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EXPONENTIAL FUNCTIONALS OF SPECTRALLY ONE-SIDED LEVY
PROCESSES CONDITIONED TO STAY POSITIVE

GRECOIRE VECHAMBRE

ABSTRACT. We study the properties of the exponential functional f0+°° e X" gt where X7
is a spectrally one-sided Lévy process conditioned to stay positive. In particular, we study
finiteness, self-decomposability, existence of finite exponential moments, asymptotic tail at 0
and smoothness of the density.

1. INTRODUCTION

We consider a spectrally negative Lévy process V' which is not the opposite of a subordinator.
We denote its Laplace exponent by Wy :

Vt,A> 0, E [eW@)] _ v

In the case where V drifts to —oo, it is well known that its Laplace exponent admits a non trivial
zero that we denote here by k, k := inf{\A > 0, ¥y (\) = 0}. If V does not drift to —oo, then
0 is the only zero of Wy so we put x := 0 in this case. We denote by (Q,~,v) the generating
triplet of V' so Wy can be expressed as

0
Ty (N) @y YA+ / (e = 1= Aol <p)v(da). (1.1)

:E .

In the end of the paper, we also consider Z, a spectrally positive Lévy process drifting to +o0.

We are interested in the basic exponential functionals of V' and Z conditioned to stay positive,
+00 4 +00 +
I(vh = / eV ®at and 1(2") = / e Wy,
0 0

For both we study finiteness, exponential moments and the asymptotic tail at 0. For [ (VT), we
also get self-decomposability, more precise estimates on the asymptotic tail at 0 and a condition
for smoothness of the density.

Our first motivation is to extend to spectrally one-sided Lévy processes conditioned to stay
positive the general study of the exponential functionals of Lévy processes. Those functionals
have been widely studied because of their importance in probability theory. For example they are
fundamental to the study of diffusions in random environments and appear in many applications
such as mathematical finance, see [4] for a survey on those functionals and their applications. For
a general Lévy process, equivalent conditions for the finiteness of the exponential functional are
given in [4], the asymptotic tail at 400 of the functional is studied in [10], the absolute continuity
is proved in [9] and properties of the density (such as regularity) are studied in [11] under some
hypothesis on the jumps of the Lévy process and in [12]. In this paper we also obtain, as a
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by-product of our approach, some results on the exponential functionals of spectrally one-sided
Lévy processes.

Our second motivation is the possibility to apply our results to the study of diffusions in a
spectrally negative Lévy environment. Such processes, introduced by Brox [6] when the envi-
ronment is given by a brownian motion have been specifically studied for the spectrally negative
Lévy case by Singh [15]. In [2], they prove that the supremum of local time L% of a diffusion in a
drifted brownian environment converges in law and they express the limit law in term of a subor-
dinator and an exponential functional of the environment conditioned to stay positive. In order
to generalize their result to a diffusion in a spectrally negative Lévy environment, knowledge on
the exponential functionals involved is needed. These are precisely exponential functionals of the
environment (which is spectrally negative) and its dual (which is spectrally positive) conditioned
to stay positive.

Finally, we have hints that the almost sure asymptotic behavior of L%, for a diffusion in the
spectrally negative Lévy environment V', is crucially linked to the right and left tails of the
distribution of I(VT). This is why we study these tails here and give for the left tail a precise
asymptotic estimate when it is possible, in particular, when Wy (A) ~ ¢\?, for some constant ¢
and « €]1,2]. For the right tail, we are only interested in the existence of some finite exponential
moments. The application of the present work to diffusions in random environment is a work in
preparation by the author [17], [16].

For A a process and S a borelian set, we denote
T(A,S) :=inf{t >0, A(t) € S}, R(A,S):=sup{t>0, A(t) € S}.

We shall only write 7(A, z) (respectively R(A,z)) instead of 7(A, {x}) (respectively R(A,{z}))
and 7(A, x+) instead of 7(A, [x, +-00]). For example, since VT has no positive jumps, we see that
it reaches each positive level continuously : Vx > 0, T(VT,x—i—) = T(VT,I') and since moreover
VT converges to +o0o we have Vo > 0, R(VT,[0,2]) = R(VT, x).

Also let A(t) := inf{A(s), s € [0,¢]} be the infimum process of A. If A is Markovian and
z € R we denote A, for the process A starting from z. For Ay we shall only write A. For any
(possibly random) time 7' > 0, we write AT for the process A shifted and centered at time T :

Vs >0, AT(s) := A(T +s) — A(T).
We now recall some facts about V7T, that is, V conditioned to stay positive.

For a spectrally negative Lévy process V', the Markov family (VIT, x > 0) may be defined as in
[3], Section VII.3. For any = > 0, the process Vi must be seen as V conditioned to stay positive
and starting from 2. We denote VT for the process VOT. It is known that V; converges in the
Skorokhod space to VT when z goes to 0.

For X a positive random variable, we denote V)T( for the process V' conditioned to stay positive
and starting from the random variable X. More rigorously, V; is the Markov process that

conditionally on {X = z} has law V.

For any positive x, we have from the Markov property and the absence of positive jumps that
the process VT, shifted at 7(VT,z), its first passage time at z, is equal in law to Vi, In the
case where V' drifts to +oo, it is known from [3], Section VIL.3, that V. has the same law as
V. conditioned in the usual sense to remain positive. This property, interesting for our study,
is unfortunately not true when V oscillates or drifts to —oo (in these cases we have to do the
conditioning until an hitting time).
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In the case where V drifts to —co, we define V* to be "V conditioned to drift to +00", as in
[3], Section VIL.1. The Laplace exponent Wy, of VF satisfies Uy, = Uy (k + .) where & is the
non-trivial zero of Wy . As a consequence W{,(0) > 0, so V¥ drifts to infinity (this is deduced

thanks to Corollary VII.2 in [3]) and it is also proven that VT = (V#)T.

In order to do our proofs in a systematic way, we often work with V# which is defined to be "V
conditioned to drift to +00" in the case where V drifts to —oo and "only V" in the other cases
(when V' oscillates or drifts to +00). As a consequence, V* always denotes a spectrally negative
Lévy process that does not drifts to —oo (it oscillates if V' does and it drifts to +oo if V' drifts
to +00 or —o00). In any case we have that for all 0 < z <y, (Vi (t), 0 <t < 7(V4,y)) is equal
in law to (VA(t), 0 <t < 7(V¥,y)) conditionally on {r(Vi,y) < 7(V¥,] — 00,0])}. Note that the
same identity is true with V instead of V¥, but the advantage of dealing with V* is that T(Vxﬁ, Y)
is always finite (while 7(V,,y) can possibly be infinite when V' drifts to —oo) which simplifies
the argumentation.

Let W be the scale function of V', defined as in Section VII.2 of [3]. It satisfies
Vo<z<y, P(r(Va,y) < 17(Va,] —00,0])) = W(z)/W(x + y).
According to Theorem VII.8 in [3], this function is continus, increasing, and for any A > ®y(0),

+oo 1
-z
e W(x)der = —— < +o0.
/0 ( ) J’V()‘)

1.1. Results. In the special case of the exponential functional of a drifted brownian motion
conditioned to stay positive, all the properties that are established here are already known and
sometimes more explicitly. We discuss this case in the next subsection.

Our first result is the finiteness of (V1) and the fact that it admits exponential moments.

Theorem 1.1. The random variable I(V1) is almost surely finite, has finite expectation E[I(V1)]
and

VA < 1/E[I(VD)], E [e”W”] < +00. (1.2)

Then, a fundamental point of our study is Proposition 3.2 which says that for any positive y,
I(VT) satisfies the random affine equation

v 2 av ey, (1.3)

where AY is independent of the second term and will be specified later. We see that (V) is a
positive self-decomposable random variable and is therefore absolutely continuous and unimodal.
It is well known (see for example expression (1.10) in [13]) that the exponential functional I(V)
of a spectrally negative Lévy process V' is also self-decomposable (as long as it is finite), it can
be seen by splitting the trajectory at 7(V,y), the first passage time at y. Another consequence
of (1.3) is that for any positive y, I(VT) can be written as the random series

v 23 etvay,
k>0

where the random variables AZ are iid and have the same law as AY. This decomposition is a
very useful tool for the study of the random variable I(V") and is also the base of the proofs of
the results we present below.

Our next results make a link between the asymptotic behavior of Wy and the properties of

I(vh.
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Theorem 1.2. Assume that there is a > 1 and a positive constant C such that for all X large
enough we have Wy (A) < CA*. Then for all 6 €]0,1[ and x small enough we have

P (I(VT) < x) < exp <—5(a —1) /(C’:c)l/(o‘_l)> . (1.4)

Assume that there is a > 1 and a positive constant ¢ such that for all X large enough we have
Uy (X) > eXY. Then for all 6 > 1 and x small enough we have

P (I(VT) < x) > exp (—5(1“/(0‘_1)/(0:6)1/(0‘_1)) . (1.5)

Let us now recall how is usually quantified the asymptotic behavior of Wy. We define, as in
[3], page 94,

o 1= sup {a >0, /\lim ATy (A) = oo} ,

—+00
B = inf {a >0, lm AUy = 0} .
A—+00
Recall that ¥y4(.) = Uy (k +.), so o and 3 are identical whether they are defined from Wy or
Uy

If Uy has a-regular variation for « € [1,2] (for example if V' is a drifted a-stable Lévy process
with no positive jumps), we have o = 5 = .. Recall that @ is the brownian component of V. It
is well known that Wy (\)/A? converges to /2 when \ goes to infinity so, when @ > 0, Uy has
2-regular variation, and when @ = 0,

1<o<pB<2
where 1 < ¢ comes from the convexity of Wy, .

Remark 1.3. When V has bounded variation, we know (see for example [3| Section I.1) that
the brownian component of V' is null, the Lévy measure v of V' satisfies ffl |z|v(dx) < 400 and

—y — ffl av(dz), the factor of X in the expression of Uy (), is positive (otherwise V would be
the opposite of a subordinator). It is thus easy to see that in this case Wy (\)/\ converges to
—y — f31 zv(dz) when A goes to infinity, so o = § = 1. In the remaining, we sometimes assume

that o > 1, the reader should be aware that it excludes the case where V' has bounded variation.
However, this case is quite easy and shall be treated in the remarks.
We are now ready to state our general results on the asymptotic tails at 0 of I(VT) :
Theorem 1.4. We have
Vg > 8, lir% 25D 1og <IP’ (I(VT) < ﬂ:)) = —00, (1.6)
T—

ifo>1, Yo' €]1,0[, lim 2/~ log <]P’ (I(VT) < x)) ~0. (1.7)
z—0

Theorem 1.4 gives for P(I(VT) < 2) a lower bound involving o and an upper bound involving
5. In the case of a-regular variation we can expect, under some extra hypothesis, to get a
stronger result. We indeed have :

Theorem 1.5. We assume that there is a positive constant C and o €]1,2] such that Uy (X) ~x 400

C\Y, then
e (10 2) s,
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The above theorem is true in particular when, for some « €]1,2], V' is an a-stable spectrally
negative Lévy process (with adjonction or not of a drift). In particular, it agrees exactly with
the tail (1.11) given in the next subsection for the particular case of a drifted brownian motion.

Remark 1.6. Since Wy (A\)/A\? has always a finite limit at +oc0 we get, from Theorem 1.2, that
there is always a positive constant K (depending on V') such that for = small enough

P (I(VT) < x) < e Kz,

Remark 1.7. Note that Theorem 1.4 holds when 8 =1 and 1/(8'—1) can then equal any number
in 10, +oo[. When V has bounded variation, we even have a stronger result : P(I(VT) < z) is
null for x small enough.

Remark 1.8. Recall that I(V") is unimodal. If 0 was a mode, then we would have P(I(VT) <
x) > cx for some positive constant ¢ and x small enough, which is incompatible with (1.6). As a
consequence the density of I(V'1) is non-decreasing on a neighborhood of 0. This allows to remark
that Theorems 1.2, 1.4, 1.5 and Remarks 1.6, 1.7 are true for the density of I(V") in place of
the repartition function P(I(VT) <.).

When V drifts to +00 we prove Proposition 4.3 which says that the left tail of I(VT) is the
same as the left tail of (V). This implies that all the results we prove for the left tail of I(VT)
are true for the left tail of I(V) :

Proposition 1.9. IfV drifts to +o00, then Theorems 1.2, 1.4, 1.5 and Remarks 1.6, 1.7 are true
for I(V') in place of I(VT).

Proposition 1.9 is an example of how the study of the exponential functional of the Lévy
process conditioned to stay positive can be useful for the study of the exponential functional of
the corresponding Lévy process.

We already mentioned that the law of I(V'T) is absolutely continuous but we do not know how
smooth the density is in general. The following theorem provides a condition for smoothness :

Theorem 1.10. If o > 1 and 8 are such that
26% —308+0+5—-1<0, (1.8)

then the density of I(VT) belongs to the Schwartz space. All its derivatives converge to 0 at 400
and 0.

This theorem admits the following corollary :

Corollary 1.11. If V drifts to +o0, is such that o > 1 and (1.8) is satisfied, then the density
of I(V) is of class C*° and all its derivatives converge to 0 at +oo and 0.

Here again, the study of the exponential functional of the Lévy process conditioned to stay
positive implies results about the exponential functional of the corresponding Lévy process.

Remark 1.12. If Uy has a-regular variation with a > 1, then o = 8 = « so the condition (1.8)
becomes —(a — 1) < 0, but this is always true for a > 1, so Theorem 1.10 and Corollary 1.11
apply. In other words, a-reqular variation for the Laplace exponent of V' implies smoothness of
the density for I(V) (and I(V) if it is finite) when a > 1.

In the spectrally positive case, the finiteness of the exponential functional is quite easy to
obtain, but our argument also yields the existence of some finite exponential moments. We can
state the result as follows :
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Theorem 1.13. The random variable I1(Z1) is almost surely finite and admits some finite expo-
nential moments.

We also obtain a lower bound for the asymptotic tail at 0 of both I(Z) and I(Z"). This tail
is heavier than the one given for I(V') and this comes from the positive jumps.

Theorem 1.14. If Z has unbounded variation and non-zero Lévy measure then, there is a positive
constant ¢ such that

e—cllog@))” < p (I(Z)<z)<P <I(ZT) < x) )
The lower bound for P(I(Z) < z) does not require the hypothesis of unbounded variation.

Remark 1.15. If the Lévy measure of Z is the zero measure then it is known, from the Lévy-
Khintchine formula, that Z is a drifted brownian motion. The exact asymptotic tail at 0 of
I(Z") is then given by Theorem 1.5 and it is thinner than the one provided by Theorem 1.1J.
The existence of jumps thus plays an tmportant role for the asymptotic tail at O of the exponential
functional and the proof of Theorem 1.1/ indeed crucially relies on this hypothesis.

The study of the spectrally positive case does not go as far as the study of the spectrally
negative case. The reason for this is twofold. First, we do not have, in the spectrally positive
case, a decomposition of the law of I(ZT) as in (1.3), which deprives us of an important tool for
the study. Secondly we do not need, in the applications, the results on the exponential functional
to be as precise, in the spectrally positive case, as in the spectrally negative case. Indeed, in
the study of a diffusion in a spectrally negative Lévy environment V drifting to —oo, a random
variable R appears. Its law is the convolution of the laws of (V1) and I(VT), where V := -V
is the dual process of V' and is thus spectrally positive. The combination of the above theorems
shows that for some things the behavior of I(V1) is dominant in the study of R when V has
jumps. In particular, the asymptotic tail at 0 of R is the same as the one of [ (VT).

The rest of the paper is organized as follows. In Section 2 we prove some preliminary re-
sults on V. In Section 3 we prove Theorem 1.1 and establish Proposition 3.2 about the self-
decomposability of I(VT). In Section 4 we prove Theorems 1.2, 1.4 and 1.5 by studying the
asymptotic behavior of the Laplace transform of I(VT), and in the case where V' drifts to +oo,
we establish a connection between the tails at 0 of the exponential functionals I(VT) and (V).
In Section 5 we prove Theorem 1.10 and Corollary 1.11 via a study of excursions. Section 6 is
devoted to the spectrally positive case and the proofs of Theorems 1.13 and 1.14.

1.2. The example of drifted brownian motion conditioned to stay positive. The most
simple case is the intersection of the spectrally positive and the spectrally negative case, that is,
when V' is a drifted brownian motion. All the results mentioned here are already known in this
case. We define the x-drifted brownian motion by Wiy (t) := W (t) — §t. It is known that the two

processes W, and W

generator of Wl , or from the fact that for positive , the Laplace exponent of W,g is equal to the
Laplace exponent of W_,, so the processes conditioned to stay positive have the same law. We
thus only consider positive k.

.. are equal in law. This follows, for example, from the expression of the

It is known (see (4.6) in [1], see also Lemma 6.6 in [2]|) that I(W,I) is almost surely finite and
has Laplace transform

2“1“(11-',-;-;) (QM)H
I.(2v2))

E[efn(w,j)] _
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where I is a modified Bessel function. This expression can also be written
1 1

+ G2V
T +#) j=08 JT(A+j+r)

(1.9)

and it is easy to see that it can be analytically extended in a neighborhood of 0, so the random
variable [ (I/VkT ) admits some finite exponential moments.

An easy calculation on the asymptotic of this expression when A goes to infinity yields

—log (E[e—mwfl)]) ~ 2V (1.10)
A—400
Combining (1.10) and De Bruijn’s Theorem (see Theorem 4.12.9 in [5]) we get
2
~10g (P (1W]) <)) ~ = 111
og (W) <w o0 T (1.11)

This estimate can be seen as a particular case of Theorem 1.5 (when it is applied in the case of
a drifted brownian motion).

As the expression (1.9) extends to a neighborhood of 0, we get the expression of the charac-
teristic function of I (Wg ) which can be proved, using estimates on modified Bessel functions, to
belong to the Schwartz space. Therefore, the density of 1 (Wg ), which is the Fourier transform of

its characteristic function, belongs to the Schwartz space, but this is already included in Theorem
1.10.

2. PRELIMINARY RESULTS ON VT AND FINITENESS OF I(VT)

2.1. Exponential functionals and excursions theory. We fix 4y > 0. In this subsection,
we use excursions to prove that the integral of exponential VT (7(VT y) +.) or V* stopped at
there last passage time at y and 0 respectively are equal in law to some subordinators stopped
at independent exponential random variables.

It is easy to see that regularity of {y} for the markovian processes ng and VyT is equivalent to
the regularity of {0} for V (or V*) which in turn, according to Corollary VIL5 in [3], is equivalent
to the fact that V' has unbounded variation. The property of {y} being instantaneous for Vyﬁ
and VyT is equivalent to the same property of {0} for V, but this is a well known property of

spectrally negative Lévy processes. {y} is thus always instantaneous for Vyti and VyT and the
only alternative is whether it is regular or not, which corresponds to the fact that V' has or not
unbounded variation.

We apply excursions theory away from y (see [3]). Let us denote by Lg (respectively Lg)
a local time at y of the process VyT (respectively Vyﬁ) and 77; (respectively 775) the associated
excursions measure. We denote n# for ng. The inverse of the local time Lg’_l (respectively Lﬁy’_l)
is a subordinator and VyT (respectively Vyﬁ ) can be represented as a Poisson point process on the
set of excursions, with intensity measure n; (respectively nﬁ). Note that this is also true in the

irregular case (when V' has bounded variation) if the local time Lg (respectively Lg) is defined
artificially as in [3], Section IV.5. In this case, the excursion measure is proportional to the law
of the first excursion and in particular the total mass of the excursion measure is finite.

In the case where V' drifts to +o00, we also consider the excursions of V' away from 0. Then,
L denotes a local time at 0 of V' and 7 the associated excursion measure.
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Given ¢ : [0,¢] = R an excursion away from y, we define ((£) to be its life-time, H,(§) =
sup[o (e § — ¥ its height and G(¢) := fOC(g) e~ ¢ .

For any h > 0, we consider [P, FP, and N three subsets that make a partition of the
excursions of V¥ away from 7. These three subsets are respectively : the set of excursions higher
than h that stay positive, the set of excursions of height smaller than A that stay positive, the
set of excursions that reach | — 0o, 0] :

1Py :={¢, vt € [0,((&)],&(t) >0, Hy(&) = h}, FP,:={§ vt €[0,((§)],&(t) >0, Hy(&) <h}

N :={¢, 7(£,] —00,0]) <C(§)}-
N does not depend on h. IP, and FP,, are defined as the monotone limits of the sets I P,
and F'P, : I[Py is the set of infinite excursions that stay positive and F P, is the set of finite
excursions that stay positive. 775([ Py) and ng(N ) are always finite whereas ng(F P,) is infinite in

the regular case (when V has unbounded variation). Also, note that 775([ Py) = 0if V oscillates.

Lemma 2.1. Let y be positive and let S be a pure jump subordinator with Lévy measure Gng(. N
FP,,), the image measure of 775( NFPy) by G. Let T be an exponential random variable with
parameter ng([Poo) + ng(N), independent of S. We have

R(VTy)

/ eV 0g ks, (2.12)
T(VTy)

where 7(.,.) and R(.,.) are defined in the introduction.

Proof. VI(7(VT,y)+.) has the same law as VyT, from the Markov property applied to VT at time

B
7(VT, %) and the absence of positive jumps. As a consequence, f:(z‘(/‘; y’i’) eV

;
to fOR Vi'¥) o=V O gt and we are left to prove the result for the latter.

dt is equal in law

Then, let us fix h > 0. As it is mentioned in the introduction, (VyT(t), 0<t< T(VyT, y+h))is
equal in law to (Vyﬁ(t), 0<t< T(Vyﬁ,y + h)) conditionally on {T(Vyﬁ,y +h) < T(Vyﬁ,] — 00,0}

(Vyﬁ(t), 0<t< T(Vyﬁ,y + h)) can be built from the Poisson point process on the set of
excursions with intensity measure 775- (V,[(t), 0 <t <7(V,,y+h)) can be built from this same
process, conditioned not to have jumps in N before its first jump in [P,. In other words, we
build (VyT(t), 0<t< T(VyT, y—+h)) from the process of jumps in F Py, stopped at the exponential
time (that has parameter 775([ Pp) + ng(N )) at which occurs the first jump in IP, U N and
conditionally to the fact that this jump belongs to IP,. Then, the process of jumps in F P,
and in I P, U N are independent and by a property of Poisson point processes, the fact that the
first jump in I P, U N belongs to 1P} is independent of the time when this jump occurs. As a
consequence, (VyT(t), 0<t< T(VJ, y + h)) is built from a Poisson point process with intensity
measure 775( N FPy), until an independent exponential time, T}, of parameter 775([ Py) + ng(N )
where we pick, independently, a jump following the law 775( NIP,)/ 775 (IPy) (and we only keep
the part of this excursion that is before its hitting time of y + h).

Let Rh(VyT, y) be the last passage time of VyT at y before T(VyT, y+h):
h . —
R (VyTa y) T Sup{t € [0’ T(VyT’ Yy + h)]? VyT(t) - y}

From above, if (ps)s>0 is a Poisson point process in F Py, with measure nt (.NFPy) and if T}, is
an independent exponential random variable with parameter 775([ P,)+ 772 (N), then (V/(t), 0 <
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t < Rh(VyT, y)) is built by putting aside the excursions of the process (psl,.crp,, 0 < s <T}).
Since VyT converges almost surely to +oo, Rh(VyT, y) converges almost surely to R(VJ, y), the last
passage time at y, when A goes to infinity. On the other hand, I P, U N decreases to I P, UN
when h goes to infinity. As a consequence T}, increases to an exponential random variable T'
with parameter 775([ Py) + ng(N ) > 0. Also, F'P, increases to F'P», when h goes to infinity.
Then, identifying the limits when h goes to infinity of both (VyT(t), 0<t< Rh(VyT,y)) and
(pslp.erp,, 0 < s < Tj), we get that (VyT(t), 0<t< R(VyT,y)) is built by putting aside the
excursions of the process (ps, 0 < s < T'), where T is an exponential random variable with
parameter 772 (IPx) + ng(N ) and is independent from (ps, s > 0).

"
Now, remark that fOR(Vy W) =VJ(®)dt is the sum of the images by G of the excursions of

(V) (), 0 <t <R(Vy,y)) away from y. We thus have

R(Vy) )
/ ey > Glps). (2.13)
0

0<s<T

By properties of Poisson point processes, the process in the right hand side, Y (_.. G(ps), is

the sum of the jumps of a Poisson point process on R, with intensity measure Gng(. N FPy).
Thus, from the Lévy-Ito decomposition, it has the same law as the subordinator S, which yields
the result.

O

Remark 2.2. In the case where V' has bounded variation, the total mass of 772 is finite so S is
only a compound Poisson process. In particular St can then be null with positive probability.

y > 0 is still fixed (and arbitrary), let RY(V*,0) be the last passage time of V* at 0 before
T(Vi5y)
RY(VF,0) := sup{t € [0,7(VF,y)], VE(t) = 0}.

In order to study the trajectory of V¥ before RY(V*,0), we now consider excursions away from
0. Let I, and F}, denote respectively the subset of excursions higher than y and lower than y :

Iy = {55 HO(g) > y}a Fy = {5, HO(g) < y} .

A similar proof as for Lemma 2.1 gives the following lemma.

Lemma 2.3. Let S be a pure jump subordinator with Lévy measure Gnﬁ(. N Fy), the image
measure of nf(.NF,) by G. Let T be an exponential random variable with parameter n*(I,) which
is independent of S. We have

RY(VE,0)
/ VOu g, (2.14)
0

In the case where V drifts to +00 we need to study the trajectory before R(V,0), the last
passage time of V" at 0. We still consider excursions away from 0. Let [ and F' denote respectively
the subsets of infinite and finite excursions :

I:=A{8, C(§) = o0}, F:={¢, ((§) < +o0}.

A similar proof as for Lemma 2.1 gives the following lemma.

Lemma 2.4. We assume that V drifts to 4+0c0. Let S be a pure jump subordinator with Lévy
measure Gn(.NF), the image measure of n(.NF) by G. Let T be an exponential random variable
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with parameter n(I) which is independent of S. We have

R(V,0)
/ VOt L g (2.15)
0

2.2. V! and V! shifted at a last passage time. To obtain decomposition (1.3) of the law of
I(VT), we split VT at its last passage time at a point y and obtain two independent trajectories
that we can identify.

Lemma 2.5. (Corollary VII.19 of [3])
For any positive y, the two trajectories
(VT(t), 0<t< R(VT,y)) and <VT(t + RV y) -y, t > 0)
are independent and the second is equal in law to V7.
Lemma 2.6. e The two trajectories (VE(t), 0 <t < RY(V*0))
and (vﬁ(t FRY(VE0)), 0<t<r(VEy)— RY(VE, o))
are independent and the second is equal in law to (VT(t), 0 <t < 7(V1y)). As a
2 (Vi y) - RY(VE,0) < 7(VE,y).
o We assume that V' drifts to +00. The two trajectories
(V(t), 0 <t <R(V,0)) and (V(t+ R(V,0)), t >0)

are independent and the second is equal in law to V7.

consequence we have T(VT1,y)

Proof. We fix y > 0 and a €]0,y[. Let us denote by (e(s), s > 0) the excursions process of V*
away from 0. Recall the notations I, and F,, T, := inf{s > 0, e(s) € I,} is the time when
occurs the first excursion higher than y and &, is this excursion.

Decomposing V¥ as its excursions away from 0, we see that Ry(Vﬁ,O) is the instant when
begins the first excursion higher than ¥, so

(Vi + RYVE0), 0 <t < 7(VE,y) = RYVED)) = (§(1), 0<t<T(61).  (216)

(VE(t), 0 <t < RY(VE,0)) is thus a function of (e(s)le(s)er,, 0 < s < T,) while (VE(t +
RY(VE0)), 0 <t < 7(VHy)—RY(VE 0))is a function of &,. By properties of Poisson point pro-
cesses, T}, is an exponential random variable independent of &, and the process of finite excursions
(e(s)Le(s)er,, s > 0) is also independent of ;. Therefore the objects (e(s)le(s)er,, 0 < s < T))
and §, are independent. From this independence we deduce that

(Vﬁ(t), 0<t< Ry(vﬁ,O)) i (Vﬁ(t FRY(VE0)), 0<t<r(VEy)— Ry(vﬁ,O)) ,

which is the required independence. It only remains to prove that the right hand side in (2.16)
has the same law as (V1(t), 0 <t < (VT y)).

Using the Markov property at time 7(&,,a), for an excursion &, € I,, we have that &,(. +
T(€a,a)) equals in law V/ killed when it ever reaches 0.

Since I, C I, we can apply this to an excursion &, € I, and get that (&,(t+7(&,,a)), 0 <t <
T(&y,y) — 7(&y, a)) is equal in law to (Vﬁ(t), 0<t< T(Vf,y)) conditioned to reach y before 0.
Since Vaﬁ has no positive jumps, reaching y before 0 is the same as reaching y before | — 00, 0].
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As we mentioned in the introduction, (Vaﬁ(t), 0<t< 7'(Vaﬁ7 y)) conditioned to reach y before
| — 00, 0] is equal in law to (Vi (£), 0 <t < 7(VJ,y)). Putting all this together we get

(&t +7(60), 08 < 7(60y) — (6 = (VI (0, 0t < (V]y).

Since 7(&y,a) converges almost surely to 0 when a goes to 0 and 1) converges in law to V7T
according to Proposition VII.14 in [3]|, we can let a go to 0 in both members and get

(&(8), 0 <t <7(6m) = (Vi) 0t <r(VTy)). (2.17)

As a consequence the right hand side in (2.16) has the same law as (VT(t), 0 <t < 7(VT,y)),
which concludes the proof of the first point of the lemma.

We now assume that V' drifts to +00 and prove the second point. For the independence, the
arguments of the proof of the first point can be repeated, just replacing y by 400 (we consider
¢, the infinite excursion away from 0, instead of the first excursion higher than y). To prove
that (V(t +R(V,0)), t > 0) is equal in law to V7, it suffices to prove that . is equal in law to
V1. Let y be finite, we know from the proof of the first point that (2.17) is true for any excursion
in I,. Since { € I, we have

(bclt), 0 <t < 7(Enery)) = (VM) 0t < 7(V1p))

Since y is arbitrary and 7(VT,y) converges almost surely to +o0o when y goes to +oo, we get

(6clt), t>0) = (VI(1), £>0),

which gives the result.

3. FINITENESS, EXPONENTIAL MOMENTS, AND SELF-DECOMPOSABILITY
3.1. Finiteness and exponential moments : Proof of Theorem 1.1. We are grateful to
an anonymous referee for the following proof that is considerably simpler than the proof given

by the author in the previous versions of this paper.

Proof. of Theorem 1.1

The idea of the proof is to provide finite upper bounds for the moments of I(VT). The first
step is to prove that E[I(VT)] < 4-00. Using Fubini’s Theorem and Corollary VII.16 of [3] we

have
+oo + +o0 +o0
E[I(VT)]:/ —Vi®)a / / e YP(VT(t) € dy)dt
0

400 400
= / / e*y&P(V(t) € dy)dt.
0 0 t

Now, using Corollary VIIL.3 of 3] we get

+o0 +oo +o00o
) / / VW () B(r(V,y) € dt)dy = /0 YW ()B(r(V, y) < +00)dy.

Since P(7(V,y) < +00) = P(supjg ooV > y) = €~ we obtain

+o00
EI(V) = / (I (y)dy < +oo,
0
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where the finiteness comes from the fact that f0+oo e MWW (y)dy < +oo for A > k. As a conse-
quence, the exponential functional [ (VT) is almost surely finite and has finite expectation.

We now turn to the proof of the finiteness of the Laplace transform. We proceed by bounding
the moments of the exponential functional. For any z > 0 let us define h(x) := E[I(VJ)]. For
any x > 0 we have

N [T vt 0 vt £ [T W g,
wh = e dt > e dt = e dt = I(V))),
0 7(V,z) 0

where, for the equality in law, we used the Markov property for VT at time 7(V,z). As a
consequence we have

Ve >0, h(z) =E[I(V,)] <E[I(V")] < +oc. (3.18)

Now, note that for any k > 1,

k +oo +o0
E [(I(VU) ] ~E UO /0 e V) L x eVT(tk)dtl...dtk}

=k E [/ eVt o x e‘VT(twdtl...dtk] ,
0<t1<...<tg
so that
N Vi) Vi)
VE>1, E <I(V )) /Kl =E e V) s x eV g dt| . (3.19)
J 0<t1<...<tp

Let us prove by induction that for any k > 1,

E -<I(VT)>R} < k! (E[I(VT)Dk < +00 (3.20)

(3.20) is clearly true for k = 1. Let us assume that it is true for some arbitrary rank k.
According to (3.19), E[(I(VT)**1]/(k + 1)! equals

E / e VI s x e VIR oV t) gy dtydtyin
0<t1<...<tp41

_ Yoo
=E / e VTt e VT </ eVT(s)d,S) dt1...dtk}
LJ0<t1<...<ty tr

- e
—E / eVt x L x e VIR U eV O ds|o(VT(u), 0 <u< tk)] dtl...dtk} .
L/ 0<t1<...<tp

tk

From the Markov property at time ¢, the conditional expectation in the above expression equals
h(VT(tz)) which, according to (3.18), is almost surely less than E[I(VT)]. We thus get

0<t1 <...<tp + 4
E[(I(V)* ]/ (k+ 1) <E[I(VH] x E [/ eV ) x eV (tk)dtl...dtk]
0

k+1

—E[I(VN] xE [(I(VU)R} k! < (E[I(VT)D

where we used (3.19) and the induction hypothesis. Thus the induction is proved. As a conse-
quence for all A €]0,1/E[I(V1)][ we have

E [eM(VT)} - g(:))\klﬁl [(I(VT)ﬂ /Kl < kzzo ()\E[I(VT)])k < +00.

The finiteness of the Laplace transform is obvious for A < 0, so the result is proved. O
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Remark 3.1. If V does not oscillate, the finiteness of I(V1) can be derived as a consequence of
Lemma 2.6. Indeed, from the second statement of Lemma 2.6 applied to V*, we have

Pl +o00 4 i —+o0 " —+o00 ’
](VT):/ e~ VIRV vODdt:/ eV (t)dtg/ eV Oar = 1(vh,
0 R(VH,0) 0

and V¥ drifts to 400, so Theorem 1 in [4] ensures that I(V*) is almost surely finite which yields
the result.

3.2. Decomposition of the law of I(VT). In this subsection, we prove that the law of I(VT)
is solution of the random affine equation (1.3) and we give a decomposition of its non-trivial
coefficient AY. This is a key point of our analysis of the law of I(VT1).

Proposition 3.2. For any y > 0, the law of I(V") satisfies the random affine equation

(V1) ~
I(VT) i / e—vT(t)dt + Sy + e_yI(VT), (3.21)
0

where the three terms of the right hand side are independent, St is as in Lemma 2.1, and V7T is
an independent copy of V1.

We define
Ty L
AY = / eV Odt + Sy
0
to lighten notations.

As a consequence, I(V1) has the same law as the sum of a random series :
I —k
IV =Y e hvay, (3.22)
E>0

where the random variables A} are iid and have the same law as AY.
Remark 3.3. The almost sure convergence of the random series in (3.22) is a consequence of
the almost sure finiteness, given by Theorem 1.1, of the positive random variable I(VT). Also, it
18 a well known fact on random power series with tid coefficients that their radius of convergence

is almost surely equal to a constant belonging to {0,1}. Since this constant, in the case of the
power series in (3.22), has been proved to be greater that e™Y, we deduce that it equals 1.

Proof. of Proposition 3.2

We fix y > 0. As VT has no positive jumps and goes to infinity we have T(VT, y) < R(VTa y) <
+o0 and VI(r (VT y) = VI(R(VT,y)) = v.

We write :
R VT, +oo
I(VT) :/ W eVT(t)dt—}—/ e VIO gt
0 R(VTy)
R(VT, oo
— / e VO g + ey/ o~ (VIHRVT 9)~v) 4
0 0
z )

R(VTy .
/ eV Odt + e VIV,
0
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where we used Lemma 2.5 for the last equality in which VT is an independent copy of V. We
now decompose :

R(VTy) (V1y) R(VT,y)
/ e V'Ot = / eV gt 4 / e Oat (3.23)
0 0 (V1)

Since VT(7(V1,y)) = y, combining with the Markov property at time 7(VT,y), the two terms
in the right hand side of (3.23) are independent :

T V 5 R V ’
[ e ou [T o
0 (VTy)

Now, thanks to Lemma 2.1, the second term has the same law as Sp with S7 as in the lemma.
This achieves the proof.

O

We have two remarks here :

Remark 3.4. It is possible to prove Theorem 1.1 (the fact that I(V1) is finite and admits some
finite exponential moments) by invoking (3.22) and proving that each of the two terms composing
AY admit some finite exponential moments.

Remark 3.5. Let S and T be as in Proposition 3.2 and e €]0,E[S;][ (where we do not bother
with the fact that E[S1] is finite or not). Then we have
P(Sp>t)>P (S >t) xP(T >t/e).

The first factor in the right hand side converges to 1 thanks to the law of large numbers for Lévy
processes (see for example Theorem 36.5 in [14]) and the second is equal to e PY/¢ where p is the
parameter of the exponential random variable T'. Therefore, the Laplace transform of St is not
finite everywhere, so neither is the Laplace transform of I(V1) (because of (3.22)). This is why
we can not say better than "I(V') admits some finite exponential moments’.

4. ASYMPTOTIC TAIL AT 0 : PROOF OF THEOREMS 1.2, 1.4 AND 1.5

First, let us prove that Theorem 1.2 easily implies Theorem 1.4 and prove Remark 1.7.

Proof. of Theorem 1.4
Assume that Theorem 1.2 is proved.

We first prove (1.6). Let us fix 8/ > f and € > 0. From the definition of 3 we have that
Ty (A) < ed? for all A large enough. Using the first point of Theorem 1.2 we deduce that
limsup 2%~ log <P <I(VT) < x)) < —(f —1)/e/F D,
z—0

Since € can be chosen as small as we want we obtain (1.6).

We now assume that o > 1 and prove (1.7). Let us fix o/ €]1,0] and M > 0. From the
definition of o we have that ¥y (\) > M X7 for all A large enough. Using the second point of
Theorem 1.2 we deduce that

0 > liminf /(7D log <IP’ (I(VT) < m)) > g/ /"= /e,

z—0

Since M can be chosen as large as we want we obtain (1.7).
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Proof. of Remark 1.7

Let us assume that V' has bounded variation. As it can be seen from Remark 1.3, it is the
difference of a positive drift dt and a pure jump subordinator Sy : V¢ > 0, V(t) = dt — Sy < dt.
Let us fix y > 0, we have almost surely

T(V,y) T(V7y)
/ e V®Oat > / ety — <1 — e*T(V’y)> : (4.24)
0 0 d

Since V has bounded variation, we have P(V(t) > 0, 0 <t < 7(V,y)) > 0 (see for example (47.1)
in [14]) and we can see that (VT(t), 0 <t < 7(V1,y)) is equal in law to (V, 0 <t < 7(V,y))
conditioned in the usual sense to remain positive. Combining with (4.24), we see that almost
surely

(VTy)
v > / VOt > (1 eV,
0 d

Then, since 7(VT,y) converges almost surely to +oco when y goes to +o00, we deduce that I(VT)
is more than the positive constant 1/d almost surely. As a consequence P(I(VT) < ) is null for

x <1/d. O

In the next Subsection we prepare the proofs of Theorems 1.2 and 1.5.

4.1. Laplace transform of I(V'). In order to prove asymptotic estimates on P(I(VT) < x),
we first study the Laplace transform of I(VT) via the decomposition given by Proposition 3.2.
It is thus natural that we need first to study the Laplace transform of AY.

First, let us define a notation. V¥ is a spectrally negative Lévy process, so, according to
Theorem VII.1 in [3], the process 7(V* .) is a subordinator which Laplace exponent ®; is
defined for A > 0 by

Dys(N) = —log <E [e*AT(V”vl)D ,

and we have @y = \If‘;;

Proposition 4.1. We fixy > 0. Let AY be as in Proposition 3.2, then, for all € > 0 and X large
enough we have

(1 - )ydys(e¥N) < —log (E [e*W]) < (14 )ydye(N). (4.25)

Proof. of Proposition 4.1

According to the definition of AY in the Proposition 3.2, AY can be decomposed as the sum

A
of two independent random variables, one having the same law as fOT(V Y) =V (") gt and another
having the same law as St, defined as in Lemma 2.1. Let ®g be the Laplace exponent of the
subordinator S :

YA >0, Bg(N) == —log <IE [e*w]) . (4.26)
We can see that the Laplace transform of the random variable St is given by

2 1

1y (IPs) + my(N) + ®5(\)
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—log (E [e_)‘AyD = —log <E exp <_)\ /OT(VT’y) e—VT(t)dt>]> —log <IE [B—ASTD
= —log <E exp (—A /OT(VT’y) e_VT(t)dt>]> —log (IT ‘gs()\)> . (4.27)

where we denoted p for the constant 775([ Py) + 772 (N). Using the fact that VT is non-negative
and the first point of Lemma 2.6 we have

We thus have

sto

(VTy)
[ e < nv) (v, (4.28)
0

sto
where < denotes a stochastic inequality. As a consequence of (4.28) and of the definition of @y

we have
(V1y)
exp (—)\/ e—VT(t)dt>]> < —log <E [e_/\T(Vﬁ’y)D = yPyi(N).
0

—log <E

Combining this inequality with (4.27) we obtain

—log <E [e_AAyD < yPyi(A) — log (p—i—+s()\)> . (4.29)

Using the first point of Lemma 2.6 and Lemma 2.3 we have

VLY r(vhy) —vi) 5
—log | E |exp —)\/0 e V') gt = —log <E [e/\fo e dt:| JE [e)\sf]> ’

where ST is as St from Lemma 2.3. Here again, if ®g denotes the Laplace exponent of the

subordinator S as in (4.26) we have
YA>0, E [e”ﬂ -

Moreover we have
T(Viy) i
/ eV dt > eV (VE,y).
0

Putting together the above three expressions and the definition of ®y+ we obtain

(V1) i

_ — ' (1y)

—log | E |exp —)\/ e VIO gy > ydyi(eYN) + log <— .
< ( 0 v (1) + @5(N)

Combining the above inequality with (4.27) and the fact that the term —log(p/(p + ®s()))) is
non-negative we get

f

A - n*(1y)

—log <IE [e AAV]) > yPyi(e Y A) + log (— . (4.30)
n(1y) + @5(\)

According to the Lévy-Khintchine formula for subordinators. The Laplace exponent ®g can be

written

400
Bs(A) = 7sA + /0 (1— ) (d),

so by dominated convergence, there exists a positive constant Cyg such that for large A, ®g(\) <
CsA. Similarly, there is a positive constant Cg such that for large A, ®5(\) < CgA. On the
other hand, since Wy (A\)/A\? is bounded when A goes to infinity, there is a positive constant c
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such that @y ()\) > cAl/? for large . Combining all this with (4.29) and (4.30) we get (4.25)
for any fixed € > 0 and A large enough.

O

Proposition 4.2. Assume that there is o > 1 and a positive constant C' such that for all X large
enough we have ¥y (\) < CA®, then we have

lim inf — log (E [eiM(VT)D JAVe > q/cMe, (4.31)

A—+00

Assume that there is a > 1 and a positive constant ¢ such that for all A large enough we have
Uy (A) > Y, then we have

lim sup — log <E [e_/\I(VT)D SV < qfetle (4.32)

A——+00

Proof. Let us fix y > 0 for which we apply the decomposition (3.22). Let us denote

=t (2 07]) = i (2 )
k>0

where the second equality comes from (3.22) and from the fact that the sequence (AY)x> is 4d.
To establish the left tail of I(V") we study the asymptotic behavior of M()) and the latter,
thanks to the above expression, is related to the asymptotic behavior of — log(E[e™*4"]).

Unfortunately, Proposition 4.1 can not be applied simultaneously to all the terms of the sum
defining M(A). We separate this sum into three parts : a sum over a finite number of small
indices for which we can apply (4.25) to each term, a sum over an infinite number of large
indices that can be neglected, and a sum over the remaining indices (in finite number) that can
be neglected.

We now prove the second point of the proposition. We assume that there is « > 1 and a
positive constant ¢ such that for all A large enough we have Wy (A) > ¢\®, and prove (4.32). Let
us fix § > 1. Since Wyy(.) = Uy (k +.) and ®yy = Ul we have for all X large enough that

v
By (V) < oAV /cl/e,

According to Proposition 4.1 there exists As > 1 such that (4.25) is satisfied with e = 6 — 1
for all A > \s. By increasing \s if necessary, we can also assume that @ (\) < SA//cl/e for
all A > As. Putting all this together we get

A> A= —log <E [e_AAyD < Syt jetle, (4.33)

Also, let us choose M €]0, 1] small enough so that

VA€ [0,M], 0 < —log <E [e—WD < 2AE[AY].

For any A > A5, we define ni(A) := [log(A/As)/y] and nao(N) := |log(A/M)/y|. From the
definition of M(A) we can write

YA > Mg, M(A) = Ti(A) + To(\) + T3(0), (4.34)
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with
iy —Ne—kv Av e _de—kv Ay
Ti(\) = kZ:O —log (E [e ]) , To(N) = k:mz(;Hl —log <E [e D ,
B = S —log (B[ )).
k=n2(\)+1

From the definition of n;(\), (4.33) can be applied to each term of the sum defining 77 (\), we
thus have

ni(A) _
1 — e~y (m(M)+1)/a
2 1/a —ky/a __ 2 1/a
Ti(A) < 8%y(Me) kZ_O eVt = 6%y(\/) =
We get that for A large enough
1

Ti() < 8y(A/e)/® (4.35)

1—ev/a’

Using the monotony of the Laplace transform and the definitions of n1(\) and na(\) we get

0 < T(N) < ~(na(A) = mi(A) log (B [ede @A)

< _y+1os(Xs/M) log (E [e_MAyD < +o0. (4.36)
Y
From the definitions of ng(A) and M we have
+00
0<T3(\) S2RE[4Y] Y e =22 VOCWTUE [4Y] /(1 - e7Y)
k=na2(X)+1
<2ME[AY] /(1 —e™Y) < +o0. (4.37)

Putting (4.35), (4.36), and (4.37) into (4.34) we obtain that for A large enough

52
. 1/a Yy
liging()\)/)\ = ct/a(l — e~v/a)

Since, from the definition M(A) = — log(E[e=* (V")) which does not depend on § nor on y, we
can let § go to 1 and then y go to 0 in the above expression. We obtain

lim sup — log (E [e*)‘I(VT)D SNV < afct/e

A——+o00

For the first point of the proposition, we proceed exactly as for the second point, using the
lower bound of (4.25) instead of the upper bound and noticing that n;(\) converges toward +oo
as \ goes to infinity, so that the factor (1— e ¥(mN+1/a) /(1 —e=v/%) converges to 1/(1—e /).

O

4.2. Tail at 0 of I(V") : proof of Theorems 1.2 and 1.5. We now prove Theorems 1.2 and
1.5 by using Proposition 4.2 together with the deep link that exists between the left tail of a
random variable and the asymptotic behavior of its Laplace transform.

Proof. of Theorem 1.2
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We assume that there is o > 1 and a positive constant C' such that for all A large enough we
have Wy (A) < CA*. We fix § €]0,1[. According to the first point of Proposition 4.2, there exists
As > 0 such that for all A > \s we have

E [e*)‘l(w)} < exp (—51*1/0‘04)\1/0‘/01/0? . (4.38)
Let us fix z €]0, 5(0‘*1)/0‘0*1/0‘)\((51_04)/(}[. Using Markov inequality and (4.38) we get that for any

A > Ag,
P (I(VT) < x) < eME [e_M(VT)} < exp ()\x - 51_1/0‘0z)\1/0‘/C’1/0‘> .

Since z €]0, 5(0‘*1)/0‘0*1/0‘)\((51_(1)/&[ we have §C~1/(e=1)z—a/(a=1) > )+ o in the above inequal-
ity, we can replace A by 6C~1/(@=Dg=a/(e=1) e obtain

P (1) <2) < exp (—=8(a = 1)/(Ca) /D),
which is (1.4).

We now prove the second point. Assume that there is o > 1 and a positive constant ¢ such
that for all A\ large enough we have Uy (A) > cA®. We fix 6 > 1 and r €]0,1[. According to the
second point of Proposition 4.2, there exists As > 0 such that for all A > \s we have

E [e*M(VT)] > exp (—5“0‘*1)/0‘04)\1/0‘/01/0‘) . (4.39)
Let us fix x €]0, 5(0‘*1)/0‘040*1/0‘)\((;1_&)/@[. Using (4.39) we get that for any A > A,
T(Oe— (0% (0% (63 — T — T — T
() <3 B[] 4 [

<P <I(VT) < x) +exp (—Az),
so we get
P (I(VT) < x) > exp <—5T(O‘_1)/aa)\1/o‘/01/0‘> —exp (—Ax).
Since x 6]0,5(0‘*1)/0‘040*1/0‘)\((51_@)/&[ we have da®/ (=1 ¢=1/(a=1)g—a/(a=1) > \< 5o in the above
inequality, we can replace A\ by s/ (@=1) c=1/(a=1) p—a/(a=1) " We obtain
P < v < x) > exp (_5(1+r(a—1>>/aaa/(a—1> /(cx)l/(a—n) _ exp <_5aa/<a—1> /(cx)l/(a—n) _

Since § > §(Hr(@=1)/a the second term converges to 0 faster than the first one when 0 goes to
0 so we get, for z large enough,

1
P (I(VT) < x) > §exp (_5(1+r(a71))/aaa/(a71)/(Cx)l/(afl)> > exp (_5aa/(a71)/(cx)1/(a71)> ’
where the last inequality is true for z small enough and comes from the fact that r €]0,1[. This
is precisely (1.5).
O

Proof. of Theorem 1.5

We assume that there is a positive constant C' and a €]1,2] such that Wy () ~x_ 100 CA%.
From Proposition 4.2 we deduce that

—log <IE [e*’\I(VT)D ~ a/e ot

A—+00

and the application of De Bruijn’s Theorem (see Theorem 4.12.9 in [5]) yields the result.
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4.3. Connection between I(VT) and I(V) : proof of Proposition 1.9. In this subsection,
we assume that V' drifts to +o0o (so that I(V') < +00) and we prove a simple connection between
the asymptotic tails at 0 of (V1) and I(V).

Proposition 4.3. If V drifts to 400, there is a positive constant ¢ such that for all positive €
and x small enough,

P(I(V)<z)<P (I(VT) < x) <PI(V) < (1 +€)z) /cex.

As in the proof of Proposition 3.2, we decompose I(V') as the sum of two independent random
variables, one having the same law as a subordinator stopped at an independent exponential time
and the other having the same law as I(VT). We first need an easy lemma about the asymptotic
tail at 0 of a subordinator stopped at an independent exponential time.

Lemma 4.4. Let S be a subordinator and T an independent exponential random variable, there
exists a positive constant ¢ such that for all x small enough

P(Sr <z) > cx.

Proof. We prove in fact a stronger result : the function z +— P (St < ) is sub-additive, that is
Vr,y 20, P(Sr <z +y) <P(Sr <z)+P(5r <y) (4.40)

and the lemma follows easily. Recall from the introduction the notation 7 (.S, h+) for 7(S, [h, +00]).
Let z,y > 0 (the case when = 0 or y = 0 is obvious), we have

P(Sr<z+y)=P(Sr<z)+P(T>7(S,z+), T <7(S,(x+y)+))
<SP(Sr<a)+P(T>7(S,2+), T <7(5[Sr(s24) + ¥, +0)))
because S;(g ;) > x almost surely,
=P(Sr<x)+P(T>7(Sz+)) x P(T <7(S,y+)),

from the characteristic property of the exponential distribution and the Markov property applied
to S at time 7(S,z+). Since P(T > 7(S,z+)) < 1land P(T < 7(S,y+)) = P (St < y) we obtain
(4.40).

O
We now prove the proposition
Proof. of Proposition 4.3.
We write :
R(V,0) +00
(V) = / VOt + / eVt
0 R(V,0)
R(V,0) ~+00
_ / VO ar + / o~ (VERV.0)) g4
0 0
R(V,0)
i/ e VWOar + (v, (4.41)
0

where we used the second point of Lemma 2.6 for the last inequality in which the two terms
fOR(V’O) e~V dt and I(V") are independent.
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We thus have

P(I(V)<z)<P (I(VT) < x) . (4.42)
According to Lemma 2.4, the term fOR(V’O) e VW dt has the same law as S where S is a pure

jump subordinator with Lévy measure Gn(. N F'), the image measure by G of n(.NF'), and T an
independent exponential random variable with parameter n(1).

For € > 0 and = > 0, combining the equality in law of lemma 2.4 with (4.41) we obtain
PUI(V)<(1+ez)>P (I(VT) < x) x P (St < ex) > cexP (I(VT) < x) :

for an appropriate constant ¢ > 0, when x is small enough, according to lemma 4.4. Combining
with (4.42) we get the result.

O

Now, if V' drifts to +o00, Proposition 4.3 easily implies that the results of Theorems 1.2, 1.4,
1.5 and of Remarks 1.6, 1.7 are also true for I(V), as long as they are for I(VT). Proposition 1.9
is thus proved.

5. SMOOTHNESS OF THE DENSITY : PROOF OF THEOREM 1.10

According to Proposition 3.2, I(VT) contains, as a convolution factor, the sum of infinitely
many independent multiples of random variables having the same law as Sy (Sp being as in
Lemma 2.1). We can thus use a condition on the Lévy mesure of S to have the existence of the
smooth density for I(VT). Actually, the condition that we check for S is the one of Proposition
28.3 in [14], which is a condition on the Lévy measure of a Lévy process for it to have a C*™
density with bounded derivatives.

As a jump of S is the image by the mapping G of an excursion of V¥, we start by lemmas on
the excursions of V¥

Lemma 5.1. Assume o > 1 and choose o' such that 1 < o' < o. For all h small enough we
have

nt (€, ¢(€) < +oo, Hy(€) > h)>h~ (D,

Proof. We consider excursions away from 0. Let M > 0 be a fixed level and, for any h €]0, M]|,
pn, denotes the probability that V* has no finite excursion of height in ]h, M| before its first
excursion higher than M. Since the set of finite excursions of height in |h, M| and the set of
excursions higher than M are disjoint, we have, by a property of Poisson point processes

oh = n* (&, Ho(§) > M)
nt (&, Ho(&) > M) +nf (&, ¢(€) < +o0, Ho(€) €]h, M])’

so we only need to give an upper bound for p,. Now, note that pj is only the probability that
(V¥ h) and 7(V*, M) belong to the same excursion of V* away from 0, so

(5.43)

py =P (vs elr (VA ), r(VE, M)], VE(s) # 0) —P (vs €0, 7(VE, M)[, Vi(s) # 0) ,
where we used the Markov property at time 7(V*#, h).
= B (7(Vi. M) < m(Vi,] = 00,0)) ) = WHR)/WHDM + k) ~ WHh)/WH(),
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where W is the scale function of V%, and where the last equivalence comes from the continuity
of the scale function (see the Introduction). Recall that W# has a Laplace transform given by
the expression

+00 1

Wh(z)e Mdx = ,
o, TR

Now, for any h > 0, by increases of W# we have

VA > 0. (5.44)

2h 2h
WH(h) < hl/ W (z)dx < e2h1/ Wh(z)e /My
0 0

+oo
< e2h1/ Wh(z)e /M da
0

62

T R0 (k1)

because of (5.44). From the definition of o and the fact that o/ < o, we know that W4 (h~!)/e? >
h~" provided h is small enough. We deduce that whenever h is small enough,

WER) < b7 1.
We thus get for h small enough,
pn < 207 L /WE(M), (5.45)
and taking the inverse in (5.43),
1
6 €O < oo Hal®) €MD 2 6 Bl >0 x (L-1). (o)

Since nf (&, ¢(€) < 400, Ho(€) > h) > n*(&, ¢(€) < +oo, Ho(&) €]h, M]), the combination of
(5.45) and (5.46) yields the result. We got rid of the constants since the same result with the
same constant is true for o’ increased a little bit. (]

We now need the following lemma which states that for a spectrally negative Lévy process,
the excursions of a given height can be split into two independents parts of which the law are
known.

Lemma 5.2. For any h > 0, assume that the process X follows the law n* (.|H(.) > h). Then
we have :

e (X(s5), 0<s<T1(X,h) ~ (VT(s), 0<s<7(VT h)),
o (X(s), 7(X,h) < s <7(X(.+7(X,h)),0)) ~ (Vi(s), 0<s<7(V},0)),
o (X(s), 0<s<7(X,h)) 1L (X(s), 7(X,h) <s<7(X(.+7(X,h)),0))

Note that the time 7'(Vhti ,0) may possibly be infinite, but this is unlikely when A is small.

Proof. of Lemma 5.2

The first point is a consequence of the first point of Lemma 2.6. The second and third points
come from the Markov property.

O

We can now prove the main lemma of this section, it will allow us to check the condition on
the Lévy mesure of S.
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Lemma 5.3. Assume o > 1 and choose o' and ' such that 1 < o/ < o < 8 < 8. We also
f,j — 1 and fix C > 0 an arbitrary constant. Then, for r small enough we have

choose € >

7t (€, C(&) €lr,r]) > 2=V v o, Crit.

Proof. Let us fix r > 0 and z €]0, Cr'*€], then
i (€ C(©) €layr]) 2 (€ C(O) € lav], Ho(¢) > aV/7)
=1 (& ¢(¢) €l 11| Ho(©) > a7 ) xf (&, Ho(e) > /),

where n(.|H(.) > 2'/%") is the measure of excursions conditioned to be higher than z'/#". The
last quantity thus equals

7 (6:6(©) > | Ho() > a7 ) =t (£,¢(6) > r[Hol€) >« ) | s (€. Ho() > 2!/ )5.47)

We now study the three quantities appearing in (5.47) and show that this expression is of the
same order as nf(&, Ho(€) > 2'/#") for which Lemma 5.1 provides a lower bound. We start by
proving that nf(€, ¢(€) > r|Hy(€) > /") converges to 0 uniformly in 2 €]0, Cr!*¢] when r
goes to 0. First, Lemma 5.2 gives for all z in ]0, Cr!*¢] that

(& @ >r 0) > r/2) + P (r(V1,al/7) > r/2) . (5.48)

Ho(§) > x1/ﬁ,> <P (T(Vﬁl/ﬂ’,

The first thing is thus to prove that

sup P <7’(Vti

.0 >r2>—>0. 5.49
2€]0,Cr1+e] z1/B8 ) / r—0 ( )

Before reaching 0 (if it does) the process Vmﬁ1 /o reaches | — 00, 0] (not necessarily at 0). We define

Tﬁ/ﬁ, = T(le/ﬁ,,] — 00,0]). For all z in ]0,Cr!*¢] we have

P <T(Vf1/3,,0) > r/2) <P (TJYM,, > r/4> +P (TJYM,, <r /A, (VA (4 N,0),0) > r/4)(5.50)

T T

Since (x — 7Y

ot /) 18 stochastically increasing in the variable z we have

msgler ]P (Tg/ﬁ/ > 7“/4) =P (TCJ\'[l/B/r(1+e)/6’ > 7“/4) =P (ﬂ(r/ll) > —Cl/ﬁ/r(pre)/ﬁ/) ‘
xe|0,Cr 7€

We introduce T, an exponential random variable with parameter 1 independent of the process
V', and a decreasing function ¢ :]0, +00[—]0, +00| that converges to +o00 as r go to 0 and will be
specified latter. We have

P (VA(r/4) > —CV7r(5917) <P (VAT g(r)) > —CVPr5917) 4 P(T/q(r) > 1/4)

VT /q(r / —ralr
=P <exp <$> > exp(—C'/? )> + e Ta(n/4

o1/ H(T/Q(T)) —rq(r)/4
<e E [exp <W +e )

from Markov inequality,

_ 1/(1)Vﬁ(Q(T))T(/1+E)/B -1 ov 4 e/,
Wy (r= (/8" q(r) — 1
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from the expression of the Laplace transform of the random variable V#(T/q(r)) that can be
found page 192 of [3]|, and where ®yy = \I/‘_/L} as in Section 4.1. The last expression goes to 0 if
these three conditions are satisfied :

q(r)r — 400,
r—0
By (g(r))r+0 — 0,

a(r)/Wys (=) Dy (g )TV — 0

r—0

From the definition of o and 3 and the fact that o/ < o < 8 < /, we have @y (u) < ul/7,
Wye(u) > u” and By (u) > ul/P | provided u is large enough. The three conditions can thus be
simplified and we only need to have :

q(r)r — 400,
r—0

1o’ ,.(1+e)/8'
(a(r)V/* 11597 — 0,

(q(r))lfl/ﬁ’T(U/*l)(He)/B’ — 0.

r—0

Elevating (¢(r)) to the right power so it makes its exponent disappear, these three conditions
become

q(r)r — 400,
r—0

o' (1+€)/8
Q(T)T m 0’

r—0

Since o/ < ' we can check that o'/’ > (¢/ — 1)/(B’ — 1), so the third condition implies the
second. We then only need to verify the first and the third condition, but from the choice of ¢,
we have that (0! —1)(1+¢)/(8" —1) > 1, so q(r) can be chosen such that the first and the third
conditions are satisfied. This yields

}Osng }]P’ <Tﬁ/51 > 7“/4) — 0. (5.51)
x€|0,CrtTe

We now turn to the second term of (5.50). It is known that the jumps of V* is a Poisson process
with intensity measure ¥, the Lévy measure of V. The probability that V¥ has a jump smaller
than —r before time r/4 is thus 1 — ervi (=00, =rD/4 rv8(] — 0o, —r]) /4 := ~(r) and this goes to
Tﬁ/ﬂ, < r/4} we have le/ﬁ/(Tﬁ/ﬂ,) € [-n0],
exepted on some event having probability less than ~(r). We thus get

0 for any Lévy measure. As a consequence, on {
sup P <Tﬁ/3, <r/4, T(Vﬁl/ﬁ,(. + Tﬁ/B/),O) > r/4> <P <T(Vﬁ,r) > 7“/4) + y(r),
x€]0,Crite] r

and we now only need to show that 7(V*,r)/r converges to 0 in probability. Now recall that we
know from Theorem VII.1 in [3] that the Laplace transform of this random variable is given by

i
E [eXp (—)\LV ’T)>} = e vt (V/T),
r
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Since @y (u) < u!?" for u large enough, the last quantity converges to 1 when r goes to 0 so we
indeed have the convergence to 0 in probability of 7(V¥,r)/r and as a consequence

sup P <Tﬁ/6/ <r/4, 7'(Vﬁ

(4N ), 0) > 7“/4) — 0.
2€]0,Cr1+e] @i/ =/’

r—0

Putting this, together with (5.51), in (5.50) we get (5.49). We now deal with the second term
of (5.48), more precisely we prove that

sup P <T(VT,JU1/5/) > 7“/2) — 0. (5.52)
z€]0,Crlite] =0

Because of the increases of the quantity P(r(VT,z'/%") > r/2) we can write

sup P <T(VT,x1/5/) > r/2) =P <T(VT,C1/5/T(1+€)/5/) > r/2)
z€]0,Crlte]

<P (r(VE, YA 2,
according to the first point of Lemma 2.6 applied with y = CY/B p(+e)/B’

Therefore, (5.52) will follow if we prove that the random variable 7(V#, C1/8' r(1+6/8") /1 con-
verge to 0 in probability as r goes to 0. Again, we see from Theorem VII.1 in [3] that the Laplace
transform of this random variable is given by

1/8,.(1+€) /8’ , ,
E [exp <_)\T(Vﬁ,C /B (1+€)/B ))] _ OV A8 g (e 1)

)
r

but, since Pz (u) < u/?" provided X is large enough, we have that, for small 7,

0< T(1+e)/6/q)vu()\rfl) < ,r(lJre)/ﬁ’fl/o’)\l/o’.

By the choice of ¢, we have 1 +¢€ > (8 — 1)(¢/ — 1) > '/o’, so the last quantity converges to
0 as r goes to 0. This shows that the Laplace transform of 7(V¥, CV/8'r(146)/8") /i converges to
1 as r goes to 0 so we get the asserted convergence to 0 in probability as r goes to 0 and (5.52)
follows.

Putting (5.49) and (5.52) in (5.48) we get

sup 1t (€ €(&) > v [Ho(§) > a7 ) — 0, (5.53)

z€]0,Crl+e] r—0

which means that among the excursions of heigh greater than z/#, those of length greater than
r are in negligible proportion, and it thus remains to show that those of length greater than x
are in non-negligible proportion. We want to show that

liminf  inf 7 (f, (&) >z ‘Ho(f) > x1/5/> > 0. (5.54)

r—=0  z€]0,Crite]

From the second point of Lemma 5.2 we have for all x in |0, Cr1*€],

i (& C©) > 2| Ho©) > ) 2P (1(VE,,,0) > 2) 2 P (7N, > ). (5.55)

As we did before, we introduce T', an exponential random variable with parameter 1 independent
of the process V¥, and a decreasing function ¢ :]0, +00[—]0, +-00[ that converges to +oo at 0 and
will be specified latter.
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For any z in ]0,Cr!™] we have
P (Tﬁ/ﬁ, > x) =P (ﬂ(m) > —ml/5/>
> P (VA(T/q(x) > ~2"/7") = B(T/g(x) < x)

#
o (LD ) -y
2178

We choose ¢(z) = 1/ and, because of (5.55), (5.54) will follow if we prove that the random
variable V4(T/q(z))/z'/?" converges in probability to 0 as x goes to 0. According to [3] p 192,
the Laplace transform of this random variable is given by

E \YA(T/a@)\] _ q() (‘1>vu (q(x)) — A/xl/ﬁ’)
[exp < 21/8 >] C Dyi(g(n) (g(x) — Tye (N2l

This last quantity converges to 1 when x goes to 0 if

o \/z'/8" is negligible compared to @4 (g(z)) when x goes to 0,
o Uy (\/z'/%") is negligible compared to ¢(z) when z goes to 0.
These two conditions can be written

27 By (q(x)) — +o0,
r—0

Wy (\2Y) fg(w) —3 0.

Now, because of the definition of 3, because ' > 3, and because ¢(z) = 1/x, it is easy to see
that these two conditions are satisfied. This shows that the Laplace transform of the random
variable V(T /q(x))/z'/?" converges to 1 as = goes to 0, so this random variable converges to 0
in probability and (5.54) follows.

For the factor nf(&, Hy(&) > z'/8") of (5.47) we note that it is trivially more than nf(&, ¢(€) <
+00, Hy(€) > x'/#") and we can use Lemma 5.1 which yields

U (5, Hy(£) > m1/5'> > g~ (@ =D/F (5.56)

for x small enough. Putting (5.53), (5.54) and (5.56) in (5.47), we get the asserted result. Here
again, we actually obtain the result up to a multiplicative constant, but since the result is still
true if, for example, we increase o’ a little bit, we can get rid of the constant.

O
We can now prove Theorem 1.10.

Proof. of Theorem 1.10

We make the assumption that (1.8) is satisfied so, by continuity of the left hand side of (1.8)
in o and 3, we can choose ¢’ and 8’ to be as in Lemma 5.3, but close enough to respectively o
and [ so that they also satisfy (1.8). We also choose € as in Lemma 5.3.

We fix y > 0. Let S is a pure jump subordinator with Lévy mesure p(.) := Gng(. NFPy),

the image measure of 772( N FPy) by the mapping G. From the Lévy-Khintchine formula, the
characteristic function of S(¢) is

)

E [esz(t)} — t®s(§)
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where .
VE € R, Bs(€) = /0 (e — 1) u(da),

so, taking the real part,

+o0o

VEER, R (Ds(6))| = /0 (1 - cos(¢x)) u(de)
m/I€]

> /0 (1 - cos(€x)) u(de)

/€]
> 2—52/ 22 p(d). (5.57)
0

T2

We now prove that the measure p satisfies the hypothesis of Proposition 28.3 of [14]. We have
for any r €]0,1] :
7,,1+€

rﬂfz X)) = rﬂf T, r X X T, r Z. .
/O (dz) 2/0 e, 7)d 22/0 w(lz, v])d (5.58)

We thus need to minorate u([z,7[) for x €]0,717¢] :

plla,rl) = nf({& G(&) € [x,r[} N FPx)

(&)
= ny ({5, / e Wt e [x,r[} N FPOO> ,

from the definition of G,

>, ({& €(€) € [®a, 7], sup& <2y} N FPx)
> ({¢, ¢() € [e¥a,r[}) —ny ({¢, sup& > 2y}) — nj, (FPS,)
=1 ({& C(©) € [e®a,r[}) - ({& sup& > 2y}) —nf) (IPx) — nj (N)
=1 ({& <) € [®a.r]}) -
where we have put ¢ := 775 ({sup& > 2y})—|—77y (IPOO)—l—ng (N). Note that c is well defined because

the quantities % ({sup& > 2y}), nf (IP) and 1, (N) are finite.

We now apply Lemma 5.3 (taking C' = €2¥) and we deduce that for » small enough,
Vo €]0,r ), pfw,r[) = e DT DI ¢
Combining this with (5.58), we get that whenever r is small enough :

1+e 1+€

/ 22 p(dx) > 26_23/((’,_1)/6,/ R GAEC g 20/ xdx
0 0 0

—2y(o’ -1 /
S 27OV ety _ 20k
T2-(o =1/
If
(1462 = (0" —1)/(38 —1)) <2, (5.59)

then, choosing § €]0,2 — (14 €)(2— (¢/ —1)/8')[ and combining the above estimate with (5.57),
we get that

[@s(6)] = IR (@s(6))| = [€]°, (5.60)
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whenever || is large enough. As the only assumption on € is that it is greater than (8’ —1)/(c’ —
1) — 1, we can choose € such that (5.59) is satisfied if and only if

Tl o -1/ 1) <2,

which is equivalent to the fact that ¢’ and 8 satisfy (1.8). Therefore, we have proved that there
exists § > 0 such that (5.60) is true.

Let T' be an exponential random variable with parameter p := 775([ Py) + ng(N ) which is
independent of S, the Fourier transform of Sp is

E[eiiﬂ :/Jroopet%(oeptdt: = 0 (!5\*5>, (5.61)
0

N
p—®5(8)  lglotoo
because of (5.60).

Proposition 3.2 gives the decomposition
I(vh = Z e "By + Z e ey
k>0 k>0
where all the random variables in the two series are mutually independent, and where each term
BY has the same law as Sp. Therefore, the characteristic function of I(V7) is the product of a
characteristic function bounded by 1 and of [],~, Ele’e” ¢S] which, thanks to (5.61), goes to 0

faster than any negative power of |¢|. This proves that the density of (V1) is of class C* and
that all its derivatives converge to 0 when z goes to 4+00. The derivatives of the density of I(VT)
also converge to 0 when x goes to 0 since this density is of class C*° and null on | — oo, 0].

To prove that ¢ v actually belongs to the Schwartz space, we have to study a little more

deeply the infinite product. Let us denote by ¢ the characteristic function of }~, - e*kyC}j.
Then a

brvy(€) = v(©) [T [ 5] (5.62)

k>0

The random variable ST admits moments of any positive order because it is a convolution factor
of I(V") which admits moments of any positive order thanks to Theorem 1.1. As a consequence

the derivatives at any order of functions of the kind of (¢ — E[e "¢57]), for integers k, are
defined and bounded. For any n € N and m > n, we can see by induction that the n'* derivative

P = (5 - ﬁ E [eie"f%sTD(n)
k=0

is a finite sum of products. In each of these products, there are at least m — n factors of the
form E[eieik%ST] for some integers k and the other factors are derivatives at some orders of the
functions (¢ s E[e’® "¢57)) for some integers k. Therefore, from (5.61), we deduce that

Pun(§) = O <!§ \’(m’""s) : (5.63)

€] =00

We decompose (5.62) into

m

¢mm©=<HE%MW%DxRM&

k=0
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where

Ru(©) = 0@ [ E[eeer].

k>m+1

From the Leibniz formula applied to the product, we have

Dy (€ Z C P (€) RTH(E).

R,, is the Fourier transform of a random Varlable that admits moments of any positive order
(because it is a convolution factors of I(V1)), so its derivatives at any order are defined and
bounded. From (5.63) we thus get that

—(m—n)d
San© =0 (i),

As m is arbitrary, ¢I ) goes to 0 faster than any negative power of |£|. Therefore, Prevry

belongs to the Schwartz space and so does the density of I(V"), since the Schwartz space is
stable by Fourier transform.

O

Remark 5.4. The case where V has bounded variation is not contained in Theorem 1.10. More-
over, Remark 2.2 shows that the law of St (St being as in Lemma 2.1) has an atom at 0 if V
has bounded variation, so there is mo hope to generalize our proof of Theorem 1.10 to this case.

We also prove Corollary 1.11.

Proof. of Corollary 1.11

Since V' drifts to 400 we have V¥ = V so the expression (4.41) in the proof of Proposition 4.3
tells us that I(VT) is a convolution factor of (V). Now, under the assumptions of the corollary,
Theorem 1.10 applies and we get the regularity of the density of I(V') thanks to the boundedness
of the derivatives of the density of I(VT) and the differentiation under the integral sign theorem.
We get the convergence to 0 at 400 of the derivatives of the density of I(V) thanks to the
boundedness of the derivatives of the density of I(V') and the dominated convergence theorem.
The convergence to 0 at 0 of the derivatives of the density of I(V') comes from the fact that this
density is of class C* and null on | — o0, 0].

O

6. THE SPECTRALLY POSITIVE CASE

We now make a brief study of the exponential functional of ZT where Z is a spectrally positive
Lévy process drifting to +o0o. If Z is a subordinator, then it stays positive and I(Z") is only 1(2)
which is already known to be finite and have some finite exponential moments (see for example
Theorem 2 in [4]), so Theorem 1.13 is already known in this case.

We thus assume that Z is not a subordinator. Since, in this case, —Z is spectrally negative
and not the opposite of a subordinator (then, we denote by x the non-trivial zero of ¥_y), it is
regular for |0, +o00[ according to Theorem VII.1 in [3|, so Z is regular for | — oo, 0[. Moreover, Z
drifts to +00. We can thus define the Markov family (Z1, = > 0) as in [7], Chapter 8. It can be
seen from there that the processes such defined are Markov, have infinite life-time (this is where
we need the hypothesis that Z drifts to +00) and that Zg, that we denote by Z7, is indeed well
defined.
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Here again, for any = > 0, the process Z; must be seen as Z conditioned to stay positive and
starting from z. Note that, since Z converges almost surely to infinity, for = > 0, JART only Z,
conditioned in the usual sense to remain positive.

6.1. Finiteness, exponential moments : Proof of Theorem 1.13. The idea is that adding
a small term of negative drift to ZT does not change its convergence to +oo. It makes Z'
ultimately greater than a deterministic linear function for which the exponential functional is
defined and deterministically bounded. The key point is thus to control the time taken by ZT to
become greater than the linear function once and for good. We start with the following lemma.

Lemma 6.1. For any y > 0, there exists € > 0 and positive constants c¢; and co such that

Vs >0, P <R(Z;() —(y+e€.)]—00,0]) > s) < cre” %,

Proof. We fix y > 0. From Corollary VIL.2 in [3], a spectrally negative Lévy process X drifts to
—o0 if and only if E[X(1)] < 0. Z is a spectrally positive Lévy process drifting to +o0o so taking
the dual in the theorem we get E[Z(1)] > 0. Now E[(Z —¢.)(1)] = E[Z(1)] — € which is positive
for € chosen small enough. Still taking the dual in Corollary VII.2 in [3|, this implies that Z — €.
is also a spectrally positive Lévy process that dirfts to 400 and which is not a subordinator. We
have

P (R(Z;(.) ~(y+e.),] —o00,0]) > s) —P (te[isr,lfoo[Z;(t) (y+et) < 0>

=CP inf Z,(t)—(y+e€t) <0, inf Z,>0]),
(te[s,Jroo[ y() (y )_ [0,4+00] v )
where C := 1/P(infg 4 oo Zy > 0) = 1/(1 — e™"¥). This comes from the fact that ZyT is only Z,
conditioned to stay positive in the usual sense. Now, noting that Z, = y + Z, we bound the
above quantity by

CIP’< inf Z(t)—etﬁO)zCP( sup —Z(t)+et20>

t€[s,+oo[ te[s,+o0[

< CIP’( sup —Z(t)+et >0, —Z(s)—l—es§0> +CP(—Z(s)+es>0)
te[s,+oo[

=CP < [sup [—Zs(t) +et > —(—Z(s)+es),—Z(s) +es < 0) +CP(—Z(s)+es>0).
te[0,+o0
(6.64)

From the independence of the increments, the process —Z° + €. is equal in law to —Z + €. and
independent from —Z(s) + es. From Corollary VIL.2 in [3|, the supremum over [0,4o00| of the
process —Z° + . follows an exponential distribution with parameter «, where « is the non-trivial
zero of W_y .. From this, combined with the independence from —Z(s) + es, (6.64) becomes

CE (ea(*Z(S)JreS)]l{iz(s)jLesSO}) +CP(—Z(s)+es>0)
<CE (ea(_Z(S)+ES)/2]1{—Z(S)-‘,—ESSO}) +CP <ea(—Z(s)+es)/2 > 1) 7

from the decreases of negative exponential and composing by function z ~ exp(§z) in the
probability of the second term,

< CE (60/2(*Z(S)+6s)) LCP (ea(fz(s)mw - 1) < 2R <ea/2(fZ(s)+es)) |
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where we used Markov inequality in the second term,

— QC eS‘Iffzﬁ,E‘ (04/2) .

As W_4, . is negative on |0, o, we get the result with ¢; = 2C and ¢ = —V_z . (a/2).

We can now prove Theorem 1.13.

Proof. of Theorem 1.13

We fix y > 0. Let m, be the point where the process Z; reaches its infimum, m,, := sup{s >
0, ZJ(s—) A Z}(s) = infly 4 oof ZJ}. Note that from the absence of negative jumps the infimum

is always reached at least at m,— so Z; (my—) = inflp oo ZJ . In order to get ZT from Z; , wWe
use the decomposition given by Theorem 24 in 7], that is :

e The two processes (Z;(my +s)— Z;(my—), s> O) and <Z;(s), 0<s< my> are inde-
pendent,

. (ZyT(my +s) — Z;(my—), 5> 0) is equal in law to ZT.

Now,

m +o0
I(Z;) :/ ye_Z-’j(u)du%—/ e~ 2 gy

0 My

m —+00
= / ’ e*ZJ(“)du + e*Z;(my*) / e*(ZJ(myﬂLu)*Z;(mr))du
0 0

+oo 1 1
> / (23 +u)=Z](my ) g,
0

because almost surely ZyT (my—) <y,

()

because of the above decomposition. We thus get

12" < ez, (6.65)

sto
where < denotes a stochastic inequality. As a consequence we only need to prove the result for

I(Z;). We now choose € > 0 as in Lemma 6.1. We have

R(2}()~(yte )J=000] +00
0<I(Z) = / < ) eZJ(t)dt—i-/ e~ gy
0 R(Z()~(y+e ))-00,0])
+oo

eiZ?'Jr(t) dt

)

gR(ZyT(.) —(y+e.),] —oo,o]> +/

R(Z} ()~ (e )]—000])
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but for ¢ > R(Z;() —(y+e€.),] —00,0]) we have Z;(t) >y +et, so

+o00
OSI(ZJ)SR(Z;(.)—(y—i—e.),]—oo,O])—i—/R<ZT()_(+ . .
+o00
SR<ZJ(-)—(y+e.),]—OO,O]> +/0 e Vldt
=R (Z)() ~ (e )]~ o00,0]) +e /e

From Lemma 6.1, this is almost surely finite and admits some finite exponential moments.
Thanks to (6.65), we have the same for I(Z"), which is the expected result.

O

6.2. Tails at 0 of I(Z") : Proof of Theorem 1.14. We need an analogous of Lemma 2.6 in
order to compare, as we did in subsection 4.3, the exponential functionals I(Z") and I(Z). We
define m, the point where the process Z reaches its infimum : m :=sup{s > 0, Z(s—) A Z(s) =
inflg oo Z }. Here again, from the absence of negative jumps, the infimum is always reached at
least at m— so Z(m—) = infjg [ Z.

Lemma 6.2. If Z has unbounded variation, then Z(m +.) — Z(m—) has the same law as Z'.

Proof. Z(m+.)— Z(m—) is only the infinite excursion of the post-infimum process Z — Z, so we
only need to prove that this infinite excursion has the same law as ZT, and for this we want to
apply Proposition 4.7 of [8]. We already know that, because it is spectrally positive, Z is regular
for | — 00,0[. Taking the dual of the process in Corollary VIL5 in [3], we get the regularity of
{0} and ]0, +oo] for Z, thanks to the hypothesis of unbounded variation. The hypothesis of the
proposition in [8] are thus fulfilled.

Let N denote the excursion measure of the Markov process Z — Z and (L~!,U) the ladder
process of Z : L' is the inverse of the local time at 0 of Z — Z and for any positive ¢, U(t) =
Z(L1(t)).

Recall from the introduction the notation 7(A, h+) for 7(A,[h, +0o0]). We denote by U the
potential measure of U and, since —Z is spectrally negative, the formula page 191 in [3] applies
and yields that U(] — z,0]) = (1 — e™"*)/k for any & > 0. Proposition 4.7 of 8] tells us that for
any positive measurable function G defined on the space of cad-lag functions from [0, +00] to R
with finite lifetime, we have

E[G ((Z"(Dozscrizrnn )| = N (G ((€()ogazriens) U0 = E((E h+)),0) |7(6,h+) < )
X N (&, 7(&, h+) < 00)

=cp N <(1 - efﬁg(T(g’th)))G ((5(3))0§sgr(g,h+)) IT(&§, ht) < OO) )
(6.66)
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replacing U by its expression and where we set ¢, := N (§,7(§, h+) < 00) /K. Let £« denote the
infinite excursion of Z — Z, then, for any positive measurable function F', we get that

E [F ((€oo(5)ogscr(ennt)] =N ( ([

P (inf[o,+oo[ ZzT(T(ZT,h+)) > 0) - <(ZT(S)) T >
en(l — 2 (7T h )y 0<s<r(zThh) ) | -

oH+1f [Zg(r(g h+)) > 0) F((&(5))o<s<r(ens)) [T h+) < OO)

=E

(6.67)
where we used (6.66) with

P (inflo 4o Ze(r(e,ht) > 0)
G ((€(8))ogs<r(eny)) = en(l — e R ERH)) X F ((€0(5))os<r(gonshs)) -

11 follows from (6.67) and from Z'(7(Z",h+)) > h that, P(inflg oo Ze(r(e,ns)) > 0)/cn(l —
e ")) is a bounded martingale with respect to the filtration Fj, := o(Z7(s), 0 < s <
7(Z", h+)) and that it converges almost surely to some constant. As a consequence, this quantity
is almost surely equal to 1 for any positive h, hence,

Vh > 0, B [F ((€xo(8)ozszrien nt)] = E [F ((Z7(Dogszrizran )|

so the infinite excursion of Z — Z indeed has the same law as Z7.

We can now prove Theorem 1.14.

Proof. of Theorem 1.14
We have

m +oo
/ e Z®ar + / e ZMat
0 m

m +o0
/ () gt 4 = Z(m-) / o~ (Z(mA)—Z(m=) g
0

m

+o0
Z(m+)=Z(m=) gy

Vv

m

because almost surely Z(m—) < 0. Since Z has unbounded variation, we can use Lemma 6.2
which tells us that the last term is equal in law to I(ZT). We thus get

P(I(Z) <z) <P(I(Z") <), (6.68)

so we only need to prove the result for I(Z). Obtaining (6.68) is the only thing for which we
need the hypothesis of unbounded variation in this proof. The result that we now prove for I(Z7)
is thus true without this hypothesis.

Let (Q,~,v) be the generating triplet of Z in the Lévy-Khintchine representation. Since v is
non zero, there exist 0 < v < 2 < +o00 such that v([y1,72[) > 0. Then, for n €]0, 1] we define

Vn,l = 771/( N [717’)/2[) and Vn,z =vV= 771/( N [717'72[)7

and set Z™! and Z™? to be two independent Lévy processes which generating triplets are respec-
tively (0,0,2"1) and (Q,~,v™?). We have v = v + "% 50 according to the Lévy-Khintchine
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formula,
zZ L zml 4 gn2,

According to Corollary VII.2 in [3], a spectrally negative Lévy process X drifts to —oo if and
only if E[X(1)] < 0. Z is a spectrally positive Lévy process drifting to +oo so taking the
dual in the theorem we get E[Z(1)] > 0. Now since E[Z(1)] = E[Z"!(1)] + E[Z"2(1)] and
E[Z71(1)] < vanv([y1,72[), we have that E[Z"™2(1)] is positive for i small enough. Still taking
the dual in Corollary VIIL.2 in [3], this implies that Z™2 drifts to +oo for 5 small enough. We
thus choose such an 79 €]0, 1] and denote by ms the point at which Z7-2 reaches its minimum.

Zm:1 is a compound Poisson process, we define N the counting process of its jumps : N(t) :=
t{s€0,t], ZM1(s) — Z™(s—) > 0}. N is thus a standard Poisson process with parameter
co := nov([y1,72[) and it is independent of Z72. We have :

—+o00
M-
0
< e ZMRma) / T i gy
0

10,2 Hoo
B
0

— e—ZWO,Q(mg)I(,}/lN)’
so, from the independence between the two factors :

P(I(1N) < 2/2) x P (e~ "70m) < 2) <P(1(2) < ). (6.69)

We put ¢ := ]P’(e*Z 70°2(my) < 2) > 0. Now by a property of standard Poisson processes, it is
easy to see that I(y;N) has the same law as

1

_E e_ylkek,
Ci

0 k=0

where (eg)ren 1s a sequence of 4id exponential random variable with parameter 1. This allows
us to compute the Laplace transform of I(y1N) :

—+00 1
20, E[eNoM] ZT[— L
— Y A
ico L gt

We put K(A) := min{k € N, \e7"* <1} and taking the logarithm we get

+oo
log (E [e 0 M)]) = =3 log (1 + %e—%k>

k=0
A A ok
>—-KM)log |1+ — ) — Z log(14+ —e™™
O/ ERM co
A 1
>—-K(\)log (14 — —Zlog 14+ —e 7).
Co k>0 Co

Now, since K(\) ~ log(\)/71, we get that

A=+

log (E | MM} > —2(1og(X)* /7,
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for A large enough. Now, reasoning as in the proof of (1.5) (where, from a lower bound on the
Laplace transform of I(VT), we deduced a lower bound for its asymptotic tail at 0) we get

e 2008 <P (I(3N) < ),
for some positive constant c¢o. Combining with (6.68) and (6.69), we get the sought result.
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