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Non-asymptotic convergence analysis for the
Unadjusted Langevin Algorithm

. * . . ok
Alain Durmus and Eric Moulines

LTCI, Telecom ParisTech €& CNRS, 46 rue Barrault, 75634 Paris Cedex 13, France,
e-mail: *alain.durmus@telecom—paristech.fr; Meric.moulines@t:elecom—paristech.fr

Abstract: : Sampling distribution over high-dimensional state-space is a problem which has
recently attracted a lot of research efforts; applications include Bayesian non-parametrics,
Bayesian inverse problems and aggregation of estimators. All these problems boil down to
sample a target distribution 7 having a density w.r.t. the Lebesgue measure on R?, known
up to a normalisation factor (see [9] for details) & — e~ U(®)/ fRd e~ U dy where U is con-
tinuously differentiable and smooth. In this paper, we study a sampling technique based
on the Euler discretization of the Langevin stochastic differential equation. Contrary to the
Metropolis Adjusted Langevin Algorithm (MALA), we do not apply a Metropolis-Hastings
correction. We obtain for both constant and decreasing step sizes in the Euler discretiza-
tion, non-asymptotic bounds for the convergence to stationarity in both total variation and
Wasserstein distances. A particular attention is paid on the dependence on the dimension
of the state space, to demonstrate the applicability of this method in the high dimensional
setting, at least when U is convex. These bounds are based on recently obtained estimates
of the convergence of the Langevin diffusion to stationarity using Poincaré and log-Sobolev
inequalities. These bounds improve and extend the results of [10]. We also investigate the
convergence of an appropriately weighted empirical measure and we report sharp bounds for
the mean square error and exponential deviation inequality for Lipschitz functions. A limited
Monte Carlo experiment is carried out to support our findings.

AMS 2000 subject classifications: primary 65C05, 60F05, 62L10; secondary 65C40, 60J05,93E35.
Keywords and phrases: Wasserstein distance, Langevin diffusion, Markov Chain Monte
Carlo, Metropolis Adjusted Langevin Algorithm, Rate of convergence.

1. Introduction

We study the sampling over R? of a target distribution 7 with density z — e~V (*)/ f]Rd e~ UWdy
w.r.t. the Lebesgue measure, where U is a smooth function. We consider a sampling method based
on the Euler discretization of the Langevin stochastic differential equation

dY; = —VU(Y;)dt + v2dB; , (1)

where (B;)i>o0 is a d-dimensional Brownian motion. It is well-known that the Markov semi-group
associated with the Langevin diffusion (Y;);>0 is reversible w.r.t. w. Under suitable conditions,
the convergence to 7 takes place at geometrical rate. Precise quantitative estimates of the rate
of convergence with a generally mild dependence on the dimension of the state space have been
recently obtained using Poincaré and log-Sobolev inequalities; see [3, 7] [4]. The Euler-Maruyama
dicsretization scheme associated to the Langevin diffusion is the discrete time-Markov chain given
by

Xiy1 = Xk — Y41 VU (Xk) + /2741241 (2)
where (Z})r>1 is an i.i.d. sequence of standard Gaussian random variables and (v )x>1 is a sequence
of stepsizes, which can either be held constant or be chosen to decrease to 0. The idea of using the
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Markov chain (X,,),>0 to sample (approximately) from the target = has been first introduced in the
physics literature by [27] and popularized in the computational statistics community by [15] and
[16]. It has been studied in depth by [29], which proposed to use a Metropolis-Hastings step at each
iteration to enforce reversibility w.r.t. 7 leading to the Metropolis Adjusted Langevin Algorithm
(MALA). They coin the term unadjusted Langevin algorithm (ULA) when the Metropolis-Hastings
step is avoided.

The purpose of this paper is to study the convergence of the ULA algorithm. The emphasis is
put on non-asymptotic computable bounds; we pay a particular attention to the way these bounds
scale with the dimension d and constants characterizing the smoothness and tail behavior of the
potential U. Our study covers both the constant and decreasing step sizes and we analyse both the
"finite horizon” (where the total number of simulations is specified before running the algorithm)
and "any-time” settings (where the algorithm can be stopped after any iteration).

When the stepsize v, = v is constant, under appropriate conditions related to [29], the Markov
chain (X, )n>0 is V-uniformly geometrically ergodic with stationary distribution 7., (the function
V being taken to be 7% for some appropriate value of § > 0). With few exceptions, the stationary
distribution 7, is no longer equal to the target 7. It is of course sensible to expect that if the
stepsize v is small enough, then the stationary distribution of this chain is in some sense close to
7. We provide non-asymptotic bounds of the V-total variation distance between the law of the
iterates and the target distribution 7, with explicit dependence on the stepsize v, the dimension d
and the number of simulations. Our results complete and extend the recent works by [11] and [10].
We first consider the case of densities which are super-exponential in the tails, for which we prove
convergence in total variation. We also address the case where 7 is globally log-concave for which
we find ergodicity constants growing only linearly in the dimension d, for both the total variation
and the Wasserstein distances.

When (k) r>1 decreases to zero, then (X, )n>0 is a non-homogeneous Markov chain. If in addition
> re i vk = oo, we show that the marginal distribution of this non-homogeneous chain converges,
under some mild additional conditions, to the target distribution 7. We also provide explicit ex-
pression for the convergence rate, emphasizing the role of the dimension and the rate of decrease of
the sequence (y)k>1. Compared to the related works by [21], [22], [23] and [24], we establish not
only the weak convergence of the weighted empirical measure of the path to the target distribution,
but establish a much stronger convergence in total variation and Wasserstein distances.

Assuming that the target distribution is globally log-concave, we also provide explicit mean-
square error and exponential deviation bounds for a class of estimators of 7(f) where f is a Lipshitz
function satisfying some appropriate moment conditions. We show that these bounds depend only
linearly in the dimension d and in the sample size.

The paper is organized as follows. In Section 2, we summarize the existing results on the rate of
convergence of the Langevin diffusion to its stationary distribution. In Section 3, we then study the
convergence in total variation and Wasserstein distances of the Euler discretization for constant and
decreasing stepsizes. In Section 4 we provide non-asymptotic bounds of convergence of the weighted
empirical measure. Some numerical illustrations are given Section 5 to support our claims. The
proofs are given in Section 6. Some technical derivations are carried out in a supplementary paper
[12].
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Notations and conventions

Denote by B(R?) the Borel o-field of R%. Denote by F(R?) the set of all Borel measurable functions
on R? and for f € F(RY), || f|lcc = Sup,epra |f(2)|. For p a probability measure on (R?, B(R?)) and
f € F(R?) a p-integrable function, denote by u(f) the integral of f w.r.t. . Let V : RY — [1,00) be
a measurable function. For f € F(R?), the V-norm of f is given by ||f|lv = sup,ega |f(2)|/V (2).
For two probability measures y and v on (R, B(R?)), the V-total variation distance of x4 and v is
defined as

Rdf:vdu /f )dv(x

lp=vivy = sup
FEFRY), [ flv <1

If V =1, then || - ||v is the total variation denoted by || - ||Tv.

For p > 1, denote by LP(r) the set of measurable functions such that (| f|P) < co. For f € L3(r),
the variance of f under 7 is denoted by Var, {f}. For all function f such that flog(f) € L!(n),
the entropy with respect to « for f is defined by

Bt ()= | f(a)los(f(@))dr(z) . 3)

Let u and v be two probability measures on R%. If y < v, we denote by du/dv the Radon-Nikodym
derivative of u w.r.t. v. We say that ¢ is a transference plan of p and v if it is a probability
measure on (R? x R?, B(R? x R?)) such that for all measurable set A of R, ((A x R?) = u(A) and
C(R? x A) = v(A). We denote by II(u, v) the set of transference plans of y and v. Furthermore, we
say that a couple of R%random variables (X,Y) is a coupling of 1 and v if there exists ¢ € II(,v)
such that (X,Y") are distributed according to ¢. For two probability measures p and v, we define
the Wasserstein distance of order p > 1 as

1/p
W)= (ot [ el actan)
RxR

CEI(p,v)

By [31, Theorem 4.1], for all u, v probability measure on R, there exists a transference plan ¢* €
II(p, v) such that for any coupling (X,Y") distributed accordlng to ¢*, Wy(u,v) = E[|| X — Y||P]V/P.
This kind of transference plan (respectively coupling) will be called an optimal transference plan
(respectively optimal coupling) associated with W,. We denote by P,(R?) the set of probability
measures with finite p-moment: for all € Pp(R?), [o4 [|lz]|” p(dz) < +o00. By [31, Theorem 6.16],
Py (R?) equipped with the Wasserstein distance Wy, of order p is a complete separable metric space.

Let f:R? — R be a Lipschitz function, namely there exists C' > 0 such that for all z,y € RY,
|£(z) = £(3)| < C 1z — yll. Then we denote [|f],, = inf{|f(z) — F(u)||w—y| " | 2,y € RE,z #
y}. The Monge-Kantorovich theorem (see [31, Theorem 5.9]) implies that for all u, v probabilities
measure on R,

Wlw,u):sup{ ) = [ flaplan) | 5RE o R ||f||mps1}. (1)

For all z € R? and M > 0, we denote by B(z, M), the ball centered at « of radius M. In the sequel,
we take the convention that for n,p € N, n < p then 377 =0 and [ = 1.
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2. Ergodicity of the Langevin diffusion

Consider the following assumption on the potential U:
H 1. The function U is lower-bounded, twice continuously differentiable on R? and is gradient
Lipschitz, i.e. there exists L > 0 such that such that for all z,y € RY,

IVU(z) = VU@ < Lz -yl .

Under H1, if y10 is a probability measure satisfying [ ||z||*uo(dz) < oo then by [20, Theorem 2.5,
Theorem 2.9 Chapter 5] there exists a unique strong solution (Y;);>o to (1) with initial distribution
po- Define for all t > 0, z € R? and A € B(R?), (Yy)s>0, Pi(x,A) = P, [Y, € A]. The semi-group
(P})1>0 is reversible w.r.t. 7, and hence admits 7 as its (unique) invariant measure. By [29, Theorem
2.1], under H1 the diffusion is irreducible, aperiodic, strong Feller and all compact sets are small
which implies, for any initial distribution pg, that

Jim 0P, =gy = 0. (5)

The generator o/ and the carré du champ operator (see [4, Definition 1.4.2]) associated with the
Langevin diffusion (1) are given for all (f, g) € C%(R%) by
A f=—(VUVf)+Af, (6)
Y(f,9)=2" (A fg~ falg—gaf)=(VVyg),
where A denote the Laplacian. We will use the short-hand notation 4(f) = 4(f, f).

We are interested in when the convergence in (5) is exponential. A function V € C%(R?) is a
Lyapunov function for (P;)i>o, if V' > 1 and if there exists > 0, b > 0 and K > 0 such that,

AV < =0V + bl k) - (7)

It is shown in [29, Theorem 2.2] that, for any Lyapunov function V', the Langevin diffusion is V-
uniformly geometrically ergodic. [29, Theorem 2.3] shows that if there exists a € (0,1), ¢ > 0, and
K > 0 such that a || VU (z)||> = AU(z) > ¢ for all ||z > K, then (7) is satisfied with constants that
can be computed explicitly. Another condition is that 7 is (super)-exponential in the tails.

H2 (a). The potential U is differentiable and there exist p > 0, « > 1 and M, > 0 such that for
ally € RY, [yl > M,, (VU(y),y) > pllyl*

Proposition 1. Assume H1 and H2(«). Then,
(i) Under H2(1), the drift condition (7) is satisfied with the Lyapunov function W (x) = exp((p/4)(||z||*+
Y2, 0, = p?/8, K = K, 1 = max(M,,4d/p) and
bpa = (p/4)(p/4+ d +supgyy <, H{IIVU ()II}) max(L, (K2, +1)72 exp(p(K7, +1)12/4)) .

(ii) Under H 2(a) with « > 1, the drift condition (7) is satisfied with the Lyapunov func-
tion Vi(xz) = exp(sU(x)), for s € (0,1), o = sdL, K = K, s = max({2dL/(p(1 —
S))}l/@(a_l))a M,) and by q,s = sdL SUP{HyHgK,,,a,S}{VU(y)}-

Proof. The proof is postponed to Section 6.1. o
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Corollary 2 ([25, Theorem 6.1]). Assume H1 and H2(«) for some o > 1. Set V(x) = W(x) if
a =1 and V(z) = Vis(x), for s € (0,1) if @ > 1. Then, there exists constant Cy < 00 and v > 0
such that for all probability measures po and vy on (R4, B(RY)), satisfying 110(V) + vo(V) < +oo,
andt € Ry,

oPr — voPi|lv < Cae™ o — vollv , o — lv < Cae™ " uo(V) .

The constants C, and v, depends on the drift and minorization conditions. Computable bounds
under H2(«) have been developed in the literature but these estimates are in general very conser-
vative. Much better rates of convergence can be obtained using either Poincaré (or spectral gap)
and log-Sobolev inequalities; see [3], [7] and [4, Chapter 4] and the references therein. We follow
here [7]. The starting point is the following extension of the Pinsker inequality.

Lemma 3 ([7, Lemma 1.1]). Let ¢ be a C? convex function defined on R,. Assume that 1) is
uniformly convex on all bounded intervals, (1) = 0 and limy_, ¥(u)/u = +oo. Then, for all
probability measures (u1,v) on (R B(R?)) such that u < v,

d
= vllrv < eI (ulv) . where wmwwiwa§>w,

and cy s a universal constant.

If Y(u) = (u—1)?, then I (u,v) is the chi-square distance, ¢, = 1 and Lemma 3 shows that
i — vljov < Vark? {du/dv}. If ¢(u) = uln(u), then I, (p,v) is the Kullback-Leibler divergence,
¢y = v/2 and Lemma 3 implies ||p — v||pv < (2 KL(,u|u))1/2.

Proposition 4 ([7, Proposition 1.8]). Let ¢ be a function satisfying the conditions of Lemma 3.
Assume that there exists a constant Cy, such that for any density function h in the extended domain
of the generator satisfying [¢(h)dmw < oo,

Joman<cy [v e mar. (8)
Then, for allt > 0, and any initial distribution pg such that po < m,
0P = mllrv < epe™ 1/ (uolm) -

If we choose ¥(u) = (u—1)2, (8) boils down to the Poincaré inequality. If there exists a constant
Cp such that, for any density h € D(«) Var, {h} < Cp [ 4 (h)dn, then Proposition 4 implies that
for all t > 0,

0P, = 7l|-py < exp(—t/Cp) (Var, {duo/dn})"/? . (9)

The best constant Cp for which this inequality holds is referred to as the Poincaré constant. To
determine upper bounds of the Poincaré constants, some additional conditions are required.

Proposition 5 ([2, Theorem 1.4]). Assume H1 and that there exists a Lyapunov function satisfying
(7). Then 7 satisfies a Poincaré inequality with constant

Chyap = 071 {1+ (40K /22)eex )} (10)

where osck (U) = supp g, i) (U) — infp(o,x)(U) is the oscillation of U on B(0, K).
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Combining (10) with Proposition 1 and Proposition 4 yields explicit convergence bounds for
target distribution with exponential tails. Typically, the term e®#(U) scales exponentially with
the dimension. Better Poincaré constant may be obtained by assuming stronger conditions on the
distribution .

Proposition 6 ([5, Theorem 2.1]). Assume H1 and U is conver. Then, m satisfies a Poincaré
inequality with constant Ceyx given by

c;w,_432j£d{x-]édydﬁ@g}Qdﬁcm.

Applying Proposition 4 with ¢ (u) = ulog(u), (8) leads to the log-Sobolev inequality. If there
exists some constant CLg such that, for any density h € D(«/), Ent, (h) < Crg [ h~'¥(h)dr then
for all t > 0,

|10 Ps = wllpy < exp(—t/Cis) (2Bnt, (djuo /) . (11)

To successfully use the Log-Sobolev inequality, it is required to strengthen the conditions on the
potential U.

H3. U is strongly conves, i.e. there exists m > 0 such that for all z,y € R?,
Uly) > Ux) + (VU (2),y — 2) + (m/2) |z — y|* .

Under H3, by [26, Theorem 2.1.8], there exists a unique #* € R? such that x* = arg minga U.
By [26, Theorem 2.1.12, Theorem 2.1.9], condition H3 implies that for all x,y € R%:

1

(VU() = VU(@)y—2) = (/D) |y = al* + —— [VU@) - VU@, ()
(VU(y) = VU (2),y — ) > m|ly — 2| , (13)

where ol
K=—T- (14)

Note that H1 and (13) imply that L > m.
Theorem 7. Assume H1 and H3. Then for all probability measure g < 7 such that dpo/dmwlog(due/dr) €

LY(7), we have
dyto 1/2
H,U/OPt — 7T||TV S eimt <2Entﬂ— <E)> . (15)

It is worthwhile to note that, in such case, the convergence rate does not depend on the dimension
d but only on the convexity constants m. In such case, is also possible to devise convergence in
Wasserstein distance. This type of convergence will prove to be very important to obtain precise
estimates in the deviation inequalities. Here again, the rate of convergence does not depend on the
dimension.

Theorem 8. Assume HI and HS.

(i) The stationary distribution 7 satisfies

/|m_ﬁwﬁ@wgwm. (16)
]Rd
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(i) For all probability measures jo and vy € Po(R?) and t > 0,
Wa(poPr,voPr) < €™ Wa(po, 1)

Proof. The proof is postponed to Section 6.2. o

3. Euler approximations of the Langevin equation

Let (vx)r>1 be a sequence of positive and non-increasing step sizes and for n,p € N, denote by
P
Top =D 9,  Tan=Tin. (17)
k=n
For v > 0, consider the Markov kernel R, given for all A € B(R?) and = € R? by

Ro(oA) = [ (4m9) 7 exp (@) ly =+ VU@ dy (18)

The sequence (X,,),>0 given in (2) is a Markov chain with respect to the sequence of Markov kernels
(R4, )n>1- For p,n > 1, p > n, define

QYP =Ry, Ry, Qy=Q)" (19)

with the convention that for n,p > 0, n < p, Q5" is the identity operator. The stability of the Euler
discretization of a one-dimensional Langevin diffusion with constant step size has been studied in
[29, Section 3]; We generalize these results to multidimensional diffusions and decreasing stepsizes.
We first establish a geometric drift condition for R, with explicit constants.

Proposition 9. Assume H1 and H2(«a) with o > 1. Then for all 5 € (O,L’l), we have for all
v € (0,7] and z € R?,

R\Vijo(x) < e Vi jo(x) + v¢5,p,0lB(0, K

F.pia)

where Vi j5(x) = exp(U(x)/2), s5 = dL(2(1 — Ly))~ 1, K5 5o = max(M,, (SSq/p)l/@(o‘_l))) and

Chopa = 2856777 SUD <k, 03 Vi/2 ()
Proof. The proof is postponed to Section 6.3. O

Corollary 10. Assume H1 and H2(a) with o > 1. Let (y,)k>1 be a nonincreasing sequence with
v1 < L7Y. Then for alln > 1

QUVija(x) < e V] jo(2) + ¢y a8y, e

Proof. The proof is postponed to Section 6.3. O
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The total variation distance of the target probability measure m with the sequence (MOQ?Y)"ZO,
where g is the initial distribution, is decomposed as follows: for all n > 0, p > 1 and n < p,

10Q% — m[vv < [[o@QETHY — @2 Pr, ., vy + [[10@Q% Pr, .y, — Ty - (20)

To control the first term on the right hand side, we use a method borrowed from [11]. For 0 < s < ¢,
let C([s,t],RY) be the space of continuous function on [s,#] taking values in R%. For all x € R,
denote by pZ , and fif , the laws on C([I'y,Tp],R%) of the Langevin diffusion (Yi)r,<t<r, and
of the continuously-interpolated Euler discretisation (Y})pngtgpp both started at z at time I',,.
In the sequel, we use the synchronous coupling (Y;,Y})r, <i<r, of these two processes. For any
Co € P2(R? x R?), consider the diffusion (Y;,Y});>0 with initial distribution equals to (p, and
defined for ¢ > 0 by

dY; = —VU(Y;)dt + /2dB; (21)
dY; = —VU(Y;)dt + /2dB;
where (T',),>1 is given in (17) and for any continuous function y : Ry — RY ¢t~ y,
VU(y) = Z VU(yr, )L, .r, ) () (22)

k=0

The Girsanov theorem [20, Theorem 5.1, Corollary 5.16, Chapter 3] shows that uj; , and fj ,
are mutually absolutely continuous and in addition,

n

r, ~ o
‘%/F {HVU(YS)HQ—HVU(K)HQ}ds) (23)

where VU is defined in (22). The Pinsker inequality implies that for all z € R?

r, ) o 1/2
E, [HVU<YS> - VU(Y,)|| }ds) :

n

16.Q2P — 6, P, |y < 2712 (/

Under H1, we get

p—1

1/2
|61Q:+1’p—6mprm,p||wsr”%(Z{wzﬂ/mm [|VU<Xk>|2}+dw£H}> @)

k=n

Therefore, the first term of (20) goes to 0 as p goes to +o0o provided that the remainder Y 7_ 7
goes to 0 as 1, p goes to +00. If a bound for supy~q E.[|[VU (X1)||%] is known then the convergence
given by (24) is quantitative. Such a bound is implied by drift conditions for the kernels (R, )r>1;
see Corollary 10. On the other hand, under weak additional conditions, the second term on the
right hand side of (20), [|uo@%Pr.,,,, — 7llTv, goes to 0 if T'; 41, goes to +oo as n,p — oco.
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Theorem 11. Assume H1 and H2(c) for some o > 1. Let (yx)r>1 be a nonincreasing sequence
with v1 < L. Then, for alln >0, p>1, n <p, and z € R?

H%Qg —frv < Cae_var7l+1,p{e_s'yrl,nvl/2(x) + Cv,p,a%leww} + Bup(z;7)
where Cy, and v, are given by Corollary 2, s and cy . by Proposition 9 and

p—1

1/2
Bup(ein) =271 (Z{<w2+1/3>||vv||2v;/;(Vm(x)+c7,p,as;1e718v>+dm%ﬂ}> - )
k=n

If in addition limy_eo Y = 0 and lim,_, ;oo Ty, = 400, then for all x € RY, we get lim,_ o ||5IQ2 —
7THTV = O.

Proof. The proof is postponed to Section 6.4. O

When 7 satisfies a Poincaré inequality an explicit bound for [|6,Q% — «||Tv for all p > 1 and
x € R? can be obtained.

Theorem 12. Assume H1 and w satisfies a Poincaré inequality with constant Cp. Let (vi)k>1 be
a non increasing sequence with v, < L~!

(i) Under H2(a), then for alln>0,p>1,n<p and z € RY,
16:QY = wllrv < App(a;y)e” e/ 4 By (a3)

where By, p(x;7) is given by (25),

J 1/2
8vd 14/2(2max(1, M,))?
Anplw;y) =244 [ VO | ~U} loo —~°
2(@7) e 3 + [[exp{-U}|| Td/2+ 1)
—d/2
X 47:{1_[ (1 — L) } Z% — L)t Vija(z),
k=1

and T' : RY — Ry is the Gamma function defined for t >0 by T'(t) = f0+°o st~ lesds.
(i) If VU is bounded, then then for allm >0, p>1,n < p and z € R?,

1/2
18.Q7 — v < Appl(a;y)e Tmine/Cr 4 9= 1/2], <Z {(i1 /BIVUS + dm?+1}> ,
k=n

Proof. The proof is postponed to Section 6.5. O

Corollary 2 shows that (P;);>0 is a contraction operator on the space of probability measure f,
#(Vija) < 400, endowed with [|- ||y, ,. It is therefore possible to control [|6,Q% —7||v, . To simplify
the notations, we limit our discussion to constant stepsizes.
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Theorem 13. Assume H1 and H2(«) for some a > 1 and that v, = v for all k > 1, where
v < L~Y. Then, for alln >1 and x € R?

||6EQ2/ - 7-‘—||V1/4 < Cae—va’yn‘/'l/4(x)

+ 212, max(1,Cy)(1 — e )71 (2(1/1/2(:10) + c%p,asglevs”) + bp,a71/2/9a71/2)

1/2
X <(7 +9%)d +371 (7 + 73)||VU||%,1//2 (Viy2(z) + c%p,as;le"*“)> ,
1/2

1/2

where Cq, vq are defined in Corollary 2, s~, ¢y p o i Proposition 9, and b, o1/2,04,1/2 in Proposi-
tion 1-(ii).

Proof. The proof is postponed to Section 6.6. O

This result gives a bound of order O(y/?) as n goes to infinity. If we assume that the total
number of iterations is fixed (finite horizon setting), a straightforward optimization in v leads to a
bound of order O((log(n)n~1)'/2). Using the "doubling trick” (see [18]) this can be converted to an
anytime algorithm with a bound on [|6,Q% — 7|[Tv of order O((log(n)n=1)/2) for all x € R? and
n>1.

Under H3, much better estimates can be obtained. We show that discretization (for fixed as well
as vanishing step sizes) is stable as soon as the stepsize is small enough. We then obtain explicit
computable bounds for these moments.

Theorem 14. Assume HI1 and H3. Let (y)r>1 be a nonincreasing sequence with v1 < 2/(m+ L).
Let x* be the unique minimizer of U. Then for alln,p>1, n<p

p
[ =P @) < TL = m) [l =1 ode) + 207"
R

k=n R
where k is defined in (14)
Proof. The proof is postponed to Section 6.7. o

As seen in Theorem 7, H3 implies exponential convergence of (uoP;)i>0 to 7 for a suitable initial
probability measure g, with explicit constant independent of the dimension. We now deal with case
when 7 satisfies H3, and deduce some new bounds for [|6,Q% — ||rv. In particular, the obtained
bounds are now linear in the dimension. We use again the decomposition given by (20), but use the
log-Sobolev inequality instead.

Theorem 15. Assume H1 and H3. Let (v)k>1 be a non increasing sequence with y1 < 2/(m+L).
Let x* be the unique minimizer of U. Then for allm >0, p>1, n < p and z € R?,

16:Q% = wllmv < Cupl,y)e™Tm4tr/™ 4 Dy (2,7)
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where
Copl,7) = (L/2) {H L= r) }lx—x*|2+d/:n-1<1—mn>
k=1

— (d/2)(1 + log(2yn/m) — 2Ln)

p—1 k 1/2
Dy p(z,7) =2712L (Z(Wfﬂff/?») {H(l — k) o — 2 |* + 2d/~”vl} + d”yiH) :

k=n =1
Proof. The proof is postponed to Section 6.8. O

We now proceed to establish explicit bounds for Wa(poQY, ), with po € Po(R%). Since 7 is
invariant for P; for all t > 0, it suffices to get some bounds on W5 (MOQ?; voPr,), with vy € Pa(R9)
and take vy = w. To do so, we construct a coupling. In the strongly convex case, an obvious
candidate is the synchronous coupling (21).

Therefore since for all n > 0, W3 (uoPr,,,v0Q%) < E[||Yr, — Y7, [|?], where po and vy are the
marginals of (y, we compute an explicit bound of the Wasserstein distance between the sequence of
distributions (p0Q%)n>0 and the stationary measure m of the Langevin diffusion (1).

Theorem 16. Assume H1 and H3. Let (y;)r>1 be a nonincreasing sequence with y3 <1/(m+L).
Then for all po € P2(RY) and n > 1,

W3 (0@, ) < ull (V) W3 (o, ) + w2 (v) (26)
where .
ulD(y) € H 1— kyk/2) (27)
and .
u? () = L? Z% {7+ 7} (2d + dL?v;/m + dL?*~} /6) H (1 —r/2), (28)
=1 k=i+1

where  is defined in (14) .
Proof. The proof is postponed to Section 6.9. O

Let 2* be the unique minimizer of U. Since for all y € R? ||z — y||> < 2(||lz — 2*|* + ||z* — y||*),
using (16), we get:
W3 (80, m) < 2(|lw — 2*||* + d/m) . (29)
If po € Pa(RY), we have W (uo, m) < [ po(dz)W3(8,, w). Hence, the right hand side of (26) scales
linearly with the dimension d. When ~;, = v for all k > 1, (27) and (28) imply

ugll)(”y) =(1—ry/2)", ug)(’y) < 2k 1y {Ii_l + ’y} (2d + dL*y/m + dL*~%/6) . (30)

Using this bound, given € > 0, we may determine the smallest number of iterations and an associated
step-size +, starting from z, to approach the stationary distribution in the Wasserstein distance
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Wo(0,Q7, ) with a precision e. Details and further discussions are included in the supplementary
paper [12].

We now consider decreasing stepsizes. Under this additional assumption, we may establish the
convergence of the sequence (1oQ%)n>0 to .

Corollary 17. Assume H1 and H3. Let (;)r>1 be a nonincreasing sequence with y1 < 1/(m+L).
Assume that limy_eo Y& = 0 andlim, 4 oo Ty = +00. Then for all pig € P2(RY), lim,, 00 Wa(poQY, )
=0.

Proof. The proof is postponed to Section 6.9. O

Based on Theorem 16, we can obtain explicit bounds for W3 (6:Q%,m) for all z € R, For
simplicity, we consider sequences (7 )r>1 defined for all k > 1 by v, = k™, for vy < 1/(m + L)
and « € (0, 1]. The order of these bounds is given in Table 1, see [12] for details. Two regimes can be
observed as in stochastic approximation. When « € (0, 1), the rate of convergence is of order n™%;

for a = 1, the rate of convergence is n=1, for y; > 2k71, see [12, Section 2]. We now consider the

a € (0,1) a=1

Order of convergence | 22t%x=24 L2dn=% | O(n~1) for v > 2k~!
TABLE 1
Order of convergence of Wa(0,Q%, ) for v, = v1k™¢

fixed horizon setting. Assuming here that the step sizes (75 )r>1 are defined for k > 1 by v, = v1k™¢

for @ € [0,1), we determine the value of 7; minimizing the upper bound usll)(v)WQQ(uo, )+ ug)(w).

The results are summarized in Table 2, see [12] for details. In essence, this result shows that choosing

Optimal choice of v; Bound on Wf(ész, )
a€0,1) | 2(1 —a)s~1(2/n) "> log(kn/(2(1 — «))) | 16(1 — a)L?k~3dn " log(kn/(2(1 — a)))

TABLE 2
Order of the optimal choice of v1 for the fized horizon setting and implied bound on W22(51Q:, )

71 of order log(n)n®~! leads a bound for W3 (0,Q%, m) of order log(n)/n. Moreover, these bounds
for a fixed number of iterations implies using the doubling trick (see [18]) an anytime algorithm
which guarantees for all n > 1 and = € R? that W5(5,Q%, m) is O((log(n)n=1)1/2).

4. Mean square error and concentration for strongly log-concave distribution

Let be f: R? — R and (X,,),>0 the Euler discretization of the Langevin diffusion. In this section
we study the approximation of [, f(y)m(dy) by the weighted average estimator

N+n

7érrjzlv(f) = Z wl]c\fnf(Xk) ) wljc\{n = ’YkJrlFX[{kZNJrnJrl : (31)
k=N+1

where N > 0 is the length of the burn-in period, n > 1 is the number of samples, and for n,p € N,
I, is given by (17). We restrict the discussion to Lipschitz functions f. In all this section, P,
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and E, denote the probability and the expectation respectively, induced on ((RY)N, B(RY)N) by
the Markov chain (X,,),>0 started at z € RY. We first compute an explicit bounds for the Mean
Squared Error (MSE) of this estimator defined by:

MSE;(N,n) = o |73 (/) = 7(/)]’] = (Bala ()] = 7(D} + Var, (7Y(N)} . (32)

We first obtain an elementary bound for the bias. For all k € {N 4+ 1,..., N +n}, let & be the
optimal transference plan between 51625 and 7 for W5. Then by the Jensen inequality and because
f is Lipschitz, we have:

N+n 2
(B (7Y ()] = < > wkn/ f(y)}&c(dz,dy)>
k=N+1
N+n

<y 30 ol [, o=l edzay.

k=N-+1
Using Theorem 16, we end up with the following bound.

Proposition 18. Assume H1 and H3. Let (y;)r>1 be a nonincreasing sequence with v, < 1/(m+L).
Let x* be the unique minimizer of U. Let (X, )n>0 be given by (2) and started at x € R?. Then for
all n, N > 0 and Lipschitz function f: R* — R:

N4+n
ELY D = 7D} < W1 D wiln {2000 = 2" + d/m)u’ () +uP ()]
k=N+1

where ul) )( ) and ull )( ) are given in (27) and (28), respectively.

Consider now the variance term. Our main tool is the Gaussian Poincaré inequality [6, Theo-
rem 3.20] (see also [4, Theorem 4.1.1]) which states that if Z = (Z,...,Z4) is a Gaussian vector
with identity covariance matrix, then Var {g(Z)} < || gHiip. The Gaussian Poincaré inequality may
be applied to R, defined by (18) noticing that for all y € R? R,(y,-) is a Gaussian distribution
with mean y — yVU(y) and covariance matrix 2+ I4.

Lemma 19. Assume H1. Let g: R? — R be a Lipschitz function. Then for all v > 0, y € R?,

0< Ry {g() — Ryg)}’ (y) = /Rw(yvdZ) {9(2) = Ryg(m)}* < 27llgllL, -

N

V(f)] as the sum of martingale increments,

To go further, we decompose 7Y (f) — E,[#

N4+n—1

) =Bl (O = D (G [#) ()] —ES [7) ()]} +EIY [70 (F)] - Ba[70 (£)], (33)
k=N

where (G, )n>0 here is the natural filtration associated with Euler approximation (X,,),>0. This
implies that the variance may be expressed as the following sum

N4+n—1

Var, = 3 B[ ) B )]
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Because 7Y (f) is an additive functional, the martingale increment ESH+! [ZY ()] — Eg [#2(f)]

has a simple expression. For k = N +n —1,..., N 4+ 1, define backward in time the function
@ﬁk STk »—)wﬁnf(xk)—FRlefI)kaH(xk) , (35)
where ® v an 0 = O vy (@N10) = WON o f (@8 £a). Denote finally
U an = Ry P v (a) - (36)
Note that for k € {N,..., N +n — 1}, by the Markov property,
O 1 (K1) = Ropy @l (X)) = EZH [ (F)] = EZ* [77 ()] (37)

and WY (Xy) = E$~ [#) (f)]. With these notations, (34) may be equivalently expressed as

N+n—1
Var, {ﬁ)]zv(f)} = Z E, [Egk [{(bv]Xk-i-l(anLl) - R7k+1q)£zv,k+1(Xk)}2” + Var, {‘IJvzy(XN)}
N+n—_1N 9
= Z Ey |:R'Yk+l {(I)r]XkJrl(') - R7k+1q)r]Xk+1(Xk)} (Xk)] +Va“rm {\IerY(XN)} : (38)
k=N

Now for k = N 4+ n,...,N + 1, we will use the Gaussian Poincaré inequality (Lemma 19) to the
sequence of function ®), to prove that = — R, {®), () — Ry, , @), ()} (z) is uniformly
bounded. It is required to bound the Lipshitz constant of <I>7]X,C .For ke {N,...,N+n—1} and
for all y, z € R?, we have

N4+n

Wit @) = F@Y+ D0 Wl AR f(y) - Qﬁ*“f(Z)}| - (39)

i=k+2

’(1)7]:[,19-1-1 (y) — ®7]Xk+1(z)’ =

To bound ||ny“prLip for all n,p € N*, we will bound for all initial distribution g,y € P2(R%),
Wo (MOQZYW, VOQZYW). This can be done using the discrete time-version of the synchronous coupling.

Proposition 20. Assume HI and H3. Let (y;)k>1 be a nonincreasing sequence with vy < 2/(m+L).
Then

(i) for all po,vo € P2(R?) and p > n > 1,

p

W3 (noQ2P, 10Q1P) < H (1 = &y) W3 (o, v0) 5

k=n
(ii) for all Lipshitz functions f : R =R andp >n > 1, QYT f is a Lipschitz function with

p

lQzwfll, < TT = rv) 21 £l -

k=n

Proof. The proof is postponed to Section 6.10. o



A. Durmus, E. Moulines/Non-asymptotic convergence analysis for the ULA 15

Corollary 21. Assume H1 and HS. Let (yx)k>1 be nonincreasing sequence with v1 < 2/(m+ L).
Let N >0 and n > 1. Then for all y € R?, Lipschitz function f and k € {N,...,N +n —1},

2 2 _
’Yk+1 {(I)n k—i—l ) ch+1q)n k—i—l( )} (y) < 87k+1 ||f||Lip (KPN+2,N+W+1) 2 )
where @fzv),ﬁ_l is given by (35).
Proof. The proof is postponed to Section 6.10. o

Also to control the last term in right hand side of (38), we need to control the variance of ¥ (X y)
under (5wa¥ . But similarly to the sequence of functions @ﬁ{ x> W is Lipschitz by Proposition 20

since for all i, z € R%, we have

N4+n

Yo Wl QYT ) - QT ()} - (40)

i=N+1

O () = 95 (2)] =

Therefore it suffices to find some bound for the variance of g under 6,Q7" , for g : R? - R a
Lipschitz function, y € R? and v > 0, which is done in the following Lemma.

Lemma 22. Assume H1 and H3. Let (y;)k>1 be a nonincreasing sequence with v1 < 2/(m + L).
Let g : R* — R be a Lipschitz function. Then for alln,p>1, n <p and y € R?

0< [ Qa2 () - Qo) < 2 ol

where QP is given by (19).
Proof. The proof is postponed to Section 6.10. o

Corollary 23. Assume H1 and HS. Let (yx)k>1 be nonincreasing sequence with v1 < 2/(m+ L).
Then for all Lipschitz function f,

Var, {\I/ (Xn)} <8k ° ||f||Llp N+2 Nintlo
where WY is given by (36).
Proof. The proof is postponed to Section 6.10 o

Finally, we have:

Theorem 24. Assume H1 and H3. Let (y)k>1 be a nonincreasing sequence with v1 < 2/(

m+
L). Then for all N >0, n > 1 and Lipschitz functions f : RY — R, we get Var, {7T } <

_ 3
Uy T (0) where
3 e _
Ugv)n( ) df{1+FN+2 Ntnpr(FT +2/(m+L))} : (41)
Proof. Plugging the bounds given by Corollary 21 and Corollary 23 in (38), we have
Var, {ﬁ } <8r7° ||f||L1p { N2+2 N+n+1FN+1 N4n + R FN+2 N+n+1}

< 8k7? ||f||L1p {FN+2 Nant1 T I‘17\72+2,N+n+1(7N+1 + H_l)} .

Using that yy4+1 < 2/(m + L) concludes the proof. O
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It is worth to observe that this bound is independent from the dimension. We may now discuss
the bounds on the MSE (obtained by combining the bounds for the squared bias Proposition 18
and the variance Theorem 24) for step sizes given for kK > 1 by v = y1k~* where a € [0,1]
and v, < 1/(m + L). Details of these calculations are included in the supplementary paper [12].
The order of the bounds (up to numerical constants) of the MSE are summarized in Table 3 as a
function of v1, n and N. If the total number of iterations n+ N is held fixed (fixed horizon setting),

Bound for the MSE
a=0 7 + (1in) ! exp(—ky1N/2)
a€(0,1/2) | mn~® + (mn' ") Fexp(—n N/ (2(1 — a)))
a=1/2 | mlog(n)n='/? + (mn'/?) Vexp(—rn N'/2/4)
ae(1/2,1) | n* My +97 exp(—rn N/ (2(1 - )}
a=1 log(n)~* {71 + vl_lN_Vl"/Q}

TABLE 3
Bound for the MSE for v, = vik™% for fized v1 and N

as in Section 3, we may optimize the value of the step size y; but also of the burn-in period N
to minimize the upper bound of the MSE. The order (in n) for different values of a € [0, 1] are
summarized in Table 4 (we display the order in n but not the constants, which are quite involved
and not overly informative). It appears that, for any « € [0,1/2), we can always achieved the order
n~1/2 by choosing appropriately v; and N (for a = 1/2 we have only log(n)n~—'/2). The worst case
is for a € (1/2,1], where in fact the best strategy is to take N = 0 and the largest possible value
for 1 = 1/(m + L). Finally, we note that from the explicit expression of the bound in [12], that
constant step sizes (o = 0) are optimal. Finally, we mention that the bounds for a € [0,1/2) for a
fixed number of iterations implies using the doubling trick (see [18]) an anytime algorithm which
guarantees for all n > 1, a MSE of order O(n~1/2).

Optimal choice of 71 | Optimal choice of N | Bound for the MSE
a=0 n-1/2 nl/2 n-1/2
a € (0,1/2) ne—1/2 n(1/2=a)/(1-a) n—1/2
a=1/2 (log(n))~1/2 log(n) log(n)n~1/2
a€(1/2,1) 1/(m+ L) 0 nt=o
a=1 1/(m+ L) 0 log(n)
TABLE 4

Bound for the MSE for v, = v1k™® for fized n

In this part, we establish an exponential deviation inequality for 72 (f) — E.[#Y (f)] given by
(31), with N > 0,n > 1, x € R? and f a Lipschitz function. To that purpose, we derive an upper
bound of the Laplace transform of 72 (f) — E.[#) (f)]. Using the decomposition by martingale

n
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increments (33)

E, [ex{frff (f)—Eol#) (f)]}}

:]E:c

N+n—1
exp (A{E? [F2 (D] = Ea[f2 (O + Y MEP+ [7)(f)] - ES* [ﬁiv(f)]}ﬂ :

k=N

Now using (37) with the sequence of functions (®}',) and W)Y given by (35) and (36), respectively,
we have by the Markov property

E, [ex{ﬁff (f)—EolaY (f)]}}

N4+n—1

MU B[N T R, {exp(A{@kaH(-)—R%H@%l(xk)})}(xk)] (42)
k=N

:Ex

where R, is given by (18) for v > 0. We use the same strategy to get concentration inequalities
than to bound the variance term in the previous section, replacing the Gaussian Poincaré inequality
by the log-Sobolev inequality to get uniform bound for R., ., {exp(A
{fbﬁkﬂ(-)—Rle@ﬁkH(Xk)})}(Xk) w.r.t. Xg, forallk € {N+1,..., N+n}. Indeed for all x € R4,
recall that R, (z,-) is a Gaussian distribution with mean  — yVU (z) and covariance matrix 27 I,.
The log-Sobolev inequality provides a bound for the the Laplace transform of Lipschitz function
9(Z) — Ryg(x) where Z is distributed under R, (z,-).

Lemma 25 ([6, Theorem 5.5]). Assume H1. Then for all Lipschitz function g, v > 0, x € R% and
A>0,

[ o) fexp (Mg) — o@D} < exp (102 Lol
where R, is given by (18).

We deduced from this lemma, (39) and Proposition 20-(ii), an equivalent of Corollary 21 for the
Laplace transform of @ﬁkﬂ under 6, R, ., for ke {N+1,...,N +n}andally € R4,

Corollary 26. Assume H1 and HS. Let (yx)k>1 be nonincreasing sequence with v1 < 2/(m+ L).
Let N >0 andn > 1. Then for allk € {N +1,...,N +n}, y € R and A > 0,

Ry {030 (M@ () = o @ iin 1)} ) < exp (476102 [y (R0 xs28m) 72)
where @ﬁk is given by (35).

It remains to control the Laplace transform of U2 under (51@9’ , where (5in\’ is defined by (19).
For this, using again that by (40) and Proposition 20-(ii), ¥ is a Lipschitz function, we iterate
Lemma 25 to get bounds on the Laplace transform of Lipschitz function g under Q%" (y,-) for all
y € R% and n,p > 1, since for all n,p > 1, QPg is a Lipschitz function by Proposition 20-(ii).

Lemma 27. Assume H1 and H3. Let (y;)k>1 be a nonincreasing sequence with v1 < 2/(m + L).
Let g : R — R be a Lipschitz function, then for alln,p > 1, n <p, y € R? and A\ > 0:

Q7 {exp (Mg() — @391} () < exp (v X2 lgl2y,) (43)
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where Q7 , is given by (19).
Proof. The proof is postponed to Section 6.10. o

Combining this result with (40) and Proposition 20-(ii), we get an analogue of Corollary 23 for
the Laplace transform of UX:

Corollary 28. Assume H1 and HS. Let (yx)k>1 be nonincreasing sequence with v1 < 2/(m+ L).
Let N >0 andn > 1. Then for all A > 0,

E,. [eAWnN(XM*]EI [\Pg(x")]}} < exp (45_3/\2 ||inip FEi2,N+n+1) )

where WY is given by (36).

The Laplace transform of #2 (f) can be explicitly bounded using Corollary 26 and Corollary 28
in (42).

Proposition 29. Assume HI and H3. Let (y;)k>1 be a nonincreasing sequence with y1 < 2/(m+L).
Then for all N >0, n > 1, Lipschitz functions f : R* = R and X > 0:

N (f)—Ba[#) - 2 - 3
E, |Mn ()l "(f)]}} < exp (45 N2 (Ral FN1+2,N+n+1U§V,)n(”Y)) )

)

where ug\:’;n(”y) is given by and (41).

Theorem 30. Assume HI1 and H3. Let (y)k>1 be a nonincreasing sequence with v1 < 2/(m+ L).
Let (X,)n>0 be given by (2) and started at x € R®. Then for all N >0, n > 1, r > 0 and Lipschitz
functions f: R? — R:

N N 2 K2T N2, Ntnt1
Py [f (f) 2 Balfry (F)] +7] S exp | ———2"= '
16 [|f[ILip tavr (7)

Proof. Using the Markov inequality and Proposition 29, for all A > 0, we have:
B [7 () 2 Exla (D] +7] < exp (=3 + 45720 1, i em a5 ())

Then the result follows from taking A = (r&?T yi2 N+nt1)/(8 Hf||iip ugé)n(v)) O

If we apply this result to the sequence (yx)r>1 defined for all k > 1 by v, = 11k, for a € [0, 1],
we end up with a concentration of order exp(—n'~?) for a € [0,1) and n~! for a = 1.

5. Numerical experiments

Consider a binary regression set-up in which the binary observations (responses) (Y1,...,Y,) are
conditionally independent Bernoulli random variables with success probability o(87 X;), where o is
the logistic function defined for z € R by o(z) = ¢*/(1+¢*) and X; and B are d dimensional vectors
of known covariates and unknown regression coeflicient, respectively. The prior distribution for the
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parameter B is a zero-mean Gaussian distribution with covariance matrix 3. The posterior density
distribution of B is up to a proportionality constant given by

ma(BI((Xs,Yi))1<i<p) o exp (Z YiBT X; —log(1+ e X0) — (1/2)ﬁT21ﬁ> .

=1

Bayesian inference for the logistic regression model has long been recognized as a numerically
involved problem, due to the analytically inconvenient form of the model’s likelihood function.
Several algorithms have been proposed, trying to mimick the data-augmentation (DA) approach
of [1] for probit regression; see [19], [13] and [14]. Recently, a very promising DA algorithm has
been proposed in [28], using the Polya-Gamma distribution in the DA part. This algorithm has
been shown to be uniformly ergodic for the total variation by [8, Proposition 1], which provides an
explicit expression for the ergodicity constant. This constant is exponentially small in the dimension
of the parameter space and the number of samples (it is likely however that this constant is very
conservative). Moreover, the complexity of the augmentation step is cubic in the dimension, which
prevents from using this algorithm when the dimension of the regressor is large.

We apply ULA to sample from the posterior distribution mg(-|(X;, Y:)1<i<p). The gradient of its
log-density may be expressed as

P
Xi _
Viog{mg(B|(Xi, Yi)1<i<p)} = ZIYZXz Tl o AN '8,
Therefore — log mg(-|(X;, Yi)1<i<p) is strongly convex H3 with m = A1, () and satisfies H1 with

L = (1/4) max; <i<p{ || Xil| + Apin(2)}, Where Apin(X) and Apax(X) are the minimal and maximal
eigenvalues of X, respectively. To assess the proposed algorithm, we first compare the histograms
given by ULA and the Polya-Gamma Gibbs sampling from [28]. For this, we take d = 5, p = 100,
generate synthetic data (V;)1<i<p and (X;)1<i<p, and set Xg = (3°F_, [| X;]/?)(dp) ! L4. We produce
107 samples from the Polya-Gamma sampler using the R package BayesLogit [32]. Next, we make
10% runs of the Euler approximation scheme with n = 10° effective iterations, with a constant
sequence (Yx)r>1, Yk = 10(kn'/?)~1 for all k& > 0 and a burn-in period N = n'/2. The plot of
the histogram of the Pélya-Gamma Gibbs sampler for one component, the corresponding mean of
the obtained histograms for ULA and the quantiles at 95% can be found in Figure 1. The same
procedure is also applied with the decreasing step size sequence (7x)x>1 defined by v = 7 k=12,
with 1 = 10(klog(n)'/?)~", and for the burn in period N = log(n), see also Figure 1. In addition,
we also compare the Polya-Gamma Gibbs sampler, MALA and ULA on four real data sets, which
are summarized in Table 5. Note that for the Australian credit data set, the ordinal covariates
have been stratified by dummy variables. Furthermore, we normalized the data sets and consider
the Zellner prior setting X~ = (n?p/3)X 3" where Sx = p~ 1 3P X, X7 ; see [30], [17] and the
references therein. Also, we apply a pre-conditionned version of MALA and ULA, targetting the

probability density 7g(-) o 7 (E;ﬁ-). Then, we obtain samples from mg by post-multiplying the

obtained draws by E}/? For each data sets, 100 runs of the Polya-Gamma Gibbs sampler (10°
iterations per run), and 100 runs of MALA and ULA (10° iterations per run) have been performed.
Despite the fact that longer runs are carried out, the computational time of ULA is still two orders
of magnitude lower than the Pélya-Gamma simulator. For MALA, the step-size is chosen so that the
acceptance probability in stationarity is approximately equal to 0.5. For ULA, we choose constant
step-sizes v = 5 x 1073 for all the data sets. We display the boxplots of the estimators for the mean
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Figure 1: Empirical distribution comparison between the Polya-Gamma Gibbs Sampler
and ULA. Left panel: constant step size 7, = 7; for all £ > 1; right panel: decreasing
step size v, = vk~ /2 for all k> 1

Data st Dimensions Observations p | Covariates d
German credit ! 1000 25
Heart disease 2 270 14

Australian credit? 690 35
Prima indian diabetes* 768 9

TABLE 5
Dimension of the data sets

of one component of B in Figure 2. Note that there are some discrepancies between the posterior
mean estimators obtained using either the DA, MALA and ULA. These differences are of order
1073 and are likely to be due to accumulations of numerical errors. These differences are negligible
compared to the posterior variance of these estimators, which is of order 10~!. These results all
imply that ULA is a much simpler and faster alternative to the Polya-Gamma Gibbs sampler and
MALA algorithm.

6. Proofs
6.1. Proof of Proposition 1

(i) For all x € R?, we have

AW (2) = (p/4)(|l]* + 1) 2W (@) (= (VU (2), 2) + (p/D)(l=]* + 1) 72 |||
= (lzl* + 1)~ ll=]* + )

Then, for all z, ||z| > K,1 = max(M,,4d/p,1), since 1+ ||z|* > ||z||* and (VU (z),z) > p |||
under H2(1), W (z) < —(p*/8)W (z), and SUP{ )<k, .} IW(x) < bpa.

Thttp://archive.ics.uci.edu/ml/datasets/Statlog+(German+Credit+Data)
?http://archive.ics.uci.edu/ml/datasets/Statlog+(Heart)
3http://archive.ics.uci.edu/ml/datasets/Statlog+(Australian+Credit+Approval)
4nttp://archive.ics.uci.edu/ml/datasets/Pima+Indians+Diabetes


http://archive.ics.uci.edu/ml/datasets/Statlog+(German+Credit+Data)
http://archive.ics.uci.edu/ml/datasets/Statlog+(Heart)
http://archive.ics.uci.edu/ml/datasets/Statlog+(Australian+Credit+Approval)
http://archive.ics.uci.edu/ml/datasets/Pima+Indians+Diabetes
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Figure 2: Upper left: German credit data set. Upper right: Australian credit data set.
Lower left: Heart disease data set. Lower right: Prima indian diabetes data set

(ii) For all z € RY, we have
AV(x) = s(1 = 8)(= [VU(@)|]* + (1 = s) " AU (2)) Vi (2)

If @ > 1, then by the Cauchy-Schwarz inequality, under H 1, for all z € R? AU(z) < dL and
VU ()| > pllz]|*" for ||z|| > M,. Therefore,

AVy(x) < 51— s)(—p[e]* ™V + (1 = )M dL)Vi(2) < —sdLVi(z),  for |[z] > Kpas

and supy|j,(<k, ...} @ Vs(2) < bpa

6.2. Proof of Theorem 8

(i) Set Vi(z) = ||z — *||*. By Jensen’s inequality, for all ¢ > 0 and ¢ > 0, we get

d
7(Vine)=nP (Vi Ae) < (P Vi Ace) = /w(dx) {H:v — 2|27 2™t ¢ E(l —e M) A c}
< (Vi Ac)e ™™ 4 (1 —e 2™)d/m .

Taking the limit as t — 400, we get m(V, A ¢) < d/m. Using the monotone convergence theorem,
taking the limit as ¢ — 400, we finally obtain (16).
(ii) Consider the following SDE in R? x R%:

{dYt = —VU(Y;)dt + v/2dB, , ()

dy, = -VU(Y;)dt + v2dB; ,
where (Yp, Yp) is some coupling between y and v. Since p and v are in Py(R%) and VU is Lipschitz,

then by [20, Theorem 2.5, Theorem 2.9, Chapter 5], this SDE has a unique strong solution (Y3, Y;)i>0
associated with (B;);>0. Moreover since (Y7,Y});>0 is a solution of (44),

t
0
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which implies using (13) and Grénwall’s inequality that
~ 2 ~ 2 ¢ ~ 112 =12 _omt
1% = Tl < %o ol = 2m [ 2 = Tl as < |35 - T Pe2.
0

For all ¢t > 0, the law of (Y3, f’t) is a coupling between pP; and vP;. Therefore by definition of Ws,
Wa(uPy,vP;) < E[||Y; — Yy ||?]'/? showing (ii).
6.3. Proof of Proposition 9 and Corollary 10

Proof of Proposition 9. Let 5 € (0, L"). First note by H2(a) and the Cauchy-Schwarz inequality,
we have for all z € R, ||z|| > M,

IVU@)|| > pll]|*7 . (45)
Since under H1, for all z,y € R, U(y) < U(z) + (VU(z),y — x) + (L/2)||ly — z||?, we have for all
v € (0,7) and = € RY,

RyVija()/Vija() = (4my) =/ /Rd

exp ((U(y) = U@)/2 = (49 Iy = 2 +9VU @)]*) dy
7y )2 exp (—471 T Z_ -1 - —3:2
< (am) ™ [ exp (<4719 [VU@I* = (49) 7 (0 =10y = o) dy
< (1=yL) ™2 exp(—4~ 1y VU (2)[*) , (46)

where we used for the last line that v < L™'. Since log(1 — Ly) = —L /(1 — Lt)~*dt, for all
v € (0,7], log(1 — L) > —L~(1 — L)~ . Using this inequality, (46) becomes

R, Vio(@)Vaja(@) < exp (7 {55 =47 [VU@)}) - (47)
By (45), for all x € R?, ||z|| > K54, = max(M,, (8s5/p)" =1 we have
R\Vija(x) < e 7V () . (48)

Also by (47) and since for all t > 0, e* — 1 < te?, we get for all x € R?
R\Vija(x) —e 7V jg(x) < et (e — DVi/a(2) < 2857€*77Vy o ()
The proof is completed combining the last inequality and (48). O

Proof of Corollary 10. By a straightforward induction of Proposition 9, we have for all z € R? and
n>1,

QUVija(2) < e 1TV (@) + ¢y a3 pie T (49)

i=1

In addition, since for all t > 0, e~ =1 — fot e %du <1 —te~t, we have

n n n
Zﬁyiefswlfi+1,n < Z’Yi H (1 — e SmMm 571716)
1=1

i=1 k=i+1
n n n
—1_.5v;71 —841 71 —841 71 —1.5y1m
<s et E H (1—e"mMsy, v,) — H(l —e Ms ) p <sy et
i=1 \(k=i+1 k=i

Plugging this inequality in (49) gives the desired result. O



A. Durmus, E. Moulines/Non-asymptotic convergence analysis for the ULA 23

6.4. Proof of Theorem 11

Proof of Theorem 11. Let n > 0, p > 1 with n < p. We separately bound the two terms of the right
hand side of (20). By Corollary 10, we get that for all k > 1,

E.[| VU (Xk)|P] < IIVU||3/11//22Q§V1/2(I) < HVUIIf,ll//;(Vl/z(I) + 0y pasy €))L

This inequality and (24) imply that for all 2z € R?,

||5mQ:+17p —0uPr, Iy
p—1

1/2
<2712L (Z { ORIV 2 (Vhja(0) + 5 s '07o0) + ‘”’E“D |

k=n
We now deal with the second term of (20). By Corollary 2, (P;)>0 is V}/2-geometrically ergodic,
which implies with Corollary 10 that for all z € R,

102Q5 Pr, 1y, = wllTy < Cae™ Tt {e™1Vy jp(2) + ¢y poasy €7} (50)

We now show the second part of the statement. Without loss of generality, since (7x)g>1 converges
to 0 and is nonincreasing, we can assume that for all k& > 1, v + log(yx)/va < 0, where v, is
given by Theorem 11. Since (I'x)k>1 goes to infinity, there exists P > 1 such that for all p > P,
Iy, > —log(v1)/va. Then, we can define for all p > P,

n(p) = min {k € {0,---.p = 1} [Tirp +log(yar1)/va < 0} . (51)
Note that 'y p)+1,, < —108(Vn(p)+1,p)/Va- SO, bl Vi1 < —Ynp)+1108(Vn(p)+1)/Va- We deduce

from the last inequality and since (yx)r>1 is nonincreasing, that there exists C' > 0, such that for
allp > P,

Bap »(@37) < C(=108(Yn) 1) Iy +1)? (52)
Also by (51) and definition of P, n(p) > 0 and T, , > —10g(Vn(p))/Va- It follows that

e—varn(p)wp < Yn(p) - (53)

Using again 'y, () » < —10g8(Vn(p)+1,p)/Va, We have lim, o n(p) = oo. By this result, limy_, 4 oo 71 =
0 and plugging (52)-(53) in the bound of Theorem 11 completes the proof. O

6.5. Proof of Theorem 12
Denote for v > 0, ry : R? x R? — R? the transition density of R, defined for x,y € R? by

ry(2,y) = (4my) "L exp(—(49) 7y — z +4VU (@)]%) . (54)

Then, for all n > 1, we denote by ¢ : R? x R? — R? the transition density associated with Q5
defined by induction by: for all z,y € R¢

da) =), @) = [ @Gl a1, (5)
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In the proof of the Theorem, we need to have a bound on Var, {déwQZ;/dw} for all n > 1, For this,

we need some estimates for ¢} for all n and for the normalizing constant fRd e~V dy, which are
given in the following two lemmas.

Lemma 31. Assume H1. Let (vx)r>1 be a nonincreasing sequence with vy < L. Then for alln > 1
and x,y € RY,

g < (21U @) - U@) - Copm)lly - 2l

a1, Y) > n )

! (2royn TLZy (1 = L))/

where oy = >0 27;(1 — Ly;) L.

Proof. First under H1, we have for all z,y € R?, U(y) < U(z) — (VU (2),y — z) + (L/2) |ly — z|*,
so for all v € (0,L71)

ry(2,y) < (4my) Y2 exp (2‘1(U(:v) —Uy) — (1= Ly)(dn) "y - wllz) : (56)

Then, the proof of the claimed inequality is by induction. By (56), the inequality holds for n = 1.
Now assume that it holds for n > 1. By induction hypothesis and (56) applied for v = 7,41, we
have

n

—d/2
q’ryﬂrl(x, y) < (4-75’771-1-1)7(1/2 {27507,71 H(l - L’Wc)} exp (271(U(£L') - U(y)))
i=1

< [ exp (= (2o e = ol = (1= L)1) 2 = o) d
R

n

—d/2
< (dmrin) 2 { oo [ [ (1 - Lm} (4n(207% + (1 = Lyns1) 29nra) 1) 712

=1

xexp (271U (@) = U) = @oyns) " ly —2f*) -

Rearranging terms in the last inequality concludes the proof. O
Lemma 32. Assume H1 and H2(1). Then [g. e~ UWdy < 9y where
d Ttd/2(2M )d
o 2 (VO (8Vd/(3p) U} o)) 57
o 2 (0 (s 30) + o (-0} I g 57)

Proof. First, if H2(1) is satisfied, then for all y € R?, ||y|| > 2M,,, we have:

1

1
U(y) — U(0) = / (VU (ty),y) dt > /1/2t<w<ty>,y>dtz<3/8>p||y|| .

Therefore by the Cauchy-Schwarz inequality, we get for all y € RY, ||y|| > 2M,,
Uly) = U(0) = (3/8)pllyll = (3/8)a~""* |y,

where for z € R?, |2]|, = Zle |zi] and (z;)1<i<a are the components of z. Therefore, using this
result we have

_ _ —1/2 0 _
/ o U(y)dygeU(O)/ =B/ plly=al, gy 4 ol U||x,/ L 1y<an,ydy -
Rd Rd Rd
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Then the proof is concluded by a straightforward calculation and using that the volume of a ball
of radius M in R? is given by n%/2M?/T'(d/2 + 1). O

Corollary 33. Assume H1 and H2(1). Let (i)r>1 be a nonincreasing sequence with vy < L. Then
for alln >1 and x € R?,

—d/2
n

Var, { S < (0 explU(2) 2n{H<1 - Lm} Sat-1w|
i=1

k=1

where Iy is given by (57).

Proof of Theorem 12. For the two cases, we bound the two terms of the right hand side of (20).
(i) The first term is dealt with the same reasonning than for the proof of Theorem 11. As for the
second term, the claimed bound follows from (9) and Corollary 33. (ii) The second term of (20) is

bounded as in the first point, but the bound for the first term is given by (24) and the assumption
on VU. O

6.6. Proof of Theorem 13

We preface the proof by the following preliminary lemma.

Lemma 34. Assume H1. Let V : RY — [1,+00) be a measurable function. Let (yi)k>1 be a
nonincreasing sequence. Then for any probability measure vy € P2(R%) on (R4, B(RY)) and n > 1,

@7 — P, llv < 272L (nQ(V?) + wFr, (V2)

n—1 1/2
X <Z Viprd + (%3+1/3)V0Q5(IIVU|2)> :

k=0

Proof. For all t € [0,1], tlog(t) —t +1 = [(u—t)u~'du > 27'(1 — ¢)?, and on [1,+00), t —
2(1 +t)(tlog(t) —t + 1) — (1 — t)? is nonincreasing. Therefore, for all ¢ > 0,

11—t < (201 +t)(tlog(t) — t +1))*/2 . (58)

Now consider the synchronous coupling (Y, Y;)o<i<r, defined by (21) with intial distribution .
For ease of notation denote by p and ji the law of (Y;)o<i<r, and (Y;)o<i<r, on C([0,T,],R%),
respectively. Equation (23) implies

1@y —volPr, [|v = sup |E[f(,) — f(¥n,)]|
FEF(R), | fllv<1
dp
L) - 1” . (59)

E {f(an) {S—Z(Y) — 1}” <E {V(an)

= sup
FEF(RY),|Ifllv <1

Using (58) and the Cauchy-Schwarz inequality, we have

10Q2 — o Pr, |lv < (2B [V2(¥r,) + VA(¥r,)] KL(ul)

Combining this result and (24) in (59) completes the proof O
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Proof of Theorem 13. First note that by the triangle inequality and Corollary 2, for all n > 1
Im = 6:Q [vi,s < Cae™ """ Viyu(z) + 1162 P, — 6:Q [, 4 - (60)
We now bound the second term of the right hand side. Let k, = h_q and g, and r, be respectively

the quotient and the remainder of the Euclidean division of n by k.. The triangle inequality implies
||51P1'*n — 690@2”\/1/4 < A+ B with

A= H51Q<Vq7—1>kwpp(qrmkw — §,Q( ks ey~ Dkt

Vija
qW_l

=

i=1

(i—1)k _ ik
51Qv ‘YPF(i—l)k,y+1,7l 51Qy ’YPFik»y+1,n

Vija

Proposition 1-(ii) implies by the proof of [25, Theorem 6.1] that 5, Pr(V1/2) < Vi/2(y)+bp.a,1/2/0a.1/2-
It follows from Corollary 2, this inequality, Lemma 34, Corollary 10 and k, > v~ ! that

ay—1

B< Y Cueveland
=1

(i—1k B ik
‘5$Qv ‘YPF(i—l)k.erl,ik.y 51Qv K

Vija

ay—1

—v, —1 — s 1/2
< Z Ce V(a0 {(2(V1/2(:c) + c%p,aswle" M)+ bpa1/2/00.1/2) /
i=1

-1/2
2721 (0 4204 3707 £ VUL, (Vo) + e sy o)) } (61)
1/2
Finally, A can be bounded using the same technique. O

6.7. Proof of Theorem 1
For any « € (0,2/(m + L)), we have for all z € R:

/Rd ly — 2*||* Ry (2,dy) = [l = yVU (2) — 2*[|* + 27d .
Using that VU (z*) = 0, and (12), we get from the previous inequality:

[ =Ry .y

<) [z — 2| 1 (7— ) IVU (@) - VU@ +2vd

m+ L

Since 11 < 2/(m + L) and (yx)k>1 is nonincreasing, by a straightforward induction, we have by
definition (19) of Q* for p,n > 1, p <n,

p

[ =P @) < [T0 =m0 [ e =a" I polde) + )Y T (1= w62

k=n 1=n k=i+1
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Consider the second term in the right hand side of (62). Since y1 <2/(m+ L), m < L and (Vx)k>1
is nonincreasing, maxg>1 Vi < x~1 and therefore:

> I0 (1—fm)%§fﬁlz{ 11 (1—fm)—H(1—fm)} <kl (63)

i=n k=i+1 k=i+1 k=1

6.8. Proof of Theorem 15

We preface the proof of the theorem by a preliminary lemma.
Lemma 35. Assume HI and HS3.
(i) Let~ € (0,2/(m+ L)), then for all x € R?,
Enty (d6, Ry /dr) < (L/2)(1 - k) [l — 2> — (d/2)(1 + log(2y/m) — 2L7)

1) Let (vk)r>1 be a nonincreasing sequence with v1 < 2/(m+L). Then for all x € R andn > 1,
(it) Vi) k> g seq v

Ent, (d5zQ:/d7r (L/2) {H 1 — Kyg) } |z — |

+ dL’i_l(l - ’i’yn) - (d/2)(1 + 10g(27n/m) - 2L’7n) :

Proof. (i) Let v € (0,2/(m+ L)) and r, be the transition density of R, given by (54). Under
H1 and using VU (z*) = 0, for all y € RY, U(y) < U(z*) + (L/2) |ly — 2*||°. Therefore, by (3), we
have for all z € R?

Ente (49, R, dm) = [ 10g(r,(@.0)/7()r o )
- /Rd {U(y) + log (/Rd eU(z)dz) — () ly — 2+ VU] - (d/2) log(4m)} v (2, y)dy
= /R {U(:r*) +(L/2) |y — *|* + log (/R eU<Z>dz> — (d/2)(1 + 1og(4m))} ry (2, y)dy

< (L/2) ||x — VU (z) — 2*|* + log (/Rd eU(Z)JrU(z*)dz) —(d/2)(1 4 log(4my) —2L~v) .  (64)

Using H3 and (12), we have for all z € R?
U(z) 2 U(a*) + (m/2) ||z = «*|* and ||z =y VU (2) = 2*|* < (1 = #7) |z = 2*||* .

Plugging these two inequalities in (64) gives the desired result.
(ii) For n = 1 the result is just a consequence of (i). For n > 2, by (3), (55) and the Jensen
inequality applied to the convex function t + tlog(t), we have for all z € R% and n > 1,

Ent, (d5zQ:/d7r)
— [ os{e [ o 1<x,z>r%<z,y>dz} 6w, sy
/]Rd/ log {r, (z,y)7 }q” Ya, 2)r, (2,y)dzdy
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Using Fubini’s theorem, (i) and Theorem 14 in the last inequality concludes the proof.
O

Proof of Theorem 15. Let n > 0, p > 1 with n < p. We separately bound the two terms of the right
hand side of (20). Using H1, VU (z*) = 0 and Theorem 14, we get that for all k > 1,

k
&MVWXMMSL%AX¢~HMSL2Oja—mmx—fﬁ+mm*>.

i=1

Combining this inequality and (24) gives the bound for the first term of (20). Then, the bound for
the second term is a direct consequence of Theorem 7 and Lemma 35-(ii).

O
6.9. Proof of Theorem 16 and Corollary 17
We preface the proof by two technical Lemmas. Recall that xz* is the unique minimizer of U.
Lemma 36. Assume H1 and H3. Then, for allt > 0 and x € R?,
E IV — 1] < o — ot et 4 L0 — o2, (65)
B, [IY - 2l’] < dt(2+ L22/3) + (3/2)2L% o — 2| (66)

Proof. Denote for all z € R% by V; (z) = ||z — 2*||*. The process (V*(Yt) —Vi(z) — fg %V*(Ys)ds)

is a (Fi)¢>o-martingale under P,. Since VU (z*) = 0 and using (13), we have

t>0

GV (x) =2(—(VU(z) = VU(z*),z —2*) + d) <2 (—mVi(z) +d) . (67)

Denote for all t > 0 and x € R? by v(t,z) = P,Vi(x). Then using Dynkin’s formula, dv(t,z)/0t =
P,/ V, (x). Using (67), we get
ov(t, x)
ot

and by the the Gronwall inequality, the previous equation shows (65).

Denote for all 7,y € R?, V,(y) = |ly — z/|°. Then under H1, for all T > 0, SUP4e(0,7] E.[|Y;]%] <
400, therefore the process (Vi (Y;) — Vi (z) — fot AV, (Y,)ds);>0, is a (Fi)¢>o-martingale under P,.
Denote for all t > 0 and 2 € R? by 9(t,2) = P;V,(x). Then using Dynkin’s formula,

= PV, (z) < —2mP,V,(x) + 2d = —2mu(t,x) + 2d ,

oo(t,x) -
ek PV, (x) . (68)
By (13), we have for all y € R%,
AV (y) =2(—(VU(y),y —z) +d) <2 (-mVi(y) +d — (VU(z),y — z)) . (69)

Using (68), this inequality and that V,, is positive, we get

95 (t, )
ot

= Pt V() <2 (d - /Rd (VU(z),y — z) Pt(x,dy)> . (70)
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By the Cauchy-Schwarz inequality, VU (z*) = 0, (1) and the Jensen inequality, we have,

< VAU (@) - vue)] ([ B [[voe) - voe] )

|E. [(VU(2),Y; — 2)]| < VU ()| | Eq [Y; — ]|

< o). | [ 10w - vue ol

1/2

Furthermore, by H1 and (65), we have

t 1/2
[, 0@y - o) o] < vize - o) ([ 8 (17, - o] as)
R4 0
1 —e—2mt 9 2m4e 2t 1 1/2
< 2 _ax - - Lk
< VAL o = 0t (o o = 24 2 T )
< Lo — o (e - 7] + 62V ()

where we used for the last line that by the Taylor theorem with remainder term, for all s > 0,
(1—e=2m%)/(2m) < s and (2ms +e~2™* —1)/(2m) < ms?, and the inequality va + b < /a + v/b.
Plugging (71) in (70), and since 2 || — z*|| £3/2d"/2 < t ||z — 2*|* + t2d, we get

9o (t, )
ot

< 2d+3L% |z — 2*||* + L*#%d

Since 9(0, ) = 0, the proof is completed by integrating this result. O

Lemma 37. Assume H1 and H3. Let (yi)k>1 be a nonincresing sequence with v1 < 1/(m + L).
Let (o € P2(R? x RY), (Y;,Y)i>0 such that (Yy,Yo) is distributed according to (o and given by
(21). Let (Ft)e>0 be the filtration associated with (By)i>o with Fo, the o-field generated by (Yo, Y o).
Then for alln >0 and € > 0,

2

o -
EFrn [HYFHH -Yr,.. H ] < {1l — 41 (K — 2€)} HYFn ~Yr,
D (/8 + ) (204 L Ve, = oI + 2222, /6)

Proof. Let n >0 and € > 0, and set A,, = Yp, — 7pn by definition we have:

2
2 2
EZ0 [ Ansa || = Al + B

|/F"+1 (VU(Y,) — VU(Vr,)} ds
T'n

Cpis
= 2 (An VUR,) = VUTr,)) =2 [ B (8, (VOY) = VU, D)) d]

n
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Using the two inequalities | (a,b) | < €||al|? + (4¢)71||b]|? and (12), we get
— 2
EZ [|Ansa ] < {1 = (= 20} An]* = 27011/ (m + L) [VU (V) = VU(Vr, )|

E’rn
* 2¢

/FM {VU(Y,) - VU(Yr,)}ds

1 Fn+1 2
+ _/ ETn [||VU(YS) - VU(Yr,)ll }ds-
Fn

(72)
The Young’s inequality and the Jensen’s inequality imply

2

Tt
g || [ v - vo e, ) as

T
2
’ + 29,1 E7n l/

r

n

<2y, ||VU(T,) - VU(Yr,)

+1
IVU(Ya) - VU(YFH)|2d31
Using this inequality, that 4 <1/(m + L) and (yx)g>1 is nonincreasing in (72), imply,

B [ A lP] € 11— o (5 — 20 12,2

Fn+1

+ (291 + (2071 / 7 [[VU(Y,) = VUG, ds . (73)

n

By H1, the Markov property of (Y;);>0 and (66), we have

| R 2
[ Ivw o) - vk as
T

n

< L2 (a2 + L 12+ (1)L 1Y, =)

Plugging this bound in (73) concludes the proof. O

Proposition 38. Assume HI and H3. Let (y;)r>1 be a nonincreasing sequence with v, < 1/(m+L).
Let ¢y € Po(RYxRY), (Y3, Y)i>0 such that (Yo,Y ) is distributed according to (o and given by (21).
Then for alln >0 and t € [Ty, Tpga]:

E[[[Y: - Vol’] < ulPOE [[[¥o - To*] +ui(7) + ) 3)

where (u%l)(’y))nzl is given by (27), and

n

ul(y) L2 2 {7 + i} d+dL*7/6) [ (1 - rye/2)
=1 k=i+1

+ LY oy {5 i) [T (0= rm/2)
i=1 k=i+1
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with
§; = e 2mTini [HYO . x*ﬂ 4 (1= e 2mTim1)(d/m)
and
. L{(t-T,)>3L% |+ - N _
ufi) 2 2 <( 2 {H(l—me[H%—IHQ]Hdn 1}+<t—rn>2d>.
k=1

Proof. Lemma 37 with € = k/4, a straightforward induction and (65) imply for all n > 0
= 2 —_—
E|[[¥e, - Vr.|*] < uDOIE [[Yo - Vo] +ui(n) (74)

Now let n > 0 and ¢ € [I'y,T'11]. By (21),

t
1v; = Vo||” = ||[Ye, - Vo || - 2/ (VU(Y:) = VU(Yr,),Ys — Vs)ds . (75)
T

n

Moreover for all s € [I',, T'yp41], by (12) we get
(VU(Y;) =VU({r,),Ys = Y,) =(VU(Y;) = VU(Yr,),Ys = Yr, + Y1, = Yy)
> (m+ L) |[VU(Y,) - VU r,)|” + (VU (Y,) - VU(Yr,).Yr, ~Y,) . (76)

Since |(a,b)| < (m+ L)~ |la|® + (m + L) ||b]|* /4, we have

(VU(Y,) —VU(Yr,),Yr, - Ys)

> —(m+ L)' [|VU(Y,) = VU (V)|

—(m+ L) ||V~ Yr, | /4.
Using this inequality in (76), we get
(VU(Y.) = VU(Vr,),Ye = Vo) > —(m+ L) |[Vo = Ve |* /4,

and (75) becomes

t
1Y = Vo|* < Ve, = Vo |* 4+ (n + 1)/2) / 7. - Vo, | ds (77)
I

n

Therefore, by the previous inequality, it remains to bound the expectation of H?S -Yr, H2 By (21)
and using VU (z*) = 0,
‘2

Then taking the expectation, using the Markov property of (By):>0 and H1, we have

IV, - Vr,|° = H—(s —T,)(VU(Yr,) — VU(z*)) + V2(Bs — Br,)

E[[[Vs = Vr.|’] < (s = Tw)L%E [[Tr, — & |*] +2(s = Tu)d.. (78)

The proof follows from taking the expectation in (77), combining (74)-(78), and using Theorem 14.
O
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Proof of Theorem 16. Let (o be an optimal transference plan of uo and 7. Let (V;,Y)i>0 with
(Yy,Y ) distributed according to (s and defined by (21). By definition of W5 and since for all ¢ > 0,
7 is invariant for P, W2(uoQ™, ) < E[||Yr, — Xr, ||*]. Then the proof follows from Proposition 38
since Y} is distributed according to 7 and by (16), which shows that for all ¢ € {1,--- ,n}, §; <
d/m. O

Lemma 39. Let (7x)r>1 be a sequence of nonincreasing real numbers, w > 0 and v1 < w~'. Then
foralln>0,j>1andle{1,...,n+1},

n+l n+1 n+1
X;knl L @) < H 1 — @) Z%
2 1+

Proof. Let £ € {1,...,n+ 1}. Since (7%)x>1 is non-increasing and for every t € R, (1 +¢) <e'

n+l n+1 —1 n+1 n+1l n+1
oI == =" I O—ow+>. [ 0—=w~
i=1 k=1i+1 1=1 k=1+1 =0 k=1+1
n+1 n+1 n+1
<H 1 — ) Z%"‘W 12 H (1 —wye)
1=0 k=1+1
n+1

< H 1—@’}% Z’Yz

O

Proof of Corollary 17. By Theorem 16, it suffices to show that usll) and ug), defined by (27) and
(28) respectively, goes to 0 as n — +00. Using the bound 1+t < e for t € R, and lim,, 00 'y, =

400, we have lim,_, 4 u(l) = 0. Now to show that lim,,_, 4 ug) = 0, a sufficient condition since
(Vk)k>0 is non-increasing, is that

Jim S0 T - mw/2)9f =0

i=1 k=i+1

But since (7;)r>1 is nonincreasing, there exists ¢ > 0 such that ¢I',, < n —1 and by Lemma 39
applied with £ = |cI',,] the integer part of c['y:

n n el |—1
Z H (1= kve/2) % < 29(er,) /K +exp (=0 (1 =T, 'T 1, ) /2) Z Yi - (79)

Since limy_ o0 7% = 0, by the Cesaro theorem, limn_>+oo(1"n)_1l"[cp ; = 0, and the conclusion

follows from combining in (79), this limit, limg—, 1 oo 7% = 0, lim,, 4 o 'y, = 400 and ELCF"J v <

(6971 Fn . O
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6.10. Proofs of Proposition 20, Corollary 21, Lemma 22, and Lemma 27

Proof of Proposition 20. (i) Let {p be an optimal transference plan of pg and vy and (Zx)g>n—1
be a sequence of i.i.d. d-dimensional Gaussian random variables. We consider the processes (X 5—17 . ¢ 721_1) o) k>n—1
with initial distributions equal to {y and defined for £ > n — 1 by

X) e =X~ VU ) + Vo Zen j=1.2. (80)

Using (80), we get for any p > n > 0. WE(uoQu?,v0Qu?) < E[[[ X1, , = X2, ,[°] and (12)
implies for k > n — 1,

[REREFITE 1k+1H = X0 s = X2l R VUK = VOKE_ I

= 291 (X = X2 VUKD 1) = VUKD 3 1)) < (= mi) [ X0 = X2l
Therefore by a straightforward induction we get for all p > n,

HXn Lp ~ 1;D|| < H 1 — kvk) HXn 1,n—1 X727,71,n71||2
k=n

(ii) Recall that for all u, v probability measures on R% and p < q, W, (u,v) < W, (u, v). Hence,
for all y, 2 € RY, the Monge-Kantorovich theorem (4):

Q5P f(y) = QY7 (2)] < IIf llpsp Wi(8,@Q5F, 6:Q57) < ||y, Wa(8,Q57,0.Q57) -
The proof then follows from (i).

O
Proof of Corollary 21. By (39), (I)’]XkHL' < Zf\g;il wi, HQSH,ifHLip, Using Proposition 20-(ii),
ip
the bound (1 —¢)'/2 <1 —¢/2 for ¢ € [0,1] and the definition of w}¥, given by (31), we have
N+n
[l < 10y S s TL O = 2
i=k+1 j=k+2
N4+n [ i+1
<2 fllpp SNv2vgnt) ™ D ¢ [ =rv/2) = [ - rv/2)
i=ht1 | j=k+2 iZite
<2 Hf”Lip (KL N42,N4n41)
Finally, the proof follows from Lemma 19. O

Proof of Lemma 22. By decomposing g(Xp)—Eg" [9(X,)] = z:nH{Egk [g(Xp)]—IEgk’1 [9(X)]},
and using EJ* [9(X,)] = QTP g(X}), we get

P

Vary" {9(Xp)} = D E§" [Bf [(ES lo(x,)] — B [9(X,) ]|

k=n-+1

Z Ey [Rvk {Q5FPg() - Rka:+1’p9(Xk—1)}2 (Xk—l)} .

k=n-+1
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Lemma 19 implies Varg" {9(Xp)} <230 i1 ||Q,’j+1’pg||iip. The proof follows from Proposi-
tion 20-(ii) and Lemma 39, using the bound (1 —¢)*/2 <1 —t/2 for t € [0,1]. O
Proof of Corollary 23. By (40), UX is Lipschitz function with

N+n

MO sy = W llsy D @i 197y, -

i=N+1

Using Proposition 20-(ii), the bound (1 —#)*/2 < 1 —t/2 for t € [0,1] and the definition of wi,
given by (31), we have

N+n 7

195 < 1l 32w TT (1= /2
i=N+1 j=N+2
N+n i i+1
<2 fllpp (BN 428 4nr1) ™ D IT a=sy/2— J] (0 —rv/2)
i=N+1 | j=N+2 j=N+2
<2 fllLip (BTN 42, n41) "
The proof follows from Lemma 22. o

Proof of Lemma 27. Let (X,,)n>0 the Euler approximation given by (2) and started at y € R%. By
. G .

decomposing g(Xp) —Ey" [g(X,)] = 327, {EF* [9(Xp)] —Ey" " [9(Xp)]}, and using EP* [¢(X,)] =

ij"’l’pg(Xk), we get

Eyr Jexp (A {g(X,) — EJ" [9(X,)]})]

=5 | ]I EP fexp (O {ES [9(X,)] - B [g(Xpﬂ})}]
k=n+1

= Egn H R, exp (,\ {QﬁJrl,Pg(.) _ R%Q’fﬁl’pg(kal)}) (Xkl)‘| )
k=n+1

By the Gaussian log-Sobolev inequality Lemma 25, we get
L 2
B [exp (M{g(Xp) — B [9(Xp)]})] < exp (v > % HQﬁ“@gHmJ -
k=n+1
The proof follows from Proposition 20-(ii) and Lemma 39, using the bound (1 —¢)*/2 <1 —t/2 for
te0,1]. O
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