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Electronics Department, Institut Mines-Telecom, Teleddratagne, CNRS UMR 6285 Lab-STICC, CS
83818 - 29238 Brest Cedex 3, France
Email: charlotte.langlais@telecom-bretagne.eu

Abstract

In this paper, we consider a delay-limited hybrid automagipeat request (HARQ) protocol that makes use
of incremental redundancy over the three-node decoddamdrd (DF) relay fading channel where one source
cooperates with a relay to transmit information to the dedibn. We provide an estimate of the diversity-multiphexi
tradeoff (DMT) at finite signal to noise ratio (SNR) based @ht bounds on outage probabilities for two channel
models. The results for the long term quasi-static chanigéllight the distributed diversity, ie. the cooperativase
diversity, and the HARQ coding gain, achieved by soft cormgrthe successive transmitted punctured codewords
via incremental redundancy. On the other hand, the resoftghie short term quasi-static channel illustrate the
diversity gains obtained thanks to cooperative space sliyeand time diversity, along with the HARQ coding
gain. Using the DMT formulation, we show that equal powertifianing between the source and the relay nodes
provides close to optimal performance. Furthermore, teaokhe extension of the finite-SNR DMT to the finite-SNR
diversity-multiplexing-delay tradeoff, we show that, ilel the asymptotic SNR analysis, the ARQ delay, defined
as the number of retransmissions rounds, impacts the peafare of the HARQ relay protocol for high effective
multiplexing gain.

. INTRODUCTION

Cooperative communication has emerged as an efficient cotitapdraws some of the benefits of multi-input
multi-output (MIMO) systems, such as spatial diversityrg@ne of the simplest cooperative scheme is the decode-
and-forward (DF) relay channel, introduced in [1]: a relagisis a source by decoding its original message and
forwarding extra information to the destination.

Hybrid automatic repeat request (HARQ) technique, andqudatly type-1l hybrid ARQ that makes use of incre-
mental redundancy [2], was proven to be particularly suftedwireless communication systems with appropriate
feedback link [3]. Recently, HARQ protocol has been sudcdigsincorporated into cooperative communications
where retransmissions can be performed by the source dffanglay [4-9]. In this case, the HARQ relay protocol
based on the DF relay channel exploits two kinds of divergpace diversity available via the relay node, and
ARQ diversity. The latter is obtained from: i) the availabieé diversity and the retransmissions for short term
guasi-static channels, ii) only the retransmissions aedcttimbination of coded blocks at the destination thanks to
incremental redundancy for long term quasi-static channel

In [5], Tabetet al. used the diversity-multiplexing tradeoff (DMT), origingldefined for MIMO systems in [10],
as an analytical tool to point out the gain achieved by the BARIay protocol under asymptotic signal to noise
ratio (SNR) condition. They assumed a delay-limited netwoHose delay constraint is defined by the maximum
number of HARQ roundd.. So they further extended the DMT to the three-dimensionardity-multiplexing-
delay tradeoff (DMDT), originally defined in [11], in order tauantify the diversity gain as a function of the
effective multiplexing gain, taking into account the ARQlale However, the asymptotic DMT and DMDT do
not illustrate the system behavior at low to moderate SNRgrg&vhommunication systems operate conventionally.
Thus, recent works have extended the concept of finite-SNR DNMApgsed in [12] in the MIMO context, to
cooperative relaying techniques, e.g. [13-15].

In this paper, we analyze the performance of the HARQ relaogol proposed in [5] thanks to the finite-
SNR DMT. First, based on the methodology provided in [13], wdavdea closed-form expression of the outage
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probability of this protocol, based on tight bounds, forthshort term and long term quasi-static channels. Then the
finite-SNR DMT is derived thanks to the expression of the outadbability. We show that the asymptotic DMT
analysis is inaccurate at finite-SNR since it overestimatetT. Furthermore, the results highlight the impact of
the power partitioning between the source and the relay ersylstem performance. The third major contribution
is the derivation of the diversity-multiplexing-delay deoff (DMDT) of the HARQ relay protocol. Unlike the
asymptotic SNR case where the DMDT is asymptotically equahéoDMT, the DMDT is non trivially derived at
finite SNRs, since the effective multiplexing gain dependsten3NR value. Finally, we compare the finite-SNR
DMT with the finite-SNR DMDT to evaluate the impact of the numloérHARQ rounds on the performance of
the HARQ relay protocol. Furthermore, this powerful theimadtperformance metric allows us to fairly compare
the HARQ relay protocol with the non-ARQ relay channel and tlon-cooperative HARQ scheme.

Unlike [8], during the cooperation phase, we allow the sppsition of the signals, coming from the source and
the relay, at the destination side. Hence, further spaheadrsity and better throughput efficiency are achieved. In
addition, as the end-to-end performance in [8] is deterthifee uncoded transmissions, the term of incremental
relaying is used with some abuse of language. Finally, in tResEheme, as uncoded transmissions are assumed,
the relay does not check its decoding state and errors patipagcan occur if the relay decoding is erroneous.
In our work, we consider that the source and the relay are @abteansmit a punctured version of the codeword
simultaneously, different at each HARQ round, so that thetnpowerful HARQ protocol of type Il making use
of the proper incremental redundancy process is carried out

Compared with [7], we focus on the same HARQ relay protocalliké them, to cope with both long term and
short term quasi-static channels, we choose to derive theediform expression of the outage probability based
on tight bounds, obtained via numerical optimization. I, fhe authors observe the outage probability and the
average throughput independently. Thanks to the applietlodetogy, we are able to derive an accurate estimation
of the finite-SNR DMT for both channels. Finally, the derived BRBNR DMDT precisely describes the interplay
between diversity, i.e. reliability, and effective mulgging gain, i.e. average throughput, taking into accotwet t
number of HARQ rounds. Thus, conclusions different from éhs[7] can be drawn.

The remainder of the paper is as follows: Section Il describesslystem model, including the HARQ relay
protocol. Section Ill is dedicated to the derivation of thetiENR DMT of the considered protocol, based on the
computation of the outage probability for both short ternd éang term quasi-static channels. In Section 1V, we
extend the DMT performance metric to the DMDT, in order toetakto account the ARQ delay. The numerical
results are presented in Section V to confirm the validity ofdhalytical expressions. Conclusions are presented
in Section VI.

[I. SYSTEM MODEL AND SETTINGS

We consider the wireless relay channel, consisting in oneces assisted by one relaytransmitting to a single

destinationd. All nodes are equipped with single antenna. Moreover,-thaflex transmission is assumed. Each
channel is modeled as Rayleigh flat fading with additive wiitaissian noise. We consider thaj ~ CA(0, agd),
hse ~ CN(0,02) andh.q ~ CN(0,02,), whereCA (a, b) denotes a complex Gaussian distribution with meamd
varianceb. The differences in the variances account for path loss aadisting. In the numerical exampleg, = 1
and o2 = o2, = 2. The additive noises at the relay and the destination are lesrm@aussian with zero mean
and variances2. The instantaneous receive SNR over the source-destinatibr{respectively over source-relay
and relay-destination links) is then denotedHy = ap|h|? (respectivelyyys: = ap |hs|* andyrq = Bp |hral?).
Ysa = apc’y, o = apol andyq = Bpo’; denote their corresponding average SNR. We defingsby ap and
pr = Bp the transmit SNRs for the source-destination and relayirdgiin links, respectively, with = E, /o2 the
network SNR andf; the average total network transmit power. Thus, the paramatand s illustrate the static
power partitioning between the source and the relay noddgea toa + 5 = 1.

We investigate two channel models: i) long term quasi-siEtannel, where all the ARQ rounds occur during the
same channel realization, and ii) short term quasi-stét@moel where the fading is constant over each transmission
round and changes independently from one round to anotlegisach that time diversity is then available. The study
for the long term quasi-static channel will demonstrate KRQ and incremental redundancy are still beneficial
even if time diversity is not available. Note that, for shimm quasi-static channel model, we distinguish different
instantaneous SNRs for each HARQ rounds g, 7., and~/, for i = 1, ..., L over source-destination, source-relay
and relay-destination links.



POST-PRINT VERSION TO APPEAR IN IET COMMUNICATIONS 2015 3

A. Protocol description

The HARQ DF relay protocol considered in this paper is a tyddARQ protocol that makes use of incremental
redundancy [2][3]. Thus, we assume that the relay and déstinaodes keep the past received signals in memory
and mutual information is accumulated at both nodes thaok€hase combining, a.k.a. code combining [2].
Each node is equipped with a cyclic redundancy check (CRCpdarcand/or decoder to detect unsuccessful
decoding. We assume that the feedback channels are ermmfi@ that the system is delay-limited such that
the maximum number of retransmission rounds is finite, lichite L. First, the source encodes the information
message linearly thanks to the linear catldf the destination is able to decode this first coded blockonivards
an ACK (positive acknowledgment) message to the sourceheidetedback channel and the source goes to the next
information message to encode. If the destination is na tdbldecode the message and the maximum number of
retransmission roundd.f is not attained, the destination forwards a NACK (negatie&nowledgment) message
and the source retransmits a new version, e.g. a punctursrgof the codeword according to the principle of
incremental redundancy. The destination performs Chaséioamy over the successive transmitted coded blocks.
Similarly, the relay tries to recover the message sent bydhecs at each ARQ round thanks to Chase combining.
After successful decoding, the relay starts to cooperatfolwarding extra versions of the codeword. To improve
the spectral efficiency of the half-duplex relay channel, thlay and the source transmit the same coded block
simultaneoudly during the cooperation phase. In [13], in a non-HARQ contéxs non orthogonal transmission
was shown to provide the best outage probability performanompared to protocols that allow only the relay to
transmit. To cope with the interference generated by thiserthogonal transmission, the most famous technique
is probably the Alamouti space-time block coding in its dligtted DF version [16]. We also proposed a receiver
based on multi-user detection, and more particularly ieéee division multiple access (IDMA), that can deal
with the non orthogonal transmission in a user cooperatmmext [17]. Distributed MIMO precoding based on
singular value decomposition is another possible techsigiaition that makes use of channel state information at
the transmitter (even partial or quantized) [18].

B. System Model

The system model is as follows. The source information mesaagfeX symbols is encoded by the encodgr
located at the source and the relaydenotes the generated codeword of maximal ledgthwhereN is the number
of channel uses to transmit one round ands the number of allowed ARQ rounds. Then, we deffde- K/N
as the first-round transmission rate. We denotexhyi = 1, ..., L, the punctured codewords of length generated
by the source and the relay nodes during #e ARQ round. The observations af received at the destination
and the relay are, respectively, denotedylly andy?, for the i-th ARQ round. During the cooperation phase, the
source and the relay transmit simultaneously to compeifigatbae loss of spectral efficiency due to the half-duplex
transmission. To cope with the interference generated &ytin orthogonal transmission, the codewords generated
at the source and at the relay are first block encoded, in abdittd fashion, thanks to the Alamouti code. Thus, the
destination performs a maximum ratio combining (MRC) analcgpdiversity is achieved. The received observations
at the destination are denoted Py ;.
Based on the system model, the transmission strategy camnfmarized as follows. According to the acknowl-
edgment messages from both the source and the relay, fderedif cases are possible:
1) The destination is able to decode at the first transmissiondcoNo outage is declared. The source goes to
the next information message to encode.
2) If the relay and the destination successfully decode thece message at theth round and at thé-th
round, respectively, we distinguish between two subcases:

o if k < I: During the firstt ARQ rounds, the source transmits the codewattls = 1, ..., k. At each
transmission round, the destination tries to decode byyappla Chase combining on the last received
observationy?, and the previous onegl,,! = 1,...,i — 1. During the following ( — k) ARQ rounds,
the relay becomes able to cooperate. Thus, at the destin#tiermaximal ratio combining is followed
by a Chase combining op’ , and the previous received observations, until successftbding at the
destination at = I.

« if k > [: since the source-relay channel is always in outage, tlag islnot able to cooperate and only
ygd,i =1,...,1 are exploited to perform Chase combining at the destination
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3) If decoding at the destination fails aftér ARQ rounds, an outage is declared.

Many possible extensions of this described transmissi@tegfy to the multiple relay case could be found in the
literature [19][20][7]. The most trivial one is that given [&9]: in each transmission round, among available
relays, only relays able to decode correctly the originalres® message retransmit the same codeword, different
from that transmitted in the previous rounds. Thus, at thdirton, the maximal ratio combining is performed
among the source contribution and the relay contributibe$ore performing the Chase combining operation with
previously received observations from previous transimiseounds. Despite the additional cost on complexity and
delay related to additional feedbacks, the extension tdiphellrelay case offers further distributed space divegrsit
which is beneficial especially for the long-term static chelanwhere temporal diversity is not available.

However, unlike the single relay scheme, from this protadedcription, we see that many transmission cases
arise for the multiple relay scenario. The number of casegases with the number of cooperating relays involved
in each transmission round (those able to correctly recthvesource message), i.e., from no relay contribution to
full cooperative relaying case. Therefore, the analysiemin this paper is not trivially extensible to the case of
multiple relay scheme, and major changes are needed tedbevinite-SNR diversity-multiplexing-delay tradeoff.
Nevertheless, this work can be considered as a starting poth a useful tool for performance prediction of the
more general scheme.

C. Settings

In this sub-section, we recall main definitions, given oraly in [12], to derive the finite-SNR DMT. The
multiplexing gainr as a function of the network SNRis defined as the ratio of the first-round transmission rate
R to the capacity of an additive white Gaussian noise chanwéten as

R
"= logt 4 p) @

The multiplexing gain can also be seen as the normalizednrias®n rate of the first round. The HARQ relay
protocol has a variable rate by nature due to the varying munolb HARQ rounds depending on the channel
realizations. Thus a very useful performance metric for ARQqxols is the average throughput efficiengya.k.a
the long term average throughput in [7][11], in transmitléts per channel use, given by

- R
1 + Zl[/:ill POul(ra Py l)

where P,(r, p, 1) denotes the probability that the received codeword at-thetransmission round is not correctly
decoded. The denominator can be seen as the average humb&R§) bunds. The throughput efficiency
corresponds to the average transmission rate of the sysi@njust the first round. From (1) and (2), we define
the effective multiplexing gain, as a function of the finiteéwerk SNR p, as follows:

Te = 717
© log(1+p)
_ T
]- + ZlL:_ll Pout(r7 P l)

For a given multiplexing gaim, the effective multiplexing gain can vary according to tirerage number of HARQ
rounds, which, itself, depends on the SNR.

The diversity gaini(r, p) of a system is defined by the negative slope of the log-log cofrtlee outage probability
versus SNR, leading to:

n (2)

3)

dlogp Pou(r;p)  Op
For the HARQ relay protocolj(r, p) is given for Poy(r, p) = Pou(r, p, L), for a givenL. We will show in the next

section that there is a direct interplay betweRy, r, or r., and p. This interplay can be conveniently illustrated
thanks to the diversity-multiplexing tradeoff.

d(?’, p) =
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Ill. FINITE-SNR DIVERSITY-MULTIPLEXING TRADEOFF

Thanks to HARQ protocol, the receiver accumulates mutualrinétion on successive rounds and decoding is
consequently performed after soft combining, i.e. Chasahining, all received messages. The outage event at
a particular decoder (either at the relay or the destingtiafter the!™ retransmission, for a given multiplexing
gainr and at SNRp is defined ag); = {22:1 I; < rlog(l+ p)}. Its complement();, refers then to successful

decoding after rounds.I; is the average mutual information of tligh ARQ round. Depending on which links
are involved in the transmission, we distinguish betweeaetdifferent mutual informations

La=T(vialhi) =log (1+ap hiy|”)
I; (= I(yi|nt) =log (1-+ap |A, ) (5)
tra=1 Vealhsa, Zd):log<1+ap}héd}2+6p}hid‘2>

The last equation illustrates the cooperation phase with RCMperation on the received observatigis,. The
outage probability on the link s-d at time instdnis defined asP,4(l) = Pr {22:1 I;:’d < rlog(1l+ p)}. Similar
expressions are obtained for the links s-r and r-d. Like in fs]denotes the number of ARQ rounds to ensure

successful decoding at the relay. The probability h&RQ rounds are needed to correctly recover the information
messagea at the relay is then defined as

pr = Pr {Tr = k} =Pr {Or,la e Or,k—lv @r,k}
=Pr{0, -1} —Pr{0,;} = Pu(k — 1) — Py (k) (6)
with P,y (0) = Pr{Oy0} = 1.

As in Section Il, we assume that the relay successfully dexctitiesource message at th¢h round. The outage
probability for the HARQ relay protocol at theth round for all possiblé: is given by

Pou(r, p,1) ZPr{ZI;d+lerd<rlog 1+p)}pk
(A

i=k+1

L l
jLZlDr{ZI;d < rlog(1 —i—p)}pk

k=l =1
-1

= Peocglks Dpr + Paa(l) [Par (I=1)=Por ()] (7)
k=1

with P4k, 1) denotes the outage probability of the HARQ relay protocdhatl-th round when the relay is able
to cooperate from thé-th round. The variable is omitted to shorten the notations. The first term correspomds
the case whelk < [ whereas the second term corresponds to the case whkeh Additionally, the derivative of
the outage probability with respect tois

-1
P P, P,
0 out T P, Za COOp k l i + Pcoop(k l)apk: 0 sd(l) «

k=1 dp op
[Py (1—1)— Py (L)+Psq (1) [81355(;—1) B 8P§/§L) ©

Using (7) and (8)d(r, p) is given based on (4). In order to computg,(r,p,l) and %;’p’”, we needPy.(m),
P(1), Poo(k,1) and their derivatives, whose expressions depend on thistissiof the channel.
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A. Long Term Quasi-Static Channel
As the fading remains constant over all ARQ rounds, the miutdarmations at each round do not vary until

the transmission of the current message is stopped. Frorm{bjoam =1 —1,..., L, we obtain
14p) "1
Py (m)=Pr{ml, <rlog(14+p)} =1—exp ()7L 5 9)
QPO

The derivative ofP.(m) with respect top is given by
azzxm)__exp( (L+p) 1)[—r<1+p> NEED) ]

dp pac2. I_ mapo? ap?o?, J

(10)

Similar expressions are obtained fBry(/) and 8P ( by replacingm by [ ando2 by o2,.
Since Pk, 1) denotes the outage probablllty at théh round when the relay is able to cooperate from the

k-th round, it is given by
Prooo(k,) =Pr{kls g+ (1—k)Isra < rlog(l +p)} (11)

_ 11 —Vsd
= ———exp(——] exp ) dysadrra
A VsdVrd Ysd Yrd

where A = {(1 + 7sa)"(1 + 7sa + %a)"™" < (1 4 p)"}. Rewriting the constraint A ag,q < % — 1 — Yea,
+Ysa I—Fk
and assuming that.q is always greater than zero, we give a precise constraingfoisuch thaty < (1+p)+ —1.

ConsequentlyP...,(k,l) can be evaluated numerically from

'st:(l'i'p)%_l 1
Pooop(k,l) = / — exp < %d> X
Ysa= 0 Vsd Vsd

__(4pl=F

/ (a0 T=F & €x p( )d'}/rdd')/sd (12)
Yra=0 Yrd Yrd

However, to obtain a closed-form expression of the finite-SNWRTDwe prefer to estimaté’.,.,(k,!), based on the
bounding technique developed in [13]. In Section V, we shoavtihhtness of the resulting bounds on the outage
probabilities compared to the numerical exact evaluatigsisg (12).P...(k,) is bounded as follows:

Pmp<k,l>2Pr{(1+amhsdr) (11p)" }

Pr {(1+ap|hsd| +Bplha?) <1 40" } (13)
where (1 + p)" Hz 1(L+p).

Let 2 = ap\hsd] +[3p\hrd\ We distinguish between two cases
1) If ao?, # Bo?,, the probability density function (pdf) of is given in [13]

1 —Zz —z
p(2)= exp —exp 14
& Bagd_aagd[ (5003) <0f,0052d>] 14
Consequently, this yields

Prooop( k1) > [1 eXp( (1+,0)07;— )] [1 Bo1g X

2 2
APTsq Borg—aog

S ) L \ AT N (€ i
+ _
ﬁpgrzd ﬁUer_O‘USQd 5P‘7r2d

= Proo(k, 1) (15)




POST-PRINT VERSION TO APPEAR IN IET COMMUNICATIONS 2015 7

2) If ac?, = Bo2, = o2, the probability density function (pdf) of is then given by

palz) = pr<p;2) (16)

Consequently, this yields

(14p) * —
Prgop(k,1) > [1—exp<—p02 X
(Lep) 1) [ (Lp) i1
1—<1+ 07 exp|— s

— Pcoop(ka l) (17)

An accurate estimate of the outage probability is obtaingdnbximizing this lower bound numerically, for each
p, over the exponents; and a9, subject to the three constrains< a1 < r, 0 < ag <r andaj + as = r.

In order to compute the diversity order, we need to computedérivative ofP...,(k,). Following the setup in
[13], the derivative ofP...(k,!) is approximated by the derivative of its lower boufd,,(k,l) and is then used in

8).

OProop(k, 1) OPronp(K;1)
dp - dp

(18)

B. Short Term Quasi-Satic Channel

Unlike the long term quasi-static channel, the instantaeemutual informations vary from one transmission
round to another. Fom =1 —1,..., L, we obtain

Pr{z <rlog 1+p} (29)

(1+ﬂ) -1

/sr—(1+p) - /WS T,
74=0 Va=

(1+p)"

0
Vo=t e 1 )
/ i iy Hexp( ’Ysr> dve
Yer

yr=0 i— ’Vsr

1
Using the same bounding technique developed in [F3)(m) can be approximated by its lower bound given
by

Py ( >HPr{(1+ap[h \) (1+p)“7}
> HF eXp( 1+p)0 1)] — Py(m) (20)

ap

with 0 <a; <r, Vi = 1,...,m and )", a; = r. The valuesa; are obtained by maximizing this lower bound
numerically. The derivative of;,(m) with respect top is approximated by

OR(m) - 8]55r(m)

5~ (21)
< (1+p) " “IN\[a;(14p) 4~}
2 = ( pac? >[ apo’
14p - 14p)% —1
o ) 1L el )

J=1, g#
)

Similar expressions are obtained By (/) and apd(l by replacingm by I and?2, by o2,.
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k !
Proop(k1) =Pr {ZIéﬁZ I;;d<rlog(1+p>}

i=k+1
! ]
1 7
sd
/ / / H exp d*ysd H —exp|—= d*yr d
sdoe 77 dv’yr(l 9’ 7"/5(]) =1 ’ySd ’YS J k+1 7 751‘
k+1__ (A4p)" _ k+1__ (4p)" _ k+1
=(1+p)"— V= nk 1(1#{ B -1 rvaq T, (i 1 rYea T, i+ —1-74 2
= s e .. (23
Ysa=0 754=0 VkJrl*O ’Yk+170
1 _ (4p)" i 1 (l+p)r S
/'YSd TIEy i) T g gy g i) /’y v I8, i ) T4 g Y T
Yqa=0 =0

! j
1
| | v exp<7 Sd> d’st | | — €Xp ( ~ ) d'Vrd

sd j=k+1 'Ysr

with T = { T, (14360 T (14 2y +200) < L+ .

Furthermore P...,(k, ) can be exactly evaluated using (23). Note that a numericadtesvaluation of2,..,(k, ),
using nested integrations, becomes laborious wher8. Therefore, in Section V, we restrict the numerical results
of exact evaluation of the outage probabilities over thatsteom quasi-static channels to the cages 2 (I = 1, 2)
andL =3 (l=1,2,3).

However, P.,.,(k,l) can be approximated by its lower bound given by

Proos(k,]) >HPr{(1+ap\hsd}) (1+p)" }
!

H Pr{(l+ap}h d} +Bp|hig ‘) (I+p)* }

i=k+1
a; l 2
H[l exp( (I+7) 1)] H [l—f xd 5 X
i=1 apoly ki1 POy
(14p)— ) asy ( (1+p)‘“—1>]

expl— + expl————

- < Bpoty Bot—aoy Bpoty
- PCOOp(k7l) (22)

The values:; are determined by numerically maximizing the correspogdtimver bounds for each with 0 <a; <r,

Vi=1,..,1 and Eﬁ.zl a; =r. The derivative ofP..,(k,!) is approximated by the derivative of its lower bound
Pooop(k,l) and is then used in (8).

IV. FINITE-SNR DIVERSITY-MULTIPLEXING-DELAY TRADEOFF

To quantify the impact of the HARQ delay, i.e. the number of R{ rounds, on the performance, we extend
the previous formulation of the finite-SNR DMT to the finite-SNR DM d(r., p), by introducing the effective
multiplexing gain defined in (3). In the case of finite-SNR DMT, tfige fix the multiplexing gain and second, we
computeP,(r, p,1) for a givenp andl. However, at the light of (3), it is clear that the effectiveiltiplexing gain
can not be fixed independently from the network SNR. Note thatigh SNR analysis conducted in [5] leads to
an effective multiplexing gain that tends to the first-rouater i.e.r. = r. This has been explained by the fact that
most information messages are decoded successfully in gtedirnd. On the contrary, at finite SNR, the DMDT

is not trivially derived, and no more equivalent to the DMihce the effective multiplexing gain depends on the
SNR.
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Fig. 1. Outage probabilitie®,..(L): Numerical exact evaluations (markers) versus approximatioredbas lower bounds (dashed lines).

Hence, we need to compute the functiprdefined byr. = f(r, p). As no exact form is available, we resort to
numerical approximations. We use a set of discretized gatdie andr on the range of interest. For each couple
(p', "), we construct a look-up table (LUT) representifigaccording to (3). Reversely, we get= g, (r.), over
the corresponding set of and r., whereg,:(r.) = f;l(re) and f,i(re) = f(re, p') for a givenp'. Using the
previously constructed LUT and performing a cubic interfiola we obtain an analytical approximation ofis a
function of r.. Consequently, at a given SNR valpeusing the appropriate value of depending o, into the
finite-SNR DMT given in Section Ill, we obtain the DMDT of the HARIay protocol, computing the diversity
as a function ofr..

V. NUMERICAL RESULTS

In this section, first, we illustrate the tightness of the bisinsed to derive the outage probability of the HARQ
relay protocol. Second, we give numerical results of the fiBidR DMT, derived in Section IlI-A and Section
I1I-B for two different channel models: long term and shagtnh quasi-static channels. For comparison purpose,
we also give the numerical results of the asymptotic DMT & HARQ relay protocol [5], the finite-SNR DMT
of the non-ARQ relay channel [13] and the finite-SNR DMT of thertomoperative HARQ scheme. Finally, we
provide the finite-SNR DMDT results of the HARQ relay protocelriged in Section IV.

A. Outage probability results

Unlike [7], we propose to approximate the outage probabifiiven in (7), based on lower bounds éh,.,(k,!),
for both long term and short term static channel models (8),({17) and (22)), and’.(m) for short term static
channels, in (20). In this section, we illustrate the tigism of the approximations, by comparing them with the
exact numerical evaluation, given in (12) and (23). Fig. 1ficors that the analytical bounds adopted to derive
an estimate of the outage probability, and consequentlyhenfihite-SNR DMT and DMDT, provide accurate
approximations of the numerical exact evaluation restlt&e comparisons are illustrated for both channel models
(long term and short term) and for different maximum ARQ rdsid.
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Fig. 2. Finite-SNR DMT of the HARQ relay protocol far = 4 with « = 8 = 0.5. Both long term static channel (dashed lines) and short
term static channel (solid lines) are considered.

B. Finite-SNR DMT results

First, we consider an equal power partitioning between thecgoand the relay, i.eq = g = 0.5. In Fig. 2,
we plot the finite-SNR DMT of the HARQ relay protocol for vario8&\Rs with the maximum number of HARQ
rounds L equal to 4. Results are given for the long term quasi-stdatanoel (dashed lines) and the short term
guasi-static channel (solid lines). As expected, the ditiergains at finite-SNR are significantly lower than the
asymptotic ones. For the same SNR, the short term quasi-stainnel gives additional diversity, compared with
the long term one, since time diversity is available. Howgtlee more meaningful result given by Fig. 2 is that, at
low SNR, the gap between finite-SNR DMT of the two channel modekignificantly lower than the one at high
SNR, or asymptotic SNR.

In Fig. 3, we compare the finite-SNR DMT of the HARQ relay protowsth L = 3, at a fixed SNR value
(p = 10 dB), for various power partitioning setupa)( For reference, we also give the finite-SNR DMT for the
non-cooperative HARQ protocol, which corresponds:te- 1 (all the network power is allocated to the source).
We notice that, fora = 0.1, the DMT curves are significantly degraded for both channetleteo compared to
equal power partitioning. However, far = 0.25,0.75,0.9, their corresponding DMT curves are very similar to
the case of = 0.5. These results indicate that, regardless the channel mtigelperformance of the HARQ
relay protocol at finite SNR is relatively insensitive to themeo partitioning for0.1 < « < 0.9. This observation
corroborates the conclusion given in [13], where authaateghat minor variations in the diversity performance of
the relay channel (where no ARQ is performed) are noted fox « < 0.9. Similar results are obtained for other
SNRs and are omitted for the sake of brevity. On the other hewednotice sizable improvements with respect
to the non-cooperative HARQ protocol, except for= 0.1 and high-rate regime. Indeed, this power allocation
is not favorable to the relay protocol because too littlergyés allocated to the source. Thus, with equal power
partitioning, cooperation with a relay will always bringnse extra diversity gains to the HARQ procotol, whatever
the statistics of the channel model. With respect to the camperative HARQ protocol, the diversity gain increase
is more visible for low multiplexing gains.

Fig. 4 shows the finite-SNR DMT of the HARQ relay protocol with= 4 over the short term quasi-static
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Fig. 3. Power partitioning effect on the finite-SNR DMT of the ARQ relaytpeol for p = 10 dB, L = 3 with 3 = 1 — «. Both short
term (solid lines) and long term (dashed lines) channels are considenednon-cooperative HARQ protocol performance is drawn for
comparison purposes.

channel compared to the finite-SNR DMT of the non-ARQ relay deanas presented in [13], for various SNRs.
Notice that, for the non-ARQ relay channel, it does not makese to distinguish between long term and short term
guasi-static channels, since there is no retransmissiempt. The channel realization is unique for one transmissio
phase and changes independently for the next transmig3igstanding gains are observed using the HARQ relay
protocol with respect to the non-ARQ relay channel. Comrmgathe results of the non-ARQ relay channel, from
Fig. 4, with those of the HARQ relay protocol over the long tegoasi-static channel, given in Fig. 2, shows that
performing retransmissions with incremental redundanape relay network is still beneficial even over long term
quasi-static channel, especially for medium to high mléimg rates.

However, the comparison thanks to the DMT metric is not catgly fair since the HARQ rounds imply a loss
in spectral efficiency, and so in multiplexing gain, that i taken into account with this metric. That's why we
present the results in terms of DMDT in the next section.

C. Finite-S\NR DMDT results

Fig. 5 depicts the finite-SNR DMDT of the HARQ relay protocol fasth long term and short term quasi-static
channels and for various SNRs with= 4. Unlike the asymptotic analysis [5], at finite SNR, we note frBig. 2
and Fig. 5 that the DMDT curves can be lower than the DMT curdepending on the targeted network SNR.
Indeed, unlike the multiplexing gain, the effective multiplexing gaim. does not only depend on the first-round
rate R but also on the number of HARQ rounds, which varies along whth network SNR. This degradation is
more visible from a certain threshold rat# that depends op. We recall that the multiplexing gain is defined
as the normalized first-round rate. Consequently, the tbtestate r!" corresponds to the case wherbecomes
greater tharl, which impacts the outage probabilifs,(r, p, ) dramatically. In the case of long term statistics, for
low SNR values g = 0 or 5 dB), the diversity gain even vanishes completely for> 0.7.

Now, to fairly compare the HARQ relay protocol with the noR® relay channel, we use the finite-SNR DMDT
of the HARQ relay protocol over short term and long term cusagiic channel from Fig. 5 with the finite-SNR
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Fig. 4. Finite-SNR DMT comparison between the HARQ relay protocol Miite- 4 over the short term quasi-static channel (solid lines)
and the non-ARQ relay channel (dashed lines) [13],doe 8 = 0.5.

DMT of the non-ARQ relay channel from Fig. 4. First, focusingtbe long term quasi-static channel, we observe
that the loss in throughput is clearly unfavorable to the HARIay protocol. However, over the short term quasi-
static channel, the HARQ relay protocol takes advantagen# tliversity and we still observe improvements with
respect to the finite-SNR DMT performance of the non-ARQ relagnnel. Consequently, in the case of short
term quasi static channel, we can conclude that performirggransmission protocol such as HARQ over the relay
channel is beneficial, even for low SNR values, where the dagjradof the multiplexing gain due to ARQ delay,
i.e. the number of retransmissions, is the most visible.

VI. CONCLUSIONS

In this paper, we are interested in two popular diversityhitégues for wireless communications: cooperative
communication via the relay channel and retransmissiohnigoe for coded schemes via HARQ. In order to
compare them not only in terms of reliability, but also thgbput, we have focused on a theoretical metric that
clearly illustrates the interplay between diversity andtiplexing, namely the diversity-multiplexing tradeoffve
have considered a particular HARQ relay protocol that isagidimited and known to be particularly efficient
in terms of outage probability and throughput, as detaitedhe introduction. Since the performance metrics at
asymptotic SNR do not illustrate the system behavior at lountwlerate SNRs, where communication systems
operate conventionally, we have proposed an analysis a-BhiR.

Thus, we have derived an estimate on the finite-SNR DMT for the @A8ay protocol, based on a lower bound
on the outage probability, for both long term and short tetragitstatic channels. The analytical results have shown
that, regardless the channel models, the optimization wiepgartitioning between the source and the relay is not
needed and equal power partitioning provides close to @ptiimite-SNR DMT curves. Moreover, the comparison
between the finite-SNR DMT results of the HARQ relay protocoll dhe ones of the non cooperative HARQ
protocol, as well as the non-ARQ relay channel, has showncitiabining both HARQ protocol and cooperative
relaying offers sizable performance gains in terms of ditgrand multiplexing gains.
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Fig. 5. Finite-SNR DMDT of the ARQ relay protocol fdt = 4 with « = 8 = 0.5. Both long term quasi-static channel (dashed lines) and
short term quasi-static channel (solid lines) are considered.

As HARQ introduces a loss in throughput due to the retransiorisrounds, we have finally extended the DMT
analysis to estimate the DMDT that makes use of the effectivdtiplexing gain in order to take into account
the ARQ delay, i.e. the number of retransmission roundsikérthe asymptotic analysis, the finite-SNR DMDT
is largely degraded compared with the finite-SNR DMT. This destrates the impact of the ARQ delay, i.e. the
number of retransmission rounds, on the HARQ relay protpesformance. This degradation is translated in a
diversity gain’s decrease that is more visible from a caertaultiplexing gain threshold, especially for low-SNR
regime. Thus the comparison is slightly in favor of the non€ARelay channel over the long term quasi-static
channel. However, the finite-SNR DMDT performance results ¢ive short-term quasi-static channel have shown
that the HARQ protocol combined with the relay channel igddy beneficial in terms of diversity and multiplexing
gains compared to the non-ARQ relay channel. In this cageHHRQ protocol takes advantage of time diversity
that counteracts the loss in throughput due to the retraassom rounds. This conclusion can not be made using

average outage probability analysis and throughput-dpkrformance separately and only over the long term
quasi-static channel, as given in [7].
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