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S U M M A R Y
It is well known that sedimentary rocks having same porosity can have very different pore
size distribution. The pore distribution determines many characteristics of the rock, among
which its transport properties are often the most useful. Multifractal analysis is a powerful
tool that is increasingly used to characterize the pore space. In this study, we performed
multifractal analysis of pore distribution on simulated sedimentary rocks using the relaxed
bidisperse ballistic deposition model (RBBDM). The RBBDM can generate a 3-D structure
of sedimentary rocks of variable porosity by tuning the fraction p of particles of two different
sizes. We also performed multifractal analysis on two samples of real sedimentary rock to
compare with the simulation studies. One sample, an oolitic limestone is of high porosity
(40 per cent) while the other is a reefal carbonate of low porosity, around 7 per cent. 2-D
sections of X-ray microtomographs of the real rocks were stacked sequentially to reconstruct
the real rock specimens. Both samples show multifractal character. The results from analysis
of real rock agree quite well with the simulated structure of low porosity. The simulated rock
of high porosity showed a weak multifractal nature though the real rock sample of similar
porosity was found to be strongly multifractal. We propose a ‘structure parameter’ ξ which is
a function of porosity and the generalized dimensions, and controls the transport properties of
the rock.
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1 I N T RO D U C T I O N

Sedimentary rocks are often the storehouses of natural oil and gases
whose extraction depend on the permeability of these fluids through
them. The transport properties of sedimentary rocks depend not only
on the porosity of the rocks but more importantly on the pore size
distribution (PSD) and their connectivity. The pore space can be a
continuum of pores with extremely varying pore sizes ranging over
a scale of 106, besides being extremely complex and heterogeneous
and often self-similar.

Fractal and multifractal analysis are increasingly used to study
complex heterogeneous systems which show self-similarity on sev-
eral length scales. They have the ability to provide an accurate
representation of the heterogeneous pore geometry and address the
relationship between porosity and a range of physical processes
happening in a porous medium like transport of water in soils,
extraction of oil and natural gases and CO2 sequestration in sed-
imentary rock. The role of structure of the pores and their size
distribution may result in fractal structures like viscous fingering
during biphasic flow occurring in porous media (Toussaint et al.
2005; Lovoll et al. 2011; Nsir et al. 2012). Multifractal analysis

on porous media has been done using fractal models (Hansen &
Skjeltorp 1988; Hansen et al. 1988; Rieu & Sposito 1991), image
analysis of 2-D sections of soil blocks (Tarquis et al. 2003; Dathe
et al. 2006; Grau et al. 2006), analysis of 3-D pore systems recon-
structed by computer tomography (Tarquis et al. 2007), mercury
intrusion porosimetry (Vidal Vázquez et al. 2008) and nitrogen
absorption isotherms (Paz-Ferreiro et al. 2009).

In this work, the authors use the relaxed bidisperse ballistic depo-
sition (RBBDM) to simulate a 3-D porous rock structure of varying
porosity. In an earlier effort (Giri et al. 2012) to probe the geometry
of the microstructure of the pore clusters produced by the RBBDM
at different porosities, the authors had noticed that the simulated
structure had a fractal nature that changed across a characteristic
length rtr. The power-law exponent of the pore mass had different
values across rtr, hinting that the pore space might have a multifrac-
tal nature. This idea was further strengthened by diffusion studies in
connected pore clusters. For the entire range of porosities studied,
diffusion was found to be anomalous with different values of diffu-
sion exponent over different length scales. Real rock samples were
studied for comparison of simulation results, and similar signature
of multifractal nature was found there.
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In this study, our objectives are: (i) to investigate whether the
simulated porous structure generated with the RBBDM is indeed
a multifractal in its pore geometry; (ii) to bring out differences in
the microgeometry of the simulated structure at different porosi-
ties through a study of their multifractal spectral dimensions; (iii)
to relate the multifractal parameters at different length scales to
macroscopic properties like transport properties of the rock; (iv)
to compare our results with similar studies done on real limestone
and carbonate rock samples and (v) to establish a link between the
multifractal characteristics and transport properties in rocks.

2 M AT E R I A L S A N D M E T H O D S

2.1 Sedimentary rock samples

The ‘RBBDM’ has the potential of generating a structure with a
connected rock phase that is needed for any stable structure, and a
‘tunable porosity’. The details of RBBDM have been discussed in
earlier works (Sadhukhan et al. 2007a,b, 2008) in order to study var-
ious transport properties like permeability and conductivity through
sedimentary rocks. A brief outline of the model will be given here.
The basic algorithm is to deposit particles of two different sizes
ballistically. In three dimensions (2 + 1 model), we drop square
1 × 1 × 1 and elongated 2 × 1 × 1 grains on a square substrate.
The longer grains deposit with their long axis parallel to the bed-
ding plane and along either of the two tranverse directions with
equal probability. Natural sand grains are angular and elongated
(Pettijohn 1984). In this respect our approximation of rectangular
parallelepiped grains is no worse than a spherical grain approxi-
mation. Due to abrasion at points of contact, mature grains meet
along planes and tend to show a slight elongation. A ratio of long
to short axis of 1.0–2.5, generally close to 1.5, is not uncommon.
So the aspect ratio 2 is realistic. The cubic grains are chosen with
a probability p and elongated grains with probability (1 − p). The
porosity φ, defined as the vacant fraction of the total volume, de-
pends on the value of p. For p = 1, a dense structure with no pores
is produced. When p is gradually decreased the presence of a single
large grain sitting atop a long pore cluster, introduces correlation
between adjacent columns (Karmakar et al. 2005). So a substrate
of sufficient height needs to be generated before the porosity value
can stabilize (Manna et al. 2002; Dutta & Tarafdar 2003). As the
fraction of longer grains is increased, unstable overhangs can de-
velop. If a larger particle settles on a smaller particle, a one-step
overhang is created. If a second larger particle settles midway on the
previous large particle, a two-step overhang is created if there is no
supporting particle immediately below the protrusion of the second
overhang. A two-step overhang created in this way, is not stable and
the second large particle topples over if possible, according to the
rule scheme as shown in Fig. 1 leading to compaction.

Figure 1. Toppling rule of the larger grains—when a larger grain develops
a two-step overhang, marked 1 in the figure, with at least two vacant sites
immediately below the overhang, it topples over in the direction indicated
by the arrow to assume a more stable state, marked 2.

Figure 2. (a) x–z section of simulated structure for φmax = 0.45, that is high
porosity. (b) x–y section at same porosity. Structure looks more isotropic.
The white indicate pore clusters.

In their earlier works (Manna et al. 2002; Dutta & Tarafdar 2003),
the authors have discussed that the sample attains a constant poros-
ity only when sufficient number of grains (depending on sample
size) has been deposited. Here a Lx × Ly × Lz size sample was
generated, from which a Lx × Lx × Lx sample was selected after
the porosity had stabilized to within 0.001 per cent. The selected
sample was chosen from below the deepest trough at the surface to
eliminate surface effects. All results on simulation are reported for
512 × 512 × 512.

A vertical section, (x–z)plane, of the generated sample at poros-
ity φ = 0.42 is shown in Fig. 2(a), while a horizontal section
(x–y plane) of the sample at the same porosity value is shown
in Fig. 2(b). The anisotropy in the pore geometry is clearly visible.
The pore clusters have an elongated and interconnected appearance
along the z-direction while the distribution of pores along the hori-
zontal plane is quite homogeneous. As the fraction of larger grains
is decreased, the porosity of the sample decreases and the pore dis-
tribution becomes more anisotropic nature. The vertical (x–z) and
(y–z) planes, and the horizontal bedding section, (x–y) plane, of the
sample at a very low porosity φ = 0.077, are shown, respectively in
Figs 3(a) and (b) and (c). The elongated isolated pore clusters are
prominent in the direction of assembly of the grains, whereas the
pores remain homogeneously distributed in the (x–y) plane.

To compare our simulation results with real rock samples,
X-ray tomography micrographs of 2-D sections of two real sedimen-
tary rock samples obtained from an oolitic limestone (pure calcite)
from the Mondeville formation of Middle Jurassic age (Paris Basin,
France), and a reefal carbonate from the Majorca Island, Spain,
have been used. The oolitic limestone is composed of recrystallized
ooliths with a mean diameter of less than a few hundred µm. Each
pixel of both the micrographs corresponds to 5.06 µm. For every
real rock sample studied, each micrograph section was converted
to a binary file form such that 0 corresponded to a pore site and 1
corresponded to a rock site. An array of 1000 consecutive binary
files were put together precisely to reconstruct the form of the real
3-D rock structures. To obtain a picture of the real rock sample,
each binary file was converted to a grey-scaled picture, as shown
in Fig. 4, using ImageJ. In each of the two samples, the real struc-
ture chosen was 1000 × 1000 × 1000 in size, and all studies on
real rock was carried out on this structure. The 2-D sections of
oolitic limestone cut in the direction of assembly (growth) from
the reconstructed 3-D structure are shown in Fig. 4(a) [(x–z) plane]
and Fig. 4(b) [(y–z) plane]. Comparison between Figs 4(a) and (b)
shows the pore distribution to be isotropic. A 2-D section of the
bedding plane of the same rock structure is shown in Fig. 4(c).
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Figure 3. (a) and (b) Section of simulated structure along x–z planes and
y–z planes, respectively for φ = 0.072, that is low porosity, matching the
porosity of the real rock. The z-axis indicates the vertical direction. The
white indicate pore clusters. (c) A section of x–y plane at same porosity.
Anisotropy in pore cluster structure is quite pronounced. The white indicate
pore clusters.

A slight anisotropy between the pore distribution in the bedding
plane and the direction of growth is discernible from a comparison
between Figs 4(a)–(c). Similar 2-D sections of the reefal carbonate
rock sample have been cut along the direction of assembly of the
reconstructed three-dimension sample and shown in Figs 4(d) and
(e) while a section of the same sample cut along the bedding plane
is displayed in Fig. 4(f). Unlike the previous sample, any anisotropy
that may be present in the PSD along the two directions, is not easily
discernible.

2.2 Multifractal concepts

Highly inhomogeneous systems which do not obey self-similar
scaling law with a single exponent, may actually consist of sev-
eral intertwined fractal sets with a spectrum of fractal dimensions.
These systems are said to be multifractal. Such systems have a com-
plex distribution which arises from peculiarities of their generation.
These are not a simple collection of fractal systems, rather one may
say that these constitute a distribution of several fractal subsets on
a geometrical support. Each of these subsets is characterized by its
singularity strength and fractal dimension.

Multifractal analysis involves the estimation of three functions:
mass exponent τ q, singularity strength (or local scaling index) αq,
and multifractal or singularity spectrum f (α). We follow the pro-
cedure for multifractal analysis as elaborated in standard texts on
fractals (Feder 1988; Vicsek 1992).

The chosen system of size L3 is divided into a set of different
boxes (cubes) of equal size having length l. To make the analysis
system size independent, we define a characteristic length ε = l/L.
For a system of size 512 × 512 × 512, a common choice is to
consider dyadic scaling down, that is successive partitions of the
system in k stages (k = 1, 2, 3, . . . ), that generate a number of
cells N(l) = 23k of characteristic length l = L × 2−k. For images
of size 512 × 512 × 512 pixels, choosing ε in this manner avoids

artefacts which occur when boxes do not entirely cover the image
at the borders. In terms of ε, N(ε) are the number of boxes of
characteristic length ε required to cover the entire system. Each
such box is labelled i.

The probability mass function μi(ε) describing the portion of the
‘mass’ contained in the ith box of size ε is given by

μi (ε) = mi

mt
, (1)

where mi is the number of pore sites in the ith box and mt is the
total number of pore sites in the entire system. A pore site refers to
a pixel that is vacant.

The partition function χ (q, ε) for different moments q is esti-
mated from μ

q
i (ε) values as

χ (q, ε) =
N (i)∑

i=1

μ
q
i (ε). (2)

The box size ε may be considered as a filter so that by changing ε one
may explore the sample at different scales. The partition function
χ (q, ε) contains information at different scales and moments. The
sum in the numerator is dominated by the highest value of μi for
q > 0 and the lowest value of μi for q < 0.

The measure of the qth moment of the mass distribution of the
system is defined as

M(q, ε) =
N∑

i=1

μi (ε)qεd . (3)

If
∑N

i=1 μ
q
i (ε) in the limit ε → 0 crosses over from 0 to ∞ as d

changes from a value less than τ (q) to a value greater than τ (q),
then the measure has a mass exponent

d = τ (q). (4)

The dimension of the qth exponent of the mass distribution is
obtained by counting the number of boxes N(q, ε) of size ε needed
to cover the 3-D structure whose multifractal character is being
determined. Using eq. (2), partition function χ (q, ε) for different
moments q is estimated. The partition function χ (q, ε) scales on
varying ε as

χ (q, ε) = ε−τ (q). (5)

So the mass exponents τ (q) of the measure for different q are
determined. Here q can vary from +∞ to −∞.

The qth moment of the probability mass function as defined in
eq. (1) may be represented as μi(q, ε), and it also scales with ε

(Halsey et al. 1986; Chhabra et al. 1989) as

μi (q, ε) = εαi (q), (6)

where αi(q) is the Hölder exponent or ‘singularity exponent’ or
‘crowding index’ of μi(q, ε) particular to each ith box. A higher
value of Hölder exponent implies a smaller concentration, and vice
versa. The weighted singularity strength with respect to μi(q, ε) can
be obtained as an average of the αi’s weighted by μi(q, ε) evaluated
in the limit

α(q) = lim
ε→0

N (ε)∑

i=1

μi (q, ε) log μi (q, ε)

log ε
(7)

whenever this limit exists.
The Hölder exponents α becomes a non-increasing function of q.

Large (small) values of the parameter q correspond to high (low)
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Multifractal analysis of the pore space 1109

Figure 4. Each section is a square of side 2.58 × 10−3 m. The black and the white indicate rock and pore phases. (a) and (b) Section of the real limestone cut
in mutually perpendicular planes. These are perpendicular to bedding planes. (c) A section of the bedding plane. These are sections of oolitic limestone (pure
calcite) from the Mondeville formation of Middle Jurassic age (Paris Basin, France). (d) and (e) Section of reefal carbonate obtained from Majorca Islands,
Spain, perpendicular to bedding planes. (f) A section of the carbonate rock along the bedding plane. This rock structure looks more isotropic.

degrees of concentration of the measure. This is a natural result:
α(q) is obtained as an average with respect to the probability mea-
sure μ(q) that magnifies the denser (more rarefied) regions for large
(small) values of q. In particular, α(0) is the average of the Hölder
exponents weighted by the uniform distribution over the support of
μ; so that the sets where the measure μ is most concentrated are
weighted like those where it is most rarefied; however, the average
is weighted by the probability measure μ itself in the case of α(1).
The analysis of the value of α(q) for different values of the param-
eter q will serve to evaluate the singular nature of the experimental
measure μ: the larger variation of α(q) with respect to q; the greater
singularity degree of the measure μ. Singularity exponents of multi-
fractal distributions show a great variability within an interval (αmin,
αmax) when ε tends to zero. For a monofractal, this interval reduces
to a point.

Again, the number Nε(α) of boxes of size ε that have a Hölder
exponent between α and α + δα obeys a power law as

Nε(α) ∝ ε− f (α), (8)

where f (α) is a scaling exponent of the boxes with a common α,
called the singularity exponent. A plot of f (α) versus α is called
the singularity spectrum. f (α) is the fractal dimension of the set
of points that have the same singularity exponent α. There can be
several such interwoven fractal sets of points each with its particular
value of f (α). Within each such set, the measure shows a particular
scaling described by α.

Following (Halsey et al. 1986), the functions α and f (α) can be
determined by Legendre transformation as

α(q) = −dτ (q)

dq
and f (α) = α(q)q − τ (q). (9)

Thus the singularity exponent defined by eq. (6) becomes a decreas-
ing function of q. As q varies, points [αq, f (αq)] define a parabolic
curve that attains a maximum value f (α0) at the point α0. f (α0) gives
the fractal dimension of the support as obtained by the box-counting
method (Vicsek 1992).

Another equivalent description of the multifractal system is ob-
tained from Dq versus q plot, where Dq, called the generalized
dimension, corresponds to the scaling exponent for the qth moment
of the measure. It is defined (Rényi 1960) by

Dq ε→0 = 1

1 − q

log[χ (q, ε)]

log(ε)
. (10)

For the particular case of q = 1, eq. (10) becomes indeterminate,
and is estimated by l’Hôpital’s rule

D1 = lim
ε→0

	iμi ln μi

ln ε
(11)

Dq is related to the mass exponent τ (q) by

τ (q) = (1 − q)Dq . (12)

In general, Dq is a non-increasing function that is constant in the
case of standard smooth distributions. The higher the degree of
heterogeneity of the measure, the greater is the variation in the
values of Dq. For q � 1, the dimension quantifies the scaling
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Figure 5. Pore size distribution for real and simulated rock structures. (a) Simulated rock: low porosity φ � 0.07. (b) Simulated rock: high porosity φ �
0.42. The inset shows the maximum contribution to PSD shown in main figure. (c) Limestone rock: low porosity φ � 0.07. (d) Carbonate rock: high porosity
φ � 0.4.

behaviour of denser cells, while for q � 1, the dimension measures
the scaling properties of the rarer ones. The generalized dimen-
sions Dq for q = 0, q = 1 and q = 2 are known as the capacity,
the information (Shannon entropy; Shannon 1949) and correlation
dimensions (Grassberger & Procaccia 1983), respectively. Mathe-
matically, the multifractals can be completely determined only by
the entire multifractal spectrum. The values Dq thus provide a valu-
able characterization of the singular behaviour of the measure and
the respective interpretation within each context. However we use
a few characteristic functions to describe the main properties of
multifractals.

3 R E S U LT S A N D D I S C U S S I O N

The RBBDM has the potential for generating a porous three-
dimension rock structure of porosity raging between 0 and 1. To test
for any multifractal character that a simulated sample may have, we
could present the analysis on rocks having any porosity value within
this range. Though we have checked for possible multifractal signa-
ture of porous rocks having different porosity values by changing p,
in this paper we present our detailed analysis on only two simulated
rock samples, one of low porosity value, φ = 0.07, and another
of high porosity, φ = 0.42. We deliberately choose these so as to
compare the results with the two real rocks samples we had, which
had similar porosity values.

3.1 Multifractal analysis of simulated rock structure

In the case of the simulated structure, a 512 × 512 × 512 cube was
selected from below the deepest trough from the surface after the
porosity had stabilized in an initial structure of 512 × 512 × 5000,

and after the porosity had stabilized for a particular choice of p.
We calculated the size of all pore bodies present in the structure
generated and plotted the number of separate pore bodies of a
particular size versus the frequency of its occurrence to obtain the
PSD. A comparison of the PSDs of the simulated structure for a low
porosity value and a high porosity value, shown in Figs 5(a) and
(b), respectively, show a larger size distribution of pore bodies in
the rock with a lower porosity than that of high porosity. The narrow
distribution of pore sizes for the high porosity sample is magnified
in the inset of Fig. 5(b).

To carry out the multifractal analysis the system was covered
with cubes of length size ε = 2k with k ranging between 1 and 9.
The partition function χ (q, ε), calculated according to eq. (2) for
different values of box size ε and for different moment values q
was determined. A log–log plot of χ (q, ε) versus ε when plotted for
both low and high porosity samples, Figs 6(a) and (b), respectively,
showed a deviation from linearity beyond a certain range of q.
A power law scaling was observed in the range q = −9 to +9.
All calculations have been done within this range of q where the
coefficient of determination (R2) was greater than 0.98 for both the
simulated samples as shown in Table 1. The exponent τ (q) for each
such q and for both samples was noted.

The scaling properties observed in the partition function can be
characterized by determining if the scaling is simple as in monofrac-
tal, or multiple as in multifractal. The variation of τ (q) versus q for
a low porosity φ = 0.08 corresponding to p = 0.997, and a high
porosity φ = 0.42 corresponding to p = 0.8 are shown in Figs 7(a)
and (b), respectively. The data points from simulation studies are
shown as open circles in the graphs. The τ (q) functions which are
straight lines for monofractals, deviate from linear behaviour for
multifractals. The slopes of the τ (q) for q < 0 are different from
those for q > 0, the difference being greater for low porosity than
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Multifractal analysis of the pore space 1111

Figure 6. Log–log plot of χ versus ε for different moments. (a) Simulated rock: low porosity φ � 0.07. (b) Simulated rock: high porosity φ � 0.42.
(c) Limestone rock: low porosity φ � 0.07. (d) Carbonate rock: high porosity φ � 0.4.

Table 1. r2 values for the fit of ln (ε) versus ln (χ ).

q Simulated Real

φ = 0.400 φ = 0.08 φ = 0.399 φ = 0.073

−9 0.986 0.986 0.898 0.935
−8 0.987 0.987 0.900 0.936
−7 0.989 0.989 0.902 0.938
−6 0.992 0.991 0.905 0.942
−5 0.994 0.993 0.910 0.946
−4 0.995 0.995 0.917 0.952
−3 0.996 0.997 0.928 0.962
−2 0.997 0.999 0.949 0.979
−1 0.998 0.999 0.984 0.998
0 0.998 0.999 0.996 0.999
2 0.998 0.999 0.995 0.999
3 0.998 0.999 0.995 0.999
4 0.999 0.998 0.995 0.999
5 0.999 0.998 0.995 0.999
6 0.999 0.998 0.996 0.999
7 0.999 0.998 0.996 0.999
8 0.999 0.998 0.996 0.999
9 0.999 0.998 0.996 0.999

high porosity. At high porosity, the curve remains quite linear, tend-
ing towards a monofractal structure. The deviation of the curve from
linearity indicates that at low porosity, the sample shows multiple
scaling behaviour, that is the low density and high density regions
of pores scale differently.

Subsequently, the generalized dimension Dq were estimated us-
ing eq. (12), and eq. (11) for D1. Plots of Dq versus q for a low
porosity corresponding to p = 0.9 and a high porosity value corre-
sponding to p = 0.8 are displayed in Figs 8(a) and (b), respectively.
For monofractals, all the Dqs would lie on the same horizontal
line. The multifractal nature of the rock sample at low porosity is
more pronounced than that of the higher porosity sample as evi-
dent from Figs 8(a) and (b). At high porosity, the sample has an

almost monofractal nature. The Dq values corresponding to the first
three moments and the interrelations between them for different
porosities are displayed in Table 2. The difference in the values
of the generalized dimension for the first three moments though
small, is unmistakable, especially for low porosity, indicative of the
multifractal nature of the samples.

The capacity dimension, D0 provides information on how abun-
dantly the measure, defined by eq. (3), is distributed over the scales
of interest. From Table 2, the value of D0 is less than the euclidean
dimension 3 for the entire range of porosity studied. The D0 is a
maximum at the maximum porosity corresponding to p = 0.5 and
has a minimum of 2.891 corresponding to p = 0.9.

The entropy or information dimension D1 reaches a maximum
of 2.925 corresponding to maximum porosity. Its value decreases
on either side of the maximum porosity. Lower D1 indicates greater
concentration of pores over a small size domain, that is greater
clustering. Comparison of Figs 2 and 3 clearly indicates that there
is greater clustering of pores with decreasing porosity. At higher
porosity, the pore clusters are more uniformly distributed which
corresponds to a higher value of D1. For distributions with a given
value of D0, the maximum possible value of D1 is just D0, which
corresponds to the least heterogeneous distribution with such D0.
This suggests that the ratio D1/D0 may be seen as a measure of
the dispersion of the porosity relative to the dispersion of the pore
sizes. The closer to 1 this ratio is, the more evenly distributed is the
porosity over the set of pore sizes.

The correlation function D2 describes the uniformity of the mea-
sure (here pore cluster size). Smaller D2 values indicate long-range
dependence, whereas higher values indicate domination of short
range dependence. From Table 2 we see that D2 has a minimum at
the lowest porosity which is indicative of long range correlations
appearing between pores. The long range correlation is a manifes-
tation of our growth algorithm for the sedimentary rocks. When
the fraction of larger grains is small, elongated and isolated pore
clusters are more prominent. Thus the pore sites show greater auto-
correlation along these clusters.
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Figure 7. Variation of mass exponent τ (q) versus q for real and simulated rock structures. The open circles show data for simulated structure while ‘×’ indicate
data of real sample. (a) Low porosity φ � 0.07. (b) High porosity φ � 0.4.
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Figure 8. Plot of D − q versus q for real and simulated rock structures. The open circles show data for simulated structure while ‘×’ indicate data of real
sample. (a) Low porosity φ � 0.07. (b) High porosity φ � 0.4.

Table 2. Comparison of generalized fractal dimensions for various
probability values.

p φ D(0) D(1) D(2) D(1)/D(0) D(0) − D(2)

0.0 0.435 2.9190 2.9108 2.9042 0.99719 0.0148
0.1 0.443 2.9209 2.9126 2.9059 0.99716 0.0150
0.2 0.452 2.9226 2.9142 2.9074 0.99713 0.0152
0.3 0.458 2.9239 2.9154 2.9085 0.99709 0.0154
0.4 0.463 2.9248 2.9159 2.9089 0.99696 0.0159
0.5 0.464 2.9248 2.9157 2.9085 0.99689 0.0163
0.6 0.461 2.9236 2.9142 2.9068 0.99678 0.0168
0.7 0.449 2.9202 2.9103 2.9025 0.99661 0.0177
0.8 0.421 2.9123 2.9017 2.8932 0.99636 0.0191
0.9 0.356 2.8908 2.8789 2.8690 0.99588 0.0218

In an earlier study (Sadhukhan et al. 2007b) on conductivity
through connected pore space of sedimentary rocks, the effective
conductivity of the simulated rock using RBBDM, showed a max-
imum for p = 0.7 despite a maximum porosity at p = 0.5. For
structures generated by using the RBBDM, the maximum back-
bone mass of the connected cluster corresponded to p = 0.7. The
authors had established that it was the backbone mass of the con-
nected cluster that was most effective for transport. The difference
(D0 − D2) for different p values are displayed in Table 2. As smaller
D2 values indicate better correlation, a higher value of (D0 − D2)

is indicative of a more homogeneous correlated pore distribution.
Since a sedimentary rock should not only have sufficiently high
porosity but also good correlation between the pores, we calculated
the product ξ = φ(D0 − D2) for the different p values. A variation
of ξ with p is displayed in Fig. 9(a) along with the variation of con-
ductivity σ with p (Sadhukhan et al. 2007b). The proposed structure
factor follows a linear relationship with conductivity for different
values of p upto its maximum value, as displayed in Fig. 9(b). Be-
yond the maximum value, the plot curves backwards as expected for
any extremum point. The linear relationship between ξ and σ leads
us to propose that ξ is the ‘structure parameter’ that determines
conductivity in these porous rocks.

The α and f (α) values of the singularity spectrum were computed
with the help of eq. (9). The Hölder exponent α for each p gives
the average values of local mass distribution for a given scale.
The largest f (α) corresponding to α0, is obtained for q = 0. The
maximum f (α) corresponds to the capacity dimension D0. A greater
value of α indicates a lower degree of mass concentration and vice
versa. The parameters of the singularity curves shown in Fig. 10,
are listed in Table 3 for the two different values of porosity. The
convex hump of the singularity spectra for the two simulated rock
samples clearly indicate the multifractal nature of the structure.

Width of the f (α) spectra is defined as the difference between
the α values of the most negative moment q−, that is αmax, and the
most positive moment q+, that is αmin. The wider the spectrum, that
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Figure 9. (a) Plot of structure parameter ξ , and a plot of conductivity σ with p in simulated rocks using RBBDM. The two sets of data points show similar
variation with respect to p. (b) Plot of structure parameter ξ versus conductivity σ . The relationship is linear upto the maximum. The plot curves backwards
beyond the maximum point.
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Figure 10. f (α) versus α for real and simulated rock structures. The open circles show data for simulated structure while ‘×’ indicate data of real sample. (a)
Low porosity φ � 0.07. (b) High porosity φ � 0.4.

Table 3. Comparison of local fractal dimensions.

α Simulated Real

φ = 0.400 φ = 0.08 φ = 0.399 φ = 0.073

α(0) 2.905 2.965 2.839 2.981
αmax 3.098 3.423 5.079 4.773
αmin 2.829 2.828 2.325 2.791

αmax − α(0) 0.193 0.458 2.240 1.792
α(0) − αmin 0.076 0.137 0.514 0.190
αmax − αmin 0.269 0.595 2.754 1.982

is greater the difference between (αmax − αmin), the higher is the
heterogeneity in the scaling indices of pore mass and vice versa.
As seen from Fig. 10(a), the width of the singularity spectrum is
greater for the simulated rock structure of low porosity than the
corresponding width of the spectrum of the high porosity simulated
structure, inset of Fig. 10(b), in compliance with Figs 2 and 3. While
Fig. 2 shows a homogeneity in pore size both in the bedding plane
and its perpendicular plane at high porosity, the pore size and shape
show greater heterogeneity in the corresponding planes for the low

porous sample. Small f (α) values indicate rare events (extreme
values of the PSD). Asymmetry in the f (α) spectra indicate the
dominance of higher or lower values of pore masses. A larger width
of α0 − αmin indicates the domination of large values in the PSD.
An examination of Table 3 shows that both α0 − αmin and αmax − α0

decrease with decreasing p. On the other hand, a large right width
αmax − α0 would indicate the dominance of extremely small values
in the PSD. The long tail of Fig. 5(a) for low porosity is reflected in
the greater width of αmax − α0, whereas the very narrow distribution
of pore sizes of the more porous rock (Fig. 5 b), shows up as a very
narrow width of (αmax − αmin). For the porosities studied (Table 3),
for p values ∼0.9, αmax − α0 becomes much bigger than α0 −
αmin. In this region clustering of pore sites into elongated isolated
channels occur leaving larger sections of structure free of pores as
also seen in Fig. 2.

3.2 Multifractal analysis of structure of real rocks

To compare our simulation results with real rock samples, X-ray to-
mography micrographs of 2-D sections of two real sedimentary rock
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samples obtained from an oolitic limestone (pure calcite) from the
Mondeville formation of Middle Jurassic age (Paris Basin, France),
and a reefal carbonate from the Majorca Islands, Spain, were used.
The limestone is composed of recrystallized oolite with a mean
diameter of less than a few hundred µm. Each pixel of the micro-
graphs corresponds to 5.06 µm. Each section was converted to a
binary file form such that 0 corresponded to a pore site and 1 cor-
responded to a rock site. The binary file was then converted to a
grey-scaled picture, as shown in Fig. 4, using ImageJ. An array of
1000 consecutive sections were put together precisely to reconstruct
the binary file form of the real 3-D rock structure. The real structure
was 1000 × 1000 × 1000 in size. Sections of the 3-D limestone
rock cut along the direction of assembly are shown in Figs 4(a)
and (b) while Fig. 4(c) shows a section of the same sample cut
perpendicular to the direction of assembly. Similar sections were
cut from the reefal carbonate and these are shown in Figs 4(d)–(f).
The porosity of the oolitic limestone was determined from the re-
constructed rock and found to be 0.074 while the reefal carbonate
was found to have a porosity of 0.399. This high contrast in their
porosity values is evident from the panels of Fig. 4. The PSD of the
low and high porosity real rock samples were determined as before,
and displayed in Figs 5(c) and (d), respectively. The low porous
limestone clearly is more heterogeneous in size distribution than
the more porous carbonate rock. However both the real samples
have a long tail distribution.

The plots of χ (q, ε) versus ε for both the real rock samples are
displayed in Figs 6(c) and (d), while the coefficient of determination
(R2) for the same samples are displayed in Table 1. The R2 values
for real rock of high porosity become less than 0.91 as q < −5.
However to enable a comparison between real and simulated rocks,
we have carried out our analysis over the same range of q values as
the simulated rock. The variation of τ (q), Dq versus q and the f (α)
spectra for the real rocks have been plotted along with their closest
matching porosity samples generated by the RBBDM.

The non-linear nature of the plots τ (q) versus q, with two distinct
slopes for positive and negative q values clearly indicate that both
the real rock samples are also multifractal (Figs 7a and b). The match
between real and simulated sample for low porosity is remarkable
except for negative q values. Here of course the moment calculation
emphasizes the regions of less pores. The high porosity carbon-
ate sample has a more pronounced non-linear nature indicating an
emphasized multifractal character.

The real rocks show a significant variation of Dq with respect
to q, having a nearly sigma shape (Fig. 8). The quasi-linear shape
for positive q values may be interpreted as a rather homogeneous
distribution of high concentrations of porosity along the interval
of pore sizes. The convex shape of the curves for negative q val-
ues indicate a heterogeneous distribution of low concentrations of
porosity. Once again the match between the real and the simulated
structure for low porosity and positive moments, is almost exact.
The mismatch between real and simulated rocks for high porosity
show that though the RBBDM can generate 3-D porous structures
of required porosity, the PSD and correlation between the pore
clusters is not captured at high porosities. Clearly the real rocks are
more multifractal with the Dq values decreasing rapidly with higher
moments.

The multifractal spectrum of the limestone rock indicates greater
dominance of larger pores and shows less heterogeneity in the f (α)
values (Fig. 10a). The more porous carbonate sample shows a sym-
metric distribution of f (α) values with greater heterogeneity of f (α)
for larger clusters (Fig. 10b). The match in the f (α) spectrum be-

tween the real and simulated structures for low porosities is almost
exact.

4 C O N C LU S I O N S

The PSD and microgeometry of the pore phase of a sedimentary
rock can be quite different when examined at different length scales.
The length scale of interest depends on the process being studied.
Multifractal analysis not only shows up the scaling of a measure at
different length scales, but the generalized dimensions give addi-
tional information of the average, the concentration or clustering of
the measure and correlation between the measures as we calculate
higher moments. For a two-phase system, apart from information
about the distribution of the measure of interest, the analysis gives
us information on the complement of the measure at the same time.

We have done a multifractal analysis on sedimentary rock struc-
tures simulated by using RBBDM. The structures at different porosi-
ties all showed multifractal characteristics but the heterogeneity
of the multifractal spectrum decreases with higher porosities. To
have an idea of the suitability of RBBDM as a realistic model for
generating sedimentary rocks, we carried out similar analysis on
two real sedimentary rocks which have almost identical porosity
values. The low porous limestone rock shows an almost identical
match in its multifractal parameters with its corresponding simu-
lated structure. The high porosity carbonate sample was however,
quite different from the structure generated by RBBDM with identi-
cal porosity. Visually, sections of real and simulated samples seemed
to indicate that the similarity was greater between the two at high
porosity values. Comparison through multifractal analysis proved
the contrary—the simulated samples actually have an almost match
of their generalized dimensions at lower porosities than at higher
values.

Transport properties of sedimentary rocks are expected to depend
on the porosity as well as PSD. It is expected that the generalized
dimensions of a rock should give information on transport proper-
ties of the rock as well. This study has lead us to propose a structure
parameter ξ which is a function of porosity and the generalized
dimensions of multifractal rock, which effectively controls conduc-
tivity of a rock structure. Further, the structure parameter follows a
linear relation with respect to the conductivity of the rock sample
till conductivity is optimized. The optimal conductivity, guided by
the optimization of the structure factor, may depend on the size and
shape of the grains. Further studies with grains of different aspect
ratio and sizes are required in order to understand the interdepen-
dence of optimal conductivity and structure factor. We also plan to
test the validity of our proposition by studying other transport prop-
erties of simulated and real rocks in context with varying porosity
and generalized dimensions.
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