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Controllability of a 2 x 2 parabolic system by one force with
space-dependent coupling term of order one.

M. Duprez*

July 9, 2015

Abstract

This paper is devoted to the controllability of linear systems of two coupled parabolic equa-
tions when the coupling involves a space dependent first order term. This system is set on an
bounded interval I CC R, and the first equation is controlled by a force supported in a subinterval
of I or on the boundary. In the case where the intersection of the coupling and control domains
is nonempty, we prove null controllability at any time. Otherwise, we provide a minimal time
for null controllability. Finally we give a necessary and sufficient condition for the approximate
controllability. The main technical tool for obtaining these results is the moment method.

1 Introduction and main results

Let T > 0 and w := (a,b) C (0,7). We consider in the present paper the following distributed
control system

Oy — Owzy + Ao(p(x)0py + q(x)y) = Bly,v in Qr := (0,m) x (0,7,
y(oa ) = y(ﬂ-7 ) =0 on (OvT)7 (11)
y(-,O) = yO in (O’ﬂ->
and boundary control system
atz - azzz + AO(p(‘r)amZ + Q(x)z) =0 in QT7
Z(Ov ) = Bu, Z(ﬂ-a ) =0 on (OvT)7 (12)
2(+,0) = 2° in (0,7),

where y° € L?(0,7)% and 2° € H=1(0,7)? are the initial conditions, v € L*(Q7) and u € L?(0,T)
are the controls, p € WL (0,7), ¢ € L>°(0,7) and the matrices Ay and B are given by

AO::((I) 8) and B::((l)).

It is known (see [20, 21] (resp. [16, 25])) that for given initial data y° € L2?(0,7)? (resp. 2° €
H=1(0,7)?) and a control v € L*(Qr) (resp. u € L?(0,T)) System (1.1) (resp. (1.2)) has a unique
solution y (resp. z) in

L2(0,T; HE(0,m)%) N C([0,T]; L*(0, m)?)

(resp. L*(Qr)* N C([0,T]; H=(0,7)?) ),
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which depends continuously on the initial data and the control, that is

yllz2 (0,312 0,7)2) + 19lleqo,11:22(0,m)2) < Cr(l[yollz20,m)2 + [Vl 22(Qr))
(resp. ||zll2@r)2 + Izlleqo, 1351 0,m)2) < Cr(ll20ll-1(0,m)2 + ullz2(0,7)) )-
Let us introduce the notion of null and approximate controllability for this kind of systems.

e System (1.1) (resp. System (1.2)) is null controllable at time T if for every initial condition
y? € L?(0,7)? (resp. z° € H=1(0,7)?) there exists a control v € L?(Qr) (resp. u € L?(0,T))
such that the solution to System (1.1) (resp. System (1.2)) satisfies

y(I)=0 (resp. 2(T)=0) in (0,m).

e System (1.1) (resp. System (1.2)) is approzimately controllable at time T if for all ¢ > 0 and
all 0, yT € L2(0,7)? (vesp. 2°, 27 € H=1(0,7)?) there exists a control v € L?(Q7r) (resp.
u € L?(0,T)) such that the solution to System (1.1) (resp. System (1.2)) satisfies

1y(T) =y llz20.me <& (resp. [2(T) = 2" a1 (0,m2 < ©)-

The main goal of this article is to provide a complete answer to the null and approximate control-
lability issues for System (1.1) and (1.2). For a survey and some applications in physics, chemistry or
biology concerning the controllability of this kind of systems, we refer to [6]. In the last decade, many
papers studied this problem. However most of them are relating to some parabolic systems with zero
order coupling terms. Without first order coupling terms, some Kalman coupling conditions are made
explicit in [3], [4] and [16] for distributed null controllability of systems in higher space dimension of
more than two equations with time-dependent and constant matrices.

Concerning the null and approximate controllability of Systems (1.1) and (1.2) in the case p =0
and ¢ #Z 0 in (0,7), a partial answer is given in [1, 2, 13, 24] under the sign condition

qg<0 or ¢g=0 in (0,7).

These results are obtained as a consequence of controllability results of a hyperbolic system using the
transmutation method (see [22]). One can find a necessary and sufficient condition in [7] when

/07r q(z)dx # 0.

Finally in a recent work [8, 9], a complete study for any ¢ € L*°(0, ) is given.

Let us now remind known results of null controllability for systems of the following more general
form. Let Q be a bounded domain in RY (N € N*) of class C? and wy an arbitrary nonempty subset
of . We denote by 0f2 the boundary of 2. Consider the system of two coupled linear parabolic
equations

Owr = Ay + 911 - Vyr + g12 - Vya + aniys + araye + Lyv in Q x (0,7),

Oy = Ays + go1 - Vy1 + ga2 - Vyo + ao1y1 + a2y in Qx(0,7T), (13)
y=0 on 90 x (0,7, '
y(-,0) =9° in Q,

where y° € L2(Q)?2, g;; € L>®(Q x (0,T))" and a;; € L=(Q x (0,7)) for all 4,5 € {1,2}.
As a particular case of the result in [17] (see also [5]), System (1.3) is null controllable whenever

go1 = 0 and (a21 > C or a1 < *C) in w1 g wo, (14)
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for a positive constant C.
In [18], the author supposes that aj1, g11, @22, gaz are constant and the first order coupling
operator go1 - V + ag1 can be written

g21-V+ay =Pof in Qx(0,7T), (1.5)
where 6 € C?(Q) satisfies |0 > C in w; C wy for a positive constant C' and P; is given by
Py :=mg-V +myq,
for some mg, m; € R. Moreover the operator P; satisfies
lulli ey < ClIPullia@)  Yue HQ).

Under these assumptions, the author proves the null controllability of System (1.3) at any time.
In [10], the same property holds true for System (1.3) if we assume that a;; € C*(2 x (0,7)),
gij € CH(Y x (0,T))N for all i, € {1,2}, go1 € C3(Q2 x (0,7)) and the geometrical condition

{ Ow N 02 contains a nonempty open subset v s.t. ¥ # &, (1.6)

Azo € v s.t. g21(t, mg) - v(mg) £ 0 for all ¢ € [0, T,

where v represents the exterior normal unit vector to the boundary 0f2.
Last, for constant coefficients, it is proved in [14] that System (1.3) is null/approximately control-
lable at any time T if and only if

g1 #0 or a9 #0.

Now let us go back to Systems (1.1) and (1.2) for which we will provide a complete description of
the null and approximate controllability. Our first and main result is the following

THEOREM 1.1. Let us suppose that p € WL (0,m) N W2 (w), ¢ € L=(0,7) N WL (w) and

(Supp(p) U Supp(q)) Nw # 2. (1.7)
Then System (1.1) is null controllable at any time T.
Let us compare this result with the previously described results to highlight our main contribution:

1. Even though System (1.1) is considered in one space dimension, we remark first that our coupling
operator has a more general form than the one in (1.5) assumed by Guerrero [18]. Moreover
unlike to [14], its coefficients are non constant with respect to the space variable.

2. We do not have the geometrical restriction (1.6) assumed in [10] by A. Benabdallah and al.
More precisely we do not require the control support to be a neighbourhood of a part of the
boundary.

For all « € (0,7) and k € N*, we denote by ¢y (z) := \/?sin(km) the eigenvector of the Laplacian

™
operator, with Dirichlet boundary condition, and consider the two following quantities
a
Lok (p,q) :=/ (g — 30.p) 3,
2 (1.8)
Ii(p, q) :=/ (g — 30.p) 3,
0

for all k¥ € N*. Combined with the Hautus test ([15, Cor. 3.3] or Th. 5.1 in the present paper),
Theorem 1.1 leads to the following characterization:
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THEOREM 1.2. Let us suppose that p € WL (0,7) N W2 (w) and ¢ € L>=(0,7) N WL (w). System
(1.1) is approximately controllable at time T if and only if

(Supp(p) U Supp(q)) Nw # @ (1.9)
or
1k (p, @)| + [Lak(p, q)| # 0 for all k € N*. (1.10)

This last result recovers the case p = 0 studied in [11] for Supp (¢) Nw = @. In [19], the authors
prove the approximate controllability at any time T of System (1.1) under the condition p = 0 and
q =1, with wy a nonempty open subset of (0, 7), which implies (1.10).

Remark 1. We will see in the prove of Theorems 1.1 and 1.2 that only the following regularity are
needed for p and ¢

p € Wi (0,m) NWE (@),
q € L*=(0,7) N WL (©),
for an open subinterval & of w. These hypothesis are used in Definition (1.8) of I, and I, ; and the

change of variable described in Section 3.2. For more general coupling terms, these control problems
are open.

When the supports of the control and the coupling terms are disjoint in System (1.1), following
the ideas in [9], we obtain a minimal time of null controllability:

THEOREM 1.3. Let p € WL (0,7), ¢ € L°°(0,7). Suppose that Condition (1.10) holds and
(Supp(p) U Supp(q)) Nw = 2. (1.11)
Let Ty(p, q) be given by

in(—log|I “log |L, »(p.
To(p,q) == liin sup min(—log |/ (p, q])§|2’ 08 [1a,k (P, 9)1) .
— 00

(1.12)

One has
1. If T > Ty(p, q), then System (1.1) is null controllable at time T.
2. If T < Ty(p,q), then System (1.1) is not null controllable at time T.

Remark 2. For p = 0 in (0,), it is proved in [9] that for any 79 € [0,00] there exits a function
q € L>(0, ) such that the minimal time of null controllability Ty (p, ¢) associated with System (1.1)
is given by

To(p,q) = To-
The authors give explicit functions and one can easily adapt them to the case p # 0 in (0, 7).

Concerning the boundary controllability, in [23, Th. 3.3|, using the Hautus test, the author proves
that System (1.2) is approximately controllable at time 7' if and only if

I (p,q) # 0 for all k € N*. (1.13)

About null controllability of System (1.2) we obtain here a minimal time:

THEOREM 1.4. Let p € WL (0,7), ¢ € L>(0,7) and suppose that Condition (1.13) is satisfied. Let

us define
—log|I
T (p, q) = limsup %. (1.14)
k—o0 k

One has
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1. If T > Ti(p, q), then System (1.2) is null controllable at time T
2. If T < Ti(p,q), then System (1.2) is not null controllable at time T.

Remark 3. A simple computation leads to the convergence of sequences (Iy)gen+ and (I, k)ken+, more
precisely

: P O AP . I Y AP
i Ji(p,q) = I := 7T/O (¢ = 30p) and hm Lo y(p,q) = Lo == 77/0 (¢ — 50:p).

We remark first that Ty(p, q) = T1(p,q¢) = 0 when

q > O0zpin (0,7) or ¢ < Ozp in (0, 7).

/ q#/ 02D,
0 0

System (1.1) (resp. (1.2)) is null controllable if and only if (1.10) (resp. (1.13)) holds.

In higher space dimension, even for this simplified system, distributed and boundary controllability
are open problems. The cases T = Tj in Theorem 1.3 and 7" =T} in Theorem 1.4 are also open.

This article is organized as follows. In the first section we present some preliminary results useful
to reduce the null controllability issues to the moment problem. In the second and third sections
we study the null controllability issue of System (1.1) in the two cases when the intersection of the
coupling and control supports is nonempty or not. We finish with the proof of Theorems 1.2 and 1.4
in Section 4 and 5.

Secondly, under the condition

2 Preliminary results

Consider the differential operator

L: D(L)cCL?*0,7)?> — L20,n)?

where the domain of L and its adjoint L* is given by D(L) = D(L*) = H?(0,7)% N H}(0,7)%. In
this section, we will first establish some properties of the operator L useful in the moment method.
Secondly we will recall the unique continuation property and the observability inequality related to
the approximate and null controllability, respectively.

2.1 Biorthogonal basis
Let us first analyze the spectrum of the operators L and L*.

PROPOSITION 2.1. For all k € N* consider the two vectors
() (3)
where f is defined for all z € (0,7) by
0i(0) = anle) — 1 [ sinlhe = )l )n(©) + 2u(p(rO) — a(€)en(€)lde
ai=3 [ [ sl - 0O + 2:6(Oer6) ~ a(OpnOln(e)ded

One has
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1. The spectrum of L* is given by o(L*) = {k* : k € N*}.
2. For k > 1, the eigenvalue k? of L* is simple if and only if I;;(p,q) # 0. In this case, 3, and

@7 . are an eigenfunction and a generalized eigenfunction of the operator L* associated with
the eigenvalue k2, more precisely

L* — B2 Id)®* , = I,,P% ,
{ ( ) 1,k k¥ k (2.1)

(L* — k*1d)®},, = 0.

3. For k > 1, the eigenvalue k* of L* is double if and only if I;(p,q) = 0. In this case, 7 ) and
35 ), are two eigenfunctions of the operator L* associated with the eigenvalue k2, that is for
i=1,2

(L* — K*1d)®;,, = 0.

Proof. The adjoint operator L* of L is given by

L*: D(L)c L*0,m)? — L*0,7)?

We can remark first that the inverse of L* is compact. Thus the spectrum of L* reduces to its point
spectrum. The eigenvalue problem associated with the operator L* is

=022 — 0x(p(x) ) + q(x)p = Np  in (0, 7),
—Opatp = A in (0, ), (2.2)
©(0) = (0) = ¢(m) = ¥(r) =0,

where (1, ¢) € D(L*) and A € C. For ¢ =0 in (0,7) and ¢ = ¢y, in (0,7), A = k? is an eigenvalue of
L* and the vector @3, := (¢y,0) is an associated eigenfunction. If now ¢ # 0 in (0, 7), then A = k>
is an eigenvalue and ¢ = kg with k € R*. We remark that System (2.2) has a solution if and only
if I;(p,q) = 0. If I(p,q) = 0, %, := (¥}, k) is a second eigenfunction of L* linearly independent
of ®3 ,, where ¢} is the unique solution to the non-homogeneous Sturm-Liouville problem

{ —Oat) — k% = f in (0,7),

$(0) = () = 0, (23)

with
[=0:(p(@)pr) — a(x) e
and is such that

/0 (@) n(x) da = 0. (2.4)

A solution to System (2.3) can be written for all z € (0, 7)

xT

() = apr(x) — ~ [ sin(k(z — €))F(€)de,

k Jo
with @ € R. Under Condition (2.4), we obtain the expression of ¢ given in Proposition 2.1. Thus,
in the case I1(p,q) = 0, A = k? is a double eigenvalue of L*. Items 1 and 3 are now proved.

Let us now suppose that Ij(p,q) # 0. The eigenvalue A = k? is simple, Q3 ) = (pk,0) is an
eigenfunction and a solution @7 ; := (¥, ¢) to (L* — szal)tIﬁl‘,,f = Iy(p, q)®5 ., that is

—022¥0 — Op(p(x)p) + q(2) = K*¢ + I1.(p, @) pr.  in (0,7),
—Ozz® = kQLP in (0’ 77)’ (2'5)
¢(0) = 9(0) = ¢(m) = (r) = 0,
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is a generalized eigenfunction of L*. We deduce that ¢ = kyy, in (0, 7) for a constant x € R*. Again
System (2.5) has a solution if and only if K = 1. Then 1 is solution to the Sturm-Liouville problem
(2.3) with

f =1, )k + 0u(p(x)or) — a()pr
and satisfying (2.4). Again, using (2.4), we obtain the expression of ¢} given in Proposition 2.1. O

The function ¥} given in Proposition 2.1 will play an important role in this paper and we will
need the following immediate property

Lemma 2.1. There exists a positive constant C' such that

* C * C * *
lag] < T 1Vl Los 0,7) < T 1029l Lo~ 0,n) < C, Vk € N*. (2.6)

Since the eigenvalues of the operator L* are real, we deduce that L and L* have the same spectrum
and the associated eigenspaces have the same dimension. The eigenfunctions and the generalized
eigenfunctions of L can be found as previously.

PROPOSITION 2.2. For all k € N* consider the two vectors

0 Pk
o = (0] =
1,k ( B ) )y X2k < wk ) )

where Yy, is defined for all x € (0,7) by
Yr(z) = agpr(r) — 116/0"” sin(k(z — &) [Ix(p, ) px(§) — p(€)0x(¢r(§)) — q(€)wr(§)]dE,
o= g [ [ sinlh — )5 )e(6) ~ MO (o1(O) — a(Or(ln(e)deds
k 0 0

One has
1. The spectrum of L is given by o(L) = o(L*) = {k? : k € N*}.

2. For k > 1, the eigenvalue k* of L is simple if and only if Ix(p,q) # 0. In this case, 1) and
®, ;. are an eigenfunction and a generalized eigenfunction of the operator L associated with the
eigenvalue k2, more precisely

{ (L — k21d)®, 4, = 0, e

(L — K2 d) o = [Py 1.

3. For k > 1, the eigenvalue k* of L is double if and only if Ix(p,q) = 0. In this case, Py
and ®o ) are two eigenfunctions of the operator L associated with the eigenvalue k2, that is for
i=1,2

(L — K*Id)®;, = 0.

Lemma 2.3 and Corollary 2.6 in [9] can be adapted easily to prove the following property.
Property 2.1. Consider the families
Bi= {®14, @20k €N} and B i= {®], 5, ke N},

Then
1. The sequences B and B* are biorthogonal Riesz bases of L?(0,7)2.

2. The sequence B* is a basis of Hi(0,7)% and B is its biorthogonal basis in H=1(0, ).
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2.2 Duality

As is well known, the controllability has a dual concept called observability (see for instance [6],
[12, Th. 2.44, p. 56-57]). Consider the dual system associated with System (1.1)

=040 — 0200 + A5 (—=02(p(2)0) + q(x)0) =0 in Qr,
0(0,-) =0(m,-) =0 on (0,7), (2.8)
0(-,T) =6° in (0,7),

where §° € L?(0,7)?. The approximate controllability is equivalent to a unique continuation property:

PROPOSITION 2.3. 1. System (1.1) is approzimately controllable at time T if and only if for all
initial condition 0° € L%(0,7)? the solution to System (2.8) satisfies

1,B*0=0in Qr = 6#=0in Q. (2.9)

2. System (1.2) is approzimately controllable at time T if and only if for all initial condition
0° € HL(0,7)? the solution to System (2.8) satisfies
B*0.6(0,t)=01in (0,7) = 6 =01in Q7. (2.10)
The null controllability is characterized by an observability inequality:

PROPOSITION 2.4. 1. System (1.1) is null controllable at time T if and only if there exists a
constant Cops such that for all initial condition 0° € L?(0,7)? the solution to System (2.8)
satisfies the observability inequality

”9(0)H%2(0,7r)2 < Cobs // |]1wB*9|2d$dt (211)
T

2. System (1.1) is null controllable at time T if and only if there exists a constant Cops such that
for all initial condition 8° € HE(0,7)? the solution to System (2.8) satisfies the observability
inequality

T
100 iy 0.2 < Cons [ 150,60, 0)ar. (2.12)

3 Proof of Theorem 1.1

In this section, we first establish the moment problem related to the null controllability for System
(1.1) and then we will solve it in section 3.2. The strategy involves finding a equivalence system (see
Definition 3.1) to System (1.1), which has a associated quantity I} satisfying "some good properties".

3.1 The moment problem

Let y° := (49,99) € L*(0,m)*. For i € {1,2} and k € N*, if we consider §° := &}, in the dual
System (2.8), we get after an integration by part

// v(z, t)1,B*0(x, t)dzdt = (y(T), CI);k>L2(07ﬂ.)2 — <y0,0(0)>Lz(0m)2.
T
Since B* is a basis of L?(0,7)2, System (1.1) is null controllable if and only if for all ° € L?(0, )2,

there exists a control v € L?(Qr) such that for all K € N* and i € {1,2} the solution y to System
(1.1) satisfies the following equality

// v(x,t)]le*Gi,k(x,t) dr dt = _<y070i,k(0)>L2(0,n—)27 (31)
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where 6,  is the solution to the dual system (2.8) with the initial condition ° := Q7
In the moment problem (3.1), we will look for a control v of the form

v(z, t) == fO @) (T —t) + fO(2)oP(T - t) for all (z,t) € Qr,

with v, v € L2(0,T) and f, f) e L?(0, n) satisfying

Supp (f(”) , Supp (f(z)) Cw.

(3.2)

The solutions 6, j and 63 to the dual System (2.8) with the initial condition <I>T7/,C and @;)k are

given for all (z,t) € Qr by
Ol t) = T (9 () — (T~ OTelp, ) B3 4(x))
O 1 (z,t) = e_kz(T_t)‘I);’k(x).
Plugging (3.2) and (3.3) in the moment problem (3.1), we get for all k¥ > 1
a7 2 s [ 2
i / oW (e Ftdt + fy / v (e F tat
0 0
T 2 T 2
5l [ o0 a1 s [ e

0
_ 2
. . =—e ¥ Tyl = TL(p, )y 1} -
£ / o (B dt + £ / o (t)e F dt = —e N Ty
0 0

where f,gi), sz') and y?, are given for all 7 € {1,2} and k € N* by

g ;:/0 FO () pp(x)de, f 1:/0 FO (@) (x)de,

and
yﬁk = <y0v q)f7k>L2(0,7r)

(3.3)

(3.4)

(3.5)

In [16], the authors prove that the family {61,k = ekt ek = te*th} admits a biorthogonal
k>1

family {q1 x, gk }k>1 in the space L2(0,T), i.e. a family satisfying
T
| cutydt=bdu, vhiz1 1<ij<e
0
Moreover for all € > 0 there exists a constant C. 7 > 0 such that
2 .
lgirllzzor) < Cere®, VE>1, i=12.

We will look for v*) and v® of the form

vD(8) = 3 (o qrw(®) + o5 er®)}, i=1,2.
k>1

Thus the moment problem (3.1) can be written as

Ay Vi + Ao Vo, = Iy, forallk > 1,
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with for all £ € N*

(1) F(2) _ n (2)
Al,k = ( f%l) %2) ) ) A2.,k = < Ik(pE)Q) k Ik(péq)fk ) ) (310)
k k
(1) (1)
v v
Vi o= ( 5 ) Vo i= ( 2k ) (3.11)
U1k Vo k
and
_ —kZT( 0 _ I 0 )
Fk — ( € yl,k_sz Ok(p7 q)yQ,k ) (312)
—€ Yok

The next sections will be devoted to solving problem (3.9) and prove that the corresponding solution
v, () belong to L(0,T).

3.2 Resolution of the moment problem

In this section, we will prove the null controllability of System (1.1) at any time T when the
supports of p or ¢ intersects the control domain w. In [17], the authors obtain the null controllability
of System (1.1) at any time under Condition (1.4), so we will not consider this case and we will always
suppose that |p| > C in @ for a positive constant C' and an open subinterval @ of w.

Let us first introduce the following notion of equivalent systems.

DEFINITION 3.1. Let py, po € WL (0,7) and ¢, g2 € L>(0,7). Consider the systems given for
i€ {1,2) by

For given y° € L?(0,7)2, v € L*(Q7),

Find y := (y1,y2) € W(0,7T)? such that :

Oty1 — Ogayn = 1w in Qr, (S)
Ory2 — Ozay2 + pi(2)02y1 + qi(x)y1 =0 in Qr, ’
y(0,-) =y(m,-) =0 on (0,T),

y(-,0) =y° in (0, 7).

We say that System (S1) is equivalent to System (Sy) if System (Sp) is null controllable at time T if
and only if System (Sz) is null controllable at time 7.

Let us present the main technique used all along this section. Suppose that System (1.1) is null
controllable at time 7. Let v a control such that the solution y to System (1.1) verifies y(T") = 0 in
(0,7) and wp := (v, B) a subinterval of w = (a,b). Consider a function § € W2 (0, ) satisfying

0=k in (0, @),
0=ky in (B,m), (3.13)
0] > kg in (0,m),

with k1, k2, k3 € RY. Thus if we consider the change of variable
/y\Z: (:/l/\l,yg) with @\1 = 9_1y1, (314)
then 7 is solution in L2(0,T; HL(0,7)?) NC([0,T]; L?(0,7)?) to the system

041 — Ozatn = 1,0 in Qr,

Oryo — OgaY2 +D0,y1 +qy1 =0 in Qr, (3.15)
y(0,-) =y(m,-)=0 on (0,7),

y(-,0) = %o in (0,7),

10



3.2 Resolution of the moment problem M. Duprez, July 9, 2015

where the initial condition is gy := (07 1y?,49) € L?(0,7)2, the control is ¥ = —0,,(071)y; —
20, (07 1)0,y1 + 071w € L2(Qr) and the coupling terms are given by

p:=p9,
q := pd.l + qb.

Indeed, 6 is constant in (0, 7)\wo, then
Supp v Cw x (0,7).

Since y is controlled, then 7 also. The converse is clearly true: starting from the controlled System
(3.15) the same process leads to the construction of a controlled solution of System (1.1). Thus
through the change of variable (3.14), following Definition 3.1, Systems (1.1) and (3.15) are equivalent.

The next main result of this section is Proposition 3.1 that will be introduced after some lemmas.
The first of them is the following.

Lemma 3.1. Let p € WL (0,m) N W2 (w) and ¢ € L*(0,7) N WL (w) with |p|] > C in an open
subinterval @ of w for a positive constant C. There exists a subinterval wy = (o, ) C @ and a
function 0 € W2 (0,7) satisfying (3.13) such that System (1.1) is equivalent to System (3.15) with
g =0 in wg. Moreover for all € > 0 the interval wy can be chosen in order to have for all k € N*

[(p,q) —I(p,@)| <e and |Ik(p,q) — Ix(p, )| <& (3.17)
Proof. Let wp := (e, 8) be an interval strictly included in @ := (a, 5) and 6 € W2 (0, 7) satisfying

p0.0+qd =0 in wy,
=1 in (0, 7)\@, (3.18)
6] > C in (0,7),

for a positive constant C. In the intervals (a, o] and [8,b), we can take 6 of class C* in order to have
6 € W2,(0,7). Thus the function 6 verifies (3.13) and, following the change of variable described in
(3.14), System (1.1) is equivalent to System (3.15) with § = 0 in wq (see (3.16)). The estimates in
(3.17) are obtained taking the interval wy small enough. O

Let us first study System (1.1) in a particular case.

Lemma 3.2. Consider p € WL(0,7) N W2 (w) and ¢ € L>®(0,7) N WL (w). Let us suppose that
p=C eR* and ¢ =0 in an open subinterval @ of w. Then System (1.1) is equivalent to a system of
the form (3.15) with coupling terms p, q satisfying

(P, )| > C/k®, Yk € N*.
To prove this result we will need this lemma:

Lemma 3.3. Let (ux)ren be a real sequence. Then there exists k € RY such that
lup + K| > 1/k2

Proof of Lemma 3.3. By contradiction let us suppose that for all x € R% there exists k € N* such
that for all k € N*
lup + K| < 1/k2.

Then

Ry C | (e — 1/K up + 1/K7). (3.19)

kEN*

The convergence of the series ), . 1/ k? implies that the measure of the set in the right hand-side
in (3.19) is finite and leads to the conclusion. O

11



3.2 Resolution of the moment problem M. Duprez, July 9, 2015

Proof of Lemma 3.2. Let (a, 3) an open subinterval of @ with o and 3 to be determined later, x € R
and 6 € W2 (0, ) satisfying
f=1 in (0,m)\(e, B),
0=1+x¢ in(a,p),

¢ = sin? <7T(;_;)> in (a,B).

In particular, we have # > 1 in (0,7). Let k € N*, 3, := 0~ 'y; and 4 := (¥1,%2) the solution to
System (3.15). For System (3.15) the quantity I defined in the introduction is given by

(3.20)

where

P T 1.
(P, Q) = /O{q—§8zp}soi

Ik(p7 Q) + K;Jk;

with p, ¢ given in (3.16) and Jj defined by

B
=y [ oot

Then, after a simple calculation, we obtain

_ (=0 . |
= s 22k — 7=) sin(k(5 + a)) sin(k(8 — a)). (3.21)

Let n € N* and £ an algebraic number of order two satisfying

%<€< il and K#gforalljeN*.
Let us take o :=nf and 8 := (n+ 1)¢. Thus «, 8 € (a,b) and
E(B+a)=k(2n+1)¢ and k(8 —a) = kL. (3.22)
Moreover
2k + 52_7Ta x |2k — 62—7ra < Rk,

with R > 0. Since / is an algebraic number of order two, using diophantine approximations it can be
proved that

inf (j| sin(j0)]) = v, (3.23)

jz1

for a positive constant v (see [9]). The expressions (3.21)-(3.23) give
27 y2

(B —a)? R(2n+ 1)k*

| T| = (3.24)

Using Lemma 3.3, there exists x € R’ satisfying

Ik(p,‘I) 2
— = > 1/k=.
T + K /

Combining the last inequality with Estimate (3.24),

\1:(D, Q)| = |Ix(p, q) + £Jk| = Ji/k* > C/K°.

12
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The next lemma is proved in [9] but, for the sake of completeness, we will include the proof in the
annexe A.

Lemma 3.4. There exist functions fV), f3) € L2(0,7) satisfying

Supp (f(”) , Supp (f(z)) Cw

and such that for all k € N*

. C
min{|fV] 1171} > o5, o

1) p(2 2) (1 C
Bl = IRV 17 - RV = 45
where for i € {1,2} the terms f,il) and J?,(j) are given by

o /O " FO (@)pp(e)dr and FO = /O " 19 (@) cos(ke)d. (3.26)

PROPOSITION 3.1. Consider p € WL (0,7) N W2 (w) and g € L*°(0,m) N WL (w). Let us suppose
that |p| > C in an open subinterval @ of w for a positive constant C. Then System (1.1) is equivalent
to a system of the form (3.15) with coupling terms D, q satisfying for all k € N*

|1:(P, @) > C/KS, if It(p,q) # 0,
|detAy | > C, if I;,(p,q) = 0, (3.27)
#{j e N": I;(p,q) = 0} < 1,
for a positive constant C' (the notion of equivalent systems is defined at the beginning of Section 3.2).
Proof. The proof is divided in three steps:

(i) In a first step we will see that System (1.1) is equivalent to a system with coupling terms p, ¢
satisfying

I(p,q) == /Oﬂ{q — %awp} £0.

(ii) We will show in a second step that we can suppose that

{ For all k € N*: |I};| > C if I(p,q) # 0,
#{j e N*: I;(p,q) =0} < 1.

(iii) Finally in a third step we will prove that System (1.1) is equivalent to a system which fulfils
the three conditions described in (3.27).

Step 1: Using Lemma 3.1, without loss of generality, we can suppose that ¢ =0 and |p| > C in
a subinterval & of @ for a positive constant C. If 9,p = 0 in @, Lemma 3.2 leads to

|I1(p,q)| = C/k°, Vk e N*.

Otherwise, let (o, 8) C @ such that d,p > C in («, ) or 9;p < —C in (a, 8) for a positive constant
C. Assume that I(p,q) = 0 and consider § € W2 (0, 7) defined in (3.20), with x := 1. We remark
that || > 1. If we consider the change of variable described in (3.14), then for all k¥ € N*| using the
definition of I, we obtain

B
LED = b+ [ 15000 560u)etds

I (p, q) + Jx(p, q),

13
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where

1 B
W) = 5 [ (0.0~ ) (1 - cos(zha)}ds

B
S g [ 00— o)

B
— —%/ £0x(p)dz =: J(p, q).

Using the definition of £, we get
m(x — )
J(p, — inf |0, / sin? <> dx
|J(p,q)] r(,ml Pl s
2nt(z — )
2— \8zp|/ {1 —cos <504> tdx

B—-a) )
= o (H}f |0p| # 0.
We recall that I(p,q) — I(p,q) = 0. Thus we obtain I(p, q) — I(p,q) # 0.

Step 2: Let us now assume that I(p, ¢) # 0. Using Lemma 3.1, up to the change of variable (3.14)
we can also suppose that ¢ = 0 in an open subinterval @ of @. Indeed, by (3.17), the function 8 and &
can be chosen in order to keep the quantity I different of zero. Let («, 3) C @ such that [p| > C >0
in (a, ). Since I(p,q) # 0 and I (p,q) — I(p,q), there exists kg € N* such that |Ix(p,q)| > C for a
constant C' > 0 and all k > ky. Let us define the set

WV

So :i={k € N*: I;(p,q) = 0 and ppy, non constant in («,3)}
and M := #Sy < co. Let € W2 (0, ) satisfying

0= 1+an\f:15mv

Em € W2 (0,7), for all m € {1, ..., M},
Supp(ém) € (o, B), forallm e {1,.., M},
16| > C >0,

where &1, ..., & are to be determined. Again, if we consider the change of variable (3.14), then for
all k € N*, using the definition of I, we obtain

M B q 1
Ik(ﬁv (/]\) = Ik(p7 Q) + Z / {§am(£m)p - igmaz(p)}wzd‘m
m=1Ja

M
=: Ik(p,q)+ Z Jm,k(p7Q)

m=1

The goal is to choose the functions &, ...,&p such that |Ix(p,q)| > C if Ix(p,q) = 0 and #{k :
I (D, q ) = 1} < 1 for a positive constant C. We will construct i, ...,y by induction. Let m €

{1,.. — 1} and let us assume that &1, ...,&,—1 are already constructed. Consider the set
m—1
Sm—1:={keN": It(p,q) + Z Jjk(p,q) =0 and pyy non constant in (a, 5)}.
j=1

If S;,—1 = @, then we take &, = 0 in (0,7). Otherwise, let k € S,,—1 and consider (f,&,,) €
WL (a,8) N WZ (a, 3) a solution to

S0u(En)p — 5Endelp) = f in (0,5),
Em(a) =En(B) = 026m(a) = 0:6m(8) =0

14
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This system is equivalent to

Em(z) =p(x) /x 2{((;) ds, forall z € («, 8),

Pof(s),
/a (s =0

fla) = f(B) =0.
We remark that we need that p € W2 (, 8). Finding a function f satisfying

B of(s 8
r@) =19 =0, [ 25 =0 wd dape) = [ S0 £ @29

is equivalent to finding a function g := 2f/p? satisfying

B B
gla) = g(B) = 0, / g(s)ds =0 and / 9(5)p2(5) 2 (s)ds # 0.

Let £, € R and define for all j € N* and all z € (o, )
. [ 2mj(x — «
gj(x) = Ky S1N (M) .

Using the fact that ppy is non constant in («, 8), without loss of generality we can suppose that

o 5 52) o 252 202),

otherwise we adapt the interval (a, ) at the beginning of Step 2. Since (g;)jen+ is a basis of
L*(a,a+ (B —a)/2) and g;(s) = gj(s+ B — ) pour tout s € (a,a+ (8 — a)/2), there exists jo € N*
such that

(B=e)/2 (B-a)/2
/ 950 (5)P*(8)¢i (s)ds # / (s + 8 = a)gj, (s)p*(s + B — @) pitds.
Thus ,
[ o @)eiss 2o

2
Plugging g := g;, and f := % in (3.28), we obtain

5 (s
Jm k(D q) = %m/ sin (W) p(s)%pn(s)?ds # 0

and we fix k,, in order to have

m—1

1.
sup [Jrn,i(p,q)| < 5 inf | Li(p.q) + > )]
JEN* €N =1

Thus, R := #{j € N*: I;(p, ¢) = 0} < 1 and for a positive constant C' and for all k € R, |I(p,q)| > C.
Step 3: Assume that

{ R:=#{j e N*: I;(p,q) = 0} =1, (3.29)

Forall k¢ R: |Ix(p,q)| > C > 0.

15
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Again, using Lemma 3.1, up to the change of variable (3.14) described at the beginning of the section

we can also suppose that ¢ = 0 in a subinterval («

,B) of @. Indeed, using (3.17), this change of

variable can be chosen in order to keep property (3.29). Let m € N* such that I,,,(p,q) = 0. We

also suppose that py,, is constant in a («,

satisfying

0=1+¢ in (0,m),
£ e WZ(0,m),

§=¢ € R in (0,a),
E=0in (8,7),

0] > C > 0.

Again, if we consider the change of variable described in (3.14), then for all k£ € N*

R | 1 )
Iv(p,q) = Ik(p,q)Jr/ {iax(ﬁ)p+§q—§faz(p)}wkd$
0

), otherwise we argue as in Step 2. Let § € W2 (0,7)

We will distinguish the cases I m(p,¢) = 0 and I, . (p,q) # 0 (see (1.8) for the definition of this
quantity) for the new control domain w := («, ).

Case 1: Assume that I, ., (p,q) = 0. Let (£, h) € W2 (a, B) x WL (a, B) be a solution to the system

Case 2:

%31(5);0 - %gam(p) =h in (04,5)7
£(B) = 028(a) = 0:£(B) =
(o) =&, € R*.
This system is equivalent to
&(x f’B Qh(é)d for all z € (o, 8),
B8 2h(s) —&a
o pz(@)d p(a)’
- —£a0zp(Q)
h(Oé) - 2 9
h(B) = 0.
Taking in account that I, ,,,(p,q) =0, ¢ =0 in (o, 8) and pe,, = in (o, B) for a v € R*, one
gets

co 1 7 (€ 7*a
Jn(p,q) = Ea N 2d +U4l/ ax( de = —
(pa)=¢ /0 (@ = 50:(p))pmde + 5 5 2 )= 5
Let &, and h be such that

1
sup |Ji| < = 1nf [Tk |.
keN*

Then |I(p,q)| > C for all k € N* and a positive constant C'.

Let us now assume that I, (p,q) # 0. In this case we recall that in the moment problem

described in the last section we have
det Al m ‘= f‘;(nl)f’r(r?) - fg)fr(nl)a

where f(l), ,(,?), ];7(711) and ﬁ(,%) are given in (3.4). Since py,, is constant in (a, 8), the function

. of Proposition 2.1 reads for all z € (o, 8)
Vo) = apgm— o [ sinlmle ~ )OO E) - dOenl€)dE
0

T 1
= Tmpm(r) — \/;mla’m(n q) cos(mx),
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with
i o — \/§ L / cos(mé) [0 (D(€)om (€)) — a(€)pm (€)]dE.
We deduce that
@MMIVf;QManf — [y,

where ﬁ(nl) and ]?7(3) are given in Lemma 3.4. We conclude with the help of Lemma 3.4.

We recall that To(p, q) is given by

in(—log |I —log | T, x(p,
TO (p; q) :— lim sup mln( o8 | k(p7 q]>€|27 o8 | k(p q)D .
k—o0

(3.30)

In order to use the following proposition in the next section, we prove the null controllability of
System (1.1) under Condition (3.31) which is more general than (3.27).

PROPOSITION 3.2. Assume that T > Ty(p,q) and, for positive constants Cy and Cs,

C C
det Ay 4] > 5 T (p.0)| = =2 |T4(p: )] (3:31)

Then System (1.1) is null controllable at time T.

Proof. Let ¢ > 0. Using the definition of the minimal time Ty(p, ¢) in (3.30), there exists a positive
integer k. for which

min {1og Tak(p,@)| ™" log | Tk (p, q)lfl} <K (To(p,a) +e), Yk > ke. (3.32)
The goal is to solve the moment problem described in Section 3.1. We recall that we look for a control

v of the form (3.2) and (3.8) with f() and f(® defined in Lemma 3.4. We will solve the moment
problem (3.9) depending on whether k belongs to Ay or As, where

Ay {k e N*: Ia,k(pa Q) 7é O}’
A2 = {k‘ e N*: Ia,k(pa Q) = O}
Case 1 : Consider the case k € Ay with k& < k..

Let us take
0@ — @ _ g
Ui = V2 = Y-

The moment problem (3.9) becomes

1) (1) (1 —k?
J?JE )Ug ) L.(p, )fk vsh () _ =k (y?yk — TIy(p, Q)yg,k) ;

1 1 —
) = ey,

)

Since I (p, ¢) # 0 and using the estimate of f,gl) and f,g2) in Lemma 3.4, the last system has a unique
solution

’U(l) — 7k Tyz k
- ) (3.33)
o) = T — TIi(p,@)y3,, — f1” .
2,k Ik(p,q)f,il) 17 2.k k f(l)

17
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Moreover, since the set of the k considered in this case is finite, we get the inequality

< Cee™ T 20myzs 0rd = 1,2: (3.34)

Ex

Case 2: Let k € Ay such that k > k. and |I4(p,q)| ' < et (To(p.a)+22)
As in the previous case, we take vﬁz = vgzll = 0 and the moment problem (3.9) has a unique solution,
given by (3.33). Thanks to the property of ¥} (see (2.6)) and Lemma 3.4, we get for ¢ = 1,2 the

following estimates

M=ok, 1Y) <

= Q

o 190kl < Cllyollzaomz,  VE €N (3.35)

Thus, using the assumptions on k, we obtain

2 2
W] < CR3e ¥ T30 12 (0,m2 < Cee™ TR [[40]| 120 n2,
Cge_(T_E)kZ

where C. is a constant which is independent on k and y°. )
Case 3: Consider now k € Ay such that k > k. and |I(p, q)| " > ¥ (Top0)+2e),
This implies with (3.32) that

2 _ _ _ 2
)| < 150l L20,my2 < Coe™ T=To=320K |40} 1o s,

Lan(p,q)| " < F (Toa)te), (3.36)

The two last inequality lead to
2
Te(p )| < e Lo (pq)|-
Combined with inequality (3.31), taking k. large enough, we get

|det Ay 1| > Cee % | I, (p, q)| | (3.37)
with C. independent on k. To solve the moment problem (3.9), we take here
1 2
A= =0

Then the moment problem (3.9) reads Ay V1 = Fj. Since detA; i, # 0, the inverse of A; j is given
by

. . 2 _7@
(Al’k) = (det Al,k) _k(l) n—(’f) .
k k
We deduce that the solution to the moment problem (3.9) is

D _ T

2 2) |, 2
i) = s - FOW e+ (T, ) £ + )08}
2 e~ k2T 1 1 1
g/i = det Arn {fli )y?,k — (TIx(p,q) /i ) +f;£ ))yg,k}'

The last expression together with (3.36) and (3.37) gives

)] < Cue™ T=Tom22 0] o i=1,2.

Case 4: Let us consider k£ € A,.
If £ < k., we can argue as in Case 1. Let us suppose that k > k.. In this case, I, x(p,q) = 0,

I1.(p, q) # 0 and inequality (3.32) reads |Ix(p, q)|_1 < F*(To(P.0)+2)  We take here

18
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and the solution of moment problem (3.9) is given by (3.33). We get

,U](,l’)g < Cseflﬂ(TfTo(P’q)fQE)HyO”L%OJ)% ij=1,2.

Conclusion:
We have constructed a control v of the form (3.2) and (3.8), which satisfies

S Cg Ze—kz(T—To(p7Q)_3E)HyOHLZ(O?ﬂ_)Z, Z7j — 172’ ke N*.
k>1

45
The last inequality, the estimate (3.7) of g; » and the expression (3.8) of v (i = 1,2) lead to

H’U(z) S Ce,Teik2(T7TO(p)q)74€)7 Z = ]" 2

£2(0,T)

ce (O7T—To(p,Q)>’

Thus, taking

4

we have the absolute convergence of the series defining v(!) and v(?) in L?(0,T). This ends the proof.
O

Proof of Theorem 1.1. Using Proposition 3.1, System (1.1) is equivalent to a system with coupling
terms p and ¢ satisfying Condition (3.27), that is

|Ik(ﬁ7a\)| >C/k67 if Ik?(l/ia) #07
|d€tA1,k| > Ca if Ik(ﬁv a) = Oa
#{ieN": I;(p,q) = 0} <1,

This condition implies Condition (3.31):

Gy

26 |

C
[det Avx| > 5 an(p, )| = =2 Tu(p: )]

Proposition 3.2 leads to the null controllability of System (1.1) when T' > Ty (p, g). We ends the proof
of Theorems 1.1 remarking that Ty(p, q) = 0.
O

4 Proof of Theorem 1.2

4.1 Positive null controllability result

Before studying the case where the intersection of the coupling and control domains is empty, we
will first rewrite the function 1} given in Proposition 2.1.

Lemma 4.1. Let k € N*. Consider the function 1}, defined in Proposition 2.1. If we suppose that
Condition (1.11) holds, then for all x € w

Vi (x) = Tk (z) + g (x) for all z € w,
where

mim o =21 [ eosh 0. (pEon(6) — a OO

and

au(0) 1= LD [ (s~ )pu(€)de [ 1 sl ) costhn).
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Proof. Since p=¢ =0 in w, we get for all z € w,

vile) = apnte) - D [Cinr(e - 9)eule) e

a

[ sin(k(e — )0 ((E)r(€)) — al&)r(€))de.

0

O

Proof of Theorem 1.2. Assume that Condition (1.11) holds. Consider the functions f() and f(?
defined in Lemma 3.4 and the matrix A; ; given in (3.10). Let k € N*. We recall that, in this case,
we have

det A, = fél)f(z) J?;?)f;gl)

where, for i = 1,2, f,ii) and ﬁi) are defined in (3.4). Since Supp (f(i)) C w, using the expression of
1}, given in Lemma 4.1, we obtain

F = g /f
where for all z € w

o) = =2 LD [ (a9 n(€)dE [ 1 luslp ) costhn).

We deduce that
@ / " 0 (@) gu(a)da — £ / " FO) (@) gu(a) da
pg) (<2> / / () sin(k(z — €))pr(€)de da

sV / [ 1@ snete - ppnterde dx)

3 et (I 10 - 010,

det Al,k

where f,(:) are defined in (3.26). Since the integrals

/ / £ (@) sin(h(z — €))pr(€) de da

are uniformly bounded with respect to k and i, we conclude with the help of Lemma 3.4.
We deduce that Condition (3.31) holds. Thus, using Proposition 3.2, System (1.1) is null control-
lable at time 7.
O

4.2 Negative null controllability result

Let us suppose that T' < Ty(p, ¢) and System (1.1) is null controllable at time T'. Using Proposition
2.4, there exists a constant Cpps > 0 such that for all §° € L2(0,7)?, the solution to System (2.8)
satisfies the observability inequality

16(0) 720, )2 < Cobs // |1, B*0|*dxdt. (4.1)
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Using the Definition of Ty(p, q) (see (3.30)) there exists a sequence (ky)nen+ C N satisfying:

Jog I, (p,9) ')

. min (log | Ik, (p,q) "
To(p,q) = lim ( ‘ #.9)

n—00 k’%

. (4.2)

Let us fix n > 1 and 69 := an®y . + 0,5, with (@n,b,) € R? to be determined later and 35
7 4, the eigenfunction and generalized eigenfunction associated with k2 given in Proposition 2.1. If
we denote by 0" the solution to the dual System (2.8) for initial data 6°", then

0" (z,t) = e Fa =00, @% .+ (b — (T — )1, (p, q)an) @5, },
thus we have

2
Avy = HOH(O)H%2(O,7T)2 = e 2T {|an|2|wkn‘2 + ‘an‘2 + (bn — Tk, (p; Q)an)Q}

and

T
Ay 1= / / |1, B0 ddt — / / 22 g be (2) + (b — I, (ps g)an) 0w, (2)[? da dt.
T 0 w

The observability inequality (4.1) reads

ALn < CobsAQ,n- (43)
By choosing a,, :=1 and b, := —7, , we get
A > ekl (4.4)

T 1

S B .
2 kn a,kn(pa q) COb(knx)

and the expression of ¢ () given in Lemma 4.1 leads to
2

Aoy = /T / (22
0 Juw
) [ sl = ) 91, (€ dE ~ th (), )] dd
< Cak, (0, 0)? + I, (P, 0)?)-
Let € > 0. Equality (4.2) implies that there is k. € N* such that for all k,, > k.
max (| Lk, (0, @) |1, (b, 0)[) < ™20 (To0)=2),
We deduce that for € := (To(p,q) — T')/2, we get
Ay, < Ce2ku(T+e), (4.5)

Thus estimates (4.4) and (4.5) are in contradiction with inequality (4.3) for n large enough.

5 Approximate controllability of system (1.1)

Theorem 1.2 can be proved with the same argument as in [9], but we propose to use here the
Hautus test given below.
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THEOREM 5.1 (see [15], Cor. 3.3). System (1.1) is approzimatively controllable at time T if and
only if for any s € C and for any u € D(L*) we have

L*u = su in (0, )
. =u=0.
B*u=0in w

Proof of Theorem 1.2.
Necessary condition: Let us suppose that Conditions (1.9)-(1.10) do not hold i.e. there exists
ko € N* such that
Iko (p7 q) = Ia,ko (pa q) = 0
and

(Supp(p) U Supp(q)) Nw = .
Then the function Vko of Lemma 4.1 is given by Yo = ThoPho- Moreover

* " 0
‘1)1,k0 - Tkoq)2,k0 = ( Ok )

is an eigenfunction associated with the eigenvalue k3 of the operator L* and satisfies
B*(®] k) — Tho®5 1) =0 in w.

Thus, using Theorem 5.1 System (1.1) is not approximately controllable at time 7'
Sufficient condition: Let us suppose that Conditions (1.9)-(1.10) hold. If (Supp(p)USupp(g))N
w # @ we conclude using Theorem 1.1. Let us now suppose that

|11 (p, @)| + Lok (p, q)| # O for all k € N*
and

(Supp(p) USupp(q)) Nw = 2.

If I1.(p, q) # 0, the set of the eigenvectors associated with the eigenvalue k? of L* is generated by
@3 . (see Proposition 2.1). In this case, we remark that for all k¥ € N*

B*®5, = ¢pr 0 in w. (5.1)

If I1.(p, q) = 0, the eigenvectors associated with the eigenvalue k? of L* are linear combinations of
@7, and @3 ,. We remark first that (5.1) holds. Let us suppose that

B*®7, =¢r =0 inw. (5.2)
Using Lemma 4.1, it is equivalent to

Tk (x) — \/Z;Ia,k(p, q) cos(kx) =0 for all z € w.

Since I, 1 (p, q) # 0, we obtain a contradiction with (5.2), which ends the proof.

6 Null controllability of System (1.2)

As in Section 3.1, System (1.2) is null controllable at time T if and only if for all y° € H=1(0,7)?,
k € N* and i € {1,2} the solution ¢; ;. to the dual System (2.8) for the initial data ®;, satisfies

T
/ u(t)B*0,0;,1(0,t)dt = 7<y0,9i,k(-,0)>H71’Hé. (6.1)
0
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We recall that, for all k£ € N*, 0, ;, and 63, are given for all (z,t) € Qr by

D1l t) = e T (5 () = (T = O)1u(p, 0)85,(2))

Or oz, 1) = e T ().

Proof of Theorem 1.4. Assume that T > Ty and I(p,q) # 0 for all &k € N*. We will look for the
control u under the form

u(t) == Z {u1 k1 6(T —t) + u2 kqe (T — 1)}, (6.2)
keN*

for all t € (0,T), where ¢1 1 and ¢z are defined in Section 3.1. Plugging the expressions of wu, 67 j
and 63, in Equality (6.1), we obtain the moment problem

kT (19, QPk>H71,Hé

e 001 (0)
u —i{<0,¢> +<0 > _(IT+3J;¢1€(0)><0 > }
2,k IkamQPk(O) Y1, Vr)H- JH Y2, Pk)H~- JHY k amsﬁk(O) Y1, Pk)H- JHL S

Let e > 0. Using the definition of T} (see (1.14)), we have I;(p,q) > C.e ¥ (Ti+e) for all k € N*.
Then, using the estimates (2.6) and (3.35), we get

2
Ju k] + Juz,e] < Ce™ T2 0 i e

Thus for € € (T' — T1)/2, the control u defined in (6.2) is an element of L?(0,T).

Assume now that T' < T} and Ix(p,q) # 0 for all kK € N*. By contradiction let us suppose that
there exists a constant Cyps such that for all 80 € HE(0,7)? the solution to the dual System (2.8)
satisfies

1000) 1571 0,y < Cobs /OT |B*8,6(0, t)|?dt. (6.3)
Let e = (11 — T)/2. Using the definition of T}, there exists a sequence (k;)nen+ such that
Iy, (p,q) < e~kn(T+e), (6.4)
Let 00 := an®y ), +ba®3,  with (an,b,) € R%. We recall that
0" (,1) = e T an @ g+ (b — (T~ )L (p. g)an) B3, )
Then, after calculation, we get
1600) 2110y = €257 (@2, 13 + 022 + (b = TLi(p, )an)?k2)

and

T T
/ |B*0,0(0,t)[*dt :/ e 2T 00, 0,1, (0) + (b — (T — ) I, (p, q)an k| dt.
0 0

For a,, := 1 and by, := —0, ¢y, (0)/k,, taking in account inequality (6.4) and using the estimate (2.6),
we obtain

T
160033 0.y > k2227 and /O |B*8,0(0,t)2dt < Ck2e~2kn(T+e),

Thus for n large enough we get a contradiction with observability inequality (6.3).
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A Proof of Lemma 3.4

Proof of Lemma 3.4. Let k € N*. Consider aq, b1, as,by € w to be determined later with a; < b; for
i € {1,2} and define the functions
{ FAREES TS

f(2) — ]1(a27b2)_

Thus, for ¢ = 1,2, we obtain

(i): ™ ) :2\/5 ai—&-bi . bi—ai
i /of (7)pr () dx 7\~ sin k 5 sin | k 5

. L 2 i+ b; bi —a;
]?,(;) :/ FD(z) cos(kx) do = 7 0o (ka ;r > sin <k 5 a4 > .
0

A simple computation leads to

4 2. by —ai\ . by —az . az + by —a; — by
Bk|—k2\/;sm(k 5 )sm(kz 5 )sm(k 5 )’ (A1)

Let n € N* and £ an algebraic number of order two satisfying

and

a/2n < <b/(2n+ 3).

Let us take a1 := 2n¥, by := a1 + 24, as := a1 + ¢ and by := as +2¢. Thus aq,by,as,bs € w and a; < b;
for i = 1,2. Furthermore

by —ay =by —as =as +by—ay — by =24,
ay + by = (4n + 2)¢, (A.2)
a9 —+ b2 = (477, —+ 4)€

Since £ is an algebraic number of order 2, as said in the proof of Proposition 3.2, using diophantine
approximations, there exists a constant v > 0 such that

inf (7 |sin(j¢)]) > 7. (A.3)
jz1

Combining (A.1)-(A.3), we deduce that

249 \/5 27° ) 2 7
Bl >/ 2ok 1V 2 ) 2 o and £ > 2
B \/;kf’ e oy = A S Rl Vo o y v

for all k£ € N*.
O
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