Typical values are searching for k = Nsim/2
neighbours. For each sphere, statistics on the distribution of the poles result in the final pole estimation
and related uncertainty.

Table 1 compares estimations of the poles for RFP evaluations with a variable LS constraint for
denominator order set to 40.
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Table 1: Pole estimation for RFP and LSCE evaluations by means of KDE and k-NN methods.

KDE method k-NN method
Frequency (Hz) Quality factor Frequency (Hz) Quality factor

RFP Pole 1 108.5 ± 1.0 23.2 ± 2.7 108.5 ± 0.7 22.9 ± 2.4
Pole 2 123.1 ± 2.4 7.5 ± 2.5 122.2 ± 1.6 7.4 ± 1.5
Pole 3 170.2 ± 1.1 16.1 ± 2.3 170.2 ± 0.5 16.3 ± 1.3
Pole 4 204.6 ± 1.2 22.8 ± 3.7 204.5 ± 1.5 22.8 ± 3.3

LSCE Pole 1 108.4 ± 1.1 20.6 ± 3.4 108.3 ± 0.9 21.1 ± 2.6
Pole 2 121.6 ± 1.4 7.4 ± 2.4 121.5 ± 1.7 7.5 ± 1.7
Pole 3 170.2 ± 1.4 15.8 ± 2.9 170.0 ± 1.7 15.7 ± 2.2
Pole 4 205.3 ± 2.0 23.3 ± 3.5 205.4 ± 2.7 24.0 ± 3.4

4. Conclusion

The vocal folds replica provides an interesting use-case of modal analysis. Modal density, conse-
quent measurement noise and moderate to high damping allowed us to confront several methods to
evaluate the poles given a model and parameters, such as for example the over-determined number
of poles to look for. The results presented here reinforced our conviction that we can not rely on a
single estimation of the poles, and that it is necessary to also estimate confidence bounds along with
the modal parameters.

Two cluster approaches have been proposed in this paper. Both rely on the (fn, Qn) representation,
and consider the multiple estimations of poles as samples of a multimodal distribution. The Kernel
Density Estimation method is fully automated in the sense that the thresholds are automatically tuned
to the density, the number of single estimations and the maximum denominator order considered.
On the contrary, the k-nearest neighbors method still requires user interaction to select the optimal
maximal distance and thus the maximal size of the cluster. When applying on results from either RFP
or LSCE methods, the clustering methods show strong overlap which we interpret as a measure of
quality of the two methods.

Moreover, in accordance with Ref.[18], we found that the frequency-domain method with variable
constraint provides a clearer picture of the pole, as opposed to increasing order procedure, for time-
or frequency-domain methods. However, after applying the cluster procedure, both methods lead to
similar modal parameter evaluations and similar confidence bounds.
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