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finite elements. Part 1: sharp interpolation results for
low-regularity fields

Patrick Ciarlet Jr.

POEMS, ENSTA ParisTech, CNRS, INRIA, Université Paris-Saclay
828 Bd des Maréchaux, 91762 Palaiseau Cedex, France

Abstract

This version: May 28, 2015. We propose sharp results on the numerical
approximation of low-regularity electromagnetic fields by edge finite elements.
We consider general geometrical settings, including topologically non-trivial do-
mains and/or domains with a non-connected boundary. In the model, the elec-
tric permittivity and magnetic permeability are symmetric, tensor-valued, piece-
wise smooth coefficients. In all cases, the error can be bounded by A’ times a
constant, where h is the meshsize, for some exponent § €]0, 1] that depends both
on the geometry and on the coefficients. It relies either on classical estimates
when ¢ > 1/2, or on a new combined interpolation operator when § < 1/2. The
optimality of the value of § is discussed with respect to abstract shift theorems.
In some simple configurations, typically for scalar-valued permittivity and per-
meability, the value of § can be further characterized. This paper is the first
one in a series dealing with the approximation of electromagnetic fields by edge
finite elements.

Keywords:

1. Introduction

(})The aim of this paper is to study the numerical approximation of elec-
tromagnetic fields, governed by Maxwell’s equations with volume sources in
bounded regions of R3. More precisely, we are interested in exhibiting the
approximation capabilities of those fields with the help of edge element interpo-
lation operators. Typically, the domain under scrutiny is bounded and enclosed
in a perfect conductor, and it can be made of different materials. In particular,
we shall provide interpolation results that depend on the geometry, on the elec-
tric permittivity and the magnetic permeability that describe the materials, and
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also on the regularity of the sources, that is the current and charge densities.
Special attention will be devoted to cases where the regularity of the fields is
minimal.

In the next section, we begin by recalling a model problem in electromagnetic
theory, namely the time-harmonic Maxwell equations set in a bounded domain.
We recall equivalent variational formulations and well-posedness results, and
the approximation by edge elements. To obtain a priori convergence estimates,
we then study the minimal regularity of those fields: this is the main topic of
section 3. The regularity results are derived thanks to a splitting of the fields
and their curls into a regular part and a gradient. In section 4, we study in
detail the approximability by edge finite elements of the fields. We review the
classical interpolation results, before we define a new, combined, interpolation
operator which relies explicitly on the splitting of the fields, and not only on the
minimal regularity. We conclude this section by a comparison with the more
recent quasi-interpolation theory. As a result of the approximability properties,
we finally derive in section 5 optimal error estimates.

Throughout the paper, C' is used to denote a generic positive constant which
is independent of the meshsize, the triangulation and the quantities/fields of
interest. We also use the shorthand notation A < B for the inequality A < CB,
where A and B are two scalar quantities, and C is a generic constant. Respec-
tively, A =~ B for the inequalities A < B and B < A. We denote constant fields
by the symbol cst. Vector-valued (resp. tensor-valued) function spaces are writ-
ten in boldface character (resp. capital boldface characters) ; for the latter, the
index sym indicates symmetric fields. Given an open set O of R3, we use the
notation (-|-)o.0 (respectively || - |jo.0) for the L?(O) and L*(O) := (L*(0))?
hermitian scalar products (resp. norms). More generally, (:|-)s,0 and || - ||s,0
(respectively |-|s,0) denote the hermitian scalar product and norm (resp. semi-
norm) of the Sobolev spaces H*(O) and H*(O) := (H*(0))3 for s € R (resp.
for s > 0). The index zmwv indicates zero-mean-value fields. If moreover the
boundary 9O is Lipschitz, n denotes the unit outward normal vector field to
00. Finally, it is assumed that the reader is familiar with function spaces
related to Maxwell’s equations, such as H(curl; O), Hy(curl; O), H(div;O),
H(div; O) etc. We refer to the monograph of Monk [27] for details. We will
define more specialized function spaces later on.

2. Time-harmonic problems in electromagnetics

Let © be a domain in R3, i.e. an open, connected and bounded subset of
R3 with a Lipschitz-continuous boundary 9€2. For a given pulsation w > 0, the
time-harmonic Maxwell’s equations (with time-dependence exp(—wwt)) write

curl h + wee = 3 in
curle —wph =0 in Q,
divee = p in Q,
divph =0in Q.

—~ o~ o~
[\
= I =



Above, the real-valued coefficient € is the electric permittivity tensor and the
real-valued coefficient u is the magnetic permeability tensor, whereas (e, h) is
the couple of electromagnetic fields, and the source terms j and o are respec-
tively the current density and the charge density. The latter are related by the
charge conservation equation

—wp +divg =0 in Q. (5)

The other two electromagnetic fields are the electric displacement d and the
magnetic induction b. They are related to e and h by the constitutive relations

d=ce, b=phin Q. (6)

In what follows, we focus mainly on the couple of fields (e, h). However the re-
sults are easily extended to the couple of fields (d, b) thanks to the relations (6).
We assume that the coefficients €, u1, together with their inverses e, p=1, be-
long to Lg9,,(€2). Classically(?), to be able to define the electromagnetic energy,
they are such that A\,;n(e) > 0 and A\pin(p) > 0 a.e. in Q where A, stands
for the smallest eigenvalue, and the couple of electromagnetic fields belongs to
L?(Q) x L*(R2). We choose source terms j € L*(R), and o € H~*(Q).

We assume that the medium € is surrounded by a perfect conductor, so that
the boundary condition below holds:

exn=0 ondQ. (7)

Hence the couple of electromagnetic fields (e, h) belongs to H(curl; Q) x
H (curl; Q).

2.1. Variational formulations

The Maxwell problem can be formulated in the electric field e only, namely

Find e € Hy(curl; Q) such that
—w?ce + curl(y ! curle) = wj in O (8)
divee = p in Q.

Note that in (8), the equation divee = p is implied by the second-order equation
—w?ce + curl(p~!curle) = wyj, together with the charge conservation equa-
tion, so it can be omitted. Furthermore, the magnetic field can be recovered
using Faraday’s law (2). Moreover, one can check that the equivalent variational
formulation in Hy(curl; Q) writes

Find e € Hy(curl; Q) such that
(p~curle|curlv)g o — w?(celv)oq =
w(F|v)o,0, Yv € Hy(curl; ).

(9)

2For more “exotic” configurations of Maxwell’s equations, in which & and/or p exhibit a
sign-change of one or several eigenvalues across some interface, we refer to [10, 9, 19].



On the other hand, one can also write the time-harmonic Maxwell problem
in the magnetic field h only. Note that as e belongs to H(curl; ), its curl
belongs to H(div;Q): it follows from Faraday’s law (2) that puh - nj50 = 0. In
addition, the field e~ (curl h—j3) actually belongs to Hy(curl; Q) (cf. Ampere’s
law (1)). So the Maxwell problem formulated in h only is

Find h € H(curl; Q) such that

—w?ph + curl(e ! (curlh — 5)) = 0 in Q

divph =01in Q (10)
ph-m =0 on 00

e !(curlh — j) x n =0 on 99.

Again, the equation div uh = 0 in (10) is implied by the second-order equation
—w?uh + curl(e7!(curlh — j)) = 0. Likewise the boundary condition uh -
njpo = 0 is implied by the second-order equation and the boundary condition
e !(curlh — j) x mjpo = 0. One now checks that the equivalent variational
formulation in H (curl; ) writes

Find h € H(curl; Q) such that
(e~ curlh|curlv)g g — w?(ph|v)oo = (11)
(e71j| curlv)g g, Yv € H(curl; Q).

2.2. Divergence conditions

We already remarked that the divergence conditions on the fields are con-
sequences of the second-order equations. Also, one notices that the magnetic
field h is automatically div pu-free. A similar property can be exhibited for the
electric field as follows. Indeed, introduce the scalar field ¢, € H{(£2) such
that diveVy, = ¢ in H~}(Q), and write e = Vi, + e9. Then, ey belongs to
H(curl; ), with diveeg = 0. Plugging this splitting of e in (8), one finds that
the div e-free field eq is governed by the equation —w?eeq+curl(u~! curley) =
wjo in Q, with j, = j —weVp, € L?*(Q) and div jo = 0, plus the boundary
condition ey X m9q = 0, or equivalently by the variational formulation

Find eq € Hy(curl; Q) such that
(! curleg| curlw)g o — w?(cep|v)o 0 = (12)
w(Jolv)o,q, Yv € Hy(curl; Q).

Note that both splittings (of e and j) are completely characterized by the scalar
field ¢,. By construction, one has the orthogonality relation (V,|j)o.0 =0
so that [|7]lo.e = [[Veollo.o + lollo.c-

2.3. Well-posedness of the time-harmonic Mazwell problems

We refer to [24, §5] or to [13] for the solution of the variational formulation
(9), with the help of the Fredolhm alternative. Following [13, §3.1 and §4.2], one
can provide a similar construction for the variational formulation (11). In these
references, an inf-sup condition is obtained, which relies on the definition of



an appropriate bijective (one-to-one and onto) operator that maps H(curl; )
into itself. This is possible as soon as w? is not an eigenvalue of the Maxwell
eigenproblem. We recall that, expressed with the help of the electric field, the
eigenproblem writes

Find (e,v) € Hy(curl; Q) x R, e # 0 such that (13)

(v~ curle|curlw)g o = v(celv)oq, Yo € Ho(curl; Q).
Denoting by (v¢)ecz the sequence of (nonnegative) eigenvalues that goes to +00
(with finite multiplicity as soon as v, # 0), well-posedness holds if, and only if,
w2 g {v : L€}

2.4. Discretisation of electromagnetic fields

For the ease of exposition, we assume in this subsection that €2 is a Lipschitz
polyhedron. The case of a curved Lipschitz polyhedron is easily addressed, but
it involves more technicalities. To define finite dimensional subspaces (V')
of H(curl;Q), resp. (V,)n of Hp(curl;Q), we consider a family of simplicial
meshes of 2, and we choose the so-called Nédélec’s first family of edge finite
elements [28, 27]. Note that, because we are dealing with electromagnetic fields
with low regularity, using the first-order finite elements will be sufficient for our
purposes. However, all the analysis is valid for higher-order element methods,
with marginal modifications. We consider that € is triangulated by a shape
regular family of meshes (7,)n, made up of (closed) simplices, generically de-
noted by K. A mesh is indexed by h := maxy hx (the meshsize), where hy is
the diameter of K. We use the notation L?(K), respectively H*(K), and [, dx
etc. in lieu of LP(int(K)), resp. H®(int(K)), and fmt(K) dx etc.
Let us introduce Nédélec’s H (curl; Q)-conforming (first family, first-order) fi-
nite element spaces

V5 ={v, € H(curl;Q) : vy, x € Ri(K), VK € T}, Vi := Vi NH(curl; ),
where R (K) is the six-dimensional vector space of polynomials on K defined by
Ri(K):={ve P (K) : v(x)=a+bxzx, abcR3}.

It is shown in [28, theorem 1] that any element v in R4 (K) is uniquely deter-
mined by the degrees of freedom in the moment set Mg(v):

M (v) = (/ev-tdz>eeAK. (14)

Above, Ak is the set of edges of K, and t is a unit vector along the edge e.
One can then define the global set of moments on V;, resp. on Vy, by taking
one degree of freedom as above per edge of Ty, resp. per interior edge of Tp.
We recall that the basic approximability properties for the edge finite element
write (cf. [27, Lemma 7.10])

limy, 0 (infvhevj |lv — vhHH(curl;Q)> =0, Yv € H(curl;Q), (15)
limy, o (infvaVh H’U - vh”H(curl;Q)) =0, Yv € Ho(curl; Q)



Assuming for simplicity that the integrals are computed exactly, the discrete
electric problem writes

Find e}, € V', such that
(1! curley| curlvy,)oo — w?(cep|vy)o0 = (16)
w(Flvn)oq, Yon, € Vi

According(?) to [24, §5], [27, §7], or to [13], one has

3hO > 07 Vh < h07 ||€ - eh”H(curl;Q) S » 12{\/ ||6 - vh”H(curl;Q) . (17)
h

h

In particular, it follows from (15) that
li - .0) = 0. 1
Jim, le — enll#(curt,0) = 0 (18)
On the other hand, the discrete magnetic problem writes

Find hy, € V'}} such that
(e~ curl hy| curlvy)on — wz(uhh\vh)oﬂ = (19)
(e7jl curlvy)o .o, Yo € V.

Again, one has
Fho >0, Vh < ho, |h = hnlmEewse) S f A —vnllHeurno) - (20)
vhth
and as a consequence

}ILIE&) ||h - hhHH(Curl;Q) =0. (21)

The aim of the rest of the paper is to refine the convergence estimates (18) and
(21), under minimal regularity assumptions on the data.

3. Building splittings of electromagnetic fields

In this section, we present some abstract tools, which then yield precise reg-
ularity results for the couple of electromagnetic fields.

Let € be a real-valued tensor field. We introduce

Xn(Q,8) :={ve Hyolcur; Q) : v e H(div;Q)},
X7r(Q,€) :={ve H(curl;Q) : v € Hy(div;Q)},
Zp(0,8) ={veXp(,§ : curlv=0, divEév=01in Q}, B {N,T}.

The function spaces X (€2, €) and X (£, &) are endowed with the graph norm
v = (11 eura) T ||§'v\|%{(div;ﬂ))1/2. Briefly, we recall that the Maxwell elec-
tric, resp. the Maxwell magnetic, problems are well-posed within the Fredolhm
alternative framework (cf. §2.3) thanks to the Weber compact embedding re-
sults [32] stated in the next Theorem.

3We do not discuss the issue of the threshold value hg, cf. for instance [18].



Theorem 1. Let € be a real-valued tensor field such that £, € ]Lg;m(Q),

Amin(§) > 0 a.e. in Q. Then both X n(Q,§) and X7(2,&) are compactly
embedded into L*(S).

If we write e = Vi, + eo where ¢, € H}(Q) is characterized by ¢ = diveVip,,
then ey € X n(Q,¢); obviously, u~!curle = p~!curley € X7(92, ). On the
other hand, h € X7(Q, 1) ; in addition, if we use now jj, = j — weV,, then
e~ l(curlh — j,) € X n(Q,¢).

8.1. Abstract geometrical setting

The domain € can be non-topologically trivial, and/or with a non-connected
boundary. We recall some basic results concerning these categories.

First, the notion of trivial topology: given a vector field v defined over €2 such
that curlv = 0 in , does there exist a continuous, single-valued function p
such that v = Vp? This question is addressed with the help of (co)homology
theory [23]:

cither (Top);—o ’given any curl-free vector field v € C'(S), there exists
p € C%Q) such that v = Vp over Q’;

or (Top) > ’there exist I non-intersecting manifolds, 3q,...,%, with
boundaries 0%; C 02, such that, if we let Q=0\ Ule Y, given any curl-
free vector field v, there exists p € C°(2) such that v = Vp over Q.

When I = 0, Q = Q. For short, we write (Top); to cover both cases.
Regarding the practical definition of the manifolds, or cuts, (3;);=1,1, finding
them to enforce (Top) ¢ is inexpensive in terms of algorithmic complexity, see
[23, Chapter 6]. In particular, one can build cuts that are piecewise plane. We
keep this assumption from now on. Finally, we assume, that € is a connected
set.

The domain 2 is said to be topologically trivial when I = 0. When I > 0,
the set  has pseudo-Lipschitz boundary in the sense of [3], the continuation
operator from L2(2) to L2(Q) is denoted by ~, whereas the jump across ¥; is
denoted by []s,, for ¢ = 1---I. The definition of the jump depends on the
(fixed) orientation of the normal vector field to ;.

One has the integration by parts formula [3, Lemma 3.10]:

(v|Vd)g o +(divold)y g = Z (v-m,[ds,)s,, Yo € Ho(div;Q), Y¢ € H ().
1<ir<I

In this configuration, we also introduce the subspace P(Q) of H():

P(Q) ={g e Hl(Q) 2 gy, =cstyy, 1 <i < T}

Above, for i # 4', cst; and csty may be different. If ¢ € P(€2) with vanishing
jumps ([Q]Zi)lgigh then g€ Hl(Q)



Second, when the boundary 99 is not connected, let (I'y)g—o...xc be its (maxi-
mal) connected components. Otherwise, I'y = 9§2. We introduce the subspace
HéQ(Q) of HY(Q):

Hjo(Q) :={qe H'(Q) : qr, =0, qr, = csty, 1 <k <K}
Above, for k # k', csty, and cstp may be different.

For domains that fit into the above categories, one can build scalar potentials
for curl-free elements, and also vector potentials for divergence-free elements,
provided some compatibility conditions are fulfilled. Those results are recalled
in the next subsection (see [21, 3] for details) since they are a crucial ingredient
to derive the splittings of electromagnetic fields.

3.2. Scalar and vector potentials
Let us begin by the extraction of scalar potentials.

Theorem 2. Let Q be a domain such that (Top)r is fulfilled. Then, given
v € L*(Q), there holds

curlv =0 in Q < Ipe P(Q), v:VNpinQ.
The scalar potential p is unique up to a constant, and |}3\17Q = ||v]lo,a-
Remark 1. When I > 0, if p € H(2) \ P(2), then curl Vp # 0 in Q.
Theorem 3. Let Q be a domain. Then, given v € L*(Q2), there holds

curlv =0 in Q, 1 .
v x nyo0 =0 } <= dp € Hyq(), v=Vpin .
The scalar potential p is unique, and |p|1,0 = ||v||o,0-

Let us continue by the extraction of vector potentials.

Theorem 4. Let Q be a domain. Then, given v € L*(Q), there holds

(v-m,1)r, =0, Vk divw = 0 in Q, v = curlw in Q.

dive =0 in Q, } { Jw € HL,,,(Q),
Furthermore, one may choose the vector potential w such that ||[w|1.0 < ||v]o.q-

Theorem 5. Let Q be a domain such that (Top); is fulfilled. Then, given
v € L*(Q), there holds

dive =0 in Q, Jw € Hy(curl; ),
v - nypq = 0, — divw =0 in €, v = curlw in .
(v-n,l)g, =0, Vi (w-n,1)r, =0, Vk

The vector potential w is unique, and | w|| g(curi;0) S [|v]0,9-



Regarding the bounds, the constants hidden in < depend only on the geometry
of the domain 2.

As a consequence of these results, one may derive auxiliary results on the mea-
sure of the couple of electromagnetic fields.

Corollary 1. Let Q2 be a domain. Let & be a real-valued tensor field such that
6 ele (), Amin(€) >0 a.e. in Q. There holds:

sym

[vllo.0 S [ eurlwlo.o + [|divEv][-1.0 + [Pyvllzy e, Yo € Ho(curl;Q2);

0,0 + IPNY]zy (), Yo € XN (Q,8).

[v]lo.0 < || curlvlloo + || divEv|

Above, Py is an idempotent operator acting from Ho(curl; Q) onto Zn(€,€).

Corollary 2. Let Q2 be a domain such that (Top); is fulfilled. Let & be a real-
valued tensor field such that &,€71 € L3y, (), Amin(€) > 0 a.e. in Q. There
holds:

[vllo,0 < [leurlwllo,o + [|divEvfoe + [Prol z,(0.6), Yv € X7(9,€).

Above, Py is an idempotent operator acting from H (curl; Q) onto Z1 (9, §).

3.8. Assumption on the coefficients

Let us proceed with the proper assumptions on the coefficients € and p that
are needed later on.

Definition 1. P := {Q,};=1,s is a partition of Q if (€;);=1,; are disjoint do-
mains, and Q = Uj:17JQj.

Given a partition, define the interfaces F}; := 0€,;N0Q;, and Fipy := {F};7, 1 <

j?é‘]/ S J}, Fj :893089 and ]:bdry = {Fj, 1 S]S J}, .FI:fintUdery.

For a field v defined over §2, we denote by v; its restriction to €, for all j.
Given a partition, define

PH' Q) :={ve L*(Q) : v; € H(Qy), 1<j<J}, t>0;

PWH(Q) := {C € L®(Q) & ¢ € Wh(Qy), 1<j< J};

(91907 == > (9l9)o.r, Vg9 € L*(F'), F' € {Fints Foary F};
FeF’

PH'Y*(Fint) :={g € L*(Font) : gip € H'*(F), F € Fint}.

Classically, in a domain 2, one has PH'(Q)) = H'(Q) for all ¢t €]0,1/2[. On the
other hand, when the partition is trivial, that is P = {Q}, one has PH!(Q) =
HY(Q) for all t > 0, etc.

Definition 2. Let ¢ be a real-valued tensor field such that &,671 € L, (Q),

sym
Amin(§) > 0 ae. in Q. ¢ fulfills the coefficient assumption if there exists a
partition P of Q such that £ € PW">(Q).



Let £ fulfill the coefficient assumption, and define
Hp(2.€) = Xp(2,§) N PH'(Q), B {N,T}.

If ¢ is smooth over Q, then one may choose P = {Q2}. In the particular case
where ¢ is equal to the identity, one writes X n(£2) instead of X x(,1), etc.,
and one has obviously

Hp(Q) Ceons H'(Q), B € {N,T},
where C.,p; refers to an algebraical and topological embedding.

3.4. Case of constant coefficients

To begin with, we recall the Birman-Solomyak splitting of elements of X n (),
see [6, Theorem 4.1]. This fundamental results complements those on the ex-
traction of scalar and vector potentials.

Theorem 6. Let Q be a domain. Then, given v € X y(Q),
F(Vreg,q) € Hn(Q) x Hi (), v =vyeq + Vg in Q. (22)

One has

[vregllie + llallie + [1Agllo.a S llwllx v @) (23)

On the other hand, having at hand additional results for the function spaces
Z5(Q), B € {N,T} is very useful to tackle the general case. Indeed since we
consider fairly general geometrical settings (topologically non-trivial domains
and/or non-connected boundary), we must take into account the null spaces.
Let us recall the characterizations of Z () and Z7 () provided by [3].

First, we remark that, for all 1 < k' < K, there exists one, and only one
qw € H}o(Q) such that Agy = 0 in Q and Qe v, = Oy for 1 < k < K.
Defining vy := Vg € L*(2), one checks that

curlvy =0, divoy =0in Q, v X njgg =0, 1 <k < K.

Let Qn () := Span; <,/ <k (qxr) be the vector space of potentials, of dimension
K. Notice that an element ¢ of Qx5 (£2) is obviously characterized by its boundary
values (q|pk,)1§k1§ k. One has the characterization below for the null space
Zn(Q).

Proposition 1. Let Q2 be a domain. One has Zn(Q2) = Spany << (Varr). In
addition, v € ZN(Q2) can be characterized by the fluzes ((v-n, 1)r, )i<k<k.

As far as the regularity of elements of the null space Z () is concerned, the
previous characterization allows one to derive it easily.

Corollary 3. Let Q be a domain. There holds Z n(Q) Ceont H1/2(Q).

10



PROOF. Let v € ZN(2): according to Proposition 1, there exists p, € Qn(Q2)
such that v = Vp,. By construction, Ap, = 0 in §, and moreover p,jgq €
H'(09). Thanks to [25], one has p, € H32(), hence Vp, € HY?(Q). This
proves the claim. O

In particular, [|-[; /2,0 and all £,-norms measuring the fluxes ((v-n, 1)r, )i1<k<i
in CX are equivalent norms over the finite-dimensional vector space Z y ().

Regarding the null space Z7(2), one considers, for all 1 <" < I, the scalar
field p;» defined over Q2 as the solution to:

{ Find py € szv(Q) such that
(Vpl’|vQ)07Q = [q]Zi/a Vq S szv(Q)

Then, v, = @/ € L*(Q) is such that
curlvy =0, divey =01in Q, vy -njgg =0, and (vi-n, 1)y, =6, 1 < < I

Let us define a second vector space Qr () := Span, ., ;(pi) of scalar po-
tentials, of dimension I. Its elements p may be characterized by their jumps
(Pls;, )1<ir<r. Next, if p € Qr(Q) fulfills [p]s, = 0 for all 4, then p = p be-
longs to H(2). On the other hand, using ¢ = p in the variational formulation
that defines p yields Vp = 0 in Q: it follows that p = 0 and p = 0. Hence,

(continuations to Q of) non-zero elements of Q7 (£2) do not belong to H(Q).

Proposition 2. Let Q be a domain such that (Top); is fulfilled. One has
Z7(Q) = Spany <y <;(Vpir). In addition, an element v of Z7(Q2) can be char-
acterized by the fluzes ((v-n,1)x, )1<i<i-

i

Regarding the regularity of elements of the null space Z1(£2), one may prove
the result below.

Corollary 4. Let Q be a domain such that (Top); is fulfilled. There holds
Z7() Ceone H2(Q).

PROOF. Let v € Zp(Q2), v # 0: according to Proposition 2, there exists p €
P.pno() such that v = Vp. As noted above, p & HY(Q).

However, one may address this difficulty by using a partition of unity. Let
(xi)1<i<1 be such that for all i: y; € C°°(£,]0,1]) with connected support,
Xi = 1 in a neighborhood of ¥;, and supp(x«) N%; = @ for i’ # i. One may
further define connected, open subsets (O;)1<i<r of € such that supp(x;) N
Q C O; and Oy NY; = ), for i # /. Each subset is split into two parts,
O; and O;r, according to the orientation of the normal vector to 3;, so that
[2]s, = zj00+ns, — 2|p0-nx,- By defining xo = 1 — >, xi, one gets a partition
of unity (x,)o<.<r over (0.

Next, let p, = x.p for all u: by construction, py € H*(Q), whereas p; € P(Q)
for 1 < i < I. Introduce, for 1 < i < I, p; € L?(O;) defined as p; = p; in
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O;, resp. p; = pi — [pily, in Of . On the one hand, it is clear that Vp; = Vpi
in © because the gradients vanish in a neighborhood of 00O;, whereas on the
other hand p; € H'(0;) with Ap; € L?(0;) and Onpijao; = 0. From the latter,
we obtain that p; € H3/2(0;), cf. [25]. It follows that % = Vp; belongs to
H'Y?(Q). Likewise, Vo = Vo belongs to H'/? (€©2). Using the definition of the

partition of unity, one concludes that v = Vp € H'/ 2(Q). O
If we let . . .

P32(Q) := {4 e P(Q) : Vje H/*(Q)},
we have proven in passing that Qp(Q) C PZ%%,(Q) Moreover, | - [|1/2,0 and all

{,-norms measuring the fluxes ((v - n,1)yx,)1<;<; in C! are equivalent norms
over Zp(Q).

In the next subsection, we proceed with the splittings of elements of X (£, £),
resp. of elements of X1(1,¢).

3.5. Splittings of fields

We provide now splittings into a regular part, and a gradient part, of ele-
ments of X (€2, ¢) ("electric case"), resp. of elements of X (2, 1) ("magnetic
case"), called regular/gradient splittings. Since we are dealing with general geo-
metrical settings, an additional part is present, which belongs to the null space
with the same boundary condition.

Let us begin with the "electric case".

Theorem 7. Let Q be a domain such that (Top); is fulfilled, and assume that
& fulfills the coefficient assumption. Then, given v € X n(, &),

F(Vregs 2,00) € HN(Q) x Zn(Q) x HF(Q), v =Vyeq + 2+ Vpg in Q. (24)

The scalar field py is governed by the variational formulation below, for some
feL?Q) and gr € PHY?(Fini):

Find pg € H}(Q) such that
(EVPolVY)o.0 = —(£2[V)oa + (fl¥)o0 (25)
+(g]:|11[))0,]'—mf’ VI)Z} € H& (Q)

One has

{ ”vreg”l,ﬂ + ||'Urey||XN(Q) + ||ZH1/2,Q S ||’U||H(~:m‘1;ﬂ)7 (26)
162l prrirz () + 1fllo,0 + 97l 2.7, S Vlxy@.):

so the splitting operator: v +— (Vyeg, 2,p0), acting from X n(2,&) to Hn(§2) x
Z N (Q)x HE (), is continuous. In addition, px : v+ 2, acting from X y (£, €)
to Zn(Q), is an idempotent operator.

12



Remark 2. In the splitting (24) of v € X n(Q,§), all three terms v,.q, 2, Vo
have vanishing tangential components on the boundary 9f2. Regarding regular-
ity in (24), one has v,., € H'(Q), resp. z = Vp, € H'Y?(Q) with p. € H*(Q),
resp. Vpo € L*(Q). Since ¢ fulfills the coefficient assumption, the variational
formulation (25) is well-posed. In the first bound in (26), the constant hidden
in < depends only on the geometry, whereas, in the last bound in (26), the con-
stant hidden in $ also depends on [[]|py.()- The idea of the proof follows
closely [15, §3].

PROOF. Let y = curlv € H(div; Q). By construction divy = 0 in Q, and
one checks that (y -n,1)s, = 0 for all . According to Theorem 5 on vector
potentials, there exists w € X y(Q) with divw = 0 in Q, (w - n,1)r, = 0 for
all k, such that y = curlw in Q and [|[w||x @) < l|Yllo,o. Next, we know that
there exists a Birman-Solomyak splitting of w, see Theorem 6:

ey € Hy(Q), Ig € HY(Q), w = v,y + Vg in Q,

with continuous dependence (23). By construction, curl(v — v,eq) = 0 in €,
with (v — v,ey) € Ho(curl; Q). According to Theorem 3 on scalar potentials,
there exists p € H},(2) such that v = v,., + Vp in Q. Using the definition of
the space of scalar potentials @ (€2), one may further split p as p = pg + p, in
Q, with po € HZ(Q), and p, € Qn (). Introducing finally z = Vp, € Zy(Q),
we have proved that there holds

V = Vpeg + 2+ Vpg in Q,

with v,..q € Hn(Q), 2 € ZN(Q), po € H{ (), which is precisely (24).
Let us proceed with the definition of py as the solution to (25). Let ¢ € H} (),
then

(EVpo|VY)o,a = —(£2|VY)o,a + (§v|VY)o.0 — (EVreg|V)0,0-

Below, we study the last two terms separately.
Consider first v € X n(©,€). One has in particular v € H(div,{2), so by
integration by parts over €2 one gets

(&v|V)o,0 = —(divEv|Y)o,0-

Consider next v,., € H (). If € is only piecewise smooth(?) over 2, (v, n
has jumps across faces of Fj,;. On the other hand, one has §;v,.4 ; € Hl(Qj)
for all j. Therefore, one can integrate by parts over each subdomain to find

_(f’vreg|vw)0,Q = - Z(&jvreg,j |ij)O,Qj
j
= D (divEvreg Yo, — D ([E0reg - nll¥)o.r
J FeFint
= ([divEvegP)on — Y. ([€0reg - nl[)o.r-
FeFint

41f ¢ is globally smooth over , P = {Q} and Fi,; = 0.

13



If we introduce
f=—divEo + divéve, € LA(Q), gr = —[€0req -] € PHY?(Fipy),

we obtain that pg is governed by (25).
We derive next the (uniform) estimates (26). By construction

{ [Vregllio S llwllx @) S 1Yllo.o < vl Heurto) ;

Hvreg”XN(Q) < ||wHXN(Q) + ||quXN(Q) g ||w||XN(Q) < Hv”H(curl;Q)~

For instance, z € Z y(Q2) can be measured by the £1-norm of ((z-n, L)1, )1<k<k:
(z-m,Dr.| = [z-naool = (2|Var)oql

[(z 4+ Vo Var)o.al = [(v — Vreg|Var)oo
< (lIvllo,e + [[vregllo,e) Vaklloe < 10l e (curta)-

A

Above, we used first the definition of (g ) given in §3.4, and then the fact that
Vpo and Vg, are orthogonal with respect to (+|-)o.o (integrate by parts).
For a given j,

1€201/2,0, S IVl H(curt0) »
[ fllo,0; < [Idivévllo,o; + [ divEvregllo,n; S lIvllxy .0

And for a given ' = 0Q; N 0Q;: € Fipne, we find, thanks to the continuity of the
trace mapping,

g7 ll1 /2,0 = N€Vregnlll1j2.r < NE0reglllijor S Y 160regllas S I10llx x(ee)-
B=i.j"

In the last three bounds, the constant hidden in < depends on [[{][py1. (0)-

Finally, to prove that the operator py is idempotent, let us build the splitting
(24) for v € ZN(Q): as y = curlv = 0, it follows that w = 0, so that
Vg = 0 and ¢ = 0 in its Birman-Soloyak splitting. Next, let p € H},(2) be
such that v = Vp: according to Proposition 1, p actually belongs to Q x(£2). By
uniqueness, one obtains that pg = 0, hence the splitting (24) writes v = 0+v+0
in Q, so that pyv = v. To conclude that py is an idempotent operator, one
simply remarks that for all v € X 5(£2), pyv belongs to Zn(92) by definition,
so it holds px (pyv) = pNv, Or P%; = Pn in operator form. O

To carry on, one needs regularity results regarding Vpg, where py is governed
by the variational formulation (25). For that, we use an abstract shift theorem,
proven in [8, Theorem 3.1], that deals with second order elliptic PDEs comple-
mented with Dirichlet boundary conditions. This result provides a lower bound
on the a priori regularity of Vpg in all the configurations that we consider in
this paper. More precise results may be derived for fairly general subclasses of
the configurations, we refer to §5.2.
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Theorem 8. Let Q) be a domain, and assume that & fulfills the coefficient as-
sumption. There exists Tpir := Tpir(€) €]0,1/2[ depending only on the geometry
and the coefficient & such that: for all s € [0,7p[, for all £ € H*~1(Q), the
solution to

{ Find u € H () such that
(EVu|Vip)oa = <€71/J>H3(Q), Yy € Hg (),

belongs to H*T1(Q), and moreover(®) ||ulls+1.0 Ss |€]s—1.0-

Combining the two theorems yields the result regarding the regular/gradient
splitting of elements of X y (£, ). Below, V[H*"1(Q)] denotes the range of the
gradient operator from H*T1(Q) to H*(Q).

Corollary 5. Let Q be a domain such that (Top); is fulfilled, and assume that
& fulfills the coefficient assumption. There holds

XN(Q, 5) Ceont HN(Q) + V[HS+I(Q)], Vs € [O, TDW[. (27)

PROOF. Let s € [0,7pir[. Given v € X n(Q,€), we use the splitting (24),
namely

ey € Hn(Q), 32 € Zn(Q), 3po € HY(Q), v = Vyey + 2z + Vpp in Q,

where py is governed by (25), with the uniform bounds (26). Hence, ||[vregll1,0 S
vl x x (2,6)- Furthermore, thanks to Corollary 3, one can write 2 = Vp., with

p- € H32(Q) Ceone HT1(Q), so it holds |[p.[l14s,0 S |0l x (0.6 Then, po is
characterized by (25), with a right-hand side

0 —(E2|VY)oa + (flY)oa + (97[¥)o, 7
that belongs to (Hy *(R)) = H*~1(Q). Indeed, if ¢» € Hy (), then:

o Vp € H*(Q) = (H*(Q)) (recall that s € [0,1/2]), and £z € PHY?(Q)
H?*(2), so one may write the first term as (V1 {2) g () ;

e for all F € Fiy, 1/)‘}7* S LZ(F).

Hence, according to the shift Theorem 8, it follows that po € H**t1(Q), with
continuous dependence. So we get:

[Polli+s.e S 1lls—1.0 S €2l par/2() + [ flloe + l97ll0,7: S 1V]x 5@,
This proves the claim. O

Let us continue with the "magnetic case".

5The symbol <y means that the value of the given constant appearing in the inequality
depends on s: Vs, 3Cs, V€ € H*~HQ), |Jullst+1,0 < Cs ||llls—1,0-
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Theorem 9. Let Q) be a domain such that (Top)y is fulfilled, and assume that
& fulfills the coefficient assumption. Then, given v € X1(Q,§),
() x Zp(Q)x H!

zmuv

El(wregv z, QO) € Hl

zmv

(Q), v =Wy +2+Vq in Q. (28)

The scalar field qg is governed by the variational formulation below, for some
f € L3(Q) and gr € PHY*(F):

Find ¢ € H.,,,,(Q) such that

(EVqo|VY)o,0 = —(£2|V)o0 + (fP)o,0 (29)
+(g]‘-|¢)0,]"7 Vw € H;mv(Q)

In addition, one has

|wreglli,o + 12ll1/2,0 S 1] Hcuro) ; (30)
1€zl prr/zo) + [ flloe + 197127 S Ivllxr@.e)

so the splitting operator: v — (Wreq, 2, Go), acting from Xp(Q,§) to H! (Q)x
Zr(Q) x HL (), is continuous.

zmuv

Remark 3. In the splitting (28) of v € X7(Q,§), wyey does not fulfill any
boundary condition in general. Regarding regularity, one has w,., € H 1((2),
resp. z = Vp. € HY*(Q) with p. € Popo(Q), resp. Vg € L*(Q). Since
¢ fulfills the coefficient assumption, the variational formulation (29) is well-
posed. In the first bound in (30), the constant hidden in < depends only on the
geometry, whereas in the last bound the constant hidden in < also depends on
[€][pwr.o (o). Again, the idea of the proof follows closely [15, §3].

PRrROOF. Let y = curlv € H(div; ). One hasdivy = 0in Q, and (y-n, L)r, =
0 for all k. Thanks to Theorem 4 on vector potentials, there exists w;.y €
H! (Q) with div Wreg = 0 in Q such that y = curlw,y in © and

Zmuv

||w7”€g |1»Q fg ||y||0,Q < ||v||H(curl;Q)~

By construction, curl(v — wyey) = 0 in Q, with (v — wyy) € H(curl; Q).
According to Theorem 2 on scalar potentials, there exists ¢ € P, (€2) such
that v = wyeq + V§ in Q. And |g]; o < [[vllo0 + [[wregllo.o S ([0l (eurto)-
Since elements of Q7 (£2) can be characterized by their jumps, we introduce next
p € Qr(Q) such that [p]y, = [d]s, for all 4, and then z = Vp € Z7(Q2). The
norm [[p[| g, ¢y is bounded by [|([d]s; )ille, (cry, Which is itself bounded by [q]; ¢,
so one gets ||2]l1/2,0 S [Vl & (cur0)-

If one lets go = ¢ — p, one has gy € HZ,,, (), and in addition there holds

V= Wreg + 2+ Vg in €,

with W,y € HL,.,(Q), 2 € Z7(Q), q € HY,,(Q), ie. (28).

About the definition of gg as the solution to (29), let ¢ € H},  (Q):

(EVq|Vi)o.a = —(€2|VY)oa + (§v|VY)o,0 — (EWrey| V)00
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As &v € H(div; Q) one finds by integration by parts (§v|V))o.o = —(div&v|Y)o q-
For the third term, one proceeds as in the proof of Theorem 7, the only difference
being that there are additional boundary terms:

_(gwreg|v¢)0,§2 = (di@eg‘w)o,ﬂ
= Y ([Ewreg - nl[)o.r — (Ewreg - nlt)o,00-

FeFint

Define next,
f=—divev +divéw,e, € LXQ), g7 = —[éw,ey - n] € PHY(F),

where, for all F' € Fyqpy and z € L2(F), the "jump” [z] is simply equal to z. It
follows that gy is characterized by (29).

Finally, the first bound in (30) has already been derived, and the second one is
obtained exactly as in the proof of Theorem 7. O

In the "magnetic case", one needs regularity results regarding Vqo, where qq is
now governed by (29). We use the abstract shift theorem [8, Theorem 3.1] for
PDEs with Neumann boundary conditions.

Theorem 10. Let Q be a domain, and assume that € fulfills the coefficient as-
sumption. There exists Tney = Tneu(§) €]0,1/2] depending only on the geome-
try and the coefficient & such that: for all s € [0, Tnew|, for all £ € (HL, 5 (),
the solution to

{ Find u € H},,,(Q) such that

(fvu\v¢)o,ﬂ = <€7¢>H1 Q) V’l/) € Hzlmv(Q)v

belongs to H*1(Q), and moreover ||ul|s11.0 Ss 1€l zr2=2 ())-

More precise results may be derived for subclasses of the configurations, cf. §5.2.
Combining the two Theorems 9 and 10 yields the result for the regular/gradient
splitting of elements of X 7(,&). The proof is omitted, as it is very close to
the one of Corollary 5.

Corollary 6. Let Q be a domain such that (Top); is fulfilled, and assume that
& fulfills the coefficient assumption. There holds

—~—

X7(€) Coone HYQ) + V[P + VIH™TH(Q)], Vs € [0, 7nveu.  (31)

For the sake of completeness and because this result will be used later on, we
mention that it is also possible to derive a splitting of X (€, £) which preserves
the homogeneous boundary condition on the normal trace, under some moderate
restrictions on the domain €.

Theorem 11. Let Q be a (curved) Lipschitz polyhedron such that (Top)r is
fulfilled, and assume that & fulfills the coefficient assumption. Then, given v €
X7(,6),

F(Vregs 2,10) € Hr(Q) x Z7(Q) x HY, (), v =0,y + 2+ Vpg in Q. (32)

zZmuv
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The splitting operator: v + (Vyeq, 2,p0), acting from Xp(Q,&) to Hp(Q) x
Z7(Q) x HL, (Q), is continuous. In addition, the operator pr : v +— =z,

zZmuv

acting from X1 (,€) to Zr(Q), is idempotent.

PROOF. (OUTLINED) Let us begin as for Theorem 9 to derive w,e, € HL,,, ()
such that curl w,, = curlv in Q and ||w,¢yll1,0 S || curlv|oq < ||| H(curi,0)-

A priori, Wreg-njaq # 0. But, in the (curved) Lipschitz polyhedron one has [7],

9q
3C]?“eg S H2(Q), ﬁ\@ﬂ = Wyeyg 'n\asz; HQTegHQ,Q S ereg”l,S}

It follows that v,ey = Wyeg — Vreg € X1(Q) N H'(Q) = Hp(Q), curlw,., =
curlv in © and [[v,egll1,0 S [|V]|H(curt0). Because curl(v — v,.¢4) = 0 in €,

with (v —v,cy) € H(curl; Q), there exists p € P,y (Q) such that v = v,.¢q —I—%
in @ and |p|; o < V]| H(curr0) (cf. Theorem 2 on scalar potentials).

One then follows the proof of Theorem 9 to prove that the splitting operator
v 5 (Vyeg, 2,p0) is continuous from X1 (Q,&) to Hr () x Z7r(Q) x HL,,, ().
Finally, one checks step-by-step that the construction of the splitting (32) for
v € Z7(Q) yields the decomposition v = 0+v+0in , so that prv = v. Hence

P> = pr, ie. the operator pr is idempotent. (]

Remark 4. In the particular case where £ is equal to the identity, (32) may be
viewed as a second Birman-Solomyak equality.

4. Interpolation and quasi-interpolation

We assume that e, p fulfill the coefficient assumption on the same partition
P = {Q;}j=1,7 of Q and, for the ease of exposition, we also assume that the
domain  and the subdomains {;};—1 s are Lipschitz polyhedra. A triangu-
lation 7Ty is compatible with the partition P if, for all K € 7T,, there exists
je{l,---,J} such that K C §TJ On the other hand, if the domain is such
that (Top)rso is fulfilled, we have at hand some piecewise plane cuts (X;);=1.1,
cf. §3.1. A triangulation Ty is compatible with the cuts (3;);=1,r if, for all
i€{l,---,I} and for all K € Tp, int(K)NY; = 0.

Definition 3. A triangulation is compatible if it is both compatible with the
partition and with the cuts.

From now on, we assume that (73), is a shape regular family of compatible
meshes. We are interested in the interpolation or quasi-interpolation of v such
that v € X n(Q,¢) and p~!curlv € X1 (Q, 1) ("electric case") or, vice versa,
such that v € X1(Q, ) and e curlv € X 5(Q,¢) ("magnetic case").

4.1. Classical Nédélec interpolation

Introduce the local interpolation operator

HK : X(K) —>R1(K),
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where X (K) is some function space defined over K and given v € X (K), Ilxv
is by definition the only element of R;(K) with moments equal to Mg(v), cf.
(14). Then, one defines the global interpolation operator II;” with values in V'
for all elements v € H(curl;Q), resp. I, with values in V', for all elements
v € Hy(curl;Q), such that v|x € X(K) for all K € Tj, by

(I} v) x := kv, resp. (Iv) | :=Igv, VK € Tj,.

One uses vy, := IIv in the "electric case" (resp. vy, := sz in the "magnetic
case"), provided that the action of the operator Il (resp. of the operator H;)
over v is well-defined. This yields local (simplex-by-simplex) estimates with
respect to hg, and then global estimates with respect to h.

Several choices of X (K) have been proposed over the years. We list some
of them below. Let H’ (curl; K) := {v € H’(K) : curlv € H’(K)} for § > 0.

Case 1 Xo(K) := H*(K) [28, Theorem 2]:
v — k|| H(curt;k) S hr [V]2,K-
Case 2 X 1(K) := H'(curl; K) [26, Lemma 2.3]:
lv — x| Hcurtkx) S hr(|v|1,x + | curlv|; k).

Case 3 X1, 1, (K) = H’(curl; K) for some 6 €]1/2,1[ [2, §5]-[14, §3]:

||'U - HKUHH(curl;K) 5 (hK)é(‘v|57K + \curl’u|57K).

The fact that the action of Ik is well-defined for elements of H°(curl; K) when
0 €]1/2,1] stems from the result [3, Lemma 4.7].

Proposition 3. Let K be a simplex and p > 2. Then the operator Il is well-
defined on X (K) := {v € L’(K) : curlv € L?(K), v x njgx € L"(0K)}.

For 6 €]1/2,1], v € H°(K) implies that Vpx € H° Y2(9K). Then, due to
classical embedding theorems (cf. [1, Theorem 7.57]), there exists p := p(d) > 2
such that v € LP(K) and vjpx € L*(0K).

Case 4 X1, o, (K):={ve H’(K) : curlv e H‘S/(K)}, for some ¢ €]1/2,1],
¢’ €]0,1] [5, Lemma 5.1]:

min(é,&’)(

||'U - HKU”H(curl;K) 5 (hK) |v|5,K + | Curlv‘&,K)'

Indeed, the authors of [5] first note that one may still use the Proposition 3
for elements of X1, o, (K) thanks to the same embedding theorems (ie. [1,
Theorem 7.57]), so that the action of IIx is actually well-defined for elements
of X 110 +(K). Then, they conclude by applying the same theory as the one
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developed for Case 3 (cf. [2, 14]) to find the desired local estimate.

Global estimates can be derived easily, starting from the local ones of Cases 1-4.
For instance, for § €]1/2,1] and &' €]0, 1], given v € PH®(Q) such that curlv €

PH‘V(Q), one finds

hmin(é,é’) (

inf o —vpllH(cure) S V| pas )+l curlv|p g q)) ;

vREVy

L o = vnll mrgeurio) S RO ([vlpas () + [eurlvlpga ) i v X njag = 0.
h h
4.2. Combined interpolation in the general case

We consider now the case where the simplex-by-simplex regularity of the
fields is minimal but provable, cf. §3, namely v € H‘S(K), curlv € H” (K),
for orders 0 < 4,8’ < 1/2 that can be arbitrarily small. Precisely, we use the
regularity and the splitting results of Corollaries 5 and 6, in the sense that we
study the local interpolation of

ve{ve H(K)+ VIH(K)] : curlv e H' (K)}. (33)

Remark 5. This condition is the one that holds for conforming triangulations,
in the sense that the jumps of the scalar potential, if any, can only occur at the
boundary of its simplices.

The dissymmetry appearing in (33) (fields are split, but not their curl) is used
as follows. Noting that curl(V-) = 0, we actually have to study the approxima-
bility of the fields in two cases:

i- v e X104 (K):={ve H(K) : curlv e H" (K)}, for §' > 0;
ii- v € V[H'T(K)], for § > 0.

On the one hand, one addresses the case i- for v € X o4 (K) using the operator
ITx and the last interpolation estimate of §4.1 (see Case 4).

On the other hand, handling the case ii- is very classical: let v = V¢ for some
© € H'9(K). Globally we introduce Lagrange’s H'(2)-conforming (P family)
finite element space

Vit = {on € HY(Q) : oni € PU(K), VK € To}, Vi =V, 0 Hio(9).

By construction, VVh+ C V; and VV; C V.

One can use the (modified) Clément, or the Scott-Zhang, interpolation operators
from H'(Q) to V; and from H},(Q) to Vj, (cf. [20, 11]). Denoting by mx the
local operator, we know that

o — mrolii S R lelis,sx
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where Sk is the neighborhood of the simplex K that is defined by Sk :=
int(Uk,, k,nk0E). In other words, the local estimate on K depends on the
regularity over the whole neighborhood Sk. Let mj,, 7 denote the associated
global operators.

In the "electric case", the field defined over 2 writes v = V¢ where ¢ €
H(Q) N HAo () (see Corollary 5). Hence one may aggregate the local esti-
mates to obtain |V (¢ — 7m49) | g (curi0) S R |V pls.0-

In the "magnetic case", there is no global regularity result because of the con-
stant, non-zero jumps across the cuts (see Corollary 6). However, one may still
aggregate the local estimates as follows. If the simplex K does not intersect
any cut, then ¢ € H'*°(Sk) and there is no difficulty. On the other hand,
if there exists(®) i € {1,---,I} such that 9K N'Y; # (), then one chooses an
H'-conforming continuation of ¢k to Sk, called 5™, replacing ¢ by ¢+ [¢]s,
for the simplices of Sk that lie opposite to K with respect to the cut. One has
et € H'*9(Sk) (see Corollary 6), with the same gradient as ¢ a.e. on K, and
the same H'*(Sg)-semi-norm. Applying 7 thus yields a local estimate on K,
namely |¢ — 71"k S P |¢]145.5,- What is more, with this construction,
one finds that [mh¢]s, = [¢]s,, which implies the continuity of the tangential
component of the gradients across the cut. Therefore, all local estimates can be
aggregated again to obtain ||V(¢ — ) )| Hcuro) S B [Vels,0.

As a consequence, one derives

infy, cv, v — vallm(eurto) S R |v]sq for v € V[IﬁﬂQ) N Hio(Q)],

inf,, e+ [0~ onllrgeurnay < B [olsa for v € VIPIE ()] + VIH (@)

A combination of the two cases i-ii then leads to the desired result.

Proposition 4. Let Q be a domain such that (Top)r is fulfilled, and assume
that €, fulfill the coefficient assumption on the same partition. Let T :=
min(7pi-(€), Tneuw(p)) €]0,1/2[. Let (Tn)n be a shape regular family of com-
patible meshes.

In the "electric case”, let v € X n(Q,¢€) such that p~ curlv € X7(Q, u). There
holds, for all s € [0, 7],

1

inf v = vnl[H(eurro) Ss B {lIvlx v + 17 curlvlx @} (34)

VREV

In the "magnetic case', let v € X1(Q,u) such that et curlv € X n(Q,¢).
There holds, for all s € [0, 7],

inf v —vnllmecuno) Ss 2 {Ivlxr@u + e eurlvlx @0} (35)

vREVy

6The cuts do not interesect one another so, for sufficiently small h, a simplex intersects at
most with one cut.
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PROOF. Let us outline the proof in the "electric case". Let v € X n(Q,¢)
such that p~!curlv € X1(Q, ). With the help of the embedding result of
Corollaries 5 and 6, v and p~! curl may be split continuously into a regular part
and a gradient. Because €, p fulfill the coefficient assumption, it follows that for
all simplices K € Ty, the local assumption (33) holds, for all § €]0, 7p;,(¢)[ and
for all 6" €]0, TNew(p)[. Then, one may apply the previous construction (cases
i-ii) to find the result. 0

To conlude this subsection on the interpolation of electromagnetic fields with
minimal regularity, note that we have built combined interpolation operators in
the process, that rest on both the classical operators H;, 11, and also on V(TI‘;{),
V(mp). Under the assumptions of Proposition 4, these combined operators
I Icomsp,n are well-defined according respectively to the maps

comb,h?

Meompn = {v € Xn(Q,e) : pteurlv € Xo(Qu)} — Vi
ot c{ve Xr(Qu) e teurlve Xy(Qe)}— Vi

comb,h

4.3. Quasi-interpolation and commuting diagrams

Let us recall some classical results. Denote by WZ’Jr, resp. 7}, the standard

Lagrange interpolation operator for (sufficiently smooth) elements of H!(f2),
resp. H}o(Q), and Hi’*‘, resp. 114, the Raviart-Thomas interpolation op-
erator for (sufficiently smooth) elements of H(div;), resp. Hg(div;Q), cf.
[21, 20, 11]. Defining the finite dimensional subspaces (VZ’Jr)h of H(div; (),
resp. (V) of Hy(div; ), based on the so-called first order Raviart-Thomas fi-
nite elements [21, 20, 11], we have that curl[V}] C VZ’+, resp. curl[V;] C V¢
In addition, the classical commuting diagram properties write, provided the de-
grees of freedom exist:
{ ¢ (curlw) = curl(Ilfv), and I} (Vq) = V(70" q); (36)
¢ (curlv) = curl(Il,v), and I, (Vq) = V(7 q).

On the other hand, when one has only v € H(curl;Q?), the moments (14)
may not exist on some simplices. To adress this difficulty, the idea developed
in [30, 31] is to apply, on the simplex K, a (local) smoothing operator sx to
v, and then the interpolation operator Ilx itself: this results in the so-called
quasi-interpolation operator Iy o sg. With this approach, it is possible to
obtain estimates as soon as v € H 5(9). Briefly, if one introduces Sk a local
neighborhood of K (different from Sk, regardless still local in the sense of
connectivity and neighboring simplices in 73), then it holds [30, Theorem 5]:

§
lo— (Hk o sk)vllo.x S (hx)® |v]; 5
The minor drawback of this approach is that, due to its generality, the commut-

ing diagram properties now require the introduction of other local smoothing
operators. For short, we consider only the case with boundary conditions next.
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In the general situation considered in [30, 31], one introduces a smoothing op-
erator s for elements of Hy(curl; Q) (see above), together with smoothing op-
erators s9 for elements of H},(Q), resp. s¢ for elements of H(div; ). Given
v € Ho(curl;Q) and ¢ € H}, (), it holds now [31, §3]:

(T1¢ 0 s7)(curl v) = curl((IT;, o s)v) and (IT; 0 s)(Vq) = V((7] 0 s9)q).

Remark 6. We refer to [12] for the abstract theory on quasi-interpolation op-
erators within the framework of exterior calculus.

Whereas, for the combined interpolation operator Il.omp, defined on {v €
Xn(Q,e) : pteurlv € X7(9, 1)}, one checks easily that

I{ (curlv) = curl(Tlomp 4v).

5. Error estimates

We apply to the electromagnetic fields the results of §4.1-4.2 with the clas-
sical and combined interpolation operators.

5.1. Minimal regularity assumptions

To obtain error estimates that are better than (18) or (21), one must impose
extra regularity on the source terms j € L*(Q), o € H~'(Q) even in the low-
regularity case. Let 7 = min(7pir(€), Tneu (1)) €]0,1/2[ as in Proposition 4.
Recall that we introduced in §2.2 the scalar charge potential ¢, € H}(2) such
that diveVp, = p in H1(2), and that we split the current density as j :=
Jo +J, with jy € L*(Q), divjy, = 0 and j, = weVyp, € L*(Q). Below, we
may impose that j, € H™(Q) and/or that j, € H™ (Q)(7).

Theorem 12. Let Q be a domain such that (Top); is fulfilled, and assume
that e, fulfill the coefficient assumption on the same partition. Let T :=
min(7pi-(€), Tnew(p)) €]0,1/2[. Let (Tn)n be a shape regular family of com-
patible meshes.

In the 'electric case’, assume that 671]-9 € H7(Q). There holds, for all s €
[0, 7,

inf |le — o <s h*{|l4 15 | o).
Jint e = vnllmeuston S B {300 + = o) 37)

In the "magnetic case', assume that j, € H' (2). There holds, for all s € [0, 7],

Q) (38)

inf |[h —vnlB(euri) Ss 77 {ll7llo.o + 170

vhEV,

7 Other conditions can be considered. On the one hand, one may impose the condition
0 € H"1(), which implies that ¢, € H!T4(Q), ore~1j, € H(Q), for all t €]0, 7, according
to Theorem 8. So when e fulfills the coefficient assumption, with a slight abuse, one can
consider that ¢ € H™~1(Q) implies the condition j, € H”(2). On the other hand, one may
impose the global condition j € HT (). In this case, divj € H™~1(Q), hence o € H™~1(Q)
thanks to the charge conservation equation (5). So when e fulfills the coefficient assumption,
one has j, € H' (), for all ¢ €]0, 7[, and it follows that j, = j—j, € H* (), also for t €]0, 7[.
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Remark 7. Note that because 7 < 1/2, we only give a lower optimal bound
on the rate of convergence. In the case where the source terms are more regular
then, depending on the smoothness of the coefficients € and pu, the convergence
rate may be as fast as < h for order one finite elements, cf. Case 2 of §4.1. We
highlight these situations with some examples in §5.2.

PrOOF. Regarding the "electric case", we saw in §2.2 that one may split the
electric field as e = Vi, + e with eg € Hy(curl; Q), diveeg = 0 and the same
scalar potential o, as in the splitting of j. Because of the extra regularity on j ,,
one has ¢, € H**7(Q) and so using the (modified) Clément, or the Scott-Zhang,
interpolation operators (cf. §4.2) one obtains
inf - o ShT|V .

'vhlgvh, ||V</79 vh”H(curl,Q) ~ | 909‘7—,9
On the other hand, one has eg € X x(Q2,¢) and u~! curleg € X7(Q, i1). So we
derive from Proposition 4 ("electric case") that, for all s € [0, 7,

1

inf [leo — vallH(curno) Ss B {lleollx y(@.e) + [ curleo||x ()}

v €V

Adding up the two estimates and noting finally that, due to the well-posedness
of the variational formulation (12) in eg (§2), one has

leollx v (2.e) + [0t curleg | xp 0. < lldlloo,

we find (37).

Regarding the "magnetic case", one has h € X7(9,u) and e~ !(curlh — j,) €
X n(2,e). Thanks to the extra regularity on j,, one may use the Proposi-
tion 4 ("magnetic case"). First, as an element of X (2, 1), the magnetic field
is decomposed as usual (31). Second, its curl exhibits the same regularity as
before. Indeed, introduce the auxiliary field z := ¢~!(curlh — j,). Then given
s€ 0,7, z € XN( ) Ceont H*(Q), so that curlh — j, = ex € H*(Q2) and
curlh € H?(Q2) because j, € H*(?), with the bound

[curlh|ls.a Ss (|2 xy@.0) + l70lls.0-

It follows that

inf 1= onllareurso) Ss B IRIxr @ + 12l xy @0 + lolls 0}
Un h

Due to the well-posedness of the variational formulation (11) in h (§2), one gets

1Pllx @ + [®lxx @0 S lldllo.q:

Finally, we recover (38) with the help of ||7ollo.0 < [l7]0.0- O

Corollary 7. Let the assumptions of Theorem 12 hold.
Assume that e='j, € H™ () and let be := curle € H(div; Q). Then b is a
divergence-free field and there holds, for all s € [0, 7],

inf ||be - whHH(diV;Q) 53 h? {||.7||07Q + |5_1jg|7,9}~ (39)

whEVﬁ
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Assume that j, € H™ () and let dop, := curlh — j, € H(div;Q2). Then dopn
is a divergence-free field and there holds, for all s € [0, 7],

inf ldon — whl H(aivie) Ss b {lldllo.2 + 1Folr.a}- (40)
’whEVh’

PRrOOF. Thanks to (36), one notices that

- B TR e |
w:relvﬁ |be — wallm(divia) < omf | curl(e — v3)| r(eurt:a)s

hence (39) is a straightforward consequence of (37).
The second result is derived in a similar fashion if one recalls that, since j, is
a divergence-free field that belongs to H™ (), one has [y — IIf 5o || rraivs) S

~

h |golra (ct. [4, Lemma 3.3)). .

5.2. More on regularity in a polyhedral domain

We assume here that the domain €2 and the subdomains of its partition are
Lipschitz polyhedra (for short, a subdomain is called subpolyhedron). In this
setting, we would like to guarantee when the regularity of the fields is a priori
suffficient to apply the classical estimates of §4.1 or if one has to apply instead
those of §4.2 and §5.1. When the electric permittivity or the magnetic perme-
ability are scalar-valued coefficients, we write & instead of £l for & € {e, u} by
abuse of notation.

To start with, one has an improved regularity result for elements of X 5(),
for B € {N,T}. It is based on the regularity results for scalar fields written
next (cf. [16, Corollary 23.5]), and on Birman-Solomyak splittings of elements
of X () from Theorems 6 and 11 (with £ =1).

Theorem 13. Let Q) be a Lipschitz polyhedron.
If Q is convez, then

{z€e HYQ) : Vze XN(Q)} Ceont HA(Q);
{ze HY(Q) : Vz€ X7(Q)} Ceont H*(Q).

If Q is non-convex, then there exist 0pir,Oneuw €]1/2,1] that can be explicitly
characterized such that,

{z € H&(Q) : Vze XN(Q)} Ceont HHS(Q), Vs €]1/2,0pir[;
{z€ HY () : V2 X7(Q)} Ceont HT3(2), Vs €]1/2, Oneul-

In the convex case, we use dp;r = Onew = 1.

Remark 8. The characterizations of the regularity exponents 0 p;., ey allow
one to compute them numerically in principle.
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Using a partition of unity® as in the proof of Corollary 4, Z7(Q) Ceont H'(Q)
(Q convex) and Z71 () Ceont H*(Q), Vs €]1/2,0neu] (© non-convex) follow
as direct consequences of Theorem 13. Finally, with the help of the Birman-
Solomyak splittings, one gets the by-product below. Note that it includes ele-
ments of Z n(Q2) and Z1(Q) as particular cases.

Corollary 8. Let Q be a Lipschitz polyhedron.
If Q is convex, then for B € {N,T}, X 3() Ceont H'(Q).
If Q is non-convex, then there exist 0pir, ONew €]1/2,1] such that,

XN(Q) Ccont HG(Q)a VS 6]1/276Dir[;
XT(Q) Ceont HS(Q)? Vs 6]1/255Neu[-

Next, one remarks that if the scalar-valued coefficient £ is smooth, that is £ €
Whoo(Q) and €1 € L>(f), then given v € L*(Q) such that divév € L*(9Q),
one may write divév = V¢ - v + Edive in Q, so dive = ¢ 1(divév — VE - v)
belongs to L?(2). Hence, one has X 5(Q,&) Ceont X (), for B € {N, T}, and
one can use the Corollary 8 to derive the regularity results that are needed for
obtaining the convergence estimates: Case 2 (convex domain) or Case 3 (non-
convex domain) of §4.1 now apply.

Theorem 14. Let Q be a Lipschitz polyhedron such that (Top); is fulfilled,
and assume that the scalar coefficients e, u fulfill the coefficient assumption on
the trivial partition P = {Q}. Let 6 := min(dpir, Onew) €]1/2,1]. Let (Tp)p be
a shape regular family of compatible meshes.

In the 'electric case’, assume that 671_7'9 € H‘S(Q). There holds, for s = §
(convex domain), or for all s € [0,0[ (non-convex domain,),

inf le — vl reurne) Ss h* {lldllo. + e, mo o)} (41)

v EV

In the "magnetic case", assume that j, € H°(Q). There holds, for s = § (convex
domain), or for all s € [0,0] (non-convex domain),

inf ||k — vl g(eurno) Ss 7 {ll3llo.0 + dolms @) }- (42)

vhevh

Remark 9. According to Theorem 13, a sufficient condition for !5, € H’(Q)
to hold is that o € L?*(Q2). Indeed, j, = weVyp,, with ¢, € Hj(Q) and
diveVy, = p. In particular, p, € {z € H'(Q) : Vz € Xn(Q)}. This
observation is similar in spirit to the one made in footnote 7, page 23.

The next case we consider is when the scalar-valued coefficient £ is piecewise
constant. The regularity results for elements of X g(2,§) for B € {N,T'} rely
on the regular/singular splitting of scalar fields below (cf. [15, 29]).

8Likewise, using a partition of unity (Xk)1<k<k such that x, = 1 in a neighborhood of
Ty for all k, etc., ZN () Ceont H(Q) (Q convex) and Z x5 (Q) Ceont H*(Q), Vs €]1/2,6pir|
(€ non-convex) are again direct consequences of Theorem 13.
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Theorem 15. Let 2 be a Lipschitz polyhedron, and assume that the scalar,
piecewise constant coefficient € fulfills the coefficient assumption.
For all f € L*(Q) and gr € PHY?(Fin:), let p be the solution to

BC=Dir { Find p € H(£2) such that
(&VD|VY)o.a = (fld)o.a + (971¥)0Fines Vib € Hi();
Find p € H},,, (92) such that
BC=N smo
“ { (EVPIV)oa = (Fld)oa + (97 I0)o.r Vo € Hlpy(Q).

Then for BC € {Dir, Neu}, p admits a continuous splitting p = preg + Dsing,
with a regular part preg € PH?(Q) and a singular part Psing € Prc(Q) ; there
exists dpc(§) €]0,1] that can be explicitly characterized such that Ppc () Ceont
PHY(Q) for all s €]0,0pc(£)], and Ppc () Ceont PH*(Q) if 6pc(€) = 1.

Remark 10. In principle, the characterization of the regularity exponents d p;,-(£),
Oneu(§) allows one to compute them numerically.

For B € {N,T}, one can then derive embedding results for X p(Q,€). To
that aim, one uses Theorem 15, which requires to reformulate the right-hand-
sides defining pg and qg resp. in Theorems 7 and 11, without the part of the
decomposition that belongs to the null spaces Z 5(€2). This is achieved with the
help of the idempotent operators pp introduced in those Theorems.

For example, in the "electric case", let v € ker(py) C X n(€Q). The splitting
(24) writes v = vyeg + 0+ Vpg in Q, with py governed by (25) without the first
term in the right-hand side. Hence Theorem 15 may be applied to pg and one
concludes that

ker(pn) Ceont PH®(Q), Vs €]0,0pir(€)[; ker(pn) Ceont PH(Q) if 6piy (&) = 1.

Next, let v € X 5(2): it is split continuously as v = pyv + (v — pyv). The
first part, pyv, belongs to Zn(€2) and as such its regularity is governed by
Corlollary 8, with regularity exponent dp;.. On the other hand, the operator
pw is idempotent so applied to the second part it yields py (v —pnv) = 0, hence
(v — pnw) € ker(py) is governed by the regularity exponent 0p;,-(§).

Similarly for the "magnetic case".

Corollary 9. Let the assumptions of Theorem 15 hold. Then

XN(Qaf) Ceont PH&(Q)v Vs E}Oamin((sDir(g)75Dir)[§
XT(Q7§) Ceont PHS(Q>7 Vs E]Oamin<6Neu(€>76Neu)[-

Moreover if min(0p;i-(£),0pir) or min(Oney (), dnew) 8 equal to 1, the corre-
sponding inclusion holds for s = 1.

Remark 11. It can happen that dp;(§) > 0pir, OF Ineu(E) > Onen-

Let us now highlight three pratical situations, denoted by [c1], [c2], [c3] below.
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Theorem 16. Let 2 be a Lipschitz polyhedron, and assume that the scalar
coefficient & is piecewise constant on the partition P := {Q;},;=1 j. In addition,
assume that:

either: [cl] Q is convex and the mazimal number of adjacent subpolyhedra is equal
to two ;

or: [c2] there exists some j such that OQ C 9Q; and the mazimal number of
adjacent subpolyhedra is equal to two.

Then 6pir(§), Oneu(§) €]1/2,1].

Remark 12. The situation where dp;-(§) or dnen(€) is equal to 1 can occur
only in a convex domain with special geometry, such as a partition with flat
interfaces intersecting the boundary at right angles. The second situation [c2]
covers the case of isolated inclusions of media in an otherwise homogeneous
material.

Regarding the convergence rates for the situations [c1] and [c2], one gets results
similar to those of Theorem 14 with 0 := min(dpi-(£), 0new(§), 0Dir, ONeu) €
11/2,1]. In particular, one may again apply the classical results of §4.1 when
the assumptions of Theorem 16 hold.

On the other hand, as soon as there are three adjacent subpolyhedra or more,
the regularity exponents dp;,-(§) or dnewn(€) can become arbitrarily close to 0.
Let us give an illustration : [c3] let © be the unit cube, and let P := {Q;},=1 4,
with

Define £ such that §& = & = 1, and & = & = 7, for some parameter n > 1.
We call this configuration the checkerboard case. In this case, one may compute
directly the regularity exponents by studying singular solutions of the problem
'Find 2z € H(Q) such that divéVz = 0 in some neighborhood of the line
T1 = Xp = %". One checks first that 03z € PH'(Q) and then that §p;.(£) and
Oneu(§) are equal and, in addition, that their common value ¢ is related to the
parameter 7 by the relation (see for instance [15, §8]):

om
V2 —tan | — ).
0 an(4)

Hence § is a decreasing function of 7, with § = 1 if and only if n = 1,
lim, 4.6 = 0, and in particular § < 1/2 as soon as n > 5.8284. So in
the situation [c3] when 7 > 5.8284, one must use the results of §4.2 and §5.1 to
derive convergence rates, cf. Theorem 12.

The last case we consider is when the coefficient tensor- or scalar-valued
coefficient & is piecewise smooth, ie. when it fulfill the coefficient assumption on
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a non-trivial partition. One can apply the frozen coefficients technique, devel-
oped in [22, §5.2]. Briefly, it is proven there that one can derive regular/singular
splittings, where the singular part is governed by equations with constant co-
efficients. The results are derived rigorously in 2D configurations; they can be
extended for instance to the checkerboard case. What is more, the constant
coeflicients are simply the limit of the value of the coefficients at the corners of
the interface. In principle, one may still compute the regularity exponents in
these configurations. We refer to [17, §5] for similar results.

6. Conclusion

We have presented some results on the numerical approximation of low-
regularity electromagnetic fields by edge finite elements. In particular, we ad-
dressed the case of general geometrical settings, including topologically non-
trivial domains and/or domains with a non-connected boundary, and tensor-
valued, piecewise smooth electric permittivity and magnetic permeability. In
all cases, a convergence rate in h° is recovered, where h is the meshsize, for
some exponent 0 €]0,1]. It relies either on classical estimates, cf. [2, 14, 27, 5]
when § > 1/2, or on the combined interpolation operator when § < 1/2. The
optimality of the value of ¢ has first been discussed with respect to abstract shift
theorems. In some simple configurations, typically for scalar-valued permittivity
and permeability, the value of ¢ has been further characterized.
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