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Chapter 1
Coalescing complex planar stationary points

Loic Teyssier

Among all bifurcation behaviors of parametric families of real planar vector fields Z, =
(Zx)xea» those that stand out most prominently are confluences of distinct stationary
points. The qualitative change is so drastic that in some classes of families (e.g. fold-
like bifurcations) the stationary points generically annihilate each others in the process
(Sotomayor’s theorem).

The simplest example of such a behavior, an instance of saddle-node bifurcation, is the
polynomial family (X5°), cr given in the canonical basis of R? by

(1.1)

X5 )= | 0

Y

The bifurcation value occurs at A\ = 0: for negative A the system has two stationary
points located at (:I:\/—_/\, O) which collide as A reaches 0, while none remain for A > 0.
The stationary points have left the real plane, true enough, but only to slip into the
complex domain. Let us elaborate a bit on this observation in order to motivate the need
for complexifying the whole setting, even in the context of real dynamics.

The trajectories ¢ — (z(t),y (¢)) of X$° appear naturally as solutions of the au-
tonomous flow-system of XS°:

and can be implicitly expressed by solving the associated non-autonomous differential
equation. This equation is obtained by eliminating the time in the flow-system using the
rule ¥ = g—y:
xr xT
2
(@ + )y (2) = y(2) .

Separation of variables yields multivalued complex solutions
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1/2ivX
z—ivVA o
Yr 1z | ———= ,ceC. (1.2)
Z24+1iVA
On the one hand, if A < 0 real solutions are given on appropriate intervals by
T — V=
T+ V=A

from which we deduce that (—\/—)\, 0) is a saddle-point and (\/—)\, O) a node-point. On
the other hand for A > 0 we have

1/2v=x

Yr 1 T , ceER, (1.3)

Yr 1 T —Cexp (% arctan %) ,ceER. (1.4)

The latter is a perfectly honest real-analytic function on R. One might wonder why,
despite the fact of being so regular a function, its Taylor expansion at 0 does not have
infinite convergence radius instead of v/A. One can explain the discrepancy by, say, direct
use of Cauchy-Hadamard formula, although one cannot understand its source without
noticing the imaginary singularities +iv/A quietly sitting on the boundary of the disk
of convergence. Also it is hard to understand why, when playing the movie backwards
starting form positive values of A and reaching negative ones, a stationary point somehow
pops out of nowhere. One can see the singularity coming only when looking along the
imaginary axis.

At aless commonplace level, when A < 0 both stationary points organize the dynamics
of X5° and there is no reason why they should stop to when A > 0, or even when A is not
real, and we will present how.

We begin this text by performing the detailed study of affine families perturbing Xg°
in Section (1.1)

22+ A
X, @ Xy (z,y) = Y (172 n /\) NOIE (1.5)
where (\,7) — ay (z) is a given analytic function near the origin of C?. Let us denote
Affine (1) the collection of all such vector fields. Although for elements of Affine (1) all
computations can be performed explicitly (variation of constant), some natural questions
and non-trivial answers arise already in this case-study. Generalizing the constructions and
objects introduced in that simple situation to arbitrary bifurcation-preserving analytic
perturbations of the model family X3° is the main concern of the rest of the chapter.
Reducing the setting to analytic parametric families may seem rather restrictive. Yet
the geometric approach we present here could be inherited by less regular situations, or
could give insights as to where sources of peculiar behaviors may lie. On the other end
of the argument, the obvious added benefit stemming from this restriction is the rigidity
of holomorphic functions and diffeomorphisms of complex (compact) manifolds. Also the
analytic class encompasses polynomial vector fields, of special interest for planar vector
fields e.g. regarding Hilbert’s 16th problem on the number / position of limit cycles, or
Poincaré’s problem on the existence of rational first integrals.
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In the sequel we investigate the links between local dynamics on the one hand, local
classification (i.e. up to local changes of analytic coordinates and parameters) on the
other hand, while at the same time hinting at how they can help measuring divergence
of some class of «summabley» power series. We particularly explain the role of complex
geometry and analysis in understanding saddle-node bifurcations. We wish to underline
that the two objects Zy and (Zy), 2o are intertwined, as dynamical properties for one can
be deduced from studying objects attached to the other and wvice versa.

The topic addressed here regards more precisely germs of parametric families of vec-
tor fields in the complex plane, enjoying a saddle-node bifurcation and corresponding to
first-order non-linear differential equations. C. Rousseau has pioneered the classification
of some non-linear (discrete or continuous) dynamical systems having a saddle-node bi-
furcation [18, 23, 24, 26, 27, 25]. She has also initiated the study of families of vector fields
corresponding to linear differential systems in finite-dimensional complex linear spaces,
with Fuchsian singularities merging to an irregular singularity [14, 15, 16, 13, 12]. The
Stokes matrix of the irregular system is recovered as the limit of well-chosen monodromy
matrices of the Fuchsian systems. The basic techniques involved are not much different
from the non-linear case, in particular those pertaining to the decompositions of both
parameter space and dependent-variable space, which are presented in the course of the
chapter.

We do not wish to emphasize too much the link between local orbital classification
of Zo and local classification of its strong holonomy b,, the family of holomorphic first-
return map of Z on a fixed horizontal disc which crosses {a:2 + A= O}. The connection is
very clearly explained by C. Rousseau for instance in [23] for saddle-node bifurcations, or
again in [25] for deformations of a resonant saddle stationary point. Although both objects
encode somehow the same dynamics, and are classified by the same invariant under local
analytic equivalence and change of parameters, we take advantage of the extra dimension
the complex plane C? offers to deploy more geometrical constructions @ la Martinet-
Ramis [20, 30]. Instead of simply deducing the classification of vector fields from that of
holonomies, which would frankly spoil all the fun, the present text is focused on building
objects specifically from the continuous nature of the dynamics of Z). Although both
moduli spaces end up with the same presentation, some formulations for vector fields
yield different characterizations of e.g. the orbital «compatibility condition» as compared
to holonomies [26]. A by-product of this approach is an explicit family of normal forms
for bifurcations Z, having persisting heteroclinic connections, generalizing [28] to the case
A # 0. There is as yet no such known explicit universal family for holonomies b, (not
even for h).

The choice has been made to focus mainly on precise constructions, and sketches
of proof whenever doing so helps the exposition, while detailing the proofs of original
material. The missing technical details are to be found mostly in [27].

All notations and basic notions pertaining to the theory of holomorphic vector fields
and foliations shall be recalled in Section 1.2.

Section 1.3 is devoted to an introductory text, giving a brief historical overview and
explaining the main relationships between the former themes.

In that respect we present a more detailed account of the formal and local classifi-
cations in Section 1.4, where the main theorems are stated, and subsequent sections.
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We particularly address in Section 1.9 the dynamical interpretation of the modulus of
classification.

1.1 Affine saddle-node bifurcations

The study of affine saddle-node vector fields was initiated in the second half of the nine-
teenth century by C. Bouquet and C. Briot [3| as a family of examples of invariant
manifolds existing at a formal level but not at an analytic one, generalizing the famous
Euler’s differential equation 2%y’ = y — x. Their first significant result is the existence
of a formal weak separatrix for Xy, that is an invariant formal curve {y = 5 (x)} with
§ € C|[[z]]. They obtained an explicit criterion for convergence of § in terms of the Taylor
coeflicients of ag, which we recover in Proposition 3 after a study aimed at understanding
how the trajectories of X, A # 0, evolve into those of X.

We begin by explaining the easiest instance ae = 0. Standard results describing the
regularity of parametric solutions state that solutions yy in (1.3) and (1.4) converge to
corresponding solutions for A = 0

2%y (z) =y (v) (1.6)

()
Yo : x> cexp | —— ,celC
x

uniformly on compact subsets of Rz as A — 0 (it suffices to wait until the stationary
points have left the compact set). Now, can we say something about the convergence near
0 ? Obviously the question only makes sense for families of solutions bounded near 0 as
A — 0. For A = 0 the limiting objects are center manifolds of the saddle-node stationary
point (0,0) of X§°. As a real vector field X3° has infinitely many center manifolds passing
through (0,0), each one given by the graph {y = s(z)} of the smooth (meaning C)
function

s : R—R
r<0+——0

1
x>0+ cexp (——)
T

for arbitrary ¢ € R. Those are the only bounded solutions of (1.6) at 0. Only one of them
is analytic there, namely Sy := {y = 0}, all others being non-zero flat functions. This
property identifies uniquely a distinguished center manifold, called the weak separatrix
of X§°, with the most regular dynamics. The weak separatrix is the limiting curve of the
family (S»), collecting the only smooth integral curve connecting both stationary points
(:l:\/—_)\, 0) for A < 0. In this simple situation the only such heteroclinic integral curve

is Sy = {y = 0}, since y, in 1.3 is not of class C™"! at the node, r := {ﬁ], save for
c=0.
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Consider next a quadratic perturbation of Xg°, the Euler family

2+ A ] (1.7)

E>\ (l‘,y) = [y_ (I2 _|_)\)

whose stationary points are again located at (+s,0) where, for the sake of simplicity, we
set:

s:=vV-\.

This is a special member of Affine (1) (see (1.5)) obtained by setting ae := 1, yet we are
to prove that together with X3° they somehow span all possible behaviors for members
of Affine (1).

For A = 0 infinitely many smooth center manifolds persist through (0, 0), given by the
graphs of

50 : R—R (1.8)
1\ [° 1
r<0r—exp|—— exp | — | du
x) ). U
0—20

oo () (e [ (L) )

A standard calculus exercise consists in checking for the smoothness of sy. Yet none of
these functions can be analytic, as if one were it would possess a convergent Taylor series
5 at 0 solving

%8 (2) = 5 (z) — 2% . (1.9)

A straightforward computation yields the unique formal power series

s(x)=x Z nlz™

n>0

which has null radius of convergence. We say in that case that we encounter a divergent
weak separatrix. It is worth mentioning that the Taylor expansion of each sg at 0 is .
Here we cannot distinguish a preferred center manifold in the class of analytic objects
t (0,0). Although the divergence of the weak separatrix can be explained computation-
ally for the Euler family, the generic perturbation X, € Affine (1) is impossible to deal
with this way since no reasonable closed-form formulas for the coefficients of § exist in
general. Even so the basic formal approach, computing coefficients of § one after the
other, cannot prove nor disprove the power series convergence in finite time. We propose
a dynamical approach instead to trace back the source of the divergence (Theorem 1),
which leads to the semi-decidability of the convergence of s: there exists an algorithm
taking a «computable» a, as input and stopping in finite time if, and only if, § diverges.
The key is to check whether the complex contour integral
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1 1/2s
V) = —— ao(z)<z+s) dzeC

2ir [, g1 Z—5

vanishes (meaning convergence), for 7 > 0 small enough. This viewpoint also allows us to
find a complete collection of normal formals (Theorem 2).

When A\ < 0 write S} the (analytic) stable manifold of the saddle-point located at
(—s,0) and, when it exists, S} the (analytic) unstable manifold of the node-point at (s,0).
What happens in the Euler family is that no heteroclinic connection between stationary
points takes place: S, does not coincide with S;‘. We aim to establish that this property
has a predominant bearing on the convergence of the weak separatrix.

Theorem 1. Consider a family X, € Affine (1) as in (1.5). The implications (1)=(2)=(3)

hold, and if moreover %L)\* =0 then (3)=(1).

1. The vector field X, has a heteroclinic connection for all A < 0 sufficiently close to 0.

2. The vector field X, has a heteroclinic connection for values of X < 0 accumulating on
0.

3. The vector field X, admits a convergent weak separatriz (that is, an analytic center
manifold).

Remark 1.

1. In each item of the theorem the corresponding property is equivalent to the existence
of an open interval I > 0 such that the differential equation

(2 + M)y (2) =y (z) — (2 + A) ax () (1.10)

admits a solution analytic on I, for every corresponding values of A. The solution is
necessarily unique.

2. The practical usefulness of the theorem is by contraposition: if we happen to know that
X, has a divergent weak separatrix then any unfolding X, € Affine (1) of X, eventually
sheds all heteroclinic connections as A goes to 0.

We prove this theorem for the Euler family E, in the next Section 1.1.1 for (2)=-(3) and
Section 1.1.2 for (3)=(1). After that step there are two ways to process the general case.
On the one hand the proof performed in Euler’s case could be adapted straightforwardly to
fit the more general setting. On the other hand we can provide a collection of normal forms
X% for Affine (1) on which the validity of the equivalences are easily read. This approach
brings also the benefit of characterizing completely situations for which (3)=-(1) holds.

Theorem 2. Consider a family X, € Affine (1) as in (1.5).
1. There exists a unique
K € N:=Z5oU{o0}
such that X, is conjugate to one of the models X%

X3 (z,y) = [y - ;5 (tcz)\Jr /\)]
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where we conventionally identify \*° and 0. This conjugacy can be chosen fibred in
the variables x and A\. Moreover families Xy are mutually orbitally non-equivalent for
different values of k.

2. The implication (3)=(1) in Theorem 1 holds if, and only if, k € {0,00}. Notice that
the condition %L)\* = 0 implies k € {0,00}.

This theorem, proved in Section 1.1.3 below, discriminates all three possible qualitative

dynamical behaviors occurring in Affine (1).

k=0 Pure divergence. For every A # 0 sufficiently close to 0 the vector field X
has no heteroclinic connection while X, has a divergent weak separatrix.

k € Nsg  Sly convergence. For every A # 0 sufficiently close to 0 the vector field X
has no heteroclinic connection although X, has a convergent weak separatrix.

K = 00 Pure convergence. For every A # 0 sufficiently close to 0 the vector field X
has a heteroclinic connection so that X, has a convergent weak separatrix.

Here the modulus space N for analytical orbital classification is discrete. The property no
longer persists for families unfolding a more degenerate saddle-node, i.e. the coalescence
of k + 1 stationary points with k& > 1. We refer to [27] for this more involved situation.

1.1.1 From heteroclinic connections to convergence

We must exclude values of the parameter A for which there are no analytic unstable
manifold through the node of the Euler vector field E,. Although this phenomenon is not
generic, it still turns up for an infinite discrete set of parameters. The stable manifold is
always unique, given by the graph of

sy :]—s,s[—R

- 1/2s  ,—g 1/2s
T — <S x> / (s—l—u) du . (1.11)
stz 2 s—u

1. E, admits a (unique) analytic unstable manifold S;‘ if, and only if,

Proposition 1.

-1

)\E/iZ: |R<0\m .

2. There ezists a unique function ¢ : \/—A — R such that for all X € A the manifold S;\r
coincides with the graph of

sy i ]—s,s[—R

1/25 0 1/25
s—x S+ u
x»—>(8+w) <c(s)+/x (s—u) du)

3. ¢ is analytic.
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Proof. First notice that whatever the value of ¢ (s) may be, the graph of s} is an integral

curve of E, even when \ ¢ A. Swapping the order of summation and integration operations
in the expansion

(w+s)"> =" ok (s) (w—s)"
n=0

which converges uniformly on compact subsets of | — s,3s[, we isolate the candidate
singular term of 51‘ at s:

Sn+1—1/23 s — 1

s—a\"™
S@=-(270) [0 T areer S e omn
2s

+ (analytic at s)

where

if L
a*(s):—{o fa: €N

1 otherwise

If .- € N no choice of ¢ (s) € C may yield an analytic s{. On the contrary for A € A we
can only have

— 1/
gntl /2

n+1—2—15’

c(s) = ay (s)(=1)"
n=0

which is an analytic function of s. ad

A consequence of the proposition is the following: if % € N there are no heteroclinic
connection, while a heteroclinic connection for A € A occurs exactly if

sy (0) =5 (0)

oy =ce+ [ (jfz)%du

Corollary 1. If ¢ vanishes on a set accumulating on 0 then § converges.

that is if

vanishes.

The proof requires our switching to complex analysis in order to use compactness of
normal families of holomorphic functions. The main ingredient is therefore to show that
(5;)_1 <A<0 extends to a uniformly bounded family of analytic functions on the slit unit
disc

{z e C\[s,0]: |2z] <1} .



1 Coalescing complex planar stationary points 9

We need to slit the disc because the complex (multivalued) extension of sy is given by
taking path integrals in the variation of constant method

_ 1/23 1/23
55 (2) = <S Z> / <S+”> du (1.12)
s+z y(z) \S— U

where v is a piecewise smooth path linking z # s to —s. We choose the determination of
the logarithm in such a way that s, (z) coincides with (1.11) on | — s, s].

Remark 2. We will discuss the relevance of the multivaluedness of s, regarding the ques-
tion of convergence of § in the next section, when proving the converse of the corollary.

Lemma 1. There exists C > 0 such that for every (X, z) €] —1,0[x (S'\ {1}) we have
‘5; (z)| <C.

Proof. Let us build an adequate integration path v (z) for which bounds are easily ob-
tained.

® When S (2) < 0 we first follow the shortest anticlockwise arc v~ (z) of S' joining z to
—1, then the interval

I)\ L= [—1,—8] .

® Otherwise we follow the shortest clockwise arc 4 (2) of S! joining 2 to —1 before Iy.

Foruel)\wehave0<z—f§<lsothat

s 1/2s
/ <u+s> du<(1-3s) .
-1 uU—=3s

Moreover there exists C7 > 0 for which

s 2 1/2s s+u 1/2s
sy ()] < (1—s)+/ du )| <Ci(1—s)+
s+ z NE(z) ST U
because on the one hand :J_F—Z < % when 2z € 8! and u € 4* (z), while on the other

hand

1
< 15 and lim 1) 7 e
= 1-s s=0 \ T—5 -

s+z
s—z

We get on now with proving Corollary 1.

Proof. Each function s, , holomorphic on the slit unit disc, can be analytically extended
to the whole D precisely when it is analytic near s or, in other words, ¢ (s) = 0. Let 2 C
©~1(0) be a set accumulating on 0. Because of Lemma (1) and of the maximum principle
we know that s, is bounded on D uniformly in —1 < A < 0, i.e. the family (5;)/\69
is normal. Thus by Montel’s theorem we can consider an adherence value (for uniform
convergence on compacts sets of D) which must be a solution to Euler’s equation (1.9)
with analytic Taylor expansion at 0. But there is only one such formal power series solving
Euler’s equation, namely §. O
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Remark 3. We can give a series representation for ¢ using the expansions
(s:l:uil/%* Zoz ) (uFs)"

where the determination of the logarithm on the left hand side is chosen in such a way
that the function is real on | — s, s[. In particular

im

ol (=) = (1) 0y (s) = oy (s) exp o -

In that setting

1 n n+1—1/23
Z?’L+1—l/2s( ) s

n=0

and it is easy to compute

O stu)” o a, (s) 141/
d — "7_171" 2s o
L) e R mim o=

therefore

w(s)=c(s) —c(—s) . (1.13)

1.1.2 From convergence to heteroclinic connections

We just observed that if s, is uniform (that is, not multivalued) then § converges. We
want to establish the converse statement in the following way. When § converges it defines
a real, entire holomorphic function, in particular for given z, > s

(s o) i= (2,5 ()

is a well-defined point in R?. Consider the solution yy of (1.10) with initial value (., y.)
and its local analytic continuation over

E)\ :ZE\ {:I:S}

We are more particularly interested in the analytic continuation of y, along the unit
circle, which can be performed in the universal cover of D\ [—s, s] as we explain below. We
identify the action of the desk transform of this covering with the symbolic multiplication
of z by exp?2im, so that the analytic continuation of yy along S' can be conveniently
written yx (2. exp 2ir). Because (y)), converges uniformly on compact subsets of p~* (S*)
as A ? 0, if 5§ converges then we must have
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lim yy (2. exp 2i7) = Y .
A20

Let us see how this observation relates to the presence of heteroclinic connections.

Proposition 2. For every A € A and (24, y) € Rag X R write z — y (2,y) the solution
of (1.10) with initial value (z.,y). The local analytic continuation of yy (e,y) over S!
follows the rule

1/2s
Ly — S ™
. exp2im,y) =y — 2i in — .
Ya (T exp2im,y) =y 1<x*+8> o (s)sin o

In particular

lim yy (24 exp 2i7) = y.
A—=0

if, and only if,
. T
Sh_r)%ga(s)sm%—O.

Remark 4. Notice that when y € R and A\ € A the continued value yy (., exp 2im,y) is

1/2s
. Tsx—S n
never real since (I*Jrs) ¢ (s)sin 55 € R.

In order to establish the proposition we need to understand the monodromy of

s—l—z)l/%

S —Z

gs z#:l:s'—>(

We fix a determination g} of §; on (D\R) U] — s, s[ in such a way that g%||_ s coincides
with the canonical real determination used previously. For any path v, starting from 0
with image included in Dy, we define

8. (7) = & (0) exp / du

u2+ X\

Fix a system 4+ of generators of m; (E,\, 0) whose index around +s is 1 and 0 around the
other point. The monodromy of g, is multiplicative and given by
du +im
A :l: A~ A
s A — Us 5  ~ — Ys )
(v Av) =3 (v)eXpy%i oy = 8 (V) exp —

according to the residue formula and the identity

111
224N 2s\s+2z s—2z)

In particular

4 (VAT AY) =8 ()
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so that g is actually holomorphically extendable to D\ [—s, ], as claimed. We prove now
the proposition.
Proof. The difference
(2, exp2ir,y) — g
Yo (zeexp2im,y) —y = ——— @ 85 (u)du
s (.’IJ*) St

can be computed by deforming S' into the concatenation v~ A v of generators of
m (IDA, O) given by

v~ t€0,1] — —s+ sexp (2int)
vt te0,1] — s — sexp (2im (t — 1))

using the relation

yilﬁi (U)du:[y @s(u)du—i—/ﬁgs(u)du

(notice that we do not use the symbol ¢ for the paths 4% because this integration really
happens in the universal cover of Dy and the lift of v* is not a loop). Using the notations
and formulas presented in Remark 3 we compute

R e a” (S) | sexp 2im
. du = n [ n+1+ /2s:|
[yg(u) u ;7n+1+1/25 z

n=0 s

—(1-e0T) e

with z :=wu + s, then

[ o tau= 3 SO st

S

0 s exp(—2im)
= <exp T 1) c(s)
s
with z := s — u. The conclusion follows from
— (=2 " e —ir
g (x.)  \zx+s *P s
and from (1.13). 0

We end the story by an explicit computation which settles the question of the diver-
gence of 5.

Lemma 2. For every A € A we have

<p(s)sin% =m.
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Proof. We just proved

—i 1 A
@(s)sin% :erxp% X o Slg: (u) du

1 (u—l—s)l/%
=77 X —F du .
2im Jor \u—3s

1/2s
The latter integral can be evaluated using the residue formula at oo since z — (jfﬁ)
1

is holomorphic at this point. Setting w := 7 we compute

(”S)V% - (”“’S)% — exp (w +0 ()

Z—S 1 —ws

and

1/23

1 1 d

— (u—i—s) du = — exp(w—i—o(w))—w:l.
gl

2im u—s 2im Jau w?

1.1.3 Normal forms

We just established the equivalence in the Euler family between

® divergence of §,
@ absence of heteroclinic connections (non-vanishing of ),
® mnon-vanishing of the integral

1 wt s\ 1 T
P du = — in—=1.
75T oir 51 <u - s> " w@(s) s

In order to establish the classification Theorem 2 we need to find an (almost) invariant
quantity under changes of coordinates. This invariant turns out to be ¢5. One can argue
that it suffices to consider ¢ instead, which is somehow nicer because of its dynamical
flavor. Yet ¢ is afflicted of serious drawbacks:

® ¢ presents an accumulation of poles as s T> 0, and there is no hope of extending it

analytically at 0,
® ¢ is odd, and there is no hope of extending it holomorphically on an annulus surround-
ing 0 as a function of .

None of these shortcomings hinder ¢}, even in the more general setting of affine unfoldings.

Proposition 3. For X, € Affine (1) as in (1.5) we may find p > 0 such that (A, z)
ay () is holomorphic on p?D x pD. For s € pD\ {0} define
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1 1/2s
Yy = —yg a_g (u) <u+ S> du . (1.14)
pSt

2im u—3s

1. The holomorphic mapping s — s can be continued to an even germ of a holomorphic
function at 0 satisfying

1
vy ==—0 ao(u)exp—du .
u

2. Write ax (z) = .7 ¢n (N) 2™, Then for s € pD\ {0}

R 2 :
A=y T w2 (o)LL os 2 T0 20

n=0

with limit

3. The formal solution § with (0) =0 of

converges if, and only if, o = 0.

The third statement of the proposition is actually Briot-Bouquet’s result [3].

1/25
Remark 5. We deduce the determination of g, := ('—J_r'z) from that of the function g
built in Section 1.1.2 by setting

—im

gs := gseXpi .

The multiplicative monodromy of g, is the same as that of gs.

Proof.

1. Although it is a consequence of 2. we can prove directly the property. First notice
that o™, = @2 Also z — a_, (2) gs (2) converges uniformly to z — ag (z) exp L on
pSt as s — 0, so that s — % is bounded on a pointed neighborhood of 0. Riemann’s
removable singularity theorem yields the conclusion. This is a trick used broadly in
this text.

2. For n € Z>¢ let us evaluate

1
ts(n):==— @ u"gs(u)du .
2im 1
The residue formula used in Lemma 2 to compute ¢s(0) sure works here, yet one

would have to formally derive a closed-form for the Taylor coefficients of z — g5 (2)
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at oo, which is no trivial task. We relate instead the computation at hands to the
Beta function, more precisely its integral representation along a Pochhammer contour
around 0 and 1. Introduce first the contour around —s and s

P:=v" Ay A=) A (=) (1.15)

where y* are generators of m; (D\ {+s},0) as described in Section 1.1.2. The identity

yg u"gs (u)du = (exp T 1) yg u"gs (u) du
P S gl

—im
s

holds because the value of g above v A v~ is multiplied by exp as compared to

that above (—yT) A (—y7).
We invoke now the standard formula

(1 — exp 2iar) (1 — exp 2ibn) B (a,b) = yg 21— 2) e, (1.16)
P

where P is a Pochhammer contour around 0 and 1. We can take for P the image of P
under the change of variable

1
z::£(s—u)

which transforms u — s into —2sz (maps s on 0) and v+ s into 2s (1 — z) (maps —s on
1). It is therefore relevant to work with the expansion

1 n

u = T Z <p> (u+8)P (u—s)? .
ptg=n

From (1.16) we compute, for p + ¢ = n non-negative integers,

tpg = 56 (u+ s)p+1/2s (u— s)qfl/% du
Sl

1

S

T §é; (ut s)PF% (u = 5)7 7> du
(2s)" T —im
= —————exp—

exp
_ 1— p+1/2s q—1/2sd
ppp—; 55 é) (1-2) z z

2 n+1 - . . 1 1
ZL_.eXpj 1—exp£ 1—exp1—7T B{l+g— —,14+p+ —
1 —exp—~ 2s S S 2s 2s

1 1
=2i(25)" " sin B (14+¢— —,1 —
£(29) by ta 25’ +p+25

2i 7 1 1
= = 2" tsin—T(14+¢g——|T(1 — ).
(n—i—l)!( 8)" sin 2s ( +4a 2s> < tpt 2s>

Since I' (z+ 1) = zI'(z) and I' (1 — 2) I' (2) = === we deduce finally

sinz
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2ir e _
tp.g = CES H (1+ 25])j1;[1 (1 —2sj)

and
ts (n) = mpg;n <Z> E (1+ 2sj)j1;[1 (1—2sj) .

Because ¢! is obtained by integrating a holomorphic 1-form on a compact loop we can
swap the order of summation operators:

56 a_g (u)gs (u)du = Z én (—87) ts (n) .
st =0

3. After applying a convenient linear scaling of the z-coordinate we can assume that ag
is holomorphic on D. For z € D\ [0, 1] consider a path « (z) joining 0 directly to —1,
then reaching z within the domain. The function

— -1 1
55 : z2€D\[0,1] — exp 7/ ap (u) exp Edu

v(2)

is well-defined and holomorphic on D\ [0, 1]. It is the only solution to the equation
which tends to 0 at 0 over R-g. It must therefore coincide with § when one of the two
objects represents a holomorphic function on D. The conclusion follows from the fact
that ¢f embodies the monodromy of the multivalued continuation of s, on D\ {0}.

O

Let us present now the classification theorem.

Theorem 3. Take two families X, and )~(. of Affine (1). The following properties are
equivalent.

1. There exists a germ of a holomorphic function X\ — ¢ (\) with ¢ (0) # 0 such that for
all s sufficiently close to 0

pe=c(=5") ¢} -

2. X, and )~(, are conjugate.

Any conjugacy between the two families must fix A, and in that case a change of coor-
dinates Wy such that WX, = X, exists in the form

()\,$,y)’—>()\, T, yc()‘)+¢>\ (‘T)) :

Proof.

1. = 2. We find a germ of a holomorphic function (s, z) — 15 (x) such that

U_g (z,y) = (z,yc (=) + ¥, ()
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satisfies ¥* ,X_ ., = )~(752. We prove next that s +— 15 is even, so that there exists a
holomorphic function (A, z) — ¢y (z) with ¢_,2 = 1b5. By definition we need to solve
the equation

DV, (X,) = X, 0 ¥,
where \ := —s2, that is
22 (2) = P (2) = 0a (2) (22 + A)
where
ox (2) == ax(z) —c(Nax(z) .

Without loss of generality we can assume that ¢ is holomorphic on D. Suppose first
that 0 < s < 1. The method of variation of the constant yields

1

EANE

/ b () g (u) du

which is holomorphic on D\ [s,1]. Because @2 = ¢ (—s?) " the function 1, extends
to a uniform (holomorphic) function on D\ {s}. As in Lemma 1 it is easy to prove
that v is bounded on S! (uniformly in s). Using the maximum modulus principle and
Riemann’s removable singularity theorem we deduce that s extends holomorphically
to D. Montel’s theorem ensures that (1s), converges uniformly on D to some function
o for which V¢ X, = X,.

The above construction can be holomorphically continued for all s € D\R , in that case
the graph of 14 coincides with the invariant manifold of the collection A, € Affine (1),

2+ A

Ay (z,y) = y— 0y (2) (:172 + /\) )
passing through the hyperbolic point (—s,0) and transverse to the line {z = —s}.
This manifold is unique, as other non-vertical trajectories of Ay are multivalued. This
property guarantees that a heteroclinic connection occurs in Ay, otherwise s would
not be uniform near (s,0). Therefore the local graph of ¢4 near (s,0) = (—(—s),0)
coincides with that of 1)_ . From the analytic continuation principle we derive ©_; = 1),
for s € D\R, which allows to extend holomorphically (s,z) — 1 () to D x D to an
even function of s, as expected.

2. = 1. Take an orbital equivalence

7o (\2,y) — (¢(N), ¥ (z,y)) € Diff (C?,0)

between X, and )N(.. Assuming that ¥ is holomorphic on D x D x D does not lessen the
generality of our argument. We prove that ¢ = Id. The key ingredient is the following
classical fact.

Lemma 3. Take p € C? a stationary point of a holomorphic vector field X, and con-
sider the linear part of X at p, i.e. the linear mapping DX (p). Let L, (X) denote the
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equivalence class of its spectrum under the equivalence

{)\1,)\2}M{5\1,5\2} — (ECEC;AQ) : {)\1,)\2}20{5\1,;\2} .
Then Ly, (X) is invariant under orbital equivalence.
In our situation for given A the diffeomorphism ¥, maps p+ := (:I:\/—)\, O) to pr =
(:I: (1) /= (N, O) for some integer ¢. Because the spectrum of the linearization of
X, at p4 is {:|:2\/—/\, 1} we must have

VA =) (-1)

or

1 =vV=a/=eN(-1) |

The former identity yields A = ¢ (A\) while the latter A¢ (\) = 1 cannot hold on a
neighborhood of 0. Also ¥, must fix each stationary point (+s,0). We will not prove
that ¥, can be taken to act identically on the z-variable, although it is the case (see

e.g. |27, 28]). The other claims can be recovered by a formal computation.
O

Corollary 2. For X, € Affine (1) there ezists a unique
Kk € N:=ZsoU {0}
such that X, is conjugate to one of the models X5

X5 (w,y) = [y - f*j &Z‘A+ /\)]

where we conventionally identify A°>° and 0. Moreover families X5 are mutually orbitally
non-equivalent for different values of k.

Proof. There exists a unique x such that

for a germ ¢ of a holomorphic function at 0 satisfying ¢ (0) # 0. Observe that the invariant
@m associated to X4 equals s**. Using Theorem 3 we obtain the first claim. The theorem
also implies that if X% is orbitally equivalent to X5 then \* = \*¢ (\) for some holomor-
phic function ¢ with ¢ (0) # 0 and every X close enough to 0. Therefore xk = k. a

1.2 Basic objects and notations

We chose to frame our study in a geometric setting, with its own standard terminology.
We present below basic objects attached to singular holomorphic vector fields: directional
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derivative, flow, change of coordinates, and most importantly singular foliations, first
integrals and normal forms. We recall related basic results of differential geometry. Read-
ers familiar with these concepts should skim briefly through this section mainly to fix
notations. The core of the exposition starts in Section 1.3.

1.2.1 Standard notations

In this paragraph n is a positive integer. All rings are commutative and unital.

@® We use the convention N = {1,2,...}. By putting expressions as index of N, Z, @, R
or C we build subsets of the space satisfying said expressions, e.g. Rc_1 =]oo, —1] or
ZZO = {O} U N.

® The open unit disc of C is written

D:={z€C : |z| <1}
and we denote by D := adh (D) the closed unit disc. Also
S':=D\D=0D={z€C : |z| =1}

stands for the unit circle of the complex line.

A complex number z € C has real part R (z) and imaginary part & (z).
The multiplicative group of invertible elements of a ring R is written R*.
The ring of polynomials in the variables (z;) over a ring R is written

® ® ®

1<j<n
Rz1y---52n]

while for x € {<,<,=,>,>} and d € N the notation R [21, ..., 2z,],, stands for the set
of such polynomials of homogeneous degree § satisfying § * d.

® The ring of all formal power series in the variables (z;) over R is written

1<j<n
Rzt 2a]] -
® For p € C™ the notation

(C",p)

should stand for the set of domains of C™ containing p, but by a standard and convenient
abuse of notations we actually write (C™,p) to mean some small enough such domain,
much like the usage for Landau’s o () and O (e) notations.

@® The algebra of holomorphic functions on an open set & C C" is written Holo (i/). We
say that a function is holomorphic on A C C™ if it belongs to some Holo (i) for A C U.
The algebra of all such germs of a function is denoted by Holo (A).

@ In the special case A = {p} we more conventionally refer to Holo ({p}) as

Holo (C", p) ,
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the algebra of germs at p of a holomorphic functions. The group Holo (C™,p)™ consists
of all germs U € Holo (C", p) such that U (p) # 0.
If moreover p = 0 we identify Holo (C™,0) with the sub-algebra

C{Zla"'azn}

of C[[z1, ..., 2zn]] consisting in formal power series which are absolutely convergent on
a neighborhood of 0.

The Holo (U)-module of all holomorphic vector fields on U is written X (U). The
Holo (C™, p)-module of all germs at p of a holomorphic vector field is written

x(C,p).
The set of biholomorphic mappings U — U from an open set U C C™ onto another
one U is written Diff (i — U ). As before this construction can be germified near
any A, A C C", yielding the set Diff (A — fl) whose elements ¥ belong to some
Diff(bl—ﬂfl) with A € U, A C U and ¥ (A) = A.
In the special case A = {p} and A = {j} we conventionally write Diff ((C"*,p) — (C",p))
instead. If moreover p = p we name

Diff (C", p)

the (pseudo)group of germs of a diffeomorphism fixing p.

A tuple of power series ¥ = (¥;),,,, € C[[z1,..., zn]]" is a formal diffeomorphism
when ¥ (0) = 0 and ¥ is invertible for the composition of formal power series (that is,
D% (0) € GL,, (C)). The group of all such formal diffeomorphisms is written

Diff (C",0) .

1.2.2 Lie derivative

Till the end of Section 1.2 we are given a vector field Z # 0 holomorphic on a domain
U C C?, which we understand as a section

U— TU=U x C?
p—(p, Z(p))

of the tangent bundle of . We write vector fields as derivations expressed in the canonical

basis (8%7 8%)’ say

0 0
7 =A— + B—
Ox + oy

for two unique functions A, B € Holo (/) not both identically zero.



1 Coalescing complex planar stationary points 21

Ezample 1. The simplest saddle-node encountered in (1.1) can be written

0 0
[ee) .2
X (z,y) = r +y_(9y )

The associated Lie (directional) derivative on functions f (or formal power series) is
defined by

Considering Z (p) as an element of the tangent space of U at p we have

Z-f=Df(Z) .

The Lie bracket of two vector fields X and Y is the vector field whose action by derivation
is

X,Y] f=X Y -f-Y-X-f.

We write for short [X,Y] = XY —Y - X, which makes sense component-wise and endows
the space of vector fields with a Lie algebra structure. When [X,Y] = 0 we say that X
and Y commute.

We define inductively for m € Z>q

Z~Of::f
zmt=z . (z™f) .

The action is extended component-wise to vectors or matrices of functions.
Any holomorphic function H € Holo (i) such that

Z-H=0
is called a first integral of 7.

Ezample 2. The function H : (z,y) — yexp% is a first integral of the saddle-node X§°
on C* x C.

1.2.3 Flow, integral curves and singularities

The local flow of Z at p € U is the germ of a mapping

o* : (C*p) x (C,0) — C
(@,y,t) — @ (x,y)

defined as the unique local solution to the flow-system of Z
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Aoy, (z,y)
dt
Y (z,y) = (z,y) .

=ZodY (x,y)

The Lie formula gives a series expansion, normally convergent near p x {0}, in the form

o] 4m
t m
Py = — 7" (1.17)

m=0

where Id : (z,y) — (x,y) is the identity of the complex plane. More generally for any
G € Holo (U) we have (locally for all ¢ € (C,0))

God! :Zt—'z-mG. (1.18)
m

m=0 ’

(In particular G is a first integral of Z if, and only if, G is constant along every integral
curves of Z.) If 0 € U the formula also holds for any formal power series G € C [[z,y]],
the right-hand side belonging to C [[z,y, t]].

Ezample 3. We compute easily

o0
t" T
. =3 = (nla™t, y) = t
Xz (2,9) g:o = (pla" s y) = (== vexp

For fixed p we perform the maximal analytic continuation of ¢t — @, (p) by patching
in the appropriate fashion well-chosen solutions to nearby flow systems. The result is a
curve parameterization % (p) : S, — U from a connected Riemann surface S, onto
the integral curve of Z passing through p. One encounters also the terminology «orbit
of p under (the flow of) Z», which is not use as such here but helps explaining some
terminology we employ below for changes of coordinates. The parameterization itself may
be referred to as the trajectory of Z passing through p. It is the natural parameterization
of the integral curve by the time of Z. Two vector fields Z and X on U have same integral
curves if, and only if,

Z=UX

for some U € Holo ()™
Notice that according to (1.18) the following identity holds (locally for all ¢ € (C,0))

Z-®Yy =Zodl, .

A singularity (or stationary point) of Z is a point p € U such that Z (p) = 0. The set
of singular points of Z is written Sing (7). Outside Sing (Z) we say that Z is regular.
Singularities of Z are the only constant trajectories.

Ezample 4. The only singularity of X&° is located at (0,0). It is therefore isolated. Any
other integral curve, distinct from {x = 0, y # 0}, coincides with a level curve of the first
integral H (z,y) = yexp <. For arbitrary p = (z,y) € C?, the trajectory of the integral
curve passing through p is defined on S, = C\ {%}
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1.2.4 Holomorphic foliations

We wish to describe the holomorphic singular foliation F = F associated to Z on
U. Roughly speaking it is the partition of U into singular points and leaves, the latter
corresponding to non-constant integral curves (without referring to a particular parame-
terization). There is a small catch, though, when Z is singular at p but the singularity is
not isolated. In that case we can factor out a greatest common divisor in the components
of Z, yielding a (local) decomposition Z = UX, where U € Holo ((132,1)) vanishes at p
and X € X ((132, p) either is regular or has an isolated singularity at p. All such eventually
isolated singularities p € Sing (X) form the singular set Sing (F) of F. By each point
p ¢ Sing (F) passes a unique leaf £, of the foliation, which is the maximal connected
smooth complex curve tangent to Z and containing p. It is obtained by gluing integral
curves of corresponding local vector fields X .

Two foliations Fz and Fx are identical if, and only if, there exists V, W € Holo (i) \ {0}
such that VZ = WX. If Z has only isolated singularities in ¢ then the conditions boils
down to Z = UX for some U € Holo (U)"~.

The restriction of F to a subdomain V C U is the foliation

Flv

of V, with singularities located at points of VNSing (F) and whose leaves are the connected
components of VN L, for each p € V.

Example 5. Take U := C*> and Z : (z,y) — yX (z,y). the vector field Z has the
line {y =0} for singular set. Yet Fz = JFxz has only one singularity at (0,0), all
other leaf is either of the form {y = cexp %1 , T F# 0} for some ¢ € C, or coincides with

{JJ:O, y;éO}

1.2.5 Changes of coordinates

We define the action of Diff (Z:l — L{) by change of coordinates on vector fields. On

the source space U of the vector field, ¥ € Diff (Z:l — Z/l) acts as a usual mapping by

composition. The action on the range space TU is induced by the direct product ¥ & D@,
sending (p,v) € U x C% to (¥ (p), DV (p) (v)). We write ¥*Z the element of X (U) defined
in such a way that the following diagram commute

d——3—>u

e |-

TU —— TU
141014

that is
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vz =Dw)  (Zow) . (1.19)

The vector field ¥*Z is called the pullback of Z by ¥. In that situation trajectories of
U*Z are mapped to trajectories of Z, leaving the natural time unchanged (locally for all
t € (C,0)):

Wodl., =0, oW . (1.20)

We say that Z € X (U) and ZeXx (Z;l) are analytically conjugate if there exists
¥ ¢ Diff (Z;{ — U) such that Z = ¥*Z. This is equivalent to the conjugacy equation

Z-W=2ZoWw (1.21)
being satisfied.

We say that Z and Z are analytically orbitally equivalent when there exists U €
N\ X g
Holo (L{) such that Z is conjugate to UZ. This means that Z is conjugate to a vector

field with same integral curves as Z, in other words that integral curves of Z are mapped
under ¥ onto integral curves of Z, yet the natural time changes in general.

Naturally all these notions can be germified. We then speak of local conjugacy and
local orbital equivalence. If (1.21) holds at a formal level for some ¥ € Diff (CQ, O) then
Z is formally conjugate to Z. If Z is formally conjugate to some UZ with U € C [[z, y]]*
then Z is formally orbitally equivalent to Z.

In case Z is (analytically, locally) orbitally equivalent to Z.a bijection ¥ realizing the
equivalence maps Sing (F;) onto Sing (Fz) and sends each leaf of F; onto a leaf of Fy.
We say the foliations 7, and F; are (analytically, locally) conjugate and define

!p*]:z = ]:l,I/*Z .

We extend the terminology in the obvious way for formal diffeomorphisms, speaking of
formal conjugacy between foliations.

Ezample 6. If one lets ¥ be (z,y) — (z,y — 8 (z)), where § is the formal solution to (1.9),
then E, = ¥*Xg° since

~ 0 0
e _ 27 _ e _
X0 () = 7 o + (s~ B (0) o
E, -V (z y):ng—l—(y—xQ?’(x)—xQ)g.
0 ’ Ox oy

1.2.6 Flow-boxes and first integrals

Around a regular point p ¢ Sing (F) we can apply the rectification theorem to some regular
XeX (62,]9) defining the foliation: there exists a local diffeomorphism ¥ : (CQ, p) —
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(CQ,p) such that U* X = %. Hence the leaves of F|c2,,) are images of small «horizontal»

discs included in {y =cst}. A pair (D,¥) of a domain D = (Cz,p) and a map ¥ €

Diff (D — (C™,p)) sending X to 6% is called a rectifying chart (or flow-box) for F.
Level sets of

H : ¥ (D)—C
V(z,y) —y

coincide with leaves of F|g(p). Because H is constant on integral curves of X it is a
first integral of X. Analogically any holomorphic function H € Holo (V) on a subdomain
YV C U, which is a first integral of Z|y, is called a first integral of F on V. Level sets
of H are saturated by F|y. When a connected level set of a non-constant first integral H
does not contain a singularity of F then it coincides with a single leaf of F|,,. We say that
H has connected fibers when it is non-constant and every level set is connected. When
there exists a first integral with connected fibers H then the algebra of all first integrals
FirstIntegral (V) on V is functionally generated by H:

Holo (H (V)) — FirstIntegral (V)
fr—FfoH

is bijective: any first integral factors uniquely holomorphically through H.

Ezample 7. The function H (z,y) := xy is a first integral of X (z,y) := xa% — ya%. Its

fibers are the connected Riemann surfaces {zy = c¢}. Notice that the two branches of
{zy = 0} are disconnected when the singularity (0,0) is removed from them.

The equation X - F = 0 has formal solutions F (x,y) = Zn7m>0 fn,ma"y™ satisfy-
ing fom = 0if n # m, while each f,, is free to chose in C. Therefore F (z,y) =

Enzo o (zy)" = f (zy) where f (t) := ano Jnnt™.

1.2.7 Moduli spaces, normal forms

The local rectification theorem says that there is a single equivalence class for local con-
jugacy near a regular point. One important goal in the theory of vector fields is therefore
to understand qualitative behaviors near singular points up to diverse conjugacy notions
(and their orbital counterparts for foliations). This means to describe the quotients, called
moduli spaces, of X (C?,0) under the action by conjugacy of Diff (C2,0) or Diff (€2,0)
respectively, i.e. to perform the (local, formal) classification by identifying a complete set
of objects invariant under conjugacy. We call such objects (local, formal) invariants.

An important invariant is the following. Take p € Sing (Z) and consider the linear part
of Z at p, i.e. the linear mapping DZ (p). Then its spectrum, written Spec (Z,p) for the
sake of simplicity, is invariant under formal conjugacy:

V& € Diff ((C"*,p) — (C",p)) Spec (W*Z,p) = Spec (Z,p) .

Besides, let A (Z,p) be the equivalence class of Spec (Z, P) under
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{ll,lg}w{il,ZQ} < (HCECX) : {ll,lQ}:C{il,ZQ} .

Then A(Z,p) is invariant under formal orbital equivalences. The quotient space is nat-
urally isomorphic to the double cover of Py (C) ramified over [1:1] and [—1: 1], ob-
tained under the obvious Z/2z-action [ly : ls] — [l2 :{1] in homogeneous coordinates.
The quotient is a smooth, compact Riemann surface of genus 0 parameterized by
[l : la] = [I3 + 13 : ll3], therefore itself a conformal projective line Py (C).

Generically this is the only invariant, as if [1l2 # 0 and 1/, ¢ R then the vector field
is hyperbolic and Poincaré’s theorem guarantees that Z is locally linearizable: there
exists ¥ € Diff (CQ, O) such that ¥*Z = llxa% + lgya%.

To be altogether correct, we need to mention that the group Diff ((32, 0) does not really

act on X (62, 0). If ¥ € Diff (CQ, 0) there is no reason why ¥*Z should be a holomorphic
vector field, even though (1.19) defines a perfectly valid vector field with formal power
series components. Yet being formally conjugate defines an equivalence relation, and we
write resulting quotients as if they were quotients of a group action, for convenience sake.

The complete invariants we seek should differ in nature from simply stating «the equiv-
alence class in the quotient». We particularly wish to build non-trivial bijective mappings
between the various flavors of moduli spaces and some functional spaces. Classifying vec-
tor fields is out of reach in such a general form, although it can be carried out for smaller
classes of vector fields. We take § C X (CQ, O) and write respectively

Mod. (8) :=/pift (c2, 0)
Mody,, (8) = S/t (c2,0)
the corresponding moduli spaces. Since formal conjugacy is weaker than local conjugacy

there is a canonical map Mod,,. (§) - Mody,, (§), and this is why in practice we fix a
formal equivalence class and perform the local classification within. The notation

[Z], € Mod, (F) , = € {for,loc}
stands for the equivalence class of Z € § with respect to corresponding class of conjugacy.

Let Mod, (§) = g/G stand for one of the above quotients and let (2 be a set. We call

® an injective mapping C' : Mod, (§) — {2 a classification of Mod, (F) (it is complete
when surjective),
® a surjective mapping R : 2 — Mod, (§) a realization of Mod, (F) .

The best way to realize a moduli space Mod, (§) in a concrete form is to find a collection of
(local, formal) normal forms NF, (§) C § satisfying the first two following properties:

Versality The natural map NF, (3) /a— 5 /¢ is bijective

Uniqueness There exists v € N and a smooth C”-action on NF, (F) such that for any
Z € NF, (§) the whole equivalence class [Z] € Mod, (§) is included in a
single orbit.
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Simplicity Although being primarily opinion-based, it is generally expected that elements
of NF, (§) have «simple» expressions in some «naturaly basis of the tangent
bundle.

Remark 6. The clause of uniqueness states that a normal form Z € NF, (F) is unique «up
to a finite-dimensional space». A notion of smoothness on spaces of germs (endowed with
a convenient locally convex topology) adapted to this context can be found for instance
in [29]. Once these normal forms are given it is in general straightforward to refine the
study and pinpoint unique representatives for a given equivalence class. This work can
be messy, though in practice seldom reaching further than linear algebra. In this text we
stick to finite-dimensional uniqueness.

Example 8. Let § := {Z ex ((132, O) : Z is hyperbolic at (0, O)} Then

Cloc : MOdloc (‘6) — (CX)2/Z/QZ
[Z],,. — Spec (Z,0)

loc

is a classification for local conjugacy, which is not complete. Injective realizations are
given by

Rioe @ (C\R) x C* — Mod,,. (9)

0

3]
(p,l2) — [lgpxa—x —i—lgya—y}loc .

Normal forms are given by

9 9 "
NFIOC (‘6) = {llI% +lea_y : (11712) € (C ) ) ll/l2 §é [R} .

Ezample 9. Theorem 2 asserts
Mod,, (Affine (1)) ~ N
with normal forms

NF, (Affine (1)) := {X§ : K €N} .

1.3 General saddle-node bifurcations

From now on we deal with the general case of a holomorphic germ of a planar saddle-
node bifurcation. For the bifurcation value of the parameter A € A, which we conveniently
locate at the origin of a complex affine space of which A is a (sufficiently small) domain,
the vector field Z; is of saddle-node type near, say, the origin of C2, that is:

® 0 is an isolated singularity of Zj,
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® the differential at 0 of the vector field has exactly one non-zero eigenvalue or, with
notations introduced earlier, Spec (Z,0) = {0,132} for some lo € C* (the singularity is
elementary degenerate).

To stick to general terminology, a (holomorphic germ of a) parametric family of (germs at
0 € C? of) vector fields Zy = (Z), 4 is called a holomorphic germ of an unfolding of Z;.
We study in details only «generic» unfoldings, those which possess the «right number»
of parameters to encode the bifurcation structure. Let us be more specific.

Definition 1. Let £ € N be given. A generic unfolding of multiplicity k is a germ of
an unfolding Z, for which the following conditions hold.

® There exists A = ((Dk, O) and U = (CQ, O) such that (A, z,y) — Zy (z,y) is holomorphic
on A x U, and the vector field Zy has only one singularity in U.

® For a dense open set A C A and all A € A the vector field Zy has exactly k+1 (distinct)
singularities in ¢, which are all hyperbolic and merge to 0 as A — 0.

® X\ € A Sing (Z,) is injective.

The limiting saddle-node Zy has multiplicity (codimension) k.

Families with k > k parameters can be dealt with by changing the parameters (say, using
the implicit function theorem, after desingularization if need be) in such a way that the
first k& components govern the location of the singularities, while the rest (seen as extra
parameters) do not move them around. To be more specific, we mean that each fiber
of A € A+ Sing (Zy) is included in a single fiber of the natural projection on the first
k components. All results presented here hold also for these extra-parametric generic
unfoldings, as it will appear clearly that the constructions depend holomorphically on
extra parameters.

Families (ZX) Sei having singularities either generically elementary degenerate (e.g.

€
coalescing saddle-nodes) or non-degenerate but reached multiple times, can be studied
through (extra-parametric) generic unfoldings (Zx),., by specializing values A = ¢ (X)

We postpone a formal definition of conjugacy / orbital equivalence between unfoldings
till the end of this section. Just keep in mind that we do not allow parameter changes
involving the spatial coordinates (z,y) .

Affine unfoldings, as detailed in Section 1.1, suggest that dynamical questions regard-
ing saddle-node bifurcations can be understood from the local classification of generic
unfoldings. This point is made in Section 1.9. More generally the classification of unfold-
ings contains the classification of Zy by specialization. For this reason we deliberately
elude presenting this degenerate situation in details. Yet as the strategies adopted to ad-
dress saddle-nodes will serve us well, we present them briefly as a stepping stone to the
unfolded case. We refer the reader to the works cited below for a comprehensive study of
the subject.

The analytic unstable manifold of Zj, tangent at 0 to the eigenspace associated to ls, is
called the strong separatrix. The other eigenspace corresponds to a «formal separatrix»
called the weak separatrix (generically divergent [22], always summable in the sens of
Borel [11]). We say that a saddle-node is convergent or divergent according to the nature
of its weak separatrix.
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The formal orbital classification was performed by H. Poincaré & H. Dulac [6, 7],
yielding polynomial normal forms. It was known from the very beginning that the formal
conjugacy cannot always converge, and as a matter of fact divergence is the rule. After
some inspiring works by D. Birkhoff [2] on local classification of resonant diffeomorphisms,
a complete local orbital classification was achieved in the early 1980’s by J. Martinet &
J.-P. Ramis [20]. At about the same time A. Bruno [{] presented formal normal forms
for saddle-node vector fields. These works were complemented with a complete local
classification in the early 2000’s simultaneously by Y. Meshcheryakova & S. Voronin [33]
(k = 1) and by L. Teyssier [30] for the general case. These studies make apparent that
classifying vector fields can be dissociated into two independent process:

1. classify the orbital part (the foliation),
2. classify the «time» (the vector field for fixed foliation).

Item 2. is a linear problem, simpler to deal with. Hence in the current introduction we
only present how orbital classification is achieved.

first integral 1

node-part

first integral:

Fig. 1.1: The sectorial decomposition of a saddle-node of multiplicity 1. The white invari-
ant curve in the saddle-part (sectorial separatrix) is mapped to 0 in leaves space

The foundational viewpoint introduced in [20] bridges the gaps between classification
on the one hand, dynamical and analytical properties on the other hand. It consists in
interpreting the orbital invariants as transition maps defining an analytic atlas of (roughly
speaking) the space of leaves {2y of Fz,. The conformal class of {2y is reasonably a complete
orbital invariant of Zy. As illustrated in Figures 1.1 and 1.2, this space is obtained by

® cutting (CQ, O) up into 2k fibred sectors,
® taking 2k copies of the Riemann sphere C (sectorial spaces of leaves), sectorial weak
separatrices of Z, attached to points 0 and the strong separatrix to oo,
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@® gluing them sequentially near 0 (resp. o) by germs ¢° of a diffeomorphism (resp.
translations ¥") like beads on a necklace (Martinet-Ramis’s chapelet de sphéres), the
identification coming from the inclusions of the sectors in (C2, O).

Vo

Fig. 1.2: The orbital necklace of a saddle-node of multiplicity 5

The key is the conformal rigidity of C: its automorphism group is PGL5 (C) (acting by
homography). With the choice of leaves for 0 and oo, and yet another canonical normal-
ization, the only remaining degree of freedom for analytic atlases of {2y is the linear action
of C* (simultaneously on all spheres). Notice that (2 is not exactly the space of leaves
(AZO of Fz,. Firstly the strong separatrix should be in the adherence of each point of (AZO,
since there exist 2k directions #, such that #?* = —1, over which each sectorial leaf of F,
accumulates on the strong separatrix. The general attitude toward this is to identify only
0 and oo, since these are the only two points in {2y that can be reached over the inter-
section of two neighboring sectors while tending to the strong separatrix (see Figure 1.1).
Secondly 2 is obtained from 2 by modding out the action of the global monodromy of
the necklace. This fact is explained in details later on for unfoldings (Section 1.9).
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Fig. 1.3: The Glutsyuk connection when k£ =1

The first technique based on a deformation of a saddle-node vector field in order to
recover Martinet-Ramis invariants was presented in the early 2000’s, after an analogous
work by J. Martinet [19, 9] for unfoldings of parabolic diffeomorphisms. A. Glutsyuk [10]
embedded Zy in a generic unfolding of multiplicity k. Restricting A to /T, he let the
k + 1 hyperbolic singularities merge as A — 0. He proved that the domains (DA,j)j of
linearization of Z, (near each singular point) overlap and their union D) contains a
domain (C?,0) independent on A. The space of leaves 2y of Fz,|p, is therefore built by

gluing the 2k spaces of leaves (2 ; of Fz,|p, ;, which are (rigid) conformal tori CX/Z
(plus one point, corresponding to local separatrices, in the adherence of every other point).
The gluing mappings come from the inclusions D)y ; < Dy (Figure 1.3). As A — 0 each
torus gets pinched more and more sharply along a meridian, so that the limiting surface
is a sphere C with the points 0 and oo identified. We refer to Figure 1.4.

The natural continuation of A. Glutsyuk’s use of the saddle-node bifurcation would
be to classify all generic unfoldings. Yet this approach is doomed to fail, because A is not
connected. Glutsyuk’s construction critically depends on the local behavior of hyperbolic
singularities, and as such cannot be extended to A\A. Indeed most (resonant) saddle
points are not linearizable and, even if they were, their local leaves space would be a
conformal disc, which is not rigid: the automorphism group of germs at 0 of conformal
discs coincides with the infinite dimensional group Diff (C,0). Roughly speaking, one
cannot turn a saddle or node singularity into a hyperbolic singularity. But one can the
converse, as done by C. Rousseau and L. Teyssier in [27]. By cutting «sectors» attached
to hyperbolic points with a special, asymptotically spiraling shape, the restricted foliation
can be forced to behave locally very much like a node or a saddle. The process yields a
necklace 2, obtained exactly in the same way as for A\ = 0, with an additional linear
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Fig. 1.4: Transition from Glutsyuk’s tori to Martinet-Ramis’s sphere at the limit A — 0

identification. This approach allows to cover the whole parameter space. The conformal
structure of the necklace {2) depends locally analytically on A and is continuous as A — 0
(in particular sectors for Z converge toward standard sectors for Z; in the Hausdorff
distance). Therefore unfoldings of foliations are locally classified by families of gluing
mappings unfolding the local orbital invariants of Z.

The problem of giving a complete local classification of generic unfoldings (identifying
the total image of the classification) is still open, except for the case k = 1 if one compiles
the results of [23] and [26]. The realization problem is double:

1. realize, for fixed A, a given necklace as the leaves space of some 7,
2. glue all Zy for A € A to form an unfolding of Zj.

Item 1. poses no specific problem and can be dealt with in the usual manner using tools
borrowed from complex geometry, by building an abstract almost-complex realization,
then invoking Newlander-Nirenberg theorem to incarnate it as a germ of a foliated an-
alytic manifold. On the contrary Item 2. is linked with the combinatorial structure of
the covering of the parameter space by (contractible) open cells on which the invariants
A = C) of the unfoldings are holomorphic. This decomposition is not trivial: it is in-
deed impossible to perform the previous sectorial decomposition uniformly for all values
of A. The reason is the following: the transfiguration of a saddle point into a sectorial
saddle-like hyperbolic point cannot be pursued after a certain point, corresponding to
parameter values for which a saddle-like singularity tends to a genuine node. A node
cannot be tricked into believing it behaves like a saddle. One must therefore deal with
finite families ((CA))\GA[)é of unfoldings of invariants of Z, where A = J, adh (A%). On

neighboring intersections A¢ N AL all singularities are hyperbolic and the configuration
is that of a Glutsyuk deformation. The invariants C§ and C§ must relate to Glutsyuk
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tori decomposition, since all three objects encode the same leaves space {2) and the same
underlying dynamics. Expressing this identity yields necessary compatibility condi-
tions (Section 1.9.3) that C§ and C{ must obey, as explained clearly in [25]. Save for
the case k = 1, where A = AT U A~ U {0} and the compatibility conditions guarantee
that Newlander-Nirenberg theorem applies in parameter space, those conditions have not
been written down and proved sufficient (there is little doubt, though, that they are).
We do not present the details of this approach. Another way of achieving a complete
classification would be to describe a collection of normal forms for generic unfoldings.
Normal forms have been devised recently by R. Schifke & L. Teyssier [28] for convergent
saddle-nodes. These families can be unfolded to families of normal forms, in the case of
pure convergence: every member Z) of the unfolding has as a heteroclinic connection
or, equivalently, sectorial weak separatrices patch continuously for all A € (C,0). We refer
to Section 1.10.2. This method leaves open the generic case where there are no homoclinic
connection in the unfolding, although general normal forms are expected to be worked
out soon.

To conclude this introduction we give a precise definition of what changes of variables
we allow between unfoldings. Section 1.2 recalled the diverse notions of (formal, local)
conjugacy and orbital equivalence between vector fields in X (CQ, O). We need to precise
the corresponding notions for unfoldings in order to perform their classification.

Definition 2. We say that two unfoldings (Z)),., and (ZX)X 7 are (formally, locally)
€

conjugate (resp. orbitally equivalent) if there exists an association

U2 ()‘wfuy) — ((b (/\) ) !pk (%y))
in the corresponding regularity class, such that:

L. A€ (C*,0) — X = ¢ () has invertible derivative at 0,
2. for each A € (Ck ,0) the component ¥y is a conjugacy (resp. orbital equivalence)
between Z, and Z¢(A)-

If the above conditions are fulfilled we write
U (Zy), = (ZX)X .
We wish to describe the (formal, local) classification in the set
SNU (k) :={(Zx), : (Zx), generic unfolding of multiplicity k} .

Definition 3. We use the notations Mody,, (k), Mod,,. (k) and Mod,,,, (k) to stand for
the moduli spaces of SNU (k) under corresponding conjugacy. The orbital moduli
spaces under orbital equivalence is written Mod$'” (k) and Mod{"? (k) respectively. The
same notational convention is used for the class of an unfolding:

[(Z3),)% € Mod, (k)



34 L. Teyssier

We need to slacken a little the close of uniqueness for normal forms: we require that
there exist ¥ € N such that, for every fixed value of the parameter A, the equivalence class
of [Z,\]i is contained in the orbit of a C”-action.

1.4 Every step of the way

For the sake of clarity we present only the case k = 1. Unlike saddle-node singularities,
where a general complete classification is not harder to obtain than for £ = 1, unfoldings
are more difficult to deal with this way, due to the need of splitting the parameter space
into many cells. The specific problems and corresponding results are detailed in [27].

Let us summarize the different steps leading to the classification of generic saddle-
node unfoldings Z, of multiplicity 1. The section ends by the statement of the main
theorems. Most important items in the list below are developed later on in the course of
the chapter. There we will outline the precise setting of and problems occurring in the
upcoming constructions, while referring to [27] for all details concerning actual proofs.
The exceptions to this regard the complete local temporal classification (Section 1.10.1)
and a collection of normal form for purely convergent unfoldings (Section 1.10.2), new
results to which we give detailed proofs.

Preparation of the family (Section 1.5.1)

We can choose local conformal coordinates (), z,y) in which Z, can be put under pre-
pared form

ZA—UA<X/°\°+(-~-)%>

where X3°, called the orbital model, is formally orbitally equivalent to Z,, the notation
() 8% denotes a transverse holomorphic perturbation and U, € C{\,z,y} . Moreover
the singularities of Z) are located at points in {y = 0} corresponding to the roots of the
polynomial

Py(z):=2* + ). (1.22)

The parameter A is then a formal invariant. In the sequel we only consider prepared
unfoldings, which allows us to work for fixed A. To lighten notations we omit to mention
the subscript «A» in all the following items.
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Sectorial decomposition (Section 1.7)

35

(a) A=—1 (b))\zexpﬁ?Tr

() A=-exp giT"

Fig. 1.5: A sectorial decomposition of the z-variable when k = 1 for three values of the

parameter

The local invariants of Z, are built by comparing tran-
sition maps between two neighboring normalizing charts.
By this we mean to cut (C2,0) \P~* (0) up into two over-
lapping open canonical sectors V" and V" on every
one of which Z is orbitally equivalent to the model X*°.
The canonical sectors are fibred over squid sectors V*
in the z-variable, displayed in Figure 1.5. The intersection
V5 NV has three components:

® a saddle-part V* having only s° in its adherence,
® a node-part V" having only s" in its adherence,
® a gate-part V& having both points in its adherence.

We write
Vﬂ:VﬁX(C,()) 3 ﬂe{n7nsas7sn7g}

the corresponding fibred sectors. There are two transi-
tions to consider for orbital equivalence (happening in the
saddle- and node-part), and one more to account for con-
jugacy (over the saddle-part).

We denote by F the (germ of a) singular foliation in-
duced by Z. Each canonical sector is attached to both

Fig. 1.6: Modulus of the y-
component of a leaf over a
sector V¥ in the a-variable
represented as a height map
in real 3-space

singular points s" and s°. The boundary of a sector is carved in such a way that the
leaves of F|y: near s™ behave like those of a node: every leaf accumulates on the singular
point. Near s° the foliation is similar to a saddle: every leaf but one (the local invariant
manifold) stays far away from the singular point (Figure 1.6). This topological configu-
ration allows us to mimic constructions performed in Section 1.1 for affine unfoldings. In

particular the sectorial space of leaves is a conformal line
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=H (V) =c,

where H* € Holo (Vﬂ) is the canonical first integral of FJy:, having connected fibers.

Straightening of the weak separatrices

If a singularity p of X is not a node, there exists only one integral curve with smooth
analytic closure passing through p (a separatrix, or invariant manifold) and transverse
to the vertical lines {x = cst}. It is given by the graph of a holomorphic function x
s (z), with holomorphic continuation over every canonical sector. We call such an analytic
continuation a sectorial weak separatrix. It corresponds to the level 0 of the canonical
first integral H*. In particular both sectorial weak separatrices coincides in the saddle-
and gate-part.

Applying the change of coordinates ¢ : (z,y) — (x,y + 5 (z)) to Z straightens the
sectorial weak separatrix into {y = 0}. Notice that s cannot (in general) be analytically
continued on a whole neighborhood of the other singularity, as a given sectorial weak
separatrix may not coincide with the other one when continued (the typical s is multival-
ued). When s does extend holomorphically on a neighborhood of all singular points we
say that a heteroclinic connection occurs between s* and s".

Normalization strategy (Section 1.5.2)

After straightening, we can write:
Z=UX

X =X +yR2
dy

for some (sectorial) holomorphic functions U and R. It turns out the conjugacy equation
O*X> = X is equivalent to the following orbital cohomological equation

X-0=-R (1.23)
if one seeks a conjugacy in the form
O (z,y) = (z,yexpO (z,y)) -

Also the conjugacy equation 7*X = UX takes the form of a temporal cohomological
equation

X T==-1 (1.24)

for changes of coordinates
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obtained by taking a dependant time in the flow &% (z,y) of X. Therefore the normal-
ization process has been reduced to solving two cohomological equations.

Formal classification (Section 1.5.3)

The straightening step can be realized at a formal level. The orbital cohomological equa-
tion (1.23) can be solved formally, more or less by construction of the model X*° and of
the prepared form. The temporal cohomological equation (1.24) needs some adjustment
since % — 1 may not belong to the image of the Lie derivative associated to X. We can
find an affine function u € C[z]_,, relatively prime with P, such that % - % belongs to
that image. Hence uX* is formally conjugate to Z, finally yielding a polynomial formal

model
Z% = uX™>® .

This complete formal classification of generic unfoldings ranges in the space of germs

C{N}.

Local classification (Section 1.8)

The normalizing cohomological equations (1.23) and (1.24) admit a bounded solution on
each canonical sector. They are obtained by integrating the right-hand side against d%
along asymptotic paths tangent to F, ending at the point (z,y) and accumulating on
s™ in backward time. The node-like nature of s" guarantees that every point in the sector
can be reached by asymptotic paths, and that both solutions coincide in the node- and
gate-part.

Therefore Z is conjugate to the formal model Z* on each canonical sectors. The local
class of Z, is thus completely determined by the following data.

@ Its orbital class ¢ := (¢™, ¢®), obtained by comparing:

© the sectorial weak separatrices in the node-part, measuring how far the vector field
is from having a heteroclinic connection and encoded in a translation h +— h + ",

® the sectorial solutions to (1.23) in the saddle-part, measuring how far the continued
sectorial solution of the orbital cohomological equation is from uniformity (that is,
continuity).

@® Its temporal class f, encoded by comparing the sectorial solutions to (1.24) in the
saddle-part.

In both cases where cohomological equations are involved, comparing sectorial solutions

means to compute the period
1 dz
9(p) =5— / G—
2 Jypy) P

of the right-hand side G along an asymptotic cycle v (p) circling around s* and tending
asymptotically to s™ both in forward and backward time, while passing through p € V%,
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Fig. 1.7: An asymptotic cycle and its projection on the z-variable. (Modulus of the y-
coordinate of the leaf as a height-map)

as displayed in Figure 1.7. This gives an integral representation of the invariants over the
saddle-part (Section 1.8.5.2). The value of the integral does not depend on the choice of
p in a fixed leaf of the restriction of F to the sector

yi= (C2,0)\ (V" UVE)

because the leaf is simply connected. Hence g is a first integral of X and for that mat-
ter factors as a (germ of a) holomorphic function of the canonical first integral H™S,
holomorphic on V"°:

g=3X(G)oH™ | IX(G)ehC{n} .

Remark 7. For the period TX (G) to be well-defined, we need to mod it out by the degree
of freedom in the choice of the sectorial first integrals H"*. This freedom results from
a faithful action of C* by linear changes of variables h +— ch. We leave such essentially
irrelevant technicalities out till subsequent sections.

For a fixed formal model we finally obtain a local classification ranging in a functional
space

[(Z3)\oe — A= Cx) . Ox= (&%, ¥, fa) € Cx hC{h} x hC{h} .

Notice how cowardly we shy away from discussing the dependence in the parameter .
The result to come, proved in Sections 1.8 and 1.10.1, gives a precise formulation.
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Theorem 4. There exists a cover of (C,0) by the adherence of two germs of sectorsA™, A~
attached to O (called cells), for which we can find a complete local classification of generic

unfoldings of multiplicity 1 with fixed formal class, ranging in the space of those collections
(Cy,CF) satisfying:

® (A, h) € AT % (C,0) = C¥ (h) is holomorphic with continuous extension to adh (AF) x
(C,0), and C’f is holomorphic for every A € AT,

® Cf € C x hC{h} x hC {h},

® the compatibility condition, given explicitly in Definitions 16 and 17.

By construction the model 1,X%° has local class CF = 0.

Normal forms for pure convergence (Section 1.10.2)

When 3 = 0 (we say the unfolding is purely convergent) we provide normal forms
for Z,. Remark both sectorial separatrices glue to form a holomorphic weak separatrix
(heteroclinic connection) and therefore purely convergent unfoldings are locally conjugate
to prepared unfoldings for which {y = 0} is a leaf, and vice versa.

Theorem 5. Let Convergent (1) be the space of all purely convergent, generic unfoldings
of multiplicity 1. Define

s 0 if po & R<o
© |14 |—po]  otherwise

Section (1) := 2" T1yC {\, 27y} .

Then the collection

Ue . 2\ .
{m (Xo +yR'8y) : Ge, Re € Sectlon(l)}

is a family of normal forms for Convergent (1).

1.5 Preparation and formal classification

1.5.1 Preparation

Theorem 6. There exists local conformal coordinates (N, x,y) in which Ze has the fol-
lowing prepared form

Zy =UxXy

(o) = o) 5+ (e + P @ Ry ) 5 (129

where
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A €(C,0)

e € C{A}

Re €C{\uz,y}
Us €C{\z,y}~

are arbitrary.

Notice that every prepared form is a generic unfolding of multiplicity 1, for Sing (X)) =
{y =0} N P! (0). A formal changes of coordinates fixing the general form of the fam-
ily (1.25) must leave the parameter A invariant. It suffices to work with fixed A in order
to perform the local classification.

1.5.2 From normalization to cohomological equations

The whole procedure relies on writing the conjugacy equation ¥*Z = 7 as cohomolog-
ical equations

Z-F=G (1.26)
for well-chosen right-hand sides. The key computation is the following proposition.

Proposition 4. Let X and Y be two germs of a holomorphic vector field on a domain
U such that [X,Y] = 0. If f is holomorphic on U (resp. a formal power series at some
point p € U) then

U (z,y) = oY (2,y)

has same reqularity as f, and satisfies

X =X — Xi.fY .
1+Y-f
In particular, the following properties hold.
1. (Temporal conjugacy) UZ is conjugate to VZ by Q'%Z if, and only if,

1 1
Z - T==——.
u Vv
2. (Orbital conjugacy) Assume X Y. Then X is conjugate to X + RY by & if, and
only if,
X-O=R.

Proof. Tt is sufficient to perform computations at a formal level. We use Lie formula (1.18)
so that, because X - Y =Y - X,
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Xo![/:Z%Y-”(X-Id)

n>0
" n
_me-(y- Id) .
n>0
Besides
DV (X —RY)=(X—-RY) ¥
:Z(X—RY)-(f—|Y-"Id>
= n!
fn n+1 fn n
:(X—RY)-fomY- Id—i—zm(X—RY)-Y- Id
n>0 n>0
=XoVU+4+ (X -f—-RA+Y - f))xYoWw.
Therefore
X-f
R_1+Y-f'
To prove 1. it suffices to take X :=UZ and Y :=UZ. O

By taking (Z;), in prepared form (1.25) we can write

S

Zy = UxX,

P
Xy = (X2 + PR 2
g <A+ARA5y>

o 5 0 0
X5 ._P,\%+y(1+u>\x)a—y.

Notice that

: }
o0
Ao Y| = 0
[ dy
so we can apply Proposition 4 Item 2. as soon as R, can be factored by y, that is once
the weak separatrix is straightened into {y = 0}.

1.5.83 Formal classtfication

The strategy is the following.

® There exists a unique weak separatrix family, that is a formal family of curves
{y — s (z) = 0} such that

Py (2)8) (z) =5x (2) (1 + paz) + Pa () Ry (2,55 (2) ; 5e €C[[A 2 y]]
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® After applying the change of coordinates (z,y) — (z,y — 5, (z)) to X we obtain the
formal vector field

= ~ 0
X\ = Xio + P)\R)\ya—y

where

o~

Rooy) = Ry (z,y +5) (x); — Ry (2,5, (2)

(1.27)
® The cohomological equation
X\-0x = —P\Ry

admits a unique formal family of solutions O, € C[[\, z,y]] such that O, (0) = 0.
Therefore XJ° is orbitally formally conjugate to X, by

%) pp— 6.
O, = @y o
thus formally conjugate to X, by a (A, x)-fibred formal conjugacy. Remark that the

previous cohomological equation is equivalent to one involving X in the original co-
ordinates:

X, O =—Py - . (1.28)

X\, Th=— — — (1.29)

admits a formal solution if, and only if,
Ux (z,y) = ux (z) + O (z°) + O (y)

where u) is relatively prime with Py in the factorial ring C [[A, z, y]]. The holomorphic
germ ue can therefore be taken as the remainder of the Euclidean division of U, (*,0)

by P,. In particular for each value of the parameter u) is affine. Because @\A is z-fibred,
the vector field u)X$® is formally conjugate to ux Xy, thus to Z.

The last two claims derive from the following easy computational lemma.
Lemma 4. Let G, € C [\, z,y]] be given. The cohomological equation
X\ Fy =G,
admits a formal solution Fy € C[[\,z,y]] if, and only if, Gy = O (P (z)) + O (y). This

Jamily of solution is unique up to the addition with an arbitrary formal power series
belonging to C[[\]], corresponding to the choice of the value Fy (0).
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Discounting additional straightforward computations, we just established a formal classi-
fication with normal forms.

Theorem 7. We have complete classifications

Modg,, (1) ~ C{A} [z]Z; x Modgyy (1)

for

Mod¢™ (1) ~ C {A}

for
with normal forms

NFy,, (1) == C{A} [, NF? (1)

for

NFE (1) i= {Pa(0) 3+ (b ee) 5 ¢ e € OO}

Definition 4. An unfolding Z, in NF'? (1) is now fixed, corresponding to the choice of

the holomorphic germs e : A+ px and ue : (A, ) — uy (x). It is referred to as the
model.

The local classification is obtained by repeating the construction on sectors over which
O, and T have holomorphic «sums». The local invariant measures how far from converge
these power series are.

1.6 Parameter space

To carry out the construction of the sectorial decomposition we need to follow singularities
as A varies. Although the set Sing (7)) depends continuously on A, it is not possible to
mark and follow continuously singularities, as these get exchanged by turning around the
bifurcation value of A (corresponding to Py (x) = 2?). This phenomenon has a prominent
bearing on the construction of sectors, since for the same value of A one obtains dynam-
ically non-equivalent coverings, as illustrated in Figure 1.8. We resolve the ambiguity in
the labeling of the singularities by using the two-fold branched covering

P, : s€Cr— (z—s)(z+s)

and take s, which determines completely the position of the roots +s, as new parameter
for the constructions.

Definition 5. Let us call Param the complex line C viewed as the s-space. The branched
covering

A Param — C

s+ A(s) = —s7,

satisfying the identity
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Fig. 1.8: Two non-equivalent partitions by squid sectors with the same value of the pa-
rameter A\ = —s2. Notice that the nature of the singular points (node- or saddle-like)
swaps from one configuration to the other.

~

Py = Ps

is called the canonical re-parameterization. We will actually use only strict subsectors
of Param, given for p > 0 by

2
E:_{s c0< sl <p, |args|<§}

(where the principal determination of the argument on C\R<( is used). For each s €
Param let us define

which are the singularities of X.

Remark 8. Notice that A (X U{0}) = (C,0) so every original parameter is covered this
way. The explanation as to why we cannot take X U {0} = (C,0) will be given in the
course of the upcoming sections (especially Section 1.7.3).

The next properties will be used without explicitly referencing the trivial lemma beneath.

Lemma 5.

1. The automorphism group of the covering A is isomorphic to Z/2z.

2. The critical set A of X is the origin._

3. A (germ of a) holomorphic function f : Param — C factors as fo with f holomorphic
if, and only if, f is even (i.e. Z/2z-invariant).
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Definition 6. In all the remaining text, we make the following notational conventions:

@® when an object {2 is subscripted with «s» we imply s — (25 depends on s in a (holo-
morphic, continuous) way on X,

® when an object 2 is subscripted with «\» we imply A — .(NZ,\ depends (formally, holo-
morphically, continuously) on A € (C,0).

1.7 Canonical sectors

1.7.1 Splitting vector fields

The boundary of a squid sector will be defined by real trajectories of vector fields

0
Zs (x) :=0Py (v) =—
(1) 1= 0Py (&) o
for some suitable choice of a direction ¥ = 9 (s) € S'. In order to ensure the upcoming
construction matches our needs, we must ensure that the vector field is sufficiently generic.
Let us explain what we mean by describing some dynamical data attached to the planar
real-analytic foliation F induced by =5 on C.

® Sing (F) = P; ' (0), in particular F is regular near co. We call local separatrix of =
any one of the two leaves of F| (€.00)\ {00} accumulating on oco. We call separatrix the

corresponding leaf in Fc.

@® Because =5 is holomorphic, F is free from limit (poly)cycles. Therefore the fate of a
non-singular trajectory I" of = can only be one of the following (Bendixon-Poincaré
theorem).

© I is a separatrix and its adherence links oo to either a singular point +s of =5,
or co. In the former case we say that I' lands at +s. In the latter case we say I’
is a homoclinic connection (happening exactly when both separatrices meet en
route).

® I" connects (asymptotically) both singular points s and —s.

© I is a non-isolated simple loop. In that case both +s are center points.

Definition 7. Take s € Param. We say that =, is splitting if it admits no homoclinic
connection.

Lemma 6. The following conditions are equivalent.

1. =5 is splitting.
2. There exists a leaf connecting s and —s.
3. 9P (£s) ¢ iR.

Let us briefly explain why this lemma holds. When s # 0 the vector field = is locally
linearizable around each root £s of Py, and its linear part is given by 9P; (£s) (z F s) a%.
Therefore 9P} (+s) is purely imaginary (non-zero) if, and only if, +s is a center point of

=s.



46 L. Teyssier

® When =+s is a center, it lies within an open basin B* of periodic trajectories. In par-
ticular no leaf can connect s and —s. Moreover B* must be a homoclinic connection,
and = is not splitting.

® When =+s is not a center, it is either a focus or a sink. In any case it lies within an open
basin of attraction BT (respectively in forward or backward time) and any integral
curve of = crossing the basin must accumulate on +s one way or the other. There are
no trajectory accumulating on +s in both directions.

1.7.2 Transvestite hyperbolic points

For | € C* we consider the linear vector field

0 0
W (z,y) = Zx% +y6_y .

Save for the separatrix {# = 0}, the leaves of Fy are in-
cluded in level sets of the (in general) multivalued first inte-
gral

H(z,y) :=yxz~ .

The space of leaves of Fy is the quotient

Dy = CX/ZU{O} )

Fig. 1.9: A leaf of a node- where 0 represents the separatrices {xy = 0}. The quotient
P corresponds to the multiplicative action of Z on the space of

like foliation over a slit . "
initial values C*

disc, cut out from a hyper-
bolic singularity. (Modu-
lus represented as a height-
map, argument as colors in

the base)

y—ryexp~2imn/i  neZ,

encoding the monodromy of H.

Lemma 7.

1. If I ¢ R then 2w\ {0} is a torus. The only neighborhood
of 0 in Q2w is Qw.
2. Ifl € Q then Qw is a complex line.

3. If 1 € R\Q then Qw is the quotient Sl/z by the irrational
rotation y — yexp —2i7/1 (not Hausdorff).

Choose ¥ € S! and pick a real-time trajectory of 1911:8%, given by
te R x(t) :=x,exp (Vt) , z. €C* .
We can lift this path into Fy through the projection

I : (z,y)—a,
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starting from some (z,,y.) € C* x C. We obtain the path tangent to W

teRr— (‘T ).y (t)) ) ) (t) = Y« €Xp (Q%)

satisfying the identity H (x (e),y (o)) = cst.
Notice that
lim z(t)=0 <= £RW) <0

t—+oo

lim y(t)=0 <= £RW)<O0ory,=0.

t—+oo

Definition 8. For given [ € C* we say that ¥ € S! is a saddle-direction (resp. node-
direction) for [ if:

® R(I) >0,

® R(WI) <0 (resp. R(I) > 0).

Remark 9. Just pointing out the obvious.
1. [ admits a saddle-direction if, and ouly if, [ ¢ R~¢ (i.e. W is not a node).
2. | admits a node-direction if, and only if, I ¢ R (i.e. W is not a saddle).

For such a choice of ¥, the curve t — x (t) is a spiral (specializing to a straight line when
¥l € R). Consider the domain

V :=C\ exp (VIR)

obtained by slitting the complex line along the adherence I" of a real integral curve of
1911:6%, and build the fibred domain of the complex plane

V=VxC.

Then Fw |y is saddle-like (resp. node-like) in the sense that only one (resp. every)
leaf accumulates on 0. Notice that a saddle-like (resp. node-like) singularity is reached in
positive (resp. negative) time. Also, (any determination of) the first integral H on V is
holomorphic. The following properties are immediate to establish.

Lemma 8.

1. Fwly is saddle-like if, and only if, for every U = (C%,0) we have H (U NV) = (C,0)
and its diameter goes to 0 as that of U does.
2. Fwlv is node-like if, and only if, for every U = (C2,0) we have H(UNV) = C.

1.7.3 Sectorial decomposition

We work here within a fixed formal class p,. We find a covering of (C,0)\ {£s} by two
squid sectors V.*s and V3" attached to £s, such that near s" = (s,0) (resp. s° = (—s,0))
the linear part of X, defines a node-like (resp. saddle-like) foliation over both sectors,
except for forbidden values of s we shall describe afterward.
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The linear part of X at the singularity (+s,0) is

0 0
:I:2s(a::|:s)%+y(1:|:;us)a—y,

while its local analytic invariant is given by

e +2s

s -

:1:l:u>\s'

Both functions s + (¥ are holomorphic on (C,0). Notice that

=1
and, when s # 0,
11

Definition 9. The curves

{s#0 : HIf <0}

L. Teyssier

(1.30)

are called the forbidden curves associated to pe. Values of the parameter for «+» (resp.
«—») correspond to configurations where X is a saddle at s (resp. a node at s®).

Till the end of the section we consider the principal determination of the argument on

C\R<o. For each s € X set

¥ (s) :=exp —lares
2
Since
IF ~o £25

the following lemma holds.

Lemma 9. There exists p > 0 so that for all s € ¥

larg (¥ (s)17)| < 3%
om

|larg (9 (s)17)] > 5

(1.31)

(1.32)

In particular 9 (s) is a node-direction (vesp. a saddle-direction) for I (resp. 1] ), and X

meets no forbidden curve.

Definition 10. We refer to Figure 1.11 (b). Let » > 2p > 0 and s € X U {0}. We recall

the vector field
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Fig. 1.10: The typical leaf above a slit disc. (Modulus represented as a height-map, argu-
ment as colors in the base)

(a) A sectorial covering by squid sectors (b) Structure of a single squid sector. White squares rep-
resent construction points of VJ*, while unfilled squares
do those of V2"

Fig. 1.11
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0
Eszﬁ(S)Pk%

where ¥ is given by (1.31). The squid sector V® of radius r is the domain bounded by

® the forward trajectory of PO% starting from ng := rexp g” till it reaches 2|s| at a
point nq, then the complete forward trajectory of =j,

® the backward trajectory of PO% starting from sg := rexp
point s1, then the complete backward trajectory of =,

® the integral curve of = passing through the «outward» point of intersection g between
the perpendicular bisector of [—s, s] and a circle of radius small enough not to meet
the already built paths (of the order of [s| (1 4 cosargs)),

9im

= till it reaches 2|s| at a

. - . o;
® the circular arc C := rexpi |-, 21

The squid sector V™ of radius r is build in much the same way, replacing the circular
arc C' by rexpi [-%F, 2]

We mention without proof the next descriptive lemma.
Lemma 10. (See [27])
1. The intersection V> N V" has three components if s € X:

® a saddle-part V¥ having only s° in its adherence,
® a node-part V' having only s" in its adherence,
® and if s # 0, a gate-part VE having both points in its adherence.

When s = 0 we define the saddle- or node-part as the components crossing Ro or Rsg
respectively.

2. As s — 0 in X, the squid sectors V¥ tends (for the Hausdorff distance) to the sector
VDﬁ assoctated to the saddle-node Z.

3. The length of OV} is uniformly bounded for s € X.

Remark 10. Ttem 3. above is really important in order to get uniform bounds in s € ¥
for functions obtained by integrating over spirals included in V#, which includes almost
all the upcoming material.

1.8 Local classification

We work here within a fixed formal class po. We take r, ¥’ > 0 and p > 0 sufficiently
small so that

2
EXL{::{S 0<|s]<p, |args|<§}><(r[D><r'[D)

is a domain on which:

® every data appearing in the preparation Theorem 6 is holomorphic and bounded,
® (s,2) —~ fﬁéfl is holomorphic and bounded,

® Lemma 9 holds.
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The actual values of p, r, ¥’ may be implicitly decreased finitely many times in the course
of the construction. For any s € ¥ we denote V* the squid sector of radius 7 associated to s
built in Definition 10. We follow now the strategy introduced for the formal classification,
only on canonical sectors

VECVEx'D , t€{n, ns, s, sn, g} .
Before building the sectors, let us first introduce the space

Holo. (D) := { fo € C° (adh (D)) : fs € Holo (D) , (Vs € adh (X)) f, € Holo(Vs)}
(1.33)
where D is a subdomain X' x C" of the form

D= {s}x V..

seX

The key point is to provide weak sectorial separatrices 55 and solutions F¥ to cohomolog-
ical equations (1.26) which belong to Holo, (Dﬁ) and Holo, (Dﬁ) respectively, with

Df o= | {s} x VE, (1.34)

seX

Dﬂ::U{s}xVSﬁ.

seX

1.8.1 Sectorial weak separatrices

Theorem 8. (See [27]) Up to decrease p, r, 1’ there exists two unique families of func-
tions 55 € Holo, (Dﬂ), called in the following sectorial (weak) separatrices, such that
for any s € X U{0}:

1. {y =s%(x)} C V& x1'D is an integral curve of X,

2. lim, ,445% (2) =0,

3. 625 (x) = 6% (x) for all x € VEUVE.

The work of M. Klimes [1] offers an other, less geometric (but worth mentioning) approach
to the question, based on Borel-Laplace transform of the formal normalizing series.

1.8.2 Asymptotic paths and canonical sectors

Definition 11. Let s € YU{0}. An asymptotic path over V ending at p € UN (VSti X C)

is a regular, smooth curve v : R<g — V¥ x C meeting the next requirements.

® v (0) = p.

® 4 = ¢X) o~ for some smooth function c. In other words, v is tangent to X or,
equivalently, its image is contained in a single leaf of F).
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@ limy, ooy (t) = s™.
We abusively write v : (s® — p) or (s" — p) to stand for such an asymptotic path
ending at p.

Theorem 9. (See [27]) Up to decrease p, r, r' the following properties hold for s €
Y u{o0}.

1. The sets (called canonical sectors)
Vii={peUn(VixC) : I(s"—=p)} , te€{ns, sn}

are domains containing smaller sectors V x 7D with ¥ > 0 independent on s. The
union

V, = Yy

is a pointed neighborhood of {x = £s} NU.
2. Each leaf of ‘Ff\lv" is simply connected, and if v and 5 are two asymptotic paths ending
at p € V¥ then the asymptotic cycle

—Y Ny =

~ t<0 —7(t)
t>0 — (=t

1s trivial, in the sense that there exists an asymptotic tangential homotopy
h : [~00,0] x R — V! between —y A5 and s*, a mapping such that:

® h is uniformly continuous,

® h(0,0) = —yA7,

® h(—00,e) = s,

@ for every t real h(e,t) : s™ — h(0,t),

® for every T negative real h(T,0) : s" — p.

3. Take p € V™ NV and consider an asymptotic cycle v (p) obtained by concatenating
two asymptotic paths ending at p, one of which is in VI and the other one in V.

a. If p € VEUVY then « (p) is trivial.
b. If p € V5 then ~y (p) is trivial if, and only if, p belongs to the sectorial weak separatriz.
Two such asymptotic cycles v (p) and 7 (p) are tangentially homotopic.

1.8.3 Sectorial solutions to cohomological equations

Theorem 10. (See [27]) For m € X define
V=V \ (VS U VY
Dt = U {s} x yys"

seX
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and take Go € Holo. (D™") such that (s,x) — G;A(a())) is bounded. For s € X and p € V?
define

dz
e R
(s"sp)  Dr

where (s™ — p) is an asymptotic path of Xe ending at p. The following properties hold.

1. F¥(p) is an absolutely convergent integral.

2. F¥ is the unique family of solutions of the cohomological equation Xe - Fo = Go which
belongs to Holo. (Du) and vanishes at each s™. Another such solution differs from F,
by the addition of a function fs € Holo. (X).

0 ifpeVruVE

FSI] _FDS —
st (p) = F§® (p) {fw(,,)Gs?a—f ifpe Vs

where v (p) is an asymptotic cycle passing through p.
4. The following properties are equivalent.

a. There exists Fy € Holo. (Ds) such that Xe - Fo = Gl.

b. For all s € X and p € Vi
| af-o.
v A

The fact that F? is a solution to the cohomological equation can be understood by covering
(s® = p) with flow-boxes. In such a local rectifying chart ¥ : D — (C2,~(t)) one has to
solve

OFf ow
ox

:G)\OLP

so that for p., ¢. € D in the same leaf of .7-'6@ |p we have

Ffo@(q*)—FfoW(p*):/ Gy o Wdx

Px—qx

and wvice versa. As a consequence fv(p) Gsdﬁ encodes the additive monodromy of the

analytic continuation of F!. Riemann’s removable singularity theorem yields 4.
1.8.4 Sectorial normalization and space of leaves

From Theorem 8 and Proposition 4 we obtain a vector field X, and a right-hand side
Gs = —PARE with
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Ry (z,y) — Ry (2,5% ()
y — sk ()

R} ¢ (x,y) € Vi (1.35)
satisfying the hypothesis of Theorem 10. The orbital normalization equation (1.28) there-
fore admits solutions O} € Holo, (Dﬁ). The situation is the same for the temporal normal-

ization with )A(S = X, and G, = U% - ﬁ, and (1.29) admits solutions T¥ € Holo, (Dﬁ).

Corollary 3. Z, is conjugate to its formal model usX® on DF. It is orbitally conjugate
to X3° by (A, x)-fibred transformations.

The model X§° has a first integral H;o’ﬂ € Holo (Vﬁ) with connected fibers

1/2s
x—l—s) s 40

r— S

H (2,y) = y Py (2) (
OO,]i — 1
HO (xvy) =yx exXp E )

with limy g H;O’ﬁ =H *# uniformly on compact subsets; for the remaining of the section
we only deal with s # 0 to lighten notations, although everything is valid for s = 0 by
continuity. Recalling notations and conventions of Section 1.1.3, we choose determinations
of the multivalued functions involved above:

1/2s
® (-_4-5) = g, coincides with the principal determination on V (the one given in

Remark 5 for real s); note that g, € Holo (C\VE),
® P, /2 agrees with the principal determination on V.

Invoking Corollary 3 above and the formulas given in Section 1.5.3, we obtain canonical
sectorial first integrals with connected fibers

HY (z,y) = H;O’ﬁ (z,(y— s (2)) exp OF (z,y)) (1.36)
= (y—st) P)\_M/Q (z) gy (z) exp OF (z,y) .

The next result can be proved by studying the linearized system on squid sectors as in
Lemma 8.

Theorem 11. (See [27]) For s € X' define the sectorial spaces of leaves as
Q= H (V) , t€{ns, sn}
QE::H;‘S(Vg) ,be{n, g, s}t .

1. 020 =020 = (5" = (22 = C, the sectorial weak separatrices corresponding to 0.

2. (25 = (C,0), the sectorial weak separatrices corresponding to 0. The size of 2% goes to
0 asr orr' does.
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1.8.5 Classtfication

1.8.5.1 Orbital necklace

Take s € X U {0}. A given point p € VI* N V" corresponds to a point A" € 27° and a
point A*" € 27", These points must be identified in order to encode the local orbital class
of X. Because each H! has connected fibers, the (holomorphic) identifications must be
injective.

@ If s # 0 and p € V& then every function involved in (1.36) for § = ns and § = sn

/2 na/2

coincide at p except g, P, *". The monodromy of g, P, around s" acts as

, ; 1 ‘
h*t = W™ expir (— + ,u)\> =: 9% (h™) .
s

® If p € YV then every function involved in (1.36) for § = ns and f = sn coincide at p
except st. Because 22 = C the mapping ¥® must be affine, and it is not hard to check
it is a translation:

S0 = S 4 o = gt (RS (1.37)

@® If p € V¥ then every function involved in (1.36) for §f = ns and # = sn coincide at p

except P, /2 exp Og. Because 0 corresponds to both sectorial weak separatrices, and

because those two functions agree on V3 the mapping 5 must fix the point 0:
h*" = W™ exp 2impy + o (h™) =: % (h"™) € Diff (C,0) . (1.38)

Definition 12. Let ue € C{\} be given.
1. Take

e := (s, ¢h) € Holo (X) x Holo. (X x (C,0))

with % (0) = 0. We call orbital necklace associated to pe (and pe implicitly) the
complex manifold {2 (¢e) obtained by the analytic atlas consisting in two copies 2"
and 2°" of (¥ U{0}) x C, with transitions maps

Lo N — O
(8,h) — (s, h + ¥5)
Yo 1 (£2%,0) — (£2°7,0)
(s,h) — (s, hexp (2imrux + ¢S (h))) .

2. A diffeomorphism between two necklaces {2 (p,) and 2 (Pe) is the data (P2s, ws™)
of s-fibred injective, holomorphic mappings inducing a conjugacy between atlases:

U oy =¢iow | be{n, s}

and such that for s £ 0
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I 0 g =y o I (1.39)

where
. 1
P8 (h) := hexpin <— + ,uA> )
s

We say that the necklaces are analytically conjugate.

3. Let Z, be a generic unfolding of formal orbital class pe as in Theorem 7. We call orbital
class of Z, the necklace Orb (Z,) := £2 (e ) where @, is built from the mappings (1.37)
and (1.38).

Remark 11. We do not take the gate-part identification in account to build the necklace
because the construction does not make it at the limit. It is not needed anyway to per-
form the local classification, because both sectorial normalizing maps always glue on V&.
However the actual space of leaves {25 on Vy is the quotient of the corresponding s-fiber
of Orb (Z,) by 48 for s # 0. This is why we must include the condition (1.39) to capture
all information relating to orbital conjugacy.

Because holomorphic automorphisms of the complex line are rigid there are not many
necklaces diffeomorphisms. Hence the orbital necklace of an unfolding is nearly a local
invariant, and we prove in the section that it suffices to characterize its local class.

Lemma 11. (¥2% ¥5") is a diffeomorphism of necklaces if, and only if, there exists co €
Holo. ()™ such that Wt (h) = csh.

Proof. One direction is trivial. Assume then that (W2 ¥s") is a diffeomorphism between
necklaces. For each s € X U{0} the mapping ¥ is biholomorphic, thus an invertible linear
map h — cth. The conjugacy equation ¥ o 98 = 9% o US" implies 2% = ¢ for s # 0,
thus also for s = 0 by continuity. ad

1.8.5.2 Integral representation of the saddle orbital invariant
Thanks to Theorem 8 we know the sectorial separatrices s? glue to a holomorphic

function 525" on V1", therefore so does RY appearing in (1.35), yielding a function
Ry € Holo, (D).

Proposition 5. Let G, € Holo. (D™") such that (s,z) G;fa())) is bounded, and let

Orb (X,) be the orbital necklace of Xo. The mapping (given in the chart 2"%)
e (Go) = (Orb(X,),0) — C

1 d
(Su h) — _/ Gs_x I
2im 'Y(p) P)\

where v (p) is an asymptotic cycle defined in Theorem 9 Item 2. such that H™ (p) = h,
is well-defined and vanishes along {h = 0}. This mapping defines the (linear) period
operator

T ¢ Goe— T, (G,) € Holo, (Orb (X,),0) .
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Proof. Because X - F® = X, - F;" = G the difference F;" — F}* is a first integral of X},
and therefore factors as a map 7, defined on the sectorial space of leaves (25. This can also
be seen from Theorem 9. Indeed the value of the integral depends only on the asymptotic
tangential homotopy class of 7 (p), as an asymptotic tangential homotopy is uniformly
continuous. Hence only asymptotic cycles with p € V contribute to the period, and the
value of the integral only depends on the sectorial leaf Fy[ys, since there is at most one
non-trivial homotopy class of asymptotic cycles per leaf. The same argument shows that
75 (0) = 0, for any asymptotic cycle within the sectorial separatrix is trivial. O

The transition map ¥ of the orbital necklace of X, obey the identity
H (p) = % (HE (p))
while at the same time
HE (p) = H** (p) exp O% (p)
following (1.36). For p € V& we have HX*™ (p) = H>>™* (p) exp 2imuy so that
HZ (p) = H (p) exp (2imps + OF (p) — O (p)) -

Recalling how we just defined the period operator, we obtain an integral representation
for the saddle-part of the orbital invariant.

Corollary 4. Let 2 (o3, ¢%) be the orbital necklace of Xo. Then for all s € X x {0}

s = 21T, (PoRY™") .

1.8.5.3 Temporal invariant

Definition 13. Let e € C{A} and us € C{A\} [x]él be given.
1. The data of an orbital necklace {2 (¢o) and
fo € Holoc (2 (), 0)

with fe (0) = 0 is called temporal necklace.
2. A diffeomorphism between two temporal necklaces (@, fo) and (QZ., f.) is the data

(@2, W) of a diffeomorphism between corresponding orbital necklaces and satisfying:
fo=foo W™

We say that the necklaces are analytically conjugate.
3. Let Zo = Us X, be a generic unfolding under prepared form (1.25) with formal invari-
ants (fte,Us) as in Theorem 7. We call local class of Z, the temporal necklace

Class (Z) := (Orb (Xe), % (Ui. - i>>

where the period operator ¥, is defined in Proposition 5.
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1.8.5.4 Classification theorem

Theorem 12. (See [27]) Two generic unfoldings of multiplicity 1 in the same formal class
(1te,te) € C{A} x C{A\} [2]Z, are locally (resp. orbitally) equivalent if, and only if, their
temporal (resp. orbital) necklaces are analytically conjugate. In other words we have local
classifications

Orb : Mod®® (1) —s Holo, (X') x Holo. (X' x (C, O))/Holoc (5,0)"

loc

Class : Mod,,, (1) — Holoe (X)) x Holo. (X x (C,0)) x Holoe (X x (C,O))/HO]OC (5,0)"

where the action of Holo. (X,0)™ is described in Lemma 11.

Proof. Let us present only the orbital part of the proof, the temporal part being easier ac-
cording to Theorem 10 Item 4. and Proposition 4 Item 1. One way is clear: if Z, and Z, are
locally orbitally conjugate by ¥ then the conjugacy factors as a diffeomorphism (@5, ¥s™)

between the orbital necklaces Orb (Z,) and Orb (Z.) Conversely, assume the existence
of a diffeomorphism (P25, W) conjugating the necklaces Orb (Z,) and Orb (Z.) Invok-

ing Lemma 11 we can apply the rescaling (s,z,y) — (s,z,csy) to Z. Without changing
notations, in the new coordinates we must have ¥# = Id for each s € X U {0}. This
particularly implies the identities ¢’ = @” for b € {n,s}. But these quantities measure
the obstruction to glue over Vi* N V¥ the transitions between corresponding sectorial
yen = Yt
defines a holomorphic conjugacy between X and X on Vs = V*® UV, This mapping is
bounded, thus extends biholomorphically to adh (Vs) by Riemann’s removable singularity
theorem.

To conclude the proof we only need to check that W, = ¥_,. Define S, := W2 1o W_,
which, by construction, is a symmetry of X, that is S¥ X = X. A direct computation
at a formal level on S (z,y) = (2, ¥+ >, a1 Snom (8) 2"y™) establishes S, = Id. O

normalization mappings V! := (5§ o (Og)ojl. Hence Wlyns = Vg® and ¥

The classification presented above cannot be complete, as we explain in the upcoming
Section 1.9.4.

1.9 Dynamical interpretation of the orbital necklace

We describe the relationship between the actual dynamics of X, (the holonomy of the
underlying foliation F)) and what could be called the necklace dynamics. We define in
the first place what we mean by «the dynamics of X,» in Section 1.9.1. It encodes the
«monodromy» of the canonical first integrals Hf, which really is what the orbital necklace
is all about. As X does not depend on the choice of s or —s, the splitting of ¢/ into squid
sectors is artificially superimposed on the dynamics. By rewording this acknowledgment
as a relationship between orbital necklaces §2(ps) and 2 (¢—_s), we derive the orbital
compatibility condition in Section 1.9.3. The temporal compatibility condition will be
derived while performing the temporal realization in Section 1.10.1.
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We finally use the compatibility condition to characterize even necklaces, corresponding
to invariants pe = (¢4, ¢%) holomorphic as a function of the initial parameter A. We show
this configuration to be very rare, underlying the lack of completeness of the classification
provided by Theorem (12).

1.9.1 Weak holonomy

Fix once and for all ., € V*\pD (by construction of the squid sector in Definition 10 this
domain is independent on s € X) and a transverse disc

T:={x=a}n () V:={x} x(C0) .

seX

Because X is in the prepared form (1.25) its integral curves are everywhere transverse
to the fibers of the natural projection

I : (z,y)—zx

outside P; ' (0). As a consequence we can lift (smooth) paths in the punctured base
v [0, 1] — Dy,
Dy :=rD\Py " (0) ,

through I7T into leaves of F, and starting from points in 7. More precisely, being given
Di := (x4, ys) € T there exists a unique (germ at 0 of a) solution

t—r Y, (1) = (v (), y (1))

to the constrained flow-system

: v

Yoo = = X107, » Vpa« (0) =ps -
Py

Notice that the image of ,, is included in a single leaf of Fy. Of course if «y is «too long»

then 7,, may eventually escape from {/. On the contrary if 7, is defined on the whole
[0, 1] we call

b3 (p+) =, (1)

the image of p, by the holonomy h? of F\ along the path ~. The holonomy bhJ is
holomorphic and locally invertible. When + is a loop the holonomy defines a germ of a
biholomorphic self-map (T, p.) — (T, b3 (p«)) of the transversal.
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We are particularly interested in the case where v is a generator
‘ vs or I' of the fundamental group m (Dy,x.) when s # 0.

| | Definition 14. Let s € X. Consider a system {I,v,} of generators of
o 71 (Dx,zs) such that I = |z,| S* and 75 winds directly once around
s and do not around —s. The holonomy

_ 52 = b

Fig. 1.12: Genera-

tors of w1 (Dx,2+) is called the (weak) nodal holonomy. Similarly we name (weak)
forse X holonomy the mapping bf .

We state a consequence of Theorem 8.

Lemma 12. The nodal holonomy b is an injective holomorphic map
on subdomain Ts of T containing both points of intersection of T with the sectorial weak
separatrices {y = s2° (x)} U {y = s3" (2)}.

1.9.2 Necklace holonomy

QSH

A= @y toy

Fig. 1.13: The dynamics induced by the weak holonomies in the orbital necklace

While walking along a loop v : [0,1] — D, and lifting it in the foliation Fy to build
the holonomy b7, one may follow what happens in the orbital necklace. More precisely,
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since the image of v in the (global) leaves space corresponds with just a point, one may
wish to understand the «trajectory» induced by v in the orbital necklace 2 (vs). We
recall that a basepoint z, = 7 (0) is fixed once and for all now. The restriction of the
canonical first integral to the transverse disc 7" induces an invertible mapping

Hs @ (24,y) € Ts — HY (24,y) € (27,0)

whose image contains {0, 7} (Lemma 12). Starting from hg := H, (p.) we build a se-
quence of points (hn)g<, <oq Such that hop, € 29 and hgyqq € 25", the connection

between h,,_1 and h,, being given by the action of (wb")oil for b,, € {n, g,s} correspond-
ing to the connected component VSb being crossed by <, the sign being determined by
whether the path leaves V*® («+») or enters it («—»), as long as the partial lift of v in
F is defined. We name A7 the necklace holonomy

Az : ho — hgd .
The maps AY and h7 represent the same dynamics since they are conjugate:
HIA] =17 . (1.40)

We refer to Figure 1.13 for a depiction of this construction in the case of the weak
holonomies h2 and h¥.

Let us generalize the construction to abstract orbital necklaces 2 (¢, ). Let 20 be the
free group on the letters {n, g,s}. For every s € X' there exists a group morphism

w, : m (Dy,z4) — W
¥ — bt o0 b , by e{n, g s}t , ¢ € {£l}

defined in such a way that (b;, ej)j <og 18 the sequence obtained as before: b; corresponds

to the connected component VSbj currently crossed by <, the sign being determined by
whether the path leaves V™ or enters it. For instance

We omit the proof of the following lemma.
Lemma 13.

1. For every v € w1 (Dx, ) the word vo4 () has the form
d
w, (v) = [ b51%50 -
j=1

2. The image 20 of wy is generated by the words n—'g and n~'s:

m=<a,ﬁ>.
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3. The mapping w, : w1 (Dx,z.) — 2 is bijective. For any s € X we write

ps W — 71 (D, 2x)
s
'—T
1ts inverse.
Definition 15. Being given an orbital necklace 2 (o) we build a dynamics in the follow-

ing manner. Take s € X and w = b{" o---0bh3%" € 2, then denote y := p, (w). We define
the necklace holonomy associated to vy (or w) as the following symbolic expression

A = Origj<ad (lﬂ?)oei

Depending on «y the expression A may not represent an actual germ of a diffeomorphism,
because h] may not be geometrically defined. For that reason the map A? ranges in the
pseudogroup of local diffeomorphisms of (27, The necklace holonomy representation
is the collection Ay = (A,), 5, of (pseudo-)group morphisms

Ay - weWr— Ay (w) := AP

1.9.3 Orbital compatibility condition

Define

YNi=3n(-%)
={seX : —seX}
=xtux-
= 3X"n{£3(s) > 0}
the union of two domains on which we can compare the necklace dynamics for s and —s.

According to (1.40) and Figure 1.14 we have for s € X" the identities between actual
diffeomorphisms

H;As (n'g) = H* A, (g7's) if s € XF

H;As (n'g) =H*,A_,(n'sg7'n) ifseX . (1.41)
H:Ag (n7's) = H* A, (n7's)

S

In order to motivate the definition of compatibility condition, we must explicit the bridge
between relations on X+ and on X ~. We obtain this connection by rewording algebraically
the topological fact that I' = v_4 A s if s € X7 while I' = v, Ay_g if s € X~. The
monomorphism
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Fig. 1.14: Comparing the necklace dynamics

oW —2
ﬁ»—)ﬁ_lf
I'— 1T

with inverse

satisfies

63
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The system (1.41) expresses that the necklace holonomy associated to an actual unfolding
is compatible with the latter identity. Yet the system explicitly involves the sectorial first
integrals HJ® and is therefore not intrinsic to the orbital necklace. The key to resolve this
issue is to observe that for s € X* the mapping

A_, (g7's) € Diff (C,0)

is hyperbolic and therefore locally analytically linearizable near the fixed-point 0. There
exist only one such analytic linearization with prescribed linear part. Because Ag (n’l g)
is an affine map the invertible function

e = Hgo H° ! (1.42)

is a holomorphic linearization of A_g (gfls). Hence 7, can be recovered uniquely, up to
its linear part, from the knowledge of the orbital necklace.

Definition 16. For an orbital necklace {2 (p,) recall the symbolic holonomy represen-
tation A,. We say that the orbital necklace 2 (ve) is a compatible orbital necklace
when there exists neHolo. (X x (C,0)) such that for every s € YT (resp. s € ¥ 7) the
mapping 7 is a local linearization of A_, (g7's) (resp. A_s (n~'sg™'n) satisfying the
next properties.

® For every s € X"
nson-s =1d.
® For every s € X0
AR (n_ls) =A_; (n_ls) ,

which is equivalent to the conjugacy of the whole dynamics: nf A, = A_;0o°*! for all
se Xt

1.9.4 Characterization of even purely convergent unfoldings

For the sake of concision we only deal with the case pe = 0.
Proposition 6. Take a purely convergent generic unfolding of multiplicity 1 with pe = 0,
i.e. its orbital necklace o satisfies ¢ = 0. There exists p € N and ce € C{\} such that
< 1
03 (h) = —=log (1 + aeh?)
p

if, and only if, ¢y = ¢°,.

Because the local classification for saddle-node vector fields is complete, and since @,
extends continuously at s = 0, the configuration presented in the proposition is rather
rare. The classification presented in Theorem 12 is not complete.
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We also mention that such unfoldings are locally orbitally conjugate to a normal form
(Theorem 5)

0 _
X+ A“wy”“a—y , KEN

As in [32] it is indeed possible to show that for the above normal form one has
1
7o (h) = = log (1 = AmA™3, (zy”) (h))

where the period operator is the one associated to the model X3°. The explicit compu-
tations done in Corollary 6 therefore proves our claim, as well as one direction of the
proposition since the period ¥, (zy?) is actually even.

Let us prove the other direction. If ¢ is even then the orbital compatibility condition
writes

nsts = U5

Therefore (ns, %) < Diff (C,0) is Abelian. Since % is tangent-to-identity the subgroup is
rigid, and is conjugate [17, 5] by some ¢, € Diff (C,0) tangent-to-identity to

~ Bh h
G = — -
QH@W“(HmM“>
= (7 03)

for some p € N, as, & € Holo: (¥) and P = 1. Taking into account the fact that 7
linearizes A_g (g’ls) = [y for L5 := exp *T, we obtain the identity

Bh
(1+ (& —as)hr)”

_\yo—1
L:ﬁs = (7/12) OMs =
where

L, := ¢:71 o (Lss) -

Hence L must be of the form

Loy = —t
(1+ 5,h2)7”
and we deduce
Qe

Similarly ¢, linearizes L, and therefore
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h

)= "
’ ( ) (1+Xshp) /v

for some x5 € C. As a conclusion ¢} = zZi and 5 has the expected form.

Remark 12. In this specific configuration we observe explicitly that the transition mapping
ns cannot be defined for all values of s € X save when a, = 0, because of (1.43).

1.10 Instances of complete classifications

1.10.1 Complete temporal classification

We first describe the range of the period operator (Proposition 5). The next theorem is
showed in Section 1.10.1.1.

Theorem 13. For a generic unfolding Xo of multiplicity 1 we recall its orbital necklace
Orb (Xe) = 2 (pe) and associated transition map ne as in (1.42).

1. Let fo € Holo (Orb (X,),0) such that fs (0) = 0. There exists Go € Holo (X x (C2,0))
with Ge = O (P,) + O (y) such that T, (Ge) = fo.
2. We can find such a function G satisfying Ge = G_o on X" if, and only if

(Vs € £7) i foo A ((g719)") ome = i food (7)) - (144)

Notice that because Ag (gfls) and A_g (s’lg) are tangent to expim (—% + HA) Id and
expim (—% — ,uA) Id respectively, both sums converge geometrically.

Definition 17. Let (pe, fo) be a temporal necklace (Definition 13). We say that it is a
compatible temporal necklace if {2 (pe) is a compatible orbital necklace and if f,
fulfills the condition (1.44). This is equivalent to the following statement: for s € T let
¢+ denote the unique solution vanishing at 0 of the discrete cohomological equations

Ps — ¢s 0 As (gils) =fs
s — P50 A_s (silg) =f-s ,
then
77:@55 = d)fs .

Remark 13. Tt is sufficient to ensure the relation holds on X because the orbital necklace
is compatible. We refer to Remark 14 for more details.

Corollary 5. Being given X, define

RS = B, - G0 (€20)°)
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and
Compat (X,) := {fe € Holo. (X x (C,0)) : fe satisfies (1.44)} .
1. We have a complete classification
Mod,, (Fol (X,)) =~ Compat (Xe) /g1 57 gyx .

2. If Xo = X3° we have normal forms

NF,,. (Fol (X3°)) := {14—% D ue € C{A} 2], , Ga € Section(l)} X
where
.. )0 if o & R<o

AR |—po|  otherwise

Section (1) := 2™ Tty C {\, 27y} .
Item 1. is a direct restatement of Theorem 13, Theorem 12 and Definition 13 Item 3. We
give the proof of Item 2. in Section 1.10.1.2, based on the explicit computation of the
period operator for the formal model in terms of the Gamma function. The dominant

terms are I' (1 +m (T + pe)) for m € Z>(: the presence of the monomial 27 helps keeping
far away from poles for small |s|.

1.10.1.1 Range of the period operator (proof of Theorem 13)

The proof relies on solving two Cousin problems, one in (z, y)-space and the other one in
s-space.

Lemma 14. Recall the total sectorial spaces D* as in (1.34). Given 8o € Holo. (Orb (X,),0)
such that s — %S is bounded, there exist two functions Fie Holo, (’Dﬁ) such that

o e {55 OHP  onV:

0 on VEUVD

Proof. This is a slight variation on the classical Cauchy-Heine transform. See Fig-
ure 1.15 (a). For (z,y) € V? we set

1 s 0 H (z,
Fb (2,y) ;:_/ﬂ osi(zy)d%

2im Z—x

which by hypothesis defines an element of Holo. (Du) if I'* is deformed slightly to lie
outside adh (V#). The rest follows from Cauchy’s formula. O

The same construction applies for the parametric Cousin problem, using the corre-
sponding contours given in Figure 1.15 (b).
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(a) Spatial contours (b) Parametric contours

Fig. 1.15: The contour used for the Cauchy-Heine transforms

Lemma 15. Given do € Holo. (X x U) such that s d—; is bounded, there exist a
function De € Holo. (X x U) such that for all s € X we have Dy — D_g = ds.

Proof. For s € X simply set

1 d, 1 d.
dz + —

= - dz .
2im Jp+ 2 — 5 2 Jp- z+s

Dy :

O

Let us proceed now with the proof of Theorem 13. Lemma 14, applied to the temporal
invariant &, := f, yields two sectorial functions F with prescribed difference over the
saddle sector. Because F$" — F™ is a first integral of X the function defined by

G Xy\-F» onV¥»
ST Xy F on Y

is holomorphic and bounded on Vs, therefore extends holomorphically to U. By con-
struction its period coincides with f,. Because F? has bounded derivatives [27], Go €
Holo. (X x U) is of the desired form:

OFt OFt OFt

ox

This proves Item 1.

In general there is no reason for G, = G_; to hold when s € X7. We must therefore
modify G, by adding to it a function of the form X, - De with D, € Holo. (X x U), in
such a way that é. := (Ge + Xo - D¢ be even. The equation C:’_S = C:‘s reads



1 Coalescing complex planar stationary points 69
Gy~ G_y=Xy-(D_y - Dy) .
According to Theorem 10 Item 4. we need the identity
fs =% (Gs) =%, (G-s)

to hold for s € X7. We prove below the hypothesis of Theorem 13 Item 2. guarantees
that very property. Taking this fact for granted, we deduce the existence of de such that
Gs—G_, =X, -d, for all s € ¥ using Theorem 10 Item 4. again. This function can be
so chosen that lims_,gds = 0, in which case s — d? is bounded. Then Lemma 15 yields
the expected D,, completing the proof of Item 2.

Remark 14. From Theorem 10 Item 4. we know that T, (G5 — G_4) =0 for all s € X if|
and only if, T_, (Gs — G_,) = 0 for all s € X *. Therefore f, = T, (G_;) for all s € X"
if, and only if, the equality holds merely on X,

Proposition 7.

1. For all s € Xt we have

TG0 (1)) = 3 o an (7))
n=0 n=0

2. fo =%, (G_s) if, and only if, condition (1.44) holds.

PT’OOf. Set s 1= Z?lo:o fs o nAS ((g—ls)"), ¢ = EZO:() f—s oA, ((S_lg)n) and (;s =
ZZO:O T, (G-s) 0 A ((g_ls) )

1. Take p. € T. Any asymptotic cycle v (p.), used to compute the period in Proposition 5,
is tangentially asymptotically homotopic to the lift in F, of the limit of nested cycles

limy, 00 Ym
Y = Ps ((sflg) " (nts) (sflg)m) : [=m,m] — Dy (1.45)
’Ym-i-ll[fm,m] =Ym -

We let 7y, be the lift of v, in Fy with 7, (0) = p.. The quantity F™% (3., (—m)) +
f,ym G_S?D—f represent the analytic continuation of F™$ along 7,,. By construction the
additive monodromy of the continuation of F™} is given by the period f_; when turning
around the saddle-like singularity of V5. Hence

L m de—x + F"S (G (=) — F™ (T (m)) =

(i fso A, ((s*lg)_") - i foso A, ((S’lg)_" n18)> o H™, (p.)

Because F™ extends continuously to {2 = s} and lim,,_,cc 7 (£n) = (s,0), taking the
limit we obtain in the chart 22

< (G—s) oNs =¢_s—¢p_s0A_; (S_lgn_ls) .
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According to Definition 16, for s € X7 the identity n;A, (g7's) = A_; (s™*gn™'s)
holds, so that summing over all terms 7} (T, (G_;) 0 A, ((g71s)")) for n € Zsg yields
the expected result:

77555 = ¢—s .

2. The direct implication is trivial. Assume conversely that n¥ ¢, = > " | f-s0A_ ((s_lg)n),

e g = 55. Because ¢5 — @5 0 Ay (g’ls) = fs and 55 - 55 o Ag (gfls) =% (G_s) we
recover f, =%, (G_y).
O

1.10.1.2 Computation of the period of the model Xg°

Proposition 8. Let Gy, (2, y) := 2"y"™ and Xo := X°. Then for all s € X we have (in
the chart 2%°)

n—+mipx LLLTION m mp
— 2 (-2 +
% G) () =7 x 0 (- 2) L e
L' (n+mpuy) m [(—2 - m)
b = > " pl:[l 1 LY q]:[l 1+ Y
s,n,m +— on n) S| KX m | S| UX m .
prq=n Jj=0 j=0

Remark 15. Notice that taking the limit s — 0 in X' leads to

M _m LLTDN
lim <_§) M:hmtsnmzl
s—0 m T (—% — mé”‘) s—0 7

recovering classical computations [8, 31, 32] performed for A = 0. Also, if pe = 0 then
%o (Gr.m) is a holomorphic function of .

Proof. We perform the computation over V" = D,\ (V& U V). Because

i

S ts)

=

(=13
2

N

B

Hs (x,y) =y (x— s)_%

is constant on the leaves of F) we can parameterize an asymptotic path as
1 [l 1 12
T E Yoo (x,h(:z: - s)ﬁ"_% (x + s)_§+71)

where h = H?® (p.) and Yoo = limp 0y, (as in (1.45)) is the projection on {y = 0} of
the asymptotic cycle v (p«). This projection does not depend on the choice of p, € T

Remembering the computations performed in Proposition 3, we introduce the Pochham-
mer countour Ps € 71 (Dy, 2.) whose encoding in the dynamics necklace is given by

o, (Ps) =n 'gs 'ng s .
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For h € (£2°,0) let P, (h) be the lift in Fy of P, starting from p, € T with h = H, (p.).
Both necklace holonomies A (7) and Ag (ZA“) are linear in the same coordinate Hg|r,

and therefore commute. Because the Pochhammer contour is a commutator we have
Ag (nflgsflngfls) =1Id.

Hence P, (h) is a (non-trivial) element of the fundamental group of the corresponding
leaf of F). As a matter of consequence

d
yé Gnm - =%, (Gn,m) - % (Gn,m) o A (g_ls) .
P (h) Py

Summing over the forward orbit of A, (g’ls) we obtain

> dx
‘Is (Gn,m) (h) = ﬁ n,m o
gz:; PsoAs((g719)")(h) Py
= (A ((57)) ) L e
2 h ?Q " Py

/=0 7)5 (h)

m

1 yg dx
= - 1 ) Gn,m
1 —expimm (—g + HA) P.(h) Py

because

d mo mey _m o mey
yg Gmm—x:hm% 2" (x—s)> z a4t =l .
P (h) Py P

s

We recognize the integral representation of the Beta function. Up to the presence of
and m, the remaining computations are done identically to those in Proposition 3. O

Remark 16. The fact that the complete invariant @7 introduced in Section 1.1.3 for affine
unfoldings is obtained from the above proposition for pe := 0 and m := —1 is not
fortuitous and can be explained very much like in [32]. The best heuristics is the relation

8 CL)\P)\ 8
X)\:XOO—G,)\P)\— =Xr- == XY
A ay Ny dy

so that locally conjugating Xg° to X, is somehow equivalent to solving analytically

P
X Fy = 222

A more precise approach would require to study the generic saddle-node unfolding
near (0,0, 00) whose node- and saddle-parts corresponds to saddle- and node-parts near
(0,0,0).

We deduce from this proposition the following result, concluding the proof of Corollary 5.
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Corollary 6. Recall the notations of Corollary 5. The operator

Section (1) — {fe € Holo. (X' x C,0) : fe (0) =0}
Ge — T, (G)

is bijective.
In the next paragraph we generalize this result for all purely convergent unfoldings.

Proof. This is a consequence of the following two facts:

@® the period operator sends y™z" to some monomial AT y, m,
® Tsnm =0 for s € (X,0) if, and only if, Ty ,.,m = 0, that is n + muy € Z<o.

The choice of 7 prevents T, to vanish so that the operator is formally invertible.
The fact that the inverse operator maps convergent power series f, to convergent power
series is a consequence of limg_0 Ts 14 7m.m = 10,14 rm,m 7 0 and of estimates established
in [32] for T071+m)\7m. O

1.10.2 Normal forms for pure convergence

Here we assume that Z, is a generic unfolding of multiplicity 1 whose orbital invariant
has null node-part:

e =0.

We say that the unfolding is purely convergent, and write Convergent (1) the set of all
such unfoldings.

Theorem 14. Recall the definition of Section (1) given in Corollary 5 Item 2. The col-
lection

Ue

NF,,. (Convergent (1)) := {m

(Xfo —l—yR.aﬁ) : G, Re € Section(l)}
)

is a family of normal forms for Convergent (1). Two wvector fields in normal forms are
locally analytically conjugate if, and only if, there exists co € Holo. (X)* such that

f:f)\ (x,y) = R)\ (Ia C)xy)
Gy (z,y) =G (z,c0y)

Remark 17. Notice that the normal forms are not in prepared form (1.25).

We show this result in three steps, following the strategy presented in [28] for A = 0.
For the sake of clarity we only deal here with the case 3 (119) > 0 , particularly implying
T=0.

The initial data is a formal class (ie, Ute) and a compatible temporal necklace (@e, fo),
as in Definition 17, with ¢ = 0.
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Proposition 9. One can find v’ > 0 and a covering of (C\ {£s}) x 'D into two modified,
infinite canonical sectors V¥, § € {ns,sn}, such that the following properties hold.

1. There exists a collection of holomorphic vector fields Xo € X (X x C x 7'D) of the form

X =X+ ya:Rsa2 , Re € Holo. (¥ x 7'D) , (1.46)
Y

and such that the associated canonical first integrals H! € Holo (Du) have connected
fibers and satisfy H* = % o H™ forb € {n,g,s} and s € ¥.

2. The action of holomorphic automorphisms of the orbital necklace 2 (o) by h — coh
induces an action

Co : Re—> Reo(celd) .
In other words, two vector fields as above are locally orbitally conjugate for all s € X

if, and only if, Re (y) = Re (cey) for some co € Holo. (X)™.

It may happen that Re # R_, in Item 1., preventing X, to be a generic unfolding, so we
seek a function ce € Holo. (X)) such that

CiR. = C*_.R—. .
If this is possible at all then Xg° + yxc; R is the expected normal form. The following

lemma hence completes orbital realization with normal forms.

Lemma 16. Let X, be a collection of vector fields in the form (1.46), with associated
orbital necklace 2 (pa). There exists a function ce € Holo. (£)” such that ciRe = ¢* (R_s
if, and only if, 2 (pe) is compatible.

The temporal realization is a straightforward consequence of the next concluding result, as
was done to prove Corollary 5. This is a generalization of Corollary 6 to generic unfoldings
under normal forms.

Proposition 10. Let X, be a generic unfolding of multiplicity 1 in normal form (1.46).
The operator

Section (1) — {fe € Holo. (X' x C,0) : fo (0) =0}
Ge — T, (G,)

is bijective.

1.10.2.1 Orbital realization on X (proof of Proposition 9)

The proof is achieved by iterating a Cauchy-Heine integral transformation solving a cer-
tain sectorial Cousin problem, like in Lemma 14, to obtain HE. In fact we seek two
functions OE such that

H! .= H®exp (Oﬁ)

as in (1.36).
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Fig. 1.16: The modified (unbounded) squid sectors and associated Cauchy-Heine contours

Definition 18. Take p,r > 0 such that r < ﬁ for every |s| < p. We refer to Figure 1.16.

1. The modified squid sector V*® is obtained from the union of a squid sector of radius
r as in Definition 10 and the half-rays exp _gﬂlRZT and exp Q%IRZT. The construction
is analogous for V", as well as their saddle-, gate- and node-parts.

2. Let ' > 0 be given. We call modified canonical sector V! the product V# x 7/D.

3. We say that a triple (r/, O, O2%), with O} € Holo, (Dﬁ), is adapted to a domain
2= (C,0)if H»* (Vi) Cc 2 forall s e X.

The next result is the basis of the construction. We omit the proof, which is a straight-
forward generalization of its counterpart in [28] for s = 0. Instead we focus on the
constructions involved, stressing the few steps where the case s = 0 does not extend
straightforwardly.

Theorem 15. Consider some (r', O, O2®) adapted to 2. Take any fo € Holo. (X x §2)
vanishing along {h = 0} and with bounded derivative f, on X U {0}, then define F? by

T Is (Hg (Zay)) X%

F! =
< (2,y) = o n r-z

. seX, (xzy) eV, (1.47)

where the paths were described in Definition 18. The following properties hold.
1. F} € Holo, (D*).

2. F5" — F» = foo HY on VSti and vanishes elsewhere.
3. Ff (x,0) = 0 and F¢ (0,%) = 0.
4. For |s| < p one has estimates

a.
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’

fs| expsup ’Og‘
Vi

sup ‘Ff‘ < r'K sup
Vi «

OF!

0"

’

fs

sup
Vi

N———

< r'Ksup |f,| expsup |O§‘ 1+ sup
@ Vi Vi

OF!
Ox

/

fs

sup |z
Vi

00!
expsup|(9§‘ <1—|—sup r—2 )
Vi Vi

< 7' Ksu
S Qp Oz

with some constant K > 0 depending only on pg, p and r.

Remark 18. We mention the fact that the assumption R (1)) > 0 guarantees the conver-
gence of the integrals near oo, since f, (H? (2,y)) ~oo Cz 7> for fixed y € 7'D.

For ' > 0 and O := (O, 03®) adapted to 2, we write € (O) the pair (F}®, F3") built
in the previous theorem for fo := %. Define the recursive sequence (O,,) starting
with Qg := (0,0) and

nGEZZO

Opi1=E(On), n>0. (1.48)

Show it converges in the Banach space H := Holo. (D) x Holo. (D®") (equipped with
the sup-norm). For the sake of clarity we write H,, the canonical first integral H2® built
from OF°. We can assume that all ¢? are holomorphic and have bounded derivatives on
some disc 7D = (C,0). Then we choose

n n dy§
< — —— K
P exp( S;Ep A )
where
M M (,U.) : sup J}TMA/ZQS exp2 T |:u)\| ’

[s|<p , zeVs
and K is the constant appearing in Theorem 15. We wish to ensure that
(Vs e X) (VneN) (Vyer'D) (V2 € V)  |H,(z,y) <n. (1.49)
By construction of H,, we have for (z,y) € VI*

|H,, (z,y)| < r'Mexpsup |0 .
yus

Therefore if for some n € N we have supyn.
that

O] < 229K sup,p, ’%—“‘f} then we first find

M
)

def
dh

|H,, (2,y)] < r'Mexp LK sup
M p
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i.e. (1, 0y,) is adapted to 7D and then, using Theorem 15 Item 4 a., we obtain

d S
sup ‘0211’ < r'K sup ‘% expsup |O0)°]
yus 7D yus

deps

n
< —K
sup dh

Vi,

These estimates show by induction on n that, with the above choice of 7/, the rela-
tion (1.48) defines a bounded sequence (O,), C H. It so happens that the components
of the sequence (O,,),, converge for the Krull topology in Holo. (D?) [[y]], almost by con-
struction, hence we can ensure it converges in the Banach space Holo, (’Dﬁ) by using the
same argument as [28]. The cited reference likewise provides the remaining claims of the
upcoming proposition.

Proposition 11. Let 2 = (C,0) be a domain and a collection ¢ € Holo. (X x §2) be
given. Then there exists (', O, OF) € R x H adapted to 2 such that

1.

H™ = H¥ exp (2impy + @5 (HY))

S

%

0 O?

S

< 1.

<1l , sup
1%

sup
Vi

x

We can now complete the proof of the first item of Proposition 9.

Corollary 7. Let v’ > 0 and O} be given by Proposition 11.
1. For s € X the vector field

X®.0f 0

X=X - —
s s #
1+ yaaczls dy

, 1€ {ns,sn}

is holomorphic on V% and admits H? as first integral.
2. The vector fields X¥ are restrictions to the sectors V¥ of a vector field

Xs (z,y) = X (2,9) + Rs (y) Yoy
Re € Holo. (X x 7'D) , Re (0)=0.

Proof. Define
X . Of

R = — :
003
1+ ya—y

S

(1.50)

1. is a straightforward consequence of Proposition 11.
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2. On the one hand we have
X5 HS = XE- (H exp (2imps + ¢ (H)) =0 .

On the other hand a short calculation shows that

, ‘ , Bl ,
X! HS = g (Xg@-@;”+ (l—i-y o™ )R‘;b> .
Y

Therefore the functions R% glue other the intersection of canonical sectors to a holo-
morphic function Ry on (C\ {£s}) x 7'D, bounded near {x = +s}. Hence R; is holo-
morphic on C x 7’D by Riemann’s removable singularity theorem. From (1.50) follows,
for |z| > 1,

el a0
|2 xR (1 ) [y
e : < Clal
1_ |20t
Y78y

for some constant C' > 0 whose existence is guaranteed by Proposition 11 Item 2.
Therefore for any fixed y € 7'D the partial function x — R (z,y) is affine. Taking
Theorem 15 Item 3. into account we derive that ﬁs = =Ry, so that R, can only depend
on y, concluding the proof.

O

So far we have proven Proposition 9 Item 1. The second item can be shown in exactly
the same way as in [28], so we shall skip additional details.

1.10.2.2 Gluing antipodal realizations (proof of Lemma 16)

Assume the existence of ¢, € Holo. (X)* for which Ry = ci R, is holomorphic with
respect to A for s € Y. Let X. be the corresponding vector field in normal form. We
put a hat over objects associated to this vector field, to avoid confusing the same objects
attached to X,. The orbital necklace 2 ($o) is compatible: 7, := HooH_, conjugates
the necklace dynamics Ao and A_,. Because Xo and X, are conjugate by (s,z,y) —
(s,x, csy) their orbital necklaces are diffeomorphic: A, = ctAs. As a conclusion, setting
Ns = ciﬁs o (c—sId) we check easily that 7, conjugates the necklace dynamics A, and
A_,, while NSl =1 _,.

Conversely, if 2 (p,) is compatible then 1 := HZ™ ! one o H_, is a self-map of T
conjugating the holonomy representation of R, and R_, on 7. Because the union of
leaves L, of F, for p € T contains a uniform, connected neighborhood U of {(+s,0)},
there exists a family of paths 7 (z) linking z to z, so that b2 (x,y) € T for every
(z,y) € U. The map built @ la Mattei-Moussu [21]

7, ¢ (oy) — (2. 5770t 001 (a,y))
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is therefore well-defined, biholomorphic and locally conjugates X, and X_,. The conclu-
sion follows from Proposition 9 Item 2.

1.10.2.3 A section to the period operator (proof of Proposition 10)

This is really Theorem 15. Being given X, € Holo. (¥ x C x /D) in normal form, the
functions F¥ of (1.47) induces a function G4 := X, - Fi € Holo. (¥ x C x r'D) with
prescribed period as in Section 1.10.1.1. Applying again the arguments of Corollary 7
Item 2., we can give a polynomial bound on the growth of z — G, (x,y), so that it must
be of the expected form. The claim follows from the same reasoning as in Theorem 13 to
perturb G, so that the resulting function is even in s and has same period.
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