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EXPONENTIAL TREND TO EQUILIBRIUM FOR THE INELASTIC BOLTZMANN
EQUATION DRIVEN BY A PARTICLE BATH

JOSE A. CANIZO & BERTRAND LODS

ABSTRACT. We consider the spatially homogeneous Boltzmann equation for inelastic hard
spheres (with constant restitution coefficient o € (0, 1)) under the thermalization induced
by a host medium with a fixed Maxwellian distribution. We prove that the solution to the
associated initial-value problem converges exponentially fast towards the unique equilib-
rium solution. The proof combines a careful spectral analysis of the linearised semigroup
as well as entropy estimates. The trend towards equilibrium holds in the weakly inelastic
regime in which « is close to 1, and the rate of convergence is explicit and depends solely
on the spectral gap of the elastic linearised collision operator.
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1. INTRODUCTION

We pursue our investigation initiated in [3, 4] of the qualitative properties of inelastic
hard spheres suspended in a thermal medium. In a more precise way, we investigate here
the large time behavior of the one-particle distribution function f(v,t), v € R3, t > 0
solution to the following spatially homogeneous Boltzmann equation:

O f = Qalf, f) + L(f), (1.1

where Q,(f, f) is the inelastic quadratic Boltzmann collision operator, while L(f) models
the forcing term. The parameter « is the restitution coefficient, expressing the degree of
inelasticity of binary collisions between grains: 0 < « < 1, and the purely elastic case is
recovered when o = 1.

1.1. Setting of the problem. As is well documented, dilute granular flows can be de-
scribed by kinetic models associated to suitable modifications of the Boltzmann operator
for which hard-sphere collisions are assumed to be inelastic [6]: each encounter dissipates
a fraction of the kinetic energy. In absence of energy supply the system cools down and
the corresponding dissipative Boltzmann equation admits only trivial equilibria. This is no
longer the case if the spheres are forced to interact with an external thermostat, in which
case the energy supply may lead to a non trivial steady state. Different kinds of forcing
term have been considered in the literature [10, 21, 15, 16, 17, 11], and the qualitative
properties of the corresponding steady states have been investigated. In particular, the
following questions have been addressed regarding steady solutions of kinetic equations
of the type (1.1): (1) Existence [15, 11], (2) Uniqueness in some weakly inelastic regime
corresponding to « close to 1 [16, 17] and (3) stability, i.e. convergence of the solution
to the associated Boltzmann equation towards the steady state [16, 17]. In particular, for
hard spheres subject to diffuse forcing, the large-time behaviour of the solution to the BE
has been completely characterised in [17] whereas, for anti-drift forcing (closely related
to self-similar solutions to the freely evolving Boltzmann equation), asymptotic behaviour
has been considered in [16].

In this paper we are concerned with the asymptotic behaviour of a physical model in
which the system of inelastic hard spheres is immersed in a thermal bath of particles at
equilibrium, already investigated in [3, 4]. In this model the forcing term is given by a
linear scattering operator describing elastic collisions with the background medium:

L(f) = Qi(f, M)

where M stands for the distribution function of the host fluid, supposed to be a Maxwellian
with unit mass, bulk velocity ug € R? and temperature O, > 0:

3/2 2

The precise definitions of the collision operators Q,(f, f) and L(f) are given in Subsec-
tion 2.1. We refer to [15, 16, 17, 11] for a mathematical discussion of various models and
their physical motivation. We restrict our attention to interacting hard spheres and refer
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to [7] for exhaustive references on the pseudo-Maxwell approximation. A salient feature
of both collision operators Q,(f, f) and L is that their only collision invariant is mass, i.e.

/RB Qa(f,f)dv:/]R3Lfdv:O.

In contrast with the elastic Boltzmann operator, neither the momentum nor the energy are
conserved by Q,, or L.

The existence of smooth stationary solutions for the inelastic Boltzmann equation under
the above thermalization has already been proved in [3], for any choice of the restitution
coefficient «. This has been achieved by controlling the LP-norms, the moments and the
regularity of the solutions for the Cauchy problem, together with a dynamical argument
based on the Tychonoff fixed-point theorem.

Uniqueness of the steady state is proven in some previous contribution [4] for a smaller
range of parameters «. Namely, the main results of both [3] and [4] can be summarized
as follows:

Theorem 1.1 (Existence and Uniqueness of the steady state). For any ¢ > 0 and « € (0, 1],
there exists a steady solution F,, € L3(R?), F,(v) > 0 to the problem

Qu(Fu, Fo) + L(F,) =0 (1.3)

with / F,(v)dv = p.
R3

Moreover, there exists g € (0, 1] such that such a solution is unique for a € (ay, 1]. The
(unique) steady state F, for o € (v, 1] is radially symmetric and belongs to C>°(R?).

We assume in the sequel that a € (ag, 1] and we are interested in the large-time be-
haviour of the solution f(¢,v) to (1.1) (whose existence and uniqueness are guaranteed
by [3]). In particular, if one assumes

fo(v)dv =1, (1.4)
R3

then one expects the solution f(¢,v) to converge towards the unique steady solution with
unit mass given in Theorem 1.1. Our goal in the present paper is to provide sufficient
conditions on the initial datum f; ensuring that this convergence holds true, with an ex-
ponential rate that we make explicit. As in [16, 17], this exponential trend to equilibrium
is proven to hold in the weakly inelastic regime, i.e. for a range of parameters a € (af, 1]
for a certain explicit of > ay.

1.2. Main result and strategy of proof. Our goal is to prove a quantitative version of
the return to equilibrium for the solution to (1.1). Our main result combines local sta-
bility estimates in a certain weighted L'-space with suitable entropy estimates. A crucial
point in our approach is that it strongly relies on the understanding of the elastic problem
corresponding to « = 1. In the elastic case, as is well known, F; = M is exactly the host-
medium Maxwellian appearing in L. The spectral properties of the linearised operator
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around M have been studied in [4]. Namely, in the weighted space
X = LY (R3, exp(alv]) dv), a>0,
the elastic linearised operator .#; given by
Z1h = Q1(h, M) + Q1(M, h) + Lh, h e L'(R% (1 + [v]) exp(alv]) dv)

admits a positive spectral gap v > 0 which can be explicitly estimated. We shall consider
solutions to (1.1) associated to a nonnegative initial datum f, € X" satisfying (1.4) and

H(folM) = /R Fo(v) log (ﬁ%) dv < 0. (1.5)

Our main result can be stated as follows:

Theorem 1.2. For any 0 < v, < v (with v equal to the size of the spectral gap of %) there
exists some explicit of € (0,1) such that, for any o € (af,1] and any nonnegative initial
datum with fy € X satisfying (1.4) and (1.5) the solution f(¢,v) to (1.1) satisfies

1 f(t) = Follx < Kexp(—vit) YVt >0
for some positive constant K depending on e, « and H( fo| M).

Notice that the rate of convergence is explicitly computable in terms of the spectral gap
of the elastic linearised operator .%; in X.
The proof of the above is based upon two main ingredients:

(1) Alocal stability estimate in which exponential convergence is established for small
perturbations of the equilibrium state, i.e. whenever the initial datum f; is close
enough to F,.

(2) Suitable entropy estimates as a tool to pass from local to global stability. We take
advantage of the fact that the scattering operator L is dominant in the weakly
inelastic regime.

To tackle the above first point (1), we have to perform a fine study of the spectral pro-
perties of both the linearised operator .%,, around the steady solution F,, and its associated
evolution semigroup. More precisely, introduce

Louh = Qu(h, Fy) + Qu(Fu, h) + Lh, h e LYR3; (1 + |v|) exp(alv]) dv),a € (ap, 1].

We deduce the spectral properties of .Z,, in X’ from those of the elastic operator .#; by a
perturbation argument valid for « close enough to 1. Notice that the elastic limit o — 1
is actually well behaved since the operator gap (in the sense of [13]; see Appendix A)
between .%,, and .#] is going to 0 as &« — 1. This allows us to apply results from the
perturbation theory of unbounded operators [13]. This strongly contrasts with the analysis
of [16, 17] which, though perturbative, was ill-behaved in the elastic limit.

As is well known, the spectral properties of the Cy-semigroup (S, (t)):>0 generated by
%, cannot be directly deduced from those of .%, because of the lack of spectral map-
ping theorem in infinite dimensional Banach spaces. In particular, one cannot directly
derive from the existence of a spectral gap for .¥, the decay of the associated semigroup.
However, following an operator splitting strategy introduced in [18], we can localise the
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essential spectrum of (S, (t));>0 through a weak compactness argument and deduce from
that the local stability theorem (see Theorem 3.9 and Theorem 4.2). We give a direct and
elementary proof that does not rely on the recent results of [12, 18].

In order to address the above point (2) entropy estimates play a crucial role. Our
method is based upon the following entropy-entropy production estimate recently ob-
tained in [5]. Introducing the entropy production associated to L,

D)=~ [ LiG)log (%) v,

the result reads as follows:

Theorem 1.3. Let us introduce the There exists A > 0 such that

D(f) > AH(fIM) :== X /Rgf(v)log <%> dv >0

holds for any probability distribution f € L*(R3, dv).

This result has important consequences on the asymptotic behaviour of the solution to
(1.1) in the elastic case o = 1. In this case the scattering operator L. becomes dominant
and forces the solution f(¢,v) to (1.1) to converge exponentially fast towards the unique
equilibrium state of L, which is the Maxwellian M (see [5] for details). Roughly speaking,
in the elastic limit « — 1, we expect the persistence of this behaviour and we expect the
scattering operator L to drive the system in some neighbourhood of M. Since F,, ~ M
for « close to 1, the dynamics is forced to take the solution close to M as t — oo. To be
more precise, using the above Theorem 1.3, one can estimatethe evolution of the relative
entropy along the solutions to (1.1) (see Proposition 5.1) to get

H(f(t)|IM) < exp(=\t)H(fo|M) + K(1 — «) Vit >0; ac€ (ap,1]

for some positive constant X > 0 independent of a. The above estimate ensures that, for
large time and « ~ 1, the solution to (1.1) will become close enough to M and, hence to
F,, which, combined with the local stability theorem, yields our main result. It is worth
mentioning here that, while the analysis in [4] dealt with a (possibly) inelastic scattering
operator, we restrict ourselves here to elastic interactions between the hard spheres and
the host medium due to the inavailability of Theorem 1.3 in the inelastic case. Notice
however that all the spectral results of the paper, as well as the local stability theorem 4.2,
hold true without modification substituting L by the inelastic scattering operator

Lef = Qe(f?M)7

associated to a general constant restitution coefficient e € (0, 1].

1.3. Plan of the paper. The organisation of the paper is as follows. In the next section
we define the collision operators Q, and L, and recall from [4] the main properties of
the solution to (1.1) and the steady state F,. Section 3 is devoted to a study of the
spectral properties of .Z,, and (S, (t)):>0, used later in Section 4 to derive the local stability
Theorem 4.2. In Section 5 we exploit the entropy estimates to establish our main global
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stability result. The proof that, for any « € (o, 1], £, generates a Cj-semigroup in X’ is
postponed to Appendix A and uses a weak compactness argument.

1.4. Notation. Given two Banach spaces X and Y, we denote by #(X,Y) the set of
linear bounded operators from X to Y and by || - | z(x,y) the associated operator norm. If
X =Y, we simply denote Z(X) := Z(X, X). We denote then by ¥ (X) the set of closed,
densely defined linear operators on X and by .#(X) the set of all compact operators in
X. For A € €(X), we write Z(A) C X for the domain of A, .4 (A) for the null space
of A and Range(A) C X for the range of A. The spectrum of A is then denoted by G(A)
and the resolvent set is p(A). For A € p(A), R(\, A) denotes the resolvent of A. We also
define the discrete spectrum G4(A) as the set of eigenvalues of A with finite algebraic
multiplicity (see [13, 9] for more details). We denote by s(A) the spectral bound of A, i.e.

s(A) =sup{ReX; A € 6(4)}.

There are several definitions of the essential spectrum of A in the literature which are un-
fortunately not equivalent. In the present paper we adopt the notion of Schechter essential
spectrum, denoted by S.(A) and defined by

Gess(A)= [ S(A+K).
Kex (X)
For a bounded operator 7' € #(X) we can also define the essential radius of T as
ress(T) =inf {r > 0;&S(T)N{N e C; [N\ >r} C S4(T) }
= sup {|ul; p € Gess(T)} -

Notice that the first identity is peculiar to Schechter essential spectrum whereas the second
one is valid for any of the various notions of essential spectrum (see [8, Corollary 4.11, p.
44]. If (U(t))e>0 is a Cp-semigroup in X with generator A, we denote by wy(U) its growth
bound and by wess(U) its essential type, defined by

exp(two(U)) = sup {|ul; p € &(U(1))},
exp(t wess(U)) = ress(U (1)) = sup {|p]; 1 € Gess(U (1))} fort > 0.
2. PRELIMINARY RESULTS

2.1. The kinetic model. Given a constant restitution coefficient & € (0,1), one defines
the bilinear Boltzman operator Q,, for inelastic interactions and hard spheres by its action
on test functions ¥ (v):

/R3 Qalf,9)(v) Y(v) dv —/RS /R3 /S2 w) v —w| (YE') —Y((©) dvdwde (2.1)

with v = v+ 142 (jv —w|o — v +w). In particular, for any test function ¢ = ¢(v), one has
the following weak form of the quadratic collision operator:

[, attnte 5 [, [ 1@ @ - uldalile ) dode, @2
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where
Aalilto.) = 3 [ W)+ (') = 6(0) = ) do
= AL w) ~ Az [, w)

(where we have used the symmetry of the integral under interchange of v and w) and the
post-collisional velocities (v',w’) are given by

(2.3)

1+« 1+«
v'=v+T(IQI0—Q), w=w— 1 (lgloe —q), qg=v—w. (2.4)

In the same way, one defines the linear scattering operator L by its action on test functions:

/L<f><v>¢<v>dv=§ / £(0) M(w) [0 — 0| T[] (0, w) dwdv,  (2.5)
RS RS RS

where
TWww) = 3= [ @) =6) do = T o) = T ow. @6
with post-collisional velocities (v*, w*)
=vtsldo—a),  w=w-s(do-0),  g=v-w  @7)

For simplicity, we shall assume in the paper that the particles governed by f and those
with distribution function M share the same mass. Notice that

L(f) = Qi(f, M)

and we shall adopt the convention that post (or pre-) collisional velocities associated to
the coefficient « are denoted with a prime, while those associated to elastic collision
are denoted with a x. We are interested in the large time behaviour of solutions to the
following Boltzmann equation:

(%f(t,i)) = Qa(f(tv ')§f(t7 ))(U) + L(f)(tﬂ})? f(07v) = fO(U)a t> 0,1) € Rs- (28)
Notice that
Qa(faf): Q;_(f’f)_Q;(faf): Q;_(f’f)_fz(f)

where
S()0) = (f*]- ) = /R Fwle — wldw.

Notice that 3(f) does not depend on the restitution coefficient & € (0,1]. In the same
way,

L(f)(v) = LT(f)(v) = L™ (f)(v) = L¥(f)(v) = S(M)(v)f(v)
Existence and uniqueness of solutions to (2.8) have been established in [3]. In particular,
if fp is a nonnegative initial datum with

/ fo(w)|v]? dv < oo and fo(v)dv =1 2.9
R3 R3
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then there exists a unique nonnegative solution (f(¢,v));>0 to (2.8) which additionally
satisfies

sup [ f(t,v)|v]* dv < oo, and / flt,v)dv=1 vt > 0.

t=0 JR3 R3
More generally, uniform propagation of moments holds: namely, for any p > 2 one has

/ fo)|vPdv < oo = sup [ f(t,v)|v|Pdv < oc. (2.10)
R3 >0 JR3

See [3, Proposition 4.2 & Theorem 4.8] for more details. Owing to the above mass con-
servation property we shall restrict ourselves in the sequel to nonnegative initial data
satisfying (2.9). Due to the influence of the scattering operator L there is no additional
conservation law besides mass conservation. In fact, it appears impossible to express the
evolution of the momentum
u(t) = f(t,v)vdv € R?
R3
and the energy

B0 = [ f(to)lo do
R3
in a closed form.

2.2. A posteriori estimates. We collect here several results obtained in our previous con-
tribution [4] regarding the properties of solutions to (2.8) as well as those of the steady
solution F,, to (1.3). We begin with high-energy tails for the solution to (1.1) and F,.

Theorem 2.1. Let fo be a nonnegative velocity distribution with [ps fo(v) dv = 1. Assume
that fo has an exponential tail of order s € (0,2], i.e. there exists ro > 0 and s € (0, 2] such
that

/RS fo(v) exp (ro]v]®) dv < 0.

Then there exist 0 < r < r9 and C' > 0 (independent of o € (0, 1]) such that the solution
(f(t,v))e=0 to the Boltzmann equation (2.8) satisfies

sup/ f(t,v)exp (r|v]®) dv < C < 0. (2.11)
>0 JR3
In particular, there exist constants A > 0 and M > 0 such that for all o € (0,1] and all
solutions F,, to (1.3) one has
/ Fo(v)exp (AJv]?) dv < M.
R3

Notice that the above integral tail estimate for F,, can actually be strengthened to get

the following pointwise Maxwellian bounds:

Proposition 2.2 ([4, Theorems 4.4 & 4.7]). There exist two Maxwellian distributions M
and M (independent of «) such that

M(v) < Fy(v) < M(v) Vv € R?, Va € (ap, 1).
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2.3. Convergence of F, to M. Let us now introduce
X=LYm™YH=L'Rm (v)dv), Y=Lim™) =LYR? wm tv)dv) (2.12)
where
W)= (1+[v>)? and m()=exp(—alv|), a>0, veR.

According to the above Theorem 2.1, F,, € X for any o € (0,1]. We recall from [1,
Proposition 11] that Q,, is well defined on Y:

Proposition 2.3. There exists C' > 0 such that, for any a € (0,1)
1Qa(h, 9)llx + 12a(g, W) llx < CllAlly llglly Vh,g €Y.
Moreover, one has the following:

Proposition 2.4 ([16, Proposition 3.2]). For any o,o’ € (0,1) and any f € Wll’l(m_l),
g € Li(m™1), it holds

194 (f.9) = Qu (f.9)llx < pla— ) f 111y lglly
and
19 (9, £) — Q. £l < pla — &)l gy lglly
where p(r) is an explicit polynomial function with lim,_,o+ p(r) = 0.
In the elastic limit & — 1, one has the following:

Theorem 2.5 ([4, Theorem 5.5]). There exists an explicit function 1, («) such that lim,,,1 n1(a) =
0 and such that

HFCM—MHJ) ém(a) Ya € (Oé(],l].

2.4. Spectral properties of the linearised operator for « = 1. Define the elastic lin-
earised operator .4 : (%) C X — X by

gl(h) = Ql(M,h)+Q1(h,M)+Lh, Vhe.@(.,%) = ).
(We recall X and )Y were defined in (2.12).) We introduce also

/’?:{fe/’\,’;/RSfdvzo}, ?Z{fey;/mfdvzo}.
One has the following structure of the spectrum of .%;:
Theorem 2.6 ([4, Theorem 5.3]). The null space of £, in X is given by
N (£1) = span(M).

Moreover, £, admits a positive spectral gap v > 0. In particular, A (%) N X = {0} and 4
is invertible from ) to X.
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Let us spend a few words on the strategy used to prove the above result since we will
use several of the tools involved to study the spectral properties of the linearised semi-
group in the next section. The proof of the above result is related to a general strategy
introduced in [12] which consists in deducing the spectral properties in L' from the much
easier spectral analysis in L2. The existence of a spectral gap for the linearised collision
operator in H = L?(M™!) is relatively easy to obtain through a suitable Poincaré-like
inequality and the task is to prove that the linearised collision operator in X’ can be de-
duced from the one in the Hilbert setting. This is done thanks to a suitable splitting of the
linearised operator as

A=A+ B
where
i) A; : X — H is bounded;
(ii) the operator By : 2(B1) — X (with 2(B;) = ) is f-dissipative for some positive
B8 >0, i.e.

/Ssignf(v)Blf(v)ml(v) dv < =B flly Viel. (2.13)
R

Under these conditions [12] asserts that the spectrum of .#; in X will be the same of that
in H.

To be more precise, the splitting is as follows. Let us introduce the linearised Boltzmann
operator

Tif = M, f)+ Qi(f, M)
so that 4 = 71 + L. Clearly,

Tif =T f=or(0f0)=M) [ fwllo-uldw,  while L) =L ()=S0
and the splitting consists in setting, for some R > 0 large enough so that (2.13) holds,
A= Aj + A7
with
AL =T )+ U ), ARF0) = =M() [ flw)lo =l du

where Bp is the open ball in R? with radius R > 0 and center 0. Then, simply sets
By = % — A;. Notice that, in the above inequality (2.13), the constant 8 > 0 can be
chosen as

f=X401+¢
for some arbitrarily small € > 0 where

)
Se it 2@ 0 and o= it 2O )
vers 1+ |v] —  verd 1+ |v]

Notice  does not depend on R.
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3. SPECTRAL ANALYSIS OF THE LINEARISED OPERATOR AND ITS ASSOCIATED SEMIGROUP

We recall that for o € (ap,1], F, denotes the unique steady state with unit mass,
solution to (1.3). In order to study the stability of F,, for « close to 1 we will first prove
that the following operator has a spectral gap in X:

goz(h) = Qa(h7 Foz) + Qa(FOmh) + L(h) (h € y) 3.1

Notice that thanks to Proposition 2.3 the above expression is well defined and belongs to
X whenever h € ). It is fundamental here that the domain of .Z, in X’ does not depend on
Q, i.e.
D(La) =2(L)=Y Va € (ag, 1].

This is in major contrast with the situations investigated in [16, 17] where the forcing
term was a differential operator for which the domain of the associated linearised operator
involved Sobolev norms.

Since .%, is the linearisation of the nonlinear operator Q,(f, f) + L(f) near its steady
state F,, a study of its spectrum will allow us to perform a perturbative study of the
evolution equation (2.8). We deduce from the results of Section 2.3 the following technical

result stating that .%, is close to .£; for « close to 1. It will play a crucial role in our
analysis:

Proposition 3.1. There exists an explicit function @: (ag, 1] — R* such that lim,_,+ w(a) =
0 and

[Za(h) = ZA(h)|x <w(a)[bly  Vhe).

Proof. A fundamental observation is that the domain of .%, is actually independent of «,
ie. 2(%,) =Y for any a € («a, 1]. Let h € Y be fixed. We have

1Za(h) = L1 (h)||lx = |Qa(Fa, h) + Qalh, Fo) = Q1(M, h) — Qi (h, M)|lx
< |Qa(Fo — M, h) + Qa(h, Fo — M| x
+[1Qa(M, h) = Qu(M, h)[|x + [|Qa(h, M) = Qu(h, M) x-

Thus, using Proposition 2.3 and Theorem 2.5, one sees that there exists some constant
C' > 0 and some explicit function 7y («) with lim,—,1 79(a) = 0 such that

[Qa(Fa — M, ) + Qa(h, Fo — M)|[x < C[[Fa — Mlyllhlly < mola)l[hlly.
In the same way, according to Proposition 2.4,
[1Qa(M, h) = Qu(M, h)|lx + ([ Qalh, M) — Qi(h, M)||x < mi(a)]|R[|y

some explicit function 7; () with lim,—1 71 (a) = 0. These two estimates give the result
with @(-) = no(-) + (). O
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3.1. Spectral gap of the linearised operator. We investigate here the spectral properties
of %, in X'. We begin by studying the kernel of .%,,:

Proposition 3.2. There exists some explicit oy € (o, 1] such that, given o € (a1, 1], 0is a
simple and isolated eigenvalue of .£,, and there exists G, € )) with unit mass and such that

N (%) = Span(Gy,) Vo € (o, 1].

We denote then by P, the spectral projection associated to the zero eigenvalue of .%£,,. Then, for
any f € X, one has P, f = 05 Go With o5 := [ f(v) dv. In particular, Range(I — Py) = X
for any a € (ay,1].
Proof. For any a € («ay, 1], set for simplicity 7, = .4 — %, with domain Z(T,,) = Y. From
Proposition 3.1,
[Tahllx <@ (@)|hlly — Yhe ()=
Since || - ||y is equivalent to the graph norm of #(.#}), there exists ¢ > 0 such that
[2lly < ce(lhllx +1Zhllx)  Vhed
from which the above inequality reads
[Tahllx < allhllx + 0| ARy VR e 2(A)
with b = cw(a). Since lim,_,1+ w(a) = 0, this makes T}, a .Z}-bounded operator with

relative bound b < 1 for any a € (o, 1] for some explicit oy € (v, 1]. In particular,

according to [13, Theorem 2.14, p. 203] (cf. Theorem A.2), the gap g(.iﬂa,.,?l) between
Ly =24 + T, and .4 (as defined in [13, IV.2.4, p. 201]; see Appendix A) is less than

Vorr _ V2cw(a)
1-b 7 1—cw(a)’

Now, recall that the spectrum of %} splits as
&(24) = {0} us'(A)

where &'((£4) C {# € C;Rez < —v}. Denoting by P; the spectral projection asso-
ciated to the 0 eigenvalue, one gets that X = X" @ X' with X" = Range(P;) and
X' = Range(I — P;) with moreover S(Z|y) = {0} and &( L4 |,) = &'(A). In particu-
lar, the two above parts of &(.% ) are separated by the closed curve v, = {z € C; |z| =},
for any r € (0,v). Then, according to [13, Theorem 3.16, p. 212 & IV.3.5] (see Theorem
A.3), there exists 6 > 0 such that the same separation of the spectrum and decomposition
of X hold for any operator S € € (X) for which the gap 5(S, Z)) < 6. Choosing now
ay € (ap, 1] such that 5(L, L) < b as soon as a € (ag, 1], one gets therefore that the
spectrum of &(.%,,) can be separated by ~,, i.e. it splits as

(%) =&"(L)UG (L) Vae (1]

where 6”(%,) C {z € C; |z|] < r} while & (.Z ) C {z € C; |z|] > r}. Moreover, the space
X splits as X = X, @ X, with 6(.,2” x) = S" (%) and &(.%Z, 1) = &'(Z.). Moreover,

1"

still using Theorem A.3, dim(X,, ) = dim(X,, ) = 1. This shows that actually
& ( Zo) = {1at
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where (1, is a simple eigenvalue of %, with |u,| < r for any a € (o), 1]. Let us show that
actually ;. = 0 (at least for sufficiently large ) . Define P, as the spectral projection
operator associated to fi,, i.e.

1

Po = o f,{ R(E, 2 dE Vae (an,1].

According to A.3, one also has lim,_;1 ||P,, — P || B(x) = 0 with an explicit rate, from which
there exists some explicit o; € (o, 1] such that

|IPof —Pifllae <1 forall « € (ay,1], f € X. (3.2)

Let us prove that p, = 0 for any o € (a1, 1]. Let us argue by contradiction and assume
there exists a € (a1, 1] for which u, # 0. Let ¢, be some normalized eigenfunction of .%,
associated to piq, i.6. ¢o € Y\ {0} satisfies £, ¢ = jia o Integrating over R3 we get that

¢a(v)dv = 0.
R3

For any f € X, there exists 5 = ((«, f) such that P,f = B¢, while P1f = oy M. In
particular, one sees that

/ Pofdv=20 while / Py fdv = oy VfeX.
R3 R3

This clearly contradicts (3.2). Therefore, for any « € («y,1], uo = 0 and the above
reasoning shows that any associated eigenfunction ¢, is such that

/RS a(v) dv £ 0.

Let then G, be the unique eigenfunction of .%, associated to the 0 eigenvalue with
Jzs Ga(v) dv = 1. From [13, Eq. (6.34), p. 180], one has Range(I — P,) C Range(.%,) for
any a € (g, 1]. Since [p; £, fdv = 0 for any f € 2(%,) we get that Range(I — P,,) C X
for any ay < a < 1. Thus, given f € X, since f = P, f + (I — P,)f, it holds

gf::/ fdv:/ P, f dv.
R3 R3

Since moreover P, f = ;G for some 3¢ € R and G,, is normalised, we get that P, f =

orF,. In particular, if f € X then P,f = 0 and f € Range(I — P,) which achieves the
proof of the result. 0

From now on, v > 0 will denote the size of the spectral gap of .%; (see Theorem 2.6).
Our main result in this subsection is the following:

INotice that this cannot be deduced directly from the fact that » > 0 can be chosen arbitrarily small
since the range of parameters (o, 1] for which the above splitting holds actually depends on r through the
parameter ¢ in A.3.
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Theorem 3.3. Take 0 < v, < v. There is ay < a, < 1, with a, depending on v,, such that
for all a, < o < 1, the linear operator £, has a spectral gap of size v,. More precisely, the
spectrum of £, splits as 6(%,) = {0} U & (Lala—p,)x) with

S (Lalp) C{AeC; Red < —1i} Va € (ay, 1] (3.3)
where we recall that P, denotes the spectrAal projection associated to the zero eigenvalue of
., and £, | ; denotes the part of £, on X = (I — P,)X.

To prove this we will use the following result asserting that if an operator has a spectral
gap, and another operator is close to it in a certain sense, then it must also have a spectral
gap of a comparable size:

Lemma 3.4. Let X be a Banach space and let (Lo, Z(Ly)) be the generator of a Cy-semigroup.
Foranye € (0,1) let (L., Z(L.)) be a given closed unbounded operator with Z(Lo) C Z(L.)
and

lir% [(Le = Lo)R(A, Lo) | (x) = 0 VA e C with ReX > s(Ly). 3.4
E—
Then,
limsup s(L.) < s(Lo)
e—0
with

lim [|R(\, Ze) = RO\ Lollgx) =0 YA€ C  with ReX > s(Lo)-
e— ‘

Proof. Let A € C be given with Re A > s(Ly) and let ¢y > 0 be such that
[(Lo = Le)R(A, Lo) || (x) < 1 Ve € (0,ep).
Setting
Fo=1— (L. — Lo)R(\, Lo) =: I — Z.

one gets that _Z. is invertible for any ¢ € (0,¢9) with ¢! = >"°° / Z". Since moreover

e == L) R(X, Lo)
one gets that A — L. is invertible for any ¢ € (0,¢q) with

R()" L&) = R()‘? LO)/sil Ve € (0’ 60)'

Therefore, Re A > s(L.) for any ¢ € (0,g0) which proves the first part of the result. For
the second part, one has simply, for a given A € C with Re A > s(Lg),

IR(\, Le) — RO\ Lo) | ) = |RONLo) (771 = 1)

and it suffices to prove that

B(X)

ig% H/e_l - IHﬁ/}(X) =0.
Since 7.1 =32 7", we get

Hje_l -1

a0 € X122

and clearly, since lim_,o || Z;|| 5 x) = 0 we get the conclusion. O



STABILITY OF THE STEADY STATE 15

Remark 3.5. We notice that the above result can also be seen as a way of stating general
abstract results for relatively bounded operators (see [13, Theorem 3.17, p. 214]).

We are now ready to prove Theorem 3.3:

Proof of Theorem 3.3. We will apply Lemma 3.4 to the restriction of %, to X for a close
to 1. (We recall the reader that the spaces X and y were defined in section 2.4.) Notice
that, since

Zof(v)dv=0 Vfe 2(Z) a € (0,1]

R3
one can define the restriction L .@(.Z ) C X — X by .@(.Z ) =2(Za) N X =Y and
Zn f=%.fforany f €Y foranya € (0 1]. Accordmg to Theorem 2.6, s(.,?l) =—v <0.
Estimate (3.4) in Lemma 3.4 for .,%1 and .,% is exactly Proposition 3.1 since

1Za(h) = Zi(0)| 5 = | Lalh) = A (R)|lx  VheED.

Since R(A, 2 ): X — Y, the hypotheses of Lemma 3.4 are satisfied and therefore s(.ﬁj”;) <
v, < v = s(Z£) for any « close enough to 1. Now, since X = Range(I — P, ) for any
a € (a1,1], one has £, = Z,|q_p,)x for any a € (a1, 1]. This finishes the proof. O

3.2. Decay of the associated semigroup. Now, one should translate the above spectral
gap of the operator .7, into a decay of the associated semigroup. To do so, we use a stable
splitting of the generator .%,, into a dissipative part and a regularising part. This strategy
is inspired in the recent results [12, 18], but we give a proof adapted to our situation,
exploiting a well known stability property of the essential spectrum under weakly compact
perturbations. Our splitting is in the spirit of the one described in Section 2.4. Namely, set

Tf Qa(fa )+QC¥(FCV’f) fey
so that ., = 7, + L. The positive part of this operator is

Ta f = Qa(f. Fa) + Q4 (Fus f)

and 7, is written as
Tof ) =T @) = Falo) [ fw) o= wldw = 0a(0)(0), v eRS, fe.
where
:/ Fa(w)|o—w|dw> o, (14 |0])  VoeR
RS

Inspired by the splitting in Section 2.4, let us pick R > 0 large enough so that (2.13) holds
true and define, for any «,

Bof(v) = To (xBe £)(v) + LT (x5, /) (v) = (B(v) + 04 (v)) f(v) (3.5)
for f € Y and v € R3. Let us first see that B, thus defined is dissipative:
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Lemma 3.6. Let R > 0 and 8 > 0 be given as in (2.13). For any 0 < (3, < (3, there exists
of = al(B,) € (ap, 1) such that

/ signf (v)Baf(v)m ™ (v) dv < =B flly Viel, Va € (af,1). (3.6)
R3

Proof. The proof is a direct consequence of (2.13) together with the fact that 7. converges
strongly to 7;". More precisely, let us fix f € J and compute first || 7, fr — 7,7 fr|lx. One
checks easily that

1Tt fr = Tt falloe < 1QF (Fa — M, fr) + OF (fr, Fa — M)x
195 (M, fr) — OF (M, fr)llx + 198 (frs M) — OF (fr, M)
< C [ = Mily | Flly + 201 = )l|M [l sy 1 lly

where we used both Proposition 2.3 and 2.4. Consequently, there exists a nonnegative
function ¢; (o) with lim,,,; 61 () = 0 such that

|7 fr = T frllx <o(a)llfly  Vae(a,l)  VR>O. (3.7)
Set now
Fuolf) = / signf (v)Baf (v)m ™1 (v) dv Va € (ap, 1].
R3
Using the fact that
Bof(v) = Buf(v) = T fr(v) = T fr(v) = (0a(v) — 01(v)) f(v)
we get readily that

o) < A) + TS fr= T frllx

= [, @al0) = 1(0) £}~ ) o
<A+ Iy + [ loa(e) = ()] 1) m ™ (o) do

where we used (3.7). Finally, since |v — w| < (v) (w) Yv,w € R3, we have
loa(v) —o1(v)]| < /RB v —wl [Fa(w) = M(w)] dw < (v)[[Fa = M| 1 g3y < (0} [|[Fa = M|y
and we deduce from Theorem 2.5 that

/R3 |0a(v) = 1(v)] [f(v)|m ™ (v) dv < ni(a) /RS ) f)m™ (v) dv = m () | f]ly

with lim,_,1 71 (o) = 0. To summarize, there exists a function 6(-) with lim,_,; §(a) = 0
such that

Faf) < AN+ fly Ve

which, from (2.13), becomes

Fao(f) < (6(a) = B) [fly VI e
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This gives the first part of result since lim,_,; §(«) = 0. O

We set now A, = .7, — B, a € (af, 1), or in other words
Aaf (@) = To (xBa f)(0) + LT (xBr f)(v) — Fa(v) /RS f(w) v —wldw

forv € R? and f € X. Then we have then the following:

Proposition 3.7. For any a, € (0,a) and for any « € (af, 1), one has

D Ay € B(X);
i) By : 2(B,) C X — X with domain Z(B,) = Y is the generator of a Cy-semigroup
(Ua(t)) =0 of X with

[Ua()fll S exp(=B)[fllx  VE=0, Ve (3.8)

Proof. It is clear from Proposition 2.3 that A, is a bounded operator in X since

[Aafllx < CllEallylixBaflly + 1FallylFllLr@s)
S CrllElly Iflx +IFallylflle VfeX
for some positive constant Cr depending on R.
Since .%,, (with domain ))) is the generator of a Cj-semigroup in X according to The-
orem B.3 and A, is bounded, it follows from the classical bounded perturbation theorem
that B, (with domain })) is also the generator of a Co-semigroup (Ua(t));, in X. Since

B, + By is dissipative according to (3.6), (3.8) holds according to the Lumer-Phillips theo-
rem. O

Actually, it is easy to check that A, has better regularising properties:

Lemma 3.8. For any a € (g, 1), Ay € B(X,)). Moreover, there exists some Maxwellian
distribution M such that, for any a € («ap, 1),

Aoy € B(X,H) where H = L>(M~Y/?).
In particular, A, is a weakly compact operator in X.

Proof Recall that there exist two Maxwellian distributions M and M (independent of «)
such that

M) < Fu(v) < M(v) Vv € R3, Va € (g, 1).
In particular, there exists some Maxwellian distribution M such that

1/2
s gy = sw ([ @R w) = o <.

a€(ap,1) a€(ap,l)
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Then, because |v — w| < (v) (w) for any v, w € R3, one has first that, for all f € X,

J.

2
M~ (v)dv

Fu(v) /R Fw)lo — wldw

2
< [R@PeAre ([ 17wl o)
R3 R3
< Py a1y 12y < I Fal 200y 1713
Moreover, according to [1, Proposition 11], there exists C' > 0 such that
H Q+(ga h)HLQ(M—l) < CHg M_1/2||L1(R3) ||hM—1/2HL%(R3) and
HQJr(hag)Hlﬁ(Mfl) <Clg Mﬁl/z”L}(R?’) HhM*l/zHB(R%-

Using this with ¢ = fxp, and h = F,, we get that there exists C' > 0 (independent of a)
such that

H"iﬂo—éi_(fXBR)HLQ(M*I) <C (HfXBRHL}(M—l/Q) + HfXBRHLl(M_l/Q)) .
In particular, there exists C' = Cr > 0 such that
H"goj_(fXBR)HL%M—l) < CRHfHX
In the same way;,
HL+(fXBR)HL2(M—1) < CRHfHX Vfe&x.

This proves that A, € #(X,H). Due to the Dunford-Pettis theorem the embedding H —
X is weakly compact, which proves the second part of the Lemma. O

We this in hands, one has the following result about the decay of the semigroup
(Sa(t))isp in X generated by #,. Remember that v is the spectral gap of the elastic
linearised operator ..

Theorem 3.9. Take 0 < v, < v and 0 < B, < a (Where 8 > 0 is such that (2.13) holds).
With the notations of Theorem 3.3 and Lemma 3.6, let a1 = max(as,al). Then, for any
a € (a1,1) and for any u € (v, v), there exists C = C'(u, ) > 0 such that

|Sa(t) (T — Pa)”@(x) < Ce Mt Vit >0

where P, is the projection operator over Span(F,,) in X. In other words, for any hg € X the
solution h = h(t,v) (in the sense of semigroups) of the equation

Oh = 2o (h)

satisfies
IA(t) = cGallx < Cllholle™"  fort >0,

where ¢ := [3 ho.
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Proof. Denote by (U, (t)):>0 the semigroup in X’ generated by B,,. Since .Z, = A, + B, it
is well known from Duhamel’s formula that

Sa(t) = Uy (L) + /Ot Sa(t — s)AqUa(s)ds.

Since A, is weakly compact in X, one gets that, for any ¢ > s > 0, the integrand
Sa(t — ) Ay U, (s) is a weakly compact operator in X'. Using then the “strong compact-
ness property” (see [9, Theorem C.7] for general reference and [19] for the extension to
weakly compact operators in L'-spaces) we get that

Sao(t) — U, (t) is a weakly compact operator in X for all ¢ > 0.

We recall that, by definition, the Schechter essential spectrum is stable under compact
perturbations. However, it can be shown that in L'-spaces it is actually stable under
weakly compact perturbations, see [14, Theorem 3.2 & Remark 3.3]. Due to this property
we have

Gess(Sa(t)) = Gess(Ua(t)) vt > 0.

In particular, the two Cp-semigroups share the same essential type, i.€. wess(Sa) = Wess(Uy ).
Since wess(Un) < wo(Uy) We get

Wess(Sa) < =P < 0.
Since
wo(Sa) = max (wess(Sa), $(La))
with s(.%,) = 0 we obtain that
wo(Sa) = 0 > Wess(Sa)-

General theory of Cjy-semigroups [9, Theorem V.3.1, page 329] ensures that, for any w >
Wess (Sa ), one has

S(ZL)N{AeC;ReA 2w} ={\1,..., ¢}
with )\; eigenvalue of .£, with finite algebraic multiplicities k; and ReA; > ... > Re )\
and there is C, > 0 such that

1Salt)(I ~ L[| < Cu explwt) V>0

where TI1,, is the spectral projection associated to the set {\,..., A\¢}. In particular, choos-
ing ¢ = 2, since A; = 0 while Re )\, is the spectral gap of .%,, (see Theorem 3.3), choosing
then 0 < p < vy,

S(Zy) N{A € C; ReA = —pu} = {\} = {0}

we get the result since II,, = IP,, is the spectral projection on the simple eigenvalue 0. [
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4. LOCAL STABILITY OF THE STEADY STATE

Using the result of the previous section, we show here that when « is close to 1 and
the initial condition is close to the steady state, solutions to Eq. (2.8) converge to it
exponentially fast. Choosing « close enough to 1 and the initial condition close enough to
equilibrium, the exponential speed of convergence can be as close to v as we want. In all
this section, we shall assume that the initial datum fj is such that there exist b > 0,s €
(0, 1) satisfying

/R3 fo(v)exp(blv]) dv < oc. 4.1)

Then, according to Theorem 2.1, there exists 0 < a < b (independent of «) such that the
solution f(¢) of (2.8) satisfies

fyex YVt >0
where we recall that
m(v) = exp (—alv]), (a>0), and X = LY(R3, m~L(v)dv).

Actually, assuming a bit more on the initial datum, one can prove the following where we
recall that ) = Li(m™1):

Lemma 4.1. Let f(t,v) be the solution to (2.8) associated to a nonnegative initial condition
fo satisfying (1.4) and (4.1). Then, for any ¢ > 0 there exists C > 0 depending only on &
and the moment (4.1) of fo such that

IF®Olly < Clf®llys ve=o. (4.2)
Proof. By Holder’s inequality, taking a dual pair p, ¢,i.e. 1/p+1/g=1

1£Oly = [ ft.o)wpm @)

1/q

< ([, seomwa) v ([ seorem e a)

“ sl ([ semermtwa)

The initial datum f; has an exponential tail of order 1 and Theorem 2.1 ensures that this
property propagates with time; hence for any p > 1 there exists C' > 0 such that

1/q
sup < ft,v){v)im™(v) dv> < C < oo,
>0 \JR3

where the constant C' > 0 depends only on ¢ and f, (and not on «). Hence, choosing p
such that 1/p > 1 — ¢ proves the lemma. O

We deduce from the above lemma the following stability result:
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Theorem 4.2. Take 0 < v, < v. There exist 0 < «a, < 1 and ¢ > 0 such that, for all
a with a, < a < 1 and all nonnegative fy € Y satisfying (1.4) and (4.1) and such that
| fo — Fullx < ¢, the solution f(t) of (2.8) with initial data fy satisfies

1f(t) = Fallx < Cexp(—wat)|fo— Fallx  (£=0) (4.3)

for some constant C which depends only on « and the moment (4.1) of the initial condition

Jo-

Proof. Let a € (ap, 1] and let f(¢,v) be the solution to (2.8) associated to the initial datum
fo. Setting h(t,v) := f(t,v) — F,(v), we may rewrite (2.8) as

Oth = Zo(h) + Qu(h, h),
and through Duhamel’s formula, denoting by (Sa(t)),, the semigroup generated by .%,,

h(t) = Sa(®)[h(0)] + /0 Salt = )[Qu(h(s), h(s))] ds.

Take any p such that v, < p < v and consider oy < a, < 1 such that for every a, <
a < 1, the operator %, has a spectral gap of size i (the existence of such «, is warranted
by Theorem 3.3). Then, for this range of «, the semigroup ((I — P,)S(t))i>0 decays
exponentially with speed x. Recalling that Range(I — P,,) = X and that h(t) € X for any
t > 0 we get that there exists C' > 0 which depends only on « such that,

1ROl 5 < [[SaBBO)] 5 + / 1Sa(t - $)[Qa(h(s), h(s))]]| 5 ds
< ClIR(O) | 5 exp(—pt) +C /0 1Qah(s), h(s)|L 5 exp(—u(t — ) ds
< O expl=ut) +C [ I expl—ult — ) ds

< IO exp(—ut) + Co [ M) L exp(—n(t = 5)

where we have used Lemma 4.1 with ¢ = 1/4.

From this point, a Gronwall argument is enough to show that for ||2(0)|| 7 small enough,
h(t) converges exponentially fast to 0, with a speed as close to 1 as we want. Let us develop
this argument more precisely. Take § > 0 and fj such that ||h(0)|| s < §/2, and consider ¢
in a time interval [0, 7] where ||h(t)|| 5 < 0. Then,

Iz
Iz

1h®)] g < ClIRO)| g exp(—pt) + 51/202/0 17 (s)]| 5 exp(—p(t —s)) ds

or, rewriting this for the quantity y(t) := exp(ut)||h(t)| 5,

2(6) € Cr(0)+ 2 [ e)ds  (te[0,T5).
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Then, by Gronwall’s Lemma,
(1) < C9(0) exp(6'/2Cat) (¢ € [0,T3]),
or equivalently,
1h(®)] 5 < ClIRO) ]| g exp((6'2Co = w)t) (¢ € [0,T5]). (4.4)
Now;, take ¢ small enough so that §'/2Cy — u < —v,, and e < § /2 small so that
Ce exp(—vit) < 0.

Then, for ||h(0)]| 5 < &, one can actually take 75 = +o00 and (4.4) finishes the proof. O

%

5. GLOBAL STABILITY

5.1. Evolution of the relative entropy. We consider the evolution of the relative entropy
of a solution f(¢,v) to (1.1) with respect to the equilibrium Maxwellian M. Notice that M
is not the steady solution associated to (1.1) and f (¢, v) is not expected to converge towards
M. However, we shall take advantage of the entropy-entropy production estimate satisfied
by L to estimate first the distance from f(¢) to M which, combined with Theorem 2.5,
yields a control of the distance between f(¢) and F,,. Using the entropy-entropy production
estimate, Theorem 1.3, obtained in [5], one has the following crucial estimate on the
evolution of the relative entropy along solutions to (1.1)

Proposition 5.1. For any a € («ap, 1] and any nonnegative initial datum f, with unit mass
and H(fo| M) < oo, the solution f(t) = f(t,v) to (1.1) satisfies:

H(f(OIM) < exp(-M)H(fol M) + K(1—a)  V¢>0; a € (ap, ]

for some positive constant K > 0 independent of o where A > 0 is the constant appearing in
Theorem 1.3

Proof. Let a € (ay, 1] be fixed. Given a solution f(t) = f(¢,v) to (1.1), set then

H(t) = HUOIM) = [ f(t0)log (%;) v.

Computing the time derivative of H(t) we get

d f f
EH@) = /R3 Qulf, f) log <ﬂ> dv+/R3Lf10g (H) dv
_ / Qu(f. ) log f dv - / Qu(f. f)log Mdv + D(f).
R3 R3

We recall [11] that

1—a?

202

/ Qul9,9)(v)log g(v)dv = =P a(g9) + / g(v)g(w)lv —w|dvdw, (5.1)
R3 R3xR3
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where the entropy production functional %y (g) is defined, for any nonnegative g, by

1
— o [ ulswg(w)
T JR3xR3xS?2

/ / / /
g9(v)g(w) g9(v)g(w)

where the post-collisional velocities (v',w') = (v/,,w!,) are defined in (2.4). Moreover,

using the definition of M and the fact that Q, conserves mass, one has

[, uttpiosman =~ [ 0u(r.plofao

-@H,a(g)

s (5.2)
_ - .3
e [ oo dude
where we used (2.2)-(2.3) noticing that A, [| - [?] (v,w) = —% |v — wl|?. Putting (5.1)
and (5.2) together we obtain
d 1 —a?
SHO = -DUW) = ZualfO) + g [ o)t wl - wldodu
Q R3 xR3
Sl [ e ftw) o — wf dvd
160 Jao,ze ;) f(t,w) v —wl]® dvdw
< —AH(t) + 1—2a/ f(t,v)f(t,w)lv —w|dvdw.
2@0 R3xR3

Using the uniform control of moments of f one sees that there exists some positive con-
stant C' > 0 independent of « such that

%H(t)g—AH(t)%—C(l—@ Vit >0, Va € (ap, 1].
Integrating this inequality, we obtain
C(l-«
H(FOIM) < exp(- A0 H(folM) + TEZD (1 exp(-an)
which gives the result. O

5.2. Global stability result. Using the Csiszar-Kullback inequality we deduce from Propo-
sition 5.1 the following

Theorem 5.2. There exist some T = T(ag) and some function ¢ : (ag,1] — RT with
limy1 /() = 0 such that

lf(t) — Follx < 4() Vt > T(); a € (ap,1].

We remark that both 7" and / in the above theorem can be given explicitly.
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Proof. Using both the Csiszar-Kullback inequality and Holder’s inequality we get
1F(8) = Mgy < 1F@) = MU 1FE) = MU,
<VRH(FOIM) I£(E) = MU, .
Due to Theorem 2.1 (and recalling the definition of m by (4)), assuming a < r/2 gives
Sup £ () = M| L1 (n-2) < oo

Using now Proposition 5.1 we get the existence of two positive constants C7, Co > 0
independent of o € (v, 1] such that

|f (&) — M|lx < Crexp(—At) + Co(1 — «) Vit >0; o€ (ao, 1]
This, combined with Theorem 2.5, yields

If(t) — Follx < Crexp(=At) + m(a) VE=0; a€ (ap,1] (5.3)
where 7;(+) is a given explicit function with lim,_,; 71 () = 0. We get readily the conclu-
sion. 0

The previous results essentially contain the proof of our main result:

Proof of Theorem 1.2. With the notation of Theorem 4.2, one can pick a; € (g, 1) so that
l(a) < e for any a € (a1, 1) so that

If(t) — Fullx <€ Vit > T(aq) : Va € (aq,1]
and Theorem 4.2 yields the global stability result. O
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APPENDIX A. SOME RESULTS IN PERTURBATION THEORY OF LINEAR OPERATORS

We gather here some results that are needed in Section 3.1 in order to study the spectral
properties of .Z, for a close to 1. We begin by defining the gap between two closed linear
operators, following [13, IV.2.4, p. 201]:

Definition A.1. Let X, Y be Banach spaces and S, T closed linear operators from X to Y.
Let G(S), G(T) be their graphs, which are closed linear subspaces of X x Y. We set
(S, T) :=0(G(S),G(T")) := sup dist(u,G(T)),
ueG(S)

lul x xy=1

and we define the gap between S and T as its symmetrisation:

~

0(S,T) :=max{d(S,T),(T,S)}.

We include here Theorem 2.14 from page 203 of [13] for the convenience of the reader:
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Theorem A.2 ([13, Thm. 2.14, p. 203]). Let X, Y be Banach spaces and A, T be closed
operators between X and Y such that A is T-bounded with relative bound less than one; that
is,

[Aully <allulx +0[Tully, — we2(T).
forsome a >0,0<b< 1. Then T + Ais a closed operator and

. N/,
5(5,T) < Cl‘izb

Finally, the following theorem is the main perturbation result we use in order to deduce
the properties of the spectrum of .%,,:

Theorem A.3 ([13, Thm. 3.16, p. 212]). Let T be a closed linear operator on a Banach
space X and assume its spectrum &(T') is separated into two parts by a closed curve I in C.
Let X = X/. ® X/ be the associated decomposition of X. Then there exists § > 0, depending
on T and T, such that any operator S on X with

~

0(5,T) <6
satisfies the following properties:
(1) The spectrum S(S) is also separated into two parts by the curve T.
(2) In the associated decomposition X = X¢® X, the spaces X} and X§ are respectively
isomorphic to X/, and X7.
(3) The decomposition X = X§ & X¢ is continuous in S in the sense that the projection
Ps of X onto X along X% tends to Pr in norm as (S, T) — 0.

APPENDIX B. PROOF THAT .%,, GENERATES AN EVOLUTION SEMIGROUP

Let
m(v) = exp(—alvl|), a>0
be fixed and let
X = LY(m (v)dv), Y = L' ((v)m () dv).
We wish here to investigate the compactness properties of the ’gain’ part of %, for a €
(v, 1], with the final aim of showing that .#,, generates a semigroup for all 0 < a < 1.
Recall that
Zoh = Qa(h,Fo) + Qa(Fa,h) + L(h),  he).
and also that
L(h) = Kh —%(-)h

where
Kh(v) = Qf (h, M)(v) = /RS kE(v,w)h(w)dw and X(v) = /RSM(U))\U — w|dw
with

2
_ v—ul?—|w—ul?
k(v,w) = Colv — w| " Lexp { =B (]v —w|+ | _]’v — L}\ u (B.1)
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with gy = % and Cy > 0 a positive constant (depending only on ©g). Notice moreover
that X(v) = [ps k(w, v) dw. In the same way, one can write

Qu(h,Fo) = KLh — oo(-)h and Qu(Fy, h) = K2h — K2h

with
’Céh = Q;r(ha Fo), ng(h) = Q;F(Faa h)
while
oa(v) = / Fo(w)|lv —w|dw and IC3 (h)(v) = Fa(v)/ h(w)|v — w| dw.
R3 R3

With this notation
ZLoh=Kh+KLh+K2h — (S +00)h—K3h  Vhe .

As for L, the two operators K, i = 1,2 are integral operators with explicit kernels.
Namely,

Lemma B.1. For any h € )), one has

KLlh(v) = Kl (v,w)h(w) dw
R3
where
1 Ca a—1
K, (v,w) = Folv+ Vot ——(w—0) | dVy (B.2)
|U - w| Vo (w—v)=0 a+1

for some positive constant C,, > 0.

Proof. The proof follows standard computations performed for instance in [2] where F,
was replaced by a given Maxwellian. In particular, (B.2) is derived in [2, p. 524]. O

Recalling that there exist two Maxwellian distributions M and M (independent of «)
such that

M) < Fu(v) < M(v) Vv € R3, Va € (0,1).
In particular, this proves that, for any A > 0,
Kin <Ko h = QF (h, M)
and
K2h < Koh = QF (M, h).
Again, E; h is an integral kernel with explicit kernel, namely

Roh() = | K- (v, w)h(w) dw

with

il — e — w2\
Ko(v,w) =Calo —w| " exp{ —p1 ((1+ua)\v—w!+’” ul,lv_‘u?f, ul‘) (B.3)
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where C,, > 0 is a positive constant depending only on o and M while

l—« 1
>0, - —
1+« b 80,

©1, u1 being the kinetic energy and momentum of M (see [2]). By a simple domination

argument (namely, Dunford-Pettis criterion), if K, are weakly compact in X then so will
be K,i=1,2.

Proposition B.2. Let o € (ayp, 1) be fixed. Then,
K:Y—-Xx, KL:Y-X
are positive, bounded, weakly compact operators. Moreover, K2 € B(X') while
K3 x—-x

is a bounded and weakly compact operator.

Ho = 2

Proof. The fact that K, K., are bounded operator from ) to X comes from Prop. 2.3. We
divide the proof of the compactness properties into several steps.

First step: weak compactness of K.. We already notice that it is enough to prove that

K. : ¥ — X is weakly compact. Let dv(v) = m~!dv and let B = By be the unit ball

of Y. Since X = L!(R3, dv), according to Dunford-Pettis Theorem, this amounts to prove
that

sup / ‘Kih(v)‘du(v)—>0 as  v(A) =0 (B.4)
heBJA

sup /
heB J|v—uq|>r

Using the representation of K}l as an integral operator, it is easy to check that (B.4) and
(B.5) will follow if one is able prove that

and

E}lh(v)‘ dv(v) — 0 as r — oo. (B.5)

sup M/F;(v,w)m_l(v) dv —0 as v(A4) —0 (B.6)
weR3 <’U)> A
and
sup M/ Fi(v,w)m_l(v) dv — 0 as 7r— 0. (B.7)
weR3 <w> |[v—u1|>r

Let us prove (B.6). Let A C R? be a given Borel subset and let w € R3 be fixed. Set
By ={veR3, |v—w| < 1}. Since K ,(v,w) < Culv — w|~! one has

K -1 C —w| tdr(v
/AKa(v,w)m (v)dnga/A]v |7 dv(v)

=C, (/ v —w| ™ dl/(v)—|—/ v —w| ™! du(v)) .
ANBy, ANBE,
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Clearly
/ lv —w| L dr(v) < v(A)
ANBE,

while, for any p > 1, 1/¢ + 1/p = 1, one has

1/q 1/p
/ v —w|™tdr(v) < (/ dl/(’[))> (/ |v —w| P exp(alv|) dv)
ANBy ANBy ANBy

<o (4ol +0) o ([ 0wl rae)

where we used that, exp(a|v|) < exp(a|w|) exp(a|v —w|) for any v, w. Choosing now p > 3,

one sees that
1/p
</ ]v—w\_pdv> < 00

and is independent of w. Thus, there exists C' = C(a, a, p) such that
/ Fi(v,w)m_l(v) dv < C (exp (%]w[) V(A1 4 V(A)> Vw € R3.
A

Since p > 1, this proves that (B.6) holds true. Let us now prove (B.7). One first notice
that
sup M/ E}I(v,w)mfl(v) dv — 0 as r — oo. (B.8)
|lw—u1|<r/2 <w> |[v—ui|>r
Indeed, one notices that
—1 — _
R (0,0) < oo — ] exp (2611 + 1) [0 — waf? — o — w?])
Therefore, if |w — u;| < r/2 and |v — uy| > r, one gets

—1 2C
K, (v,w) < Ta exp (—%ﬁl(l + po)|v — u1]2)

and (B.8) follows easily since

/RS exp (—361(1 + pa)|v — wi]?) dv(v) < oo.

Now, to prove (B.7), it is enough to show that

sup M/ F}l(v,w)mfl(v) dv — 0 as r — . (B.9)
|w—u1|>r/2 <w> [v—u1|>r

Arguing as in [4, Proposition A.1] (with s = 1), there exists K = K, > 0 such that
F;(v,w)m_l(v) dv < Kom™H(w).
R3
Therefore, for any r > 0,
m(w)

. . 1
W ~/|v—u1>r KO‘(U’ ’U))m (U) dv < Ko (’U)>
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and (B.9) follows since supjy,_y,|>r/2 (w)™' — 0 as r — oo. This achieves to prove that

K. : Y — X is weakly compact.

. =1 .
Second step: weak compactness of K. Notice that X and K, are two integral operators
whose kernels, given respectively by (B.1) and (B.3), are very similar. The above compu-
tations can then be reproduced mutatis mutandis to get the weak-compactness of K.

Third step: boundedness of K2. According to [1, Theorem 12], and since m(v) = exp(—alv|*)
with s = 1, one has

Ko=0f(M,): X > X
is bounded for any 0 < a < 1. Consequently, simple domination argument asserts that
K2 € B(X).
Final step: weak compactness of K3 . Recall that
K3 h(v) = Fa(v)/ h(w)|v — w| dw.
R3
Therefore,
KCah(v)] < (v)Fa(v) /RS |h(w)|(w) dw.
In particular, there exists C' > 0 such that
KCah(v)] < (v>Fa(v)/ | (w)m ™ (w) dw.
R3
Since
/ Fo(v){v)m ! (v)dv < oo
R3

this proves that K2 : X — X is bounded and dominated by a one-rank operator. In
particular, it is weakly compact. O

As a general consequence, one has the following

Theorem B.3. For any o € (g, 1), the unbounded operator %, is the generator of a Cy-
semigroup (Sq(t)),soin X.

Proof. One applies the recent version of Desch theorem for positive semigroups in L!-
spaces, see for instance [20]. For any « € («y, 1), define the multiplication operator:
Aoq h(v) = =(0a(v) + E())h(v),  heP(Aa) =Y

then, A, is the generator of a positive Cy-semigroup (U, (t));>o in X. Since K and K., are
weakly compact, one has from [20] that B, = A, + K + K} is the generator of a positive
Co-semigroup (V,(t))s>o. Finally, since K2 and K2 are bounded operators, one gets that

ga:Ba"i‘,Ci_,Ci

is the generator of a Cjy-semigroup in X. O
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