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ABSTRACT

We consider an exactly soluble W*-dynamical system driven by repeated harmonic
interactions. Although dynamics is Hamiltonian and quasi-free, it leads in the large-time
limit to relaxation of initial states to a steady state. We found explicitly the rate of the
entropy production which accompanies this relaxation. Besides, we study evolution of
subsystems to elucidate their eventual correlations and convergence to equilibrium states.
Finally we prove a universality of dynamics driven by repeated harmonic perturbations
in a short-time interaction limit.
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1 Preliminaries and the Model

1.1 Setup

We consider a quantum system recently proposed in [TZ]. It is a harmonic system (one-
mode quantum oscillator §) successively perturbed by time-dependent stationary repeated
harmonic interactions. This sequence of perturbation is switched on at the moment ¢ = 0
and it acts successively on the interval 0 < ¢ < oo. It is a common fashion to present
this sequence as repeated interactions of the system S with an infinite time-equidistant
chain: C =81 + Sy + ..., of subsystems {Sk}r>1.

Note that there is a physical interpretation [NVZ], [BJM], behind of this mathematical
setting. For the model [TZ], the system Cy is identified with a chain of N quantum
particles ("atoms”) with infinitely many harmonic internal degrees of freedom. They
interact one-by-one with a one-mode quantum resonator (cavity) S. This is a caricature
of the one-atom maser system. In contract to [NVZ], but similar to the two-level Jaynes-
Cummings atoms [BJM], the interaction with harmonic atoms is inelastic. This yields
a very different evolution of the model [TZ] comparing to the model [NVZ], in which
interaction is completely elastic, see Sections 4 and 5.

Below we suppose that the states of S and of every Sy are normal, i.e. defined by the
density matrices py and {pg}7>; on the Hilbert spaces s and {75, }72,, respectively.
The Hilbert space of the total system is then the tensor product s ® ;. Here the
infinite product % = ®j>1.5, stays for the Hilbert space chain.

Since for any fixed moment ¢ > 0, only a finite number N(¢) of repeated interactions
are involved into the dynamics, the subsystems {Sy}r>n@) are still independent for dif-
ferent k, as well as they are independent of components S and {Sk}]kvz(tl) On the other
hand, the problem of correlations between components S, Sy for k& < N(¢) and between
Sk, Sy for 1 < k < k' < N(t) is considered in Section 5. This peculiarity of the re-
peated interactions allows to reduce the analysis of dynamics to the finite tensor product:
Hey = @N_| H%, . Then one recovers the above infinite chain S+C as the limit N — oo, a



posteriori. Details of dynamics are presented in the next Section 2. We finish this section
by formulation of some of our hypothesises.

Hypothesis (H1): (Initial states) For t < 0, all components of S and {S.}i_, are
independent, i.e. the state of S + Cy is described as a finite tensor product: wgic, =
ws ® ®fj:1 ws,. We suppose that each of the state in the product is normal.

Hypothesis (H2): (Tuned interaction) We consider repeated perturbations in the tuned
regime: for any moment ¢ > 0 exactly one subsystem ("atom”) S, is interacting with the
system S (quantum resonator) during a fixed time 7 > 0. Here n = [t/7] 4+ 1, where [z]
denotes the integer part of = > 0.

Let 773 be the Hilbert space for the system S and 7% be the Hilbert space for the
the system Sy, for k=1,---, N. Then for K =0,1,---, N, the space .7, is a copy of the
one-mode boson Fock space .% with the vacuum vector 2 € .% and with densely defined
boson annihilation and (adjoint) creation operators: a and a*, defined by a Q2 = 0. The
total system S + Cy lives in the Hilbert space

N
AN = Ay @ Q) A, = FENT (1.1)

k=1
Here 1 is the unit operator on .%. In the space (1.1) we define operators
by =1®...01RaQ1®...01, 0, =1®..01lR®dQ1I®...01, (1.2)

where operator a, or a*, is the (k + 1)th factor in (1.2). Operators (1.2) formally satisfy
the Canonical Commutation Relations (CCR)

b, bl = Spwl,  [bebw] = [00.05] =0, kK =0,1,2,--- ,N. (1.3)

Hypothesis (H3): (Harmonic interaction) The time-dependent repeated interaction
described by (H2) is a piecewise constant operator in (1.1). It is the sum over n > 1 of
the bilinear forms in operators (1.2) in the space J% ® 2, :

Kn(t) = X[(n-1)7n7) (t) n (bgbn + b:bo) , n > 0. (14)

Here xz(z) is the characteristic function of the set Z.

1.2 The Model

For any N > 1 and t < N7, the self-adjoint Hamiltonian Hy(¢) of the non-autonomous
system S 4 Cy is defined in the space (1.1) as the sum of Hamiltonians corresponding the
systems S, Sy and interaction (1.4) [TZ]:

Hy(t) == Hs + Y (Hs, + Ki(t)) (1.5)

k=1

N N
= Ebjby + €Y bibi + 10> X(e—tyrr)(t) (Bibr + bibo) .
k=1 k=1



Hypothesis (H4):(Semi-boundedness) To keep the self-adjoint Hamiltonian (1.5) semi-
bounded from below we suppose that £, e > 0 and we impose the condition

n* < Fe. (1.6)

By virtue of (1.4), (1.5) only S, interacts with S for t € [(n — 1)7,n7), n > 1, i.e. the
system S 4 Cy is autonomous on this time-interval with self-adjoint Hamiltonian

N
H, := Ebgby + € Y bty +n(bjbn + bibo) , n < N . (L.7)
k=1

Note that there exists a CCR-preserving linear transformation, which diagonalise (1.7):

N

ﬁn =g Cyco + €1 ¢1C1 + Z ERCLCE - (1.8)
k=2
Here ey = ... =cy = ¢, and g9 := 3[(E+¢€) £ /(E —€)2 + 412] > 0 by (H4).

The next key lemma follows from the harmonic structure of the Hamiltonian (1.7).

Lemma 1.1 For j=0,1,2,...,N andn=1,2,..., N, one gets

N N

e pye M = N (U () by, @be e = ST (U () b (1.9)
k=0 k=0
N N

e by ettn =N (U ()b e e =N (O ()b, (1.10)
k=0 k=0

fort > 0. Here U,(t) and V,,(t) are (N+1)x (N +1) matrices related by U, (t) := €'V, (t),
where

g(t)z(t) oo + g(t)w(t) On (J=0)
(Va(®))jr == § 9(Ow(t) oko + g(H)2(=1) O (j=n) (1.11)
5 (otherwise) |
and
B2 2um sin (E—¢€?
g(t) := , w(t): N T t — +n?, (1.12)
z(t) := cost @ +n? + \/(EZ(—E;;—?— o sint @ +n?. (1.13)

Remark 1.2 Note that by definitions (1.12) and (1.13), we get |z(t)|* + |w(t)]* = 1,
z(—=t) = 2(t) and w(t) = —w(t). Therefore, the matrix

2(t)  w(t)

w(t) z(—t)

is unitary. For N =1, one gets M(t) = g(t)Vi(t), see (1.11). Moreover, (1.9) and (1.10)
imply that {V,,(t) hier and {U,(t) hier are in fact one-parameter groups of (N+1) x (N+1)
unitary matrices.

M(t) =



Proof (of Lemma 1.1 ): Let {J,}Y_, and {X,,})_; be (N+1) x (N +1) Hermitian matrices
given by

1 (j=k=0or j=k=n)
)ik = , 1.14
( )]k {O otherwise ( )
(E—e)/2  (j,k)=1(0,0)
n (4, k) = (n,0)
\0 otherwise
We define the matrices
E —
Yn::eI+T€Jn+Xn (n=1,...,N), (1.16)

where [ is the (N + 1) x (V4 1) identity matrix. Then Hamiltonian (1.7) takes the form

N
Hy =Y (Yo)ubbr - (1.17)

J,k=0

Since Y,, is Hermitian, there exists a diagonal matrix A and unitary mapping U,, : RV —
[RN 1 such that Y, = U} AU, holds. Recall that after canonical transformation the matrix
{Aw Nizo = {0ij € }1— (1.8) is universal and independent of n. The new operators:

N

N
;=Y Un)ir b, => Un)x by (j=0,1,....N), (1.18)

k=0 k=0

satisfy CCR in the space ™) (1.1) and diagonalise (1.17): H, = Z] o \jjcicj, where
Aj; = &; (1.8). Therefore, the set of all eigenvectors of H,, is

®..00|n ez, (j:O,l,...,N)}. (1.19)

Note that it forms a complete orthonormal basis in s#™). The linear envelope %(N)

the set (1.19) is invariant subspace for transformations e'tfln and its norm-closure coincides
with ™). Then by (1.18) one gets on vectors (1.19):

itH, . —itHp —itA

3 AE w —ithT A
e"ireje =e Mic;,  eMnctemn = ¢t

. i3 o*
C]€ Cj .

Now taking into account canonical transformation (1.18), we obtain

N

itHyy —itHn _ * itH —itH.

e inhe i = g (Uy) k™ mee 0
k=0

5



N N N

= Z (Uy) e N (U ) rabr = Z (64‘5“5[‘“” A Z ) by (1.20)

k,1=0 1=0 1=0
Similarly we obtain efnpre=ittn = SV (e*itYn)jlbz‘ :
Note that by virtue of (1.14), (1.15), one has identities
E — 2
Xfl = (% + 7}2) J, and J, X, =X,
Together with definition (1.16) and (1.11), they yield

eitYn — eite <[ _ Jn + eit(E J COS t\/— (121)

E— 2 -1/2
+iX, [% + 7)2} sin ¢ (s + n? ) ="V, (1) = Uy,(2).
Inserting now (1.21) into (1.20), we prove (1. ) Since U, (t)* = U,(—t), one can similarly
establish (1.10). O

Remark 1.3 Hereafter, we are going to use the short-hand notations:
g:=9(7), w:=w(7), z:=2(1) and V,, =V, (1), U, :=U,(71) . (1.22)

In Section 2, we give explicit description of the Hamiltonian dynamics for the non-
autonomous system S + C driven by harmonic repeated interactions (H3). We show
that our model of bosons (1.5) is a quasi-free W*-dynamical system. In Section 3 we
recall formulae for the entropy of the CCR quasi-free states. We use them in Section 4
for calculations of the entropy production. Section 5 is dedicated to analysis of reduced
dynamics of subsystems, of their correlations and of convergence to equilibrium. We prove
a universality of the short-time interaction limit of this dynamics for the subsystem S.

2 Hamiltonian Dynamics

A well-known way to avoid the problem of evolution of unbounded creation-annihilation
operators is to construct dynamics of the subsystem S on the unital Weyl CCR C*-algebra

o (F), see e.g. [AJP1] (Lectures 4 and 5), [BR2]. Here o7 (%) is generated on the Fock
space .# as the operator-norm closure of the linear span 47, of the Weyl operator system:

{#(a) = ¥V} e (2.1)

Here ®(a) := aa + aa* is a self-adjoint operator with domain in .# and the CCR take
then the Weyl form:

W) W(as) = e Mm@02)/2 oy 4 ay) , aq,a € C . (2.2)



Note that o/ (%) is a minimal C*-algebra, which contains the linear span <, of the
Weyl operator system (2.1). Algebra o/ (.%) is contained in the unital C*-algebra L(.%)
of all bounded operators on .%.

Similarly we define the Weyl C*-algebra o7 () C L() over S = AN (1.1). It
is appropriate for description the system & + C. This algebra is generated by operators

= @), ¢={GHo,eC N1 (2.3)

N
k=0

Using definitions of the boson operators {by, b; }5_, and of the sesquilinear forms

N N
by = Gl (O =D Gby (2.4)
=0 =0
the Weyl operators (2.3) can be rewritten as

W (¢) = expli((¢,b) + (b,C))/v2] . (2.5)

We denote by €1 (.%) C L(F), the set of all trace-class operators on .#. A self-adjoint,
non-negative operator p € €;(.#) with unit trace is called density matriz. The state w,(-)
generated on the C*-algebra of bounded operators L(#) by p :

wo(A) :=Trz(pA), AecL(F), (2.6)

is a normal state. Let {pi}1_, be density matrices on .#. Then the normal product-state
on the C*-algebra o7 (##) (isometrically isomorphic to the tensor product @5 _ o7 (F)) is

wee (+) 7= Troe(p® - ), p% = @opr - (2.7)

If we put Cy(a) := Trg[p,w(a)], a € C, then by (2.3) one obtains for p® (2.7) the
representation:

w,e (W (C)) := Tru[p Hck ) - (2.8)

Let o € €(#) be a density matrix on 7. Then for the system S+C, the Hamiltonian
evolution T} : o — p(t) of initial density matrix o(0) := o is defined as a solution of the
Cauchy problem for the non-autonomous Liouville equation

deo(t) = L(t)(e(t)) , ot)|_,=¢- (2.9)
By virtue of (1.7) the equation (2.9) is autonomous for each of the interval [(n —1)7, n7):
Lt)(:)=Ln()=—ilH,, -], te[n—1r,nt),n=1. (2.10)

Since any ¢ > 0 has the representation:

t:=nt)Tr+v(t), n(t):=[t/r] and v(t) €[0,7), (2.11)

7



by the Markovian independence of generators (2.10), the trace-norm (|| - ||;)-continuous
solution of the Cauchy problem (2.9) [Za] takes the iterative form:

Q(t) = E(Q) = u(t),n(TT,n—l(' - TT,l(Q) - )) = (212)

e*il/(t)HnefiTHn_l o e*iTng eiTHl o eiTHn_leil/(t)Hn )

Here ¢t € [(n—1)7,n7), n = n(t) < N. By the || - ||;-continuity we obtain from (2.12) that
o(NT —0) = o(N7T) = Tyr(0) = e THN | 7T gimH1 | iTHN, (2.13)

Note that equivalent and often more convenient description of density matrices evolu-
tion (2.12) is the dual dynamics T} : L(H) — L(FH):

wri(g)(A) = Trr(Ti(0) A) =: Trw (o T7 (A)), for (0, A) € &(F) x L(A).  (2.14)

Since t — Ti(p) is || - ||1-continuous and since L(7¢) is topologically dual of & (.7), one
gets that t — T7(A) in (2.14) is a one-parameter *-automorphism of the unital C*-algebra
of bounded operators £(.7). The automorphism of the C*-dynamical system (L£(.5), T}")
is not time-continuous for bosons. To ensure the continuity of 7" one considers instead of
the C*-algebra o7 () C L(F€), the von Neumann algebra 9t(.7#), which is closure of the
Weyl linear span <7, generated by (2.1), (2.3) in the weak*-topology. Since it is weaker
than C*-algebra topology, 9 (s#) is #-isomorphic to L£(.7). Then || - ||;-continuity of
Ti(p) implies continuity of the dual mapping ¢ — T, (A) in the weak*-topology on 9(.72)
and defines a W*-dynamical system (9(.5), T)), see e.g. [AJP1] (Lectures 2 and 4).

Remark 2.1 Below we show that T} maps </ () into itself, and that the action of T}
on Weyl operators can be calculated in the explicit form. Since of () is x-weakly dense
in L(F), these allow to deduce properties of evolution p(t).

Using (2.13) and dual representation (2.14), we prove the main result of this section.

Lemma 2.2 Fort = N, the expectation (2.8) of the Weyl operator (2.5) with respect to
the evolved state has the form

e (W(O) =W (U Ux ) = T[T Uy Q). (215)
Here -
(Ur...Un Co=e™"((92)"¢o + igw(gzy‘l G) s (2.16)
whereas .
(U1 ... Un QO =™ (gw(92)" "¢ + g2 + i gw(gz)’"1¢) (2.17)
j=ht1

for0 <k < N, and ‘
(Ul...UN C)NZGZNTe(ngO+92CN) s (218)
see definitions (1.12) and (1.13).



Proof : Note that (2.8), (2.13) and duality (2.14) yield
wpin (W(Q)) = Trplp T (W(O)] = Trlp e7H1 . TN (¢)eirH _emiri]

= Try[p W(U; ... Uy )] Hck L Un O) (2.19)

To generate the mapping ( — U;...Uyx( in (2.19), we use Lemma 1.1 and sesquilinear
forms (2.4) to obtain

eI THN (¢ Bye TN Tt (¢ U3 US) (220)
= <U1UN §7b>

and the similar expression for its conjugate, which we then insert into (2.5).
Moreover, by the same Lemma 1.1, we get that U, ... Uy ¢ = NV, ... Vy ¢, where

(Vi)oo - - - (Vn)oo = (g2)N (1=0)
(Voo - - (Vicn)oo(Vi)os (Vigr)js- - - (Vw)gs = (92)'gw (0 <j < N),

and for 0 < k£ < N:

(Vi VN)ojs {

Vi Ve )i (Vi) ko (Viess - - - Vv)oo = gw(gz)¥ =" (j=0)
0 (0<j<k)
Vi Ve = § (Vi Ve Do (Vi ) ek (Vin -+ Vv = g2 (J=k)
V1 Ve )k (Vi) ko (Ve - - Viz)oo(Vi)og (Visr - - - Vi) i
\ = gu(gz) " lgw (k<j<N).

Collecting these formulae, one obtains explicit expressions for components (2.16) and
(2.17) of the vector Uy ... Ux (. O

Remark 2.3 Note that for a fited N and for anyt = m7, 1 < m < N, the arguments of
Lemma 2.2 give a general formula

Wp(mr)(W(C)) = wp(T* (W(Q)) = w,(W(U: ... Un Q)

= HCk((U1 o Un Ok) - (2.21)

Following the same line of reasoning as for (2.17) one obtains explicit formulae for the
components {(Uy ... Up Or}icy:

(Uy...Up O =

e ((g2)"Co + Y1y gw(gz)’ ! () (k= )

e (guw(g2)™* o + g2C + Xy 97w (g2) T IG) (T <k <m)
e (gwo + 92Gm) (k= )
e C, (m <k <N)

Note that for m = N, these formulae coincide with (2.16)-(2.18), except the last line,
which 1s void in this case.



Remark 2.4 Recall that unity preserving x-dynamics t — 17 on the von Neumann
algebra M(A) generated by {W(()}eec (2.5) is quasi-free, if there exist a mapping
U : ¢ — U and a complez-valued function € : ¢ — Q(C), such that

I;(W(Q) = u(QW(UKC) , Qo=1, Uy=1, (2.22)
see e.q., [AJP1], [BR2] or [Ve|. Then by Remark 2.3, the step-wise dynamics
g [ y y
T (W()=W(U,...U, (), m=20,1,...,N

is quasi-free, with Q,(¢) = 1 and the matrices {U;}}L, on CN*! defined by Lemma 1.1.

3 Entropy of Quasi-Free States on CCR (C*-Algebras

In this section, we establish some useful formulae relating expectations of the Weyl op-
erators (Weyl characteristic function) and the entropy of boson quasi-free states. We
formulate them in a way that is restricted but sufficient for our purposes. For general
settings see, e.g. [Fal, [AJP1], [BR2], [Ve] and references therein.

Definition 3.1 A state w on the CCR C*-algebra </ (F) (2.1) is called quasi-free, if its
characteristic function has the form

w(@()) == e~ lelP=zhe) (3.1)

where h @ a — ﬁ(a, a) is a (closable) non-negative sesquilinear form on CxC. A quasi-free
state w is gauge-invariant if w(w(a)) = w(W(e¥a)) for ¢ € [0,27).

Let wp denote the Gibbs state with parameter J (dimensionless inverse temperature)
given by the density matrix p(3) = e=#7?/Z(3), where Z(3) = (1 — e #)~L. Since

ws(W()) = e aleP=zhel@)  po(a) = . aeC, (3.2)

this state is quasi-free and gauge-invariant. Note that the entropy of wg is given by

s(8) == —Trz[p(B8) Inp(B)] = Bwg(a*a) —In(1 — e™?) and wg(a*a) = 651— T (3.3)

In terms of the variable z := (1 +¢#)/(1 — e¢?) the entropy (3.3) is

_:1:+1

S(8) = o(x) = a:—i—l_a:—l rz—1

5 In 5 5 In 5 (3.4)

Here o : (1,00) — (0,00) and o’(z) > 0.
To extend (3.4) to the space (1.1) we note that a general gauge-invariant quasi-free
states on the CCR C*-algebra o7 () are defined by density matrices of the form [Ve]:

1

7 e” b 7 = det[I — e’L]_l : (3.5)

PL =

10



Here sesquilinear operator-valued forms (b, Lb) = ZnN,m:o lpm b by, are parameterised by

(N +1) x (N + 1) positive-definite Hermitian matrix L = {ly,, }o<nm<n. Note that the
x-automorphism G, on &7 (s¢) (the gauge transformation) :

Gy bl b5e™®, by, = bpe™ ™ (peR, n,m=0,1,...N) , (3.6)

leaves the state (3.5) invariant. Then characteristic function of the Weyl operators W (()
takes the form

G (W(O) = TeelorW(O) = exp [~ 100 — 2 (60 (37

Here the (transposed) vector in the argument is (™ = ((o, (1, ... C(v) € CVFL. Note that
the entropy of the state w,, is given by
S(pr) = —TrplprInpr] = trexva [Le” =)™ —In(l —e )] . (3.8)

If we define the matrix X := (I + e *)(I — e *)7' | then the characteristic function
(3.7) takes the form:

1
o, (W(Q)) = exp [ = 2{(, X Q)] (3.9)
and for the entropy (3.8) we obtain

X+1I X+1 X-1 X-1I
S(pL)—tr[ 5 In T T }

Below we need a bit more specified set up than (3.9), (3.10). Let p(3,0;¢) be density
matrix of a quasi-free state (3.5) corresponding to the operator-valued sesquilinear form

(3.10)

(b, L(B,6;£)b) :== B> bibn 4 6(b,€) (€, b). (3.11)

on CN*T1 x CN*1. Here > 0, § > —f3, and the vector £ = (&, &, ..., &y) € CVTL .

Lemma 3.2 The partition function of the state
1
,0,6)=————exp | — (b, L(3,0;£)b)| ,
p(8.0:6) = a5y @b [ = (b.L(8,5:6))]

s given by
Z(8,6:€) = Tryple”BHOBM] = (1 = )N (1 — =G (319)
The characteristic function and the entropy of this state are respectively:

1 14+e” (
4 1—eF
L/1+e P08 1 4eh

xexp [ - 7 (T — 75 16 O/ 0] | (3.13)

Troe[p(B,6: )W (C)] = exp [ — ¢ Q)]

and

S(p(B,6;8)) = =Trore[p(8,6;€) Inp(B,6; )] = Ns(B) + s(6+6(¢,€)) - (3.14)

11



Proof : Proof of (3.12) follows from (3.5) and (3.11). Indeed, since by (3.5) any orthogonal
transformation O on CV*! leaves the partition function invariant: Zpr,o = Z;, one can
calculate it with O¢ (instead of &), where O¢ has only one non-zero component equals
to the vector norm (¢,£)!/2. Then the right-hand side of (3.12) follows straightforwardly
from the calculation of the left-hand side for this choice of O€.

Since this transformation O also diagonalise the matrix L := L(f3, J; &), one uses it to
simplify (3.9) and then to return back to £ at the last step. To this aim we note that

2 (W(Q)) = exp [~ {0, 0XO"0)] = (3.15)

1 14 e P08

1 1+e? ,
<OC70C> } €xp [— 1 WKOC)O‘Q} .

41—¢h

exp [ -

Here (OC, OC) = fozl [(O¢)x|* and we choose transformation O in such a way that
(0€); = 6o;l€]|. Since

1

(€,€)
the identities (3.15) prove (3.13). The same method is valid for entropy (3.8). Calculation
of the trace in diagonal representation for L = L(f, J; &) gives formula (3.14). O

Recall that the state w on the CCR C*-algebra 7 (J¢) is regular, if the map s —
w(W(s()) is a continuous function of s € R for any ¢ € C¥*1. This property follows from
the explicit expression (3.13). Since by the Araki-Segal theorem, see e.g. [AJP1](Lecture
5), a regular state is completely defined by its characteristic function, (3.13) and (3.14)
yield the following statement.

Lemma 3.3 The entropy S(p) of the quasi-free state w, on the CCR C*-algebra o7 ()
with characteristic function

wp(W(Q) = exp [ = ({6, ) + ol{E, OP)] (3.17)

is uniquely determined by the parameters (&, x,xy), where & € CNTY
x>1, xg >1—2x and it has the form

S(p) = No(z) + o(x +20(&,6)) (3.18)
where o(-) is defined by (3.4).
Proof : The proof follows directly from definition (3.4), if one puts

1O s
20{88) = T ies T 1_o

in (3.13) and uses (3.4) in (3.14). O

12



4 Repeated Perturbations and Entropy Production

We consider evolution (2.12) of the system S+ C, when initial density matrix (2.7) corre-
sponds to the product of gauge-invariant Gibbs quasi-free states with parameter 5, > 0
for § and with parameter 8 > 0 for C:

N
p:p0®®pk ) pO:eiBOO‘*a/Z<60) ) pkzeiﬁa*a/z(/ﬁ) ) k= 1727"'7N . (41>
k=1

This case corresponds to py, in (3.5) with diagonal matrix L = diag(f, 5, ..., ) and to
p(B,5;€) in representation (3.11) with (8,8;) = (8, fo — i), Le.

N
p=p(B.Bo— Bie) = exp [ — Pobybo — B Y bb;]/Z(B, 50— B) . (4.2)
j=1

Here e = (1,0,...,0) € CN*! and

Z(ﬁaﬁo - 5) = Z(ﬁo)z(ﬁ)N = (1 — 650)11 _ e*B)N'

A straightforward application of formulae (3.13), (3.14) and Lemma 3.2 for £ = e (i.e. for
(£,6) =1, (£,¢) = (p) to the state (4.1) (or (4.2)), yields the following statement:

Lemma 4.1 The characteristic function of (4.1) (or (4.2)) is

wp(W(C)) = Trowlp W(C)] = (4.3)

[_ |Gol® (1 teho 1 +65) GO+
P 4 \1—e P 1—¢h 4 1—ePl’
and the entropy is equal to
S(p) = Ns(8) + () . (4.4

Since by (2.12) the density matrix p(t) of the total system S +C for t = N7 is
p(NT) = e TN it g eitth  gimHn (4.5)
we obtain for evolution of the characteristic function and the entropy the statement:

Lemma 4.2 Characteristic function of the state with density matriz (4.5) is equal to

wovr) (W(C)) = (4.6)
|(Uy ... UnC)ol? (1 +e o B 1+€6> GOl +€6]
4 l—ebPo 1—eF 4 1—ehl7

exp | —

whereas the total entropy rests invariant:

S(p(NT)) = 5(p) = Ns(3) + s(bo) -
Here the mapping Uy ... Uy : CNTL — CN*L s given by (2.16) and (2.17).

13



Proof : From (2.15), one gets wyn-)(W(¢)) = w,(W (U, ...Uy ()). Since the mappings
Uj : CNT1 — €N+ j=1,..., N are unitary (Lemma 2.2), (4.3) yields (4.6). Finally, we
obtain that the mapping (4.5) leaves the total entropy (4.4) invariant, see (3.3). O

Let w and wy be two normal states on the Weyl CCR algebra o7 (#) with density
matrices ¢ and gp. Following Araki [Arl], we introduce the relative entropy of the state
w with respect to wy:

Ent(o|go) := Trz[o(ln o —1ng)] >0, (4.7)
see also [AJP3].

Lemma 4.3 The relative entropy of w,n-) with respect to w), is

(Bo — B) (e — €P)
(" — (@~ 1)

where z := z(1) is defined by (1.13) and (1.22).
Proof : The trace cyclicity yields
Ent(p(NT)|p) = Tr[p(NT)(In p(NT) — In p)] (4.9)

= Tr,;f [p(lnp — €iTH1 R eiTHN In pe_iTHN . _e—iTH1>]

Ent(p(N7)|p) = (1= 2, (48)

B — Bo —Bobibo—B N b*b; irH irH —iTH —iTH
= 2 Ty, [ePobibo=Biibibi (prp, — et eitHNpEp e TTHN | emitHLY)
26,57 *(Bibo % )
Note that one gets bjby = (b, e)(e,b) by (2.4). Hence, (2.20) implies

N N
et eI b TN eI SNy Uy e) by Y (U Uy €)y by (4.10)
k=0 k'=0

Note also that the gauge invariance of the state p implies the selection rule:

1 N
Ty [ePobbo—B=a b5l iy, 1 =0 for k£ K. 4.11

By this rule after injection of (4.10) into (4.9) only diagonal terms with k& = k" survive in
the expectation:

Ent(p(NT)|p) =

B — Bo —Bobibo—B 0N, b%b; : 2: U
Z(B,ﬁo - ﬁ) o [6 | N€ | g k)}

Finally, by Lemma 2.2, (2.16), (2.17), and by (3.3), we obtain

Ent(p(N7)|p) =
N
% T [ Pobbo =8 25505505 (1 — | 2|2V )by — ; w2 bibr))]

~ (Bo—B) (e —eP)
GRS

that proves (4.8). O

(1—1=")
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Remark 4.4 The relative entropy defined by (4.7) is non-negative. In contrast to invari-
ant total entropy (Lemma 4.2), the relative entropy (4.8) is increasing monotonously with
N — oo for |z| <1 (see Lemma 1.1, Remark 1.2). It converges to the limit:

N—oo efo —1 eB_1

i Ent(p(Vr)lp) = (5 - 60 | 5 - g | 20, (112)

which is positive for By # B. The limit (4.12) gives asymptotic amount of the entropy
production, when one starts with the initial state corresponding to (4.1) and then consider
Nt — o0, see [BJM].

5 Evolution of Subsystems

5.1 Convergence to Equilibrium

Subsystem S. We start with the simplest subsystem S. Let the initial state of the
total system S + C in (1.1) be a tensor-product of the corresponding density matrices
p = ps @ pc, see (H1). Then for t > 0 the state w5(+) of the subsystem S is given on the
Weyl C*-algebra o7 (7)) by

W) = (- © 1) (5.1
For ¢ = (a,0,...,0) € CN*L let us consider the Weyl operator W(¢) = #(a)®1®...®1
(2.3). By virtue of (2.8), (2.21) and (5.1), we obtain for t =m7 (1 <m < N ):

ws'" (W(a)) = Womn) (W(C)) = w,(W(Us... Un ()) - (5.2)

Then for components {(U; ... U, ()}, of the vector Uy ...U,, ¢ in (5.2), one obtains
the expression:

eimﬂ-e(gz)ma (k — 0)
e g ()™ Fa 1<k<m
(Ur.. Up Q=4 C aul92) 1<k <m) (5.3)
e gua (k=m)
0 (m<k<N),

which follows from Remark 2.3.
If the initial density matrices: p = pg ® pc corresponds to the product of Gibbs
quasi-free states for different temperatures as in (4.1), then (5.2) and Lemmad4.1 yield

WET(@(a)) = exp (5.4)

la)?1+e?  [zmal® [1+e P 14eP ]
4 1—eF 4 l—ePo 1—eh

Note that for any moment ¢t = m7 the state wd7(-) is a quasi-free Gibbs equilibrium state
with parameter §*(m7) which satisfies the equation

1 — e—B*(mr)

1+ o—B*(m7) ‘z|2m 1+ e—Po 1+ e B
1 _

—5 + (1— |z\2m)1 — (5.5)
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This equation yields that either § < g*(m7) < By, or 5y < f*(m7) < .
For m — oo (N — o0) the Weyl characteristic function (5.4) has the limit

al?l+e?
lim wd™ (w(a)) = exp _ a1 ] (5.6)

m—00 4 1—e P

Hence, in the limit ¢ — oo the subsystem S evolves from the Gibbs equilibrium state with
parameter [y to another equilibrium state with parameter 3 imposed by the chain C.

Subsystemn S;. The initial state w$ () = w, (+)|i=o of this subsystem corresponds to a one-
point reduced density matrix or to the partial trace on the CCR Weyl algebra o7 (74]):

lof*1+e 5]

11 o7 (5.7)

W2, ((0)) = w,(1® @ @@1 [

Now we choose vector (1) := (0,,0,...,0) € CN*!. Then

W (W(cr)) = Womr) (W (D)) = Wpsepe (W (U1 ... U ¢V)) (5-8)
for 1 < m < N. By Remark 2.3, the components {(U; ... U,, (V). }_, are:

zm’regwa (k — D)
(Uy...Un Q=R ¢€"019za (1 <k<m) (5.9)
0 (m <k <N)

Then, we have

wg" (w(ar)) = exp (5.10)

la)?1+e?  |wal? [14+e P 14eF }
4 1—e8 4 l—ebfo 1T—ePh

for any 1 < m < N. Therefore, the initial state (5.7) changes to (5.10) after the first act
of interaction on the interval [0, 7) and there is no further evolution of this state for ¢ > 7.

Note that (5.10) is characteristic function of a quasi-free Gibbs equilibrium state with
parameter %, which satisfies the equation

1+e? o1 +e o 1+e?
T—er — e TP -

Again, this equation implies that either § < g* < g, or Gy < 5* < .

Evolution of & has a transparent interpretation: after the one act of interaction
during the time ¢ € [0, 7), subsystem S; relaxes to an intermediate equilibrium with the
subsystem S. This results in a shift of initial parameter § to £*, which rests unchangeable
since there is no perturbations of subsystem &; for ¢ > 7.

Subsystem S,,. For 1 < m < N the initial state wg (-) = w5 (-)|=0 of this subsystem is
defined on the CCR Weyl algebra o7 (7%,,) by the partial trace :

W, (@) =w,(R1ed@) @ X 1)=eop [— =il (5.11)
k=0 k=m+1
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Now we choose vector (™) := (0,...,0,a,0,...,0) € C¥* where a occupies the m +1
position. Consequently

WET(@(a)) = Wpmr) (W (™)) = Wpsape (W (UL Un (™)) (5.12)
The components {(U; ... U,, (™)}, are:

e gu(g2)" (k= 0)
zmTe 2w2 kala 1<k<m
gz, (k=m)
0 (m <k <N).

which again follows from Remark 2.3. Then evolution of the state of subsystem §,, is:
wg, (W(r)) = (5.14)
|a|21+e*5 lwa? 22D <1+e Bo 1+65)}

exp[— 4 1—eB 4 l—ePo 1—eh

Note that interaction for ¢t € [(m — 1)7,m7) push out the subsystem S,, from the
Gibbs equilibrium state (5.11), but its effect attenuates for large m:

lim wg™(W(a)) = exp
m—0o0

[_@”6_6] , (5.15)

4 1—eh
Again, this is evolution of a quasi-free Gibbs equilibrium state with time-dependent inverse
temperature parameter 5**(m7), which satisfies the equation

1+e?
l—e P
As above, the value of the parameter 5**(mr) is always between (3, and f.
To interpret the evolution of S, and the coincidence between (5.15) and (5.6) note
that the state of the subsystem S relaxes to that of initial state of the chain C, see

(5.6). Therefore, after interaction of the subsystem S,,, i.e. at the moment ¢ = mr, its
parameter §**(m7) has a value between § and 5*((m — 1)7) since (5.5) and (5.16) yield

1 4 B )

pylde®
1 — = B**(m7)

121 12(m _ap|2]5]2(m=1)
= |wl[*|z] T + (L= w7 ) (5.16)

14 P |w‘21 4 =B ((m=1)7) (1= ) 1+4e b
1 — e B**(m7) 1 — =B ((m=1)7) 1—eB°
As in the case m = 1, there is no further evolution: wg’ = wg'™ for n > m.

Next, we con51der the composed subsystems S + S, and S,,,_,, + S,,,. Our aim is to
study the eventual correlations imposed by repeated perturbations due to S.

Subsystem S + S,,. For 1 < m < N the initial state w3, s (-) = wh, s (-)li=o0 of this

composed subsystem is defined by the partial trace on the Weyl C*-algebra o7 (74 ®74;,) ~
oA () @ o () by:

s, (B(00) ® Blan)) = wy(@(00) ® Q1@ D) @ X 1)

B |a0\21+65°] [_ \a1|21+65]

- 4 1—emTP 4 1—eh

(5.17)
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This is the characteristic function of the product state corresponding to two isolated sys-

tems with different temperatures. If one defines vector (¢(%™)" := (ag,0,...,0,1,0,...,0) €

CN*! where a; occupies the m + 1 position, then
Wi, (W(an) @ @) = Womn) (W (™)) = wWpsepe (W (U1 ... Un ¢O™)) . (5.18)

The components {(U; ... U,, (™)} are deduced from Remark 2.3:

eme (gz)m1 [gz ap + gw ay], (k=0)
TmTe m—k—1 2 2 1 < k<
(U1 . Up ™), = ‘ (92) g_[wz o +wian, m) (5.19)
e [gw o + 9Z ], (k=m)
0 (m <k <N).
Together with (2.8), one gets for m — oo:
ws'ls,, (W(an) ® wlay)) (5.20)
1 1 —Bo
= exp [— Z\zao + wa1|2\z|2(mfl) ; j 2—50}
1 1+e? 1 1+e?
exp [~ oo+ wan (1 = o) e [ =Yg + 20
1 2 o lt+e”
— exp | = Z(laof* + o) ] -

Hence, in this limit the composed subsystem S + S,,, evolves from the product of two
quasi-free equilibrium states (5.17) with different parameters 3y and g to the product of
quasi-free equilibrium states for the same parameter § imposed by repeated interaction
with the chain C, when m — oo. Interpretation is similar to the case Subsystem S,,.

Subsystem S,,—n + S We suppose that 1 < (m —n) < m < N. Then the initial state
ws, s, (+)]i=o of this composed subsystem is the partial trace over the Weyl C*-algebra

A (K —n @ Hon) = A (I ) @ A (H):

Wyt (D7) ® () = (5.21)
m—n—1 m—1 N
w( Q) 1ed)® K 1eda)e K) 1)=
k=0 k=m—n+1 k=m-+1
[ \a1|21+65] [ \a2|21+65]
— X _— J—
P 4 1—e b 4 1—e b

This is the characteristic function of the product state corresponding to two isolated
systems with the same temperatures.

We define vector (¢(m=m)" .= (0,0,...,0,0a1,0,...,0,0,0,...,0) € CN*! where
a1 occupies the m — n + 1 position, and as occupies the m + 1 position, then

wsT s (W(an) @ W(ag)) = (5.22)
wp(mr)(W(C(m*mm))) — wps@pc(W(Ul U, C(mfn,m)» .
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With help of Remark 2.3 we can calculate the values of components {(Uj ... U, ("= m), 1N

(Uy ... Uy, Cmmmm)y, = (5.23)
(7 (g2)" ! gwlan + (g2)"as)] (k= 0)
zmTe [g w (gz)m—n—k—l ay +92w2(92’)m_k_1 Ozg] (1 E<m— TL)
_J e gz an + gPw? (g2)" T (k=m—n)
e g2w? (g2)™ L ay (m—n<k<m)
zmTe gZOéQ (k:m)
L0 (m<k<N)
When m — oo, then for any fixed n we obtain for (5.22):
W s (W(ar) ® W(a)) (5.24)
1 1 —Bo
= exp [ = gluPlas + (g2)" a2 ) ]
1 I 1+e?
xexp [ = 7{lwf(1 = |27 D) + |2} ou [P |
1 — 14+e™
cexp [ = (1= )y P
1 1
—s exp [ = 7l + Jasf?) 1 Z,ﬁ}

Therefore, in this limit, the composed subsystem S,,_,, + S,, evolves from the initial
product of two quasi-free equilibrium states (5.21) to the same final state, although for a
finite m the evolution (5.24) is nontrivial. This again easily understandable taking into
account our analysis of Subsystem S, and Subsystem S + S,,,.

Consider now the case of a fized s := m —n > 1. Then the limit in (5.24) is

Jim W, ((0) © () = (5.25)

1 . l+e P 14eP
— exp [ - Hluf2)f 1>|a1|2{ -

l—eho 1—¢ebh

21+e 1, ,l+e?
X exp [— — oy | }exp [— — || ]

—e B 4 1—e b
21+e B (s7) 1, ,1+e?
= oxp [ gl T e [~ gl

where (**(s7) verifies equation (5.16). Hence, in this case the limit state (5.25) is the
product of quasi-free Gibbs states with different parameters 5**(s7) and §. This means
that subsystem S; keeps a memory about perturbation at the moment ¢ = s7, when the
parameter 5*(s7) (5.5) of subsystem S was still different from .

Note that (5.25) coincides with the product state (5.21) when s — 0.
Subsystem S..,,. To define S.,, for 0 < n < k < N, we divide the total system at the
moment ¢t = k7 into two subsystems: S, i + C, . Here

Sok =S+Sk+ S+ +Skeni1 s (Sok i =38), (5.26)
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whereas (see definitions in Section 1.1)
Co =SSN+ +S1+Skn+-+51 . (5.27)

We mean that S.,, is an entire “object” whose entity is S, at the moment ¢ = k7
(k=n,n+1,---,N ). As time is running, the elementary subsystems Sy in S.,, are
replacing. We study the behaviour of S.,, for large ¢t = k7, i.e., the k-dependence of the
“state” of S, at t = k7.

For any fixed ¢t = k7 we can decompose the Hilbert space J# into tensor product
H = A, @ H,. . Here 5, is the Hilbert space of subsystem (5.26) and 7. corresponds
to subsystem (5.27):

n k—n N
A= A0 Q) A, A= QM2 Q) A (5.28)
j=1

j=1 j=k+1

For a density matrix ¢ on ¢, we introduce the reduced density matrix o5 on J¢, as
the partial trace over 7.
0s :=Trpo . (5.29)

To avoid a possible confusion causing by the fact that all 7}, j = 0,1, ... are identical
to .# and by the change of components with time, we treat the Weyl algebra on the
subsystem and the corresponding reduced density matrix of p € €;() in the following
way. For n < N on the Fock space F®"*1) we consider the Weyl operator

Wi () = exp [zw’)—\/g@’o]7

where ¢ € C"*1, bo, - - - , b, and Z~)E§, e ,Z;;‘L are the annihilation and the creation operators
in F2(+1) satisfying the corresponding CCR, and

(5.30)

J=0 j=0

By 7 (Z®0t1) we denote the C* algebra generated by the Weyl operators (5.30). For
any subset J C {1,2,--- N}, we define the operation of taking the partial trace

R’ € (FEND) 5 p—s R p € ¢ (FEWNH1I-ID)
by

wrsp(Wa-121(€)) = wo (W (r,0)) -

Here the mapping
ry: CVNVl s ¢ p ¢ e OV

is defined by
Co (J=0)
(rs¢); =140 (j€J) ,

Ci-ltiesli<syl - (otherwise)
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where |A| denotes the cardinality of the set A.

Since all ¢, 74, - - - are identical to .%, we do not care to distinguish the spaces
Q 4 wi @
GE{0,1, N}\J FE{0,1,+ N}\J’
when J # J', but |.J| = |.J|, and consider them as the same space .Z®W+1=/) " Instead,

we pay attention to distinguishing projections

N
R4 @

for different subsets J C {1,2,---, N} with same |J|.

Since we treat S, at time t = k7 for k = n,n + 1,--- as the result of the time
evolution of a single subsystem S.,, we define its state at the moment ¢ = k7 by the
reduced density matrix {ps(k7)}rsn of this subsystem as follows:

ps(k?T) — R{l,---,k—n,k+1,~~~,N} (p(k?T)) _ R{l,---,k—n,k—l—l;u,N}TkT(p)’ (531)

see (2.12). Taking into account Lemma 4.2 and identity (r;¢,7;()env+1 = ((, () enii-ia,
one readily obtains the following result.

Lemma 5.1 For the initial density matriz (4.1),

Wog(kT) (Wn(g)) = wRJn,kp(kq—) (Wn(C))

|(U1---Uk7”Jn,kC)o|2<1+e50 B 1+65) {69 1+eB
4 l—ebo 1—ebh 4 1—eP
holds, where Jy = {1,2, -, k—n,k+1,--- N}

— e[ -

To study the limit & — oo and N — oo (kK < N) for a fixed n, we note that
(Ur...Uxry, .C)o — 0 follows from (2.16) and |2 < 1. Lemma 5.1 implies that

[_<C,C>1+e‘ﬁ N
4 1—eBl

lim w,, kr) (W (C)) = exp

k—o00

w e (Wa(CQ)) (5.32)
where by the Araki-Segal theorem and irreducibility of the CCR algebra <7 (.Z®"+1) one
has

A = exp [~ B BB/ 2(8) = (1 - ) (5.33)

Therefore, we proved the following statement:

Theorem 5.2 Let the initial state of the total system S + C is defined by the density
matriz (4.2): p = p(B, Bo — Bye). Then for any fixed n, the state w, - (-) of subsystem
Sn.i converges to the equilibrium Gibbs state wp(g)(-) as k — oo in the weak*-topology for

the states on of (FEr+D),
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Theorem 5.3 Under the same conditions as in Theorem 5.2, we obtain
lim S(ps(k7)) = S(p7) .
k—o00

Proof : Let the vector &, € C"*! be defined by (U;...Uyry, (o =: (&ur:¢). Then
(&n s Enk) — 0 as k — oo for a fixed n and by Lemma 3.3, Lemma 5.1, we obtain that

1+65> <1+65 1+e P 1+65)>
g

S(pu(kr)) = no (6t ) -

1—eh 1—eh l—ebo 1—eF
1+4+e P
1 ( ):S @)y
— (n+ Vo (=) = S()

O

Remark 5.4 The local entropy decreases or increases according to 3 > Py or f < o,
respectively.

5.2 A Short-Time Limit for Repeated Perturbations

The results in the Subsection 5.1 are essentially due explicit knowledge of the initial
density matrix (4.1) of the total system & 4 C. In this subsection, we show that the
lack of this information is not decisive for certain results concerning the convergence to
equilibrium if one considers the repeated interactions in a short-time limit.

We study this limit for the subsystem S. We keep to consider the initial state of the
system & + C to be a product state with the density matrix

N
p=po® ® pr € € () (5.34)

k=1

see (2.7), but we essentially relax the conditions on py and on {p; } ;:

(h1) pr=pa=-=py € C(F);
(h2) Trz(pia) = Trz(p1a®) = Trz(pa*) = Trz(pra*?) =0 ;
(h3) Trz[p1(a*a)?] < oo .

Remark 5.5 Note that hypothesis (h1)-(h3) are satisfied when the density matrices {px } o,
correspond to the gauge-invariant quasi-free states with parameter By for k=0 and S for
k=1,2,...,N, see (4.1). Then (h2) is due to the gauge invariance and one gets for (h3):

Trz[pp(a*a)’] = (203 + ng) | (5.35)
where ng = Trz(ppa*a) = (e = 1)71 k=1,...,N.

Below we denote by |ya* + ya| the operator originated from the polar decomposition
of the operator ya* + ya = U |ya* + ya|, where U is the partial isometry on .7.
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Lemma 5.6 Under hypothesis (h1)-(h3), the following bounds hold:

(i) Trz(pra*a) < oo,

(i) Tr 7 (prlya* + gal*) < Cly|?,
(iii) Trz(prlya* + gal*) < C'lyf?,
(iv) Tr 7 (prlya® + gal*) < C"[yl,

forallk =1,...,N. Here C,C",C" are positive constants, which depend only on Tr[p;(a*a)?].
Proof :  The first bound (i) is a consequence of the Cauchy-Schwarz inequality and (h3).
Applying the inequalities
A+ AP < |[A+ AP+ |A — A% 2 = 2(AA* + A*A),
A+ AP <A+ A 4 |[A— AP+ |A+iA )+ |A — AT
= 4(AA* + A*A)? + 4(A2A* + A2 A?),

to A = ya, we obtain (ii) and (iv). Finally, a combination of (ii), (iv) with the Cauchy-
Schwarz inequality yields (iii). O

Theorem 5.7 Let 7 — 0, N — 00 be short-time perturbation limit subject to demands:
72N — oo and N — 0. Then for any initial condition (5.34) verifying (h1)-(h3), the

A~

characteristic function wy7(w(0)) of the state for subsystem S at t = N7, converges to:

ws(@W(H) := lim w7 (0(0)) = (5.36)

7—0,N—00

i _ —10]?Trz[p1 (a*a+aa™)]/4
Tﬁéfﬁl_)oo%(Nr)(W(Ce)) e .

Here 0 € C and the (N + 1)-component vector is (¢p)™ := (6,0,0,...,0) € CN*L

Remark 5.8 By (5.56) the state w™ converges to ws in the weak*-topology. From the
right-hand side of (5.36) and Definition 3.1 we deduce that the limit state is gauge-
invariant and quasi-free with h(0) := |0]*> Tr z(p1 a*a).

Remark 5.9 Recall that the state w over the Weyl algebra </ (F) = <1,,(.F) is regular,
C™-smooth or analytic, if the function (see (2.1))

s = w(W(s0)) = w(e s2O/V2) (5.37)
15 respectively continuous, C™-smooth or analytic in the vicinity of s = 0. In the last case

the characteristic function w(w(s)) (and therefore the state) is completely determined by

w(i@(s0)) :exp{z Z’:rjm g-m/2 wT(@m(e))} . (5.38)

m=1

Here {wT(®™(0))}_, are truncated correlation functions defined recursively by relations
W' (2(0)) = w(2(0)) ,
W' (®(0)) = w(2*(9)) —w(®(0))* ,
Wl (®3(0)) == w(P3(0)) — 3w (P(0))w(P(0)) + 2w(P(H))?, etc

Lemma 5.6 implies that the states for density matrices p1 = ps = ... are C*-smooth.
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Proof (of Theorem 5.7): By (h2) and by Lemma 5.6 (i)-(iii) together with Remark 5.9,
we obtain for the states w(-) = w,, () the representation of (5.38) in the form:

Ci(60) = w,, (@(6)) = exp[—i WT (®2(0) + RO)] , k=1,2,....N, (5.39)

where R(0) = O(|0]%) in the vicinity of § = 0. For the self-adjoint operator ®(0) = fa+0a*,
the hypothesis (h2) and Lemma 5.6 (i) imply

wzk((IJQ(@)) = |0]* Tr#[px (a*a + aa®)] . (5.40)

Now, taking into account Lemma 2.2 for the vector (y, as well as (5.39) and (5.40),
we obtain the representation:

W (D(0)) = woinr) (W (Ce)) = Co(e™ (92)"0) H ¢“gw (g2)"7*0)
= Co(e™ ™ (g2)N0) exp ( — Z |92| Trz[(a*a + aa®)pg] + ﬁ) . (5.41)
k=1

Here by (2.17) and by (5.39) one has

1€ T - z 2N D N
o = N gw (g2)V*0 | ZWP|W|—ﬁ#nR:mem.

k=1
By virtue of (1.12) and (1.13), we get |g(7)| = 1, |w(7)|* + |2(7)|* = 1 and also
1272

2

w(r) = inr +0() , J2(r)| =1~ LT 1 oy,

for small 7. This yields for small 7 > 0 and large N, the estimates |(gz)N| < O (e~ 1°7*N/2),
10x] < O(7), and R = O(73N) by virtue of (h1). Then taking into account the conditions
72N — oo and 73N — 0, we get the limits:

N
lim  Co(e™M(gz)V0) =1, lim Y |6[*=10, lim R=
1 T

7—0,N—00 7—0,N—00

Cy is a continuous function since it is defined by a normal state with density matrix py.
Inserting all these limits into (5.41), we obtain what is claimed as the limit (5.36). O

Corollary 5.10 Suppose that density matrices {py}n_, correspond to the gauge-invariant
quasi-free Gibbs state with parameter 5 (4.1). These states satisfy (h1)-(h3). The state-
ment of Theorem 5.7 is valid with the limit

lim  ws (0(0)) = exp { (5.42)

7—0,N—00

|01 +e”
4 1—e b

It coincides with the result for equilibrium state (5.6) of the subsystem S.
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Hence, the short-time perturbation limit 7 — 0, N — oo subjected to 72N — oo and
N — 0 gives a universal gauge-invariant quasi-free limiting state under hypothesis
(h1)-(h3). The hypotheses (h2),(h3) control only first two moments of the initial states
of the subsystem C. Then stationarity and independence of repeated perturbation due
to (hl), correspond to conditions for the non-commutative Central Limit Theorem [Ve].
Note also that the state w,, of the subsystem S may be replaced by any regular state.
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