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Fast Langevin based algorithm for MCMC in high dimensions

Alain Durmus', Gareth O. Roberts 2, Gilles Vilmart®, and Konstantinos C. Zygalakis*

July 8, 2015

Abstract

We introduce new Gaussian proposals to improve the efficiency of the standard Hastings-
Metropolis algorithm in Markov chain Monte Carlo (MCMC) methods, used for the sam-
pling from a target distribution in large dimension d. The improved complexity is O(dl/ %)
compared to the complexity (’)(dl/ 3) of the standard approach. We prove an asymptotic
diffusion limit theorem and show that the relative efficiency of the algorithm can be char-
acterised by its overall acceptance rate (with asymptotical value 0.704), independently of
the target distribution. Numerical experiments confirm our theoretical findings.
Keywords: Hasting-Metropolis algorithm, Markov Chain Monte-Carlo method, modified
equations.

AMS subject classification (2010): 65C40, 65C05, 60H10

1 Introduction

Consider a probability measure 7 on R? with density again denoted m with respect to the
Lebesgue measure, and the Langevin diffusion {x;, t > 0} associated with, solution of the
following stochastic differential equation in R%:

dz, = (1/2)£V log m(a)dt + £12dW, 1)

where {W;, t > 0} is a standard d-dimensional Brownian motion, and ¥ is a given positive
definite self-adjoint matrix. Under appropriate assumptions [9] on 7 one can show that the
dynamic generated by (1) is ergodic and has 7 as unique invariant distribution. This is a key
property of (1) and taking advantage of it permits to sample from the invariant distribution 7.
In particular, if one could solve (1) analytically and then take time ¢ to infinity then it would
be possible to generate samples from 7. However, there exist a limited number of cases [11]
where such an analytical formula exists. A standard approach is to discretize (1) using a one
step integrator, and sample using the averages over the numerical trajectories. The drawback
of this approach is that it introduces a bias because the numerical invariant measure does
not coincide in general with the exact one 7 [24, 13, 1]. In addition, the discretisation might
fail to be ergodic [22], even though (1) is geometrically ergodic, but numerical ergodicity is
however is not needed in practice [16].
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An alternative way of sampling from 7 exactly, i.e. that does not face the bias issue
introduced by discretizing (1), is by using the Metropolis-Hastings algorithm [10]. The idea
is to construct a Markov chain {z;, j € N}, where at each step j € N, given z;, a new sample
proposal y is generated from the Markov chain with transition kernel g(x;,-). This proposal
is then accepted (xj41 = y) with probability a(z;,y) and rejected (x;41 = x;) otherwise.

Setting
m(y)q(y, )
) @
m(z)q(z,y)
then the resulting Markov chain for the sequence {z;, j € N} is m-invariant and will, for
large j generate samples from 7 under mild ergodic hypothesis [12, 18].

One crucial component for the efficiency of this algorithm is the value of the accept-
reject probability a(x,y), which depends on the choice of the transition kernel ¢(z,y). The
simplest proposals are random walks for which ¢(z,y) is the transition kernel associated with
the proposal

a(z,y) = min <1,

y =+ VhEY%¢ (3)

where ¢ is a standard Gaussian random variable in R?, and leads to the well known Random
Walk Metropolis Algorithm (RMW). This proposal is very simple to implement, but it suffers
from (relatively) high rejection rate, due to the fact that it utilises no information about m
to construct appropriate candidate moves.

Another family of proposal commonly used is based on the Euler-Maruyama discretisation
of (1), for which ¢(z,y) is the transition kernel associated with the proposal

y =a+ (h/2)LV logn(x) + VRS2 (4)

where ¢ is again a standard Gaussian random variable in R?. This algorithm is also known as
the Metropolis Adjusted Langevin Algorithm (MALA), and it is well-established that it has
an improved complexity scaling and a better convergence behaviour than the RWM algorithm
in general. This method directs the proposed moves towards areas of high probability for
the distribution 7 thanks to the presence of the ¥V log 7(z) term. There is now a growing
literature on gradient-based MCMC algorithms, as exemplified through the two papers [7, 4]
and the references therein. A natural question is if one can improve on the behaviour of
MALA by incorporating more information about the properties of 7 in their proposal. A
first attempt would be to use as proposal a one-step integrator with high weak order for (1),
as suggested in the discussion of [7]. Although this appears not sufficient, we shall show
that, by slightly modifying this approach and not focusing the the weak order itself, we are
able to construct a new proposal with better convergence and complexity scaling properties
than MALA. We mention that an analogous proposal is presented independently in [6] in a
different context to improve the strong order of convergence of MALA.

The paper is organised as follows. In Section 2 we provide a heuristic for the choice of time-
step h used in the proposal as a function of the dimension d of the target and present three
different proposals that have better complexity scaling properties than RWM and MALA. In
Section 3, we present and prove our main scaling results for the introduced methods. Section
4 investigates the ergodic properties of the different proposals for a wide variety of target
densities 7. Finally, in Section 5 we present numerical results that illustrate our theoretical
findings.



2 Preliminaries

In this section we discuss some key issues regarding the complexity scaling of MCMC al-
gorithms in high dimensions. In particular, in Section 2.1 we discuss some issues relating
with the computational complexity of MCMC methods in high dimensions, while in Section
2.2 we present a useful heuristic for understanding the scaling properties of a given MCMC
proposal, and based on this heuristic formally derive a new proposal with desirable scaling
properties.

2.1 Computational Complexity

Here we discuss a heuristic approach for selecting the time-step h in all proposals mentioned
above, in order to optimise the acceptance probability as the dimension of the space d — oo.
In particular, we choose the time-step h proportional to an inverse power of the dimension d
such that

hood™ 7. (5)

This implies that the proposal y is now a function of: (7) the current state x; (ii) the parameter
~ through the time-step scaling above; and (ii7) the independent noises £ which appear in all
the considered proposals. Thus y = y(x,&;y). Ideally one wants 7 to be as small as possible
so the chain makes large steps and decorrelation amongst samples will be maximised. At
the same time one needs to ensure that the acceptance probability doesn’t degenerate to 0
as d — 00, also to prevent high correlation amongst samples. This naturally leads to the
definition of a critical exponent g given by

Yo = inf {fyc :lminf E [a(z,y)] >0, Vye ['yc,oo)} .
720 d—00

The expectation here is with respect to x distributed according to m and y chosen from the
proposal distribution. In other words, we take the largest possible time-steps, as functions
of d, constrained by asking that the average acceptance probability is bounded away from
zero, uniformly in d. The time-step restriction (5) can be interpreted as a kind of Courant-
Friedrichs-Lewy restriction arising in the numerical time-integration of PDEs.
Continuing this analogy, we introduce here the heuristic that the number of steps required
to reach stationarity is given by
M(d)=d" . (6)

As we will discuss below, this heuristic can be given by a firm foundation in a number of
cases. One intuitive explanation of why this holds is that the Markov chain arising from the
Metropolis-Hastings method approximates a Langevin SDE and reaches stationarity expo-
nentially fast with a time interval of size O(1). Using the fact that the Markov chain travels
with time-step h on the path of this SDE, we obtain the expression for M (d) above. If we
now consider the case of a product measure where

d
m(x) = my(x) = Zy Heg("“) , (7)
=1

and Z; is a renormalisation constant, then it is well known [19] that for the RWM ~y = 1,
while for MALA ~p = 1/3 [20]. In the next subsection, we recall the main ideas that allows one
to obtain these scalings (valid also for some non-product cases), and derive a new proposal



which we will call the fast Metropolis Adjusted Langevin algorithm (fMALA) and which
satisfies 79 = 1/5 in the product case, i.e. it has an improved complexity scaling.

2.2 Formal derivation

Here we explain the main idea that can be used for proving the scaling of a Gaussian' proposal
in high dimensions. In particular, the proposal y is now of the form

where & ~ N(0,1) is a standard d dimensional Gaussian random variable in R?. Note that
in the case of RWM,
w(z, h) =2z, S(z,h) = VhE'?,

while in the case of MALA
w(z, h) =z + (h/2)SV1ogn(x), S(x, h)=VhSV?.

The Gaussianity of the proposal implies that the accept-reject probability a(x,y) can be
written in the form

Oé(:E,y) = min{laexp(Rd(xvy))} ’
for some function R4(x,y) which depends on the Gaussian proposal (8). Now using the fact
that y is related to = according to (8), and that Ry4(z,z) = 0 together with appropriate
smoothness properties on the function g(x), one can expand R, in powers of Vh using a
Taylor expansion

k d
Ra(z,y) =Y Y W2Cij(x,8) + hETDPR (2, 17, €) 9)

i=1 j=1

It turns out [2] that the scaling associated with each proposal relates directly with how many
of the Cj; terms are zero in (9). This simplifies if we further assume that 3 =I; in (1) and
that 7 satisfies (7), because one has

and thus each term in (9) can be written as

Viid &
\/& ;CZ(‘TW{]) .

We then see that if one has C; = 0,i = 1,--- ,m then this implies that vy = 1/(m + 1).
Indeed, this value of g yields h™*!d = 1 and the leading order term in (9) becomes

1 d
7 ; Crt1(24,&5) -

To understand the behaviour for large d, we typically assume conditions to ensure that the
above term has an appropriate (weak) limit. It turns out that m+1 is generally an odd integer

1We stress that Gaussianity here is not necessary but it greatly simplifies the calculations.



for known proposals, and the above expression is frequently approximated by a central limit
theorem. The second dominant term in (9) turns out to be Cy(y, 1), although to turn this
into a rigorous proof one also needs to be able to control the appropriate number of higher
order terms, from m + 1 to 2(m + 1), as well as the remainder term in the above Taylor
expansion.

2.3 Classes of proposals with vy = 1/5

We introduce new Gaussian proposals for which vo = 1/5 in (6). We start by presenting the
simplest method, and then present two variations of it, motivated by the desire to obtain
robust and stable ergodic properties (geometric ergodicity). The underlying calculations that
show C; = 0,i = 1,...,m with m = 4 and 79 = 1/5 for these methods are contained in the
supplementary materials in the form of a Mathematica file. Recall that f(z) = ¥V logm(x).
In the sequel, we denote by D f and D?f the Jacobian (d x d-matrix) and the Hessian (d x d?-

matrix) of f respectively. Thus (Df(x));; = 8?-&:(;) and

Ox0x;

D?f(x) = Hi(z) - Ha(z)] , where {Hi(x)};;, =

Finally for all z € R%, {¥: D?f(x)} € R? is defined by for i = 1,...,d:
{z: D2f(x)}i = trace (ETHl(x)) .

Notice that for ¥ = I, the above quantity reduces to the Laplacian and we have {Z : D% f(x) }z
Af;.

2.3.1 Fast Metropolis-Adjusted Langevin Algorithm (fMALA).
We define

2
P (0 h) =+ f (@) — o (D) f (@) + {52 D2 ()}) (10a)
SM(g h) = (\/EIdJrfo(x)) UEE (10b)

We will refer to (8) when pu, S are given by (10) as the fast Unadjusted Langevin Algorithm
(fULA) when viewed as a numerical method for (1) and as the fast Metropolis-Adjusted
Langevin Algorithm (fMALA) when used as a proposal in the Metropolis-Hastings framework.

Remark 2.1. [t is interesting to note that when compared with Unadjusted Langevin Algo-
rithm (ULA), fULA has the same order of weak convergence one, if applied as a one-step
integrator for (1). One could obtain a second order weak method by changing the constants
in front of the higher order coefficients, but in fact the corresponding method would not have
better scaling properties than MALA when used in the Metropolis-Hastings framework. This
observation answers negatively in part one of the questions in the discussion of [7] about
the potential use of higher order integrators for the Langevin equation within the Metropolis-
Hastings framework.



2.3.2 Modified Ozaki-Metropolis algorithm (mOMA)

One of the problems related to the MALA proposal is that it fails to be geometrically ergodic
for a wide range of functions 7 [22]. This issue was addressed in [21] where a modification of
MALA based on the Ozaki discretisation [17] of (1) was proposed and studied. In the same
spirit as in [21] we propose here a modification of fMALA, defined by

2 2
POz, h) =z + Zi(Df(x),h, 1) f(z) - %Df(x)f(x) - %{E : D*f(x)} (11a)
SO (g, h)(S™O (x, h))T = <3‘1(Df(m), 2h,1) — f?Df@)) . (11b)
where
Ti(M, h,a) = (aM) " (el@/2M _1,) (12)

for all> M € R4 h >0, a € R.

The Markov chain defined by (11) will be referred to as the modified unadjusted Ozaki
algorithm (mUOA), whereas when it is used in a Hastings-Metropolis algorithm, it will be
referred to as the modified Ozaki Metropolis algorithm (mOMA). Note that ¢t ~— (et —1)/t —
(1/3)h2t is positive on R for all h > 0, therefore S™O(x, h)(S™O(x, h))T is positive definite
for all z € R? and h > 0.

Remark 2.2. In regions where ||V logn(z)|| is much greater than ||x||, we need in practice
to take h very small (of order ||z|| / ||V 1ogn(x)|) for MALA to exit these regions. However
such a choice of h depends on x and cannot be used directly. Finding such a value of h can
therefore be hard to find theoretically as well as computationally. This issue can be tackled by
multiplying f = Vlogn(z) by Z1(Df(x),h,a) in (11a). Indeed under some mild conditions,
in that case, we can obtain an algorithm with good mixing properties for all h > 0 ; see [21,
Theorem 4.1]. mOMA faces similar problems due to the term D f(x)f(x).

2.3.3 Generalised Boosted Ozaki-Metropolis Algorithm (gbOMA).

Having discussed the possible limitations of mOMA in Remark 2.2 we generalise here the
approach in [21] to deal with the complexities arising to the presence of the D f(z)f(z) term.
In particular we now define

0w, ) = 2+ FE(DS (@), hy ) (&) = 5 T5(DS (@), hyas) (S s D)
(5 +5) ADsE@Ln @), (132)
58P0 (, h) (580 (z, h))T = {ﬂ(Df@;),%, as) + (“24 — é) Io(Df(x),2h, a5)} ¥ .| (13b)
where a;, i = 1,---,5 are positive parameters, .7} is given by (12) and
F5(M, h,a) = (aM) ™! (e~ (@*/OM* 1)) (14)
Ta(M, h,a) = (aM)~2(el®/2M _ 1, —(ah/2)M) (15)

*Notice that the matrix functionals in (12),(14),(15) remain valid if matrix aM is not invertible, using the
appropriate power series for the matrix exponentials.



with M € R4 h > 0, a € R and I, is the identity matrix. The Markov chain defined by (13)
will be referred to as the generalised boosted unadjusted Ozaki algorithm (gbUOA), whereas
when it is used in a Hastings-Metropolis algorithm, it will be referred to as the generalised
boosted Ozaki Metropolis algorithm (gbOMA).

We notice that S8°9(S829)T in (13b) is not a positive definite matrix in general and so
we impose the following condition on the constants ay4, as to guarantee it.

Assumption 1. The function t — (e —1)/(ast)+(as/2—(1/6)) (e~ —1)/(ast) is positive
on R.

However for a4y = as = 1, this assumption is satisfied, and choosing a; = 1 for all
i=1,...,5, (13) leads to a well defined proposal, which will be referred to as the boosted
Unadjusted Ozaki Algorithm (bUOA), whereas when it is used in a Hastings-Metropolis
algorithm, it will be referred to as the boosted Ozaki Metropolis Algorithm (bOMA). We will
see in Section 4 that bOMA has nicer ergodic properties than fMALA.

3 Main scaling results

In this section, we present optimal scaling results for fIMALA and gbhOMA introduced in
Section 2. We recall from the discussion in Section 2 that the time stepsize h depends on the
dimension and is given as hg = £d—'/%, with £ > 0. Finally, we prove our results for the case
of a target distributions of the product form given by (7), we take ¥ = I, and we make the
following assumptions on g.

Assumption 2. We assume
1. g € CY(R) and ¢g" is bounded on R.

2. The derivatives of g up to order 10 have at most a polynomial growth, i.e. there exists
constants C, k such that

\g(i)(t)|§0(1+!t|“), teR,i=1,...,10.

3. for all k € N,
/ tFesWat < 400 .
R

3.1 Optimal scaling of fMALA

The Markov chain produced by fMALA, with target density 74, will be denoted by { X Z ’fM, ke
N}. Let qflM be the transition density function associated to the proposal of IMALA relatively
to mg. In a similar manner, we denote by ag\/[ the acceptance ratio. Now we introduce the

jump process build on {X Z’fM, k € N}, which allows us to compare this Markov chain to
a continuous-time process. Let {J;, t € R} be a Poisson process with rate dY/5, and let
M — {Ff’ﬂv{, t € Ry} be the d-dimensional jump process defined by Ff’ﬂv{ = Xiﬂv{. We
denote by

B0 = [ [ mata)af .ol @ gpardy

the mean under 74 of the acceptance ratio.



Theorem 3.1. Assume Assumption 2. Then

lim a™M(7) — o™
S ag(6) =a™(6)

where a™(£) = 2&(—K™5 /2) with ®(t) = (1/(2m)) fjoo e~**/2ds and the expression of K™
is given in Appendix D.

Theorem 3.2. Assume Assumption 2. Let {Y;d’fM = FZ’IfM, t € Ry} be the process corre-

sponding to the first component of T%™ . Then, {Y&™M d € N*} converges weakly (in the
Skorokhod topology) to the solution {Y;™M, t € Ry} of the Langevin equation defined by:

Ay ™ = (™ (0) VDB, + (1/2)h™(0)V log m (M)t , (16)

where h™M(0) = 2020 (—K™5/2) is the speed of the limiting diffusion. Furthermore, h™(¢)
is maximised at the unique value of £ for which a™ (¢) = 0.704343.

Proof. The proof of these two theorems are in Appendix A. O

3.2 Scaling results for gbOMA

As in the case of fMALA, we assume 74 is of the form (7) and we take ¥ =14, hg = 0d=1/5,
The Metropolis-adjusted Markov chain based on gbhOMA, with target density g, is denoted
{Xg’gbo, k € N}. We will denote by qibo the transition density associated to the proposals
defined by gbOMA with respect to m4. In a similar manner, the acceptance ratio relatively
to my and gbOMA will be denoted by agbo. We build, as in Section 3.1 the jump process

build on {X,f’gbo, k € N}. Let {J;, t € R} be a Poisson process with rate d'/®, and let
[dgb0 — {Ff’ ’gbo, t € Ry} be the d-dimensional jump process defined by Ff’gbo = X%gbo.
We denote also

bO bO bO
00 = [ [ mal@)af© e e )dody
Re JRI
the mean under w4 of the acceptance rate of the algorithm which produces {Xg’gbo, k € N}.

Theorem 3.3. Assume Assumptions 1 and 2. Then

Jlim_af0(0) = a0

where a8PO () = 2&(— K800 /2) with ®(t) = (1/(2m)) fioo e=5*2ds and K&° are given in
Appendix D.

Theorem 3.4. Assume Assumptions 1 and 2. Let {Gf’gbo = Fg’lgbo, t € Ry} be the process
corresponding to the first component of T80 Then, {Gd’gbo, de N*} converges weakly (in
the Skorokhod topology) to the solution {Gtgbo, t € Ry} of the Langevin equation defined by:

dGE™ = (020 (0)M/DdB, + (1/2)hEC () V log me(GF*O)dt

where h8PO(0) = 202®(—Ke"0¢%/2) is the speed of the limiting diffusion. Furthermore,
hebO(¢) is mazimised at the unique value of £ for which a8®©(¢) = 0.704343.



Proof. Note that under Assumption 2-1, at fixed a > 0, using the regularity properties of
(x,h) = Fi(x,h,a) on R? for i = 1,...,3, there exists an open interval I, which contains 0,
and My > 0 such that forall z e R, k=1,---,11,andi=1,---,3

‘3'“ (Zi(g"(x), h, a))

o ‘SMO vhel.

And there exists mg > 0 such that for all h € I, all d € N*, and for all z € R,
HSgbO(:L’,h)H > my

Using these two results, the proof of both theorems follows the same lines than Theorems 3.1
and 3.2, which can be found in Appendix A. O

4 Geometric ergodicity results for high order Langevin schemes

Having established the scaling behaviour of the different proposals in the previous section, we
now proceed with establishing geometric ergodicity results for our new Metropolis algorithms.
Furthermore, for completeness, we study the behaviour of the corresponding unadjusted
proposal. For simplicity, we will take in the following > = I; and we limit our study of
gbOMA to the one of bBOMA, which is given by:

yPO = pPO(z,h) + 5"°(z, h) €, (17)
pPO(x,h) =z + A(Df(x), h, 1) f(x) + (2/3) Z(Df(x),h, 1) f (x)
— (1/3) (D f(x),h, 1){X : D*f(z)},
SPO (2, ) (SP°(z, )" = ZA(Df(x),2h,1) + (1/3) F(Df(x),2h,1) ,

where 71, % and 73 are respectively defined by (12), (14) and (15). First, let us begin with
some definitions. For a signed measure v on R?, we define the total variation norm of v by

||VHTV: sup |v(A)] ,
AeB(R4)

where B(R?) is the Borel o-algebra of R, Let P be a Markov kernel with invariant measure
7. For a given measurable function V : RY — [1, +00), we will say that P is V-geometrically
ergodic if there exist C' > 0 and p € [0,1) such that for all z € R? and n > 0

1P (x,) = mlly < Cp"V (),
where for v a signed measure on R%, the V-norm ||-||y is defined by
vl = sup f(z)v(de) .
{f; 1fI<V} /R

We refer the reader to [15] for the definitions of small sets, p-irreducibility and transience.
Let P be a Markov kernel on R%, Leb®irreducible, where Leb? is the Lebesgue measure on
R, and aperiodic and V : RY — [1, 4+-00) be a measurable function. In order to establish that
P is V-geometric ergodicity, a sufficient and necessary condition is given by a geometrical



drift (see [15, Theorem 15.0.1]), namely for some small set C, there exist A < 1 and b < +00
such that for all z € R%:
PV (z) < AV(z)+ ble(z) . (18)

Note that the different considered proposals belong to the class of Gaussian Markov
kernels. Namely, let Q be a Markov kernel on R?. We say that Q is a Gaussian Markov
kernel if for all 2 € RY, Q(z, ) is a Gaussian measure, with mean u(z) and covariance matrix
S(x)ST (x), where z + p(x) and x — S(x) are measurable functions from R? to respectively
R? and 8% (R?), the set of symmetric positive definite matrices of dimension d. These two
functions will be referred to as the mean value map and the the variance map respectively.
The Markov kernel @ has transition density ¢ given by:

aw.9) = L exp (—(1/2) (S() 2y — (@), (y — p(@)))) . (19)

2m)Y/2|S ()]
where for M € R?*? |M| denotes the determinant of M. Geometric ergodicity of Markov
Chains with Gaussian Markov kernels and the corresponding Metropolis-Hastings algorithms
was the subject of study of [22, 8]. But contrary to [8], we assume for simplicity the following
assumption on the functions y: RY — R% and S : R? — S (R9):

Assumption 3. The functions x — p(x) and x — S(x) are continuous.

Note that if 7, a target probability measure on R?, is absolutely continuous with respect
to the Lebesgue measure with density still denoted by =, the following assumption ensures
that the various different proposals introduced in this paper satisfy Assumption 3:

Assumption 4. The log-density g of © belongs to C3(R?).

We proceed in Section 4.1 with presenting and extending where necessary the main results
about geometric ergodicity of Metropolis-Hasting algorithms using Gaussian proposals. In
Section 4.2, we then introduce two different potential classes on which we apply our result
in Section 4.3. Finally in Section 4.4, for completeness, we make the same kind of study but
for unadjusted Gaussian Markov kernels on R.

4.1 Geometric ergodicity of Hastings-Metropolis algorithm based on Gaus-
sian Markov kernel

We first present an extension of the result given in in [8] for geometric ergodicity of Metropolis-
Hastings algorithms based on Gaussian proposal kernels. In particular, let () be a Gaussian
Markov kernel with mean value map and variance map satisfying Assumption 3. We use such
proposal in a Metropolis algorithm with target density 7 satisfying Assumption 4. Then, the
produced Markov kernel P is given by

P(z,dy) = a(z,y)q(r, y)dy + 6.(dy) /Rd(l —a(r,y))q(r,y)dy , (20)

where ¢ and « are resp. given by (19) and (2).

Assumption 5. We assume liminf o Jpa a(z, y)q(z, y)dy > 0.

10



Note that this condition is necessary to obtain the geometric ergodicity of a Metropolis-
Hastings algorithm by [23, Theorem 5.1]. We shall follow a well-known technique in MCMC
theory in demonstrating that Assumption 5 allows us to ensure that geometric ergodicity
of the algorithm is inherited from that of the proposal Markov chain itself. Thus, in the
following lemma we combine the conditions given by [8], which imply geometric ergodicity
of Gaussian Markov kernels, with Assumption 5 to get geometric ergodicity of the resultant
Metropolis-Hastings Markov kernels.

Lemma 4.1. Assume Assumptions 3, 5, and there exists T € (0,1) such that

limsup |[p(z)|| /[|z]| = 7, and limsup ||S(z)|| /[lz[| =0 (21)

[| ]| =00 llz]|—=+o0

Then, the Markov kernel P given by (20) are V -geometrically ergodic, where V(z) = 1+ ||z|?.

Proof. The proof is postponed to Appendix B.1. O

We now provide some conditions which imply that P is not geometrically ergodic.

Theorem 4.2. Assume Assumptions 3,4, that w is bounded and there exists € > 0 such that

liminf ||S(z)~ ()| z|| ' > et liminf inf ||S(z)y| > €, (22)
l|]|—-+o0 l|z[|—+o0 [lyll=1
and
lim log (|S(z)S(z)"]) /||=> =0. (23)
||| —+o00

Then, P is not geometrically ergodic.

Proof. The proof is postponed to Appendix B.2 O

4.2 Exponential potentials

We illustrate our results on the following classes of density.

4.2.1 The one-dimensional class &(3,7)

Let m be a probability density on R with respect to the Lebesgue measure. We will say that
m € £(B,7) if 7 is positive, belongs to C3(R) and there exist R,,3 > 0 such that for all
z €R, |z| > Ry,

m(x) eNal”
Then for |z| > Ry, log(w(z)) = —vfx \x|ﬁ_2, log(w(z))" = —vB(B-1) \x|6 /22 and log(m(z))®) =
—YB(8 = 1)(8—2) || /a®.
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4.2.2 The multidimensional exponential class &,

Let 7 be a probability density on R? with respect to the Lebesgue measure. We will say that
T € P, if it is positive, belongs to C3(R%) and there exists R, > 0 such that for all 2 € RY,
2]l = Rx,

m(x) ox e”4@) |

where q is a function of the following form. There exists a homogeneous polynomial p of
degree m and a three-times continuously differentiable function r on R¢ satisfying

| D*(Vr)(2)]| o(lz|™%) (24)

-0
and for all z € R?

q(z) = p(z) +r(z) .
Recall that p is an homogeneous polynomial of degree m if for all t € R and = € RY,
p(tz) = t™p(z). Finally we define &2}, the set of density m € £, such that the Hessian of
p at =, V2p(z) is positive definite for all  # 0.
When p is an homogeneous polynomial of degree m, it can be written as

p)= Y ma®,

where k € N9, [k| = 3, k; and 2% = 23 .. -mzd. Then denoting by 71, = z/ ||z]|, it is easy to
see that the following relations holds for all z € R,

From (27), it follows that V2p(z) is definite positive for all z € R%\ 0 if and only if V?p(#)
is positive definite for all 77, with ||7i|| = 1. Then, p belongs to &2} only if m > 2.

4.3 Geometric ergodicity of the proposals: the case of Metropolis-Hastings
algorithms

In this section we study the behaviour of our proposals within the Metropolis-Hastings frame-
work. We will split our investigations in two parts: in the first we study fMALA and mOMA;
while in the second we have a more detailed look in the properties of bBOMA not only for the
class &(f3,~), but also for the polynomial class 2} .

12



4.3.1 Geometric ergodicity of fMALA, mOMA for the class &(3,7)

In the case 8 € (0,2), fIMALA and mOMA have their mean map behaving like x— 3~z ]:U|B_2 /2
at infinity and their variance map bounded from above. This is exactly the behaviour that
MALA [22] has for the same values of 3, thus one would expect them to behave in the same
way. This is indeed the case and thus using the same reasoning as in the proof [22, Theorem
4.3] we deduce that the two algorithms are not geometrically ergodic for 8 € (0,1). Similarly,
the proof in [22, Theorem 4.1] can be used to show that the two algorithms are geometrically
ergodic for 5 € [1,2). Furthermore, for values of 5 > 2 we have the following cases

(a) For g =2,

- fIMALA is geometrically ergodic if hy(1 4 hvy/6) € (0,2) by [22, Theorem 4.1}, and not
geometrically ergodic if Ay(1 4 hy/6) > 2 by Theorem 4.2, since u™ is equivalent at
infinity to (1 — hy(1 4 hvy/6))z and S™(x) is constant for || > R;.

- Since p™© is equivalent at infinity to (e™"® — 2(hy)?/3)z, we observe that mOMA is
geometrically ergodic if hy € (0,1.22) by [22, Theorem 4.1], and not geometrically
ergodic if hy > 1.23 by Theorem [23, Theorem 5.1].

(b) For g > 2, fMALA and mOMA are not geometrically ergodic by Theorem 4.2 since the
mean value maps of their proposal kernels are equivalent at infinity to —Cy ]x\%) —2 /x,
their variance map to Co |a:|B =2 for some constants C1,Cy > 0, and the variance maps
are bounded from below.

4.3.2 Geometric ergodicity of bOMA

In this section, we give some conditions under which bOMA is geometrically ergodic and
some examples of density which satisfy such conditions. For a matrix M € R?*? we denote
Amin (M) = min Sp(M) and Apax (M) = max Sp(M), where Sp(M) is the spectrum of M. We
can observe three different behaviours of the proposal given by (17) when z is large, which
are implied by the behaviour of Apin (Df(x))) and Apax (D f(x)).

If lim inf|| ;| & 400 Amin (D f(7)) = 0. Then, g(z) = o(||z]|?) as ||z|| — oo, and yP© tends to
be as the MALA proposal at infinity, and we can show that bOMA is geometrically ergodic
with the same conditions introduced in [22] for this one.

Example 4.3. By [22, Theorem 4.1] bOMA is geometrically ergodic for m € &(v, ) with
B ell,2).

Now, we focus on the case where lim sup| 400 Amax (Df(z)) < 0. For instance, this
condition holds for 7 € &(v,3) when 5 > 2. We give conditions similar to the one for
geometric convergence of the Ozaki discretisation, given in [8], to check conditions of Lemma
4.1. Although these conditions does not cover all the cases, they seem to apply to interesting
ones. Here are our assumptions where we denote by S¢ = {x € R%, ||z|| = 1}, the sphere in
R¢ and 71, = x/ ||z]|.

Assumption 6. We assume:
1. lim Sup”xH*}J’,oo >\max (Df(l’)) <0

2. im0 Df () *{la: D*f(2)} =0

13



3. Df(x)~Lf(x) is asymptotically homogeneous to x when ||x|| — +o0, i.e. there eists a
function ¢ : S* — R such that

Df(z)~'f(x)

— c(nig)7
xii%oo” [E4] )7

The condition 1 in Assumption 6 implies that for all z € R, Apax (Df(x)) < My, and
garantees that SO (z, h) is bounded for all x € R?.

Lemma 4.4. Assume Assumption 4 and 6. There exists Myx, > 0 such that for all x € R?
1520, h)|| < Mz,

Proof. Since SO (z, h) is symmetric for all z € RY, and ¢ s (e — 1)/t + (1/3)(e~"* —1) /¢
is bounded on (—oo, M| for all M € R, we just need to show that there exists My > 0 such
that for all z, Amax (D f(z)) < M. First, by Assumption 6-(1), there exists R > 0, such that
for all x, ||z|| > R, Sp(Df(x)) C R_. In addition by Assumption 4 x — D f(x) is continuous,
and there exists M > 0 such that for all z, [|z|| < R, || Df(x)| < M. O

Theorem 4.5. Assume Assumptions 4, 5 and 6. If

0 < inf ¢(n) < sup ¢(n) <6/5, (32)
nesd nesd

then bOMA is geometrically ergodic.

Proof. We check that the conditions of Lemma 4.1 hold. By Assumption 4 and (17), As-
sumption 3 holds, thus it remains to check (21). First, Lemma 4.4 implies that the second
equality of (21) is satisfied, and we just need to prove the first equality. By [8, Lemma 3.4],

it suffices to prove that
lim sup <T](l’)’77($)+2ﬁx> <0, (33)
2l =400 \ Il [l

where n(x) = pP9(x,h) — x. Since lim SUD)|z| o0 Amax (D f(x)) < 0 we can write ¢ (x) =
B(x)Df(z)~ ' f(x), where

B(z) = (eMDIPI@) _1,) 4 (2/3)(e-MPI@/2* _1,) |
and z + %(z) is bounded on R?. Since % is bounded on R?, by Assumption 6-(2)-(3) and
(32),

i ’<’7(x) @) 2ﬁx> B @) e(7in)? + 2 (B(x) e, 1) ()| = 0. (34)

" Nl

In addition, if we denote the eigenvalues of Z(z) by {\i(z), i = 1,...,d} and {e;j(z), i =
1,...,d} an orthonormal basis of eigenvectors, we have

18 (@)t ||* (i) + 2 (B(@)ite, Tiz) (i) = ) (i) Nil2) (ei(2), 7iz)” (clila) Ni(x) +2) (35)
i=1

Since lim sup|, 100 Df(z) < 0, for all i and ||z|| large enough, A;(z) € [-5/3,0). Therefore
using (32) we get from (35):

1B ()7t || c(e)? + 2 (B(x) s, THy) c(ity) <O .

The proof is concluded using this result in (34). O
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Application to the convergence of bOMA for m € &},

For the proof of the main result of this section, we need the following lemma.

Lemma 4.6 ([8, Proof of Theorem 4.10]). Let m € &, for m > 2, then © satisfies Assump-
tion 6-(3) with c(7W) = 1/(m — 1) € (0,6/5) for all i € S.

Proposition 4.7. Let 1 € 2} for m > 2, then bOMA is V-geometrically ergodic, with
2
Viz) = |=|"+1.

Proof. Let us denote 7 ox exp(—p(z) — r(x)), with p and r satisfying the conditions from the
definition in Section 4.2.2. We prove that if 7 € 22} Theorem 4.5 can be applied. First,
by definition of £, Assumption 4 is satisfied. Furthermore, Assumption 6-(1)-(2) follows
from (24), (27), (28) and the condition that V?p(i) is positive definite for all @ € S%. Also
by Lemma 4.6, Assumption 6-(3) is satisfied.

Now we focus on Assumption 5. For ease of notation, in the following we denote ;”© and
SPO by pand S, and do not mention the dependence in the parameter h of ; and S when
it does not play any role. Note that

/ alz, y)a(e, y)dy = (22 / (1 Aexpa(e, O)yexp(— €2 /2)de . (36)
Rd Rd
where

a(z, 5) —p(u(x) + 5(x)€) + p(x) — r(pu(z)
S(@)€) + x(z) —log(1S(u(z) + S(2)8)) +log(IS(2)]) + (1/2) |I€]1*

—<1/2><<s<:c,s>>*l{x— plpe) + S@)&)}x — p (ule) + S@)E)) . (37)

and S(z, &) = S(u(z) + S(2)€)S(u(x) + S(x)¢)T. First, we consider m > 3, then we have the
following estimate of the terms in (37) by (24)-(28) and Lemma 4.6:

plw) | = (1= 5/(30m — 1)}w + of ul] (39)
(SS@NT = Jmlm = 1) el V() ol ") (39)
log((Su)l) | = ol (40)

Then by (38)-(40), if we define ¥ : [3,+00) — R by

we get

a(e,§) = |lz]™ p(ie)¥(m) + o([z]™)
[| ]| =00

Since W is positive on [3,400), for all £ € R? lim ;400 (2, ) = +00. This result, (36) and
Fatou’s Lemma imply that Assumption 5 is satisfied.
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For m = 2, we can assume p(z) = (Az,z) with A € 8% (R?). Let us denote for M an invertible

matrix of dimension p > 1,

o(M) = (e™ —1,) + (2/3)(e™ — 1)

SOM) = (M =T, + (1/3)(e M~ 1) .
Then we have the following estimates:
a(z, ) ||xH—:>+oo (A(s(hA)) 1 {(20(hA) + o(hA)?) 2}, (20(hA) + o(hA)?) z)
+ (Az,z) — (A {(Ig+o(hA))z}, (la+o(hA))z) + o ||z]?) . (41)

If we denote the eigenvalues of A by {)\;,i =1...d} and {z;,i =1,...,d} the coordinates of

x in an orthonormal basis of eigenvectors for A, (41) becomes
d
ZE (h, Mi)z2 + o(||z]|?) . (42)
||xH—>+oo =1

where for h, A > 0,
E(h,A) = A (1= (o(hA) + 1)% + ¢(hA) 7 (4o(hA)? + 4o(hN)? + o(hN))) .

Using that for any h, A > 0, Z(h, A) > 0 and (42), we have for all ¢ € R? s i 5 400 (7, &) =
+00, and as in the first case Assumption 5 is satisfied. O

Remark 4.8. Using the same reasoning as in Proposition 4.7, one can show that bOMA is
geometrically ergodic for m € &(B,7) with 8 > 2.

We now summarise the behaviour for all the different algorithms for the one dimensional
class &(3,) in Table 1

| Method | B€[1,2) [ B=2 | B>2 |
fMALA (10) geometrically | geometrically er- | not geometri-
ergodic godic or not cally ergodic
mOMA (11) geometrically | geometrically er- | not geometri-
ergodic godic or not cally ergodic
bOMA (17) geometrically | geometrically er- | geometrically
ergodic godic ergodic

Table 1: Summary of ergodicity results for the Metropolis-Hastings algorithms for the class
&(8,7)

4.4 Convergence of Gaussian Markov kernel on R

We now present precise results for the ergodicity of the unadjusted proposals, by extending
the results of [22] for the ULA to Gaussian Markov kernels on R. Under Assumption 3, it
is straightforward to see that @ is Leb%irreducible, where Leb? is the Lebesgue measure,
aperiodic and all compact set of R? are small; see [8, Theorem 3.1]. We now state our main
theorems, which essentially complete [22, Theorem 3.1-3.2]. Since their proof are very similar,
they are omitted.
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Theorem 4.9. Assume Assumption 3, and there exist sp,ui,u_ € R} and x € R such that:

limsup S(z) < sa ,

|x| =400

. _ X — _ . . —X —
Jim {u(z) —ata ut, and lim {p(z) —a}le] ™ =u- .

(1) If x € 10,1), then Q is geometrically ergodic.
(2) If x =1 and (1 —uy)(1l —u_) <1, then Q is geometrically ergodic.
(8) If x € (—1,0), then Q is ergodic but not geometrically ergodic.

Proof. See the proof of [22, Theorem 3.1] O

Theorem 4.10. Assume Assumption 3, and there exist sy,uy,u_ € R} and x € R such

that:
liminf S(z) > sy,
|z| =400
. —1 -X _— _ 3 -1 —X —
i S(a) )X = —uy and Jim S() () fa X =

(1) If x > 1, then Q is transcient.
(2) If x =1 and (uy ANu_)sy > 1, then Q is transcient.

Proof. See the proof of [22, Theorem 3.2] O

Ergodicity of the unadjusted proposals for the class &(3,7)

We now apply Theorems 4.9 and 4.10 in order to study the ergodicity of the different un-
adjusted proposals applied to 7 € &(8,7). In the case § € (0,2) all the three algorithms
(fULA,mUOA ,bUOA) have their mean map behaving like z — By |72 /2 at infinity and
their variance map bounded from above. This is exactly the behaviour that ULA [22] has
for the same values of 3, thus it should not be a surprise that Theorem 4.9 implies that all
the three algorithms behaved as the ULA does for the corresponding values, namely being
ergodic for 5 € (0,1) and geometrically ergodic for § € [1,2). Furthermore, for values of
B > 2 we have the following cases

(a) For g =2,

- fULA is geometrically ergodic if hy(1 + hy/6) € (0,2) by Theorem 4.9-(2), and is
transcient if Ay(1 4 h7y/6) > 2 by Theorem 4.10-(2), since ™ is equivalent at infinity
to (1 — hy(1 + hvy/6))z and S™(z) is constant for || > R,.

- mUOA is geometrically ergodic if 1+ 2(hy)2/3 — e~ € (0,2) by Theorem 4.9-(2), and
is transcient if 1 + 2(h7y)%/3 — e~ > 2 by Theorem 4.10-(2), since ™© is equivalent
at infinity to (e™"* — 2(hy)?/3)z and S™©(z) is constant for |z| > R..

- bUOA is geometrically ergodic by Theorem 4.9-(2), since u"© is equivalent at infinity
to —2x/3 and SPO(x) is constant for |z| > R,.
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(b) For g > 2,

- fULA and mUOA are transcient by Theorem 4.10-(1) since their mean value map is
equivalent at infinity to —C} |2[**72 /2, and their variance map to Cs |z|°~2 for some
constants C,Cs > 0, and their variance map are bounded from below.

- bUOA is geometrically ergodic by Theorem 4.9-(1) since its mean value map is equiv-
alent at infinity to {1 —5/(3(8 — 1))} = and its variance map is bounded from above.

The summary of our findings can be found in Table 2

[ Method | Be(0,1) | Be[L,2) | B=2 | B>2
fULA (10) ergodic geometrically | geometrically er- | transient
ergodic godic/transient
mUOA (11) ergodic geometrically geometrically er- | transient
ergodic godic/transient
bUOA (17) ergodic geometrically | geometrically er- | geometrically
ergodic godic ergodic

Table 2: Summary of ergodicity results for the unadjusted proposals for the class &(3,7)

5 Numerical illustration of the improved efficiency

In this section, we illustrate our analysis (Section 3.1) of the asymptotic behaviour of fMALA
as the dimension d tends to infinity, and we demonstrate its gain of efficiency as d in-
creases compared to the standard MALA. Following [20], we define the first-order efficiency

of a multidimensional Markov chain {Xy,k € N} with first component denoted X,gl) as

E[(X 221 - X ,9)2]. In Figure 1, we consider as a test problem the product case (7) where
we take the double well potential with g(z) = —%x‘l + %1‘2. We consider the dimensions
d = 10, 50,100, 200, respectively, and we plot for many time stepsizes h = ¢2d=/5 the first
order efficiency (multiplied by the dimension d because this is the scale which is asymptoti-
cally constant as d — o) as a function of the acceptance rate for the standard MALA (white
bullets) and the improved version fMALA (black bullets). The expectancies is approximated
as the average over 2 x 10° iterations of the algorithms and we use the same sets of gener-
ated random numbers for both methods. For comparison, we also include (as solid lines) the
asymptotic efficiency curve of fMALA as d — oo, normalised to have the same maximum as
fMALA in finite dimension d. Precisely, it corresponds to the (rescaled) limiting diffusion
speed h™(¢) as a function of a™(¢) (quantities given respectively in Theorems 3.1 and 3.2).
We observe an excellent agreement of the numerical first order efficiency compared to the
asymptotic one, especially as d increases, which corroborated the scaling results of fMALA.
We observe for the considered dimensions d that the optimal acceptance rate maximizing the
first-order efficiency remains very close to the limiting value of 0.704 predicted in Theorem
3.2. This numerical experiment shows that the efficiency improvement of fMALA compared
to MALA is significant and indeed increases as the dimension d increases, which confirms the
analysis of Section 3.1.
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Figure 1: First-order efficiency of the new fMALA and the standard MALA as a function
of the overall acceptance rates for the dimensions d = 10, 50, 100, 200, respectively, for the
double well potential with g(z) = —im‘i + %3:2. The solid line is the reference asymptotic
curve of efficiency for the new fMALA, normalised to have the same maximum value as the

finite dimensional fMALA.
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A  Proof of Theorems 3.1 and 3.2

We provide here the proofs of Theorems 3.1 and 3.2 for the analysis of the optimal scaling
properties of fMALA. We use tools analogous to that of [19] and [20]. Consider the generator
of the jump process T%™  defined for ¢¥¢ € C?(R?), and = € R? by

Ay () = d'E | (09(y) — " (@)a (,y)] .

where y follows the distribution defined by qflM(x, -). Also, consider the generator of the
process {Gy,t > 0}, solution of (16), defined for ¢ € C%(R), and 2z € R? by

AMp() = (0(0)/2)(@' (1) f(21) + 9" (21)) -

We check that the assumptions of [5, Corollary 8.7, Chapter 4] are satisfied, which will
imply Theorem 3.2. These assumptions consist in showing there exists a sequence of set
{F; c R% d € N*} such that for all T > 0:

lim P [rgfvfM €Fy, Vse [O,T]} —1

d—+o0

lim sup
d—~+o00 zEF,

Ap() — AP Y(2)| = 0,

for all functions 1) in a core of A™ which strongly separates points. Since A™ is an operator
on the set of function only depending on the first component, we restrict our study on this
class of functions, which belong to C2°(R), since by [5, Theorem 2.1, Chapter 8], this set of
functions is a core for A™ which strongly separates points. The following lemma is the proper
result which was introduced in Section 2.2. For the sequel, let {§;,i € N*} be a sequence
of i.i.d. standard one-dimensional Gaussian random variables and X be a random variable
distributed according to m. Also, for all z € R? denote by y™ the proposal of fMALA,
defined by (8), (10a) and (10b), started at 2 € R? with parameter hy and associated with
the d-dimensionnal Gaussian random variable {§;,i =1,--- ,d}.
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Lemma A.1. Assume Assumption 2. The following Taylor expansion in +/hq holds: for all
r€R? andic {1, ---,d},

W(y?w)qﬂw(?/?wvxi) M —1/2 M —3/5 M —7/10
10g< (@)™ (e, ™) = CM (2, &)d ™% + CM (w4, &)d ™ + CM (w5, &)d ™"/
+ O™ (24, &)d ™" + CfM (24, &)d "0 + Cl (@i, &)d ™" + O (w4, &, ha) L (43)

where CM (21,&1) is given in Appendiz C. Furthermore, for j = 6,--- 10, ijM(xi,fi) are
polynomials in & and derivatives of g at x; and

E[CJM(X,&)} — 0 forj=5--,9, (44)
E [(IE [ePM(X, ) 'X)M = 00(K™)? = —2E O} (X. &) - (45)

In addition, there exists a sequence of sets {F} C R% d € N*} such that limg_, o d'/51q((F})°) =
0 and for j =6,---,10

d
lim d~*/% sup E Cj(x?,sn—E[C?“(X,&)}u =0, (46)
d—+o0 IeFl —o
and
d
li E C Sha)ll =0, 47
dJToof;})l ; 1 (af, € d)] (47)
Finally,
I E ‘ d’ —0, 48
Jm s B[] =0 (18)
with

xl? ny

D) M (M ) :
Zlog( (v )a (y’ 7fM) ) — ((dl/ZZ;C%(xld,&)) —ﬁlo(KfM)Q/2> )

Proof. The Taylor expansion was computed using the computational software Mathematica
[25]. Then, since just odd powers of & occur in C5, C7 and Cy, we deduce (44) for j = 5,7,9.

Furthermore by explicit calculation, the anti-derivative in x; of e9®*VE [ijM(a:l,&)}, for

j = 6,8, and e9@VE [Cgl\/l(xl,fl)Q + 2C{1(\)4(x1,§1)] are on the form of some polynomials in
the derivatives of g in x1 times e9(®1), Therefore, Assumption 2-(3) implies (44) for j = 6,8
and (45). We now build the sequence of sets F C}, which satisfies the claimed properties.

Denote for j =6,--- ,10 and z; € R, C;M(x,) =E [CJfM(xl,fZ)] and V;-M(wz) Var [C’ (xz,ﬁz)}

which are bounded by a polynomial P; in z; by Assumption 2-(2) since Cj (x4,&;) are poly-
nomials in &; and the derivatives of g at x;. Therefore for all k € N*,

E Ué]fM(X)‘k} +E “V?A(X)‘k] < +o0. (49)
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Consider for all j = 6,---, 10, the sequence of sets Fj’j € R? defined by Fj’j = F;’j’l N Fij’z
zeR?; Z C’fM (x4) {CN';M(X)}

|
{eents [3;vr00-m[vpos)

Note that limg_, 4 d*/°74((F} ;)¢) = 0 forall j = 6- - - 10, is implied by limg_, o d1/57rd((F1 Df) =
0 and limg, oo d"/°7q((F}

with distribution 7. By definition of Fd i1 the Markov inequality and independence, we get

< d23/40} (50)

Fiio=qz€eR;

< d23/20} ) (51)

]72)6) = 0. Let {X;,7 > 2} be a sequence of i.i.d.random variables

d 4
d5mg((F1 1)) < d-2/0R (Z M) ~E [ (X)D
1=2

<d"VOE [(éij(X) ~E [éfM(X)]ﬂ , (52)

where we have used the Young inequality for the last line. On another hand, using the
Chebyshev and Holder inequality, we get

2
d'Pmg((Fj;5)7) < d*V1OB (Z VM) - B [VIM(x >}>

g0 {(\@M(X) ~E [VW(X)DQ] . (53)

Therefore (49), (52) and (53) imply that limg 4o d1/57rd((Fij)C) =0 for all j =6,---,10.
In addition, for all x € F} ;» by the triangle inequality and the Cauchy-Schwarz inequality we
have for all j =6,---,10

d

> My, &) —E [Cng(X,&)}“ <

=2

> V@) B [VMX)]

1=2

e VM)

zdjé?%» -E [@WX@»}‘ .

Therefore by this inequality, (50) and (51), there exists a constant M; such that

d
d*® sup E ZC?VI(%,&) —E [CJM(X,&)} u < d Y40 |

1
CEGFd’j i=2

and (46) follows. It remains to show (47). By definition, Cj; is the remainder in the eleventh
order expansion in o4 := y/hg given by (43) of the function © defined by O(z;,&;,04) =

23



log(m1 (y™M)g™M(y™, ;) — log(m1 () g™ (x5, y™)). Therefore, by the mean-value form of the
remainder, there exists ug € [0, 04] such that

1 811@
011($z‘,§i;hd) = (Ud /(11!))W(xiafivud) .
94

By Assumption 2-(1) which implies that ¢” is bounded, and Assumption 2-(2), for all ug €
[0, 04], the eleventh derivative of © with respect to o4, taken in (x;,&;, ugq), can be bounded
by a positive polynomial in (z;,&;) on the form Po(z;)P3(&;). Hence, there exists a constant
M> such that

E[|C11 (x4, &, ha)|] < My d=1/10 Py(ay) (54)

<a}.

then we have by the Chebychev inequality, this definition and (54)

And if we define ;

3 Pa(:) — E[P2(X)]

=2

Fdl,ll = {93 eR?;

d"Pra((F11)°) < Var [Po(X)]d~*/°
d
sup ZE |011 .Tz,fz,hd)H < M2([E [P2(l.)] + 1)d—1/10 '

IeFdlll 2

These results, combined with Assumption 2-(3), imply limg_, oo dY/57mg((F 1)) = 0 and
(47). Finally, F} = ﬂ}lz(s F} ; satisfies the claimed properties of the Lemma, and (48) directly
follows from all the previous results. O

Pd,ﬂ\/[

To isolate the first component of the process , we consider the modified generators

defined for ¢ € C2(R9) and = € R? by
Ay(x) = d'PE (™) — (@))a (z,y™)

where for all z,y € R?,

d
1 (hﬂv[ )
a x y
ld Z]‘_[ 1 Q1 fM(Jjuyz)

The next lemma shows that we can approximate Ag\/[ by A™M  and thus, in essence, the first
component becomes “asymptotically independent” from the others.

Theorem A.2. There erists a sequence of sets {F2? C R, d € N*} such thatlimg_, oo d/°14((F2)°) =
0 and for all p € C°(R) (seen as function of R® for all d which only depends on the first
component):

A (@) - ARy ()| =

lim sup
d—+o0 xeF2

In addition,

lim sup d'/°E Hozgv[@, y™) — o™ d(ﬂ:,ny)H =0. (55)
d—+o00 zEF?2 ’
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Proof. Using that v is bounded and the Jensen inequality, there exists a constant M; such
that
AR (@) — AR ()| < M1 R [ |0l (@, ™) — P 42, y™) ]

Thus it suffices to show (55). Set o4 = v/hg. Since t — 1 A exp(t) is 1-Lipschtz on R and, by
definition we have

A8 [[af(@™) - oM a(e ™| < PO 0] (56)

where O(z1,&1,04) = log(m (yI™M)g™M(y™M, 21)) — 10g(771(x1)q?\/[(3:1?y?/[)). By a fifth order
Taylor expansion of © in o4, and since by (43) 870(x1,£1,0)/(907) = 0 for j = 0---4, we
have

0°0 5
O(x1,&1,04) = W(th&,ud)(ffd/m) ;
94

for some ug € [0, 04). Using Assumption 2-(1)-(2), and an explicit expression of d7O (w1, &1, ug)/ (80&),
there exists two positive polynomials P; and Py such that

©(21,£1,04)| < (07/5)P1(1)Pa(é1) -

Plugging this result in (56) and since o5 = £°/2d71/2 we get
A [[af (2, y™) — o™ 4w, y™)|| < O2aN10P (1)
Setting F? = {z € R ; Py(x1) < d'/10}, we have

sup d'/PE Haﬂw(x,yﬂw) — afl\/{vd(a:,ym)u < P12g15
T€EF;

and (55) follows. Finally, F? satisfied limg oo d/?ma((F2)¢) = 0 since by the Markov
inequality
dl/Bﬂ'd((Fg)C) S d—l/lOE [Pl(X)3] ’

where E [P1(X)?] is finite by Assumption 2-(3). O

Lemma A.3. For ally € C°(R),

lim  sup |d'7E [y — (an)] — (/2@ (@) (1) + 0" (@2))] = 0.

d—+o00 z1€R

Proof. Consider o4 = v/hg and W (z1,£1,0q4) = ¥(y™M). Note that W(x1,£1,0) = ¥(21).
Then using that ¢ € C°(R), a third order Taylor expansion of this function in o4 implies
there exists uq € [0, hg] and My > 0 such that

E W (21,&1,0a) — ¥(z1)] = (d7Y5/2) (4 (21) f(21) + ¢ (21)) + Myd =3/
BPW

3
+ —=(1,&1,uq)oy .
803(1& d)0q

Moreover since 1 € C2°(R), the third partial derivative of W in o4 are bounded for all zq,
&1 and o4. Therefore there exists My > 0 such that for all 7 € R,

@R [P — p()] = (/2 (1) fm) + 9 (00)| < Maf2a7 110

which concludes the proof. O
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As proceed in [20], we prove a uniform central limit theorem for the sequence of random
variables defined for ¢ > 2 and z; € R by CéM(mi, &;). Define now for d > 2 and z € R?,

d
'\_/ld($) = n_1/2 Z Cgv[(xwgz) )
=2
and the characteristic function of My for t € R by
pal, t) = E[¢™(7)].

Finally define the characteristic function of the zero-mean Gaussian distribution with stan-
dard deviation K™ given in Lemma A.1, by: for t € R,

plt) = e” T2

Lemma A.4. There exists a sequence of set {F3 C RY d € N*}, satisfying limg_ oo d1/57rd((F§)C) =
0 and we have the following properties:

(i) for allt € R, limg_, 4 SUP, ¢ 3 lpa(z,t) —p(t)| =0,
(ii) for all bounded continuous function b : R — R,

E [b(Mg(z))] - (znzw(KﬂVI)2)1/2/

R

lim sup
d—+o0 xng

b(U)e“Z/(”m(KfM)Q)du’ 0.

In particular, we have

lim sup

E [1 A e“_"d@)—fw(KfM)"’/?} - 2@(651(“/2)) —0.
d—+00 xEFg

Proof. We first define for all d > 1, F3 = F 5’,1 NnFE 5’72 where

d

= {x eRY;| a7 Y E [0 (@ &) |~ E[CR(X0,00)] | < d1/4} .57
j=2,4 i=2
Fi, = {x cR; E [ng(;ci,gi)ﬂ <P vie e, - ,d}} . (58)

It follows from (49), and the Chebychev and Markov inequalities that there exists a constant
M such that 74((F3)%) + ma((F34)¢) < Md~"/2. Therefore limg_, o0 d"/574((F3)°) = 0.
(i). Let t € R and x € F3 and denote

V(a:) = VarCM (@, &) = E [0 (21,67 |
where the second equality follows from Lemma A.1. By the triangle inequality

d

va(z,t) - ] (1 — 510\;(?)152> ‘

=2
d (1 B flOV(mi)tQ) B 67410(KfM)2t2/2
=2

lpa(w,t) — ()] <

(59)




We bound the two terms of the right hand side separately. Note that by independence for all
d, pq(z,t) = H?:z @1(x5,t/V/d). Since x € F3, by (58), for d large enough £V (2;)t?/(2d) < 1
for all : € {2,--- ,d}. Thus, by [3, Eq. 26.5], we have for such large d, all i € {2,--- ,d} and

all 6 > 0:
0OV ()82 t[3 015 3 4210
o1(zi,t/Vd) — <1 — Z(d))’ <E [<’6’d3/2 ‘C@M(m&) A < y Cgl\ﬂ(xi75i)2>
’t’ 815
t2£10 o )
+E|: d C5 (xmﬁz) ]l{|C§M(xi,£i)|>5dl/2}:|
<0 |t]? £15 71042

M. )2 M .. ¢4
——E [CP(@:,6)?] + 5B [ OM @i &) |
In addition, by [3, Lemma 1, Section 27] and using this result we get:

d

wpa(z. ) — ][ (1 - ng o t2>‘ zd‘: 615 { (%gi)?}
=2

1=2

+§f§§ & [fue]

< (IET [05 (Xl,gl)ﬂ + d*1/4) 551 /6
n (E [ch(Xl,gl)“] n d—1/4) 0102 /(524) |

where the last inequality follows from z € F; and (57) Let now e > 0, and choose § small
enough such that the fist term is smaller than €¢/2. Then there exists dy € N* such that for
all d > do, the second term is smaller than €/2 as well. Therefore, for d > dy we get

d 10/ ()42
wa(zt) - [ [ (1 - EVZ(dl)t)

=2

sup
xGFg

Consider now the second term of (59), by the triangle inequality,

d d d
0V (z;)t? P10 FrEM)242 0V (z,)t? 10V (. )¢2
| | T TR ) L N ET)TE 2 | | G Sk 24 R =10V (z;)t?/(2d)
(1 5d > e < <1 2d ) | I e

i=2 i=2 i=2
d
n H OV @)2/(2d) _ ~0O(KM22)2) ()
1=2

We deal with the two terms separatly. First since for all z;, V(z;) > 0, we have

1 — V(a)0'%2/(2d) — e V@) <2d>‘ < V(2)20%0¢4 ) (8d2) .
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Using this result, [3, Lemma 1, Section 27] and the Cauchy-Schwarz inequality, it follows:

d d
1(1- OV () [ 0ovee/e
2d

1=2 i=2
d
< 30 |t V()02 (2a) — Vo)
=2
d
< 3O V@) (8d%) < (B [CM(X0,60)* ] +d70) 2%/ (8d) (61)
=2

where the last inequality is implied by (57). Finally since on R_, u + e* is 1-Lipschitz and
using (57), we get

d
> d V() — (K™M)?
1=2
< 200q14 )2 (62)

d
H o0V (@) /(2d) _ o~ (K™M)22 /2

1=2

< (t2€10/2)

Therefore, combining (61) and (62) in (60), we get:

lim sup

=0 ,
d—+o00 wng

d 1 20V (z;)t? O™
Pl 2d

which concludes the proof of (i).

(ii) follows now from (i) by the continuity theorem applied to an appropriate sequence
{z%, d € N*}. O

proof of Theorem 3.1. The theorem follows from Lemma A.1, (55) in Theorem A.2 and the
last statement in Lemma A.4. O

proof of Theorem 3.2. Consider F; = ﬂj:1 23 Fg, where the sets Fj are given resp. in Lemma

A.1 Theorem A.2 and Lemma A.4. We then obtain limg_, d*1/57rd((Fd)C) =0 and by the
union bound, for all T' > 0,

lim P [r;lvfM cFy, Vse [O,T]} —1.

d——+oo

Furthermore, combining the former results with Lemma A.3, we have for all ¥ € C>(R)
(seen as a function of the first component):

lim sup |AMy(x) — Aqup(a;)’ =0.

d——+o00 ZEEFd

Then, the weak convergence follows from [5, Corollary 8.7, Chapter 4]. O
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B Postponed proofs

B.1 Proof of Lemma 4.1

By Assumption 3-4, 7 and ¢ are positive and continuous. It follows from [14, Lemma 1.2]
that P is Leb%irreducible aperiodic, where Leb? is the Lebesgue measure on R%. In addition,
all compact set C such that Leb?(C) > 0 are small for P. Now by [15, Theorem 15.0.1], we
just need to check the drift condition (18). But by a simple calculation, using a(z,y) < 1 for
all z,y € R%, and the Cauchy-Schwarz inequality, we get

PV(@) < 1+ ol + (@) = 1) | a(e.s)ae.u)dy
+Cm 22 (@) 1@+ 1@ | max(lel? De1 e

By (21), Hmsupj,|_ 400 (2 ()] |S(@)] + [|S(@)]|*) ]| 7> = 0. Therefore, using again the
first inequality of (21) and Assumption 5:

limsup PV (z)/V(z) <1— (1 —7?) liminf / alz,y)q(z,y)dy < 1.
[l —+o0 lz[|—=+o0 JRrd

This concludes the proof of Lemma 4.1. O

B.2 Proof of Theorem 4.2

We prove this result by contradiction. The strategy of the proof is the following: first, under
our assumptions, most of the proposed moves by the algorithm has a norm which is greater
than the current point. However, if P is geometrically ergodic, then it implies a upper
bound on the rejection probability of the algorithm by some constant strictly smaller than
1. But combining these facts, we can exhibit a sequence of point {x,,n € N}, such that
lim,, 4 o () = +00. Since we assume that 7 is bounded, we have our contradiction.

If P is geometrically ergodic, then by [23, Theorem 5.1], there exists 7 > 0 such that for
almost every x € R,

/Rd a(z,y)q(r,y)dy > 1, (63)

and let M > 0 such that
Pl > M] <n/2, (64)

where € is a standard d-dimensional Gaussian random variable. By (22), there exists R, d > 0
such that

inf S@) @) |zt > et +6 and  inf  inf ||S(z)y| > €. 65
{||x||2Re}” @)~ @) 2] gy jint, IS @)yl (65)

Note that we can assume R, is large enough so that
eOR. > M . (66)

Now define for = € R?, ||z|| > R,
B(z) = {y e R! | ||$(2) 7 (y - n(a))|| < M} . (67)
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Note if y € B(x), we have by definition and the triangle inequality ||S(z)~'y|| > ||S(z) u(=)||—
M. Therefore by (65) and (66)

lyll = [|S(2)S(x)"'y|| > €||S(x)"'y|| > e(e™ + ) |zl = M > [|]] (68)

We then show that this inequality implies

liminf inf q(y, )
|lz||—-+oc yeB(z) q(,Y)

=0. (69)

First, it is straightforward by (67), that the denominator is uniformly bounded from 0. As
for the numerator, first we can notice by (65)-(68), we have |ly|| > R. and for all z € RY,
1S(y)z|| > €||z||, which implies for all z € R%, e !||z]| > ||S(y)~'2||. Using this result, the
triangle inequality and (65)-(68) again, we get

_ _ 2
= (2m ™ exp (= [|S() ™ (@ — pu)||” ~ log(|S)(SW)T])
< 2~ exp (—(|[S(y) " uy)|| = [1S() =] —log(|S(y)(Sw)]))
< 21~ exp (—((e™ +0) [lyll — < llyl)* — Lo (|S(y)(S(¥)])
< (@)~ 2 exp (—02 [lyll” — og(|SW)(SW) ) -

Using this inequality and (23) imply lim|;| 4 infye p(2) ¢(y, *) = 0 and then (69). Therefore
there exists R, > 0 such that for all z € RY, ||z|| > R,

inf q(y, x)
yeB(z) q(z,y)

<n/4. (70)

Now we are able to build the sequence {z,,n € N} such that for all n € N, |xpq1| >
max(R,, R,) and lim,,_, o 7(7,) = +00. Indeed let 2o € R such that |zo|| > max(Re, R,).
Assume, we have built the sequence up to the nth term and such that for all kK =0,...,n—1,
|zk41]] > max(Re, Ry) and m(xp11) > (3/2)m(xx). Now we choose zy,41 depending on zy,
satisfying m(x,41) > (3/2)m(xy) and ||zp41]] > max(R., Ry). Since ||z, | > max(R., Ry), by
(63)-(64) and (70)

: m(y)aly,zn) \ o
n < /RdOA(xn,y) (zn,y)dy < 17/2+/B(xn) min (Lﬂ(xn)q(%y» q(zn, y)dy
m(y)

(xn)q(wn,y)dy :

<n/2+ (n/4) /

B(zn) ™

This inequality implies that | Blan) 7rg},z”n))q(xn,y)dy > 2 and therefore there exists x,11 €
B(zy,) such that m(xy41) > (3/2)7(xy,), and since x,,+1 € B(xy,) by (68), ||Tn+1]|| > max(R., Ry).
Therefore, we have a sequence {z,,n € N} such that for all n € N, w(x,41) > (3/2)7(zy,).
Since by assumption w(zg) > 0, we get lim,, 4o 7(z,) = +00, which contradicts the as-
sumption that 7 is bounded. This concludes the proof of Theorem 4.2. O
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C Expressions of Cf(z1,&)

5
CtM(z1,6) = o (5?9(5)(%) + 5690 (1) + 15€5 g™ (21) g (21)

- 720
+ 15619 (21)g' (1) + 3067 g™ (21)g" (1)
10619 (@1)g" (1) + 30619 (@1)g' (v1)? + 35619 (21)g” (1)?)

1 1 1
CoO(z1,&) = 0 <§?9(5) (1) + ——&39® (1) + 4785%9(4) (z1)g'(z1)

720 144
+ L gD @ g (@) + 223 (21)g (1) — ~E09) (21)g (1)
48 144°1 48

+ 52610 @)y (o) + é&g’m)g"(mf) |

1 1 1
C(en,6) = € (580 + el o) + ela e (o)
1 29 19
- (4) / 3 (3) " _ 3) "
+ 48519 (w1)g (1) + 7144519 (71)g" (1) 714469 (z1)g" (z1)

1 1
#3160 ) (00 + g (o) (0)?)

1 1 1
Cgbo(l‘b&) = (mﬁg(m (z1) + mf%g(& (z1) + 4785%9(4) (z1)g (1)

1 1 1
+ 15619 (@) (@1) + 7503619 (21)g" (@1) + Gaielg® (@1)g" (21)

1 5 1

- 6%21519(3) (z1)g" (x1) + méfg(g) (z1)g" (x1) + @519(3) (z1)g" (1)
1 1 1

+ ﬂflg@ (z1)g'(21)? — —af&g'(x1)g" (x1)* + 6%21519/(331)9"(%1)2

24
1
g6 (o) 00

D Expressions of K*

We provide here the expressions of the quantities K® involved in Theorems 3.1, 3.2, 3.3, 3.4.
Let X be a random variable distributed according to 7.

79901 (X)2 11gW(X)2¢/(X)2  77¢®)(X)2¢"(X)2 1
g (X) g()g()+ g()g()+—w@ﬂfﬂm4
17280 1152 2592 576

499'X)%¢"X)t | T 5) , 19 5 5) "
M X)g®(X)g (X) + ——g® (X)g® (X)g" (X
so7a6 T arg? (X9 (X)g'(X) + g9 (X)g P (X)g" (X)

KM _ R
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79" (X)g' (X)g"(X)?
1728

7 7 (3)(X) /(X)B //(X)Q
= 43 (4) / 3 (4) ’ 2 n 2 g g g
+1? X X)g (X)7 + 29 (X)g (X)°g7(X)" + 1798

(3) / " 3
PRI OVTES 4 2910 ()09 ()4 ()9 (%)

+ 2590 (X)?g (X)?g"(X) +

o _ g [16P(X)? | 119D X)2(X)? | 15679 (X)%"(X)?
17280 1152 3456

Km

9D X ()" + 520/ (X" ()" + gD (X)) (X)g'(X)

17 1
—® (%) " —— q® (5) "(X)2
+ 10599 (X)g P (X)g"(X) + 5290 (XD (X)g'(X)

1 1
+ 59(5) (X)d'(X)g"(X)* + mg(?’) (X)W (X)g'(X)*+

1 1
%g(‘” (X)g'(X)?g"(X)? + 59(3) (X)d'(X)*q" (X)?
11

+ 5220 002/ (0% (%) + g @ (X)g (X)g" (X)%+
g (X)g D (X)g' (X)g" (X)

5
9" (X)?¢? (X)%a]

1
9 (X% (X) o + 7

K80 | | —
36
+ ég’(X)g”(X)?’g“) (X)aj — %a?g’(X)Qg”(X)“aZ + %g’(X)2g”(X)4ai
+ 250" (X020 ()20} + o asg” (X)) ()20}

+ 26 (029" (X (X2 — ot (X)g” (%09 (X)ad

+ o (X0 (X9 (X)ad + s (X)g" ()% (X)ad

+asg (0% ()% (X)ad + -9/ ()% (%)% (X)a

7 1
+ 59’(X)9”(X)g(3) (X)gW(X)a] + 59’(X)9”(X)29(5) (X)a3

i " (3) (5) 2 i 4 7 2 1 4
+ 59 (X)g 7 (X)g” (X)ag + —ca19' (X)°g"(X)

1 1 1
— 59 (X% (X)" + ' (X)P0"(X)" + =g (X) 19 (X)?
2 I 2 .,(3) 2
azg” (X)*g" (X) i 11~x\2 - (3) ()2
ST 595939 (X)7g*(X)
79 i X 2_(3) X 2 1
g"(X)*g"(X) Ly
3456 96

1 / 2 1 (3) 2
— X X X
+ ge1939 (X)79" (X)g 7 (X)" +

'(X)29"(X)g"¥ (X)?

119'(X)*g™ (X)?
1152

32



799(5)(X)2 Ly, 11~ \3 (3)
17280 96a19 (X)g" (X)?g"(X)

i / " 3 .(3) _ i 2 / " 3 _(3)
+ 559 (X)g"(X)°g7(X) — geratasg (X)g"(X)"g™ (X)

1 / " 3 (3) 1 2 1 3 n 2 _(3)
— X X X)— — X X X
+ 551939 (X)9"(X)"g 7 (X) — 5ecaig (X)°g"(X) g (X)
- 1 2/ 2 1 2 (4)
219 (X)7g"(X)"g ™ (X)

3,03 x4
+1449(X)g (X)g'(X)

+ %g’(X)Q/I(XM@) (X)g(4) (X) + %%agg/(X)g”(X)g@) (X)g(4) (X)

_ L 5, " 2 _(5) L " 2 (5)
53519 (X)g"(X)7g"” (X) + 5389 (X)g"(X)7g"” (X)+
1

11
— ¢ (X)2¢®(X) g (X) + —¢"(X)g® (X)g® (X
5559 (X)79 7 (X)g™ (X) + =207 (X)g™ (X)g™(X)

Ly 3) (x4 (5) Ty @ (x) (5)
+ 561789 (X)g"(X)g (X)+5769(X)g (X)) (X)

33



	Introduction
	Preliminaries
	Computational Complexity
	Formal derivation
	Classes of proposals with 0=1/5
	Fast Metropolis-Adjusted Langevin Algorithm (fMALA).
	Modified Ozaki-Metropolis algorithm (mOMA)
	Generalised Boosted Ozaki-Metropolis Algorithm (gbOMA).


	Main scaling results
	Optimal scaling of fMALA
	Scaling results for gbOMA

	Geometric ergodicity results for high order Langevin schemes
	Geometric ergodicity of Hastings-Metropolis algorithm based on Gaussian Markov kernel
	Exponential potentials
	The one-dimensional class E(,)
	The multidimensional exponential class Pm

	Geometric ergodicity of the proposals: the case of Metropolis-Hastings algorithms
	Geometric ergodicity of fMALA, mOMA for the class E(,)
	Geometric ergodicity of bOMA

	Convergence of Gaussian Markov kernel on R

	Numerical illustration of the improved efficiency
	Proof of Theorems 3.1 and 3.2
	Postponed proofs
	Proof of Lemma 4.1
	Proof of Theorem 4.2

	Expressions of C5 (x1,1)
	Expressions of K

