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EXTENDED SPECTRUM AND EXTENDED EIGENSPACES
OF QUASI-NORMAL OPERATORS

GILLES CASSIER AND HASAN ALKANJO

ABSTRACT. We say that a complex number ) is an extended eigenvalue
of a bounded linear operator T" on a Hilbert space H if there exists a
nonzero bounded linear operator X acting on H, called extended eigen-
vector associated to A, and satisfying the equation TX = AXT. In
this paper we describe the sets of extended eigenvalues and extended
eigenvectors for the quasi-normal operators.

2010 Mathematics Subject Classification: Primary 47B20, 47A75,
47A80. Secondary 47A25, 47A60.

Keywords and phrases: Extended Eigenvalues, Extended Eigenspaces,
Intertwining values, A-intertwining operators, normal operators,
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1. INTRODUCTION AND PRELIMINARIES

Let ‘H be a separable complex Hilbert space, and denote by B(H) the
algebra of all bounded linear operators on H. If T is an operator in B(H),
then a complex number A is an extended eigenvalue of T if there is a nonzero
operator X such that 77X = AXT. We denote by the symbol o.,¢(7") the set
of extended eigenvalues of T'. The subspace generated by extended eigen-
vectors corresponding to A will be denoted by Ee.i (T, ).

The concepts of extended eigenvalue and extended eigenvector are closely
related with generalization of famous Lomonosov’s theorem on existence of
non-trivial hyperinvariant subspace for the compact operators on a Banach
space, which were done by S. Brown in [4], and Kim, Moore and Pearcy in
[9], and is stated as follows :

If an operator T on a Banach space has a non-zero compact eigenvector,
then T has a nontrivial hyperinvariant subspace.

The special case, where T' commutes with a non-zero compact operator,
is the original theorem of Lomonosov [11].

Extended eigenvalues and their corresponding extended eigenvectors were
studied by several authors (see for example [1], [2], [5], [8] and [10]).

In [2], Biswas, Lambert and Petrovic have introduced this notion and
they have shown that e, (V') =]0, +00] where V' is the well-known integral
Volterra operator on the space L2[0,1]. In [8], Karaev gave a complete
description of the set of extended eigenvectors of V.

Recently, in [12], Shkarin has shown that there is a compact quasinilpotent
operator 1" for which o.,(T) = {1}, that which allows to classify this type
of operators.

In [5], the authors has given an accurate and practical description of the

set of extended eigenvectors of normal operators.
1
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In this paper we treat a more generalize class of operators, that is the
quasinormal operators.

In section 2 we introduce the sets of intertwining values of a couple of
operators and A-intertwining operators associated with a couple of operators
and an intertwining value. We give a complete description of the set of
intertwining values associated with a quasinormal operator and a operator
of the form A® S where A is an injective positive operator and .S is the usual
forward shift on the Hardy space H?. This is the main result of the paper
and it is used several times in the sequel. In particular, we apply this result
in order to describe the extended spectrum of a pure quasinormal operator.

In section 3, Theorem 3.1 gives a description of extended eigenvectors
for any injective subnormal operator. In particular, we give a description of
extended eigenvectors related to the canonical decomposition of a subnormal
operator in sum of normal and pure subnormal operators.

Section 4 is devoted to the complete description of the extended eigenval-
ues and the extended eigenspaces of a general quasinormal operator.

In section 5, we generalize a theorem of Yoshino which gives a necessary
and sufficient condition that an operator commuting with a quasinormal
operator have an extension commuting with the normal extension of the
quasinormal operator. In particular, we generalize this to operators inter-
twining two quasinormal operators, such a result which will give us the rela-
tionship between extended eigenvectors of some pure quasinormal operators
and their minimal normal extensions.

2. INTERTWINING VALUES AND A-INTERTWINING OPERATORS OF
QUASI-NORMAL OPERATORS

In this section, we characterize the set of extended eigenvalues of a quasi-
normal operator. Recall that an operator T' € B(H) is quasi-normal if it
commutes with its modulus |T| := (T*T)"/?, i.e., T|T| = |T|T. Furthermore,
T is pure if it has no reducing subspaces M # {0} such that T'| ¢ is normal.
Since the normal operators have been accomplished in [5], we will focus in
this section on the case of pure quasi-normal operators. First we will show
some auxiliary results.

Proposition 2.1. Let T1, T € B(H), then oept(T1)0ext(T2) C Oent(T1 @T5),
where T71 ® Ty is the tensor product of T1 and T5.

Proof. Let \; € 0¢xt(T;) and X; € Eept(T;, \i)\{0}, ¢ = 1,2. If we consider
X := X; ® Xo, then X is a nonzero operator in Fe. (T} ® To, A1 A2), which
implies
MA2 € Oegt(Th @ T3).
O

Now, if we denote by S the unilateral shift (which we suppose that it is
acting on Hardy space H?), then A. Brown proved the following theorem

(see [3]).

Theorem 2.2. An operator T € B(H) is a pure quasinormal operator if
and only if there is an injective positive operator A on a Hilbert space £
such that T is unitarily equivalent to A® S, acting on £® H?.
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Remark 2.3. The two following remarks will be frequently used in the
sequel.

1) Let T'= V|T| € B(H) be the polar decomposition of a pure quasinormal
operator T'. The subspace £r = H © VpH is invariant by |T| and we can
choose the positive operator A in the above theorem by setting A := Ap =
IT||&r. In this case we will denote by Ur € B(H,Lr ® H?) the unitary
operator such that Ar ® S = UrTUy. Proposition 2.1 and Theorem 2.2
already show that oezi(Ar) - D¢ C 0ere(T). We will frequently identify the
space £7 ® H? with the space Dreolr.

2) Let H be a Hilbert space, and T' € B(H). Suppose that there exist
X,U € B(H), with U is an invertible operator, such that T = U~'SU. Then,
one can easily verify that oeu(T) = 0eqt(S). Moreover, for all A € oe(T),
Eext(T,\) = UEep (S, \)U L.

To our purpose, we introduce the following useful sets of operators. Let

(A,B) € B(H1) x B(H2) and r € R% | we define A, (A, B) by setting
Ay (A, B) ={L € B(Ha,H1) : 3¢ > 0 such that Yx € Ha,
Vn eN,|lr "A"Lz|| < ¢||B"z||}.
When H; = Hy :=H and A = B, the set A,.(A4, A) is denoted as A, (A) or

if no confusion is possible, we write simply A,.. Moreover, in the case of the
positive operator A is invertible, the set Ay is defined by

Ay =A{L € B(H) : sup|[A\T"A"LA™"|| < +o0}.
neN

In addition, for |A\| = 1, we get the Deddens algebra given in [6]. We also
define the intertwining values associated with the couple of operators (A4, B)
by setting Aijnt(A, B) = {\ € C: 3X € B(Ha,H1) such that AX = AXB}.
If A € Aint(A, B), we denote by FEj(A, B,\) the space of Aintertwining
operators X € B(Ha,H1), that is operators such that AX = AXB. When
A = B, Aint(A, A) is exactly the extended spectrum of the operator A, and if
A € 0ezt(A), then the space of M-intertwining operators is exactly Eeq. (T, A).
The next result will be used several times in the sequel.

Proposition 2.4. Let R be an injective quasinormal operator acting on a
Hilbert space H and let A be an injective positive operator on a Hilbert space

L. Then, X\ € Niji(R, A® S) if and only if A\ (R, A) # {0}.

Proof. Assume that A € Ay (R, A® S) and let X = [Xo,...,X,,...] €
B(#;202,H) be a nonzero operator satisfying RX = AX(A®S). Since R is
injective, we have A # 0. An easy calculation shows that RX; = A Xy 14,
and hence RFXy = M\ X, AF for any k € N. On the one hand, since the
range of AF is dense, it implies that X is necessarily non-null. On the other
hand, we see that

IA| 7| R Xox|] < |X||||A"x||, VneN, Vxe L.
Consequently, Xj is a non-zero element of Ay (R, A).
Reciprocally, if L € Ay (R, A)\ {0}, we define for all n € N, the operator
X, : ImA" — H
A"x  — XN "R"Lx.
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Since L € Ajy|(R, A), there is ¢ > 0 such that for all y € ImA", | Xny|| <

c|ly||. Also, ImA™ is dense in £, thus X,, has a (unique bounded) extension
on £, which will be denoted by X,,. It remains to verify that RX, =
AX,11A, for all n € N. So, let x € £, and y = A"z, then

RX,y = RX,A"x = RX, A"z = \""R"" 'Lz
= M OFDRMH Ly = AX, 1 A" e = AX, 41 Ay.
By density, we get RX,, = AX,, 114, and hence X € E;,; (R, A® S, \) \ {0},
as we wanted. (|

Let T be a self-adjoint operator acting on a Hilbert space H, we denote by
mr = inf{< Tx,z >: ||z|| = 1}. We observe that mp = 1/||T~!|| when T is
an invertible positive operator. Also denote, as usual, by o(T) and o, (T") the
spectrum and the point spectrum of T respectively. The following Theorem
is the main result of the paper and will be used several times in the sequel.

Theorem 2.5. Let R € B(H) be an injective quasinormal operator and let
A € B(£) be an injective positive operator, then we have:

(1) if (mymp, [1A]) € 0p(IR]) % 0,(A), then
Aint(R, A @ S) = D(0, e,

Al
(2) if (myg), [|Al]) & op(|R]) x 0p(A), then
Aint(R, A® §) = D(0, e
int (L1, = s and
Al
Proof. The first step consists in proving the inclusion
DO, W—Xﬁ]c C Aimi(R, A2 S).

Let 0 < € < ||A]|, if we denote by E4 (resp. EIfl) the spectral measure of A
(resp. |R|), then we can choose a nonzero vector a (resp. a nonzero vector
8) in V(i mipy + e})(H) (resp. in BA(JA] - |IAJ])(E)) because
mg = inf{A: A € o(|R|)} (vesp. [|A]| =sup{A: A € cd(A)}). Observe that

b can be written under the form b = A™b,, where

Al
by, = “ndEA(t) | b.
([ eme)

Set L = a ® b, since R is quasinormal we have

b
[IR" La|| = [[|R[*all| <x,b> | = [||R["all||bn]]] < A”l‘,Hb—"H > |
n
m\r +e n
< liRrallilllael < lallil (T2 ) vl
1Al — €
Hence, the non-null operator L belongs to € .Ar‘r‘z‘A Iﬂﬂ (R,A). Applying
m‘RH_E i

Proposition 2.4, we see that D(0, A= [‘C Aint(R,A® S). Since € could be
arbitrarily chosen in ]0, || A]||[, we obtained the desired inclusion.
M|R|

The second step is to prove that A, (R, A ® S) C D(0, W[C' Let A €
Aint(R, A ® S), we know from Proposition 2.4 that there exists a non-null
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operator L € Ay (R, A). Recall that since the operator R is quasinormal,
we have |R™| = |R|™. Therefore, there exists an absolute positive constant
C such that (mg)*"L*L < L*|R|*"L = L*R*R"L < C?*\|*" A*". Then,

we necessarily have
1
) R| (HLHY
<Al
Al

and letting n — oo we obtained the desired conclusion. We are now in
position to prove the announced assertions.

(1) By hypothesis, there exists a couple of unit eigenvectors (u,v) € H x £
such that |Rlu = mgu and Av = [|A[lv. We can see that the operator
L=u®uvisin Am\R\/IIAH(R’ A). From Proposition 2.4, we deduced that the

circle C(0,m g /||Al|) centered in 0 and of radius m g /||A|| is contained in
Aint (R, A® S). Using the two firsts steps of the proof, we can conclude.

m‘R

(2) Suppose that A € Ajp(R, A ® S) with [\ = AT then there exists
X # 0 such that RX = AX(A ® S). Since R is injective, then A # 0 and
hence |R| is invertible (mg > 0). As in the proof of the last proposition, we
write X = [Xq,..., Xp,...], and we get R" Xy = A" X,,A". Let R =V|R| be
the polar decomposition of the operator R, since R is injective we see that
V is an isometry. Choose z € £ and y = R*"b € Im(R*"), we derive that

< Xoayy > | = (BN < xoare,b > | < 1K) alimy 18]
R ANPT] ] (R

Since R is quasinormal, the isometry V' commute with |R|. Then, observe
that we can choose b in the closure of the range of R™ which is contained in
the range of V", hence we can write b = V"¢. Therefore, we get |||R| "y|| =
[|[V*7b|| = ||[V**V"¢|| = ||c|]| = ||b]|- Then, using the density of the range of
R*", for all (x,y) € £ x H we obtain

A " n —-n
< Xoaoy > | <IN (7). 2l 1"l

But

IR
i B0l = [ i dBlfe) | o B (i),

n—-+o0o
|R|

Similarly, we see

" 2 A
() ol e B,

According to the assumptions of (2), we must have at least one of the
two spectral projections E‘R|({m|R‘} or EA({||A||} null. Thus, using the
three previous facts, we see that Xy = 0 which implies X = 0. So, we get a
contradiction. Consequently, using Proposition 2.4, it follows that the circle
C(0,mg|/||Al]]) does not intersect Ajn(R, A® S). From the two firsts steps

of the proof, we derive that A, (R, A ® S) = D(0, %]C This finishes the

proof of Theorem 2.5.
O
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Corollary 2.6. Let T be a pure quasinormal operator acting on a Hilbert
miT)

space H. We have oe(T) = D(0, W[C when myp| and ||T|| are in op(|T)),

and we have oe(T) = D(0, %]C when myp) and |[T|| are not both in

op(|T])-

Proof. Applying Theorem 2.2 and taking into account Remark 2.3 we see
that T is unitarily equivalent to the operator Ap ® S acting on the Hilbert
space &7 ® H?, where £ = H & VoH. We set for simplicity A := Ap. We

clearly have m | = ma, ||T|| = |[A]| and 0,(|T|) = op(A). Therefore, from
now on, we may assume that 7" is under the form A® S and H = £r ® H?.
Then, it suffices to apply Theorem 2.5 with R=A® S. O

3. CASE OF SUBNORMAL OPERATORS

It is known that an operator T' € B(H) is subnormal if there is a Hilbert
space K containing H and a normal operator N € B(K) such that S = N|y.
This extension is minimal (m.n.e.) if K has no proper subspace that reduces
N and contains H. In addition, we know that every quasinormal operator
is subnormal. So, we show the following theorem in the more general case,
that is the subnormal one. In particular, it is true for quasinormal operators.

Theorem 3.1. Let N € B(E) and T € B(F) be normal and pure subnormal
operators respectively, such that the operator R = N @ T € B(E @ F) is
injective. Let \ € 0ext(Z), and let

X Xo
X3 Xa

Then X3 =0, X1 € Eegt(N,\), X4 € Eee(T, \) and Xy € Epy(N, T, \).

X = [ ] € Eear(Z,N).

Proof. The hypothesis imply

NX; = AX1N
NXy = AXT
(3.1) TX5 = AX3N
TX4=AX,T
Clearly, it suffices to show that X3 = 0. So, let
T Y
M [0 TJ eB(Fa®Qg),

be the m.n.e. of T', and consider the following operators defined on £EHF DG

oo o] _ [NoOO] 0 00
M=1|0T Y|, N=|0 00|, X=|X; 00
00 T 0 00 0 00

Then formulas 3.1 imply MX = AXN. But both M and N are normal
operators, by using the Fuglede-Putnam theorem it follows M*X = AX N*.
From this, we have easily 7% X35 = AX3N*. Hence, for all m,n € N we get
the following system

T"X3 = A\"X3N"
T*M Xy = A7 X3 N*™
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which implies, since N is normal
T""T" Xy =TT X3.
Consequently
(T*™T" =TT X3 =0, Vm,n €N,
which means
Im(Xs) C () ker(T*™I™ —T"T*™) := M.
m,neN
Now, let x € M then
T T™(Tx) = T T g = TP Ty = TVT*™(Tx).
Thus M € Lat(T). Furthermore, if x € M then
T (T ) = T*™(T"T*z) = T ' T"x = T"T*™(T*x).

Hence M € Lat(T*). From this M is a reducing subspace for T'. Therefore,
there are two operators M; € B(M), M; € B(M™) such that T = M; @
M. Moreover, in M @ M+ the operators TT* and T*T have the following
representations

TT* = M{M; & MyMj, T*T = MM, & MjM,.

Finally, let « € M, then TT*x = T*T'x which implies M;M{z = M{Mx.
So M; is normal, and we get M = 0 since T is pure. Consequently X3 =0
and the proof is complete. O

4. EXTENDED EIGENVALUES AND EXTENDED EIGENSPACES OF
QUASI-NORMAL OPERATORS

The following theorem describes the spaces of extended eigenvectors of a
pure quasi normal operator. We will use the notations introduced in Remark
2.3.

Theorem 4.1. Let T be a pure quasinormal operator acting on a Hilbert
space H. Let A € 0t (T) then

Eert (T, \) = weak™-span{Ur(I ® S™)diag(L, X11, ... Xnn,-..)Ur
:meN, L e A|>\\(AT)},

where X, ,, is, for all n € N, the (unique bounded) extension on £1 of the
operator
Xpn = ImAZ — L
Arr  — N TALLx.

Proof. As usual, we set A := Ap, £r = H © VpH and 'A\)\l = AW(AT).
Let Xo € B(H) be a nonzero solution of TXy = AX(T. Then, we have
seen that Xo = U%XUr where X € B(£7 ® H?) is solution of the equation
(A® S)X =AX(A®S). Let (A;;)ij>0 be the matrix of A® S in £® H?,
ie.,
AH_{ A ifi=j+1
Y10 otherwise.
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Consider for all @ € D, the operator J, whose the matrix in £ ® H? is

defined by
[ aiT ifi=j
(Ja)ij = { 0 otherwise.
Then one can verify that J,(A®S) = a(A®S)J,. In particular, Jo(A®S) =
0. Now let A € 0¢(T) and let X = (X; ;) be a nonzero operator acting on
£® H?, and X € C (necessarily nonzero) verifying (A® S)X = AX(A® S).
A left composition by Jy gives

0=Jo(A®S)X = MoX(A®S) = JoX(A® S).

But
S X07j+1A ifi=0

(JoX(A®8))i; = { 0 otherwise,
which implies X j+1 = 0 for all j, since A has dense range. In addition, we
know that (A® S)X = AX(A® S) implies (A® S)"X = \"X(A® S)" for
all n € N. A same process gives X,, ,, = 0 for all 0 < n < m. Consequently,
X has a lower triangular matrix.
Thus, if we denote by X (m) the operator whose the matrix is

[ Xy ifj=mti
(X(m))i; = { 0 otherwise,

for all m € Z. We can prove that

. - k
X = weak lim <Z <1 T+ 1> X(_k)> '

k=0

Moreover, we observe that there exists an operator Y acting on £® H? such
that X (—n) = (I®S™)(Y(0)) for all n € N. Furthermore, one can verify that
(AS)X(—n) = AX(—n)(A®YS) if and only if (A®S)Y (0) = AY(0)(A®.S).
Therefore, we are reduced to examine the case where X = X(0).
We have
AXi—l,i—l ifi=44+1
(4@ 8)X(0):; = { 0 otherwise,

and
_ AXGA ifi=j+1
(AX(0)(A® S))i; = { 0 otherwise.

Hence, for all n € N we have AX,, , = AX;,11n414. Thus, we get for all n,
AT"A" X = XpnA". On the one hand, since the range of A is dense, it
implies that Xg o is necessarily non-null. On the other hand, we see that

’)\’_nHAnXQQI'H < ‘XHHAnxu, Vn € N, Vr e £.

Consequently, X is a non-zero element of Ay := Ay (4).
Reciprocally, if L € Ay \ {0}, we define for all n € N, the operator

)?,w . ImA™ — £
Atz — A "A"Lzx.

Since L € A}y, there is ¢ > 0 such that for all y € ImA", Xyl < cllyll-

Also, ImA"™ is dense in £, thus )V(nm has a (unique bounded) extension
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on £, which will be denoted by X, . It remains to verify that AX, , =
AXpt1nt14, for all n € N. So, let z € £, and y = A"z, then

AXppy = AX, n Atz = AX,, , A"x = A\ "A Ly
= M AY L = AX, 1 AV e = AX a1 Ay,

by density, we get AX,, , = AX,,41,n4+14, which implies X € E..+(T, \)\ {0},
as we wanted.

O

Remark 4.2. Let A be an injective positive operator on a Hilbert space £
and let [A| < 1, then we can easily verify that Ay := A5 /(4) is an algebra,
that which is not true in general, when |[A| > 1 (see Example (2)). Recall
that A; is the Deddens algebra given in [6]. Finally, If we denote by D4 1 x
the operator defined on £ ® H? by

(D )i = ANTAILATT ifi=
ALALJEN =9 otherwise.

Then, we get the following corollary.

Corollary 4.3. Let A be an invertible positive operator on a Hilbert space
LoandT=ARS. If X\ € 0¢54(T) then

Eert(T, \) = weak™-span{(I ® S")Darx:n €N, L€ Ay (A)}.
Example 1. Let T = A® S such that

A:kigy a>p>0,

and let

L:[a b], a,b,c,d € C.
c d

Then, if A € C* we get

-n Qo \ny
A—"A”LA—”:[A @ (55 }

() A
So we distinguish the following cases :
(1) if |A] > % > 1, then Ay = B(£) = M(C).
(2) if 1 < |A[ < §, then
a 0
Ap = {[C d] , a,c,d € C}.
(3) if £ < |\ < 1, then
00
.Aw :{|:C 0:| R CE(C}.

(4) if [A] < £, then A}y = {0}.
Example 2. Let T = A® S such that

A= , a>fF>v>0,

oo R
oo
=2 OO
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and let
01 0 0 0 O
Li=10 0 0|, Lo=10 0 1
0 0 O 0 0 O
Then, one can verify that
AT AL AT = (NS
B
B

(AT A" Ly AT | = [AT(2)",
Y
and N
AT ALy Ly A™"|| = IAlfn(;)"-
Now, let «, 8,~v and A be such that
a B

B
then, clearly L1, Lo € AW, but LiLs ¢ ‘AW

= [Al,

In the next result, we describe completely the extended eigenspaces of a
general quasinormal operator.

Theorem 4.4. Let R be an injective quasinormal operator on o Hilbert space
H, and consider R = NOT € B(EGH) the canonical decomposition of R into
a direct sum of a normal operator N € B(E) and a pure quasinormal operator
T € B(H). Let A € 0ept(R) then Eep(R,N) is the following subspace of
B(EDH)

{ [U VUr

0w } 2U € Eeyt(N,N),V € Ejt(N,Ar @ S, \), W € Ecpt (T, N)}

where Ejpi(N, Ar ® S, \) is the set of operators V € B(@Z;’%ST,E) whose
matricial form are given by V = [Vo,...,Vy,...], where Vo € A\ (N, Ar)
and Vy, is, for all n € N*, the (unique bounded) extension on £ of the
operator

9

Vi, + ImA™ — E
A"x = ATPN"Vha.

Proof. Let X be an extended eigenvector of R associated with the extended
eigenvalue A. According to Theorem 3.1 it suffices to describe the upper
off-diagonal coefficient X5 in the matrix representation of X with respect
to the orthogonal direct sum H = £ @ H. Clearly, we have Xy = VUr
where V = [Vp,..., V,,...] € Eijn(N, Ar ® S, \). For convenience, we write
A = Ap. We see that N"V, = A"V, A™ for every n € N. Thus, we have
[IN"Vox|| < [[V][]A]"[|A"x]| and hence Vo € Ajy (N, A).

Conversely, by using assumptions, we get NV = AA ® S and any matrix

of the form
_|U VUr
=[5 W

where U € Eeut(N,\) and W € E (T, \)}, is an extended eigenvector of
R. Tt ends the proof. O
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We can now describe the extended spectrum of a general quasinormal
operator.

Corollary 4.5. Let R, N, T and H be as in the last theorem, then we have
YN A YT

Oext(R) = Oext(N B T) = ezt (N) UD(0, ] [©

if one of the following assumptions holds:

- a) myy| < myr and (myyy, |[T]) € op(IN|) x op(|T]);

- b) myny = myry, and (myn), [[T1]) € op(IN]) x 0p(T) or (myp), [[T]]) €
op(|IT))?;

- ¢) myn| > myp and (myp), ||T|]) € ap(IT])%.

FElse we have

min /\mT c
Oeat(R) = 0eqt(N) UD(0, W] _

Proof. Using Theorem 4.4, we see that
Uext(R) = Uea:t(N) U Uext(T) U Aint(Na AT ® S)

Taking into account Corollary 2.6, we see that the proof rests on an appli-
cation of Theorem 2.5. O

5. LIFTING OF EIGENVECTORS OF PURE QUASI-NORMAL OPERATORS

In [13, Theorems 1 and 3|, the author gives a necessary and sufficient
condition that an operator commuting with a quasinormal operator have
an extension commuting with the normal extension of the quasinormal op-
erator. In Theorem 5.3 we generalize this to operators intertwining two
quasinormal operators. First we introduce the following proposition (see [7]
for the proof).

Proposition 5.1. Let T; € B(H;) be subnormal operator with m.n.e. N; €
B(K;), 1=1,2, and let X € B(Ha,H1). The following are equivalent :

(1) X has a (unique) extension X € B(Ka,K1) such that N1 X = X Ny.
(2) There exists a constant ¢ > 0 such that

n n
Y <TiXa;, T{Xw; >< ¢y < Tia;, Ta; >
i,j=0 4,j=0
for all finite set {xg,...,xn} in Ha.
Moreover, if (2) holds, then T1 X = XT5.
We also need the following auxiliary lemma (see [13] for the proof).

Lemma 5.2. Let T' € B(H) be injective quasinormal operator with the polar
decomposition T = V|T|, and let N € B(K) be the m.n.e. of T with the polar
decomposition N = U|N|. Then U is unitary and

V=Uly and |T|=|N|u.

Now we prove the main theorem of this section.
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Theorem 5.3. Let T; € B(H;) be injective quasinormal operator with the
polar decomposition T; = V;|T;| and let N; € B(K;), be the m.n.e. of T; with
the polar decomposition N; = U;|N;|, i = 1,2. If X € B(Ha,H1), then the
following are equivalent :

(1) X has a (unique) extension X € B(Ka,K1) such that N1 X = X Ny.
(2) VlX = XV2 and ’TllX = X‘TQ‘

Proof. (1) = (2). Let X € B(K2,K1) be an extension of X such that
N1X = XN,. Then by using Fuglede-Putnam theorem, we get Ny X =
X Nj3. Hence, we easily get

IN1|X = X|Ny| and U1 X = XUs.
By Lemma 5.2, for all z € Hy
ViXz =ViXz=U1 Xz = XUpx = XVox = XVaz,
and
IT\|Xz = |T1| Xz = |N| Xz = X|No|z = X|Thlz = X|Th|z.

(2) = (1). Let U; € B(K!) be the minimal unitary extension of V;. Then for
any finite set {zg,...,z,} in Ho

n n
N < TiXzp, T{Xa; >= Y < VT Xa;, V{11 Xa; >
i,j=0 4,j=0

n n
= Z < VfX]Tg]jxj,Vl]X\Tg\ixi >= Z < U{X‘TQ’JI'j’UfX‘TQ‘sz >
i,j=0 4,j=0

n n
=Y < UYX|Dfz;, U X Ty z; >= || > U X|Tol il
i,j=0 i=0
Since for all £k >0
Uy X | Tyl w; = UFHFUF X | Ty 'a; = U XV Ty s
= U X US| Ty s = U XU US? Ty
for all ¢+ = 0, ...,n, we have, by choosing k such that i + k£ = n for each i

n n
1Y U X|Te|'zil[{, = 107" XU3 Y~ U |Tol il [},
i=0 =0

n n
=[|XU3 Y US| Dol illy, = 1IXUS Y Us'|Tofwill3,
=0 =0

n n
<IXIF 1D U [Telailley = 11X1F, Y < UslTolay, U [Tal'a; >

i=0 i,j=0
n . . . . n . .
=lIX1[3 D < 1Tl Vauy, B[ Viz; >= ||X|f, D < Tiaj T3ai >
$,j=0 3=0

Hence, Proposition 5.1 implies the first assertion. The proof is now complete.

O
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Now, let A be a positive operator, and denote by U the bilateral shift,
then A®U is the m.n.e. of A® S, and the last theorem implies the following
corollary.

Corollary 5.4. Let A be an injective positive operator on a Hilbert space £,
and let X be a bounded operator on £® H?, then the following are equivalent

(1) X has a (unique) extension X € B(£ ® L?) such that
(AU)X =XX(AxU).
(2) (ADX = NMXA®I) and (I ®S)X =N/NX({I®S).

Now, we use similar arguments from the proofs of Theorem 2.5 and The-
orem 4.1 to establish the following result.

Theorem 5.5. Let A be an invertible positive operator on a Hilbert space
£, and N = A®U. Denote by a = || A||||A7Y|, then if (||A]|,||A7Y||71) €
op(A)? we have

Oeat(N) ={2€ C: = <|z| < a},

SN

else we have
ext(N) ={2€C: 2 <|z| < a}.
Moreover, if A € oezt(N) then
Eert(N,\) = weak*-span{(I @ U™)D s\ :m € Z,L € ./le}.
where lA)A,L,A is the operator defined by
(DA’L’)‘)i’jEZ - { ())‘72‘4@[“472 Zojjffzz;qiise.

and
A ={L € B(L) : sup ||\ "A"LA™"|| < +o0}.
ne”z

Indeed, if (||A]],||A7]|71) € 0,(A)? it suffices to consider L; = u®v and
Ly = v ® u where u and v are eigenvectors of A associated with ||A|| and
[|A=1||~! respectively.

Else, we use the inequality

AN\ AL\
<Lzy>|<C <—> x <7) Y
| =<l () el (=) ol

(which is available for any L € A, and any m € N), in order to show that
L is necessarily null (see proof of Theorem 2.5). We proceed similarly for
proving that A,-1 = {0}.

Theorem 5.6. Let A be an invertible positive operator on a Hilbert space
L T=A®S and N=ARU. Let A € 0e4(N) and X € B(£ ® H?), then
X has a (unique) extension X € B(£ ® L?) such that

NX = AXN,
if and only if
X € weak™-span{(I @ S")Dapx:n €N, L € Ecpi(A, [N}
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Proof. Let X = (Xi,j)i,jel be an operator acting on £ ® L? such that

(5.1) NX = AXN,

Consider for all a € T, the operator .J, whose the matrix in £& L? is defined

by
A atl ifi=y
(Ja)ij = { 0 !

otherwise.

Then one can verify that JuN = aNJ,. Hence, let a, B € T, if we apply
to both sides of the Equation (5.1) the operator J, from the left, and the
operator Jg from the right, we get

PN A 2 oA a
NJoXJy = Z5Ja X JsN.

Now, let m € Z, § € [0,27] and put o = 87 = €', then the last equation
implies

2m 2
N / e ™0 J 60X J —iedm(0) = A / e ™0 J 0 X J —iedm(0)N,
0 0
where the integrals are well defined in Bochner sense. Hence
NX(m) = AX(m)N.

where X (m) is the operator acting on £ ® L? whose the matrix is given by

5 X ifi=m+j
X L. = ,J
(X(m))i; { 0 otherwise,
On the other hand, one can easily verify that jeiGX je—ie is an extension
of the operator J,oX.J, i, so that X (m) is an extension of X(m) = (I ®
S™)Da,r,x- Also, by using the last theorem, there exists L € A such that

X(m) =T ®@U™Darpnx.

Now, suppose that m < 0. In this case, L = 0. Indeed, if L # 0, then
£® H? ¢ Lat(X(m)), which means that there is no bounded operator on
£ ® H? for which X (m) is an extension. Now assume that m > 0. Then
X (m) is an extension of the operator X (m), and by using the Corollary 5.4,
we have an equivalence with the two following equations

(A DX =NXARI) and (I®8)X =N/|NX(I®S).
One can easily verify that the last equalities are equivalent to
AL = |\|LA.

which means that L € Eez (A, |A|). The converse is easy and will be left to
the reader. U

Remark 5.7. Let A be an invertible positive operator on a Hilbert space
€ such that (||A]],||A7Y|7Y) € 0,(A)?, T = A®S and N = A® U the
m.n.e. of T. As a direct result of the last theorem, we can summarize the
relationship between extended eigenvectors of T' and N in the four following
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cases :

1) If |A] € [1/a,a] and let
X = (I®Sn)DA,L,)\, n € N.

Suppose that L € FEg(A,|A]), then X has a (unique) extension X €
Eext(N,A).

2) With the same hypotheses, if we suppose that L ¢ E..(A,|)\|), then X
doesn’t have any extension in Fe. (N, A).

3) Let |\ € [1/a,a] and X € E.p(N,A)\{0} be such that

X = (I® Um)bA,L,)\, m < 0,

then there is no bounded operator on £ ® H? for which X is an extension.
4) If |A\| > a, and let

X=(I®8")Dary neN, LeAy\{0},

then X € FE (T, \), but it has no extension in Fg. (N, \).
When (||A]], [|JA7Y|71) ¢ 0,(A)?, the reader can adapt this remark by using
Theorem 5.5 and conclude.
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