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Abstract – Metamaterials combining superconducting (S) and ferromagnetic (F) compounds
permit to attend new functionalities and reveal unusual counterintuitive effects. Here we show
that SF superlattices may display a very special electrodynamics due to the nonlocal polarization
of the magnetic subsystem, making the intervortex interaction attractive at some distances. In
such superlattices the vortex matter can form an intermediate state with alternating vortex and
Meissner phases. Tuning the parameters of the F and S subsystems one can engineer the phase
diagram of the vortex matter. We provide concrete recommendations for the proper choice of
compounds for these SF hybrid structures.

Introduction. – Abrikosov vortices and the vortex
lattice are among the most curious and astonishing
objects in superconductor physics. In type-I supercon-
ductors the vortex state is unstable due to the mutual
attraction of vortices at all distances. On the contrary,
in type-II superconductors the vortex-vortex interaction
is repulsive, which results in the existence of a stable
mixed state. However, for more than 40 years it has been
known that such a simple classification is incomplete:
even in materials with 1/

√
2 < κ � 1, such as pure

Nb, the vortex-vortex interaction potential may become
attractive at long distances [1] (certainly, this prediction
is valid only at low temperatures, where the GL theory is
no longer applicable). As a result, the transition from the
Meissner state to the mixed state becomes a first-order
phase transition: at the lower critical field Hc1 vortices
enter the superconductor at a finite concentration (see,
e.g., [2]). This phenomenon has been named “type-II/1
superconductivity” [2,3], as opposed to “type-II/2 super-
conductivity”, which stands for ordinary type-II behavior.

In some cases the vortex-vortex interaction may be at-
tractive also in high-κ superconductors. At low magnetic
fields, B � Hc2, where Hc2 is the upper critical field, the
electrodynamics of these materials, being essentially local,

is well described within the simple London theory. There-
fore, the reversal of the magnetic field of a single flux line
is a sufficient condition for vortex-vortex attraction [4–7].
The field reversal indeed occurs in anisotropic nonmag-
netic [4–7] and magnetic [8] superconductors at certain
orientations of the vortices. Then, their interaction po-
tential is strongly anisotropic and vortices penetrate the
sample in the form of separated chains [9].

In the present paper we discuss a new mech-
anism of vortex-vortex attraction in superconductor
(S)-ferromagnet (F) superlattices. We show that the spa-
tial dispersion of the magnetic susceptibility in ferromag-
nets introduces a nonlocal relation between the current
density j and the vector potential A. The ratio of the
magnetic nonlocality scale to the superconducting length
scale —the London penetration depth λ— can be changed
strongly by adjusting the temperature, causing appro-
priate alterations in the strength of the nonlocal effects.
These effects in SF superlattices can lead to a dramatic
modification of all physical properties and measurable
characteristics of the vortex phases: i) the vortex field
and intervortex interaction potential acquire an oscilla-
tory tail; ii) with changing temperature a high-κ super-
conductor switches from type-II/2 to type-II/1 behavior;
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iii) vortex clusterization and an intermediate vortex state
occur. The technological advances in the fabrication of
SF superlattices (see refs. [10,11] and references therein)
should permit to design a completely new type of su-
perconducting materials with unique electrodynamical
characteristics.

Basic equations. – The multilayered system under
consideration is schematically shown in fig. 1. Let the
magnetic layers have an easy x-axis magnetocrystalline
anisotropy. In the absence of an external field we may ex-
pect the magnetization vectors to be parallel to the layers.
Their mutual orientation depends on the magnetization
prehistory though the minimization of the magnetostatic
energy favors, of course, the configuration with opposite
magnetic moments in neighboring F layers. We do not
expect the particular configuration of the in-plane magne-
tization to cause qualitative changes in our results, so, for
simplicity, we start from the ground state magnetized by
the external field so that the magnetic moments in all lay-
ers are codirectional, as shown in fig. 1. We will neglect the
Josephson currents between neighboring S layers, so that
Josephson vortices do not appear. Such approximation is
valid in the case of insulating or sufficiently thick F layers.
Indeed, in the case of insulating F layers the S and F sys-
tems are electrically decoupled and the only mechanism
of their interaction is the electromagnetic one. The same
situation is realized in the presence of a thin oxide inter-
layer. When the F layer is a metal with a good electrical
contact with S layers the proximity effect should play an
important role [12]. However, if the thickness dS of the S
layers exceeds the superconducting coherence length ξ and
the thickness of the F layers dF exceeds the decay length
of superconducting correlations in a ferromagnet (which is
typically several nm), we may safely neglect the influence
of the proximity effect on the superconducting properties
of the SF superlattices. Then, within the London approx-
imation the free energy of the system may be written as

F =
∫ [

1
8πλ2

0

(
A +

Φ0

2π
∇θ

)2

+
K0M2

⊥
2

+
α0

2
∂M
∂xi

∂M
∂xi

+
B2

8π
− BM

]
d3r (1)

(see, for example, [13]). Here, λ0 is the London pene-
tration depth of the superconducting layers, Φ0 is the flux
quantum, θ is the superconducting order parameter phase,
B = rotA, M is the magnetization, M⊥ is the compo-
nent of M perpendicular to the anisotropy axis x, K0 and
α0 are anisotropy and exchange constants, respectively.
On the right-hand side of eq. (1) the first term should be
integrated only over the superconducting layers, and all
terms containing M only over the magnetic layers. If the
period d of the structure is much smaller than the char-
acteristic in-plane length scale λ0 it is natural to average
the functional over the small-scale modulation of the fields
and magnetic moments at the structure period and adopt,

Fig. 1: (Colour on-line) Vortex lines in the SF superlattice with
codirectional magnetic moments M0 in all layers.

thus, a standard continuous medium approximation. An
external field directed along the z-axis (normal to the lay-
ers) will induce Abrikosov vortices oriented also along the
z-axis and the magnetization component M⊥ normal to
the layers. Assuming the magnitude of the full magneti-
zation |M| to be fixed and the perpendicular component
M⊥ to be small, so that |M⊥| � M , one can get the part
of the free-energy functional needed to find the M⊥ tex-
ture and the corresponding induced magnetic fields and
currents:

F =
∫ [

1
8πλ2

(
A +

Φ0

2π
∇θ

)2

+
Km2

2
+

α

2
∂m
∂xi

∂m
∂xi

+
B2

8π
− Bm

]
d3r, (2)

where m = M⊥dF /d, λ = λ0
√

d/dS , α = α0d/dF , and
K � K0d/dF is an effective anisotropy. In principle the
latter value can depend, of course, on small magnetostatic
corrections. In eq. (2), unlike in eq. (1), all terms are
integrated over the whole sample.

Note that eq. (2) can be also derived for a bulk ferro-
magnetic superconductor [14–16]. Indeed, in this case the
free energy of the system can be written as

F =
∫ [

1
8πλ2

(
A +

Φ0

2π
∇θ

)2

+
KM2

⊥
2

+
α

2
∂M
∂xi

∂M
∂xi

+
B2

8π
− BM − HeB

4π

]
d3r, (3)

where He is an external field, and all terms are integrated
over the whole sample. Let us substitute in eq. (3)

M = M0

√
1 − m2

M2 + m,

where M0 is a uniform magnetization directed along the
easy axis x, and m is perpendicular to M0. Assuming
|m| � M , we obtain

F =
∫ [

1
8πλ2

(
A +

Φ0

2π
∇θ

)2

+
B2

8π
+

Bxm2

2M

− Bm +
α

2
∂m
∂xi

∂m
∂xi

+
Km2

2
− B(He + 4πM0)

4π

]
d3r.

(4)
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It can be seen that the magnetization M0 acts as an
external field, which leads to the emergence of a sponta-
neous mixed state in ferromagnetic superconductors with
the vortices directed along M0. This situation is not very
interesting, since the spatial dispersion does not matter
when the magnetic field is parallel to M0. The influence
of the spontaneous magnetization can be compensated
by an external field directed in the −x-direction. If the
sample has a vanishing demagnetizing factor Nxx, the
compensating field simply equals −4πM0 (if Nxx �= 0, this
field is somewhat smaller). If we substitute He = −4πM0
into eq. (4), we may see that in equilibrium the field
component Bx should be of the order of or smaller than
m2/M , hence, the term containing Bxm2 is much smaller
than m2, and it can be neglected. Hence, at He = −4πM0
eq. (4) reduces to eq. (2). Thus, the formalism developed
below can be applied to both SF superlattices and
ferromagnetic superconductors.

The vortex state. – Minimizing F with respect to m
and a, we obtain the following relations for the Fourier
transforms:

m(q) = (K + αq2)−1B(q), (5)

iq × B(q) = − 1
λ2 μzz(q)

[
A(q) +

Φ0

2π
∇θ(q)

]
, (6)

where q is the 2D wave vector in the Fourier space, and
μzz(q) = 1 + 4π(K − 4π + αq2)−1 is the permeability in
the z-direction. The second term in the expression for μzz

is responsible for the nonlocal electrodynamics generated
by the magnetic subsystem.

Now we may calculate the vortex field profile, Bz(ρ) (ρ is
the distance from the vortex axis), using eq. (6) and the
relations

iq × A(q) = B(q), ∇θ(q) = i
z0 × q
2πq2 ,

where z0 is a unit vector directed along the z-axis. The
Fourier transform of Bz(ρ) can be presented in the form

Bz(q) =
Φ0

4π2λ2L2(q2
2 − q2

1)

[
1 − L2q2

1

q2 + q2
1

− 1 − L2q2
2

q2 + q2
2

]
, (7)

where

q2
1,2 =

L2 + λ̃2 ±
√

(L2 + λ̃2)2 − 4L2λ2

2L2λ2 , (8)

λ̃ = λμ
−1/2
zz (0) is the renormalized London penetration

depth [13], and L = (α/K)1/2 is the magnetic nonlocality
scale. The inverse Fourier transform of eq. (7) is straight-
forward, and one immediately obtains

Bz =
Φ0

2πλ2L2(q2
2 − q2

1)

[(
1 − L2q2

1
)
K0(q1ρ)

− (
1 − L2q2

2
)
K0(q2ρ)

]
, (9)

Fig. 2: The H-field profiles of a single vortex at μzz(0) = 5
and different ratios L/λ. Inset: the profiles of Bz, in arbitrary
units.

where K0 is the modified Bessel function and Re(q1,2) > 0.
The H-field, defined as Hz = Bz − 4πmz or Hz(q) =
μ−1

zz (q)Bz(q), can be calculated in a similar way:

Hz =
Φ0

2πλ2L2(q2
2 − q2

1)

[ (
1 − 4πK−1 − L2q2

1
)
K0(q1ρ)

− (
1 − 4πK−1 − L2q2

2
)
K0(q2ρ)

]
. (10)

It is remarkable that the quantities q1 and q2 become com-
plex when Lmin < L < Lmax, where

Lmin,max = λ

[
1 ∓

√
4π

K

]
= λ

[
1 ∓

√
μzz(0) − 1

μzz(0)

]
. (11)

Then, Bz(ρ) and Hz(ρ) exhibit damped spatial oscil-
lations. The situation formally resembles the behavior
predicted by Eilenberger [17] and Dichtel [18] for low-κ
superconductors. However, at L > Lmax the oscillations
disappear: the fields change their sign once, remaining
negative at ρ → ∞. Some graphs of the magnetic induc-
tion Bz(ρ) and of the H-field are shown in fig. 2.

Taking a sample with a vanishing demagnetizing factor
Nzz and using eqs. (2), (5) and (6) one can obtain F =∫

κHd3r/8π, where κ = −Φ0 rot∇θ/(2π) is the vorticity,
and H = B − 4πm. Thus, for L > Lmin, i.e., for

L > λ0

√
d

dS

[
1 −

√
μzz(0) − 1

μzz(0)

]
, (12)

the sign change of Hz(ρ) results in the attraction of vor-
tices. Here the length L � L0 =

√
α0/K0 coincides with

the Bloch domain wall width of the ferromagnetic lay-
ers [19] (note that we do not consider systems containing
domains, so L0 is just a characteristic length scale). In
our case the unusual behavior of the vortex field is a con-
sequence of the strong spatial dispersion of μzz(q), unlike
in refs. [4–8], where the sign reversal appeared due to the
anisotropy. In ref. [20] it has been erroneously claimed
that a large value of μzz is sufficient for the attraction of
vortices, so that the dispersion is not required. Indeed, if
we put α = 0 in μzz we obtain a well-known renormal-
ization of λ in eq. (6), which does not lead to any field
reversal [13]. Still, the numerical simulations presented in
ref. [20] revealed the clusterization of vortices, apparently
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Fig. 3: (Colour on-line) (a)–(c) Delaunay triangulations
of vortex configurations in a ferromagnetic superconductor
or SF superlattice with the parameters μzz(0) � 1 and
Lμzz(0)/λ = 2. The size of the box is (a) 50λ′×50λ′, (b) 60λ′×
60λ′, and (c) 90λ′ × 90λ′, where λ′ =

√
Lλ. The fivefold- and

sevenfold-coordinated vortices, forming lattice dislocations, are
marked as blue and red points, respectively. (d), (e): two re-
alizations of a metastable state with different (random) initial
conditions. The dots denote vortices. (f) Metastable configu-
ration with 20 pinned (fixed) vortices, marked as hollow circles.
In (d)–(f) the size of the box is 150λ′ × 150λ′.

connected with the dispersion of the permeability, which
has been actually included in the model. This fact is in
good accordance with our analysis.

To determine the equilibrium vortex configurations
in our system we modelled numerically the relaxation
to equilibrium of 800 vortices confined in a box with
rigid walls. The relaxation process was goverened by the
equations

η
dRi

dt
= − ∂F

∂Ri
, (13)

where Ri is the position of the i-th vortex, and η > 0
is a viscosity coefficient. This algorithm allows to find
a local minimum of the free energy. The relaxation was
stopped when all derivatives dRi/dt became sufficiently
small. Some final vortex configurations are shown in fig. 3.
The parameters K, L and λ were chosen so that the vortex

Fig. 4: The B0z-vs.-Hez dependences at low fields (Hez �
Hc2) and μzz(0) = 4 (Lmin = 0.268λ̃) plotted for different
ratios L/λ̃.

field oscillations were present. In this respect our calcu-
lations differ from those given in refs. [21–23], where a
nonoscillating attractive potential was used to study the
vortex structures in superconductors with competing at-
tractive and repulsive vortex interaction. Generally, we
observed either a uniform hexagonal vortex state with sev-
eral defects (fig. 3(a) and (b)) or vortex clusters with a reg-
ular internal hexagonal structure (fig. 3(c)–(f)). No traces
of square configurations were found. Relying on this obser-
vation, we calculated the magnetization curves of the fer-
romagnetic superconductor with Nzz = 0, assuming that
the lattice is triangular. The z-component of the internal
field, B0z , satisfies the relation Hez = 4πV −1∂F/∂B0z,
where He is an applied external field, and V is the sample
volume. Several B0z-vs.-Hez curves for different tem-
peratures T are shown in fig. 4. At high temperatures,
when λ is large as compared to L, the B0z-vs.-Hez de-
pendence is smooth, like in ordinary type-II supercon-
ductors. At lower temperatures, when L > Lmin and the
long-ranged vortex-vortex attraction appears, the curves
exhibit a jump of the internal field, corresponding to a
first-order phase transition at Hez = Hc1. The lower crit-
ical field Hc1 is determined from the condition of equality
of the thermodynamic potential at a zero internal field and
the thermodynamic potential in the presence of vortices.
The attractive interaction of vortices results in Hc1 be-
ing somewhat smaller than the classical lower critical field
Hc10, defined by the energy of an isolated flux line [24].
When the phase transition at Hc1 is of the first order,
the vortex phase may be “overcooled”: when lowering the
external field below Hc1 one may still have vortices. The
metastable overcooling branches of the B0z-vs.-Hez curves
are shown in fig. 4 as dashed lines. Thus, when measur-
ing the magnetization curves of the SF system one should
expect hysteretic behavior in the vicinity of Hez = Hc1.

Experimentally, vortex structures are usually observed
in films with the external field applied perpendicularly to
the film. In this geometry Nzz ≈ 4π, and B0z ≈ Hez ,
so that the average vortex density is fixed. In a SF
superlattice of a finite thickness lz � λ, the vortex-vortex
interaction remains attractive at intermediate distances,
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Fig. 5: A schematic picture of the stripe domain structure
in the intermediate mixed state of the SF system at Hez ≈
B0z(Hc1)/2.

acquiring a long-range repulsive tail due to the unscreened
magnetostatic interaction through the free space. Then,
an intermediate mixed state with coexisting vortex and
Meissner phase domains should occur [3]. The equilib-
rium magnetic field in the vortex phase domains equals to
the value B0z(Hc1) obtained by minimizing the free energy
per vortex.

To estimate the characteristic size D of the vortex do-
mains we will assume that the pattern has a stripe struc-
ture, as shown in fig. 5. Let us consider the free energy Fa

per unit area of the film at Hez ≈ B0z(Hc1)/2, when a half
of the sample is in the mixed state. The contribution to
Fa from the mixed/Meissner state interfaces equals σlz/D,
where σ is the surface tension energy per unit area of the
interface. Another contribution to Fa originates from the
magnetostatic energy concentrated in the regions with a
thickness of the order of D above and below the film, where
the magnetic field is considerably inhomogeneous. Thus,

Fa = C̃(D)B2
0z(Hc1)D + σlz/D + const, (14)

where C̃(D) is a function of the order of unity, weakly
depending on D. The minimization of Fa with respect
to D yields D ∝ √

lz, which resembles the behavior of
the size of magnetic domains in a ferromagnetic slab [25].
This estimate is valid when D is much larger than the
intervortex distance: D � √

Φ0/B0z(Hc1).
Considering optimal SF superlattices needed to observe

the above effects experimentally, one should choose, of
course, the ferromagnetic layer material with a large do-
main wall width L0 (according to the condition (12)),
such as yttrium iron garnet [26] or permalloy [27], both
having L0 � 100 nm. Indeed, a pretty weak magnetic
anisotropy in the yttrium iron garnet samples can re-
sult in the domain wall width L0 of the order of 1–2 μm
size [28]. It is also important that in this material the value
μzz(0) ∼2–3 [29] responsible for the renormalization of the
London penetration depth is rather large to weaken the re-
strictions on the L0 scale. Superconducting layers can be
prepared, e.g., from lead or niobium (λ0 � 100 nm). The
latter typically has a large parameter κ due to impurities,
when prepared as a thin film [30].

Recently, a lot of attention has been given to the
YBa2Cu3O7/La1−xCaxMnO3 (YBCO/LCMO) superlat-
tices (see, e.g., [31] and references cited therein). It is
remarkable that such systems also allow to obtain nega-
tive refraction [32]. Unfortunately, the thickness of the
domain wall of LCMO L0 ∼ 12 nm [33] is smaller than
the London penetration depth in YBCO and the mag-
netic permeability of the LCMO layers μzz(0) ∼3–4 [34]
is not large enough to satisfy the condition (12) easily.
Such parameters make the observation of the clustering
effect in these systems rather improbable. Among the
promising candidates it is worth mentioning the superlat-
tice NbSe2/Py [35] where the relation of the above char-
acteristic lengths is more reasonable: L0 ∼ 210 nm and
λ ∼ 130 nm.

As mentioned above, our analysis may be also
fully applied to ferromagnetic superconductors. However,
the U-based ferromagnetic superconductors UGe2 [14],
URhGe [15] and UCoGe [16] reveal a strong magnetic
anisotropy and weak magnetic susceptibility. Therefore,
the intervortex interaction in these compounds should be
repulsive, as usual. The compound ErRh4B4 [36] seems
to be a type-I superconductor with a strongly nonuniform
magnetic structure in the phase where ferromagnetism and
superconductivity coexist. Another candidate, the weak
ferromagnet ErNi2B2C [37], has a relatively small value
of λ ≈ 70 nm [38] and the Curie temperature well below
the superconducting transition temperature. As a result,
measurements of the magnetic permeability are hampered
by the Meissner effect, and corresponding data are not
available to date.

Conclusion. – We have demonstrated that the non-
local electrodynamics in high-κ SF superlattices leads to
the attraction of Abrikosov vortices. At sufficiently low
temperatures these structures may exhibit the transition
to a very unusual type of the vortex state characterized
by an oscillating vortex field, a first-order phase transition
at Hc1 and formation of an intermediate mixed state. Be-
sides the obvious peculiarities of the magnetization curves
one can expect that the state with vortex stripes could
reveal strongly anisotropic pinning and resistivity in the
flux-flow regime. An important feature of the SF multi-
layer system is its high tunability: the phase diagram can
be engineered by choosing different materials and layer
thicknesses dS and dF . The superlattice revealing the pre-
dicted unusual superconducting electrodynamics may be
fabricated on the basis of yttrium iron garnet magnetic
layers and niobium or lead superconducting layers.
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