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COUNTING COLOURED PLANAR MAPS: DIFFERENTIAL EQUATIONS

OLIVIER BERNARDI AND MIREILLE BOUSQUET-MELOU

ABsTrRACT. We address the enumeration of g-coloured planar maps counted by the number of
edges and the number of monochromatic edges. We prove that the associated generating func-
tion is differentially algebraic, that is, satisfies a non-trivial polynomial differential equation
with respect to the edge variable. We give explicitly a differential system that characterizes
this series. We then prove a similar result for planar triangulations, thus generalizing a result
of Tutte dealing with their proper g-colourings. In statistical physics terms, we solve the
g-state Potts model on random planar lattices.

This work follows a first paper by the same authors, where the generating function was
proved to be algebraic for certain values of ¢, including ¢ = 1,2 and 3. It is known to be
transcendental in general. In contrast, our differential system holds for an indeterminate q.

For certain special cases of combinatorial interest (four colours; proper g-colourings; maps
equipped with a spanning forest), we derive from this system, in the case of triangulations, an
explicit differential equation of order 2 defining the generating function. For general planar
maps, we also obtain a differential equation of order 3 for the four-colour case and for the
self-dual Potts model.

1. INTRODUCTION

A planar map is a connected planar graph, given with one of its proper embeddings in the
sphere, taken up to continuous deformation (Figure 1). The enumeration of planar maps is a
combinatorial problem that has attracted a lot of interest since the sixties, in connection with
graph theory [41, 26], algebra [28, 31], theoretical physics [3, 16, 21], and computational geom-
etry [18, 37]. Several important approaches have been developed: recursive [40], bijective [36],
using matrix integrals [16], or using connections with the characters of the symmetric group [30].
We only give very few references, as a complete bibliography would take dozens of pages.

From the combinatorial and physical point of view, it is natural to count planar maps equipped
with an additional structure: for instance a spanning tree [34], a proper colouring [45, 50|, an
independent set of vertices [11, 13, 15], a configuration of the Ising or Potts model [32, 23], a
self-avoiding walk [22]. (Again, we give very few of the relevant references.) The first result of
this nature probably dates back to 1967 with Mullin’s enumeration of planar maps equipped with
a spanning tree [34]. The second attempt is due to Tutte, who, in the early seventies, started
to study maps — more precisely, triangulations — equipped with a proper colouring [45]. In
the decade that followed, he devoted at least eight other papers to this problem [43, 42, 44, 46,
47, 48, 49, 50]. His work culminated in 1982, when he proved that the series H(w) counting
g-coloured rooted triangulations by vertices satisfies a polynomial differential equation [49, 50]:

2¢°(1 — q)w + (qw + 10H — 6wH')H" + q(4 — q)(20H — 18wH' + 9w?*H") = 0. (1)
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2 O. BERNARDI AND M. BOUSQUET-MELOU

We say that H(w) is differentially algebraic. Equivalently, the number h,, of rooted triangulations
with n vertices satisfies the following simple recurrence relation:

n
g(n+1)(n +2)hny2 = qlg — 4)(3n = 1)Bn — Dhpi1 +2Y i(i +1)(3n = 3i + Dhij1hniai,
i=1
with the initial condition hy = g(¢—1). For instance, hg = ¢(¢—1)(¢—2) is the number of proper
g-colourings of a triangle. To date, this recursion remains entirely mysterious, and Tutte’s tour
de force has remained isolated.

Let us be more precise about the content of this tour de force. Tutte started from a generating
function G(w; z,y) = G(x,y) which counts a larger family of ¢g-coloured maps according to three
parameters (as before, w counts vertices). The above series H(w) is G(w;1,0). Using the
deletion/contraction properties of the chromatic polynomial, he easily established the following
functional equation:

G(z,y) — G(1,y) +xG(fE7y) — G(z,0)
x—1 y '

Glw,y) = vq(q— 1>w2+%a<1, y)G(x, y)— 2 yw (2)

Observe that the divided differences (or discrete derivatives)

G(m,y) _G(lay) and G(mvy) —G(x,O)
z—1 Y

prevent us from simply specializing = to 1 and y to 0 to obtain an equation for H = G(1,0).
In fact, the variables z and y, called nowadays catalytic variables [54, 11], are essential to write
this equation, even though they are not very important combinatorially. The whole challenge is
to determine the nature of the series H = G(1,0): is it algebraic, as the generating function of
many classes of planar maps? Is it D-finite, that is, a solution of a linear differential equation,
as the generating function of maps equipped with a spanning tree [34]7 Is it at least differen-
tially algebraic? Tutte answered the latter question positively by deriving from the functional
equation (2) the differential equation (1) satisfied by H.

It is known that the solutions of polynomial equations with one catalytic variable are system-
atically algebraic [11]. Such equations commonly occur in the enumeration of families of planar
maps with no additional structure. Moreover, in the past decade, progress has been made on
linear equations with two catalytic variables, which one typically encounters when counting plane
lattice walks confined to a quadrant. In this context, it is precisely understood when the generat-
ing function is D-finite (see e.g. [7, 12, 33] and references therein). Hence the key difficulty with
Tutte’s equation (2) is the occurrence of two catalytic variables, combined with non-linearity.

A few years ago, we started to resurrect Tutte’s technique in order to solve a more general
problem: the Potts model on planar maps. In combinatorial terms, this means that we count all
g-colourings, not necessarily proper, but with a weight v, where v is an indeterminate and m
is the number of monochromatic edges (edges whose endpoints have the same colour). The case
v = 0 is thus the problem solved by Tutte. Moreover, we do not only study degree-constrained
maps (triangulations) as Tutte did, but also general planar maps (counted by edges and vertices).

In a first paper on this topic [2], we wrote the counterpart of (2) for each of these two problems.
Then, we performed a first step, by establishing an equation with only one catalytic variable, y.
But this equation holds only for values of ¢ of the form 2 + 2cos(jm/m), for integers j and m
(with g # 0,4). Moreover, the size of this equation grows with m. Nevertheless, equations with
one catalytic variable are much better understood that those with two [11], and we were able
to prove that the generating function of g-coloured maps is algebraic for all such values of ¢,
including ¢ = 2 and ¢ = 3. It is known to be transcendental in general [2].

In this paper, we perform the second step, and prove that for ¢ an indeterminate, the gener-
ating function of g-coloured planar maps (or triangulations) is differentially algebraic. We give
an explicit differential system that characterizes it. This system has the same form for general
maps and triangulations. In some special cases (proper colourings; four colours; spanning forests;
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self-dual Potts model) we derive from it an explicit differential equation of small order defining
the generating function. In particular, we recover Tutte’s result (1) for properly coloured trian-
gulations. For the convenience of the reader, all calculations are performed in an accompanying
Maple session, available on the web pages of the authors.

Here is an outline of the paper. In Section 2 we give definitions about maps, the Potts model
and its combinatorial counterpart, the Tutte polynomial, as well as notation on power series.
In Section 3 we state our main result and give an idea of Tutte’s sophisticated approach (some
would say obscure) on a simple example. In Sections 4 and 5 we establish differential systems for
g-coloured planar maps and g-coloured triangulations, respectively. We simplify these systems in
Section 6. The next sections deal with special cases: proper colourings (Section 7), four colours
(Section 8), then the ¢ = 0 case, which corresponds to the enumeration of maps equipped with
a spanning forest (Section 9), and finally the self-dual Potts model (Section 10).

Our differential system for planar maps appeared (without proof) in a survey on map enu-
meration published in 2011 [9].

2. DEFINITIONS AND NOTATION
2.1. PLANAR MAPS

A planar map is a proper embedding of a connected planar graph in the oriented sphere,
considered up to orientation preserving homeomorphism. Loops and multiple edges are allowed
(Figure 1). The faces of a map are the connected components of its complement. The numbers
of vertices, edges and faces of a planar map M, denoted by v(M), e(M) and (M), are related by
Euler’s relation v(M) +f(M) = e(M) 4 2. The degree of a vertex or face is the number of edges
incident to it, counted with multiplicity. A corner is a sector delimited by two consecutive edges
around a vertex; hence a vertex or face of degree k defines k corners. Alternatively, a corner can
be described as an incidence between a vertex and a face. The dual of a map M, denoted M™,
is the map obtained by placing a vertex of M™* in each face of M and an edge of M™* across each
edge of M; see Figure 1. A triangulation is a map in which every face has degree 3. Duality
transforms triangulations into cubic maps, that is, maps in which every vertex has degree 3.

For counting purposes it is convenient to consider rooted maps. A map is rooted by choosing a
corner, called the root-corner. The vertex and face that are incident at this corner are respectively
the root-vertex and the root-face. The root-edge is the edge that follows the root-corner in
counterclockwise order around the root-vertex. In figures, we indicate the rooting by an arrow
pointing to the root-corner, and take the root-face as the infinite face (Figure 1). This explains
why we often call the root-face the outer face and its degree the outer degree (denoted drf(M)).

From now on, every map is planar and rooted. By convention, we include among rooted
planar maps the atomic map having one vertex and no edge.

FIGURE 1. A rooted planar map and its dual (rooted at the dual corner).
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2.2. THE POoTTS MODEL

Let G be a graph with vertex set V(G) and edge set E(G). Let v be an indeterminate, and
take ¢ € N. A colouring of the vertices of G in g colours is a map ¢ : V(G) — {1,...,q}. Anedge
of G is monochromatic if its endpoints share the same colour. Every loop is thus monochromatic.
The number of monochromatic edges is denoted by m(c). The partition function of the Potts
model on G counts colourings by the number of monochromatic edges:

Po(gv)= >, v

c:V(G)—{1,...,q}

The Potts model is a classical magnetism model in statistical physics, which includes (when
g = 2) the famous Ising model (with no magnetic field) [53, 52]. Of course, Pg(q,0) is the
chromatic polynomial of G, which counts proper colourings (no monochromatic edge).

It is not hard to see that Pg(q, v) is a polynomial in ¢ and v. We call it the Potts polynomial
of G. Observe that it is a multiple of q. We will often consider ¢ as an indeterminate, or evaluate
Pc(gq,v) at real values q.

We define the Potts generating function of planar maps by:

M(y) = M(q, v, w, t;) ZPM (¢, v)w M)te(M)ydrf(M)’ (3)

where the sum runs over all planar maps M. Since there are finitely many maps with a given
number of edges, and Pjs(q,v) is a multiple of ¢, the generating function M (y) is a power
series in ¢t with coefficients in Q[q, v, w, y], the ring of polynomials in ¢, v, w and y with rational
coeflicients. The expansion of M at order 2 reads

M(y) = w+ (wy’(q—1+v) +wyv) t+ 2w’y (¢ — 1+ v)* + wy* (¢ — 1+ 17)
+w?v(y +3y3) (¢ — 1 +v) + w*(y + yz)) 2+ 0(t3),

as illustrated in Figure 2. In combinatorial terms, M counts ¢-coloured planar maps by ver-
tices, edges, monochromatic edges and outer degree, with the convention that the root-vertex is
coloured in a prescribed colour (this accounts for the division by ¢).

E%QAQ—QOO

‘ (g—1+v) v ‘ (g=1+v)*  (¢=1+v*) v(g—1+v)

FIGURE 2. The planar maps with e = 0,1, and 2 edges, and their Potts poly-
nomials (divided by ¢). The maps are shown unrooted, and the numbers in
parentheses indicate the number of corresponding rooted maps.

2.3. SPECIALIZATIONS

We consider in this paper several specializations of the Potts polynomial. For some of them,
the combinatorial meaning is obvious: for instance, Pg(g,0) counts proper g-colourings, and
Pa(4,v) counts 4-colourings by monochromatic edges. To understand the significance of some
other specializations, it is useful to relate P to another invariant of graphs: the Tutte polynomial
Te(p,v). Tt is defined as follows (see e.g. [4]):

To(pv) = 3 (= 1Dy = e+, (@)
SCE(G)
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where the sum is over all spanning subgraphs of G (equivalently, over all subsets of edges) and
v(.), e(.) and c(.) denote respectively the number of vertices, edges and connected components.
The equivalence with the Potts polynomial was established by Fortuin and Kasteleyn [25]:

Polg,v)= Y ¢O -1 = (u-1)Dw-1)"©D Tg(p,v), (5)
SCE(G)

for ¢ = (u— 1)(v — 1). The Tutte polynomial satisfies an interesting duality property: if G
and G* are dual connected planar graphs (that is, if G and G* can be embedded as dual planar
maps) then

To- () = To(v, p)- (6)
This gives a duality relation on the Potts generating function defined by (3):
M(g,v,w,t;1) = w?qM(q, p, (wq) ™", tw(v — 1); 1). (7)

The connection (5) between P and T allows us to understand combinatorially the limit ¢ =0
of P /q: for a planar map M,

1
lim - Py (g, v) = (v — 1)Y= T),(1,0)

q—0 ¢q
= > (v = 1" by (4),

C' connected on M
= (v = DI Ty (1) by (6),
= (v — 1)V Z (v —1)ct—1 by (4) again,
F forest on M*

where the first sum runs over all connected subgraphs C' of M, and the second over all spanning
forests F' of M* (subsets of edges of M* with no cycle). Hence, if S(q,v,w,t) is the Potts
generating function of some family of planar maps M (meaning that each map M is given a
weight éPM(q, v)w M)y and M* denotes the set of duals of maps of M,

SO, 14 B w,t)= Y IOyt
MeM,C
1 M)
= 3 Z petF) =1 (5w) ) e(M™) (8)
M*eM*, F

where the first sum runs over all maps M of M equipped with a connected subgraph C, and the
second over all maps M of M* equipped with a spanning forest F'.

Our final specialization is the self-dual Potts model, in which a map and its dual get the same
weight. In view of the duality relation (7), this means that u = v, so that ¢ = (v —1)?, and that
w=1/\/g=1/(v—1). Denoting 3 = v — 1, we will thus consider

M B+1,87111) = ZTM (1+ 8,14 8) ™ 9)

where the sum runs over all planar maps. One motivation for studying this specialization is
that it should coincide with a critical random-cluster model [38, 19|, in which one chooses a
map M and a subset S of its edges with probability proportional to ¢¢(5) ge(S)¢e(M) g=v(M) The
partition function of this model is

M (g, B,1) Zfe(M SN ST eS8 = M (g, B+ 1,571, 8;1).

SCE(M)

The duality relation (7) implies
M(q, B,t) = qB~>M(q,q/B, 1),
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and one can thus expect the critical point 3.(q) to satisfy B.(q)?> = ¢. The critical partition
function would then be given by (9). Note that the connection between criticality and self-
duality has recently been proved for the regular square lattice [1].

4. POWER SERIES

Let A be a commutative ring and = an indeterminate. We denote by A[z] (resp. A[[z]]) the ring
of polynomials (resp. formal power series) in x with coefficients in A. The coefficient of 2™ in a
series F'(z) is denoted by [¢"]F(z). If A is a field, then A(x) denotes the field of rational functions
in z. This notation is generalized to polynomials, fractions and series in several indeterminates.
For instance, the Potts generating function of planar maps M (q, v, w, t; y) defined by (3) belongs
to Qlq, v, w,y][[t]]. To lighten notation, we often omit the dependence of our series in ¢, v and
w, writing for instance M (t;y), or even M (y).

If K is a field, a power series F'(t) € K][t]] is algebraic (over K(¢)) if it satisfies a non-trivial
polynomial equation P(t, F(t)) = 0 with coeflicients in K. It is differentially algebraic if it satisfies
a non-trivial polynomial differential equation P(t, F(t), F'(t),..., F®¥)(t)) = 0 with coefficients
in K.

For a series F' in several variables x,y, ..., we denote by F), the derivative of F' with respect
to x.

3. MAIN RESULT, AND OUTLINE OF THE PROOF

Our study of coloured maps started in [2] with the following equation with two catalytic
variables x and y:

M(z,y) =1+ zywt (v — 1)(y — 1) + qy) M (z,y) M (1,y)
+ ayt(zv — )M (z,y) M (z, 1)
M(x,y) — M(1,y) yM(z,y) — M(x, D)

t
z—1 oy y—1

+ xywt(v — )

It defines uniquely a power series in ¢, denoted M (x,y) = M(q, v, w,t; z,y), which has polynomial
coefficients in ¢, v, w,r and y. The Potts generating function M (y) defined by (3) is essentially
the specialization = 1 of M (x,y). More precisely,

M(y) = M(q,v,w, t;y) = wM(q,v,w,t;1,y) = wM(1,y).

We then proved that when ¢ # 0,4 is of the form 2 + 2cos(jw/m), for integers j and m, the
series M (y) satisfies an equation of the form:

P(Vaw>tayuM(y)7M17"'7MT):07 (10)

for some polynomial P depending on j and m, and r (unknown) series in ¢, denoted by M; =
M(),..., M,, which are independent of y [2, Cor. 10]. We call (10) a polynomial equation with
one catalytic variable, y. In particular, when ¢ = 1, every edge is monochromatic and (10)
coincides with the standard functional equation obtained by deleting recursively the root-edge
in planar maps [40]:

yM(y) _Ml. (11)

y—1

The classical way of solving (11) is Brown’s quadratic method, presented below in Section 3.1.1. It
derives from (11) a polynomial equation satisfied by M;. The quadratic method was generalized
in [11] to arbitrary (well-posed) polynomial equations with one catalytic variable: under minimal
assumptions, their solutions are always algebraic. Using this approach, we proved in [2] that
for ¢ = 2 + 2cos(jm/m), the series M (q,v,w,t;y) is algebraic over R(v,w,t,y) (and even over
Q(q,v,w,t,y)). However, we could not obtain an explicit polynomial equation satisfied by M (y),
nor even by M (1) = M;. We only constructed one for the three integer values of ¢ of the above
form, namely ¢ = 1,2, and 3. And for ¢ = 3, we were only able to do it when v = 0, that is,

M(y) = w+ y*tvM(y)* + vty
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when one counts proper 3-colourings. We expect the degree of M; to grow with m. For g an
indeterminate, the series M; is transcendental.

The main result of this paper is that when ¢ is an indeterminate, and consequently for any
real ¢, the series M; is differentially algebraic over Q(q,v,w,t). Moreover, we construct an
explicit differential system that characterizes M.

Theorem 1. Let g be an indeterminate, 5 =v — 1 and
D(t,x) = (qv + 5%)2® —q(v + 1)z + Bt(q — 4)(wq + B) +q.

There exists a unique triple (P(t,x),Q(t,z), R(t,x)) of polynomials in x with coefficients in
Q[q, v, w][[t]], having degree 4,2 and 2 respectively in x, such that

[$4]P(t,1’) =1, P(Oax) = xz(x - 1)2a (12)
[#2|R(t,2) = v+ 1 —w(q+28), Q0,z) = z(xz — 1),
and
19 (Q*\ 10 [ R?
o (ppz) = Row (pp) : (13)

Let P;(t) = P; (resp. Qj, Rj) denote the coefficient of z7 in P(t,z) (resp. Q(t,z), R(t,x)).
The Potts generating function of planar maps, My = M(q,v,w,t;1), can be expressed in terms
of the series P; and Q; using M, = t2M, and

12(B*+ qu) My + Pij/A+2t(1+v —w(2B8+q)) Ps — P +2Qo = 4t (1 +w(38 +¢q)). (14)
An alternative characterization of My is in terms of the derivative of M;:
2(52+qu)M{+(1—|—1/—w(26—|—q))P3/2—R1 =2+ 2Bw.

The series My s differentially algebraic, that is, satisfies a non-trivial differential equation with
respect to the edge variable t. The same holds for each series P;, QQ; and R;.

Eq. (13) looks like a partial differential equation in ¢ and z, but it is in fact a system of nine
differential equations in ¢ written in a compact form. Indeed, its numerator reads:

2Q,PD — QP/D — 2QPD), = 2R,PD — RP,D — 2RPD),.

This is a polynomial in z of degree 8, and each of its nine coefficients gives a differential equation
(with respect to the variable t) relating the eleven series P;, Q; and R;. For instance, extracting
the coefficient of 28 gives :

2Q5P; — Qo P; = 0. (15)
The fact that we only obtain nine equations for eleven unknown series look alarming, but the
initial conditions (12) give explicitly the two series Py and Ry. We also observe that (15),
combined with the initial conditions (12), implies that Q2 = 1. In fact, we will prove that the
differential system (13), together with its initial conditions, determines the series P;, Q; and R;
uniquely. For instance,

Py = —4t + (¢*w® + 16w — 4qw + 86)t>
+ 2(=B¢*w? + w? + 28quw? — 4¢°w? + 165%w + 4Bqw + 28% — 6qw + 48)t> + O(t%).

Using (14), one can in principle construct a differential equation (DE) for M;, but it would
probably be very large. However, we will work out some special cases in details, and obtain for
instance a DE of order 3 for four-coloured planar maps (Section 8). We predict the order of M;
to be 5 in general (Section 6.2).

Our solution differs significantly from other published results on the Potts model, in that it
ignores the catalytic variable y (which is set to its natural value 1) and describes the dependence
of the series M (1) in the size variable ¢. In contrast, the results of [6, 29] give a precise description
of the dependence of M(y) in y (in terms of elliptic functions), but the dependence in the
size variable seems to remain elusive. This is this dependence that we have characterized, in
differential terms.
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3.1. A TOY EXAMPLE: UNCOLOURED MAPS

In this section, we illustrate on an example how one can derive differential equations, rather
than polynomial equations, from equations with one catalytic variable like (10). Our example
is Tutte’s equation for the enumeration of planar maps [40], counted by the number of edges
(variable t) and the outer degree (variable y):

yM(y) — My
y—1

where M stands for M (1) = M(¢;1). This equation characterizes M (y) in the ring of formal

power series in t. Indeed, the coefficient of ¢" can be computed by induction on n, yielding:

M(t;y) =1+ (y + 2t + 2y + 2% + 35> + 2yM)t2 + O(¢?). (17)

The reader can find this expansion, and much more, performed in the accompanying Maple
session, available on the web pages of the authors.

The standard method for solving (16) is Brown’s quadratic method (see [17], or [27, Sec-
tion 2.9] for a modern account). It constructs from (16) a polynomial equation satisfied by Mj.
We describe this solution in Section 3.1.1 below. We then present in Section 3.1.2 an alternative
solution, which derives from (16) a system of differential equations satisfied by Mj. This gives
the spirit of our construction of differential equations for g-coloured planar maps. The spirit,
but not the details: in Section 3.2 we underline a few important differences between the solution
of our toy example and that of g-coloured maps.

M(t;y) = M(y) = 1+ ty*M(y)* + ty 7 (16)

3.1.1. The quadratic method: a polynomial equation for M;. We first form in (16) a
perfect square, as if we wanted to solve it for M (y):

2ty (y — DM (y) + ty® —y+ 1) = (y — 1 — y?0)> — 4ty (y — 1) + 4%gP(y — )My, (18)

Clearly, there exists a unique formal power series in ¢, denoted below Y, than cancels the left-
hand side. Its nth coefficient can be computed by induction, using the expansion (17) of M (y):

Y =14t +48% + 2563 + O(t4).
Let us denote the right-hand side of (18) by
Aly) = Altiy) = (y — 1= y*t)° —dty®(y — 1)° + 47> (y — 1) M.

This is a quartic polynomial in y, with coefficients in Q[[¢]]. Since Y cancels the left-hand side
of (18), it also cancels its right-hand side. Thus Y is a root of A(y). By differentiating (18) with
respect to y, we see that Y is also a root of A;, and hence a double root of A.

Since A(y) has a double root, its discriminant (with respect to y) vanishes. This gives a
polynomial equation satisfied by Mj:

27TH*M?E + (1 — 18¢) My + 16t — 1 = 0.
Of course this can be easily solved, and we obtain the well-known generating function of planar
maps counted by edges [40]:
(1—126)%2 —1 418t

M =
! 5412

3.1.2. An alternative approach: a differential system. We now describe another conse-
quence of the fact that A(y) has a double root, this time in terms of differential equations. The
procedure looks cumbersome, compared to the neat fact that the discriminant of A(y) is zero.
But, applied to coloured planar maps, it will yield a system of differential equations that looks
much nicer than any polynomial equations we could possibly compute.

Denote Z =1/Y. Since Y is a double root of A(y), there exists a polynomial P(¢;y) = P(y)
of degree 2 such that

Aly) = (1 —yZ)*P(y).
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Since Z is a formal power series in ¢, the same holds for the coefficients of P(y). Similarly, there
exists a polynomial Q(y) of degree 2 such that

AL(y) = (1 - y2)Q(y), (19)
and a polynomial R(y) of degree 3 such that
Ally) = (1 —yZ)R(y). (20)

We now want to eliminate A and Z in these three equations so as to find a (differential) relation
between P, (Q and R. We first eliminate Z, writing

A/ 2 QQ A/Q R2
Yy _x o
A iz and A R (21)

We now differentiate the first equation with respect to ¢, and the second one with respect to y:

A2 Tot\ P oy \ P

20, A A= APAL 9 (@ 20A) A - APA) 9 (R
’ A2 Oy '

The ratio of the left-hand sides is A} /A}, which, according to (19-20), is also Q/R. This gives:

10 (Q\ 10 (R?

Qot\ P) ROy\P)’
Note the striking analogy with our differential system (13) for coloured maps. As in the coloured
case, this equation gives, in a compact form, a system of differential equations in ¢ relating the
coefficients of P(y), Q(y) and R(y). We will not discuss which additional properties are needed

to characterize them uniquely, but let us express the series M; in terms of them. The first
equation of (21) reads

12 _ 2
PA” = Q"A.
This is a polynomial in y of degree 8. Extracting the coefficient of 3® gives the identity
64t° Py My + 16t2 Py — Q3 — 64tP5 = 0,

which determines M; in terms of the coefficients P; and @Q; of P(y) and Q(y).

3.2. SOME DIFFERENCES BETWEEN THE TOY EXAMPLE AND COLOURED MAPS

Before embarking on the proof of Theorem 1, we want to underline a number of differences
between the treatment just applied to uncoloured maps and our treatment of coloured maps
below. Let us list the main steps of our approach.

o We take ¢ = 2 + 2cos(2m/m), and start from a polynomial equation in one catalytic
variable satisfied by M (y), obtained in [2]. This is (25).

e This equation has some similarities with (18): in the latter equation, the right-hand side
is a polynomial in y with coefficients in Q[[¢]], while in (25), the right-hand side is a
polynomial in M (y) (or rather, in a series I(y) which contains the same information as
M (y)), with coefficients in Q(g, v, w)|[[t]]. Hence the roles of y and M (y) are exchanged.

e We derive from (25) that a certain polynomial A(z), of degree 2m and involving m — 2
unknown series in ¢, has m — 2 double roots I1,..., I,,_s. This is Lemma 4.

e We derive our differential system from this property. The counterparts of (19) and (20)
do not have left-hand sides Aj and A}, but variants of these two polynomials (Proposi-
tion 5).
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4. DIFFERENTIAL SYSTEM FOR COLOURED PLANAR MAPS
4.1. AN EQUATION WITH ONE CATALYTIC VARIABLE

Our starting point is an equation of [2]. We take ¢ = 2+ 2 cos(2k7/m), with k and m coprime
and 0 < 2k < m. We write § = v — 1. We introduce the following notation:
o I(t,y) = I(q,v,w,t;y) is a variant of the generating function M(y) = M(q,v,w,t;y) of
g-coloured planar maps defined by (3):

I(t,y) = tygM (y) + yT_l + % (22)
e N(y,z) and D(t,x) are the following (Laurent) polynomials:
N(y,x) =B(4—-q)H—1) +(¢+2P)z —q, (23)
with 5 = 1/y, and
D(t,z) = (qv + B%)2® — q(v + D)a + Bt(q — 4)(wq + B) + ¢. (24)

Let T,, be the mth Chebyshev polynomial of the first kind, defined by
T, (cos @) = cos(mb).

Then there exists m+ 1 formal power series in ¢ with coefficients in Q(q, v, w), denoted Cy(¢), .. .,
Cn(t), such that

D(t, I(t,4))"™? To, (Z\W“y))> S

) = Y (25)

r=0
This is a combination of Corollary 10 and Lemma 16 from [2]. We call (25) the invariant
equation, since it is derived from a certain theorem of invariants, in Tutte’s terminology [51].
We find convenient to denote

Clt,x) =Y Cy(t)a". (26)
r=0

Since T,,(u) is even (resp. odd) in w if m is even (resp. odd), the left-hand side of (25) only
involves integer powers of D.

As the invariant equation may look intimidating, let us consider an example.
Example: bipartite maps. Let us take ¢ = 2 (that is, m = 4 and k = 1), w = 1 and
v = 0. Then M(y) is simply the generating function of bipartite maps, counted by the edge
number (variable ¢) and the outer degree (variable y). Let us show that in this case, the invariant
equation (25) coincides with the standard equation obtained by deleting the root-edge.

With our choice of ¢, v and w, we have

N(y,z) = —27, D(t,z) = 2® — 2z + 2t + 2,

while T, (u) = T4(u) = 1 — 8u? + 8u*. The invariant equation thus reads
4

(I(y)* —21(y) +2t+ 2)2 — 8P (I(y)* —21(y) +2t+2)+ 87" = > C, I(y)".
r=0

In this equation, let us replace I(y) by its expression (22) in terms of M(y) (with ¢ = 2),
and then expand the equation in the neighbourhood of y = 1. Saying that the coefficients of
(y—1)7%, ..., (y — 1)° must vanish gives the values of the series C,.

Ci=1, Cs3=—-4, Co=4t, C1=8(1+1) (27)
and

Co=—4—40t — 4> + 322 M(1).
In the invariant equation, let us replace each series C,. by its expression: we obtain
yty? = DM(y)* + (1 —y* +y* )M (y) — ty*M(1) +y* =1 =0.
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Equivalently,
M(y)— M1
M(y) = 1+ ty*M(y)* + ty? (1;)2 — O3
which can be obtained by deleting the root-edge in a bipartite map [40]. O

Let us return to the general case ¢ = 2+ 2 cos(2kw/m). By expanding (25) near y = 1, we can
express the series C,.(f) in terms of the derivatives of M with respect to y, evaluated at y = 1.
We will need the expressions of C,,, ..., Cy_3. Note that the first three are completely explicit
in terms of ¢, v, t, w and m. The fourth one involves the unknown series M (1).

Lemma 2. Denote B=v—1,0 =%+ qu and v = %. We have:

Cm = g/ T (v),
Crn1 = —%5“"—3)/2 (2m(u + VS Tu(y) +Blg—4) Tin(v)) :

1
Cinmy = 50072 (2magV/3 Tn(7) +48(g = s T, (7))

—4)pt2
Concs = 2672 (2mbo /5 Tu(1) + g — s Tp() + LD g senvr2 o,

with

ap = 2t45(q—4) (B +wq) +q(m—1) (1 +v°) g -25%),

a =20 (v+1-w2B+q)+q(m—-1)(r+1),

bo=6tw(qg—4)B5 ((BZ—q)m+qw+1))—68*5(m—1)(v+1)(q—4)

—qm=1)(m—2)(w+ 1) (P —v+1)q—38),
by = 6twd (q(m —1)(* +2v+q—3) — (28+¢q)6)
—6t5 (m—1) (g1 +v?) —25%) +g(m—1)(m—2) (8 — (V¥ +v+1)q).

Example: bipartite maps (continued). When k =1, m =4, ¢=2, w=1and v =0, we
have 8 = —1, § = 1 and v = 0. Moreover, T,,(y) = 1 and T,,(y) = 0. We can then check that

the above lemma specializes to (27). In particular, Cy = C,,_3 does not involve M (1) because
T () = 0. o

Proof of Lemma 2. We multiply the invariant equation (25) by (y — 1)™, so that it becomes
non-singular at y = 1, and expand it around y = 1. We extract successively the coefficients of
(y—1)% ..., (y — 1)® and obtain in this way expressions of C,,...,Cy,_3. For instance, since

(y—1)N(y, I(t,y)) = (¢ +2B8)t +O(y — 1),
(y—1)°D(t, I(t,y)) = 6t + O(y — 1),

extracting the coefficient of (y — 1)° gives
2 T () = Cont™,

from which the expression of C), follows. As we extract the coefficients of higher powers of
(y — 1), derivatives of T,,, taken at the point «y, occur. We systematically express them in terms
of T, (7y) and T/, (7y) using the differential equation

(1 —u?) T (u) — uTh, (u) + m? Tp(u) = 0.

m

Similarly, derivatives of (1 — y)I(t,y) with respect to y occur, and this is why the expression of
Cm—3 involves the series M(1). -
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4.2. SOME SPECIAL VALUES OF y
The invariant equation (25) reads
Rat(t,y,I(y),Co,...,Cp) =0 (28)
where Rat is the following rational function, with coefficients in Q(q, v, w):

N(y, =)
Rat(t,y,x,co,...,cr —Dt,xm/QT | - E crx’.
(t,y 0 ) (&) m( D(t,x) —0

Observe that the first term of Rat is the only one that involves y. In our toy model (Section 3.1),
we were dealing with (18), which read Rat(t,y, M (y), M) = 0 with

Rat(t,y, z,c) = (2ty2(y — Dz +ty? —y+ 1)2 —(y—1 =92t +4ty’(y — 1)? — 4t*y3(y — 1)

There, the first term was the only one that depended on x. To solve this toy equation, we
considered a series Y = Y (¢) cancelling this term, or equivalently, satisfying

Rat,ﬂ;(ta Y, M(Y)7 Ml) =0,

where the derivative is taken with respect to the third variable of Rat. Similarly, we are going
to solve (28) by cancelling Rat; (this change from x to y explains why we wrote in Section 3.2
that the roles of y and M (y) are exchanged). More precisely, we focus on

- ( N(y,1(t,y)) ):o
D(t. (1))

Denoting n = |m/2], the set of roots of T/ is easily seen to be:

)
{cos(jm/m),0 < j <m} ={*cos(jm/m),j=1,...,n}. (29)
Hence we are interested in the equation
N(Y,I(t,Y))* = 4cos(jm/m)*>D(t,I(t,Y)), (30)
for some j € [1,n].

Lemma 3. Let us assume k =1, so that ¢ = 2+2cos(2w/m). There exist m —2 distinct formal
power series in t, denoted Y1, ..., Y, _a, that have coefficients in R(v,w), constant term 1, and
satisfy (30) for some j € [1,n].

Let us denote I;(t) := I(t,Y;). This is a formal power series in t with coefficients in R(v, w).
The m — 2 series I;(t) are distinct, and for 1 <i <m — 2,

oI

Example: one-coloured maps. We take ¢ = 1, that is, m = 3 (and n = 1). The only relevant
value of j is 1, and we thus want to solve

N(Y,1(t,Y))? = D(t,I(t,Y)),

for Y a series in ¢ with constant term 1. We write Y = 1+tZ. Using the definitions (23) and (24)
of N and D, the equation satisfied by the series Z can be written as

Z =v+tPol(v,w,t,Z, M(1+1tZ)),

for some polynomial Pol with integer coefficients. This equation allows us to compute by induc-
tion on n the coefficient of ¢ in Z, and shows the existence and uniqueness of Z (and Y'). More
precisely,

Y =14 vt +20%(w + D)t® + v3(5 + 14w + 6w?)t® + O(t*).
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This gives
L) :=1tY)=1/v+ (v—w—1)t+O(t?),
D(t, 1) = (1= 1/v)* + O(1),
o1 1
—(t,Y)=——+0(1
5y (E¥) == +0(1),
so that the last three properties of the lemma hold. O

Proof of Lemma 3. We denote q; = 4 cos(jm/m)? = 2+ 2cos(2jm/m). Observe that ¢ = ¢;. We
assume that m = 2n + 1 is odd. The proof is similar in the even case.

Existence of the series Y;. We are looking for series Y = Y (¢) solutions of (30), of the form
Y =1+ tZ for some series Z = Z(t). Multiplying (30) by Z?2 gives the equation ®;(t,Z) = 0,
where
®i(t,z) = 22N(1+t2, I(t, 1 +t2))* — ¢;2°D(t, 1(t, 1+ t2)).

We are interested in non-zero solutions (since for Z = 0, we have Y = 1 and I(¢,Y") is not well
defined). Observe that zI(t,1 + zt) is a formal power series in ¢ with coefficients in R[v, w, z].
Hence the same holds for zN (1 +tz, I(t,1+tz)) and 22D(¢,1(t,1+tz)), and finally for ®,(t, 2).
Recall that v = 8+ 1. Expanding I, N and D at first order in ¢ gives

2I(t,1+tz) =1+ O(t), (31)
N(L+tz,I(t,1+1t2)) =q+ 26— qz+ O(1),
2D I(t1+12) = gB +q+ 8% — q(B+2)z + ¢z + O(t). (32)
The equation ®;(¢, Z) = 0 thus reads
P;(Z)+1tS;(t,Z) =0, (33)

where

Pi(z) = (a+28 - ¢2)" —q; (4B +a+ 5 — (B +2)z +¢2%)
and S;(t,z) is a power series in ¢ with coefficients in Ry, w,z]. By (33), the coefficient of ¢°
in Z, denoted 2o, must satisfy P;(z9) = 0. Equivalently, zo = 1 + v with

q(q — a;)v* +qlg; — 4)v +4 —q; = 0. (34)
This equation has degree 1 in v if ¢; = ¢, that is if j = 1, and degree 2 otherwise. Given the
expressions of ¢; and ¢ = ¢, its roots are found to be

o — sin(jm/m) and o = sin(jm/m)

T 2cos(m/m)sin((j + 1)7/m) I 2cos(m/m)sin((j — 1)7/m)’
for j # 1. For j = 1 the only root is vf = 1/q. The roots vj' and v} are distinct (we use here
the assumption that m is odd).
Now having fixed zp = 1 4 fv with v = vf, let us return to (33) and extract from it the
coeflicient of tP, for p > 1. This gives

P}(20)[t"]Z 4 (expression involving only [t']Z for i < p) =0.

Since v is not a double root of P;, this allows us to compute the coeflicient of ¢” in Z by induction
on p, and thus determines Z completely. Moreover, [t?]Z has a rational expression in v and w
(with real coeflicients).

It is easy to see that

O<vt <ot e <<y
! " 2cos(w/m) " 27
so that we have exactly (m — 2) distinct values v]i. Let us denote them vy, ..., v,,_2. They give

rise to exactly (m — 2) distinct series Y satisfying Y (0) = 1 and (30) for some j € [1,n]. We
denote them Y7,...,Y,, o, with ¥; = 1 + (1 + fv;)t + O(t?). We note that v; is a real number,
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while 8 = v — 1 where v is a formal parameter. Hence our m — 2 series Y; all differ from the
constant 1, and I(t,Y;) is well-defined. We have thus proved the first statement of the lemma.

Properties of Y; and I; := I(t,Y;). Let us prove that the series I; := I(t,Y;) are distinct.
Returning to (31) gives I; = (1 + Bv;)~! + O(t). Hence the (m — 2) constant terms I;(0) are
distinct since the (m—2) numbers vy, . . ., v, —2 are distinct. Moreover I;(0) is obviously non-zero,
and it is distinct from 1 because v; # 0.

Let us now prove that D(t, I;) # 0. Returning to (32), we find

sin(m/m) 2
)) + O(t), (35)

(14 Bvi)*D(t, ;) = B*(qvf — qui +1) + O(t) = (5 sin((j = 1)7/m)

where the value of the denominator depends on whether v; is of the form v} or v; . At any rate,

J
this is non-zero.
We finally check that

ol 1
—(tY)=———— +0(1
ay Y =~y T OW
is non-zero, and this completes the proof of the lemma. -

4.3. SOME POLYNOMIALS WITH COMMON ROOTS

We still assume g = 2 + 2cos(2m/m). Recall that D(¢,z) and C(t,z) are polynomials in x
with coefficients in Q(q, v, w)[[t], given by (24) and (26) respectively. Their degrees in z are 2
and m, respectively. The coefficients of D are explicit, but those of C' are unknown, apart from
the three leading ones (Lemma 2). We now prove that several polynomials, related to C(¢,x)
and D(t, ), admit the series I; of Lemma 3 as common roots.

Lemma 4. Fach of the series I; := I(t,Y;) defined by Lemma 3 satisfies

C(t,I,)* = D(t, I;)™, (36)
D)9 1,1y = 20, 1) 22 (1 1), (37)
D 1) 1, 1) = 0, 1) 92 (1, 1), (38)

Since D(t,1;) # 0, it follows from (36) and (37) that I; is actually a double root of C* — D™.

Proof. Let us denote
Ny, z)

2/D(t,z)
Recall that D(t,I;) is a formal power series in ¢ with coefficients in R(v, w). By (35), its constant
term is of the form 3272 /(1+v)?, for some real numbers r # 0 and v. So we can define \/D(t, I;)
as a formal power series in ¢ with coefficients in R(v, w).

By construction of the series Y;, we have G(t,y, I;) = £ cos(jm/m), for some j € [1,n]. Given
that T,,(cosz) = cos(mx), each series Y; satisfies

G(t,y,x) =

Tm (G(t,Y3,1(t,Y;)) =e and T, (G(t,Y:, I(t,Y3))) =0,
where ¢ = +1. Hence the invariant equation (25) gives
C(t7 IZ) = SD(t7 Ii)m/2 (39)

from which (36) follows.
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Let us now differentiate the invariant equation (25) with respect to y:

oD

BD )™ G2 (I (19) T (Gl 0 1(0.)

oG oG oI
D, I(t,y))™? [ ==(t,y, I(t = (t,y, I(t,y))=—(t T (G(t,y, I(t
# D{e (0™ (G010 + G 1) 5 (00)) Th (Gl 1(00)
oC oI
= —(t,I(t,y))=—(t
833( A 7y))8y( Y
or, if we want to keep things in a reasonable volume,
m m — m
5D P2IDLIL To(G) + D™ (G + GLI,) T, (G) = CLI,.

When y = Y;, then T,,,(G) = ¢, T/,,(G) = 0 and I}, # 0 (by Lemma 3), so that
m
2
Combined with (39), this gives (37).
Similarly, differentiating the invariant equation with respect to t gives
S D27 (D) + DI Ton(G) + D™2 (G + GLI) T, (G) = C) + O
When y = Y;, then T,,(G) = ¢, T,,,(G) =0, and C., is given by (40). Hence

eD™/?1p! = ¢!, (40)

%gpmﬂ—lpg = .
Combined with (39), this gives (38). -
Proposition 5. Let I; := I(t,Y;) be the (m — 2) series defined in Lemma 3. There exists a

~ ~ ~

triple (P(t,x),Q(t,x), R(t,z)) of polynomials in x with coefficients in R(v, w)[[t]], having degree
at most 4, 2 and 2 respectively in x, such that

m—2

C(t,x)*> — D(t,z)™ = P(t, ) H (x— L)%, (41)

D(t,z)C.(t,x) — %D;(t, x)C(t,x) = @(t,x) | 1 (x - L), (42)
m—2

D(t,2)Cj(t,2) — 5 D(t.2)C(t.2) = R(t.x) [] (£, (43)

Proof. The polynomial C(t,x)? — D(t,x)™ has degree (at most) 2m in x, and admits each of the
(m — 2) distinct series I; as a double root (Lemma 4). Thus, there exists a polynomial P(t,x)
of degree at most 4 such that (41) holds. Let us write

m—2

P(t,2) = (C(t,2)* - D(t,2)™) []

i=1

1

P —al7h)? e

Recall that C' and D are polynomials in x with coefficients in R(v, w)[[t]], that the series I;
belong to R(v, w)[[t]] and have a non-zero constant term (Lemma 3). Expanding in x the above
expression thus proves that the coefficients of P also belong to R(v, w)][[t]].

Similarly, D(t, z)C}(t,z) — F D, (t,)C(t,x) is a polynomial of degree at most m in x, since
D(t,z)C(t,z) and D} (t,z)C(t,x) are polynomials of degree m + 1 having the same leading
coefficient. Hence by (37), there exists a polynomial Q(t, ) in R(v, w)[[t][z], of degree at most 2,
such that (42) holds.

Finally, given that Dj}(t,x) has degree 0 in x, and C{(t,z) degree at most m — 2 (Lemma 2),

the polynomial D(t,x)C}(t,x) — FD;(t,x)C(t,x) has degree at most m. Equation (38) implies
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the existence of a polynomial R(t, ) in R(v, w)[[t]][z], of degree at most 2, such that (43) holds.
[
4.4. DIFFERENTIAL SYSTEM

We still assume that ¢ = 2 + 2cos(2n/m). We will prove that the series 137 @ and R of
Proposition 5, suitably normalized into series P, Q and R, satisfy all equations of Theorem 1.
We repeat this theorem for convenience.

Theorem 1 (repeated). Let g be an indeterminate, § =v — 1 and
D(t,x) = (qv + 5%)2* — q(v + D)z + Bt(q — 4)(wg + §) +q. (45)

There exists a unique triple (P(t,x),Q(t,xz), R(t,x)) of polynomials in x with coefficients in
Q[g, v, w][[t]], having degree 4,2 and 2 respectively in x, such that

[z P(t,z) =1, P(0,z) = 2%(z — 1), (46)
[#2]R(t,z) = v+ 1 —w(q+28), Q0,z) = z(x — 1),
and
19 (Q*\ 10 [ R?
Qo (ppz) = Row (m) ~ (47)

Let P;(t) = P; (resp. Qj, Rj) denote the coefficient of x7 in P(t,z) (resp. Q(t,z), R(t,x)).
The Potts generating function of planar maps, My = M(q,v,t,w;1), can be expressed in terms
of the series P; and Q; using My := t*M; and

12 (8% + qv) My + P /4 +2t (1+v —w(28+q)) Ps — P +2Q0 = 4t (1 + w(38 +¢q)) . (48)
An alternative characterization of My is in terms of the derivative of M :
2(B*+qu) M{ + (1 +v —w (28 +q)) P3/2 — Ry = 2+ 2Bw. (49)

The series M is differentially algebraic, that is, satisfies a non-trivial differential equation with
respect to the edge variable t. The same holds for each series Pj, Q; and R;.

A differential equation relating 13, Q and R. We first prove that (47) holds for ]3, @ and
R. This results from the elimination of C' and [L;(z—I;) in the three equations of Proposition 5.
The derivation is analogous to that of Section 3.1.2. Let us first eliminate the product, in such
a way that Q2/(PD?) and R%/(PD?) naturally appear:

2

m 2 ~ m ~
(PG, —5D;C)" @ o (DG -%DC) R
DC?- D7) pp2 DAC?-D7)  pp?
Let us differentiate the first equation with respect to ¢, and the second one with respect to x.
The ratio of the two resulting identities is

DC, -~ BD,C
DO}~ D0

which, according to the last two equations of Proposition 5, is @/ R. This gives

1o(@\_10 (R (50)
Qot\pPp2) ROx\Pp2)

This equation coincides with (47) but with hats over the letters P,Q and R. The series P,Q
and R occurring in the theorem will simply be normalizations of P, and R by multiplicative
constants independent from ¢ and z.
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The leading coefficients of P Q, R. Proposition 5 gives
[ P(t, ) = [+*™]) (C(t,2)” = D(t,2)™),

#)Q(t) = o) (D(t.2)CL (1, 2) — T DL(12)C(ta))

2Rt z) = [¢™] (D(t,x)c;(t,x) - %DQ(t,x)C(t,x)) .

Recall that D is defined by (45), and that Lemma 2 gives the leading coefficients of (t,x). This
allows to determine the leading coefficients of P, Q, R:

Pyi= [P(ta) =67 (T(1)? — 1) = S (g/d — 15" T (3)2
Q2= [¢*)Q(t,2) = qBla/4—1)3" V2T, (5), (51)
Ry = 22 R(t.a) = qB(g/4— 1)5 V2T (1) (v + 1 — wig +28)),

where § = 32+ qv and v = (¢ + 26)/(2\/5). In the expression of ﬁ4, we have used the fact that,
for all x,

(u® = 1) T, (u)? = m? (T (w)? — 1) (52)
Observe that these coefficients are independent of ¢. Let us define
I3 ~ ~
Pito) = LED oy 2 QLT g R = BT (53)
Py Q2 Q2

We have intentionally normalized ]Tl(t7 x) by @2 rather than Rs. It then follows from (50) that
P, @, R satisty the differential system (47). Moreover

[ P(t,x) =1, [2%]Q(t,z) =1 and [ R(t,x) = v+ 1 —w(qg+2p), (54)
so that the left-hand side of the initial conditions (46) hold. (We do not give the value of
[2]Q(t, z) in the statement of the theorem because it is a consequence of the differential system
and the initial conditions, as will be seen in Section 4.6.)
The case t = 0. Let us now establish the right-hand side of the initial conditions (46) by
determining the values P(0,z) and Q(0, z). Proposition 5 gives

m—2
C(0,z)? — D(0,z)"™ = P(0, ) H (z — 1,(0))?, (55)
D(0,z)C(0,z) — %D;(O,x)C’(O x H (56)

We will now combine our knowledge of C (O x) obtained in [2] w1th the properties of the series

I;(t) gathered in Lemma 3 to determine P(0,z) and Q(0,z).
Recall that C.,.(t) denotes the coefficient of =" in C(¢,x) (see (26)). The constant term of
the series C).(t) has been determined in [2, Lemma 16]. With the notation used there, C,.(0) =

L.(0;1), where
ZLT(t; y)z" = D(t,z)™? Ty, N(y,z) |
=0 2 D(t, .73)

where N and D are given by (23) and (24). Hence

i N
T) = x" = Dm/? —
) ;()CT(O) D™ Ty, (2 5), (57)

where N'= N(1,z2) = (¢ + 28)z — ¢ and D = D(0,z) = (qv + 8?)2® — q(v + 1)z + ¢q. Thus we

first want to factor
N\
C(0,2)? — D(0,z)™ = D™ Tm(> —1].
(0.2)* - D(0.2) ( N
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Denote n = |m/2]. By (52) and (29),

Lm_l

T =1 = — (0 = )T, ) = 477w = D)= ] <u2 — cos? JT:) . (59)

(We have also used the fact that the dominant coefficient of T,, is 2~!.) Thus

—1
L7n2

N\ 2
C(0,z)* = D(0,z)™ = %(Aﬂ — AD)(N2)Lm=2n H (/\/2 — 4D cos? JT;T)

=1

L5 N2
- %(q — 4)(z — 1)2(N?)Lm=2n };[1 <N2 — 4D cos? Z) . (59)
Let us now compare this to (55). By Lemma 3, I;(0) # 1 for all i, so that (x — 1)? is necessarily
a factor of P(0,x). We will now prove that 22 is also a factor of P(0,z).
Consider the term obtained for j = 1 in (59). Using 4 cos®(m/m) = ¢, we get

N? — 4D cos? % =N?—¢D =x6(q—4)(q¢—2(q¢+B)),

which has a factor z. By Lemma 3, I;(0) # 0 for all 4, so that 2 is necessarily a factor of P(0, z).
We have proved that P(0,x), hence also P(0,x), is divisible by z%(z — 1)2. Moreover P(0,x)
has degree 4 and constant term 1, thus P(0,z) = 2?(x — 1)2.

We now wish to determine @(07;16). We have just seen that z = 0 and 2 = 1 are dou-
ble roots of C(0,2)> — D(0,2)™. So they cancel as well the derivative 2C(0,z)C(0,z), —
mD(0,2)™ 1D (0,z), and since D(0,0) # 0 and D(0,1) # 0, they must also cancel D(0, z)C% (0, z)—
5D, (0,2)C(0,x). Let us now return to the factorisation (56). Since I;(0) # 0,1, we see that
z(z —1) must divide Q(0, z). Hence it also divides Q(0,z). Moreover we have proved above that
[22]Q(0,x) = 1 so that Q(0,z) = x(x — 1) as stated in the theorem.

4.5. THE POTTS GENERATING FUNCTION OF PLANAR MAPS

We still assume that ¢ = 2 4+ 2cos(27/m). Let us prove that the Potts generating function
M, is related to the P;’s and @;’s by (48) and (49). It follows from the first two identities of
Proposition 5 that

P(pc; - %D;(Jf —Q*(c>— D™,

where all series and polynomials are evaluated at (¢,x). Using the normalization (53), this gives
2
P(DC; - TD,C)" = gm?8(q/4 - 1)Q? (C* — D™) (60)

since Q2 = qm28%(q/4 — 1)P; by (51). Recall that D is defined by (45), that the leading
coefficients of C are given in Lemma 2, and that C? — D™ has degree 2m. Recall also the known
values (54) of Py and Q,. Extracting from (60) the coefficients of 22m*4 z2m+3  and x?m+2
gives:

2m—+4
2m+3

e for the coefficient of x
e for the coefficient of x

P3 =20, +4t(1 4+ v) — 4tw(28 + q), (61)

, a tautology, equivalent to (52) taken at u = -,
, an interesting relation between P3 and @)1, namely

e for the coefficient of 2™%2, the identity (48). In the calculation we use once again (52)
to relate Ty, () and T}, (7), as well as (61) to express Q1 in terms of Pj.
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The second characterization (49) of M is obtained in a similar fashion by combining instead
the second and third identities of Proposition 5: they imply

R (Dc; - %D;C) -Q (DC; - %DQC) :

m—+1

and extracting the coefficient of x gives an expression of M{ in terms of @)1 and R;, which

we transform into (49) using (61).

4.6. UNIQUENESS OF THE SOLUTION

The arguments in this subsection apply whether ¢ is an indeterminate, or ¢ = 242 cos(27/m).
The differential system of Theorem 1 can be written as

2Q,PD — QP,D — 2QPD), = 2R,PD — RP.D — 2RPD/,. (62)

Since P, @ and R have respective degree 4, 2 and 2 in x, this identity relates two polynomials in
x of degree at most 8. Recall that P, = Ry = 1. Extracting the coefficient of 28 gives Q4 (t) = 0,
which, with the initial condition Q2(0) = 1, implies Q2(t) = 1. Hence the leading coefficients
of P, Q and R (that is, the series Py, Q2 and R») are independent of ¢, and the left-hand side
of (62), as well as its right-hand side, has degree at most 7 in . And we are left with eight
unknown series.

We denote P; ; := [t']P;, and similarly for @ and R, so that

P(t7 l‘) = Z PiJ'ti.Z‘j.
4,7

Let C; be the following 8-tuple of coefficients:
Ci = (Py0,Pi1, P2, P 3;Qi0, Qi Ri—10, Ri—11) -
The right-hand side of (46) gives us the values of P(t,z) and Q(¢,x) at ¢t = 0, so that
Co = (0,0,1,-2;0,1;0,0).

We will show by induction on ¢ > 1 that the differential system determines the eight coefficients
of C;, and that these coefficients are rational functions of ¢, 8, w.

For i > 1 and 0 < j < 7, the equation Eq; ; obtained by extracting the coefficient of '~z
in (62) reads

Y (201 —dp — 2i3)Qi, jy Pig jy Dis o = ) (251 — g2 — 2J3) Riy jy Piy o Dis js»
i tigtig=i ip4igtig=i—1
Ji1+io+iz=Ji j1+i2+iz=i+1

where D; ; = [t'a7]D(t,z). This is a linear equation in the unknowns of C;, of the form

> (2iQi,Pojy Do js — Qo Pijy Do js)
Jitiz+iz=j
- > (2h—d2—23)Ric1j, Poju Do, = Kij, (63)
Jitj2+is=j+1
where K ; is a polynomial in the coefficients of Us,Cs, with coefficients in Q[g¢, 5, w]. It would be
convenient if the eight equations Eq, ;, for j € [0, 7], could define the eight unknown coefficients
of C;, but this is not exactly what happens, for two reasons.

First, the equation Eq; , involves none of the coefficients of C;. Indeed, we see on (63),
specialized at j = 0, that the only coefficients of C; that Eq; ; may involve are Qi o, Pi,0, Ri—1,0
and R;_; 1. But they do not occur, because Py o = Py.1 = Qo,0 = 0 (this follows from the initial
conditions (46)). Hence this equation reads K; o = 0 and only involves coefficients of Us<;Cs.
We leave it to the reader to check that it is linear in the coefficients of C;_1, provided ¢ > 2.
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Then, a similar problem happens with the sum of the eight equations Eq, ;, for j € [0, 7]: it
does not involve any of the coefficients of C; either. Indeed, it reads

> (2iQi, Po gy Do jy — Qo 4y Pijs Do jy)
J1,92,J3
7
— Y (21 —jo—2j3)Riz1j, Po gy Doy = Y Kij.
J1,J2,J3 j=0
But the left-hand side is the coefficient of t*~! in

2Q4(t,1)P(0,1)D(0,1) — Q(0, 1) P{(t,1)D(0, 1) — 2R, (t,1)P(0,1)D(0, 1)
Rt 1)PL(0,1)D(0,1) + 2R(t, 1) P(0, 1) D/(0, 1),
and this series is zero because P(0,1) = Q(0,1) = P.(0,1) = 0 (see the initial conditions (46)).
Hence this sum of equations only involves coefficients of Us;;Cs. We leave it to the reader to

check that again, this sum is linear in the coefficients of C;,_1, provided i > 2.
These observations lead us to consider the following system of eight equations:

7

Si = ZEqi+1,j7Eqi+1,0’Eqi72’EQi737'">Eqi,7 . (64)
j=0

Solving the system S; gives
C1 = (—4,8 —2wq,dw(q — B) — 28 — 4,28 — 2wq;wq + 2B + 4, 4w — B+ wq — 4;2,wg — B —4).
(65)
Moreover for i > 1, S; is a system of eight linear equations for the eight unknowns of C; in terms
of the rational functions in Us;.;Cs. The determinant of this linear system is
2561°° 87w (¢ — 4) (qv + 5%)°

which is non-zero when ¢ is an indeterminate but also when ¢ # 0, 4 is of the form 2+2 cos(27/m).
By induction, this proves that the coefficients P; ;, @; ;, R; ; are uniquely determined by the
differential system and its initial conditions. Moreover these coefficients lie in Q(q, 3, w), and
their denominators are products of terms ¢, 8, w, (¢ —4) and (qv + 3?).

4.7. ABOUT POSSIBLE SINGULARITIES

It remains to prove that the coefficients of the series P;,Q; and R; are polynomials in ¢, v
and w.

We will use three identities that we will establish later. Their proofs do not assume anything
on the singularities of the coefficients of P;, Q; and R;. The first one is the characterization (49)
of M, established in Section 4.8:

2(ﬂ2+qy)]\~4{+(1+1/7w(2ﬂ+q))P3/2—R1:2+2,Bw. (66)
The other two are established in Section 6.2:

B(wg+B)(g—4)Qo+q(B+2)Ro+2(B(qg—4)(wg+B)t+q)R1=
20 (q — 4) (wq — 2) (wq + B) t +2q (wg —2), (67)

Blwg+P)(g—4) Q1 —2(8+q8+q) Ro—q(B+2) R =
28(q—4) (2w +wq — B = 2) (wg + )t = 2¢ (Bqw — 26w +wq — f—2). (68)
Let us now prove by induction on 4 that the coefficients of C; have no singularity at ¢ = 4 or ¢ =
—B3?/v. This holds for i = 0 and i = 1. From (66), we derive that this holds for R;_1 ; if it holds
for P;_1 3, which we assume by the induction hypothesis. Now if we remove the last equation from
the system S; (given by (64)), we obtain seven polynomial equations between the coefficients of
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Usgics- Once the values of Cl are known, they are linear in Pi70, Pi71, PLQ, Pi73, Q@o, Qi707 Ri—l,O,
with determinant:

—128i%¢*B*w (6¢*v° + Bg®(B* + 218% + 36537 + 118 — 6)
+3%%(36° + 3482 + 428 + 12) + B°q(358% + 248 + 16) + 7 (B +6)) .

The last factor is irreducible, and this determinant contains no factor (g —4) nor (qv+ 32). This
proves that the coefficients in C; are not singular at ¢ = 4 nor ¢ = —3%/v.

Let qu(-l),Eq(Q),Eq(S) be the equations obtained by extracting the coefficient of ¢* in the

equations (66), (67) and (68). The system
7
1 2 3
z Eqi+1,ja E(Lma S 7EQ7,¢7 qu(' )7 qu(‘ )’ qu )
§=0
relates polynomially the coefficients P ;, Qs j, Rs; for s < i and the coefficients (in t) of the
series M (t). For i > 1, it is linear in P, g, ..., P; 3, Qi.0, Qi1, Ri0, Ri1, with determinant

—16i°°(q — 4)w(qv + B°)°,

and this excludes singularities at ¢ = 0.
Observe that the sum of (67) and (68) is divisible by 8. If we consider now the system

{qu'ﬂ,o» Eqy;, ... Ea7;, qu('l)a qu('Q)a B_I(qu@) + qu3))} ;
in the same unknowns as before, we obtain the determinant
16i°¢*(q — 4)w(qv + 5°)°,
proving this time that the coefficients are not singular at 8 = 0.

Finally, to rule out poles at w = 0, we resort to a different argument. First, we return to
the case ¢ = ¢, := 2 + 2 cos(27/m) studied from Section 4.1 to Section 4.5. A first observation
is that the series C, involved in the invariant equation (25) are series in ¢ with coefficients in
Q|g, v, w]. This follows from the proof of Lemma 16 in [2], using the fact that the objects denoted
by L.(t;y) belong to Qq,v,w,t,1/y]. A second observation is that the series Y; of Lemma 3
satisfy Y; = 1+ (1 + Bv) + O(t?) where v € R*, and that their coefficients belong to R(v)[w].
This follows easily from the proof of Lemma 3, since P}(zo) does not depend on w. Consequently,
I; .= 1(t,Y;) is a series in ¢, with a non-zero constant term that does not depend on w, and its
other coefficients lic in R(v)[w]. Using these two observations, (44) now implies that P(t, z) is a
polynomial in = with coefficients in R(v)[w][[t]]. By (53), the same holds for P(¢,z). Similarly,
the polynomials Q(¢,z) and R(t,z) have coefficients in R(v)[w][[t]].

In the next subsection, we prove (without assuming polynomiality of the coefficients of the
series P;, ; and R;), that these series, once specialized at ¢ = g,,, are indeed the coefficients
of the polynomials P(t,x),Q(t,z) and R(¢,x) constructed for ¢ = ¢,,. Hence, if one of these
series had a pole at w = 0, this would remain the case for infinitely many values ¢,,, and this
contradicts the fact that P(¢,z), Q(¢, ) and R(t, ) have coefficients in R(v)[w][[t]].

4.8. CONCLUSION OF THE PROOF

We can now conclude the proof of Theorem 1. Let g be an indeterminate. We have proved in
Section 4.6 that the differential system (47) and the initial conditions (46) define the series P;
Q; and R; uniquely as formal power series in ¢, and that their coefficients lie in Q[g, 8, w].

Let us temporarily denote these series by Pj, Qj and Rj, to avoid confusion with the series
denoted P;, @; and R; above, which depend on a specific value of ¢ of the form ¢, = 2 +
2 cos(2m/m). Specializing the indeterminate g to ¢, in the series Pj, Qj and Rj gives series in ¢
satisfying the differential system and its initial conditions. But we have also proved that this
system has a unique power series solution when ¢ = ¢,,,. Thus Pj evaluated at ¢ = ¢, coincides
with P;, and similar statements relate the series ); and R; and their barred versions. We have
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proved in Subsection 4.5 that when g = q,,, the Potts generating function M is related to the
Pj’s, Q;’s and R;’s by (48) and (49). This means that when ¢ = g,
12 (8% + qu) My + P§/4+ 2t (1 + v — w(28 + q)) Py — Py +2Qo = 4t (1 + w(38 + q))
and
2(B%+qu) M{+ (1+v—w(28+q))P3/2— R =2+ 2Bw.
Since all series involved in these identities have polynomial coefficients in ¢, and coincide for
infinitely many values of ¢, they must hold for ¢ an indeterminate.

Let us finally prove that M; is differentially algebraic. This follows from the uniqueness of
the solution of our differential system in terms of power series, via an approximation theorem
due to Denef and Lipshitz [20, Thm. 2.1]. This theorem generalizes to differential systems one of
Artin’s approximation theorems for algebraic systems, and implies, in our context, that each of
the series P;, Q; and R; is differentially algebraic. The expression of M; = t2M; given by (48),
and the fact that differentially algebraic series form a ring, implies that M; is also differentially
algebraic.

5. DIFFERENTIAL SYSTEM FOR COLOURED TRIANGULATIONS

We now consider triangulations, and more generally near-triangulations, which are planar
maps in which every non-root face has degree 3. We weight these maps by the number of
vertices (variable w), the degree of the root-face (y), and by their Potts polynomial (divided by
q). We denote by T'(q,v,w;y) = T(y) the associated generating function:

1
T(q,v,w;y) = p S Par(g, vy Dy,
M

where the sum runs over all near-triangulations. We ignore the number of edges, which would
be redundant: a near-triangulation with v vertices and outer degree d has 3v — d — 3 edges. In
our first paper on coloured maps [2], we counted edges (with a variable t) rather than vertices,
using a generating function Q(q, v, t; x,y) involving two catalytic variables 2 and y. It is related
to T'(y) by:
T(q,v,w;y) = T(y) = wQ(q,v,w"/?0,w' y).

Our objective is to establish a differential system for the Potts generating function of near-
triangulations of outer degree 1, denoted by T3 = T3 (w). Note that this is the coefficient of y in
T(y). More generally, we write

T(q, v, w;y) = > Tu(w)y,
d>0

hoping that no confusion arises with the mth Chebyshev polynomial T,,. The root-edge of near-
triangulations counted by 77 is a loop. Its deletion gives a near-triangulation of outer degree 2,
and thus

Tl = VT27
an identity that will be useful later. The expansion of T} at order 3 reads
Ti=v(ig—1+v)w*+v((g—1)(g—2+2v) + (g —1+17)
+2u(g—14+v)(¢g-1+ U2) + 1/2(q -1+ u)g) w> + O(w4),

as illustrated in Figure 3.
Our differential system for near-triangulations is very similar to the one obtained for general
maps (Theorem 1), but a bit simpler.

Theorem 6. Let g be an indeterminate, 5 =v — 1 and

D(w,z) = qv*a® + B(45 + q)z + qBr(q — Hw + 5.
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v(g—1+v) Wg—2+2v) 2 (g—1+v) 2(g—1+v) 3(g—1+v)?
+u (q 1+0%) (q 1+1/) (q 1+u)

P (q)
q

FIGURE 3. The rooted near-triangulations of outer degree 1 with v = 2 and
v = 3 vertices, and their Potts polynomials (divided by ¢).

There exists a unique triple (P(w,x), Q(w,z), R(w,x)) of polynomials in x with coefficients in
Q[q, v][[w]], having degree 3,2 and 1 respectively in x, such that

(2] P(w,z) =1,  P(0,x) =2*(z + 1/4),

Q0,z) = z(2vx + 1),

19 (RN 10 (@
Rox (PD2> T Qow (PD2) ' (70)

Let P;(w) = Pj (resp. Q;, R;) denote the coefficient of 27 in P(w, x) (resp. Q(w,z), R(w,x)).
The Potts generating function of near-triangulations of outer degree 1, denoted by Ty (w) = T1,
can be expressed in terms of these series using

200°qTy — 4°Pr + 4vQo + (Q1 — 1) (Q1 + v — 3) + 20 (qv — 248 — 6g) w = 0. (71)
An alternative characterization of Ty is
2vqT] = R1 — q(8 — 1) + 86. (72)

The series T is differentially algebraic, that is, satisfies a non-trivial differential equation with
respect to the verter variable w. The same holds for each series Pj, Q; and R;.

(69)

and

Eq. (70) is, in compact form, a system of eight differential equations in w relating the 9 series
Pj, Qj, R;. Since P3 is given explicitly, we have in fact as many equations as unknown series. We
will see that Q2 = 2v. In fact, we will prove that (70), combined with the initial conditions (69),
determines uniquely all series P;, (;, and R;. For instance,

Po=—fw+ B (8¢ +q(q—12)8/4 — (g +6)5° — 35°) w® + O(w?).
We expect T to satisfy a differential equation of order 4 (Section 6.2). We will work out in
details several special cases in which T; satisfies a second order DE (Sections 7 to 9).
The proof of the above theorem is similar to that of Theorem 1, and we mostly tell where
these proofs differ, without giving details otherwise.

5.1. AN EQUATION WITH ONE CATALYTIC VARIABLE

As in the case of general planar maps, we begin with an equation for the series T'(y), taken
from [2]. We assume that ¢ = 2 + 2cos(2kn/m) with & and m coprime and 0 < k < 2m. We
still write 8 = v — 1. We introduce the following notation:

o I(w,y) =I(q,v,w;y) is a variant of the generating function T'(q, v, w;y):
1

1
I(w,y) :qu(q,V,w;y)—gﬂL?,

e N(y,z) and D(w,x) are the following (Laurent) polynomials:
N(y,z) = (4= q)y + quz + B(qg - 2),
with § = 1/y, and
D(w,z) = qv*x* + B(48 + q)x + qBr(q — 4w + 2. (73)
We still denote by T,,, the mth Chebyshev polynomial of the first kind.
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Proposition 7. There exist m+1 formal power series in w with coefficients in Q(q,v), denoted
Co(w),...,Cn(w), such that

w w m/2 N(y>I
D(w, I(w,y)) Tm<2 . I(wy ) ZC (74)

Proof. This follows from Corollary 12 and Lemma 19 of [2]. One must prove that the series in
t denoted C, in [2] (which coincide with the series C, of the present paper, with t = w'/3), are
not only series in ¢ but in fact series in ¢3. This can be done by following carefully the proof of
Lemma 19 of [2], using the fact that the series denoted K (ty) is a series in 3. This implies that
the series denoted #75; ; and #/T; ; are also series in ¢3, and one concludes using Eq. (93) of [2].

By expanding the invariant equation (74) near y = 0, we can express the series C,. in terms of
the derivatives of T" with respect to y, evaluated at y = 0. We will need the following expressions
of Cpy,...,Ch—s. The first three are explicit in terms of ¢, and w, but the last one involves
the series 7} (0) = T1.

Lemma 8. Denote f =v — 1, and recall that ¢ = 2 + 2 cos(2kn/m). We have:
(qu)’”/ 2

T = %6(45+Q+5W(Q*4)),
ED Gy mb (12q2u3w(q —4) +4812B(m — 1) + B(m — 1)(q — 4) x
m/2 2 24
(Gq +12 4+ 68(mq + 4) + %(m?q — 4m? + mq + 20m — 12))),

1 2 3. 402
(@i s = 3OV - O T

+ W(lSOq v W(q—4)((q—4)ﬁm+8ﬁ+2q> +960ﬁu3(m—2)

+ 720802 (m — 2) (g — 4)(Bm — 8+ 2) + B(m — 2)(q — 4)*(8*m*(q — )
+3B82m>(Bq + 168 + 5q) + Bm(28%q — 8% + 158¢ + 3608 + 60¢ + 180)

— 18082 + 3608 + 60q + 300)) ,

where Ty 1is the Potts generating function for near-triangulations with outer degree 1.

Remark. When comparing this lemma with its counterpart for general planar maps, Lemma 2,
we observe that we have no term T,,(v) nor T/, () here. This is because

Ny, I(w,y)) V4

= lim = ~— =cos(km/m),
T D Ty 2 T

so that Ty, (v) = (=1)¥ and T/, () = 0.

Proof. We multiply the invariant equation (74) by y?™, so that it becomes not singular at y = 0,
and expand it around y = 0. We extract successively the coefficients of y°,y?,y* and 35 and
obtain in this way expressions of Cy,, ..., Cy,—3 (the coefficients of odd powers of y do not give



COUNTING COLOURED PLANAR MAPS: DIFFERENTIAL EQUATIONS 25

more information). For instance, since
y*I(w,y) =1+ O(y),
YNy, I(w,y)) = qv + O(y),
y*D(w, I(w,y)) = qv* + O(y),
extracting the coefficient of 30 gives
qm/2’/m Tm(\/g/Z) =Cn,
and the expression of C,, follows since T,,(,/q/2) = (—=1)F. As we extract the coefficients of
higher powers of y, derivatives of T,,, taken at the point ,/q/2 = cos(km/m), occur. We can find
explicit expressions for them in terms of ¢, kK and m using T’m(\/(j/ 2) = 0 and the differential
equation
(1 —u®) T (u) — uT,, (u) +m?T,,(u) = 0.
Similarly, derivatives of y2I(w,y) with respect to y occur, and this is why the expression of C,, _3
involves the series T7. =

5.2. SOME SPECIAL VALUES OF y
We now work out the counterpart of Lemma 3. We still denote n = [m/2].

Lemma 9. Let g = 2 + 2cos(2n/m), and denote § = v — 1. There exist m — 2 distinct formal

power series in w, denoted Y1, ..., Y,,_o, that have constant term 1+ O(B) as B — 0 and satisfy
N(Y, I(w,Y))* = 4cos(jm/m)*D(w, [(w,Y)), (75)

for some j € [1,n]. Their coefficients are algebraic functions of 8 over R.
Let us denote I;(w) := I(w,Y;). This is a formal power series in w with coefficients in

the algebraic closure of R(B), denoted by R(B). The (m — 2) series I; are distinct, and for
1<i<m-—2,
ol

The key difference with Lemma 3 is that the coefficients of the series Y; do not have their
coefficients in R(3), but in its algebraic closure. Let us illustrate this by an example.

Example: bicoloured triangulations. We take ¢ = 2, that is, m = 4 (and n = 2). The
relevant values of j are 1 and 2, and we want to solve

N, I(w,Y))* = 2D(w, I(w,Y))
for 5 =1, and

N, I(w,Y))=0
for 7 = 2. Using the definitions of N and D, this reads, for j =1,
Y3 (28Y =28+Y —2)T(Y) —4Y? (1 + B)w+ (Y —2) (BY? —2BY + 28 —2Y +2) =0,

and for j = 2,

2Y3(1+B)T(Y)+B+1-Y =0.
Recall that we are interested in series Y (w) with constant term 1 + O(f). We find one such
solution for each of the above equation, which satisfy

H(w)26+1_ﬁ+0
Yo(w) =1+ 5+ O(w).

(w),

O

Proof. We denote g; = 4 cos(jm/m)? = 2+ 2cos(2jm/m). Observe that ¢ = ¢;. We assume that
m = 2n + 1 is odd. The proof is similar in the even case.
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Existence of the series Y;. We are looking for series Y = Y (w) solutions of (75). Multiply-
ing (75) by Y%, we obtain the equation ®;(w,Y) = 0, where

©;(w,y) = y' Ny, I(w,y))* — ¢;y"D(w, [(w, y)).
Observe that y2I(w,y) is a formal power series in w with coefficients in R[v, y]. Hence the same

holds for y?N (y, I(w,y)) and y*D(w, I(w,y)), and finally for ®;(w,y). Expanding I, N and D
at first order in w gives:

yQI(wvy) =1 _y+0(w)7 (76)
YNy, I(w,y)) = qv —y(q +28(q — 2)) + (¢ — 2)By* + O(w),
y'D(w,I(w,y)) = q* = 2q*y + (¢ + 3¢+ (¢ +4)B°) y* — BAB+ @) y° + By* + O(w).

(77)
The equation ®;(w,Y’) = 0 thus reads
Pi(Y) + wSj(w,Y) =0, (78)
where
Piy) = (av —y(a +26(a— 2)) + (4 = 2)8y°)

—qi(q® —2qy + (¢+3¢8+ (¢ +4)B*) y* — BB+ ) v + B°y?)

and S;(w,y) is a power series in w with coefficients in R[v,y]. In particular, the coefficient of
w® in Y, denoted yo, must satisfy P;j(yo) = 0. The roots of this quartic polynomial can be seen
as Puiseux series in  with coefficients in C (see for instance [39, Ch. 6]). Let us focus on the
roots that are finite at 8 = 0 and have constant term 1. Using Newton’s polygon method, we
find that they read yo = 1+ Bv + O(%), where v must satisfy the equation (34) that we studied
when constructing the series Y; for general planar maps. Thus when j > 1 we find for P; two
distinct roots with constant term 1, of the form yg =1 + ,iji + O(8%), and only one such root
Yo = 1+ pol +O(B%) when j = 1 (with v;” = 1/q).

Now having fixed one root yo of P;, let us return to (78) and extract from it the coefficient
of wP, for p > 1. This gives

P} (yo)[w?]Y + (expression involving only [w]Y for i < p) = 0.

Since yo is not a double root of P;, this allows us to compute the coefficient of w” in Y by
induction on p, and thus determines Y completely. Moreover, [wP]Y is an algebraic function of
[ over R.

As argued in the proof of Lemma 3, the (m — 2) values v},..., v}, vy, ..., v, are distinct.
They give rise to (m — 2) distinct series Y (w) satisfying Y (0) = 1+ O(f) and (75) for some
j € [1,n]. We denote them Yi,...,Y,,_2 with Y;(0) = 1+ Bv; + O(B3), where as before,

{vl,...,vm_g}:{vf‘,...,fu:{,vg,...,v;}.

Clearly these series are non-zero, and we have proved the first statement of the lemma.

Properties of Y; and I; := I(w,Y;). Let us prove that the series I; are distinct. Returning
to (76) gives
11(0) = —fv; + 0(62)
This proves that the series I; are distinct (since the v;’s are distinct), and also that I;(0) is
distinct from 0, —1/4 and —1/(2v).
Let us now prove that D(w, I;(w)) # 0. Returning to (77), we find that:

D(0, 1:(0)) = B*(qvf — qui +1) + O(8°).

Comparing with (35) shows that this is non-zero.

We finally check that
o1
5 (0.5:(0)) = =1+ 480, +0(3%)
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is non-zero, as stated in the lemma. =

5.3. SOME POLYNOMIALS WITH COMMON ROOTS

We still assume that ¢ = 2 + 2 cos(27/m). We denote as before:
C(w,z) = Cr(w)a"
r=0

Thus C(w, z) is a polynomial in z with coefficients in R(v)[[w]]. This is also true of D(w,x)
(see (73)). The coefficients of D are explicit, but those of C' are unknown. Here is now the
counterpart of Lemma 4.

Lemma 10. Fach of the series I; := I(w,Y;) defined by Lemma 9 satisfies
C(w, I;)* = D(w, I;)™,

oC m 0D
D(w,[z)%(w,lz) = gO(w,Ii)%(w,Ii),

oC m 0D
D(wvfi)%(ﬂhfi) = 30(%11)%(1073)-

The first two identities imply that I; is actually a double root of C? — D™
The proof is identical to that of Lemma 4, with the variable ¢ replaced by w.

Proposition 11. Let I; := I(w,Y;) be the (m — 2) series defined in Lemma 9. There exists a

triple (P(w, z), Q(w, z), R(w, ) of polynomials in x with coefficients in R(B)[[w]], having degree
at most 3, 2 and 1 respectively in x, such that

-2

3

C(w,z)? — D(w,z)" = P(w,z) || (z - I,)?,

=

3
N

D(w,z)C(w,z) — %D;(w, 2)C(w,z) = O(w, z) [[@- 5.

<
Il
—

3
S

)

m

D(w,x)C} (w, x) 5

D, (w,z)C(w,z) = R(w,x) | (x = L,).

@
Il
-

Proof. The proof is almost the same as that of Proposition 5, with the variable ¢ replaced
by w. The only difference is that here the polynomial C(w,x)? — D(w,z)™ has degree at most
2m — 1 (instead of 2m), and the polynomial D(w,z)C} (w,z) — B D) (w,x)C(w,z) has degree

2 w
at most m — 1 (instead of m). This is because the coefficient of 2°™ in C(w,z)? and D(w,z)™

is ¢™v*™ (by Lemma 8), and the coefficient of 2™ in D(w, z)C},(w, ) and 2D, (w,z)C(w,z)
is —%B(q — 4)¢™/**1ym+ (again, by Lemma 8). =
5.4. DIFFERENTIAL SYSTEM

We still assume that ¢ = 2 + 2 cos(27/m).

A differential equation relating ﬁ, Q and R. Starting from Proposition 11, one first proves

that
10 @2 190 R?
9o\ B ) = F0s \ B2 )

This argument is the same as in Section 4.4. The above equation coincides with (70), but
with hats over the letters P,@Q and R. The series P,@Q and R occurring in Theorem 6 will be
normalizations of P, and R by multiplicative constants, independent from w and .
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[mg]P(w,m) x?m 1 D(w,x)m),
[22)Q(w, ) = [ ] ( >c’ (w,x) = S0, (w,2)C(w,a)) .
(2 R(w,z) = [} (D(w,m)C{v(w,x) - %D;(ww)C(wJ)) :

The leading coefficients of P @, R. Propos1t10n 11 gives
(w,

Recall that D is given explicitly by (73), and that Lemma 8 gives the leading coefficients of
C(w, x). This allows to us determine the leading coefficients of P, Q, R:

ﬁg = [xg]?(w,x) =m?2 B2(q — 4)gm12m=2,

0y = [2210(w, 252 4)g"m/?ym
Q2 = [2z7]Q(w, z) = 22 (g —4)q : (79)
2

Ry = [xl]ﬁ(w,x) (q — 4)qm/21/m (qu’ + 7(](& 7213 — 86) )
Let us define
P(w,x) = P(g x)’ Q(w,x) = 21/%120’33) and R(w,z) = 21/11%1:’3:) (80)
Then P, @, R satisfy (70) and moreover,
[2%P(w,z) =1, [2]Q(w,z) = 2v, [ R(w,z) = 2vqT] + q(B — 1) — 86. (81)

In particular, the first of the initial conditions (69) holds. (We do not give Q2 explicitly in
the statement of the theorem, as its value follows from the differential system and the initial
conditions.)

The case w = 0. It remains to determine the values P(0,z) and Q(0,z). Proposition 11 gives

C(0,z)? — D(0,z)"™ = P(0, ) 1:[ (z — I;(0))?, (82)
=1
D(0,2)CL(0,z) — %D;(O,w)C(O,x) =Q(0,z) T (z — I;(0)). (83)

i=1

We will now combine our knowledge of C(0,x) obtained in [2] with the properties of the series
I;(w) gathered in Lemma 9 to determine P(0,z) and Q(0,z).

The series C(0, ) can be determined using results in [2, Lemma 19] (with ¢t = w'/?). There,
it is proved that

— T __ m L
o(o,xtx)zz;cr(())(xtx) =D T, <2\/5>,

where
N =N(1/z,2* —2) = B4~ g)o + qv(z® — ) + Bq — 2)
and
D = D(0,2” = z) = q(1 + B)*(2* = 2)* + (45 + ¢)(a” — 2) + B*.
Recall the expression (58) of T,,(u)? — 1. Thus (??) gives
L= N2
C(0,22 — 2)2 — D(0,22 — 2)™ = iw? —4p) (W) T (/\/2 — 4D cos? ‘Z) (84)

Jj=1

m—2
= P(0,2> —x H -1 O))2
i=1
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by (82). We want to prove that z%(z + 1/4) is a factor of P(0, ), or equivalently, that z2(z —
1)2(z — 1/2)% is a factor of P(0,22 — z). Since by Lemma 9, I;(0) & {0, —1/4}, it suffices to
prove that 2%(z — 1)?(z — 1/2)? divides the right-hand side of (84). Using the above values of N’
and D, we first find a factor (z — 1)? in (M? — 4D). Then, using 4 cos?(7/m) = q, we find that
the term obtained for j = 1 contains a factor (z —1/2)2. Finally, using 4 cos?(2r/m) = (¢ — 2)?,
we find that the term obtained for j = 2 contains a factor z2, provided m > 5. When m = 3,
that is, ¢ = 1, a factor z2 is found in the term obtained for j = 1. When m = 4, that is ¢ = 2, a
factor #2 comes out from the term N2.

We now wish to prove that z(2vz + 1) divides Q(0,z). We have just seen that z = 0 is a
double root of 13(0,:1:). Using the same argument as in Section 4.4, this implies that z divides
Q(0,z). For the remaining factor, we have to prove that (2v(22 — z) + 1) divides Q(0, 2% — ).
Let us combine (83) (taken at 2 — z) with (?7). We obtain:

m—2
Q(0,2° — x) H (2° — 2 — I;(0)) = D(0,2” — 2)CL(0,2% — z) — %D;(O,xQ —2)C(0,2% — z)

i=1
pim/2 5 N - N
221 0z (2\/13) " (2\/7))'

A factor (2v(2? — z) + 1) is found in Z (%) Lemma 9 ensures that I;(0) # —1/(2v), and

thus this must be a factor of Cj
5.5. THE POTTS GENERATING FUNCTION OF TRIANGULATIONS
It follows from the first two identities of Proposition 11 that
. m 2
P(DC; - 2D,C) = Q% (c* - ™).

Using the normalisation (80), this gives

2 _ qm2ﬁ2

P (pc;, - 20,c) .

2
since 03 = qm?F2(1 + §)2(q/4 — 1)By by (79).
Recall that the leading coefficients of C' are given in Lemma 8, and that C2 — D™ has degree
2m — 1. Recall also the known values (81) of P3 and Q. Extracting the coefficients of 22m+3,
2?2m*T2 and 2?™*! in (85) first gives (for the coefficient of z?™*3) a tautology, then (for the
coefficient of 2™ *2) an interesting relation between P, and @1, namely

AUPy = 4Q) + v — 4, (86)
and finally (for the coefficient of 22™*1) and expression of T} which we transform into (71)

thanks to (86).
The expression (72) of T} was obtained in (81).

(a/4-1)Q* (C* = D™), (85)

5.6. UNIQUENESS OF THE SOLUTION

We now want to show that the differential system of Theorem 6, together with its initial
conditions, uniquely defines the nine series Py, P, P», P3, Qo, @1, Q2, Rg, Ry, whether ¢ is
an indeterminate or a real number of the form 2 + 2 cos(2m/m). The proof parallels the case of
general planar maps given in Section 4.6 (with ¢ replaced by w), and is actually a bit simpler.
We merely sketch the main steps.

The system can be written as in (62):

2Q.,PD — QP, D —2QPD., =2R,PD — RP.D — 2RPD.,. (87)
Both sides are polynomials of degree at most 7 in . Recall that P3 = 1. Extracting the coefficient
of 27 gives Q4(w) = 0, which, with the initial condition Q2(0) = 2v, implies Q2(w) = 2v. We
are left with seven equations and seven unknown series.
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We denote Pi,j = [wi]Pj, and similarly for Q and R. Let Cz = (Pi70, Pi,l? Pi72; Q@o, Qi,l; Ri—l,O,
Ri_11). The right-hand side of (69) gives
Co =(0,0,1/4;0,1;0,0).

The next steps are the same as in Section 4.6. For i > 1 and j € [0, 6], we denote by Eq, ; the
equation obtained by extracting the coefficient of wi~t27 in (87). Again, the equation Eq; o only
involves series from U,;C; because Py g = Fy1 = Qo,0 as in the case of general maps. However,
we do not have here the second difficulty that came from the factor (z — 1) in P(0,z), P.(0,x)
and Q(0,x), and we counsider the system

Si = {qu+1’07 Eqi,l’ Eqi,27 ey qu,ﬁ} .

Solving the system S; for the unknowns of C; gives

Ci = (=B, B*+Bq/2—4B,48%+2Bq—2q; 88-+2q—253%+Bq, 43° +2¢B> +45° —2q; —28, Bg—8B—q).

Then for i > 1, §; is a system of seven linear equations for the seven unknowns in C;, the
determinant of which is:

, 4 3
B (q—4) (B+1)"(8-1)" (457 —q) /2.
We conclude as in Section 4.6.
From this point on, we argue as in Section 4.8 to prove that, for ¢ an indeterminate, the series

P;, Q; and R; are differentially algebraic and satisfy (71) and (72). It then follows from (71)
that 77 is differentially algebraic too.

5.7. ABOUT POSSIBLE SINGULARITIES

It remains to prove that the coefficients of the series P;, @;, R; are polynomials in ¢ and v.
First, we note that (72) implies that this is true for R;y. Consider the system of (only) six
equations:
{E%H,o, qu‘,p cees qu‘,s}~
It relates polynomially the coefficients in Us<;Cs. For ¢ > 1, it is linear in P o, P 1, P2, Qi 0,
Qi1, Ri—1, once the values P; o and Ry are known, with determinant:

—i°qB%(B — 1) (¢° — 4¢*(B* — B+ 1) +2q(B — 1)*(B* — 48 + 1) — 165%(8 — 1)?)..

This determinant contains no factor (¢—4), (3+1) nor (432 —q). By induction on i, we conclude
that the denominators of the coefficients of P;, Q; and R; consist of factors ¢, 5 and (5 — 1).

To show that these factors do not occur, we use two identites that we will prove in Section 6.1
(without assuming polynomiality of the coefficients...):

vq(q —4)Qo — (48 + q)Ro + 2(vqw(q — 4) + ) Ry = 26(q — 4)(vquw(q — 4) + B)
and
vBq(g —4)Q1 — 2v2qRo + B(48 + ¢)R1 = 2(q —4)5°(48 + q).
Let Eq; and Eq; be obtained by extracting the coefficient of w’ in these equations. Consider
the system
{EQi+1,Ov EQi,lv E%,Qa E%,Sa quv Eq;/}-
It relates polynomially the coefficients P ;, Qs ; and R, ; for s < i. For ¢ > 1, it is linear in
Pi,O; 131'717 Pi72, Qi,07 Qi71, Ri70, Wlth determinant

—2i"qB°(B+ 1)(q — 4) (4B + q).
We have thus ruled out factors (8 —1). To rule out the factor ¢, we note that Eq; is a multiple
of g (because by (72), all coefficients R; 1, for ¢ > 0, are multiples of g). So if we replace the last

equation of the previous system by Eq/ /g, the factor ¢ disappears from the determinant.
We are left with the factor 5. This time we form the system

{Eqw, Eqi74, qu’,5; EqZ‘,Ga EQ;v qu/il}a
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which is linear in the unknowns P; g, P; 1, F; 2, @i,0, Qi,1, f%i,0, with determinant

—2i'¢’(¢ = 4)(B - 1)(B+1)"°(48° - @)
There is no factor 3, and we conclude that the coefficients of P}, Q; and R; belong to Q|g, v/].

6. SIMPLIFYING THE SYSTEM: FIVE NON-DIFFERENTIAL EQUATIONS

In this section, we derive five equations between the unknown series P;, ; and R;, which do
not involve their derivatives (however, one of them involves the derivative of M; or T1, depending
on the family of maps we consider).

Since the system obtained for triangulations is a bit simpler than for general maps (the degrees
of P and R being smaller), we begin with this case.

6.1. TRIANGULATIONS

We start from the system of Theorem 6. It involves nine series in ¢ denoted F,..., Ps,
Qo, - .-,Q2, Ry, R1. One of them is given explicitly in the theorem: P; = 1. Moreover, we have
derived from the system in Section 5.6 that Qo = 2v. This leaves us with seven unknown series,
related by seven differential equations. These equations are the coefficients of 20, ... 2% in (87).

We are going to derive three linear (non-differential) relations between the unknown series by
letting x tend to oo or to one of the two roots (in z) of D(w,z). Extracting the coefficient of 2%
from (87) gives

Q1 =vP;.
Using the initial conditions (69), we obtain
I/PQ :Q1+I//471. (88)
This identity was already obtained by expanding (85) in the proof of Theorem 6 (see (86)).

Let us now specialize (87) at the two roots d;(w) and d2(w) of D(w,x). These roots, seen as
series in w, satisfy:

4—q)(4p% —q) — 48 —q
2qv?

b1.2(w) = B +O(w),

with 8 = v — 1 as above. Since P(0,z) = 2%(z + 1/4), the §;’s are not roots of P, and thus
taking the limit © — §; in (87) gives, for i = 1,2,
Q(w, 0:(w)) Dy, (w, 6i(w)) = R(w, &;(w)) Dl (w, i (w)).

Since D and its roots are explicit, this is a linear system in Qq, @1, Ry and R, symmetric in §;
and d5. Solving for Qg and @ gives

va(q — 4)Qo — (48 + ) Ro + 2(vqw(q — 4) + B) Ry = 2B(¢ — ) (vqw(g —4) + B)  (89)

and
vBq(q — 4)Q1 — 2v3qRo + (45 + q)R1 = 2(q — 4)5* (48 + q). (90)

Let us finally recall the two characterizations of 77 obtained in Theorem 6:

2002qT) — 42 Py + 4vQo + (Q1 — 1) (Q1 +v —3) + 20 (qu — 248 — 6g)w =0.  (91)

and
2vqT] = Ry — q(8 — 1) + 8. (92)
We call Egs. (88-92) the five generic non-differential equations: they involve the derivative T7,

but no derivative of the other unknown series P;, ¢); and R;. And of course they hold for
indeterminates ¢ and v.

Prediction of the order of T;. Using (in this order), equations (88), (92), (90), (89) and (91),
we obtain expressions of Q1, R1, Rg, Qo and finally P; as linear combinations of Py, T7 and T}
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(with coefficients in Q(q, v, w)). We ounly give the connection between Qp, P> and T3, which we
will use later:

2 (4°¢*w + B(48° — @) T1 /v + 2qvQo — B(q +48) P2 = (48 + q)(dgrw — B/4).  (93)

Recall that T} = vT where T counts near-triangulations with outer degree 2.

We have thus got rid of five unknown series, but introduced a new one, namely 77. Reporting
the expressions of @1, R1, Ry, Qo and P; in our differential system gives a system of three equa-
tions in Py, P> and 11, of order 1 in Py and P, and order 2 in T;. Thus the field generated over
Q(g, v,w) by Py, P>, Ty and their derivatives has transcendence degree at most 4, and we expect
T to satisfy a differential equation of order at most 4. We have been able to eliminate Py and
to obtain two differential equations in P, and T7: one of order 1 in P, and 2 in 77, the other of
respective orders 2 and 3. Going further with the elimination seems to require heavy computer
algebra, and we have failed to obtain an explicit equation for 7;. We study in Sections 7 to 9
three special cases, of combinatorial interest, where the order of T3 is only 2.

6.2. GENERAL PLANAR MAPS

We now proceed similarly with the differential system of Theorem 1. It involves eleven series
in t denoted Py, ..., Py, Qo,-..,Q2, Ro,...,Rs. Two of them are given explicitly: P, = 1 and
Ry =v+1—w(g+2B). We have also seen in Section 4.6 that Q2 = 1. This leaves us with eight
unknown series, related by a system of eight differential equations.

As in the case of triangulations, we can derive three linear (non-differential) relations between
them by considering the system (62) as x approaches oo, or one of the two roots (in ) of the
quadratic polynomial D(¢,x). The derivation is the same as in the previous subsection, and we
simply give the resulting three identities.

The first one was already obtained in the proof of Theorem 1 by expanding (60) in x (see (61)):

Py =201 + 4t(1 + v) — 4tw (28 + q). (94)
The other two are the counterparts of (89) and (90), and they read:

B(wg+B)(q—4)Qo+q(B+2)Ro+2(B(q—4)(wg+B)t+q) R =
26(q—4) (wq —2) (wqg+ B)t + 2q (wq —2), (95)

Bwg+B)(g—4)Q1—2 (B +gB+q)Ro—q(B+2) Ry =
26 (q —4) (28w +wq — B —2) (wq + B)t — 2q (Bqw — 2Bw +wqg — 5 —2). (96)

Let us finally recall the two characterizations of M, = M, obtained in Theorem 1:

12(B* 4+ qu) My + Pi/A+2t (1 +v —w(2B+q)) Ps — P2 +2Qo = 4t (1 + w(38 +¢q)), (97)

and
2(B*+qu) M{ + (1+v—w(28+q)) P3/2— R =2+ 2Bw. (98)
Again, we call Egs. (94-98) the five generic non-differential equations: they involve the derivative

M 1, but no derivative of the other unknown series P;, @); and R;. And of course they hold when
q, v and w are indeterminates.

Prediction of the order of M;. Using (in this order) the five equations (94), (98), (96), (95),
and (97), we can express Q1, Ry, Ry, Qo, and finally P, as polynomials in Ps, M; and M| (with
coefficients in Q(q, v, w,t)). We thus get rid of five unknown series (but introduce a new one,
namely ]\;[1) Reporting these five expressions in our differential system gives a system of four
equations in Py, P;, P; and ]\;[1, of order 1 in Py, P;, P3 and order 2 in M;. We thus expect M,
to satisfy a differential equation of order at most 5. We study in Sections 8 and 10 two special
cases, of combinatorial or physical interest, where the order is only 3.
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7. PROPERLY COLOURED TRIANGULATIONS: v =0

We specialize the differential system obtained for triangulations to v = 0, and recover the
solution of the problem studied by Tutte between 1973 and 1984. Recall that, for generic values
of ¢ and v, we have T} = vT5, where T; counts g-coloured triangulations with outer degree 1.
Thus 77 vanishes when v = 0, and we focus on 15 instead, as Tutte did.

Theorem 12 (Tutte [50]). Let To = Ta(q,w) denote the generating function of properly q-
coloured near-triangulations of outer degree 2, counted by the number of vertices (as before, the
root-vertex is coloured in a prescribed colour). This series is characterized by

2(1 — q)w + (w + 10Ty — 6wTs)Ty + (4 — q)(20T — 18wTy + Iw?Ty) = 0,

with the initial conditions Ty = O(w?). Equivalently, To = > <, an(q)w™, where a, = ay(q) is
given by ag = q— 1 and for n > 0, -

n
(n+1)(n+2)anta =(g—4)Bn—1)(3n — 2)ap+ + 2 Z i(i +1)(3n — 3i+ 1)ait+1an4+2—i-
i=1
Remark. Take a properly coloured near-triangulation of outer degree 2, having at least one
finite face (that is, having at least three vertices). If we delete its root-edge, we obtain a properly
coloured triangulation with the same number of vertices. This means that when v = 0,

T2 = (q — 1)11}2 —|—T3,

where T3 counts properly g-coloured triangulations (with the root-vertex coloured in a prescribed
colour). The series H occurring in (1) is ¢T%, and Tutte’s differential equation (1) is equivalent
to the above theorem.

Proof. We specialize Theorem 6 to v = 0, that is § = —1. The polynomial D(w,x) becomes
independent of w and has degree one in x:

D(w,z) =(4—q)z+ 1. (99)
Let us now specialize the five generic non-differential identities (88-92). The first three give
Ql = ].7 RO =2 and R1 = 2(4 - q) (100)

Observe that R(w, z) = 2D(w, z). The identities (91) and (92) then become tautologies at v = 0,
and we still need to relate T5 to the series (); and P;. We use for that the equation (93). Once
specialized at v = 0, it reads:

2Ty + Py = 1/4. (101)
This will replace the identity (92) relating T} and R;. We proceed without deriving a counterpart
of (91).
We now go back to the differential system (70), which simplifies into
0 (1 1 0 [Q?
2—|=)==—=—|(—=). 102
Ox (P ) QD ow ( P ) (102)

This is a rational expression in z. Given the form (99) of D, we find convenient to expand the
numerator of (102) in powers of X = z + 1/(4 — ¢) rather than x. We write accordingly:

P(w,z) = X3 + P X?+ P X + Py, Qw,z) =X + Qo, R(w,z) =2(4—q)X,

where the ]Sj’s and Qo are series in w with rational coefficients in ¢. Since we have taken
into account the values (100) of Q1, Rg and Ry, we have only four unknown series left. The
identity (101) gives

5 q+3

Pp=—"+ —2Ty. 1
T a(g—e) T (103)
The following initial conditions are translated from (69):
- q ~ 2+¢q ~ 8+¢q ~ 1
P — P, — S P. = - = —. 104
0(0) 4(q — 4)37 1(0) 4(q — 4)23 2(0) 4<q — 4)7 QO(O) q— 4 ( 0 )



34 O. BERNARDI AND M. BOUSQUET-MELOU

Expanding in X the numerator of (102) gives a system of four differential equations between the
four series Py, Py, P> and Qq:

2PyQ) — QuP, =0,

2Q0P1 — QoP{ — Pj+2(4— )Py =0,
2Q0 P, — QoP) — P +4(4— q) P> = 0,
2Q) — Py +6(4 —q) = 0.

The first and last equations are readily solved. With the initial conditions (104), the last one
gives

~ 1 -~ q
= P+ 3(g—w— —L
Qo gtz T (¢ — 4w 8(q—4)’
1
=-Ts+3(qg— 4w+ ——, (105)
q—4
thanks to (103), while the first one gives
. - 1 \?
M- 0P =a@ = (~T5 43— Dut L) (106)

Reporting the expressions (103) and (105) of P, and @ in the third differential equation gives
an equation in P; and Tb that we can integrate (using the initial conditions (104)):

- 4
A= (2 + 1 (6l - - 5

w 2+¢q
(q_4)> +10(4—q)T2+5(q+8)+ B

(¢—4)%

Reporting this, as well as (105) and (106) in the second differential equation finally gives Tutte’s
equation for the generating function of properly g-coloured near-triangulations of outer degree 2.
The rest of the proof is straightforward. n

8. FOUR COLOURS: q =4

Several signs suggest that the case of four colours should be simpler. First, this is visible on
the differential equation and recurrence relation of Theorem 12. Then, the polynomial D(¢, z),
given by (45) (or its counterpart D(w,x) given by (73) for triangulations) becomes a square
when ¢ = 4, independent of the size variable t (or w). We use this simplification to derive a
differential equation for the generating function of four-coloured maps, of a relatively small order
(3 for general maps, 2 for triangulations).

8.1. TRIANGULATIONS

Theorem 13. Let Th = T1(v,w) be the generating function of four-coloured near-triangulations
of outer degree 1, counted by the number of vertices (w) and the number of monochromatic edges
(v) (as before, the root-vertex is coloured in a prescribed colour). This series is characterized by
the initial conditions Ty = v(3 4+ v)w? + O(w?) and the following differential equation of order 2
and degree 6, which we write in terms of S = 2T} — w:

P(S,S,8") =0
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with

P(X,Y,Z) = 488%2w?Y*Z? + 385 awY* Z? + 1024004 8%w3Y3 2% — 58°aXY3 7?2
— 8w (10X 12 — a?)Y3 2% + 76802 aB3w? Y3 Z2 + 5898241°w? Y2 Z? 4 491520 Baw®Y 2 7>
—156%?XY? 72 — 2883212 w? (80X 1% — 3a*)Y? Z? — 60a3w(280X 12 — o) Y2 Z?
+ 15033 (40X 12 — o)XY Z% — 1382400 Baw® XY Z% — 216002 2w XY Z*
— 614403 (320X v* + o®)Y Z2 + 582(160X v* — o?)(20Xv? + o?) X 77
+ 80v2w? (128X 12 + a?) (160X 1? — a?)Z? + Ba(160Xv? — o?) (560X 2 + o?)wZ?
+ 2402 B4wY P Z — 40842 XY AZ + 4082V awY A Z + 358414 82w Y1 Z 4 983042Y 310 w?
+15360* Baw? Y3 Z — 2417 2w (320X v* — a?) Y3 Z — 6002 B3 X Y3 Z — 8Bar*w(160X v? —a?)Y? Z
+ 43(160X % — a?) (582X — 2561°w?)Y?Z + 409615w?Y* 4 1280 aBY *w + 160X v 52V 4,

where we have written 8 =v — 1 and a = v — 2.

Proof. We specialize Theorem 6 to ¢ = 4. The polynomial D(w,z) becomes a square, and is
independent of w:

D(w,z) = (2vz + B)>.

We we use extensively the notation § = v — 1, @« = v — 2. Let us specialize to ¢ = 4 the five
non-differential identities (88-92). Equation (88) holds verbatim. The identities (89) and (90)
both specialize to

2vRy = BRy,

so that R(w,x) is a multiple of \/D(w,x) = 2vx + . However, we can also derive a second
relation from (89) and (90): if we first eliminate Ry between them, and then set ¢ = 4, we obtain

(16v°w + aB)Ry — 4vBQ1 + 8°Qo + 4vB* = 0. (107)
We also have the two relations (91) and (92) relating 77 to the other unknown series.
We now go back to the differential system (70). We will expand its numerator in powers of
X =z + B/(2v). We write accordingly
P(w,z) = X*+ PBX*+ P X + Py, Qw,x) =2vX* + Q1 X + Qo, R(w,z) = R1 X,

where the Pj’s and Qj are series in w with rational coefficients in v. Note that we have six
unknown series instead of seven because R(w,x) is a multiple of X (in other words, Ry = 0).
The remaining four generic identities, namely (88), (107), (91) and (92), translate as follows:

Q1= vP, — 30/4, (108)
812Qo = — (16 %w + aB) Ry, (109)
vPy = 100(2T) — w) + Qo + vP}/4 + 3aP,/8 + 502 /(64v), (110)
Ry = 4v(2T] — 1). (111)
The following initial conditions are translated from (69):
5 Ba 5 Bla+p) 5 Ba =
0(0) 653" 1(0) we 0 @O=2"  Q)=-a-§ (112)
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Expanding in X the numerator of (70) gives a system of five differential equations in the six
series Py, P1, P2, Qo, Q1, Ru:
2Py Q) — Qo + 2Py Ry =0,
2Q0 Py + 2@} — PyQ1 — P{Qo +3P1Ry =0,
2Q0 P, + 2P1Q — P{Q1 — PjQo — 2vP} + 4P3Ry =0,
2Q, Py — Q1 Py — 2vP] +2Q}, 4+ 5R; = 0,
Q) —vh =
We will need to inject an additional equation (namely (109)) to complete this system.

The fifth (and last) equation of the system is solved by (108).

The fourth equation is a consequence of (108), (110) and (111).

In the first equation of the system, let us replace Ry by its expression in terms of Qo derived
from (109). Using the initial conditions (112), the resulting equation (in Py and Qo) can now be
integrated into: ) ~

4v (16 v°w + aB) Py = —BQ. (113)

Let us finally eliminate Ry between the first and second equations of the system. The resulting

equation can be integrated into

P1Qo ;

201 = —=2 + ¢\/ R,

Q1 2 0
for some constant ¢. Using the initial conditions (112), this constant is found to be zero, so that
20, Py = P1Qo. (114)

This is as far as we have been able to go in the integration of the system. At this stage, we have
seven unknown series (the Pj’s, Qj’s, R; and T7) related by one differential equation (the third
one in the system), and six “non-differential” equations (namely (108-111), (113) and (114)) in
which the only derivative is T7. Using in the following order (108), (111), (109), (110), and (113),
we can NOw express Ql, Ry, QO, Py, Py in terms of 152, T, and T;. Plugging these expressions
in the remaining non-differential equation (114) and in the remaining differential equation gives
a pair of differential equations between P, and T}. Given the form of (110) and (111), it makes
sense to write them in terms of S = 27} — w. They read:

1 (45u132 128070 + 5a6) S’ = 1602 P2 + 24vaPs + 640028 + 502,

2(16v%w + ) (4w P + 30— 288') 8" — 32288
+ 8v ((161/210 + ozﬂ) 152’ + 4u2]52 — SVa) S — (121/2apg + 320038 + 7a21/> 152' =0.

We finally eliminate P, as follows: we differentiate the first equation above to obtain a total of
three polynomial equations in S, 5", S”, P, and 132’, from which we eliminate P, and ]52’ using
resultants. This yields the differential equation of the theorem.

To finish, one checks that the recurrence relation that underlies the differential equation for
T determines all coefficients of this series once we prescribe the first three coefficients of 7. g

8.2. GENERAL PLANAR MAPS

Theorem 14. Let My = M, (v,w;t) be the generating function of four-coloured planar maps,
counted by vertices (w), edges (t) and monochromatic edges (v) (as before, the root-vertex is
coloured in a prescribed colour). This series is characterized by the initial conditions M; =
w+ w(v + 3w + vw)t + O(t?) and a differential equation of order 3 and degree 11.

The differential equation can be seen in the Maple session accompanying this paper, on the
authors’ web pages.
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Proof. We specialize Theorem 1 to ¢ = 4. The polynomial D(¢,x) is again a perfect square:
D(t,z) = (v + 1)z —2)>.
Equation (94) still holds of course. The identities (95) and (96) both specialize to
(v+1)Ry +2R; +4(1 —2w) = 0.
Given that Ry = (v + 1)(1 — 2w) (this is one of the initial conditions in Theorem 1), this means

that R(t,) has a factor VD = (v + 1)z — 2. As in the case of triangulations, we can derive a
second identity from (95) and (96) by eliminating R; between them:

(8= (8+2) (B+4w)t) Ro+ (8+2) (8 +4w) Qo +2 (8 + 4w) Q1 =
42w —1)(B+2) (B +4w)t — 8w, (115)
with 8 = v — 1. The two characterizations (97) and (98) of M; = t>M still hold.

We now go back to the differential system (47). We will expand its numerator in powers of
X =2 —2/(v+1) instead of z. We write accordingly

P(t,z) = X'+ BsX° + BX2 + PLX + By, Q(t,2) = X? + Q1 X + Qo,
and )
R(t,x) = (v +1)(1 — 2w)X? + R, X,
where the I5j, Qj and Rj are series in t with rational coefficients in v and w. We have taken into
account the fact that R is a multiple of X. The remaining four identities, namely (94), (115),
(97) and (98), translate as follows:
Q1 = P3/2+2(2w - 1)(8 + 2)t, (116)
2((B+2)*(B + 4w)t — B)Ry + (B +2)*(B + 4w)Qo = 0, (117)
Py = 12(8 4 2)2M; + 2Qo + P2 /4 — 2(2w — 1)(8 + 2)tPs — 12twf — 12t, (118)
Ry =2(B8 +2)*M] — (2w — 1)(B + 2)P3/2 — 2Bw — 2. (119)
Eq. (118) actually results from the elimination of Q; between (97) and (116).

The following initial conditions are translated from (46):

~ 2 ~ - ~ A —
PO(O)_(Zi-Bﬁ)‘U Pl(O):Wv QO(O):_(Qj_ﬁﬁ)Qv Ql(o):%

Expanding in X the numerator of (47) gives a system of (only) six equations in the seven
unknown series Py, Pi, Pa, P3, Qo, @1, Ry:

(120)

2PyQ) — QP+ 2Py Ry = 0,

2Q0P1 +2P,Q} — P{Q1 — P{Qo + 3P, R, =0,

2Q) Py + 2P0/ — P|Qy — PLQo — B} + AP Ry — (2w — 1)(B + 2) Py = 0,
2Q0Ps + 2P,Q4 — P3Q1 — P§Qo — P + 5P3Ry — 2(2w — 1)(8 + 2) P, =0,
20\ Py — Q1P — Py + 20} + 6Ry — 3(2w — 1)(B + 2)P5 = 0,

2Q) — Py — 42w —1)(8+2) = 0.

We will need another equation (namely (117)) to complete this system.

The sixth (and last) equation of the system is solved by (116).

The fifth equation is a consequence of (116), (118) and (119).

In the first equation of the system, we now replace Ry by its expression in terms of Qg derived
from (117). The resulting equation (in Py and Qo) can now be integrated into:

((B+2)*(8+4w)t — B) Py + BQF = 0. (121)

We have used the initial conditions (120) to determine the integration constant.
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Let us finally eliminate R; between the first and second equations of the system. The resulting
equation can be integrated into

PO -
1~Q0 iy /P07
Py

for some constant c¢. Using the initial conditions (120), this constant is found to be zero, and
201 Py = P,Qo. (122)
This is as far as we have been able to go in the integration of the system. Using (in this
order) (116), (119), (117), (118), (121), and (122), we can now express @1, Ri, Qo, P2, Py and
finally P; in terms of P3, M| and M;. Plugging these expressions in the remaining equations

of the system (the third and fourth) gives a pair of differential equations between P and M;.
Both have order 1 in P3 and order 2 in M;. Denoting A = 2+ 3 and p = A\?t(3 + 4w), they read:

20, =

1602 (p — f) (tM{ - 3M1) MY — pP2NI + 4Mt (2w — 1) (p — 38) Py
+ 16t (A% (28%w + B(2w + 1)% + 8w) — 2B(Bw + 1)) M7 + 8\?p (M])?
— 4t\(2w — 1) (2p — 38) PLM, +p (153’ — 22w — 1)) Py + 1202w — 1) (p — B) B4,
— 8tA? (4Bw? + 2w(B* + 28 + 4) + B) M — tw\? (153 + 4Mt(2w — 1)) P}
+ 2twA®* (2w — 1) Py + 8twA*(1 + wpf) = 0,

and
(pPs/ — at(2w — 1)(p — 28) ) MY
+p (P4/A+12w — 6) NI{ = 3p/t (P/A+ 4w — 2) By + 2twAPf = 0.

By eliminating Ps between them, we obtain a differential equation of order 3 for M; (we first
eliminate ]5§ between the two equations to obtain one equation between Py, M, M| and M/{';
then we follow the steps described at the end of Section 8.1).

To finish, one checks that the recurrence relation that underlies the differential equation for
M 1 determines all coefficients of this series once the coefficients of t? and ¢3 in M 1 are prescribed.
]

9. SPANNING FORESTS OF CUBIC MAPS: ¢ =0

When ¢ = 0, the series T7 has an interesting combinatorial interpretation in terms of spanning
forests, as discussed in Section 2.3. Moreover, the polynomial D(w, ) involved in the differential
system for triangulations simplifies greatly, and this will allow us to characterize 71 by a second
order equation. We say a map is near-cubic if all non-root vertices have degree 3.

Theorem 15. Let G(8,w) be the generating function of near-cubic planar maps with a root-
vertex of degree 1, equipped with a spanning forest, counted by the number of faces (w) and the
number of connected components of the forest, minus one (B). This series is characterized by
the initial conditions G = O(w?) and the following differential equation, written in terms of

W = 2G — w/B:
0= (364wW’4 —BGEWEB — Bw+w)W +4(B+1)(5EWS — fuw + w)2) W
—48B2w(B+ )W +8B(B+1)BWS — Bw +w)W'? +4(B2 - 1) (WS — Bw +w)W'.

Remark. Theorem 15 has been rederived in [10] using a simpler, and more combinatorial,
argument.
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Proof. Let us apply (8) to the set M of near-triangulations with outer degree 1. We obtain:
1
Ti| o = 5G(8 wB), (123)

where f =v — 1 and G(B, w) is defined above.
Hence let us specialize Theorem 6 to ¢ = 0. The polynomial D(w,x) has degree 1 in x, and
is independent of w:
D(w,z) = (1 + 4x).
Let us now specialize the five generic non-differential equations (88-92). Equation (88) holds
verbatim. The identities (89) and (90) give Rg = —25 and R; = —80, so that:

R(w,z) = —208(1 + 4x) = —2D(w, x)/B. (124)
Equation (91) does not involve T, but it expresses P; in terms of Qg and Q1:
—48vfw — 4Pw? + 4vQo + (Q1 — 1)(Q1 +v —3) = 0. (125)

Finally, (92) gives again Ry = —803, and we still need to relate T} (or equivalently To = T1/v)
to the series P; and @);. This can be done by specializing (93) to ¢ = 0:

88T, /v — 4Py +1 = 0. (126)

We now go back to the differential system (70). We will expand its numerator in powers of
X =z + 1/4 instead of . We write accordingly

P(w,z) = X+ PB,X*+ PX + Py,  Qw,z) =X+ Q1 X +Qo,  R(w,z)=-88X,

where the Pj’s and Qj are series in w with rational coeflicients in v. Note that we only have five
unknown series instead of seven, because R is completely determined (see (124)). The remaining
three generic identities, namely (88), (125) and (126), give

Qi =vP,+1-v/2, (127)
4wQy = 4Py + 2Py — Q? — 43Q; + 48vfw — (Tv — 6)(v — 2) /4, (128)

and
WPy = 46T — v. (129)
We will need the values of several series at w = 0, which follow from the initial conditions (69):
Py(0)=0, P(0)=1/16,  P(0)=-1/2,  Qo(0) = (v—2)/8. (130)

Expanding in X the numerator of (70) gives a system of five differential equations between the
five series Py, Py, P>, Qo and Q1:

2PyQl — Qo P =0,
2Q0P1 + 2PyQ} — PjQ1 — P{Qo — 88P =0,
2Q0 Py +2P,Q — P{Q1 — PsQo — 2vP} — 163P, = 0,
2Q) Py — Q1 Py — 2uP] +2Q}, — 246 = 0,
Q) —vPy=0.
The fifth (and last) equation is solved by (127).
The fourth one is a consequence of (128) and (127).
The first one is readily integrated into Py = cQ32, for some constant c. The initial condi-
tions (130) give ¢ = 0: in other words, Py = 0 and P(w, ) is a multiple of D(w, x).
In the third equation, let us replace Py by 0, then @)y by its expression derived from (128),
and @1 by its expression (127). Finally, let us introduce the primitive S of Ps:

~ 2 w
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(the second equality follows from (129), with T7(0) = 0). The resulting equation (in P; and S)
can now be integrated into:

—2(2wS +v—2) P +vS8° + (v —2)57/2 + 48wBS" — 80BS = 0. (132)

We have used the initial conditions (130) to determine the integration constant.

_ This is as far as we have been able to integrate the system. We can now express [31, Pg, @1,
Qo in terms of S and S’ using (in this order) (132), (131), (127), and (128). We plug these

values in the second equation of the system, together with Py = 0, and this gives us a second
order equation for S, or, equivalently, for 77:

P(T\, T}, T{") =0
with
P(X,Y,Z) = 483%wZY* + 883w (8 — 8)ZY> —808* X ZY> — 123%w(B —2)ZY% + 12083 X ZY?
+66%wZY — 608°XZY +4008°vZX? +108ZX — 80vf*w(v + 3)ZX + 4B(v + 3)*vw?Z
—vwZ — 192vwp3Y3 — 16v3%w(B — 14)Y? + 1603°v X Y2
—4vpw(f* — B+ 16)Y +40vB*(B — 5) XY + 20%wh — 20v6(6 — 3)X.

We now return to (123) to derive an equation for G(8,w), or equivalently for W = 2G — w/g.
To finish, one checks that the recurrence relation that underlies the differential equation for
G determines all coefficients of this series once we prescribe G = O(w?). n

10. THE SELF-DUAL POTTS MODEL ON GENERAL PLANAR MAPS

To finish, we derive a third order differential equation for the self-dual Potts model defined
at the end of Section 2.3.

Theorem 16. Let S = S(f,t) be the generating function for the self-dual Potts model on planar
maps. More precisely, let

S(B.t) =B M(B2B+1,7 1) = Y 1e0+2 N~ gre(S)te(S)—1—v(M),
M SCE(M)

where the first sum runs over all rooted planar maps M. This series is characterized by the
initial conditions S = t2 + O(t®) and the following differential equation of order 3 and degree 4:

P(S,8',8",8") =0,
where
P(X,Y,Z,T) = 2p(\3Y — 2)(28Y — 1)(3ABX — Bt — 41)T — B*p*(3N\BX — Bt — 4t) 73
— pB(=2XB%pY? + B(16At — B — 6)Y + 24N?B2XY + 6AB(B8 — 10) X — 2\Bt + 48t 4 2) Z>
+2(ABY — 2)(2\B%pY? — B(8B%t + 16053t + B + 288t — 10)Y + 48\?B2XY — 48)\53%X
+ 86%t + 808t + B+ 64t — 4)Z — 8(28Y — 1)(\Y — 1)(\BY — 2)%,
with A=+ 2 and p = 8t — 1.

Proof. We specialize Theorem 1 to ¢ = 3%, w = 1/3. The argument of Section 4.6 proves that in
this case as well, the differential system and its initial conditions define uniquely the series P;,
Q; and R;. Observe that one of the initial conditions reads Rs = 0, so that R(t,z) has degree 1
in . This is the key simplification in the self-dual Potts model.

The polynomial D(¢,z) does not simplify drastically. With the notation of the theorem, it
reads:

D(x,t) = \B>X + (8 — 2)pB2/4,

with X = a — 1/2. We write accordingly

P(t,z) = P(t,X) = X* + B3X3 + P, X2+ P X + P, (133)
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Qit,z) =Q(t, X)=X>+ 01X +Qy, and R(t,z) =Rt X)=RX+Ry. (134)
The initial conditions at ¢ = 0 are even functions of X:
P(0,7) = (X? — 1/4)%, Q(0,7) = X* —1/4.

The other two initial conditions read P4 =1 and Rg =0, aund~ we have @lready take{l them into
account in (133) and (134). But then it is easy to check that (P(¢t,—X), Q(t,—X), —R(t,— X)) is
another solution of the differential system, satisfying the same initial conditions. The uniqueness

of the solution implies that P and Q are even functions of X, while R must be odd. Hence
PL=P;=Q1=Ry=0,
and we are left with four unknown series only.

With these values, the generic equations (94) and (96) automatically hold, and the other three
reduce to:

4XQo + p(Ry — B +2) =0,
126A8 +2Q — Py —4(B +4)t =0, (135)
—2B\S" + Ry + 4 =0,

where S = SM; = Bt2M is the series defined in the theorem.

Expanding in X the numerator of (47) gives a system of four equations in the four series By,
P, Qo, R1, corresponding to the coefficients of X2 for ¢ from 0 to 3. The other coefficients
vanish due to the parity properties.

In these four equations, let us replace Py, Qo and Ry by their expressions in terms of S
derived from (135). The fourth equation then vanishes. The three others are found to be
linearly dependent (over Q(3)), and we consider those corresponding to the coefficients of X°
and X*:

4(pBS" + 4NBS' — 8)Py = p(28S’ — 1)P},
and
4P} = (2B6%p%S" — pB(48A\BS — 8Bt — 48t — 1))S” + 8AB%pS™? — 4B(B + 6)pS’ + 645t + 128t — 8.

It remains to eliminate P, to obtain the differential equation of the theorem. To conclude, one
checks that the underlying recurrence relation on the coefficients of S(t) determines all of them
once the coefficient of ¢? is prescribed. -

11. FINAL COMMENTS

At the moment, our solution does not solve the important question of locating phase tran-
sitions and finding critical exponents of the Potts model on planar maps. Partial results are
known, for instance for the Ising model [8, 32, 2|, for maps equipped with a spanning forest [2],
and for properly coloured triangulations [35]. The latter work exploits Tutte’s differential equa-
tion (1). Moreover, a parametrized description of the critical value of v (depending on ¢) for
planar maps is given in [6], for 0 < ¢ < 4. The analysis builds on the catalytic variable that
records the degree of the outer face rather than on the size variable, but this should not influence
the location of the critical point. Also the results of [23] involve the dependence of the series in
this catalytic variable.

It is natural to ask if the Potts generating function might also satisfy a linear differential
equation. This would make the analysis of critical points much easier, since finding the location
and nature of the singularities would then be (almost) automatic [24]. However, this possibility
has been ruled out (for triangulations) by an asymptotic argument in [10].

The second order equations that we have obtained for triangulations in special cases (Sec-
tions 7 to 9) probably deserve a further treatment. Do they fit in Painlevé’s classification?

Finally, our proofs are very heavy, and it would be nice to establish differential algebraicity
by simpler, and ideally more combinatorial means. This has been done in several special cases



42

O. BERNARDI AND M. BOUSQUET-MELOU

(Ising [13, 14], spanning trees [34], spanning forests [10], bipolar orientations [5, 9]). Two par-
ticularly attractive problems are three-coloured maps (known to be algebraic [2]) and properly
coloured triangulations (Tutte’s recurrence relation (1)).
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to Alexey Ovchinnikov and Guillaume Rond for their help with differential systems. We also
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