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AUTOMORPHISM GROUPS OF KORAS-RUSSELL

THREEFOLDS OF THE SECOND KIND

CHARLIE PETITJEAN

Abstract. We determine the automorphism groups of Koras-Russell three-
folds of the second kind. In particular we show that these groups are semi-
direct products of two subgroups, one given by the multiplicative group and
the other isomorphic to a polynomial ring in two variables with the addition
law. We also show that these groups are generated by algebraic subgroups
isomorphic to Gm and Ga.

1. Introduction

In this article, we study automorphism groups of a family of a�ne threefolds,
called Koras-Russell threefolds of the second kind. These threefolds are smooth,
contractible a�ne varieties which �rst appeared in the work of Koras and Russell
on the linearization problem for action of the multiplicative group Gm on A3( see
[Ka-K-ML-R, Ka-ML, K-R, ML1]. They can be roughly classi�ed into three types
according to the richness of the additive group action Ga on them.

Koras-Russell threefolds of the �rst kind are de�ned by equations of the form:
{x + xdy + zα2 + tα3 = 0} in A4 = Spec(C[x, y, z, t]), where 2 ≤ d, 2 ≤ α2 ≤ α3

with gcd(α2, α3) = 1. These varieties admit several Ga-actions.
Koras-Russell threefolds of the second kind are de�ned by equations of the form:

{x + y(xd + zα2)l + tα3 = 0} in A4 = Spec(C[x, y, z, t]), where 2 ≤ d, 1 ≤ l,
2 ≤ α2 ≤ α3 with gcd(α2, d) = gcd(α2, α3) = 1.These varieties admit essentially
one Ga-action ( see the second section). Such varieties are called semi-rigid (see
[A, 4.1.2]).

The other Koras-Russell threefolds which will be called of third kind do not
admit non trivial actions of the additive group; such varieties are called rigid.

Although initially used only as part of the proof of linearization of Gm-actions on
A3, these varieties are now of interest in their own right as exotic hypersurfaces and
also as counter-example of the cancellation property for example ( see [D, D-MJ-P,
MJ, D-MJ-P1]).

By design all Koras-Russell threefolds admit hyperbolicGm-actions with a unique
�xed point. The questions considered here are: what is the structure of their au-
tomorphism groups, what are the actions of the additive and multiplicative groups
and more generally what are the algebraic subgroups.

The problem of describing the group of polynomial automorphisms of a�ne
spaces is a classical subject in algebraic geometry. In dimension two, the theo-
rem of Jung and Van der Kulk [J, VK] shows that every automorphism of the
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polynomial ring in two variables can be decomposed into the product of a�ne au-
tomorphisms and de Jonquieres automorphisms and in addition we have a structure
of amalgamated product of these two groups. However, there is no similar theo-
rem to describe the automorphism groups of the polynomial ring in n variables for
n ≥ 3. It is therefore interesting to have a description of the automorphism groups
of three dimensional algebraic varieties which resemble A3, in the sense that they
are smooth rational and contractible.

We recall that the determination of the automorphism groups of an a�ne variety
X is equivalent to that of its ring of regular functions C[X]. We denote for simplicity
by Aut(X) the group AutC(C[X]) of C-automorphisms of C[X].

The natural correspondence between an a�ne variety and its ring of regular
functions gives a particular interpretation for Ga-actions. Indeed, the set of all
Ga-actions on X is in one-to-one correspondence with the set of all locally nilpotent
derivations on C[X] (see [F, ML2]). We recall that a derivation ∂ on C[X] is
called a locally nilpotent derivation if for any f ∈ C[X], there exists n ∈ Z≥0 such
that ∂n(f) = 0. The set of all locally nilpotent derivations on C[X] is denoted by
LND(C[X]). The intersection of the kernels of all locally nilpotent derivation on
C[X], ML(X) :=

⋂
∂∈LND(C[X]) ker(∂), is called the Makar-Limanov invariant of

X. It is a subring of the ring of regular functions C[X] which is invariant by all
automorphisms. When this subring is non trivial, that is, not equal to C or C[X],
this fact can be used to study the automorphism groups.

In the case of the a�ne space it is trivial, that is, it is equal to C, thus the
Makar-Limanov invariant does not provide any information on the automorphism
group of An. The Koras-Russell threefolds of the third kind admit a Makar-Limanov
invariant given by their ring of regular functions C[X] [Ka-ML, 8.3]. Once again
the approach of using the Makar-Limanov does not give any information on the
automorphism groups.

The study of the automorphism groups of varieties of the �rst kind has been
described by Moser-Jauslin in [MJ]. In this case, the Makar-Limanov invariant is
given by C[x] [Ka-ML, 8.3], thus these varieties are not isomorphic to A3 but admit
several Ga-actions. We have the following sequence of inclusion of rings:

C[x] ⊂ C[x, z, t] ⊂ C[X] ⊂ C[x±1, z, t] ⊂ C(x, z, t).
Moreover, the polynomial de�ning the hypersurface is homogeneous for the
following linear Gm-action on A4:

λ · (x, y, z, t)→ (λα2α3x, λ−(d−1)α2α3y, λα3z, λα2t),

and so Gm is one subgroup of the automorphism groups of these varieties. One of
the results in [MJ] is the following :

Theorem (MJ). Let X be a Koras-Russell threefold of the �rst kind. The auto-
morphism group is isomorphic to Aut(X) ' A1 o Gm, where A1 is the subgroup
of C[x]-automorphisms of C[x][z, t] which are congruent to the identity modulo (x),
and which stabilize the ideal I = (xd, zα3 + tα2 + x).

In particular, the subalgebras C[x, z, t] and C[x] are stable by any automorphism
and any element of A1 can be lifted to element of Aut(X).

Here we apply a similar approach for automorphism groups of Koras-Russell
threefolds of the second kind. In this case, the Makar-Limanov invariant is equal
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to C[x, z] [Ka-ML, 8.3]. In particular these varieties are semi-rigid (see [A, 4.1.2]),
that is, LND(X) = ker(∂) · ∂ for some non trivial locally nilpotent derivation
∂ ∈ LND(X). In order to study Aut(X), we �rst note that X is rational, and
furthermore that C[X] is generated by four elements x, y, z, t which satisfy the
relation x+ y(xd+ zα2)l+ tα3 = 0. Let f be the polynomial xd+ zα2 . The fraction

�eld of C[X] is generated by C(x, z, t) where y = −x+t
α3

(f)l
. In other words any

element of Aut(X) is determined by the image of x, z and t. We have the following
sequence of inclusion :

C[x, z] ⊂ C[x, z, t] ⊂ C[X] ⊂ C[x, z, t, f−1] ⊂ C(x, z, t).
Moreover, the polynomial de�ning the hypersurface is homogeneous for the follow-
ing linear Gm-action on A4:

λ · (x, y, z, t)→ (λα2α3x, λ−(dl−1)α2α3y, λdα3z, λα2t),

and so Gm is isomorphic to a subgroup of the automorphism groups of these vari-
eties. The goal of this article is to determine completely the automorphism groups.

Theorem. Let X be a Koras-Russell threefold of the second kind. The automor-
phism group is isomorphic to Aut(X) ' A o Gm, where A is the subgroup of
Aut(C[x, z, t]) whose elements �x C[x, z] and send t to t + (xd + zα2)lp(x, z) for
some polynomial p(x, z) ∈ C[x, z]. The group A is isomorphic to (C[x, z],+).

In particular the subalgebras C[x, z, t], C[x] (that is ML(X)) and C[z] are stable
by every automorphism and every element of A can be lifted to a unique element
of Aut(X).

2. Proof of the Theorem

Let X be a Koras-Russell threefolds of the second kind given by:

{x+ y(xd + zα2)l + tα3 = 0} ⊂ A4 = Spec(C[x, y, z, t]).
The Makar-Limanov invariant of X is equal to C[x, z]. We will use this fact

to completely determine the actions of the additive group Ga on X. Let ∂ ∈
LND(C[X]) be the irreducible derivation given by:

∂ := α3t
α3−1 ∂

∂y
− (xd + zα2)l

∂

∂t
.

This derivation is obtained by considering the Jacobian determinant:

JacC[x,z](P, ·) =
∣∣∣∣ ∂P
∂y

∂·
∂y

∂P
∂t

∂·
∂t

∣∣∣∣with P (x, y, z, t) = x+ y(xd + zα2)l + tα3 .

Thus ∂(x) = 0, ∂(z) = 0, ∂(t) = −(xd + zα2)l and ∂(y) = α3t
α3−1 and the

kernel of ∂ is C[x, z] = ML(X), preserved by the automorphisms of C[X]. As these
hypersurfaces are semi-rigid (see [A, 4.1.2]) any other locally nilpotent derivation
can be written in the following form: ∂q = q(x, z)∂ with q(x, z) ∈ ML(X) = C[x, z].
In this case ∂ is the unique irreducible element of LND(X) up to multiplication by
a constant. For any ϕ ∈ Aut(X) , ∂ϕ := ϕ−1 ◦ ∂ ◦ ϕ is also an irreducible element
of LND(C[X] [F, corollary 2.3]. Therefore, there exists a ∈ C∗ such that ∂ϕ = a∂ .
Moreover as the kernel of ∂ is equal to C[x, z] we obtain that ϕ(C[x, z]) = C[x, z].
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¶ Any automorphism ϕ of X induces an automorphism ϕ̂ of C[x, z] satisfying:
i) the ideal (f) generated by f is preserved
ii) there is µϕ̂ ∈ C∗ such that ϕ̂(x) = (µϕ̂)

α2x and ϕ̂(z) = (µϕ̂)
dz.

The part i) comes from the fact that ϕ must preserve the Makar-Limanov in-
variant ML(X) = C[x, z], which is also the kernel of ∂. Moreover, let π be the
projection on the coordinates (x, z):

(2.1)
π : X → A2 = Spec(C[x0, z0])

(x, y, z, t) → (x, z),

and let f0 := (xd0 + zα2
0 ) for any point (x0, z0) ∈ A2. Then π−1(x0, z0) is

isomorphic to A1 if f0 6= 0 or f0 = 0 and x = 0 but it is isomorphic to α3 copies of
A1 otherwise. Thus the cuspidal curve must be preserved by ϕ̂, that is, there
exists λϕ̂ ∈ C∗ such that ϕ̂(f) = λϕ̂f .

The only automorphism ψ of C[x, z] which is congruent to the identity modulof
is indeed the identity. To see this, note that if such an automorphism exists, it
would stabilise all plane curves de�ned by the level sets of f . Suppose that C is the
zero set of the polynomial f−c, where c is a non-zero constant. Then C is the open
set of a smooth compact Riemann surface of genus ≥ 1. By Hurwitz's theorem (see
[H]), the automorphism group of C is �nite, and in fact the automorphism ψ must
be of �nite order. This implies in particular that ψ is conjugate to a linear action by
[J, VK]. By considering the linear part, since ψ is congruent to the identity modulo
f , we have that ψ is conjugate to the identity, and thus is in fact the identity.

As ϕ̂ ∈ Aut(C[x, z]) satis�es ϕ̂(f) = λϕ̂f there is µϕ̂ ∈ C∗ such that ϕ̂(x) =
(µϕ̂)

α2x modulo f and ϕ̂(z) = (µϕ̂)
dz modulo f . By composition with the linear

automorphism ϕ0: ϕ0(x) = (µϕ̂)
−α2x and ϕ0(z) = (µϕ̂)

−dz, we obtain ϕ0 ◦ ϕ̂ =
ψ ≡ id. This proves part ii).

· Now consider automorphisms of C[X] which �xed C[x, z] and we focus on the
image of t by any element ϕ ∈ Aut(X). We prove �rst that ϕ(t) is of the form
at+ h(x, z) with a ∈ C∗.

As ϕ(f) = f where f = (xd + zα2) we apply ∂ϕ to the variable t: ∂ϕ(t) =
ϕ−1 ◦ ∂ ◦ ϕ(t) thus:

ϕ ◦ (a∂(t)) = ∂ ◦ ϕ(t)
ϕ(−af l) = ∂ ◦ ϕ(t)
−af l = ∂ ◦ ϕ(t).

This means that ∂ ◦ ϕ(t) = ∂(at) and thus ϕ(t)− at ∈ ker(∂) = C[x, z].
Secondly we prove that a is a α3-th root of the unity and h(x, z) ∈ (f l). Let

J ⊂ C[X] be the ideal generated by (f l), and let I = J ∩ C[x, z, t]. Then I =
(f l, x + tα3) ⊂ C[x, z, t]. Indeed, f l and x + tα3 are in I thus (f l, x + tα3) ⊂ I.
Now suppose Q ∈ I. Since Q ∈ J , there exists P ∈ C[X] such that Q = f lP . Any
P ∈ C[X] can be decomposed in a unique way as follows P =

∑n
i=0 pi(x, z, t)y

i

such that f l does not divide pi if i ≥ 1 since y = −(x + tα3)f−l. This gives
Q = f lp0 +

∑n
i=1 pi(x, z, t)(x+ tα3)yi−1. Now since Q ∈ C[x, z, t], the polynomial

pi(x, z, t) = 0 for i ≥ 2 and then Q = f lp0 + p1(x, z, t)(x+ tα3).
Consider the ideal I = (f l, x+tα3) ⊂ C[x, z, t] which is preserved by ϕ, thus ϕ(x+

tα3) ∈ I. There exists b(x, z, t) =
∑n
i=0 bi(x, z)t

i and c(x, z, t) =
∑m
i=0 ci(x, z)t

i

such that:
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ϕ(x+ tα3) = x+ (at+ h(x, z))α3 = (

n∑
i=0

ci(x, z)t
i)(x+ tα3) + (

m∑
i=0

bi(x, z)t
i)f l.

In addition, one can assume that for all i, f l does not divide ci(x, z). Considering
the highest degree in the variable t on both side, that is the coe�cient of tα3 . If
n ≥ 1, then f l divides cn(x, z), which contradicts the assumption. Thus n = 0,
and c0(x, z) is congruent to a

α3 modulo f l. We can therefore suppose c0(x, z)
equals aα3 , by adding the appropriate term to b(x, z, t). Moreover, the equality
above implies that h(x, z, t) is in the ideal (x, z, t). Now considering the coe�cient
of x on both sides, we see that c0(x, z) = 1. This implies:

ϕ(x+ tα3)− (x+ tα3) = h(x, z)[

α3−1∑
k=1

(
α3

k

)
(at)kh(x, z)α3−1−k] =

m∑
j=1

bj(x, z)t
jf l,

and considering the coe�cient of t on both sides, we see that f l divides h(x, z). So
h(x, z) is in the ideal generated by f l in C[x, z], that is h(x, z) = (xd+ zα2)lp(x, z).

¸ If ψ ∈ Aut(C[x, z, t]) is in A then ψ extends in a unique way to an automor-
phism in Aut(X), via the computation:

(2.2) ψ(y) = ψ

(
−(x+ tα3)

f l

)
=
−(x+ (t+ f lp(x, z))α3)

f l
= y +H(x, z, t).

In particular A can be identi�ed with a normal subgroup of Aut(X). By part 2 and
the Gm-action given in the introduction every automorphism ϕ can be expressed in
a unique way as a composition of an element of A and an element of the Gm-action.
In conclusion Aut(X) = AoGm.

We recall several results of [D-MJ-P1, proposition 3.1] in order to compare with
that obtained as corollaries of the theorem of this article. In the case of Koras-
Russell threefolds of the �rst kind the following results hold: every automorphism
of X extends to an automorphism of A4, the group Aut(X) admits 4 orbits with
in particular the origin (0, 0, 0, 0) as �xed point and the subgroup generated by all
Ga and Gm actions is strictly smaller than Aut(X).

In the case of Koras-Russell threefolds of the second kind, let π be the projection
de�ned in 2.1 and consider a partition of A2 = Spec(C[x0, z0]) by the origin and the
Gm-stable curves Cα,β = {αxd0+βz

α2
0 = 0}\(0, 0), with [α : β] ∈ P1. Then π−1(0, 0)

admits two orbits given by (0, 0, 0, 0) and the line {x = z = t = 0} minus the point
(0, 0, 0, 0). For every curve Cα,β if [α : β] 6= [1, 1] then π−1(Cα,β) ' A1 × A1

∗
considering y = −x+t

α3

(f)l
and if [α : β] = [1, 1] then x = tα3 thus any choice of

t determines x and gives {tdα3 + zα2 = 0} \ (0, 0) ' A1
∗ and A acts trivially on

π−1(C1,1) ' A1 × A1
∗.

Corollary 1. The automorphism group acts on X with an in�nite number of orbits:
a) One �xed point (0, 0, 0, 0).
b) The line {x = z = t = 0} minus the point (0, 0, 0, 0) isomorphic to A1

∗.
c) An in�nite number of orbits π−1(Cα,β) ' A1 × A1

∗ for [α : β] 6= [1, 1].
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d) An in�nite number of orbits isomorphic to A1
∗, whose union is π−1(C1,1).

We have proved that there was not only the Makar-Limanov invariant C[x, z]
which was preserved by any automorphism of C[X] but also C[x, z, t] since for any
automorphism ϕ of C[X], ϕ(t) = at + (xd + zα2)lp(x, z) and as the image of y
is determined by that of the other variable. Using the same argument as in the
computation of the equation 2.2, we see immediately that every automorphism of
X comes from the restriction of an automorphism of Aut(A4).

For every ϕ ∈ A we have:

ϕ(·) = exp(p∂) =

∞∑
k=0

p(x, z)k∂k(·)
k!

.

In particular ϕ belongs to an algebraic subgroup of Aut(X) isomorphic to Ga.
Thus the following holds.

Corollary 2. The automorphism group of X is generated by Ga-actions and Gm-
actions.
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