
HAL Id: hal-01172744
https://hal.science/hal-01172744v1

Submitted on 7 Jul 2015

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

NEW EXAMPLES OF CYLINDRICAL FANO
FOURFOLDS

Yuri Prokhorov, Mikhail Zaidenberg

To cite this version:
Yuri Prokhorov, Mikhail Zaidenberg. NEW EXAMPLES OF CYLINDRICAL FANO FOURFOLDS.
Advanced Studies in Pure Mathematics., 2017, Algebraic Varieties and Automorphism Groups, 75,
pp.443-464. �10.2969/aspm/07510443�. �hal-01172744�

https://hal.science/hal-01172744v1
https://hal.archives-ouvertes.fr


NEW EXAMPLES OF CYLINDRICAL FANO

FOURFOLDS

YURI PROKHOROV AND MIKHAIL ZAIDENBERG

Abstract. We produce new families of smooth Fano fourfolds
with Picard rank 1, which contain cylinders, i.e., Zariski open
subsets of form Z ×A1, where Z is a quasiprojective variety. The
affine cones over such a fourfold admit effective Ga-actions. Simi-
lar constructions of cylindrical Fano threefolds and fourfolds were
done previously in [KPZ11, KPZ14, PZ15].

1. Introduction

All varieties in this paper are algebraic and are defined over C. A
smooth projective variety V is called cylindrical if it contains a cylinder,
i.e., a principal Zariski open subset U isomorphic to a product Z×A

1,
where Z is a variety and A1 stands for the affine line ([KPZ11, KPZ13]).
Provided that rkPic(V ) = 1, the affine cone over V admits an effec-

tive action of the additive group Ga if and only if V is cylindrical; see
[KPZ13, Cor. 3.2]. Furthermore, the existence of a Ga-action on the
affine cone over V implies that V is uniruled. Since rkPic(V ) = 1, V
is a Fano variety.
In [KPZ11, KPZ14, PZ15] several families of smooth cylindrical Fano

threefolds and fourfolds with Picard number 1 were constructed. Here
we provide further examples of such fourfolds. Let us recall the stan-
dard terminology and notation.

1.1. Notation. Given a smooth Fano fourfolds V with Picard rank
1, the index of V is the integer r such that −KV = rH , where H is
the ample divisor generating the Picard group: Pic(V ) = Z · H (by
abuse of notation, we denote by the same letter a divisor and its class
in the Picard group). The degree d = deg V is the degree with respect
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to H . It is known that 1 ≤ r ≤ 5. Moreover, if r = 5 then V ∼= P4,
and if r = 4 then V is a quadric in P5. Smooth Fano fourfolds of
index r = 3 are called del Pezzo fourfolds; their degrees vary in the
range 1 ≤ d ≤ 5 ([Fuj80]-[Fuj81]). Smooth Fano fourfolds of index
r = 2 are called Mukai fourfolds; their degrees are even and can be
written as d = 2g− 2, where g is called the genus of V . The genera of
Mukai fourfolds satisfy 2 ≤ g ≤ 10 ([Muk89]). Up to now, there is no
classification of Fano fourfolds of index r = 1.
According to [PZ15, Thm. 0.1] a smooth intersection of two quadrics

in P6 is a cylindrical del Pezzo fourfold of degree 4. A smooth del Pezzo
fourfold W = W5 ⊂ P7 of degree 5 is also cylindrical (ibid.).

1.2. On the content. Starting with the del Pezzo quintic fourfoldW
and performing suitable Sarkisov links we constructed in [PZ15] two
families of cylindrical Mukai fourfolds V12 of genus 7 and V14 of genus
8. Proceeding in a similar fashion, in the present paper we produce
two more families of cylindrical Mukai fourfolds V16 of genus 9 and V18
of genus 10, see Theorem 2.1 and Corollary 2.4. These are the main
results of the paper.
The paper is divided into 6 sections. After formulating in Section

2 our principal results, we give in Section 3 necessary preliminaries.
In particular, we recall some useful facts from [PZ15]. In Section 5
we prove Theorem 2.1 about the existence of suitable Sarkisov links.
This theorem depends on the existence of certain specific surfaces in
the quintic fourfold W . Section 4 is devoted to constructions of such
surfaces, see Proposition 4.1. The resulting Mukai fourfolds V16 and
V18 occur to be cylindrical, with a cylinder coming from a one onW via
the corresponding Sarkisov link, see Corollary 2.4. Section 6 contains
concluding remarks and some open problems.

2. Main results

The following theorem describes the Sarkisov links used in our con-
structions.

Theorem 2.1. Let W = W5 ⊂ P7 be a del Pezzo fourfold of degree 5,
and let F ⊂ W ∩ P6 be a smooth surface of one of the following types:

a) F ⊂ P6 is a rational normal quintic scroll, F ∼= F1, with
c2(W ) · F = 22, and

b) F ⊂ P
6 is an anticanonically embedded sextic del Pezzo surface

with c2(W ) · F = 26 (see Lemma 3.5).
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Suppose that F does not intersect any plane in W along a (possibly,
degenerate) conic. Then there is a commutative diagram

(2.1)

D

��~~
~~
~~
~~

→֒ W̃
ϕ

  
AA

AA
AA

AA
ρ

~~}}
}}
}}
}}

←֓ Ẽ

��
??

??
??

??

F →֒ W
φ

//_______ V ←֓ S

where

• V = V2g−2 ⊂ P
g+2 is a Mukai fourfold of genus g = 10 in case

a) and g = 9 in case b);
• the map φ : W 99K V ⊂ Pg+2 is given by the linear system
of quadrics passing through F , while φ−1 : V 99K W is the
projection from the linear span 〈S〉 of S.

Furthermore,

(i) ρ : W̃ −→ W is the blowup of F with exceptional divisor D,

and ϕ : W̃ −→ V is the blowup of a smooth surface S ⊂ V

with exceptional divisor Ẽ, where
• in case a) S ⊂ P4 ⊂ P12 is a normal cubic scroll with
c2(V ) · S = 7, and
• in case b) S ⊂ P3 ⊂ P11 is a quadric with c2(V ) · S = 5;

(ii) if H is an ample generator of Pic(W ) and L is an ample gen-

erator of Pic(V ), then on W̃ we have

(2.2)
ρ∗H ≡ ϕ∗L− Ẽ, D ≡ ϕ∗L− 2Ẽ,

ϕ∗L ≡ 2ρ∗H −D, Ẽ ≡ ρ∗H −D.

The proof is done in Section 5. In Section 4 we establish the existence
of surfaces F as in Theorem 2.1.
Using this theorem, we deduce our main results.

Theorem 2.2. Under the assumptions of Theorem 2.1, there is an
isomorphism

V \ ϕ(D) ∼= W \ ρ(Ẽ) ,

where ϕ(D) is a hyperplane section of V = V2g−2 ⊂ Pg+2 singular along

S = ϕ(Ẽ), and ρ(Ẽ) = W ∩ 〈F 〉 is a singular hyperplane section of
W =W5 ⊂ P7 by the linear span of F .

Recall the following fact ([PZ15, Thm. 4.1]).

Theorem 2.3. For any hyperplane section M of W , the complement
W \M contains a cylinder.

Corollary 2.4. Any Fano fourfold V as in Theorem 2.1 is cylindrical.
3



Proof. Since M = ρ(Ẽ) is a hyperplane section of W , the complement

W \ ρ(Ẽ) contains a cylinder. Hence also V \ ϕ(D) ∼= W \ ρ(Ẽ) does,
and so, V is cylindrical. �

3. Preliminaries

3.1. Recall the following notation, see e.g. [PZ15, §3]. There are two
types of planes in the Grassmannian Gr(2, 5), namely, the Schubert
varieties σ3,1 and σ2,2 ([GH78, Ch. 1, §5]), where

• σ3,1 = {l ∈ Gr(2, 5) | p ∈ l ⊂ h} with h ⊂ P4 a fixed hyper-
plane and p ∈ h a fixed point;
• σ2,2 = {l ∈ Gr(2, 5) | l ⊂ e} with e ⊂ P4 a fixed plane.

In the terminology of [Fuj81, §10], the σ3,1-planes (the σ2,2-planes, re-
spectively) are called planes of vertex type (of non-vertex type, respec-
tively).

3.2. Let W = W5 ⊂ P7 be a del Pezzo fourfold of index 3 and degree
5. Due to [Fuj81] such a variety is unique up to isomorphism and can
be realized as a section of Gr(2, 5) ⊂ P9 by two general hyperplanes.
By the Lefschetz hyperplane section theorem Pic(W ) ∼= Z. We have
−KW = 3H , where H is the ample generator of Pic(W ). The variety
W is an intersection of quadrics (see [GH78, Ch. 1, §5]).

The following proposition proven in [Tod30] (see also [Fuj86, Sect.
2]) deals with the planes in the fourfold W = W5.

Proposition 3.3. Let W = W5 ⊂ P
7 be a Fano fourfold of index 3

and degree 5. Then the following hold.

(i) W contains a unique σ2,2-plane Ξ, a one-parameter family (Πt)
of σ3,1-planes, and no further plane.

(ii) Any σ3,1-plane Π meets Ξ along a tangent line to a fixed conic
δ ⊂ Ξ.

(iii) Any two σ3,1-planes Π
′ and Π′′ meet at a point p ⊂ Ξ \ δ.

(iv) Let R be the union of all σ3,1-planes on W . Then R is a
hyperplane section of W and SingR = Ξ.

(v) There is a 1-parameter family of lines in W through each point
in W . A line l ⊂ W meets the plane Ξ if and only if l ⊂ R,
and then l is contained in a plane in R.

By abuse of notation, the cohomology class associated with an alge-
braic subvariety will be denoted by the same letter as the subvariety it-
self. By the Lefschetz hyperplane section theorem, the group H4(W,Z)
is torsion free, since the group H4(Gr(2, 5),Z) is. In the next lemma
we describe a natural basis in H4(W,Z), see [PZ15, Cor. 4.2 and 4.7].
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Lemma 3.4. The group H4(W,Z) is freely generated by the classes of
the planes Ξ and Π, where

(3.1) Π2 = 1, Ξ2 = 2, Π · Ξ = −1, and c2(W ) = 9Ξ + 13Π .

Lemma 3.5. a) Let F ⊂ W ∩ P6 be a smooth rational quintic
scroll. Then

F ≡ 2Ξ + 3Π and F · Ξ = 1, F · Π = 1, c2(W ) · F = 22 .

b) Let F ⊂ W ∩ P6 be a smooth anticanonically embedded sextic
del Pezzo surface. Then either

b1) F ≡ 2Ξ + 4Π and F · Ξ = 0, F · Π = 2, c2(W ) · F = 26,
or

b2) F ≡ 3Ξ + 3Π and F · Ξ = 3, F · Π = 0, c2(W ) · F = 27.

Proof. By Lemma 3.4 one can write F ≡ aΞ + bΠ, where

(3.2) a + b = degF, c2(W ) · F = 5a+ 4b.

From the exact sequence

0 −→ TF −→ TW −→ NF/W −→ 0

we deduce

(3.3) c1(W )|F = c1(F ) + c1(NF/W )

and

(3.4)
c2(W ) · F = c2(F ) + c1(F ) · c1(NF/W ) + c2(NF/W )

= c2(F )− c1(F )
2 + c1(F ) · c1(W )|F + c2(NF/W ) .

The Noether formula for the rational surface F can be written as fol-
lows:

c2(F )− c1(F )
2 = 2c2(F )− 12 .

Note that
c2(NF/W ) = F 2 = 2a2 + b2 − 2ab .

Since c1(W ) = OW (3), from (3.2) and (3.4) we obtain

c2(W )·F = 5a+4b = 2c2(F )−12+c1(F )·OW (3)|F+2a2+b2−2ab .

In case a) using (3.2) and the latter equality we get b = 5− a and

c2(W ) · F = 20 + a = 5a2 − 20a+ 42 , hence a = 2 .

Similarly, in case b) we have b = 6− a and

c2(W ) · F = 24 + a = 5a2 − 24a+ 54 , hence a ∈ {2, 3} .

Now the assertions follow. �

Remark 3.6. For a surface F as in Lemma 3.5 we have dim〈F 〉 = 6.
Hence F is contained in a unique hyperplane section 〈F 〉 ∩W ⊂ P7.
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4. Construction of quintic and sextic surfaces F ⊂ W

In this section we prove the existence of surfaces F satisfying the
assumptions of Theorem 2.1. Our main results can be stated as follows.

Proposition 4.1. The quintic fourfold W ⊂ P
7 admits hyperplane

sections which contain

a) a rational quintic scroll F = F5 ⊂ P6,

and other ones which contain

b) an anticanonically embedded sextic del Pezzo surface F = F6 ⊂
P6 of type b)-b1).

In both cases, the surface F can be chosen so that none of the planes
in W meets F along a (possibly, degenerate) conic.

Proof of Proposition 4.1 b). We start with a smooth sextic del Pezzo
threefold X = X6 ⊂ P7. Up to isomorphism, there is a unique such
threefold X with rkPicX = 2 ([Fuj80], [IP99]). In fact, the latter is
the threefold which parametrizes the complete flags in P2. Consider
the following diagram ([Pro13, §8]):

X̃

##G
GG

GG
GG

GG

����
��
��
��

X //_______ U ⊂ P6

where U = U5 ⊂ P6 is a quintic del Pezzo threefold with two nodes
(ordinary double points), X 99K U = U5 ⊂ P

6 is the projection from a
general point P ∈ X , and X̃ → X is the blowup of P . Recall that X
can be realized as a smooth divisor of bidegree (1, 1) in P2×P2 (see, e.g.,
[Fuj80], [IP99]). The natural projections pr1, pr2 : X → P

2 define P
1-

bundles with total space X . Let li, i = 1, 2, be the corresponding fibers
passing through P . Then l1, l2 are contracted to the nodes P1, P2 ∈ U .
The threefold U contains a unique plane P, and this plane is the image
of the exceptional divisor of X̃ → X ([Pro13, §8]).
The intersection Z of X with a general divisor of bidegree (1, 1)

in P2 × P2 is a smooth sextic del Pezzo surface Z ∼= Z6 ⊂ P6. We
can choose Z so that P 6∈ Z. Let F ⊂ U be the image of Z. Then
F = F6 ⊂ W ∩ P6 is an anticanonically embedded smooth sextic del
Pezzo surface, and F ∩ P = {P1, P2}.
Note that the del Pezzo quintic threefold U = U5 ⊂ P6 with two

nodes as above is unique up to isomorphism. On the other hand,
such a variety can be obtained as a section of Gr(2, 5) ⊂ P9 by a
general hyperplane Λ and two general Schubert subvarieties Σ1,Σ2 of
codimension one in Gr(2, 5) (see [Tod30], [Fuj86]). Letting Σ′ be a
general linear combination of Σ1 and Σ2, the section of Gr(2, 5) ⊂ P9
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by Λ and Σ′ is smooth. Therefore, this section is a del Pezzo fourfold
W =W5 ⊂ P7. By construction, W contains F and P. Since F ·P = 2
in W , it follows that F is of type b)-b1), see (2) in Lemma 3.4 and
Lemma 3.5.
Since U contains a unique plane P, and F meets P just in two points

and not along a conic, F satisfies the last condition of Proposition 4.1.
Indeed, it is easily seen that U = W ∩ 〈F 〉. If T is a plane, which
meets F along a conic, then T is contained in U . So, T = P due to
the uniqueness of P. The latter equality leads to a contradiction, since
P ∩ F is not a conic. �

To show Proposition 4.1 a) we need to recall Proposition 4.11 in
[PZ15]. It describes a construction (borrowed in [Fuj81, Sect. 10] and
[Pro94]), which allows to recover the fourfold W via a Sarkisov link
starting with a certain 2-dimensional cubic scroll S in P5 contained in
a smooth quadric Q4.

Proposition 4.2. Let as before W = W5 ⊂ P7 be a del Pezzo quintic
fourfold, and let l ⊂ W be a line, which is not contained in any plane
in W , that is, l 6⊂ R. Then there is a commutative diagram

(4.1)

D̂

����
��
��
��
�

→֒ Ŵ
ϕ̂

!!D
DD

DD
DD

DD

ρ̂

��~~
~~
~~
~~

←֓ Ê

��
>>

>>
>>

>>
>

l →֒ W
φ̂

//_______ Q4 ←֓ S

where

(i) ρ̂ : Ŵ −→ W is the blowup of l, φ̂ : W 99K P5 is the projection

from l, Q4 = φ̂(Ŵ ) ⊂ P5 is a smooth quadric, and ϕ̂ : Ŵ −→
Q4 is the blowup of a cubic scroll S ⊂ Q4 ⊂ P5 with exceptional
divisor Ê;

(ii) the morphism ρ̂ : Ŵ −→ W ⊂ P7 is defined by the linear

system |ρ̂∗H − D̂|, where H ⊂ W is a hyperplane section and

D̂ = ρ̂−1(l) is the exceptional divisor of ρ̂;

(iii) ϕ̂(D̂) = Q4 ∩ 〈S〉 is a quadric cone, where 〈S〉 ∼= P4 is the
linear span of S in P

5;
(iv) the image ρ̂(Ê) ⊂ W is a hyperplane section of W singular

along l and swept out by lines in W meeting l;

(v) for a hyperplane section L of Q4 we have on Ŵ

ϕ̂∗L ∼ D̂ − Ê and ρ̂∗H ∼ D̂ − 2Ê ∼ ϕ̂∗L − Ê ∼ 2ϕ̂∗L − D̂ .

Conversely, given a pair (Q4, S), where Q4 ⊂ P5 is a smooth quadric
fourfold and S ⊂ Q4is a cubic scroll in P5 such that the hyperplane
section Q4∩〈S〉 is a quadric cone, one can recover the quintic fourfold
W together with diagram (4.1)) satisfying (i)-(v).
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To construct surfaces F ⊂ W as in Proposition 4.1 a) we use the
following Lemmas 4.3-4.4.

Lemma 4.3. Consider a quadric cone threefold Q3 ⊂ P
4 with a zero-

dimensional vertex P , a smooth hyperplane section Q2 = Q3 ∩ H,
where Q2 ∼= P1 × P1, and a smooth conic C ⊂ Q2. Consider also a
plane T ⊂ Q3, T ∼= P2, and a general quadric Q•3 ⊂ P4 which contains
T ∪ C. Then Q3 ∩ Q•3 = T ∪ S, where S ∼= F1 is a smooth rational
normal cubic scroll in P4 passing through P and C.

Proof. The exact sequence

0 −→ OQ3(1) −→ OQ3(2) −→ OQ2(2) −→ 0

yields the exact cohomology sequence

(4.2) 0→ H0(OQ3(1)) −→ H0(OQ3(2))
ψ
−→ H0(OQ2(2))→ 0 .

Let l1 and l2 be general horizontal and vertical generators of the quadric
Q2, and let s ∈ H0(OQ2(2)) be a section vanishing along the (2, 2)-
divisor C + l1 + l2. By virtue of (4.2) the affine subspace ψ−1(s) ⊂
H0(OQ3(2)) has dimension 5. It projects into a 5-dimensional family
of divisors D ∈ |OQ3(2)| such that D ∩ Q2 = C + l1 + l2. The plane
T ⊂ Q3 is spanned by l1 and P . It defines a 2-dimensional subfamily
Q of divisors D containing T and such that D ∩Q2 = C + l1 + l2.
Write D = T ∪ S, where S is the residual cubic surface. Then

S ∩ Q2 = C + l2. Suppose that S is reducible: S = T2 ∪ S ′, where
T2 ∩Q2 = l2 and S ′ ∩Q2 = C. Then D = T1 ∪ T2 ∪ S ′, where T1 = T ,
T2 = span(l2, P ) is a plane, and S ′ is a hyperplane section of Q3. Here
T1∪T2 is uniquely determined by l1∪l2, and S ′ runs over a 1-parameter
family.
Since dimQ = 2, one can conclude that a general divisor D ∈ Q has

the form D = T ∪ S, where S ⊂ P4 is an irreducible cubic surface.
The cubic surface S is linearly nondegenerate, because a hyperplane

section of Q3 is a quadric surface. Thus, S is a linearly nondegenerate
surface of minimal degree 3 in P4. Such a surface is either a cone over
a twisted cubic Γ ⊂ P3, or a rational normal scroll S = S2,1

∼= F1 (see
[GH78, Ch. 4, Prop. on p. 525]).
If S were a cone over Γ ⊂ P3 with vertex P ′, then the twisted cubic

Γ would be dominated by the conic C under the projection from P ′,
which is impossible. Thus F ∼= F1 is smooth.
Finally, P ∈ S since otherwise S would be a Cartier divisor on Q3

linearly proportional to a hyperplane section. �

Lemma 4.4. Let Q4 ⊂ P5 be a smooth quadric. There exist two smooth
cubic scrolls S and S ′ in Q4 ⊂ P5 such that

• S ∼= F1
∼= S ′;
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• S and S ′ span hyperplanes L and L′ in P5, respectively, where
L 6= L′;
• L ∩ Q4 = Q3 and L′ ∩ Q4 = Q′3 are quadric cones with zero-
dimensional vertices P and P ′, respectively, where P 6= P ′;
• the scheme theoretical intersection C = S ·S ′ is a smooth conic.

Proof. A general pencil (Q3
λ) of hyperplane sections of Q4 contains

exactly 6 degenerate members. Consider two of them, say, Q3 = Q ∩
TPQ and Q′3 = Q ∩ TP ′Q, where P, P ′ ∈ Q. Then Q3 and Q′3 are
quadric cones with zero-dimensional vertices P and P ′, respectively.
The base locus of the pencil (Q3

λ) is the smooth quadric Q2 = Q3 ∩
Q′3 ∼= P1 × P1. Applying Lemma 4.3 to Q3 and Q′3, the assertions
follow. �

Using Lemma 4.4 and Proposition 4.2 we proceed now with con-
struction of surfaces F as in Proposition 4.1 a).

Construction 4.5. Consider the smooth cubic scrolls S and S ′ in P
5

as in Lemma 4.4. The embedding F1

∼=
−→ S ′→֒P4 is given by the linear

system |σ + 2f | on F1, where σ is the exceptional section of F1 → P1

and f is a fiber. On S ′ we have C = S · S ′ ∼ σ + f , where the images
of σ and f on S ′ are denoted by the same letters.
In what follows we employ the notation of Proposition 4.2. Let Ŝ ′

be the proper transform of S ′ in Ŵ (see diagram (4.1)). Then, clearly,

Ŝ ′ ∼= S ′ ∼= F1. By Proposition 4.2(v), the morphism ρ̂ : Ŵ → W ⊂ P
7

is defined by the linear system |ρ̂∗H| = |2ϕ̂∗L − D̂|, where L is a

hyperplane section of Q4 ⊂ P5 and D̂ = ϕ̂∗(S) is the exceptional
divisor of ϕ̂. Identifying S ′ with S̃ ′ one can write

(4.3) (2ϕ∗L− D̂)|Ŝ′ = 2L|S′ − S|S′ ∼ 2(σ + 2f)− C ∼ σ + 3f .

We let F = ρ̂(Ŝ ′) ⊂ W . Since Ŝ ′ 6⊂ D̂, the map ρ̂|Ŝ′ : Ŝ ′ → F is a
birational morphism, and the surface F is a quintic scroll.

Remark 4.6. Since S ′ ∩ 〈S〉 = C + f0, where f0 is a fiber of S ′, we

have Ŝ ′ ∩ D̂ ⊃ f̂0. Therefore, ρ̂(f̂0) = l ⊂ F (because l = ρ̂(D̂) and

F = ρ̂(Ŝ ′)). Moreover, l is a ruling of F .

Lemma 4.7. The morphism ρ̂|Ŝ′ : Ŝ ′ → F is an isomorphism onto a
smooth rational normal quintic scroll F ⊃ l contained in a hyperplane
in P7.

Proof. It suffices to show that the morphism ρ̂|Ŝ′ : Ŝ ′ → P6 ⊂ P7 is

given by the (very ample) complete linear system |σ + 3f | on Ŝ ′ ∼= F1

(cf. (4.3)), or, in other words, that the induced morphism F1 → F is
an isomorphism, see [GH78, Ch. 4, p. 523] or [Har92].

9



Suppose to the contrary that 〈F 〉 ∼= P5, that is, F is cut out in
W by two hyperplanes. Then the quintic scroll F cannot be normal.
Indeed, for a general hyperplane section γ on F we have by adjunction
ωγ = (KW +3H)|γ ∼ 0. Hence the arithmetic genus of γ equals 1. The
genus of the proper transform of γ on the normalization of F equals 0,
hence γ is a rational curve with one double point. Such double points
of hyperplane sections of F fill in a line in F , and F is singular along
this line. In particular, F is not normal. This leads to the following
claim.

Claim 4.8. If 〈F 〉 ∼= P5 then SingF = l is a ruling of F .

Proof. We know that l ⊂ F is a ruling, see Remark 4.6. Since Ŵ →W

is an isomorphism over W \ l, its restriction Ŝ ′ → F is an isomorphism
over F \ l. Since F is not normal, the claim follows. �

On the other hand, we have

Claim 4.9. Let as before 〈F 〉 ∼= P5, and let ν : F1 → F be the nor-
malization. Then on F1 we have KF1

∼ ν∗ωF − B, where B ∼ σ

is an effective divisor supported by the proper transform in F1 of the
non-normal locus of F .

Proof. Under our assumption, F is a complete intersection in a smooth
variety W . Hence F is Cohen-Macaulay, and so, the standard formula
KF1
∼ ν∗ωF − B holds with B supported by the proper transform in

F1 of the non-normal locus of F . Using this formula and adjunction
one gets on F1:

B ∼ ν∗ωF −KF1
∼ (KW + 2H)|F + (2σ + 3f) ∼ −H|F + (2σ + 3f)

∼ −(σ + 3f) + (2σ + 3f) ∼ σ ,

as stated. �

Due to Claim 4.8 we have supp(B) = f , and so, B · f = 0. This
yields a contradiction, since by Claim 4.9, B · f = σ · f = 1 on F1. �

Lemma 4.10. None of the planes inW meets the quintic scroll F ⊂W

along a (possibly, degenerate) conic.

Proof. Recall that R stands for the hyperplane section ofW swept out
by the 1-parameter family of planes (Πt) in W . It is singular along
the plane Ξ, see Proposition 3.3(iv). Since l ⊂ F and l 6⊂ R, we have
F 6⊂ R and l ∩ Ξ = ∅, see Proposition 3.3(v).
Suppose to the contrary that F meets a plane P ⊂ W along a conic,

say, η.

Claim. The conic η coincides with the exceptional section σF of the
scroll F ∼= F1.
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Proof. Suppose that the conic η is degenerate. Since any two lines on
F are disjoint, η ⊂ P cannot be a bouquet of two distinct lines. Hence
η is a double line 2f .
For any line f ′ 6= f in F there exists an automorphism α ∈ AutF ∼=

AutF1 such that α(f) = f ′. Since the embedding

F1

∼=
−→ F →֒ P

6 ⊂ P
7

is given by an (AutF )-invariant linear system |σ + 3f |, α can be ex-
tended to an automorphism ᾱ ∈ AutP7, which leaves 〈F 〉 ∼= P6 in-
variant. Hence there exists a second plane P ′ = ᾱ(P), which meets F
along a double line 2f ′ (this plane P ′ does not need to be contained in
W ). 1

The planes P and P ′ span a subspace N ⊂ P7 with dimN ≤ 5.
Thus, there exists a hyperplaneM⊃ N in P7 different from 〈F 〉. We
haveM· F = 2f + 2f ′ + f ′′, where f ′′ ⊂ F is an extra line. However,
this divisorM · F on F is not ample, which is a contradiction.
Thus, the conic η = F ∩ P is smooth. Since the image σ of the

exceptional section σŜ′ ⊂ Ŝ ′ is a unique smooth conic in the quintic
scroll F ∼= F1, we obtain that η = σF . �

The line l ⊂ F meets the section σ = σF in a point p ∈ σ. Hence
it meets also the plane P in p. The projection φ̂ : W 99K P5 with
center l sends σF to the exceptional section σS′ ⊂ S ′, and P to a
line on S ′ ∼= F1, which should coincide with σS′. Recall that by our
construction S ∩ S ′ = C ∼ σS′ + fS′ is a smooth conic on S ′. Since

σS′ ∩C = ∅, the exceptional divisor Ê ⊂ Ŵ does not meet the section

σŜ′ of the scroll Ŝ ′ ⊂ Ŵ . Thus ϕ̂ : Ŵ → Q4 is an isomorphism near
σŜ′.

On the other hand, let P̂ be the proper transform of P in Ŵ . Then
P̂ → P is the blowup of the point p = P ∩ l, and P̂ ∩ Ŝ ′ ⊃ σŜ′. Thus

the image ϕ̂(P̂) ⊂ Q4 should be a surface, and not a line. This yields
as well a contradiction. �

The following examples show that the last assumption in Theorem
2.1 cannot be omitted. Without this assumption one arrives at a sin-
gular fourfold V in diagram (2.1), or else ϕ is the blowup of a singular
surface. According to Proposition 4.1, this does not happen for our
choice of F .

1Alternatively, the further proof can proceed as follows. The plane P ′ is tangent
to F along the ruling f ′. Thus, the Gauss map of F is degenerate, and so, F is a
developable surface. Such a surface, which is not a plane, is a cone or the tangential
developable of a curve, see, e.g., [Ca64] or more general results in [GH78, (2.29)],
[Zak87, Cor. 5], or [FP01, §2.3.3]. Hence F cannot be smooth, a contradiction.
Our argument in the text is more elementary.
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Examples 4.11. 1. The first example illustrates case b) in Theorem 2.1. Let

f : P̃3 → P3 be a blowup of three distinct points P1, P2, P3 in P3 in general position,
and let g : P̃3 → P6 be the map given by the linear system |− 1

2
K

P̃3 | = |2H∗−E1−
E2 − E3|, where Ei is the exceptional divisor over Pi. This yields the diagram

P̃3

f

~~~~
~~
~~
~~ g

$$I
II

II
II

II

P3 W ′ →֒ P6

where W ′ is a singular del Pezzo quintic threefold. The proper transforms of the
lines which join the pairs of points among P1, P2, P3 are sent to three ordinary
double points of W ′. The variety W ′ contains four planes; three of them are the
images g(Ei), i = 1, 2, 3, while the last one is the proper transform Π̃ of the plane
Π ⊂ P3 through our 3 points. Let further Q ⊂ P3 be a generic smooth quadric
passing through P1 and P2, but not through P3, and let Q̃ ⊂ P̃3 be the proper

transform of Q. Then Q̃ ∼ 2H∗ − E1 − E2 in P̃3. Letting F = g(Q̃) ⊂ W ′ we
obtain

degF = (2H∗ − E1 − E2 − E3)
2 · (2H∗ − E1 − E2) = 6 .

The morphism f |Q̃ : Q̃→ Q ∼= P1×P1 is the contraction of two disjoint (−1)-curves
to the points P1 and P2, respectively. We have

−KQ̃ ∼ (4H∗ − 2E1 − 2E2 − 2E3 − 2H∗ + E1 + E2)|Q̃ = (2H∗ − E1 − E2)|Q̃ .

It follows that Q̃ is a smooth del Pezzo sextic surface in P̃3, and F = g(Q̃) is also
a smooth del Pezzo surface of degree 6 in W ′ anticanonically embedded to P6.

Clearly, E3 ∩ Q̃ = ∅, the lines E1 ∩ Q̃ and E2 ∩ Q̃ are (−1)-curves on Q̃, and the

(1, 1)-curve Π ∩Q = C is a smooth conic. If C̃ is the proper transform of C in P̃3,

then the image g(C̃) ⊂ F ∩ g(Π̃) ⊂ W ′ is also a conic. Thus, in this example F

meets a plane in W ′ along a smooth conic.
2. The second example illustrates case a) in Theorem 2.1. In the notation as in

the preceding example, we let this time Q ⊂ P3 be a quadric cone with vertex P1

such that P2 ∈ Q and P3 6∈ Q. Proceeding as before, we obtain a surface F ⊂ W ′

of degree

degF = (2H∗ − E1 − E2 − E3)
2 · (2H∗ − 2E1 − E2) = 5 .

Hence F ∼= F1 is a smooth normal quintic scroll in W ′ ⊂ P6, and F ∩ g(E1) is a
smooth conic. Once again, F meets a plane in W ′ along a smooth conic.

5. Proof of Theorem 2.1.

Let us start with the following well known lemmas.

Lemma 5.1. Any surface F as in Theorem 2.1 is a scheme theoretical
intersection of quadrics.

Proof. In case a) the assertion follows from [Dol12, Thm. 8.4.1], and
in case b) from [Har92, Lect. 9, Exs. 9.10–9.11]. �

The next well known lemma is immediate.
12



Lemma 5.2. Let a smooth surface F ⊂ Pn, n ≥ 4, be a scheme
theoretical intersection of quadrics. Let P̃n → P

n be the blowup of F
with exceptional divisor T . Then the linear system |2H∗ − T | defines
a morphism P̃n → PN , which contracts the proper transform of any
2-secant line of F .

5.3. In what follows we keep the notation as in Theorem 2.1. In par-
ticular, we let g = 10 in case a) and g = 9 in case b).
A surface F ⊂W as in Theorem 2.1 is contained in a unique hyper-

plane section E = 〈F 〉 ∩W of W , see Remark 3.6. We let

• ρ : W̃ −→ W be the blowup of F with exceptional divisor D,

• Ẽ ⊂ W̃ be the proper transform of E,
• H ⊂W be a general hyperplane section, and
• H∗ = ρ∗H ∈ DivW .

Clearly, one has rkPic W̃ = 2 and Ẽ ∼ H∗ −D on W̃ .

Lemma 5.4. The variety W̃ is a smooth Fano fourfold.

Proof. We have

−KW̃ = 3H∗ −D = 2H∗ −D +H∗ ,

where both 2H∗−D and H∗ are nef, because the linear systems |2H∗−

D| and |H∗| are free. Since rkPic W̃ = 2 and the nef divisors 2H∗−D
and H∗ are not proportional, their sum is an ample divisor by the
Kleiman ampleness criterion. �

The nef and non-ample linear systems |H∗| and |2H∗ − D| on W̃

define the two extremal Mori contractions on W̃ . The first one is
ρ : W̃ → W ; the second one ϕ : W̃ → V makes the subject of our
following studies. We need the next lemma.

Lemma 5.5. On W̃ one has (H∗)4 = 5, (H∗)3 ·D = 0,

(H∗)2 ·D2 =

{
−5

−6
, H∗ ·D3 =

{
−8

−12
, D4 =

{
−6 in case a)

−16 in case b) .

Proof. The lemma follows easily from the equalities (see [PZ15, Lem.
1.4])

(H∗)2 ·D2 = −F ·H2 ,

H∗ ·D3 = −H|F ·KF − 3H ·H · F ,

and

D4 = c2(W ) · F +KW |F ·KF − c2(F )−K
2

W · F .

�
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Lemma 5.6. Let U be a Mukai fourfold of genus g(U) ≥ 4 with at
worst terminal Gorenstein singularities and with rkPicU = 1. Assume
that the linear system | − 1

2
KU | is base point free. Then the divisor

−1

2
KU is very ample and defines an embedding U →֒ Pg+2.

Proof. This follows from the corresponding result in the three-dimensional
case, see [Muk89, Prop. 1], [IP99], and [PCS05], by recursion on the
dimension, likewise this is done in [Isk77, Lem. (2.8)]. �

5.7. Using Lemma 5.5 we obtain

(5.1) deg V = (2H∗ −D)4 = 2g − 2 =

{
18 in case a)

16 in case b)

and

(5.2) Ẽ · (2H∗ −D)3 = (H∗ −D) · (2H∗ −D)3 = 0 .

Therefore, the linear system |2H∗−D| defines a generically finite mor-
phism

Φ|2H∗−D| : W̃ → V ⊂ P
g+2

onto a fourfold V , where Φ|2H∗−D| contracts the divisor Ẽ ∼ H∗ −D.
Consider the Stein factorization

Φ|2H∗−D| : W̃
ϕ
−→ U → V ⊂ P

g+2 .

Here ϕ is a divisorial Mori contraction, and PicU = Z · L, where L
is an ample Cartier divisor with ϕ∗L = 2H∗ − D. Once again, the
exceptional divisor of ϕ is Ẽ ∼ H∗ −D. Hence D ∼ ϕ∗L− 2E.

Lemma 5.8. The variety U as in 5.7 is a Mukai fourfold with at worst
terminal Gorenstein singularities and rkPicU = 1.

Proof. Since ϕ is a divisorial Mori contraction, U has at worst terminal

singularities. We have rkPicU = 1 because rkPic W̃ = 2. Since

−KW̃ = 3H∗ −D = 2(2H∗ −D)− Ẽ

we also have −KU = 2L. Hence −KU is an ample Cartier divisor
divisible by 2 in PicU . So U is a Mukai fourfold. �

Convention 5.9. The morphism U → V ⊂ Pg+2 is given by the lin-
ear system |L| = | − 1

2
KU |. As follows from Lemma 5.6, this is an

isomorphism. In the sequel we identify V with U and Φ|2H∗−D| with ϕ.

Lemma 5.10. For the image V = ϕ(W̃ ) ⊂ Pg+2 the following hold.

(i) The morphism ϕ : W̃ → V is birational and deg V = 2g − 2;

(ii) the morphism ϕ contracts the divisor Ẽ to an irreducible sur-
face S ⊂ V ;
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(iii) deg S = g − 7 =

{
3 in case a)

2 in case b) ;

(iv) S can have only isolated singularities.

Proof. Upon convention 5.9, ϕ is birational. By (5.1) we have deg V =
2g − 2. By virtue of (5.2), Ẽ is the exceptional divisor of ϕ. Using
Lemma 5.5 we deduce the equalities

(2H∗ −D)2 · Ẽ2 = (2H∗ −D)2(H∗ −D)2 =

{
−3 in case a)

−2 in case b) .

Since the latter number is nonzero, S is a surface of degree

deg S = −(2H∗ −D)2 · Ẽ2

satisfying (iii).

Since rkPic W̃ = 2, the exceptional locus of ϕ coincides with Ẽ, and
Ẽ is a prime divisor. Therefore, ϕ has at most a finite number of 2-
dimensional fibers. By the Andreatta–Wisniewski Theorem ([AW98])
S has at most isolated singularities. �

Corollary 5.11. The surface S is normal.

Proof. The assertion is certainly true if deg S = 2. If deg S = 3 and
the cubic surface S ⊂ P4 is not normal, then S is contained in a
3-dimensional subspace and the singular locus of S is 1-dimensional,
which contradicts (iv). �

Lemma 5.12. In the notation of 5.7 the morphism ϕ : W̃ → V is the
blowup of the surface S, where both S and V are smooth.

Proof. If to the contrary S or V were singular, then by [And85, Thm.

2.3] the extremal KW̃ -negative contraction ϕ : W̃ → V would have

a 2-dimensional fiber, say, Ỹ ⊂ W̃ . Since S is normal (see Corollary

5.11), by the main theorem and Prop. 4.11 in [AW98] one has Ỹ ∼= P
2

and
(3H∗ −D)|Ỹ = −KW̃ |Ỹ = OP2(1) .

Since Ỹ is contracted to a point under ϕ, we have (2H∗ − D)|Ỹ ∼ 0.
Thus H∗|Ỹ = OP2(1) and D|Ỹ = OP2(2).

It follows that the image Y = ρ(Ỹ ) ⊂ W , where ρ = Φ|H∗|, is a

plane, Y 6= F , and Y ∩ F ∼= Ỹ ∩ D is a conic in Y ∼= P2. However,
the latter contradicts our assumption in Theorem 2.1 that F does not
meet any plane in W along a conic.
Therefore, ϕ has no 2-dimensional fiber. Hence the surface S and

the fourfold V are smooth, and ϕ is the blowup of S by [And85, Thm.
2.3]. �
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Corollary 5.13. The surface S ⊂ V ⊂ Pg+2 is a smooth normal cubic
scroll in case a) and a smooth quadric in case b).

Proof. By Lemmas 5.10(iii) and 5.12, S is a smooth surface of degree
3 in case a) and of degree 2 in case b). It remains to show that in case
a), S is a normal scroll in P4 and not a smooth cubic surface in P3.
Using (2.2) and Lemma 5.5 one can compute

L∗ · Ẽ3 = (2H∗ −D) · (H∗ −D)3 = −1.

On the other hand,

L∗ · Ẽ3 = −L|S ·KS +KV · L · S

(see e.g. [PZ15, Lem. 1.4]), and so, due to 5.9,

L|S ·KS = −L∗ · Ẽ3 − 2L2 · S = 1− 6 = −5.

If dim〈S〉 < 4, then S is a cubic surface in P3 and we have L|S ·KS =
−K2

S = −3, a contradiction. Therefore, dim〈S〉 = 4, and so, S ⊂ P4

is a linearly nondegenerate surface of degree 3, i.e., a normal cubic
scroll. �

Lemma 5.14. Under the setting as before, the following hold.

• ϕ(D) is a hyperplane section of V singular along S = ϕ(Ẽ),
• there is an isomorphism V \ ϕ(D) ∼= W \ ρ(Ẽ).

Proof. We have D ∼ ϕ∗L−2Ẽ in W̃ and S ⊂ ϕ(D), because any fiber
ϕ−1(s), s ∈ S, meets D. Thus, ϕ(D) ∼ L is a hyperplane section of

V ⊂ P
g+2 singular along S = ϕ(Ẽ).

Finally, since F ⊂ E = ρ(Ẽ) we have isomorphisms

W \ ρ(Ẽ) ∼= W̃ \ (Ẽ ∪D) ∼= V \ (S ∪ ϕ(D)) = V \ ϕ(D) .

�

The following corollary is immediate from (5.1) and Lemma 5.8. It
ends the proof of Theorem 2.1.

Corollary 5.15. Under the assumptions of Theorem 2.1,

• in case a) V ∼= V18 ⊂ P
12 is a smooth Mukai fourfold of genus

g = 10, and
• in case b) V ∼= V16 ⊂ P11 is a smooth Mukai fourfold of genus
g = 9.

6. Concluding remarks.

6.1. Cylindricity in families. Our Theorem 2.2 and the results in
[PZ15] show that for any g ≥ 7, in the family of all Mukai fourfolds of
genus g there exist subfamilies of cylindrical such fourfolds. The ques-
tion about cylindricity of all the Mukai fourfolds of genus g ≥ 7 remains
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open, and as well the question about cylindricity of Mukai fourfolds of
lower genera is. We expect that the answers to both questions are neg-
ative in general. However, at the moment we do not dispose suitable
tools to prove this.

6.2. Rationality questions. The question about cylindricity is ulti-
mately related to the rationality problem. For instance, in dimension
3 cylindricity of a Fano variety implies its rationality. Note that for
any g = 5, . . . , 8 there exist rational Mukai fourfolds V = V2g−2 ⊂ Pg+2

of genus g. We also have the following fact.

Proposition 6.1. Any Mukai fourfold V = V2g−2 ⊂ Pg+2 of genus
g ∈ {7, 9, 10} is rational.

Proof. By Shokurov’s theorem ([Sho79]) applied to a hyperplane sec-
tion, there exists a line λ on V . By an easy parameter count (see
[PZ15, Lem. 2.4]) a general hyperplane section of V passing through
λ is smooth. Hence one can take a pencil H of hyperplane sections
of V passing through λ whose general member U = H2g−2 ∈ H is
a smooth anticanonically embedded Fano threefold of genus g with
PicU = Z · KU . Blowing up the base locus of H yields a family
V→ P1, whose fibers are the members of H and the total space V is
birational to V .
Consider the generic fiber X = V × Spec C(P1), where P1 is the

parameter space of the pencil H. As before, X is a Fano threefold of
genus g over the non-closed field C(P1) with PicX = Z ·KX . It suffices
to show the C(P1)-rationality of X .
By construction, the line λ ⊂ V gives a line Λ ⊂ X defined over

C(P1). Then we can apply the Fano-Iskovskikh double projection Ψ :
X 99K Y from Λ, see [IP99]. For g = 9 (g = 10, respectively) the map
Ψ is birational and Y is a form of P3, i.e., a Brauer-Severi scheme,
(a smooth quadric Q ⊂ P

4, respectively). Since C(P1) is a c1-field,
by Tsen’s theorem, Y is C(P1)-rational, and so, X is as well. In the
case g = 7 we have Y ∼= P1 and Ψ is a birational map to a del Pezzo
fibration of degree 5. Thus, the original variety V has a birational
structure of a del Pezzo fibration of degree 5 over a surface. Then V is
rational by the Enriques–Manin–Swinnerton-Dyer theorem (see, e.g.,
[ShB92]). �

We do not know whether the rationality as in Proposition 6.1 holds
also for the Mukai fourfolds V2g−2 of genera g = 5, 6, 8.

6.3. Compactifications of C4. The Hirzebruch problem about com-
pactifications of the affine space An ([Hir54]) is also very close in spirit
to our cylindricity problem. One can ask the following natural ques-
tion:
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Which Mukai fourfolds can serve as compactifications
of A4?

We hope that the corresponding examples can be constructed via
Sarkisov links, likewise this is done in the present paper for cylindricity.
For the del Pezzo fourfolds, a similar problem was completely solved
in [Pro94].
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