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1 Postponed proofs

1.1 Proof of (23)

Consider the constant sequence 7 = for all £ € N* with v € (0,1/(m + L)]. By (20),
we have for all n € N* and z € RY

n

90 (@) < AD1(7,d) +7*D2(7) S (1 — w7/2)" 6 m0(x) |
=1

where
Di(y,d) = 2L (k7' +7) (2d + L*3%/6) , Da(y) =L" (v' +7) .

In addition, using that £ > 2m and for all t > 0, 1 —t < e,

n

Z(l _ K’Y/Q)nii(si,n,O(x) — Zn: |:(1 _ li’y/Q)n*i { —2my(i—1) Hx — H2
i=1 =1
+(1_ —2m~y(i— 1> d/m }]

< ne™™ 0D 1 — 2¥|12 4+ 2d(kym) 7L (S1)

Therefore for all n > 1 and z € R% we get

P5(@) D7) +7°Da(y) {ne ™l — 2t P - 2d(xym) M . (52)
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Let now ¢ € N*, ¢/ > h_l] +landn=1/¢-— H_q. Then,

l
> {(RL*/3)o1k-1(x) + dvi}
k=n-+1

< (1292 f3) { (1= m)" (€ = n = 1) llo = 2| 4 257 (€ = = )} + drP(C—n— 1)

< (£2*/3) {1+ =) o = 2% 4 200 4 )7t} +d(1 4+ ) -
Combining this inequality and (S2) in the bound provided by Theorem 14 shows (23).

1.2 Proof of (61)

First for all n > 1 and = € R%, we have

9N (@) < VE1(r,d) + () Y T (1 = ok /2)im0()
=1 k=i+1

where

Ei(v,d) = 2dx~! {2L2 + 4k (L2 /12 + LY /4) + 72L4/6} JEa(y) = L4k 1/3 + ) .

Es(y,d,@) = (=~ )e ™27 |lo — o |* + 2d/ (wym)
Es(v,d,z) = e =2y |z — 2*||* + 26" d + d/m .

By (S1), we get for all n > 1 and = € R,
Iop(@) < VEr(y,d) +°E2(7) {ne ™D o —a¥|” + 2d(ym) ML (S3)

On the other hand, for all z € R, ¢,n € N, n > 1, £ > n we have using that x > 2m
and forallt > 0,1 -t <e !,

92)(@) < 7PnEr(y) +7PnEa(y) {0 gy () + dfm |
< 7*nE(7) + 7' nEa(7) {e™ D (1= k)" o = 2*|? + 267 1d) + d/m |
< y°nEi(y) +7°nEa(y) {e’m“’” o — a*||* + 267 d + d/m} : (S4)
Finally, for all £ € N* and x € R?, we have

(L /Derer (1) + dr? < GPL2/3) {(1— ) e — P + 27 } +dy? . (5)



Combining (S3), (S4) and (S5) in the bound given by Lemma 31, and using that
41 <200 < 2471 we have for all £ € N*, ¢ > 2n(7),

1/2
10:Pey = oS vy < 27421 | (4 L2/3) { (1 = 69"~ flo = 2** 4+ 27" | + do?]

- - —my(£—=27" " — * — 1/2
+ (4m) 72 [2E1 () + 2 Ea(9) { (€ = v DT g — 0¥ + 2d(rym) ! }

n(v) 732k_1E1(7) + 732k_1E2(’)/) {e—m'y(ﬁ—Qk_l) ||35 _ x*HQ + 2/-6_1d—|— d/m}

+ Z Tl:2k+1’y

k=1

1/2
<9732 {(73L2/3) {(1 — k) |z — 2|2+ leﬁ_l} + d72}

- - —my(£—=2y" " — * — 1/2
+ (4m) 712 |61 (1) + E2(7) { (€ = D™ BT D o — 0¥ o 2d(nym) ]

_ 1/2
+ (4m)"2n(y) |7E1(7) +2Ea(y) { T g — 2t 4 267 d 4 dfm |

2 Discussion on Theorem 5

Note that " n
ulP () <> {Ac? + A} T (10— sne/2) (S6)
i=1 k=i+1
where £ is given by (3), and
Ao = 2L%k'd, (S7)
A =202k Ydm+ L) P4 dlA (st + (m+ L) H(m T 467 m 4+ L)Y . (S8)
If (vk)k>1 is a constant step size ,y, = « for all £ > 1, then a straightforward conse-

quence of Theorem 5 and (S6) is the following result, which gives the minimal number
of iterations n. and a step-size 7. to get Wa(d,~Q", m) smaller than € > 0.

Corollary 1 (of Theorem 5). Assume H1 and H2. Let x* be the unique minimizer of
U. Let x € R? and € > 0. Set for all k € N, ~, =~ with

Lo ot (Ai: erA)!? (m+L)~", (S9)
1
n= [log_l(l —ky/2) {— log(€?/2) + log(2d/m)}]| .

Then Wa(6, RY, m) < €.

Note that if 7 is given by (S9), and is different from 1/(m~+L), then v < e(4A;x~1)~1/2
and 2k (Agy 4+ A1y?) = €2/2. Therefore,

12 (@/4) {Ag +e(A/(4r) 2}
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It is shown in [1, Corollary 1] that under H2, for constant step size for any € > 0, we can
choose v and n > 1 such that if for all &k > 1, v, = =, then ||[v*Q} — ||y < € where v* is
the Gaussian measure on R% with mean z* and covariance matrix L~ I;. We stress that
the results in [1, corollary 1] hold only for a particular choice of the initial distribution
v*, (which might seem a rather artificial assumption) whereas Theorem 5 holds for any
initial distribution in Py(R?).

We compare the optimal value of v and n obtained from Corollary 1 with those given
in [1, Corollary 1]. This comparison is summarized in Table 1 and Table 2; for simplicity,
we provide only the dependencies of the optimal stepsize 7 and minimal number of
simulations n as a function of the dimension d, the precision ¢ and the constants m, L.
It can be seen that the dependency on the dimension is significantly better than those

in [1, Corollary 1].

Parameter d € L m
Corollary 1 dt €] L2 | m?
[1, Corollary 1] | d2 [ | L2 | m
Table 1: Dependencies of ~
Parameter d € L m
Corollary 1 dlog(d) | e 2log(e)| | L? | [log(m)|m—3
[1, Corollary 1] d3 e ?|log(e)| | L? | [log(m)|m—2

Table 2: Dependencies of n

2.1 Explicit bounds for v, = y1k* with « € (0, 1]

We give here a bound on the sequences (ug)(w))nzo and (ug) (7))n>0 for (vx)r>1 defined

by 71 < 1/(m + L) and v, = y1k~ for a € (0,1]. Also for that purpose we introduce

for t € R,
t?—1)/8  for B #0
Ys(t) = ( )/ (S10)
log(t) for 5=0.
We easily get for a > 0 that forall n,p>1,n <p
P
"pl—a(p + 1) - "pl—a(n) < Z k¢ < "pl—a(p) - "pl—a(n) +1 ) (Sll)
k=n
and for a € R »
Sk <ia(p+1) —thi_a(n) +1. (S12)
k=n



1. For a = 1, using that for all t € R, (1 +¢) < e’ and by (S11) and (S12), we have

1
u () < (n+ 172 U@ () < (A DTN A Wy a1 j(n+ 1)+ 1)
§=0

2. For o € (0,1), by (S11) and Lemma 21 applied with ¢ = [n/2], where [-] is the
ceiling function, we have

u () < exp (—rmpi—a(n +1)/2)

1
u?(y) < Z Aj {%717{“(”/2)70[(]‘“) + ’Y{H {¥1_a@12)([n/2]) +1}
i=0

xexp (—=(km1/2) {$1-a(n+1) =t1a([n/2)}] . (S13)
2.2 Optimal strategy with a fixed number of iterations

Corollary 2. Let n € N* be a fired number of iteration. Assume H1, H2, and (vx)r>1
is a constant sequence, vy, =~ for all k > 1. Set

7+ = 2(km) 7" [log(kn/2) +log(2(|& — a*[* + d/m)) ~ log(2x ™ Ao)|
v = 2(kn) ™ [log(kn/2) + log(2(lz — =*|* + d/m))
—log {2/-(1(A0 + 2A1(m + L)fl)}] .

Assume v € (0, (m + L)*l).Then, the optimal choice of v to minimize the bound on
W2 (6. R, ) given by Theorem & belongs to [v—,vT]. Moreover if v = ., then there
exists C' > 0 independent of the dimension such that the bound on Wg(éxRQL,W) is
equivalent to Cdn~"log(n) as n goes to +oc.

Similarly, we have the following result.

Corollary 3. Assume H1 and H2. Let (7;)k>1 be the decreasing sequence, defined by
Yk = Yok, with a € (0,1). Let n > 1 and set

Yo = 21— )~ (2/n)" " log(xn/(2(1 - a))) .

Assume v, € (O, (m —i—L)*l). Then there exists C > 0 independent of the dimension
such that the bound on Wg(&xQ;‘,ﬂ) is equivalent to Cdn~1log(n) as n goes to +oo.

Proof. Follows from (S6), (S13) and the choice of ~,. O

3 Discussion on Theorem 8

Based on Theorem 8, we can follow the same discussion as for Theorem 5. Note that

ul(y) <> {Bov? + By} [ (1 —sw/2), (S14)
i=1

k=i+1
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where £ is given by (3), and

By =d [2L2 + il {L2/3 + ALY/ (3m) H (S15)
Bi=d[x 'L'+ L"/(6(m+ L)) +m™'] . (S16)

The following result gives for a target precision € > 0, the minimal number of iterations
ne and a step-size v, to get Wa(d.+Q7, m) smaller than e, when (74)r>1 is a constant step
size, v = 7. for all k > 1.

Corollary 4. Assume H1, H2 and HS3. Let x* be the unique minimizer of U. Let
z € R and € > 0. Set for all k € N, v, =~ with

7= [(e/257 {Bo + Bi(m + L)'} ¥ A (1/(m + 1)),
n = [log™ (1 — kv/2) {—log(e*/2) +log(2d/m)}]| .

We provide the dependencies of the optimal stepsize 7. and minimal number Qf
simulations n. as a function of the dimension d, the precision € and the constants m, L, L
in Table 3 and Table 4.

Parameter d e| L |m
Corollary 4 | d™Y2 | e | L72 | m
Table 3: Dependencies of
Parameter d € L m

Corollary 4 | d'/2log(d) | e ! |log(e)| | L? | |log(m)|m—2

Table 4: Dependencies of n

3.1 Explicit bounds for 7, = 1 k* with « € (0, 1]

We give here a bound on the sequence (uS{O’) (7))n>o0 for (v )g>1 defined by v < 1/(m+L)

and v, = mk™® for @ € (0,1]. Bounds for (usll)(y))nzo have already been given in
Section 2.1. Recall that the function % is defined by (S10). For « € (0, 1], by (S11) and
Lemma 21 applied with ¢ = [n/2], where [-] is the ceiling function, we have

2
D(y) < ZBj_l[ T (n/2) 70D 4 A d*2 (9 g4e) ([/2]) +1)
j=1

% exp (—(k1/2) {$1-a(n + 1) —p1a([n/2)}] . (S17)



3.2 Optimal strategy with a fixed number of iterations
Corollary 5. Let n € N* be a fixed number of iteration. Assume H1, H2, H3 and
(Vk)k>1 15 a constant sequence, v, = ~* for all k > 1, with

7t = (k)" {log(kn/2) +10g(2(z — 2*|[* + d/m)} .

Assume v* € (0, (m —|—L)_1). Then there exists C > 0 independent of the dimension
such that the bound on W22(5foYL,7T) is equivalent to Cdn~2log?(n) as n goes to +oo.

Similarly, we have the following result.

Corollary 6. Assume HI1, H2 and H3. Let (y;)r>1 be the decreasing sequence, defined
by ik = Yok ™%, with o € (0,1). Let n > 1 and set

Yo = 2(1 — @)k 1(2/n) " log(kn/(2(1 — ))) .

Assume v, € (O, (m —i—L)*l). Then there exists C > 0 independent of the dimension
such that the bound on Wg(&xRZ,W) is equivalent to Cdn~2log?(n) as n goes to +oc.

Proof. Follows from (S14), (S17) and the choice of 7,. O

4 Generalization of Theorem 5

In this section, we weaken the assumption 71 < 1/(m + L) of Theorem 5. We assume
now:

G 1. The sequence (Vk)g>1 is non-increasing, and there exists p > 0 and ny such that
1+ )Y, <2/(m+L).

Under G1, we denote by
no=min{k € N |, <2/(m+ L)} (S18)

We first give an extension of Theorem 3. Denote in the sequel ()1 = max(-,0). Recall
that under H2, z* is the unique minimizer of U, and & is defined in (4)

Theorem S7. Assume H1, H2 and G 1. Then for alln,p e N*, n <p

[ =1 10@h(@2) < G )

where

no—1

Gpp(po,7y) = exp < Z'yk/{ + Z L2’Yk> /Rd |z — x*HZMO(dm)
no—1 no—1
+2dr~ ! + Qd{ H (Yng—1 L) (1 + L4} }exp < Z KYg + Z ykmL> . (S19)

k=n



Proof. For any v > 0, we have for all z € R%:
[l = a1 By = o =290 @) =+ 2.

Using that VU (z*) = 0, (3) and H1, we get from the previous inequality:

[ =1 By )

* 2 *
<(=m) o= 47 (3 - 7 ) IVU(@) - VU@ + 20d

<n(y) ||z —2*|° +2vd

where n(y) = (1 — ky +vL(y —2/(m + L))4+). Denote for all k& > 1, n = (). By a
straightforward induction, we have by definition of Q% for p,n € N, p < n,

= @) < TTme [ e = ot + ) 3 TT w520

k=n R i=n k=it1

with the convention that for n,p € N, n < p, HZ = 1. For the first term of the right
hand side, we simply use the bound, for all z € R, (14 z) < e”, and we get by G 1

D D no—1
I <exp <— D L2%3> : (S21)
k=n k=n k=n

where ng is defined in (S18). Consider now the second term in the right hand side of
(520).

p p p P no—1 p
ST mni< Y I C=rmve+ Y T mow
t=n k=itl i=no k=i+1 i=n k=i+1
p p p
Smlz{ H (1—/{7;9)—1_[(1—“%)}
i=ng \k=i+1 k=i
no—1 no—1 D
+ { 11 o +124) %} IT @ = sw) (S22)
i=n k=i+1 k=ng

Since (yx)k>1 is nonincreasing, we have

no—1 no—1 nog—1 no—1 no—1
ST s rty= S T as i - 11 00|

i=n k=i+1 i=n k=i k=i+1
no—1
< ] o a2t (1 1297 .
k=n



Furthermore for k < ng v, > 2/(m + L). This implies with the bound (1 + z) < €” on
R:

P no—1
IT (0= rm) <exp < Z ff%) exp <Z ff%)
k=ng
no—1
< exp < Z /@7;9> exp <Z kaL> .

Using the two previous inequalities in (S22), we get

p p
Z H ki

i=n k=i+1
no—1 no—1
<kl { H (Yng—1L?)™* (1+ L2~} }exp < Z KYg + Z ykmL> . (S23)
k=n
Combining (S21) and (S23) in (S20) concluded the proof. O

We now deal with bounds on Wa(uoQ%, ) under G 1. But before we preface our
result by some techincal lemmas.

Lemma S8. Assume H1 and H2. Let {5 € Po(R? x RY), (Y3, Y)i>0 such that (Yo, Y o)
is distributed according to (o and given by (9). Let (Fi)i>0 be the filtration associated
with (By)i>o0 with Fy, the o-field generated by (Yo,Yo). Then for alln >0, ¢, > 0 and
eg > 0,
= 2
E7Tn |:HYFn+1 - YFn+1H ]
= 2
< {1 = np1 (k= 261) + 1 L((1 + €2) 1 — 2/(m + L))} ||Yr, = Yo, ||
92 (1/ @) + (14 ) vni) (22 + (L11/2) ¥, = 2% + dLi92,,/12)

Proof. Let n >0 and €¢; > 0, and set A, = Y, — Vpn by definition we have:
2

Ern [HAWH?} = | A% + BT [H/FF+ {VU(Y;) = VU(Vr,)} ds
I

_ n+1
= 2741 (A, VU (Yr,) = VU(YT,)) — 2/ E7Tn (A, {VU(Y;) = VU(Yr,)}) ds] -
I
Using the two inequalities | (a,b) | < e1]|al|? + (4e1)71||b]|? and (3), we get

3 2
7 [ Ansa ] < 11 = ynsa(5 = 260} 180 = 27011/ (m + L) |[VU (V%) = VU (T, )|

Tt
+(2q)1/F E7Tn [HVU(}Q)—VU(YU)HQ] ds . (S24)

I1n-§—1 _
+ E7Tn / {VU(Y,) - VU(Yr,)}ds

9



Using |ja +b||* < (1 + e2) |Ja]|> + (1 + €5 1) ||b]|* and the Jensen’s inequality, we have

This result and H1 imply,

E’rn

/Fm (VU(Y.) - VU(Yr,)} ds

2
] < (1 + 2 [[VU () — VUTr)|

Fn+1
T s P [ / van)—w(m)u?ds} .

7 [ A ]2] < {1 = (5 = 260) + 3 L1+ €2)ms1 — 2/(m + L)1 } [ A

A
+ (1 + & ) nss + (2e1) ) / 7T [ VU(Y:) = VU (V)] ds . (525)

By H1, the Markov property of (Y;);>0 and Lemma 19, we have

Fn+1 9
[ (19U - U, )| as
1%

< L2 (A2 + AL /12 + (29310 /2) Y, = 2*1)
Plugging this bound in (S25) concludes the proof. O

Lemma S9. Let (7;)r>1 be a nonincreasing sequence of positive numbers. Let w, 3 > 0
be positive constants satisfying w?> < 483 and T > 0. Assume there exists N > 1, yw < T
and yyw < 1. Then for alln >0, j > 2

(i)
n+1 n+1 ) n+l n+4l
I G=wmw+wBe—m0% <> [ O —ww)
i=1 k=i+1 i=N k=i+1
N—-1 n+1
+{ﬁ el (1+7§5)} IT a==n) -
k=1 k=N

(ii) For all £ € {N,...,n},

n+1l n+1 ) n+1 ] 1
> 11 (1—’ka)’)’ijﬁexp< wa) Do

=N k=i+1
Proof. By definition of N we have
n+1l n+1
S I = ww + Bl — 7))
1=1 k=i+1
n+1l n+1 N—1 N-1 n+1
<3 L a-wmd {3 I et} L s
=N k=i+1 i=1 k=i+1 k=N

10



Using that (7x)g>1 is nonincreasing, we have

N-1 N—1 N-1 - N-1 N-1
3 TL i)t e 3 2 {TT i - T 1o
i=1 k=i+1 i=1 k=i k=i+1

IN

' N—-1
I 0+ B)

Plugging this inequality in (S26) concludes the proof of (i). Let ¢ e {N,...,n+1}.
Since (Vx)k>1 is nonincreasing and for every x € R, (1 + ) < e*, we get

n+1l n+l1 /—1 n+1 n+1l n+1
S a-wmi=X 11 0-wor+ > I 0-wen
i=N k=i+1 i=N k=i+1 i=f k=i+1
=1 n+1 n+l n+l
. 1
< Zexp <— Z ww) ] +’)’z Z H (1 —ww@) i
i=N k=i+1 i={ k=i+1

n+1 '7
< exp ( wa> > oA+

O

Lemma S10. Let (y;)r>1 be a nonincreasing sequence of positive numbers, w, 3,7 > 0
be positive real numbers, and N > 1 satisfying the assumptions of Lemma S9. Let
PeN, C;>0,i=0,...,P be positive constants and (u,)n>0 be a sequence of real
numbers with ug > 0 satisfying for allmn >0

P
Un+1 < (1 = Yn1@ + Bynt1 (Vo1 — 7)4)un + Z Cﬂiﬁ

Then for allm > 1,

N—-1 n
ung{H 1—1—5% }H (1 — yw) uo—i—ZC Z H (1 =)y,
k=1 k=N

= i=N k=i+1

- n
Z Cip~' H (1+778) ¢ IT (0 —=me) -
j=0 k=1 k=N
Proof. This is a consequence of a straightforward induction and Lemma S9-(i). U

Proposition S11. Assume H1, H2 and G 1. Let x* be the unique minimizer of U. Let
Co € P2(R? x RY), (Y3, Y )0 such that (Yo,Y o) is distributed according to (o and given
by (9). Then for alln >0 and t € Iy, Tp41]:

E[|[Y: - Vol"] < @B [|[vo - Vo*] + a0 +afl)

11



where

it () = { ﬁ 1+ L1+ p)’nf)} I - rw/2) (527)

ni—1 n
+a(y)(LP(1+p) " { [Ta++va+ ,o)LQ)} IT = sn/2),

k=1 k=mn1
where for v > 0,
a(y) = {2x "+ (1+p )y} (dL? + 6L /2 + ALY /12)
§ = max;>1 {e_QmFi—lE [HYO - mﬂ r (- e‘ZmFi—l)(d/m)} ,

and

_(5) m+L ((t—T,)3L?
2 3

Grn(j10,7) + <t—rn>2d) |

where Gi n(p0,7) is given by (S19) and po is the initial distribution of Y.

Proof. Lemma S8 with €; = £/4 and e = p, G1, Lemma S9, ((i)) imply for all n > 0
E (1Y, - V. *] < @D o) (% - Vol Y] + a0 () (528)
Now let n > 0 and ¢ € [[',, T 41]. By (9),
t
1V, = V|| = |[Ye, = Vo ||” - 2/ (VU(Y;) =VU(Yr,),Ys =Y )ds.  (S29)
T'n

Moreover for all s € [I',,T'41], by (3) we get

(VU(Y.) = VU(VT,). Y, - V) = (VU(Y,) - VU(Tr,),Ys — Vr, + Vp, — V)
> (m+ L) |VU(Y.) - VU(Vr,)||* + (VU (Y2) = VU(Vr,), Y, — Vs) . (S30)

Since [(a,b)| < (m + L)~" [lal|* + (m + L) [[b]|* /4, we have

(VU(Ys) =VU(Yr,), YT, = Ys)
> —(m+ L) |[VU(Y;) = VUTr,)||” = (m+ L) ||[Ys = Vi, || /4.

Using this inequality in (S30), we get

(VU(Y) = VU(Yr,),Ys ~Ys) = ~(m + L) |V — Y, | /4,

12



and (S29) becomes
t
-7 < Han—VanQ—l—((m—i-L)/Q)/F V.~ Ve |fds  (S31)

Therefore, by the previous inequality, it remains to bound the expectation of H?S ~Yr, H2
By (9) and using VU (z*) = 0,

IVs = 7o |* = [ ~(s ~ T)(VUTr,) — VO) + VE(B, ~ Br,)||

Then taking the expectation, using the Markov property of (B;):>o and H1, we have
v _v. |2 272 3 *||2
E ||V = V|| < (s = Tw?L%E ||V, = 2*['] +2(s = Tw)d. (S82)

The proof follows from taking the expectation in (S31), combining (5S28)-(S32), and
using Theorem S7. U

Theorem S12. Assume H1, H2 and G'1. Then for all jug € P2(R?) and n > 1,
W3 (o@Q%,m) < ) ()W (o, m) + ) (7) (33)

where (aﬁf))nzo is given by (S27) and

aP(y) =Y b)) [ (1 —rw/2)
i=nq k=i+1
ni—1 n
+b(y) (L (1 +p)) ! { [T a+~a+ p)LQ)} [T @ —rw/2), (S34)

k=1 k=nq

where
b(v) = {267 + (1 + p 1)y} (dL* + dL*y/(2m) + dL*y?/12) .

Proof. Let (p be an optimal transference plan of g and 7. Let (Yz,Y)i>0 with (Yo, Yo)
distributed according to (y and defined by (9). By definition of W5 and since for all
t >0, m is invariant for P,, W2(uoQ", 7) < E[||Yr, — X1, ||?]. Then the proof follows
from Proposition S11 since Y is distributed according to m and by Theorem 1-(ii), which
shows that § < d/m. O

4.1 Explicit bound based on Theorem S12 for 7, = 1 k“ with « € (0, 1]
We give here a bound on the sequences (ﬂg)(w))nzl and (aﬁf) (7))n>1 for (vx)r>1 defined
by 71 > 0 and v, = 1k~ for a € (0,1]. Recall that 94 is given by (S10). First note,
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since (vx)k>1 is nonincreasing, for all n > 1, we have

21

1 n n
SZ > T = rm/2)

i=n1 k=i+1

1 ni—1 n
+ > GLAA+p) M { ITa+~2a+ p)L2)} IT Q- rw/2).

=0 k=1 k=n1
where
Cy =bdL? ,Cy = b(dL*/(2m) + v1dL*/12) ;b =2k"1 + (1 + p L)y .

1. For a =1 and n; =1, by (S11) and (S12), we have

(S35)

D (y) < (n41)7n/2

=g

1
D) < 0+ )23 G Wy 10+ 1) + 1) + (21 + p) A |
j=0

For m; > 1, since (y4)r>0 is non increasing, using again (S11), (S12), and the
bound for t € R, (1+1¢) < e

M (y) < (n+1)"m/2 eXp {km1%0(n1)/2 + L* (1 + p)i (@—1(ny — 1) + 1)}

4D () < (n+ 1)/ Z Ci (W21 (1) =Wy o1y () + 1)
j=0

(o] (L2(1 + p)) exp { ko (m) /2 + L2(1+ p)r R @1 (1 — 1) + 1)} ) -

Thus, for 71 > /2, we get a bound in O(n™1).

. For a € (0,1) and n; = 1, by (S11) and Lemma S9-(ii) applied with £ = [n/2], we
have

D) < exp (=(k71/2pa1(n+ 1))
1

() < DG {M" Wi-agra(In/2]) +1) 60/l =vimalin/21)
j=0

=41

19p 1 ]+1(n/2) a(j+1) +’Y o= (F71/2)%a- 1(n+1)} )

For ny > 1 and [n/2] > ny, since (y)x>0 is non increasing, using again (S11), and
Lemma S9-(ii) applied with £ = [n/2], and the bound for t € R, (1 +1t) < e, we

14



get

all(y) < o N @a—1(n+1)=Y1-a(n1))/2+L* (1497} ($1-2a(n1-1)+1)

1
ﬁg) (7) < Z C] {2/€717{+1(n/2)704(j+1)
7=0

+ 21 @1-ag2 (1/2]) =1 (m) +1) e EM/2G1alrED1a(n/2])
+(v) /(L1 + p))e—m(wafl(n+1)—w17a(m))/2+L2(1+p)v%(¢172a(n1—1>+1)} _

5 Explicit bounds on the MSE

Without loss of generality, assume that || f||;;, = 1. In the following, denote by Q(z) =

|z — 2*||* + d/m and C a constant (which may take different values upon each appear-
ance), which does not depend on m, L, 1, a and ||z — z*||.

5.1 Explicit bounds based on Theorem 5
1. First for a = 0, recall by Theorem 5 and (S6) we have for all p > 1,
W3 (8, RE, m) < 29(x)(1 — s /2)P + 257 (Aom + Aini)

where Ag and A; are given by (S7) and (S8) respectively. So by (15) and Lemma 21,
we have the following bound for the bias

k" exp(=kN71/2)Q(x)
yin

@mwﬁun—wun2sc( +H*AWQ.

Therefore plugging this inequality and the one given by Theorem 10 implies:

K2+ k! exp(—nN’yMQ)Q(m))
nmn '

MSE}™" < C (mlA(m + (S36)

So with fixed ; this bound is of order v;. If we fix the number of iterations n, we
can optimize the choice of v;. Set

Yeo(n) = (k7 Ag) ! (Cuseo/n)"/? | where Cusgo = £ A,
and (S36) becomes if y1 <= Y, 0(n),
MSE}V’H < O(Cpsp,on) 2 (k" exp(—kNY40(n)/2)Q(z) + Cusky) -
Setting No(n) = 2(kyx0(n)) log(Q(z)), we end up with
MSE}* ™™ < O(Cuispo/n)? .

Note that Ny(n) is of order n'/2.

15



2. For a € (0,1/2) by Theorem 5, Lemma 21, (S11) and (S13), we have the following
bound for the bias

N 2 K Agm sl exp {—rn NT7/(2(1 — @)} Q(x)
{EBalrn (DI ==(N)} < C ((1 — 2a)n® yinl—a > '

Plugging this inequality and the one given by Theorem 10 implies:

kAo lexp {—rnN'T/(2(1 — a))} Qz) + 2
(1 —2a)ne ynt=

MSEij" <C (

(S37)
At fixed 71, this bound is of order n™%, and is better than (S36) for (v4)r>1
constant. If we fix the number of iterations n, we can optimize the choice of v,
again. Set

Ta(n) = (lfflAO/(l—Qoz))*l(C’l\/[s,E,o{/nl*QO‘)1/2 , where Cy\isp.o = £ °Ag/(1-2a) ,

(S37) becomes with v; < Y4.a(n),

MSE}™"
< C’(C’l\/[gE,o{n)*1/2 (/1*1 exp {—/ﬁleafy*,a(n)/@(l - a))} Qx) + CMSE,O{) )
Setting N, (n) = {2(1 — a)(k7x.a(n)) " og(Q(x))}/ 1= we end up with
MSE}*"" < C(Cyispa/n) '/ |

It is worthwhile to note that the order of N, (n) in n is n(1—20)/2(1-a)) and CMSE, o
goes to infinity as @ — 1/2 .

3. If @« = 1/2, by Theorem 5, Lemma 21, (S11) and (S13), we have the following
bound for the bias

- k1 A0y log(n) K lexp {—rky NV2/4) Q(x
{Ex[miv(f)]—W(f)}ZSC( o og(n) , 1o ol /43 >> |

Plugging this inequality and the one given by Theorem 10 implies:

“1Agm 1 ! —kmNY2/4} Q -2
MSE " gc<” onlogn) & lexp {—mn N2/} Q@) + 172 oo

nl/2 yinl/2

At fixed 1, the order of this bound is log(n)n~'/2, and is the best bound for the
MSE. Fix the number of iterations n, and we now optimize the choice of v;. Set

1/2

Ye1/2(n) = (K7 Ag) T (Crisi,i 2/ log(n)) '/, where Cyispaje = £ °Ag

16



and (S38) becomes with v1 < 7, 1/2(n),
N
MSEf

log(n) >1/2 ( -1 1/2 Crise 1/2>
<(C|——— k Lexp{ —kNY n)/4: Q(x) + ——= .
(e p{ =N a4} ) + S

Setting Ny o(n) = (4(K7s,1/2 (n))~Llog(2(x)))?, we end up with

MSEN1/2(")7" <C <10g(n)CMSE,1/2>1/2

! n

. For aw € (1/2,1], by Theorem 5, Lemma 21, (S11) and (S13), we have the following
bound for the bias

(B 7N (N —=(f)} <C (’f‘lé(;% n k! exp {_“'Yﬂil_jé{i?(l —a))} Q(;c)> |
n n

Plugging this inequality and the one given by Theorem 10 implies:

MSEN" < ¢ </€1A0’yl N kLexp {—/vlel*a/(Q(l — a))} Qx) + ,%2)
f = .

nlfcv ,ylnlfa

For fixed 71, the MSE is of order n'~®, and is worse than for a € [0,1/2]. For
a fixed number of iteration n, optimizing v; would imply to choose v; — +00 as
n — +oo. Therefore, in that case, the best choice of ~y; is the largest possible value

1/(m+L).

. For @ =1, by Theorem 5, Lemma 21, (S11) and (S13), the bias is upper bounded
by

{Ez[ﬁ,iv(f)] - 7r(f)}2 <C <“_1AOW1 m_lN—fwl/QQ(x)>

log(n) 71 log(n)
Plugging this inequality and the one given by Theorem 10 implies:

MSEY™ < ¢ <R1A(m R TINTA(w) + ﬁ2>
f —=

log(n) 1 log(n)

For fixed 1, the order of the MSE is (log(n))~!. For a fixed number of iterations,
the conclusions are the same than for oo € (1/2,1).
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5.2 Explicit bound based on Theorem 8
1. First for a = 0, recall by Theorem 8 and (S14) we have for all p > 1,
W3 (0, R, ) < 2Q(z)(1 — k71/2)” + 267 (Bon + Bii)

where By and B; are given by (S15) and (S16) respectively. So by and Lemma 21,
we have the following bound for the bias

k! exp(=kN71/2)Q(2)

yn

(Ll (D] -n(0) <0 +rB)

Therefore plugging this inequality and the one given by Theorem 10 implies:

(S39)

MSE}V’N <C (/{1507% + 2 eXp(—IiN’h/Q)Q(x)) .

nvy

So with fixed 7; this bound is of order v;. If we fix the number of iterations n, we
can optimize the choice of v;. Set
Yeo(n) = (kBon)~1/%

and (S36) becomes if 1 < v, 0(n),
MSE}V’n < C(Bo_l/Qn)_z/?’ </<;_4/3 exp(—kNv.0(n)/2)Q2(z) + /f_5/3) .
Setting No(n) = 2(kyx0(n)) ! log(Q(z)), we end up with
MSE} ™" < O(By /?5%/2n) 72/ |

Note that Ny(n) is of order n'/3.

2. For a € (0,1/3) by Theorem 8, Lemma 21, (S11) and (S17), we have the following
bound for the bias

(B 7N (N —=(f)} <C ( Byt KT Texp {—smN'TY/(2(1 - o))} Q(@) |

(1 —3a)n2> ynt=e
Plugging this inequality and the one given by Theorem 10 implies:

K 1Boy? klexp {—knN'T/(2(1 — @)} Qz) + k2
(1 —3a)n2e mnt—o

MSEjY’" <C <

(S40)
If we fix the number of iterations n, we can optimize the choice of v again. Set

Yra(n) = (n'7**kBo /(1 — 3a)) ™%,
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(540) becomes with v; < Yx.a(n),

MSE}™ < OBy "/%n) =2 (/% exp(=rNyao(n)/(2(1 = )))e) +5~7/3(1 ~ 30)71/%) .

Setting N, (n) = {(k7x.a(n)) " log(Q(2))}/1=%) we end up with
MSE}"" < ¢(By2k%/2n) 22
It is worthwhile to note that the order of N, (n) in n is n(1=30)/B1-)

. If @« = 1/3, by Theorem 8, Lemma 21, (S11) and (S17), we have the following
bound for the bias

. kK 1Bpy2log(n) K lexp {—ry1N?/3/4} Q(x)
{&MMM—MﬁfﬁC( e M ).

Plugging this inequality and the one given by Theorem 10 implies:

{18072%10%(”)+“_16’{1’{—“71]\72/3/4}9(5“)+”_2 . (S41)
n2/3 n2/3

MSE;V’" <C (

At fixed 1, the order of this bound is log(n)n~2/3, and is the best bound for the
MSE. Fix the number of iterations n, and we now optimize the choice of v;. Set

Yer/2(n) = (KBglog(n)) ™1/,
and (S41) becomes with 1 < 7, 1/2(n),
1/3
MSE?’” <C <M> </<74/3 exp {—5N1/27*71/2(n)/4} Qz) + /-$75/3> .

n2

Setting Ny /o(n) = (4(k7,1/2(n) log(Q(z)))3/2, we end up with

1/3
MSENI/Q(")’" <C M ]
f 2

We can see that we obtain a worse bound than for « = 0 and « € (0,1/3).

. For a € (1/3,1], by Theorem 8, Lemma 21, (S11) and (S17), we have the following
bound for the bias

nl—a 'Ylnl_a

(B 7N (F) - m(F)Y < C (Hle N klexp {—ry N'7/(2(1 — )} Q(m)) |

Plugging this inequality and the one given by Theorem 10 implies:

k~'Bom N ke lexp {—rN'T/(2(1 — @)} Q(z) + ,%2) ‘

nlfcv ,ylnlfa

MSE?’" <C (
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For fixed 71, the MSE is of order n'~®, and is worse than for a = 1/2. For a fixed
number of iteration n, optimizing v, would imply to choose v — +00 as n — +o0.
Therefore, in that case, the best choice of 1 is the largest possible value 1/(m+L).

5. For a =1, by Theorem 8, Lemma 21, (S11) and (S13), the bias is upper bounded
by

{E.[#Y(f)] - 7r(f)}2 <C <“_1BOW1 m_lN—fwl/QQ(x)>

log(n) 71 log(n)
Plugging this inequality and the one given by Theorem 10 implies:

_1B o I‘{_lN_H’YI/ZQ(x) —|—I£_2
MSEN™ < ¢ [ E20
- < log(n) 7 log(n)

For fixed 1, the order of the MSE is (log(n))~!. For a fixed number of iterations,
the conclusions are the same than for oo € (1/2,1).
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