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Optimal Control for Whole-Body Motion Generation using
Center-of-Mass Dynamics for Predefined Multi-Contact Configurations

M. Kudruss1†, M. Naveau2†, O. Stasse2, N. Mansard2, C. Kirches1, P. Soueres1, K. Mombaur1

Abstract— Multi-contact motion generation is an important
problem in humanoid robotics because it generalizes bipedal
locomotion and thus expands the functional range of humanoid
robots. In this paper, we propose a complete solution to compute
a fully-dynamic multi-contact motion of a humanoid robot.
We decompose the motion generation by computing first a
dynamically-consistent trajectory of the center of mass of the
robot and finding then the whole-body movement following this
trajectory. A simplified dynamic model of the humanoid is used
to find optimal contact forces as well as a kinematic feasible
center-of-mass trajectory from a predefined series of contacts.
We demonstrate the capabilities of the approach by making the
real humanoid robot platform HRP-2 climb stairs with the use
of a handrail. The experimental study also shows that utilization
of the handrail lowers the power consumption of the robot by
25% compared to a motion, where only the feet are used.

I. INTRODUCTION

The generation of whole-body motions utilizing multiple
contacts between the robot and its environment extend the
form of bipedal locomotion with a potential high impact on
humanoid robot functionalities. It enables a robot to climb
ladders, perform crawling, evolve in cluttered environment
and less impressively, but yet very useful, to climb stairs
[1], [2]. Staircase climbing is an important basic behavior
for humanoid robots aiming at evolving in an industrial
environment (see Fig. 1). The DARPA challenges have
illustrated the difficulty of its realization.

Two main classes of approaches can be distinguished in
the resolution of the multi-contact locomotion problem. On
the one hand, the problem is approached all at once, by
trying to find a complete trajectory of the system typically
using a numerical resolution scheme. On the other hand, the
problem is decomposed into several sub problems, typically
by following the seminal approach used in ground-level
biped locomotion.

Ideally multi-contact motion generation includes a dy-
namic model of the humanoid, a model of its actuators and
takes into account all its constraints over a finite preview-
window. The number of degrees of freedom (DoFs) and
the size of the needed preview-window makes this approach
useful for motions [3] exploiting the whole robot, but their
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Fig. 1. HRP-2 climbing stairs with the support of the handrail. The
overlay shows the used reduced model (center of mass (CoM, black) at
waist, CoM frame (magenta), gray inertia ellipsoid, contacts (teal dots) and
contact contact forces (teal arrows) as well as world coordinate system W
(blue).

computational complexity prevent an execution on the robot
in real-time.

The first class of approaches then mostly tries to make
the problem tractable by proposing various ways of approxi-
mating the complete problem or improving the mathematical
properties arising from a specific formulation. [1] proposed
to work on the under-actuated dynamics and consider only
the constraints related to inverse kinematics. [4] proposed to
reformulate the contact model, and used differential dynamic
programming to solve the related optimization problem effi-
ciently. The same approach was implemented in [5] on the
real HRP-2 robot for real-time control; however, no walking
has been demonstrated yet on the real robot with this method.

A significant different approach is presented in [6], where
they consider a set of contact points for which a dynamically
consistent CoM trajectory is found. The forces are subject
to the linearized friction cone constraints. This iterative
algorithm assumes a predefined partitioning of the external
forces applied to the system. In [7] a stabilization process
based upon the work of Cheng [8] is proposed, which
assumes a quasi-static motion, i.e. accelerations are set to
zero. This last condition imposes a strong restriction on the
possible motions.

For ground-level walking the state of the art is the ap-
plication of so called walking pattern generators that plan



CoM trajectories for either predefined or additionally online
computed foot contacts. Extensive simplifications of the
dynamic model of the humanoid result in a linear inverted
pendulum model, which allows the fast generation of walking
motions. The extensions proposed in [9] can handle steep
slopes of 10 degrees and demonstrate the humanoid robot
platform HRP-2 [10] to even hit obstacles and adapt its feet
trajectory appropriately. While these simplified models have
a small computational footprint and show consistency with
the elementary parts of the human gait, they all assume zero
variations of the angular momentum about the CoM, which is
once more a strong limitation for achieving complex dynamic
movements.

These angular effects can be integrated based on the
centroidal momentum described in [11]. Thereby, the robot is
not only modeled as a point mass but by a spheroid with 3D
inertia. A coordinate frame is attached to the CoM where the
inertia is expressed. It is therefore possible to compute the
variation of angular momentum created by contacts between
the robot and its environment on the CoM.

Contribution of the article

In this work, we present a complete solution to generate
whole-body motions for multi-contact supports considering a
template model of the humanoid. We present a mathematical
formulation of the reduced multi-contact CoM dynamics of
an humanoid as an optimal control problem (OCP). The
OCP is able to find feasible CoM trajectories and contact
forces for predefined contact sets subject to the constraint of
respecting the contact model and constraints encompassing
the kinematic limits of the whole-body system. The template
model includes the major effects on the under-actuated part
and is applicable for any combination of contact (ground
level, biped walk on non-flat floor, multi-contact like using
the handrail during stair climbing, etc). This approach is
then used to generate a whole-body motion of climbing
stairs with support of a handrail for the real humanoid robot
platform HRP-2. The experimental study on the robot also
demonstrates that the use of the handrail reduces the motor
power consumption by 25%.

Organization of the article

We first describe the formulation of the OCP used to
compute the CoM trajectory, and briefly discuss the par-
ticular numerical scheme used to solve this problem in
Section II. In Section III, we explain how to process the CoM
trajectory and contact forces to create a feasible motion for
the humanoid. Finally, we will show the results we obtained
from experiments on the real robot HRP-2 performing a stair
climbing motion with hand rail support in section IV.

II. GENERATION OF THE CENTER-OF-MASS TRAJECTORY

A. Dynamic model and constraints

Inertia ellipsoid model: The derivation of the template
model generalizes with the number of considered contact
points M ∈ N located at positions pi ∈ R3, for i = 1 . . .M.
The force applied at pi is denoted by fi = [ fi,x fi,y fi,z ]

>,

and is given in a local coordinate system, with the z-axis
normal to the contact surface at pi. The component fi,z is
the normal force applied at contact point pi and ( fi,x, fi,y) is
the tangential force applied at pi. However, we only use the
end of the M = 3 involved robot limbs for the representation
of the stair climbing motion, i.e., the right hand prh as well
as the left and right foot pl f , pr f .

Following the ideas from [11], [9], we only consider the
effect of the whole-body dynamics of a humanoid robot on
the CoM. The centroidal dynamics is described as

m
[

c̈−g
c× (c̈−g)

]
+

[
0
L̇

]
=

[
∑

M
i=1 Qifi

∑
M
i=1 pi×Qifi

]
(1)

where c= [cx cy cz]
> ∈R3 is the CoM of the humanoid multi-

body system, c̈ = [c̈x c̈y c̈z]
> ∈ R3 is the CoM acceleration,

L̇ is the derivative of the robot angular momentum due to
the angular speed of the robot body parts, and Qi ∈ SO(3)
is the 3× 3 rotation matrix that transforms forces fi in the
local contact coordinate system at pi into the global world
coordinate system.

In the following the contribution to the variation of the
angular momentum L is separated between the part caused
by the angular acceleration of the whole robot body and the
internal movements of the robot bodies

L̇ = Ic ω̇−σ ,

where Ic is the inertia matrix of the whole body considered
as a single rigid body computed for the configuration at time
t0, ω̇ is the angular velocity (3D) of the root frame attached
to the waist body of the robot, and σ is a function of the
whole-body configuration, velocity and acceleration [11] that
does not depend on ω . Eq. 1 is then rewritten in normal form
as

M(c)
[

c̈
ω̇

]
= ∑

i
JT

i fi +ST
σ +b(c), (2)

with

M(c) =
[

m13 03×3
mc× Ic

]
, JT

i =

[
Qi

pi×Qi

]
, (3)

ST =

[
0
13

]
, b(c) =

[
m g

mc×g

]
, (4)

where c× ∈ R3×3 (resp. pi×) is the skew matrix associated
with vector c (resp. pi).

Following the convention specified in [12], the equilibrium
constraints (2) can be written as the non-linear first-order
differential equation

d
dt


c
θ

ċ
ω

=

 ċ
ω

(M(c))−1
(
∑i JT

i fi +ST σ +b(c)
)
 . (5)

Linear constraints: The applied contact model treats the
feet contacts as unilateral and the hand contact on the rail
as bilateral. This is achieved by defining proper bounds onto
the applied contact forces given by



-600.0 ≤ fl f/r f ,x [N] ≤ 600.0
-600.0 ≤ fl f/r f ,y [N] ≤ 600.0

0.0 ≤ fl f/r f ,z [N] ≤ 600.0
-150.0 ≤ frh,x [N] ≤ 150.0
-150.0 ≤ frh,y [N] ≤ 150.0
150.0 ≤ frh,z [N] ≤ 150.0

-600.0 ≤ σx [Nm] ≤ 600.0
-600.0 ≤ σy [Nm] ≤ 600.0
-600.0 ≤ σz [Nm] ≤ 600.0

Contact forces can only be applied when a contact is
established. When the contact is released (or moving), we
define the lower and upper bounds for the contact force to
be zero. The description of a moving contact is denoted by
‖ṗi‖2 > 0. For brevity of exposition, we refer to the contact
complementarity

‖ṗi‖2 · ‖fi‖2 = 0 (6)

to indicate if the end effector is in contact or not. However,
note that the complementarity is not explicitly treated inside
the problem, but is predefined in the contact configuration.

Friction cone constraints: The applied friction model
requires the contact forces to satisfy the so called friction
cone constraints, which are given for M contact points by

‖( fi,x, fi,y)‖2 =
√

( fi,x)2 +( fi,y)2 ≤ µi fi,z, i = 1 . . .M, (7)

where µi > 0 is the friction coefficient of the contact point
pi. The friction cones K1, ...,KM ⊆ R3 can be defined as

Ki = {x ∈ R3|x2
1 + x2

2 ≤ (µix3)
2}, i = 1 . . .M,

and by following this notation, the friction cone constraints
of (7) can be formulated as fi ∈ Ki, i = 1 . . .M.

Kinematic constraints: For the kinematic feasibility basic
constraints on the limb lengths are introduced with

Li ≤ ‖c−pi‖2 ≤ Li, i = 1, . . . ,M, (8)

where c ∈ R3 is the CoM position in global coordinates.
For the stair climbing motion, we define the leg lengths for
pl f ,pr f using Li = 0.64 and Li = 0.8.

B. Objective function

Before giving the complete formulation of the optimal-
control problem , we first define the cost terms used for the
trajectory optimization over a given time interval.

The first term `0 tends to keep the CoM around the support
polygon of the set of foot contacts.

`0 = ‖ fl f ‖2
2 · ‖cx,y− px,y

l f ‖2
2 +‖ fr f ‖2

2 · ‖cx,y− px,y
r f ‖2

2

The second term `1 uses the complementarity (6) to track a
proper CoM reference height that is dependent on the current
support foot height.

`1 = ‖(fl f ,z + fr f ,z)(cz− cre f
z )− fl f ,zpl f ,z− fr f ,zpr f ,z‖2

2

The four next terms `2, `3, `4 are used to penalize a swaying
motion of c in z direction and stabilize the rotational DoFs.

`2 = ‖ċz‖2
2, `3 = ‖ωx‖2

2, `4 = ‖ωy‖2
2, `5 = ‖ωz‖2

2

TABLE I
OBJECTIVE WEIGHTS

i 0 1 2 3 4 5 6

wi 0.05 0.0005 1.0 1.0 1.00 0.1 1.00

The last term `6 is added as regularization term to the
objective.

`6 = ‖c̈‖2
2 +‖ω̇‖2

2

C. Optimal control formulation

This way, we formulate an optimal-control problem to
search for the best CoM trajectory respecting the dynam-
ics (5) and subject to the constraints defined in Section II-A
in terms of a combination of different optimization criteria
defined in Section II-B.

Formulation: The variables of interest are the state and
the control over the time horizon. The state is composed
of the CoM position and velocity and angular velocity of
the robot: x := (c, ċ,θ ,ω). The control is composed of the
contact forces for the active contact at time t and the internal
angular momentum variation: u := (f1, . . . , fM,σ).

The OCP minimizes a running cost (i.e. objective function
of Lagrange type) on a finite time horizon t ∈ [0,T ] given
by

min
x(·),u(·)

∫ T
0 l(x(t),u(t))dt (9a)

s.t. ẋ(t) = g(x(t),u(t)), t ∈ [0,T ], (9b)
x(0) = x0, (9c)

0≤ h(x(t),u(t)), t ∈ [0,T ]. (9d)

where l(x,u) = ∑ j w jl j(x,u) is the running cost, with a
positive weight w j adjusting the relative importance and
scaling of each term ` j; g : Rnx ×Rnu → Rnx is representing
the dynamics of the system defined in (5); x0 is the initial
(measured) state of the system; and h(x,u) :Rnx×Rnu→Rnc

are the mixed state-control path constraints defined by con-
catenating the friction cone (7), the kinematic constraints (8)
as well as the complementarity constraints (6), where the
latter is defined via the contact sequence and are not yet
treated inside the optimization. Note that ṗi are not part of
the decision variables of the OCP.

Discretization: Following a direct approach to optimal
control, the control u(·) is discretized on a time grid 0 = t0 <
t1 < .. . < tK = T by means of base functions parametrized
by control parameters α . We use a piecewise linear dis-
cretization which yields smoother CoM trajectories, i.e. for
k = 0, . . . ,K−1:

u(t)
∣∣∣
[τk,τk+1]

:=
(
αk,1(τk+1− t)+αk,2(t− τk)

)
/(τk+1− τk)

Multiple-shooting resolution: Applying the direct mul-
tiple shooting approach for optimal control, we further
parametrize the state trajectory x(·) by solving initial value
problems for the ordinary differential equation (ODE) (9b)
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Fig. 2. Overview of the joint trajectories (q) generation process, with c
the CoM trajectory, and RF,LF,RH,LH the end-effector trajectories.

separately on the same grid chosen for the control dis-
cretization. Thereby, the model dynamics (9b) are adaptively
discretized by making use of state-of-the-art ODE solvers.
Continuity of the trajectory in the solution of the OCP is
enforced by additional constraints.

From this discretization, a large but structured nonlin-
ear programming problem is obtained that can be solved
efficiently with a tailored structure-exploiting sequential
quadratic programming (SQP) method [13]. First- and
second-order derivatives, required by the SQP method to
solve the discretized OCP, involve the computation of sen-
sitivities of the ODE solution according to the principle of
internal numerical differentiation (see [14] for details).

III. MOTION GENERATION

The computation of the trajectories, depicted in Fig. 2
and needed for the realization of the motion, is a four step
process. (i) A set of contact points has to be found. (ii) The
trajectories for the center of mass is computed by the OCP.
(iii) The full trajectory of the end effectors are computed
using B-splines. (iv) The generalized inverse kinematics to
compute the actuated joint trajectories of the robot.

In the final process a set of joint trajectories (q) is provided
for the position-controlled humanoid robot HRP-2. Note that
these trajectories are dynamically consistent and that the
contacts are realized according to the predefined schedule
of the problem formulated in the previous section. The same
approach can be applied to the robot by computing reference
joint torques to be exerted by the robot using task-space
inverse dynamics [15].

A. Definition of the contact sequence

For each contact the time interval and the contact state,
active or not, is defined. We also specify which body is in
contact, the position of the contact, the friction coefficient,
and the contact normal vector. The contact sequence is a
collection of such contact specifications. Such a contact
sequence is typically realized through a contact planner [2],
[16]. Here, the contact sequence is predefined, but an exten-
sion to additionally optimizing the position of the contacts
on a given a set of planar contact surfaces is possible.

B. End-effector trajectories

In this paper, the hand, the feet and the CoM trajec-
tories are represented using be B-splines. In the frame of
the Koroibot project, human hand and foot trajectories are

studied using inverse optimal control. In addition, meaningful
optimization criteria minimized by the under-actuated part of
the human dynamics are investigated that will be included in
the cost function of problem (9a). At this stage of the project,
this is still on-going work and the B-spline parameters are
found using heuristics. Although not in the scope of this
paper other approaches are possibles. A prior exploration of
this space through PRM could be done, but the size of the
space make this approach computationally difficult. We could
also teach the robot by demonstration using dynamic motion
primitives instead of B-Splines.

C. Whole-body generation

The final whole-body motion is generated by applying
the stack-of-tasks (SoT) scheme implementing a generalized
inverse kinematics (GIK) as shown [17]. Given the CoM,
the root orientation and end-effector trajectories the SoT
framework computes the complete trajectory of all the de-
grees of freedom of the system. This is done by specifying
tasks for the SoT that are defined as a simple PD controller
tracking the corresponding reference trajectory. The tasks are
the following: a task tracking the CoM trajectory along the
x− y− z axis (TCom), a task for each end-effector position
and orientation specification (TRH,LH,RF,LF ), a task to control
the orientation of the waist (TW ), and a task regulating the
posture of the robot around a nominal posture (Tq). The
hierarchy of the tasks defined as the lexicographic order
TCom ≺ TRH,LH,RF,LF ≺ TW ≺ Tq. The dynamical consistency
of the solution with respect to the robot model and the
contact forces is implicitly given by the properties of the
CoM trajectory computed by the OCP.

The corresponding contact forces and joint torques are
then reconstructed with a dynamic simulator. For each time
step, the contact forces are computed as the minimal forces
corresponding to the joint trajectory q, q̇, q̈ and respecting
the contact model by

min
f1...fM

||RNEA(q, q̇, q̈)−∑
i

JT
i fi||2

such that fi ∈ Ki, i = 1..M, where RNEA stands for the
Recursive Newton Euler Algorithm [18]. The motion can be
checked to be dynamically consistent if the residual is null
for all time instants of the movement.

IV. RESULTS AND SIMULATION

Experimental setup

We have considered the experimental setup depicted in
Fig.1 as proof-of-concept. The goal is to make the humanoid
robot HRP-2 climbing a stair case with a hand rail as
additional support. The height, the depth, and the width
of the stairs are respectively 15cm, 30cm, and 1m. The
hand rail is a cylinder with a diameter of 3cm. In an
industrial environment, for example, the height of the stairs
are irregular and the average height is around 20cm. In
this case the handrail is needed to avoid excessive power
consumption in the legs motors. Starting and ending in a
half-sitting position of the robot, the motion is divided into



Fig. 3. Set of contact stances realized by the humanoid robot HRP-2 using the method proposed in this paper. The experiment has been realized 5 times
in a row without any failure. The companion video shows the realization of the experiment.
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Fig. 4. Current consumption comparison between 2-contacts locomotion
and 3-contacts locomotion for climbing a 15 cm staircase.

3 phases that are executed twice: (i) the right hand establishes
contact with the handrail, (ii) the right foot is set on top of
the stair in front, (iii) the left foot is lifted and placed next to
the right one on the stair. The robot is is in double support
phase during the movement of an end-effector and triple
support phase during the CoM transition phase. See Fig. 3
for snapshots of the real humanoid robot HRP-2 performing
the motion.

The robot moves an end-effector in 1.4s and moves its
center of mass position in 0.1s during a transition phase.
The timing of the phase durations is crucial for the robot
because they implicitly define the velocity of each limb.
From experience in ground-level walking, the period of
single support and double support are usually around 0.7s
and 0.1s. However, in this example the robot has to go
through a larger distance at each phase than for ground-
level walking. Keeping the same schedule as in ground-level
walking makes the robot reaching its actuators limits in speed
and current more likely.

The approach presented in this paper has been developed
to prove the concept of using a template model for a multi-
contact controller. In the control chain, only the OCP part is
not yet run in real time. In fact the computation time for the
motion in the video attachment is ∼ 30 minutes. The large
computational foot print is due to (i) calculating the motion
all-at-once on the whole preview-window of 18.4s, (ii) an

over parametrization of the problem (3003 DoFs), (iii) not
exploiting the intrinsic sparsity resulting from the template
model. Future work will include a tailored implementation
of the algorithm considering these bottlenecks and allow a
real-time execution on the robot. Despite this, the inverse
dynamics run in 1ms on the HRP-2 CPU (Intel(R) Core2(TM)
Duo E7500, frequency 2.8GHz, 1 core, 3Mb of cache) under
Ubuntu 10.04 LTS.

Forces during contact transition

Fig. 5 shows the forces measured during one experiment.
It appears that almost all the forces are acting along the z-
axis. The right hand has an important role as it can realize
forces up to 200 N and more remarkable also exerts negative
forces at 9s and 14s, i.e., the robot also pulls itself utilizing
the grip on the handrail. Almost no torque is applied at the
level of the feet, the propulsion of the robot is more visible
in the tangential forces along the x- and y-axis .

Lets now focus on the z-axis. At the begin of the motion
the robot is stable on its feet and no other contact with its
environment is established (phase not shown in the graph).
At 6s the hand comes into contact with the handrail causing
perturbations in the feet force distribution. The next transition
appears just before 8s. The robot shifts its CoM to the left
foot and puts the right foot on the first stair. Then the robot
has three contacts with its environment and starts to utilize
the hand contact. It pushes with the right leg and pulls with
the hand to climb the stair. This particular motion excites the
flexibility located under the ankle of HRP-2. Between 10s
and 12s of the flexibility perturbs the system but the forces
on the hand compensate for it. The hand contact stabilizes the
robot to be able to move the hand towards the next grasping
position at 12s, where the robot is back to a stable state again.
During the the hand movement, the robot’s CoM is effected
by the flexibility exertion but not enough to fall down due
the stabilizing influence of the grasping contact before and
after the double support phase. The motion is repeated once.
The only difference is that the hand does not release contact
with the handrail at the end of the motion. This helps the
robot to stabilize and go back to an equilibrium state.

Current consumption

A severe limitation in climbing stairs with foot contacts
only for human-sized humanoid robot is the current con-
sumption. After performing a large number of experiments
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Fig. 5. Measured forces on the HRP-2 humanoid robot during the motion
depicted in Fig. 3.

on a 15cm staircase using a different algorithm [19], it appear
that the rate of success was highly dependent on the battery
charge level. Based on this observation, and using a model
of the robot actuator, the maximum amplitude of the current
was detected to be 40A on the right knee as depicted in
Fig. 4. It is mostly due to the fact that the weight shifting is
performed by one support leg. Using several contact points
during weight shifting allows to distribute the load across
several actuators. Therefore, the current asked for the right
knee for the same motion using multiple contacts does not
exceed 30A. This allows performing the motion depicted in
Fig. 3 5 times in a row even with low battery charge level.

V. CONCLUSION

In this paper we presented a method to generate a whole-
body motion utilizing multiple contact for a humanoid robot.
It is based on an optimal control problem formulation
focused on the under-actuated part of the robot’s dynamics.
Combined with state-of-the-art motion-generation algorithms
the approach generates feasible trajectories that enable a hu-
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Fig. 6. Measured forces on the HRP-2 humanoid robot during the motion
depicted in Fig. 3 compared with the OCP solution.

manoid robot HRP-2 climbing stairs. The generated motion
was performed 5 times in a row on the robot. The current
method was not optimized for speed and the next step is to
have a real-time feasible implementation on the robot. The
approach can also be applied to other kind of motions due to
it’s general formulation, which will be investigated in future
work.
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