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ON THE HALPHEN TRANSFORM OF ALGEBRAIC SPACE CURVES

ALFREDERIC JOSSE AND FRANCOISE PENE

ABSTRACT. The Halphen transform of a plane curve is the curve obtained by intersecting the
tangent lines of the curve with the corresponding polar lines with respect to some conic. This
transform has been introduced by Halphen as a branch desingularization method in [4] and has
also been studied in [1, 7]. We extend this notion to Halphen transform of a space curve and
study several of its properties (birationality, degree, rank, class, desingularization).

1. INTRODUCTION

In [4], Halphen studied plane curve transformations based on a simple geometric construction.
Given a plane curve C, choosing a conic K in the same plane, every nonsingular point m of C is
mapped on the intersection of the tangent line 7,,C to C at m with the polar of m with respect
to . The Halphen transform of C with respect to K is the Zariski closure of the image of C by
this transformation. It is clear that this transformation separates branches at any multiple point
of C with distinct tangents. Even more, in [4], Halphen shew namely that iterations of these
transformations provide a branch desingularization process. In [1], Coolidge mentionned some
properties of Halphen transforms. Further properties of these transforms have been carefully
studied by Josse in |7].

In the present work, we extend the construction of Halphen transforms to curves of the three
dimensional complex projective space P3. We show that these transformations can be used for
desingularization. We study the birationality of the Halphen transformation. We establish also
formulas for the degree, the rank and the class of Halphen transforms. The study of these space
Halphen transforms is much more complicated than the original one for several reasons: these
transforms don’t act on a hypersurface, all space curves are not complete intersection of two
hypersurfaces, the local parametrization of their branches is more complicated than for space
curves (for which it is simply given by a single Puiseux expansion [5, 11]), etc.

Let P3 := P(W) where W is a four dimensional complex vector space. Let C be an algebraic
curve of P3 and Q be an irreducible quadric of P3. For m € C, we write ®¢ o(m) for the
intersection point of the tangent line 7,,C with the polar plane d,,Q of Q with respect to m € C
(when this point is well defined). The Halphen transform C€ of C with respect to Q is the
Zariski closure of the image of C by ®¢ o. As for plane curves, by definition, this transformation
separates branches of nodes of C. Recall that the degree of C corresponds to the number of
intersection points of C with a generic plane of P3, that its rank corresponds to the number of
its tangent lines intersecting a generic line of P3 and that its class is the number of its osculating
planes passing through a generic point of P3. We also write g(C) for the (geometric) genus of C.

Theorem 1 (Numerical characters of Halphen transform). Let C C P3 be an irreducible curve.
For a generic for a generic quadric Q C P32, the Halphen map D¢ o is birational, so the Halphen
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ON THE HALPHEN TRANSFORM OF ALGEBRAIC SPACE CURVES 2

transform preserves the genus, i.e.

9(C%) = 9(C). (1)
Moreover, for a generic quadric @ C P2, the degree, the rank and the class of C2 are given by
the following formulas

degC2 = degC + rankC, (2)
rank C¢ = 2(deg C + rankC + g(C) — 1) — ko(C<) (3)

and
classC2 = 3 degC + 3 rank C + 6 g(C) — 6 — 2ko(C2) — k1 (C9) , (4)

where k;(C2) is the i-th stationary index of C<.

Let us indicate that (3) and (4) follow directly from (1) and (2) thanks to formulas established
by Piene in [9] and recalled in Section 6.1. Let us precise that ko(C) corresponds to the number
of cusps of C (with their multiplicities) and that k;(C) corresponds to the number of inflection
points of C (with their multiplicities). The precise definitions of these quantities are recalled in
Section 6.1.

Remark 2. Let C be an irreducible algebraic curve of P3.

Proposition 15 below gives the type of the branch ®¢ o(B) of C2 for any type of branch B of C
for a generic quadric Q C P3. This precise result has several consequences.

First, it enables the computation of the indices ko(C2) and ki(C2) for a generic quadric
Q C P3, given the type of the singular branches and of the smooth inflectional branches of C.

Second, it ensures that the Halphen transform (for a generic quadric Q) decreases the order
of contact of non singular inflectional branches of C with their tangent lines and that, except in
very special cases, it also decreases the singularities of the singular branches of C (see Corollary
16).

In Section 2, we recall some facts on tangent curves, polar surfaces, rank and tangent devel-
opable. In Section 3, we detail the construction of the Halphen transform of a space curve. In
Section 4, we prove the degree formula. In Section 5, we see that the Halphen transform can be
used as a branch desingularization method. In Section 6 we prove the rank and class formulas
and illustrate them on examples. In Section 7, we prove the birationality of the Halphen map
®c o for a generic quadric Q.

2. RECALLS ON TANGENCY AND RANK

Let us recall that the tangent plane 7,,S to an algebraic surface S = V(x) C P3 (with
X € SymqWV) at a nonsingular' point m of S is the plane 7,8 = V(dx(m)) C P3, where
m € W \ {0} is a representant of m € P3 and where dx(m) € W is the differential of y at m.

Analogously, given an algebraic curve C = ﬂilzl S;, where §; = V(X(i)) C P3 are surfaces (with
I>2and y¥ e Symg, W), the tangent line 7,,C to C at a nonsingular? point m of C is the
line 7,,C = N, V(dx®(m)) c P3.

In practice, we will use projective coordinates (by fixing a vector basis (e, es,e3,e4) of W).
We represent each point m of P3 by its coordinates [z : y : z : ] and we write m = (2,7, 2,t) €
W \ {0}. In coordinates, we identify x € SymyW" with an homogeneous polynomial F' €
Clz,y,2,t] of degree d and we write as usual F,, F,, F, and F; for its partial derivatives.

Ihonsingular means here that dy(m) € W is non null.

2nonsingular means here that Vect(dx*)(m), ..., dx")(m)) € W" has dimension 2.
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We also identify dx(m) with the gradient VF(m) = [Fy(m) : F,(m) : F.(m) : Fy(m)]. Let
H> := V(t) be the plane at infinity.

2.1. Tangent curve. We write G(1,3) for the set of projective lines of P3. As usual we write
TC C G(1,3) for the tangent curve of C, that is the Zariski closure of the set of tangent lines
to C (see for example [6, p. 188]). We recall that G(1,3) is embedded in P® via the Pliicker
embedding.

Up to a linear change of variables, we assume that C ¢ H*. If C is contained in a curve
C, = V(F,G) c P} with F,G € C[z,y, z,t] homogeneous. Then, for any m € C\ (Sing(C1)UH>),
the tangent line 7,,C = T,,C1 is the line of P? passing through the points m and t ¢, (m) € P3,
where to ¢, (m) is the point of P? with coordinates

FmG. ) o
teo,c, (m) := Fi(m)Gz(m) - Fz(m)G;(m) ect
0

2
Via the Pliicker embedding [3], 7,,C is identified with Ac, (m) with A¢, : P? —-» P(A W) = P°

given on coordinates by 3

2
Ac, (m) = (/\<m o <m>>> e C®

and so TC is identified to A¢, (C). Due to the Euler Formula applied to F' and G, on C, we have

F.Gy — G, I}

F,G, — F,G,

B F,G. - F.G,
}‘Cl =—1 Fth _ GmFt : (5)

F.G, - F,.G,

F.Gy, — F,G,

2.2. Dual tangent curve. We write G(1,P(WV)) for the set of projective lines of P(WV).
We consider the duality between G(1,3) and G(1,P(WY)) which, to £ € G(1,3), associates
L= {p e P(WY) : L C V(p) c P?}. It is then natural to consider the dual tangent
curve (TC)* = {L£* : L € TC} C G(1,P(WV)). Observe that (TC)* is the Zariski closure of
{(TC)*, m € C\ Sing(C)} and that (7,,C)* corresponds to the set of projective planes of P3
containing 7,,C. Via the Pliicker embedding, (TC)* is identified with the Zariski closure of the

2
image of C by the rational map ¢, : P? — P(\ W) = P° given on coordinates by

2
¥¢,(m) = /\(VF(m) VG(m)) € C°.

Comparing Y¢, with (5), we conclude that TC and (TC)* are identified via Pliicker embeddings
up to a linear change of coordinates. In particular, their images via Pliicker embeddings in P?
have same degree. This explains why TC and (TC)* are often considered as the same object.

U1vV2 — U201
U1vV3 — U3Vl
UIV4 — U4V
U2V3 — U3V
U2V4 — U4V
U3V4 — U4V3

2

3we recall that where, in coordinates, A(u v) =

€ C® for any u, v e W.
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9 v
2.3. Polar surface. We call polar surface from ( € </\ WV> = C5 of the complete inter-

section curve C; the surface V (80 9¢,) C P3. This extends to the three dimensional case the
notion of polar curves of plane projective curves.

Lemma 3. Let m be a non singular point of C1. Let £ C P3 be a projective line containing
a,b € P3 (with a # b), then T,,C intersects the line ¢ if and only if

< A(VF(m) VG(m)), \(a b)> =0 (6)

in coordinates.*

Proof. The fact that 7,,C intersects the line £ is equivalent to the existence of (u,v) € C2\ (0,0)

_ _ 0 (VE(m),a) (VF(m),b) | _
such that (VF(m),ua+bv) = 0and (VG(m),ua+bv) = 0, i.e. det ( (VG(m) a) (VG(m) b) | =
0, which leads to (6). O

Observe that the set of m € P3 satisfying (6) corresponds to the polar surfaces from 3 corre-
sponding to the Pliicker embedding of /.

2.4. Link with the rank. The rank of C is usually described as the degree of the tangent
developable surface of C, i.e. the Zariski closure of the union of the tangent curves of C. We
have also the following interpretation of the rank of C in terms of the tangent curve.

Lemma 4. The rank of C corresponds to the degree in P° of the Plicker embedding of TC.

Proof. We work with coordinates. Recall that the image by the Pliicker embedding of G(1,3) or
G(1,P(WY)) is K = V(2126 — 2275 + x324) C P° if we write [z1 : ... : 2] for the coordinates
of a point of P5. Due to Lemma 3 (and the remark following this lemma), it is enough to prove
that for a generic A = [ag : —as : a4 : a3z : —as : a1] € K, the hyperplane Ha = V((4,-)) C P°
intersects C = e, (C) C PP transversally. Indeed, due to the Bezout theorem, this will imply
that

#(EA N C) = #(HA N "9(31 (C)) = deg 19C1 (C)a
where ¢4 is the projective line of P3 corresponding to A € K via Pliicker embedding.

Observe that this is not obvious since the hyperplane H 4 with A € K corresponds to the
tangent hyperplane to IC at [a; : a2 : ag : a4 : a5 : ag] and so these hyperplanes are very
particular.

We assume that H4 NC C 9¢, (C). This is true for a generic A € K since the set of projective
hyperplanes intersecting the finite set of points C \ J¢, (C) has codimension 2 in the projective
space of projective hyperplanes of P°.

Now let us prove that H4 intersects C transversally in the open set {z; # 0} for every i =
1,...,6. Take for example i = 6 and assume ag # 0. We set ag = 1 to simplify. In the chart zg = 1,

C = ®(C®) and HANK = ‘1>(’H(0) )) where ® (o, x3, 24, T5) = [Tows — X374 : T3 : Tq : Ts),

(a2,a3,a4,a5
where C(©) © C* corresponds to the image of C by the projection (X1 :x9 23 @y w50 1]
(z2,x3,x4,x5) and where

Egl,as,m,as) =V ((1‘2 — az)($5 — a5) — (1‘3 — ag)(.%'4 — a4)) C (C4.

4with the classical notation (A, B) = %, asb; for any A = (a1, ...,a¢) and B = (b1, ..., bg) in CE.
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Indeed HaNK = V(z1 — aszo + asws + asxs — agws + a126, £106 — Toxs + x4xs) and so HaANK =
o(H V) with

7‘[&?) = V(a5x2 — 4T3 — A3X4 + asxrs — a1 — (.%'2.%'3 — .%'4.%'5) C (C4,
(0)

but this corresponds exactly to H(ag,ag,a4,a5
a curve of C* and that H'©
0 (a2,a3,a4,a5)

(0) 0
Aek, % and H(a27as7a47a5
intersection outside V' (z¢) (since the differential D®(x9, 23,24, x5) is injective). O

) (since a1 = agas — agay). Now noticing that cO is
= (ag,as,aq,as) + %E(O)?0,0,0)' We conclude that, for a generic

) have transverse intersection and so C and H 4 have also transverse

3. HALPHEN TRANSFORM

3.1. Definition. We recall that the polar d,,,(Q) of an irreducible quadric @ = V(Q) C P?
with respect to a point m; € P? is the projective plane V(Am,, Q) C P3, with the usual notation
Am Q = 21Q5 + 11Qy + 21Q. + t1Qy if my = (21, y1,21,t1) € W. Observe that, given @ as
above, for a generic m; € P3, §,,,(Q) is the projective plane passing through the points of Q at
which the tangent plane to Q contains m;.

Definition 5. Let Q = V(Q) C P? be an irreducible quadric and C C P3 be an irreducible
curve. The Halphen transform C< of C with respect to Q is the Zariski closure of the set of
intersection points ®c o(m) of the tangent line T,,C to C at m with the polar §,,Q of Q with
respect to m, when m varies on C.

With this definition, ®¢ o(m) is the unique conjugated point of m, with respect to Q, belonging
to TmC. Let C; = V(F,G) C P3 be a complete intersection curve containing C, we extend the
definition of ®¢ g into a rational map ®¢, o : P? --» P3 given by

3
Peoliy:zit] = |\ (VF(@,y,21) VG(x,y,2,1) VQ(z,y,2,1))| , (7)
3
with the classical notation A M for any matrix M € Matx3(C) given by

X —det M
det M(Q) 4

AM=1 g | €€
det M@

where M@ is the 3 x 3 matrix obtained from the matrix M by deleting the i-th line.

Remark 6. The points m € C for which the right hand side of (7) is not well defined are the
singular points of Cy contained in C and the points m € C N Q such that T,C C T, Q.

3.2. Halphen transform of rational curves. It will be useful to consider the symmetric
bilinear form bg(+, ) on W associated to Q(-) and given on coordinates by bg(m;, my) = [Q(m;+

my) — Q(m; —my)]/4.

As §c o(m) is in T, Cr, Peo(m) = [a-m+b-to ¢, (m)] for some [a : b] € P1(C). Now the fact
that ®¢ o(m) is in 0,, Q means that bg(m, P¢ o(m)) = 0, i.e. that abg(m)+bbgy(m, t ¢, (m)) =
0, hence we have proved the following remark.

Remark 7. If C is contained in a curve C; = V(F,G) C P? and if m € C \ (Sing(C1) U H>®),
then
De,o(m) = [bo(m, teo ¢, (M) - m — Q(m) - too ¢, (M)].
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In particular, if v — [a(u)] is a local parametrization of C around a generic mg € C, then a
local parametrization of C< around ®¢ g(myg) is given by

Ue,0 1 um Pe,o(a(u) = [bo(a(u),d (u)) - alu) — Q(a(w)) - o (u)]. (8)

Observe that Halphen transforms are preserved by linear isomorphisms. It is also worth noticing
that the only fixed points of (®¢ g)|¢ are in CN Q.

4. DEGREE OF THE HALPHEN TRANSFORM

4.1. Proof of the degree formula of Theorem 1. The following result will be proved in
Section 7.

Proposition 8. Let C be an irreducible curve of P3. Then, for a generic Q, the map (®c,o)c is
birational.

As a consequence we obtain the following generic result.

Corollary 9. If C = V(F,G) is an irreducible and smooth algebraic curve of P3, then for a
generic quadric Q, degC? = deg F' x deg G x (deg F + deg G — 1).

We will write 4,,(A, B) for the intersection number of a curve A C P3 and a surface B C P3
at m. Theorem 1 is a consequence of the following result involving some polar sufaces [2].

Proposition 10. Let C be an algebraic curve of P2 contained in a curve Ci which is the complete
intersection V(F, Q) of two algebraic surfaces. Assume that C is irreducible. Then, for a generic
quadric Q, the degree of the Halphen transform of C with respect to Q is given by

degC2 = degC x (deg F + deg G — 1) — Z im(C,Pe,.B), 9)
meCNSing Cy

for a generic B € (C5)V, where Sing Cy is the set of singular points of C1 and where Pec, B 1is the
2
polar surface of Cy given by Pc, g := B(A(VF VQ)).

Proof. We use the following classical degree formula (valid for a generic quadric Q and a generic
A€ (CHY):
degC® = degC x (deg F + deg G — 1) = Y im(C, Pe,0,4), (10)
me€
where & is the set of m € C for which A\*(VF(m) VG(m) VQ(m)) = 0 and where P¢ g 4 is the

3
Halphen polar surface given by Pc g 4 :=V <A </\(VF VG VQ))) c P

Observe that, due to Remark 6, for a generic quadric @, £ = C N Sing C;.

Let m € C N SingCy. Let us prove that for generic @, A and B, we have the equality
im(C,Pc,0,4) = im(C,Pc,,B). Without loss of generality we assume that m[0:0:0:1]. Let B
be a branch of C at m parametrized by some o = [a(®) : a® : () : o] with o =1 of the
form (14). For a generic quadric @ and a generic A € (P?)Y, we have

im(B,Pc,o,.4) = min min <Va1 (a(i) x [F;Gy, — Fi,Gj) o a> ,

1,J,k€{z,y,2,t} pairwise distinct

val <a<i> % [F,Gy, — FyGi) o a — a9 x [FLG; — F;Gy] o a)) .
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Observe first that
Val((Fij — FkG]) o a) S Z'm(B,Pc7Q7A).

min
Jyk€{z,y,z,t} pairwise distinct
Let us prove that this inequality is indeed an equality. Since a® =1, we observe that

Zm(Ba PC,Q,A) < min Val((Fij — FkG]) o Oé).
j,k€{x,y,z} pairwise distinct

Now, if Val((FtGK - FKGt) © Oé) < minj,ke{m,y,z} pairwise distinct Val((P}Gk - FkG]) © a)> then
val (a(t) x [F,Gy — F,Gy) o o — o) x [F,Gy — FjGy) o a) = val(F,Gy — F,Gy) 0 ),
for any j € {x,y,2} \ {¢}. Hence

im(B,Pcoa) = min val((F;G, — F,G;) o @)
j,ke{x,y,z,t} pairwise distinct
= im(B,Pe,,B),
for a generic B € (C%)V. This ends the proof of Theorem 10. O

= ~ _ 2
Recall that degps TC = deg d¢, (C) with J¢, : P3 — P? given by 9¢, (m) = [/\(VF(m) VG(m))| €
CS. Since (&Cl)lc is birational, we also have
rank C = deg d¢, (C) = degC (deg F 4 deg G — 2) — Z im(C,Pe,.B), (11)
méeCNSing Cy

for a generic B € (C°)V.
Proof of Theorem 1. We combine (9) and (11). O

4.2. Examples.

Example 11. Consider the Viviani curve V = V(22 + 3% + 22 — 12,22 — xt +9?) in P3. In this
case Cy = C and (11) becomes rankV =8 —ip(V, Py g) with P[1:0:0: 1]. Observe that P is a
singular point of V of multiplicity 2. The tangent cone of V at P is V (y*> — 22,2 —t). Moreover
the tangent plane to Py g at P is V((b1 — bs)y + (ba + bg)z). Hence Py p is always transverse to
V at P andip(V,Py ) =2 (for a generic B € (C%)Y ). SorankV = 6 and deg Ve = 4+6 = 10,
for a generic quadric Q.

Example 12. For the twisted cubic curve K = V (y? —zz,yz—at,yt —22) C C1 = V(y*> — zx,y2 —
xt) in P? considered in Example 14, (11) becomes rank C = 6 —ip(K, Pk, ), with P[0:0:0: 1].
Recall that C; = LUK where £ =V (x,y) in P3. Observe that P is a non singular point of K with
tangent line L and with osculating plane V (z). The tangent plane to Pe, p at P is V(2b1y — bax)

which is tangent but generically not osculating to KC at P. Hence ip(K,Pe, B) =2 (for a generic
B € (C%V). We obtain rank K = 4 and deg K€ =3 +4 =7, for a generic quadric Q.

4.3. Rational curves. Consider a rational curve parametrized by a morphism ~ : P! — P3.
Due to (8), C< is the image of the rational map ¢ : P! --» P3 given by ¢ g := [bo(7, ) - 7 —
bo(7,7) - Yu). Using twice the Euler formula for -, we obtain that

Ye,0 = [0Q(7, 1) - Yo — bQ(7, Vo) - Yal- (12)

Moreover, via the Pliicker embedding, TC corresponds to the Zariski closure of the image of
2 2
the morphism 7 : P! — P® defined on coordinates by 7 := [/\(*y ’yu)} = [/\(fyu ’yv)} (since

v = u7y, + v7,). Hence we have proved the following result.
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Proposition 13. For a generic space rational curve C of degree d, rankC = 2d — 2 and, for a
generic quadric Q, the degree of C< is 3d — 2.
This is true for any smooth rational curve image of some morphism v : P! — P3 such that the
2
coordinates of \(vu Yv) have no common prime factor.

Example 14. For a generic quadric Q, the Halphen transform of the twisted cubic curve K
(image of the morphism v : P1 — P3 given in coordinates by y(u,v) = (u,u?v,uv?,v*)) has
degree 7. Moreover rank KC = 4 (as already obtained in Example 12).

5. BRANCH DESINGULARIZATION

5.1. General case. Consider a branch B of type (e,r,s) of C at mg. Up to a linear change of
variables, we assume that mg[0: 0: 0 : 1] and that a parametrization of B is given by

o U ueZanu":uerkuk:uSZczugzl , (13)

n>0 k>0 £>0

with 0 < e <7 < s and ag = by = ¢p = 1. Observe that the components of v are in C[[u]]. We
then define

no :=1inf{n >1 : a, #0}, ko:=inf{k>1 : by #0} and {ly:=inf{¢ >1 : ¢ # 0}.
We assume (without loss of generality) that ng # r and that ko # s.

The following proposition determines the type of the branch ®¢ o(B) for every branch B of C
and for a generic quadric Q of P3.

Proposition 15. Let C be a curve of P2. Let B be a branch of type (e, r,s) of C with parametriza-
tion (13).

If r # 2e and s # 2e, then for a generic quadric Q, ®¢c o(B) is a branch of type (a,b, c) with
{a,b,c} ={e,r —e,s —e}.

If r = 2e and if s # min(val(a? — as),3e), then for a generic quadric Q, ®¢ o(B) is a branch
of type (a,b,c) with {a,b,c} = {e,min(2e,val(a? — as) —e€),s — e}.

If r = 2e and if s = val(a? — az) < 3e, then for a generic quadric Q, ®¢.o(B) is a branch of
type (e, s — e,min(2e, val(af — ag — yag) —€)), with v := > 4 _q axas— — bs.

If r = 2e and if s = 3e < val(ad — aw), then for a generic quadric @, ®¢.o(B) is a branch of
type (e, 2e, min(3e, val(a? — ag — yag) — e, val(aaz — 2a3) — e, val(a) g — 2001 + af) — e+ 1)).

If s = 2e, then for a generic quadric Q, ®¢.o(B) is a branch of type (r — e, e, min(val(af —
ag) — e, 2e)).

Corollary 16 (Singularity and inflexion decrease). We observe that for a generic quadric Q,
D¢ o transforms a branch B of type (e,r,s) in a branch of type (€',r',s") with ¢’ <e, r' <r and
s’ < s and that (¢/,1',s") # (e, r,s) except if r = 2e and s = 3e and

de = val(anaz — 203) = val(af — 0 — 703) = val(ajaz — 20ha1 + o) + 1.

In particular, if B is an inflectional nonsingular branch of C of type (1,1,s), then, for a generic
quadric @ C P3, the type of ®c.o(B) is (1,7 — 1,8 — 1) (due to the first case in Proposition 15).

Proof of Proposition 15. Let us write aq, ag, g, iy (resp. 91,12, 13,14) for the four coordinates
of a given by (13) (resp. of ¥ given by (8)). Recall that Q(m) = 'm - M - m for some symmetric
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matrix M = (m”)” We assume that m44 = 1 and mq gmoams 4 # 0. With these notations

we have

big(u) = > Aj(u)[ad)(u) iy (w) — a(u) af ()],

J#io
with Aj(u) := >, m; oi(u). Up to a change of variable, a parametrization of ®¢ o(B) is given
by [01 : 02 : 03 : 04] with 01 := my 41P1 + Y4 + maate + M3 a1P3, Oz := 12, O3 1= 13 and 04 := Py.
We have
01 = 3174 0/1 + 3274 04/2 + 3374 ch + B271(O/2041 — 0620/1) + B371(aga1 — 04306/1) + ng(O&éO&Q — 0430/2),
with B; ; := m;4A; —m; 4A;. Observe that val B; ; = vala; = e and so valf; = 2e—1. Moreover
valfy =1 —1, valf3 = s — 1 and valfy = e — 1. Observe that Then val(6;) = val(f2) = 2¢ — 1
and
01 (u) = (m1y —mi y)ora] + (e +7)(mis — miagmo)u" ™ + hy(u),

02 (u) = —aly(u) + my4(e — 2r)uft " ho(u),

03(u) = —ah(u) +m (e — 28)us1 + ha(u),
with val hy,valho > r+e—1and valhg > s+ e — 1.

e If e, r —e and s — e are pairwise distinct, ®¢ o(B) is a branch of type (a,b,c) with
{a,b,c} ={e,r —e,s—e}anda<b<c.
e Assume now that r = 2e,ie. e=r —e < s— e and
~ 2
O1(u) = ———————01(u)+ O2(u)

2
mi1—myy

My — My4M24 el 4 h(u)

= (a? — an)'(u) + 6e ;
mi1—myy

with valh > 3e — 1 and
vy = val(20; + (my 1 — mi4)92) = min(val(a} — an)’,3e — 1).
— If v1 # s — 1, we conclude that ®¢ o(B) is a branch of type (a,b,c) with {a,b,c} =

{e,v1 —e+1,s—e}anda<b<ec.
—Ifvy=s5—1<3e—1, then

vy := val(f + 63) = min(val(a? — ay —yaz) —1,3e —1) > s — 1
(since e + s —1 > 3e — 1). We conclude that ®¢ o(B) is a branch of type (e,s —
e, min(2e,vo — e + 1)).
—Ifvy=s—1=3e—1, then valf; =valf3 =3e —1 > valfy = 2e — 1 and

oM12 = M4
2
my1 —myy

+v—mi4| 03

mi12 — M1 4M24

= (&2 —ag —ya3)' +2 (g + arahy, — afy) +my 4(afas — 2a10h + af)

2
mi1 — myy

mM14M12 — M11M24 / ' m22 — My 4 /
2 5 —my1| ar(ahar — aga) + | 2————5= — Moy | a20;
mi1 — My y mi1 —Mmyy

mi3 — M1 4M3 4

+2 (azaly — aqay) + h(u),

myy —mi
with val h > 4e. Hence
val § = min(val(a? — o — yas) — 1, val(a1an — 2a3) — 1, val(oyap — 200 + af),4e — 1).

We conclude that ®¢ o(B) is a branch of type (e, 2e,val 6y — e + 1).
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e Assume that r —e < s —e = e. Then valfy = r —1 < valf; = valf3 = 2¢ — 1. We
already now that the type of ®¢ o(B) starts with r — e. As above, we observe that
vy = val(26) + (m11 — mi4)93)
= min(val(a} —a3z),3e —1) > 2 — 1

and we conclude that ®¢ o(B) is a branch of type (r —e,e,v3 — e+ 1).

This ends the proof of Proposition 15. O

5.2. Desingularization via iteration of Halphen maps. Recall that a branch is smooth if it
has type (1,2,3). Observe that, by generic Halphen transforms, a curve of type (e,r = e+ 1,5)
with 1 # e < r < s becomes a curve of type (1,e, s1) with s; < min(s,2e) (s; = s —e if s # 2e).
Moreover, a curve of type (1, e, s1) becomes a curve of type (1,2,s1 —e+2) in (e — 2) steps and
a curve of type (1,2,s1 — e + 2) becomes a curve of type (1,2,3) in (s; —e — 1) steps. Hence it
is desingularized in at most s; + 1 steps.

Some desingularizations by generic Halphen transforms are summarized in the following scheme
on which each arrow corresponds to the Halphen transform for a generic quadric Q of P3:

(4,5,11)

!
(1,4,7)  (4,5,10)
\ \
(1,3,6) (1,4,6) (4,5,7)
\ \ \
(1,2,5)  (1,3,5) (4,5,6) (1,2,5) (2,3,4) (4,5,9)
N\ N\ \: e \: }
(1,2,4) (1,2,4) or (1,2,3) (1,3,4) (3,4,5)
N\ Ve Ve Ve
(1,2,3)

6. RANK AND CLASS OF THE HALPHEN TRANSFORM

6.1. Proof of the formulas of Theorem 1. Let C be a non-planar irreducible curve of P3.
To understand Piene’s formula for the rank of C, let us recall the notion of type of a branch B
at my € C. We say that the branch B has type (e, r, s) if, up to a linear change of coordinates,
mo[0:0:0: 1] and B is parametrized by

o U ueZanu":uerkuk:usZCgugzl , (14)

n>0 k>0 £>0

with 0 < e <r < sand ay = by = ¢y = 1. Recall that e is the multiplicity of B and that s is the
intersection multiplicity of B with its osculating plane. Then the two first stationnary indices of
B are given by the following formulas

ko(B)=e—1 and ki(B)=r—e—1.
Observe that, if B is smooth and ordinary (since in this case B has type (1,2,3)), then ko(B) =
ki(B) = 0.

The stationnary indices k;(C) is the sum of the k;(B) over the set of branches B of C. The
O-th stationnary index ko(C) corresponds to the number of cusps of C (computed with their
multiplicities). The first stationnary index ki (C) corresponds to the number of (possibly singular)
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inflection points of C (computed with their multiplicities). In [9, Example (3.2)] (see also [10,
Section 2]), Piene established the following formulas for the rank and the class of C :

rank C = 2[degC + g(C) — 1] — ko(C), (15)
classC = 3[degC +2¢(C) — 2] — 2ko(C) — k1(C). (16)
Let Q be a generic quadric of P3 such that ®c o is birational and such that deg Ce = degC +
rankC. Then g(C2) = ¢(C) and so, using Piene’s formulas (15) and (16), we obtain
rankC? = 2[degC?+ g(C?) — 1] — ko(C?)
= 2[degC + rankC + g(C) — 1] — ko(C9)
and
classC® = 3 [degCQ +29(C9) — 2] — 2ko(C2) — k1(C9)
— 3[degC + rankC + 2g(C) — 2] — 2ko(C9) — k1(C9).
Now we can use Proposition 15 to compute ko(C<) and ki (C<).

6.2. Application to examples.

Example 17 (Halphen transform of a rational sextic). Consider the sextic curve C = V (2t —
23 — xyt — y?t, 2t — vy +y?) C P? intersection of a non singular cubic K with a tangential sphere
S. Then
degC =6, ¢(C)=0, rank(C) =7, classC=6
and
degC? =13, ¢(C?) =0, rank(C?) = 24, classC< = 32.

Proof. This curve is the image of the map ~ : P — P3 given by

: Qtf’s L

2
v([s:t]) = |—t?st: —gt‘gs‘3 5 5t s

Hence

degC =6 and g¢g(C)=0.
The curve C has exactly two singular points P[0 : 0 : 0 : 1] and [0 : 0 : 1 : 0] and no
nonsingular inflection points. The curve C admits a single branch By at P; parametrized by
aM(t) = ~([1 : t]). This branch has type (2,3,5). Hence ko(B;) =1 and k;(B;) = 0. Moreover,
due to Proposition 15, for a generic quadric @ C P3, the type of ®¢ o(Bi) is (1,2,3) and so
ko(®c,0(B1)) = ki1(Pc,o(B1)) = 0.

Analogously C admits a single branch By at P, parametrized by &) (s) = v([s : 1]) which can

be rewritten
2 2 —255
d(Q)(s) = st V2 S
1-— \/55 1-— \/55 1-— \/58

and so
d(Q)(s) = |2s? Z <\/§s)n : \/533 Z <\/§s)n 01 —265 Z <\/§s>n
n>0 n>0 n>0

Up to a linear change of variable @@ can be replaced by the following a(?) fitting the assumptions
of our Proposition 15 :

a@(s) = 532 (\/is)n : 542 (\/§S>n : 562 <\/§S>n 1

n>0 n>0 n>0
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In particular By has type (3,4,6). So ko(B2) = 2 and ki (Bz) = 0. We observe that we are in the
case of a branch of type (e,r,s) = (3,4,6) with s = 3e and that (« (1)(5)) ( ) =257 + ...
so val <(a§1))2 — agl)) = 7 < 9 = 3e. Therefore, due to Proposition 15, <I>c 0(B2) has type
(1,3,7) for a generic quadric @ C P3. In particular ko(®c o(B2)) = 0 and ki(Pc o(B2)) = 1.
Hence ko(C) = ko(B1) + ko(Bz2) = 3, k1(C) = k1(B1) + k1(Bz) = 0, ko(C2) = ko(®c,0(B1)) +
ko(®c.o(B2)) = 0 and k1 (C2) = k1 (Pc,o(B1)) + k1(®c.o(Bs)) = 1. Using Piene’s formulas (15)
and (16), we obtain that
rankC = 2[degC + ¢g(C) — 1] — ko(C) =2[6+0—-1]—-3=7

and

classC = 3 [degC + 2¢(C) — 2] — 2ko(C) — k1(C) =3-4—2-3—-0=6.
Due to Theorem 1, for a generic quadric @ C P3, we have

degC® = degC +rankC=6+7=13, ¢(C?%) =g(C) =0,
rank C< = 2(deg C + rankC + g(C) — 1) — kg(C9) =2-12—-0=24
and
classC¢ = 3 degC + 3 rankC + 6 g(C) — 6 — 2ko(C2) —k1(C2) =3-6+3-7T—6—1 = 32.
O

Example 18 (Halphen transform of a non rational sextic). Consider the sextic curve C =
V(z?z+t22 + 93,22 +y2 + 22 — 22t) C P intersection of a cubic K having an E6 singularity
with a tangential sphere S. Then

degC =6, ¢(C)=1, rankC = 10,

and
degC? =16, ¢(C<) =1, rankC? = 32.

Proof. The rational E6 cubic K is the image of f : P? — P3 given by

f(lu:v:w) =[-v*w: —uv?: —0®  vw? +u?].

Observe that C is the image of C’ by f where C' := V(3vw? 4+ u?v +v> + 2u?) C P2. Observe
also that C = V(22 + y% + 2% — 22t,32%2 + y?2 + 2% + 23%) C P3 (replacing 22z + 22 + > by
2022z + t22 + 3] + z[x? + y? + 22 — 22t]).

Observe that the point O[0 : 0 : 0 : 1] is the only singular point of C. At this point, C has a
single branch B; of multiplicity 3 with tangent line V(y, z) and of type (3,4, 6) parametrized by
&) of the following form

34 2\/3 48 V3 6

Recall that P¢ p has equation
by (2zyz—3xy?)+by (202° — 4z 2t —3) = 3bs 2 +by (3y 2 — 3y t—ya® —2y2t) —bs (3y 2+y22) —bg (23 + 221422 2).

Using the local parametrization @"), we obtain io(C,Pe5) = 8 (for a generic B € (C%)Y) and
so, due to (11), we obtain

rankC =6(3+2 —2) —8 = 10.
Observe that ky(C) = 3 — 1 = 2. Combining this with the Piene’s formula (15) for the rank, we
obtain that

4(C) = %[rank(C) +ko(C)] + 1 — deg C = %[10 4241 -6=1.
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Hence, due to due to (1) and (2), we already know that
g(C%) =1 and degCe=6+10=16

for a generic quadric @ € P3. Up to a linear change of coordinates, we identify a*) with o)
satisfying the assumptions of our Proposition 15:
oLy Oty : t* 16 + Ly o) : 1
23 48 2V/3

1 1

g ))2 ( )) _

Observe that we are in the case of a type (e, r, s) = (3,4,6) with s = 2e and val((« — oy
8 < 3e. So the type of the image branch is (r — e, e,8 —¢) = (1,3,5). Hence ko(C<) = 0 and so,
due to (3), we obtain

oWt = [¢3 -

rankCe =2(6+10+1—1) — 0 = 32.

Observe moreover that if B is an inflectional nonsingular branch of C, then its type is (1,7, s)
with 2 < r < s and then the type of ®¢ o(B) is (1,7 — 1,5 — 1) (first case in Proposition 15)
which means that k1 (®¢ o(B)) = ki1(B) — 1 whereas ki (®c o(B)) =1+ ki (B) = 1. O

7. PROOF OF THE BIRATIONALITY

Observe that Proposition 8 is true if C is a line of P2. We will assume from now that C is not
a line. The proof leads on the following lemmas.

Lemma 19. Let C be an irreducible curve of P3. Let mg be a nonsingular point of C. Then, for
a generic Q, there exist no m’ € C\ {mo} such that ¢ o(m') = ®¢ o(my).

Proof. Since Halphen transforms are preserved by linear isomorphisms, we assume without any
loss of generality that m[0:0:0: 1] and that ¢,,,C[1:0:0: 0]. Recall that Q@ = V(Q) with @
of the form Q(m) = 'm - M -m for some symmetric matrix M = (m;;);; (M -m corresponds to
VQ/2). Observe that ®¢ g(mg) = [—muaa:0:0:mq4]. Let myz1 : y1 : 21 : t1] be a nonsingular
point of C, ®¢ g(m1) = e o(mo) is equivalent to ¢ o(mo) € Trm, C and P o(mo) € O, Q, ie.
to

miafy(ma) — myaFp(mi) =0, miaGi(my) — myaGye(mi) =0

17
{ wl(m%A —myimaa) + yi(miamog — miomaa) + z1(miamss — mygmays) =0 (17)

if C is contained in a curve C; = V(F,G) of P3. Given a quadric Q, we write Hg for the set of
[1 : y1 : 21 : t1] € P3 satisfying the last line of (17). Observe that, for any a € C* and any plane
‘H containing my, there exists M such that mi4 = a, ms 4 = 1 and such that Hg = H.

We have to prove that, for a generic M, no point of C \ {mg} is solution of (17). The
contrary would mean that for an infinite number of a € C*, there exists an infinity of planes
H passing through mg such that C \ {mg} intersects H NV (a F} — F,, aGy — G). Since C is
irreducible, this would imply that C C V(a F} — F,,a Gy — G) for an infinity of a and so that
C C V(Fi, Fy,Gt,Gy). This would mean that for every m € C, VF(m) and VG(m) are contained
in V(z,t). But for a generic m € C, VF(m) and VG(m) are not proportional, so t,,C € V(y, 2)
and so t,,C[1:0:0:0]. Hence C would be the line V(x,t). O

We reinforce this lemma in the following one.

Lemma 20. Let C be an irreducible curve of P3. There exists N such that for any nonsingular
point mq of C, the set By, of the quadrics Q such that #C N (@Elg({mo})) > 1 is contained in

an hypersurface K, of the PO of quadrics of P2, this hypersurface has degree less than N.
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Proof. We use the same notations as in the preceding lemma and we suppose that F' and G are
irreducible. Recall that @ = V(Q) with Q of the form Q(m) = ‘m - M - m for some symmetric
matrix M = (m; ;); ;. Hence we identify the set of quadrics of P3 with PY. Let us consider the
following parametrization of Ho:

Y(y1, 21, t1) = (y1(mi2mas —miameoa) + z1(my3mas — myamsa),
y1(m? 4 — miaimaa), z1(mi 4 — myimag), ti(mi, — miimag)).

Let us write Ky := mqy 4F; 0 ) — my s, o, Ko := my 4Gy o) —mysGy o, Kz := F o and
K, := Go1. Due to (17), By, is contained in the algebraic variety KC,,, of quadrics Q given by
the vanishing of the resultant with respect to yi:

Vie {1,2}, Res,, (27" Resy, (K3, K4), Resy, (K;, Ki12)) = 0.
Let us show that a generic Q is not in KC,,, (up to a linear change of variables in (y, z)).

Since C # V(z,y), either C ¢ V(F,,F;) or C ¢ V(Gy,Gt). Assume for example that C ¢
V(Fy, F;), and so V(F') is not a plane. If V(G) is a plane then it is of the form V(a.x + 5.t).
Hence, for a generic Q, V(K1) does not contain a line and if V(K3) contains a line then this line
has not the form V'(a.z; + b.t;).

For a generic Q, C N Hg C P3 is finite, so are V (K3, Ky) C P? and V(Resy, (K3, K4)) C PL.
Moreover, for a generic Q, [0: 0 : 1] is an ordinary intersection point of V' (K3) with V' (K4) and
V(K3,Ky,21) = {[0:0:1]}. Hence 2 divides Res,, (K3, K4) but not 2, ' Res,, (K3, K4). The
set g of [y2 : 22 : ta] € V/(K3) such that [zg : ta] € V(27! Resy, (K3, K4)) C P! is finite. Since
V(F) ¢ V(Fy, Fy), EgNV (Fyo1), Fyot) = (up to a linear change of variables in (y, z)). Hence
for a generic Q, £g N V(K1) = 0 and so Res., (2, ' Res,, (K3, K1), Resy, (K1, K3)) # 0. O

Proof of Proposition 8. Let us write Cy for the set of non singular points of C. Due to the
preceding Lemma, the set of quadrics () such that ®¢ ¢ is not birational is contained in

= U N ke

ECCo:#E<oco mGCQ\E

with deg KC,;, < N. Now, due to a standard argument (see for example [8]), we conclude that
either £ = () or K is contained in K,,, for some mg € Cyp. In any case K is contained in a
subvariety of the set of quadrics of P3. O
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