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Abstract

The concept of Wardrop equilibrium plays an important role in con-
gested traffic problems since its introduction in the early 50’s. As shown
in [2], when we work in two-dimensional cartesian and increasingly dense
networks, passing to the limit by I'-convergence, we obtain continuous
minimization problems posed on measures on curves. Here we study the
case of general networks in R? which become very dense. We use the no-
tion of generalized curves and extend the results of the cartesian model.

Keywords: traffic congestion, Wardrop equilibrium, I'-convergence, gener-
alized curves.

1 Introduction

Modeling congested traffic is a field of research that has developed especially
since the early 50’s and the introduction of Wardrop equilibrium [12]. Its pop-
ularity is due to many applications to road traffic and more recently to commu-
nication networks. In our finite networks model, we represent the congestion
effects by the fact that the traveling time of each arc is a nondecreasing function
of the flow on this arc. The concept of Wardrop equilibrium simply says that
all used roads between two given points have the same cost and this cost is min-
imal. So we assume a rational behavior by users. A Wardrop equilibrium is a
flow configuration that satisfies mass conservation conditions and positivity con-
straints. A few years after Wardrop defined his equilibrium notion, Beckmann,
McGuire and Winsten [3] observed that Wardrop equilibrium can be formulated
in terms of solutions of a convex optimization problem. However this variational
characterization uses the whole path flow configuration. It becomes very costly
when working in increasingly dense networks. We may often prefer to study the
dual problem which is less untractable. But finding an optimal solution remains
a hard problem because of the presence of a nonsmooth and nonlocal term. As
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we study a sequence of discrete networks increasingly dense, it is natural to ask
under what conditions we can pass to a continuous limit which would simplify
the problem.

The purpose of this paper is to rigorously justify passing to the limit thanks
to the theory of I'-convergence and then to find a continuous analogue of Wardrop
equilibrium. We will strongly rely on two articles [8] and [2]. The first establishes
some first results on traffic congestion. The second studies the case of a two-
dimensional cartesian grid with small arc length €. Here we will consider general
networks in R? with small arc length of order e. It is a substantial improve-
ment. We will show the I'-convergence of the functionals in the dual problem as
€ goes to 0. We will obtain an optimization problem over metrics variables. The
proof of the I'-convergence is constructed in the same manner as in [2]. But two
major difficulties here appear. Indeed in the case of the grid in R?, there are
only four possible constant directions (that are ((1,0),(0,1),(—1,0),(0,—-1)))
so that for all speed z € R?, there exists an unique decomposition of z in the
family of these directions, with positive coefficients. In the general case, direc-
tions are not necessarily constant and we have no uniqueness of the decompo-
sition. To understand how to overcome these obstacles, we can first look at the
case of regular hexagonal networks. There are six constant directions (that are
exp(i(m/6 + km/3)),k = 0,...,5) but we lose uniqueness. Then, we can study
the case of a two-dimensional general network in which directions can vary and
arcs lengths are not constant. The generalization from R? to R? (where d is
any integer > 2) is simpler. Of course, it is necessary to make some structural
assumptions on the networks to have the I'-convergence. These hypotheses are
satisfied for instance in the cases of the isotropic model in [§] and the cartesian
one in [2].

The limit problem (in the general case) is the dual of a continuous prob-
lem posed on a set of probability measures over generalized curves of the form
(0,p) where o is a path and p is a positive decomposition of ¢ in the family
of the directions. This takes the anisotropy of the network into account. We
will then remark that we can define a continuous Wardrop equilibrium through
the optimality conditions for the continuous model. To establish that the limit
problem, has solutions we work with a relaxation of this problem through the
Young’s measures and we extend results in [§]. Indeed we cannot directly ap-
ply Prokhorov’s theorem to the set of generalized curves since weak-L! is not
contained in a Polish space. First we are interested in the short-term problem,
that is, we have a transport plan that gives the amount of mass sent from each
source to each destination. We may then generalize these results to the long-
term variant in which only the marginals (that are the distributions of supply
and demand) are known. This case is interesting since as developed in [7] [6], @],
it amounts to solve a degenerate elliptic PDE. But it will not be developed here.

The plan of the paper is as follows: Section 2 is devoted to a preliminary
description of the discrete model with its notations, definition of Wardrop equi-
librium and its variational characterization. In Section 3, we explain the as-
sumptions made and we identify the limit functional. We then state the I'-
convergence result. The proof is given in Section 4. Then, in Section 5, we



formulate the optimality conditions for the limit problem that lead to a contin-
uous Wardrop equilibrium. Finally, in Section 6, we adapt the previous results
to the long-term problem.

2 The discrete model

2.1 Notations and definition of Wardrop equilibria

Let d € N,d > 2 and Q a bounded domain of R? with a smooth boundary
and € > 0. We consider a sequence of discrete networks Q. = (N¢, E€) whose
characteristic length is €, where N°¢ is the set of nodes in Q. and E¢ the (finite)
set of pairs (7,e) with z € N and e € R? such that the segment [z,x +
€] is included in Q. We will simply identify arcs to pairs (z,e). We impose
|Ef| = max{|e|, there exists x such that (z,e) € E°} = . We may assume
that two arcs can not cross. The orientation is important since the arcs (z, €)
and (z+e, —e) really represent two distinct arcs. Now let us give some definitions
and notations.

Traveling times and congestion: We denote the mass commuting on arc
(x,e) by m®(x,e) and the traveling time of arc (z,e) by t°(z,e). We represent
congestion by the following relation between traveling time and mass for every
arc (z,e):

t°(x,e) = g°(x,e,m(x, ¢)) (2.1)

where for every e, ¢° is a given positive function that depends on the arc itself
but also on the mass m®(z, e) that commutes on the arc (z, e) in a nondecreasing
way: this is congestion. We will denote the set of all arc-masses m®(z, e) by m®.
Orientation of networks here is essential: considering two neighboring nodes z
and z’ with (z,2' — z) and (2/,2 — 2’) € E®, the time to go from z to z’ only
depends on the mass m®(x, 2’ — x) that uses the arc (x,2’ — x) whereas the time
to go from 2’ to x only depends on the mass m®(a’,x — 2’).

Transport plan: A transport plan is a given function v : N¢ x N¢ — R,..
That is a collection of nonnegative masses where for each pair (z,y) € N¢ x N¢
(viewed as a source/destination pair), v¢(x,y) is the mass that has to be sent
from the source = to the target y.

Paths: A path is a finite collection of successive nodes. We therefore rep-
resent a path o by writing ¢ = ($0,...,$L(U)) with o(k) = z; € N°¢ and
(o(k),o(k+1)—0o(k)) € E¢ for k=0,...,L(c) — 1. ¢(0) is the origin of o and
o(L(0)) is the terminal point of o. The length of o is

L(o)—-1

> lakgr — @kl

k=0

We say that (x,e) C o if there exists k € {1,..., L(o) — 1} such that o(k) = =
and e = o(k+1) —o(k). Since the time to travel on each arc is positive, we can
impose ¢ has no loop. We will denote the (finite) set of loop-free paths by C*,



that may be partitioned as

Cce = U ce .

(z,y)EN=x N¢

where C7  is the set of loop-free paths starting from the origin = and stopping
at the terminal point y. The mass commuting on the path ¢ € C® will be
denoted w®(c). The collection of all path-masses w®(o) will be denoted we.
Given arc-masses m¢, the travel time of a path o € C¢ is given by:

Time (0) = Z g°(z,e,m"(z,€)).

(z,e)Co

Equilibria: In short, in this model, the data are the masses v°(z,y) and
the congestion functions ¢g°. The unknowns are the arc-masses mc(z,e) and
path-masses w®(c). We wish to define some equilibrium requirements on these
unknowns. First, they should be nonnegative. Moreover, we have the following
conditions that relate arc-masses, path-masses and the data ¢ :

¥ (z,y) = Z w® (o), V(z,y) € N® x N°® (2.2)
oceCe

z,y
and

me(z,e) = Z w®(0),V(z,e) € E°. (2.3)

ceCe:(xz,e)Co

Both express mass conservation. We finally require that only the shortest paths
(taking into account the congestion created by arc and path-masses) should
actually be used. This is the concept of Wardrop equilibrium that is defined
precisely as follows:

Definition 2.1. A Wardrop equilibrium is a configuration of nonnegative arc-
masses m*® : (x,e) — (m(z,e)) and of nonnegative path-masses w® : o —
we (o), satisfying the mass conservation conditions (Z2) and [23) and such
that for every (z,y) € N° x N¢ and every o € C;, , if w*(0) >0 then

Tine (0) < T (07), Vo' € Cf .

2.2 Variational characterizations of equilibria

Soon after the work of Wardrop, Beckmann, McGuire and Winsten [3] dis-
covered that Wardrop equilibria can be obtained as minimizers of a convex
optimization problem:

Theorem 2.1. A flow configuration (W€, m¢) is a Wardrop equilibrium if and
only if it minimizes

Z G*(z,e,m*(z,e)) where G*(x,e,m) ::/ g9°(z, e, a)da (2.4)
(z,e)eE= 0

subject to nonnegativity constraints and the mass conservation conditions (2.2))-

@3).



Since the functions ¢ are nondecreasing with respect to the last variable, the
problem (24]) is convex so we can easily obtain existence results and numerical
schemes. Unfortunately, this problem becomes quickly costly whenever the
network is very dense, since it requires to enumerate all paths flows w® (o).
For this reason, we can not use this characterization to study realistic congested
networks. An alternative consists in working with the dual formulation which

inf Z He(x,e,t°(x,€)) — Z ¥ (z, y)Ti= (2, y), (2.5)

#EE
FERLT (ze)eke (x,y)EN=2

where t° € RTEE should be understood as t* = (t°(z,€))(z,e)ep-, H"(T,6,.) :=
(G*(x,e,.))* is the Legendre transform of G¢(z,e,.) that is

H¢(z,e,t) := sup{mt — G°(x,e,m)}, Vt € Ry
m>0

and T¢. is the minimal length functional:

The complexity of (2.5]) seems better since we only have #E° = O(s~%) nodes
variables. However an important disadvantage appears in the dual formulation.
The term T¢. is nonsmooth, nonlocal and we might have difficulties to optimize
that. Nevertheless we will see that we may pass to a continuous limit which will
simplify the structure since we can then use the Hamilton-Jacobi theory.

3 The I'-convergence result

3.1 Assumptions

We obviously have to make some structural assumptions on the e-dependence of
the networks and the data to be able to pass to a continuous limit in the Wardrop
equilibrium problem. To understand all these assumptions, we will illustrate
with some examples. Here, we will consider the cases of regular decomposition
(cartesian, triangular and hexagonal, see for d = 2. In these models,
all the arcs in ). have the same length that is e. We will introduce some
notations and to refer to a specific example, we will simply add the letters ¢ (for
the cartesian case), t (for the triangular one) and h (for the hexagonal one).
The first assumption concerns the length of the arcs in the networks.

Assumption 1. There exists a constant C > 0 such that for everye > 0, (z,e) €
E=, we have Ce < |e| <e.

More generally we denote by C a generic constant that does not depend on
the scale parameter €.

The following assumption is on the discrete network Q., ¢ > 0. Roughly
speaking, the arcs of €. define a bounded polyhedron (still denoted by Q. by
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Figure 1: An example of domain in 2d-hexagonal model

abuse of notations) that is an approximation of . €. is the union of cells -
or polytopes - (V7). Each V7 is itself the union of subcells - or facets - (F7},).
More precisely, we have:

Assumption 2. Up to a subsequence, Q. C Q. for e > ¢ > 0 and Q =
Uzso Q. For e >0, we have

Qe = U Ve, I° is finite.
iele

There exists S € N and s; < S such that for every e > 0 and i € I¢, VF =

€ 3 S o e . <
Conv(x5y,- -, x5 ) where for j =1,..., s; — 1, z7 ; is a neighbor of xf ;| and
x5 s 18 a neighbor of x5, in Q.. Its interior V7 contains no arc € E°. For

i # J,VENVE =0 or evactly a facet (of dimension < d—1). Let us denote X{
the isobarycenter of all nodes x; . contained in VF. Fori € I¢, we have

Vi = | Ff; with I finite.
jEIf
For j € I, Ff; = Conu(X§,x5;,,. .., x5 ;) with these (d + 1) points that are
affinely independent. For every k # 1, FF, . NFF, is a facet of dimension < d—1,
containing X;. There exists a constant C > 0 independent of € such that for



every i € I° and j € I7, the volume of V£ and F}; satisfy

L a4 d
o < |FE ;] < VE| < Ce”.

The estimate on the volumes implies another estimate: for every i € I and
k=1,...,s;, we have
1
65 < dist(X;, 77 ) < Ce (3.1)

(the constant C' is not necessarily the same). This hypothesis will in particular
allow us to make possible a discretization of Morrey’s theorem and then to prove
[Cemma 421 It is a non trivial extension of what is happening in dimension 2.
shows an illustration of in the cartesian case.
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Figure 2: An illustration of [Assumption 2| in the cartesian case for d = 2.

We must also impose some technical assumptions on N° and E°.

Assumption 3. There exists N € N, D = {vy}x=1,. N € CO*(R4,STHN and
{ci}r=1,...n € CHQ,RX)N with a > d/p such that E° weakly converges in the
sense that

lim Z le|%p <x, %) = / o(x,v) 0(dx, dv),Ye € C(Q x S471),
QxSd-1

e—0t
(z,e)eE®



where § € M, (2 x S4=1) is of the form

N
0(dx,dv) = Cr ()8, (z)d.
k=1
The wvy’s are the possible directions in the continuous model. We have to
keep in mind that for every # € R? the wi(x) are not necessarily pairwise
distinct. The requirement v, € C%*(R?) with o > d/p is technical and will in

particular be useful to prove[Lemma 4.3l In our examples, the sets of directions
are constant and we have

D. = {v., = (1,0),ve, = (0,1),v.; = (—1,0),v,, = (0,—1)},
Dy =Dy, = {v, = i /6 eiﬂ—(k—l)/S}k:Lm)G_
The ci’s are the volume coefficients. In our examples, they are constant and
do not depend on k:
2 2
V3 33
We notice that the ¢;’s are different. Indeed, a square whose side length is e

does not have the same area as a hexagon whose side length is €. The next
assumption imposes another condition on the directions vy’s.

ce=1,¢4 = and ¢p =

Assumption 4. There exists a constant C > 0 such that for every (z,z,§) €
RY x STt x RY, there exists Z € RY such that |Z| < C and

N
Z-¢=min{Z & Z = (z1,...,2n) €RY and szvk(:r) =z}. (3.2)
k=1

This means that the family {vj} is positively generating and that for every
(z,2) € R¥x € R4, a conical decomposition of z, not too large compared to z,
is always possible in the family D(z). In the cartesian case, for all z € R?, we
have an unique conical decomposition of z in D, while in the other examples, we
always have the existence but not the uniqueness. The existence of a controlled
minimizer allows us to keep some control over ”the” decomposition of z € R¢
in the family of directions. We now see a counterexample that looks like the
cartesian case. We take N = 4,d = 2,v; = (1,0),v3 = (—1,0) and vq4 = (0,1)
(these directions are constant). We assume that there exists zo in © such that
vo(z) = —vg = (0,1) as © — xo and wvor(x) > 0 for © # xo where va(z) =
(v21(z),v22(x)). Then for every z = (21,22) € R? such that 2; > 0, we can
write z = Aa(2)ve(x) + Ag(z)vy(z) for x close enough to xg with

V22 (.I)
V21 (JJ)

Ao(x) = (@) and A\g(x) = 21

— Z9.

Then Ag(z) and Ag(x) — 400 as ¢ — x¢. For &€ = (1,0,1,0), the value of
B2) always is zero but the only decomposition that solves the problem is not



controlled. This example shows that the existence of a controlled decomposition
does not imply that the minimal decomposition is controlled. However this
assumption is still natural since we want to control the flow on each arc in order
to minimize the transport cost.

Assumption 5. Up to a subsequence, E° may be partitioned as E° = |_],€N:1 E;
such that for every k =1,..., N, one has

e—0t .
(z,e)EES

lim Z le|%e (w, %) = /Q er(@)p(x, v (2)) d, Vo € C( x ST1 R).

(3.3)
and for every (z,e) € EY,

% — vi(x)

= 0(1). (3.4)

This hypothesis is natural. Indeed, for every x € Q the condition ¢ (x) >
0 implies that for € > 0 small enough, there exists an arc (y,e) in E° such
that y is near « and e/|e| close to vi(z). We will use it particularly to prove
[Cemma 4.4 The next assumption is more technical and will specifically serve

to apply [Lemma 4.3l
Assumption 6. For ¢ > 0, there exists d (finite) sets of paths Ci,...,C§

and d linearly independent functions ey, ..., eq : 2 — R? such that for every
e Qi=1,....d e(x) =, a,ce(x)vp(x) where for k =1,...,N, o is
constant and equal to 0 or 1 so that fori=1,...,d, we have

U {@.e) co} ={(z.¢) e E°/Tk € {1,...,N}, 0} = 1 and (z,¢) € Ef}.
oeCs

For every (o,0') € C§ x C¢, if 0 # o' then o Na’ =0. We assume

max (dist(yo, 08Y), dist(yr (o), O)) — 0 as € = 0.

0=(Y0,--+YL(s))ECE

and
yktr = wkl*™" = lyk — yra "7 = O(e?)
for o= (yo,..., Y1) € C; and k =2,...,L(o) — 1.

Formally speaking, it means that we partition points into a set of disjoint
paths whose extremities tend to the boundary of €2 and such that we may do
a change of variables for the derivates. For ¢ a regular function, V¢ then
becomes (O, @, - - ., 0e,¢). Note that the condition on the modules is a sort of
volume element in spherical coordinates, dV being approximately r¢~'dr. In
our examples, this requirement is trivial since arcs length is always equal to € in
Q.. It will allow us to prove some statements on functions. More specifically, we
will need to show that some functions have (Sobolev) regularity properties. For
this purpose, it will be simpler to use these e;. In the cartesian case (d = 2), we



e
01,1y---,015 € Cl

€
02,1,---,025 € CQ

Figure 3: An illustration of in the hexagonal case for d = 2

can simply take e., = v, and e., = v, and in the triangular one, we can write
ey, = vy, and e;, = ¢4vy,. In the hexagonal case, we can for instance define
eny, = ch(Vnh, + vn,) and ep, = cp(vp, + vp,). This last example is illustrated
by [Figure 3] (with © being a circle). We can notice that some arcs are in paths
o € C5 and o' € C5.

All these structural hypothesis on Q¢ are satisfied in our three classical exam-
ples. The cartesian one is the most obvious and the hexagonal one is a subcase
of the triangular one. The following assumption is on the transport plan.

Assumption 7. (5%_175)€>0 weakly star converges to a finite nonnegative mea-
sure vy on €2 x € in the sense that the family of discrete measures

E(w,y)ENEXNE nglvs(x,y)&m)y) weakly star converges to y:

lim Z 5%_176(33,34)90(1:,3;) = /_ _pdy; Yo e C(Qx Q). (3.5)

e—0t
(x,y)EN<2 @

The next assumption focuses on the congestion functions g°.
Assumption 8. g° is of the form

¢ (z,e,m) = |e|¥?g <3:, %, M%) , Ve >0,(xz,e) € E5,m >0 (3.6)

where g : 2 x ST x Ry +— R is a given continuous, nonnegative function that
is increasing in its last variable.

10



We then have

GE(x,e,m) = |e|‘G (w, %, Mid/?) where G(z,v,m) := /0 g(x, v, a)da

and

t
HE(z,e,t) = le|"H (:v % M—d/Q> where H(z,v,-) = (G(z,v,-))*

i.e. for every £ € Ry :

H<x,i,§>— sup {m{—G(x,i,m>}.
le] mek le]
For every (x,v) € Q x S¥1, H(x,v,-) is actually strictly convex since G(z, v, -)

is C! (thanks to [Assumption 8)). Note that in the case d = 2, we have
9 (z,e,m) = le|g <x,e, %) for alle > 0, (z,e) € E5,m > 0.
e

It is natural and means that the traveling time on an arc of length |e| is of order
le|] and depends on the flow per unit of length i.e. m/|e|. For the general case,
we have extended this assumption. The exponent d/2 is not very natural, it
does not represent a physical phenomenon but it allows us to obtain the same
relation between G and H, that means, H(x,e,-) is the Legendre transform of
G(z,e,-). Moreover, we may approach some integrals by sums. We can also
note that there is actually no e-dependence on the g°.
We also add assumptions on H:

Assumption 9. H is continuous with respect to the first two arguments and
there exists p > d and two constants 0 < A < A such that for every (x,v,§) €
QxS xR, one has

AP —1) < H(z,0,8) < AEP +1). 3.7)

The p-growth is natural since we want to work in L? in the continuous limit.
The condition p > d has a technical reason, that will allow us to use Morrey’s
inequality. That will be crucial to pass to the limit in the nonlocal term that
contains 74 .

3.2 The limit functional

In view of the previous paragraph and in particular it is natural
to rescale the arc-times t° by defining new variables

tE
& (x,e) = |e(|3;7/§) for all (x,e) € E°, (3.8)

11



i.e. for every (z,e) € E®,

PR A C0) _g(x, e m)

|e]¢/2 fe]" Je]4/?

Then rewrite the formula [23) in terms of £° as:

inf (€)= I (6°) — [E(€°) (3.9)
geer?
where

e

BE) = X el (5560 (3.10)
(z,e)€E®
and

E) = Y ¥y ,/min > el (ze) | - (3.11)

(z,y)EN=2 Y (z,e)Co

In view of let us denote
L (0) == {¢ € LP(2 x S*71,0),£ > 0}.

It is natural to introduce
BO= [ Hu o) do), e E6),  (312)
QxSd-1

as the continuous limit of I§. It is more involved to find the term that plays the
same role as I7 since we must define some integrals on paths. First rearrange the
second term (BI1)), that is, as an integral. Let £° € RfEE, (z,y) € N® X N¢ and
o€C;,, 0= (T0,.,TL(s)). Let us extend o on [0, L(c)] in a piecewise affine
function by defining o(t) = o(k)+ (t —k)(c(k+1) —o(k)) and £° in a piecewise
constant function : (o (t),d(t)) = & (o(k),o(k +1) — o(k)) for t € [k, k + 1].
For every (z,e) € E° we call U¢(z,e) the ”canonical” decomposition of e on

D(x). More precisely, recalling for (z,e) € E°, there exists
K(z,ey €{1,..., N} such that (z,e) € ER. . and then we set

U (x,e) = (0,..., le] ,...,0) e RV,

k(z,e)th coordinate
Foro € C¢ and t € [k, k+1], we write ¥¢(o(t),0(t)) = ¥ (o (k),0(k+1)—0o(k)).

Let us also define a function £° as follows:

& (x) = Z Elwe) Ue(x,e) for x € N°.

e/(z,e)eEs |6|

12



Let us extend &€ in a piecewise constant function on the arcs of E¢: let y € Q
such that there exists (z,e) € E* with y € (z, e), then we define

ew= Y oy

- le]
(z,e)eEe /ye(x,e)

This definition is consistent since the arcs that appear in the sum are in some
different E}. By abuse of notations, we continue to write o, £° and &° for these
new functions. Thus we have

L(o)—-1
Do lele(we)= Y otk +1) —o(k)E (o(k),o(k +1) - o(k))
(z,e)Co k=0
L(o)—-1
= V(o (k),o(k +1) —o(k)) - £ (a(k))
k=0
L(o)
=, U (a(t),o(t)) - £5(a(t))dt.
We then get
L(o)
i 3D el = it [ (), 6(0) € (o)

1
= inf /O\IJE(U(t),U(t))~£€(J(t))dt

oeCt ,

where 6 : [0,1] — Q is the reparameterization of 6(t) = o(L(0)t), ¢ € [0,1]. For
every « € Q,z € R? let us define

A;:{ZeRf,Z (z1,.r 2 ZZkU]g }

Then for every £ € C(Q2 x S¥~1 R, ), define

ol o)

o(t) \k=1

=, if it | <Z§ (1)) pi(t )) dt

= inf f L
A, B, e 0)

where

HMZ

Ps {p te0,1] = p(t) eRY/6(t) =) wilo )pk()a.e.t},

13



Le(o, / (Zf o(1))) plt >> i

and C,, is the set of absolutely continuous curves o with values in 2 and such
that 0(0) = x and o(1) = y. For every x € Q and z € R%, there is no a priori
uniqueness of the decomposition of z in the family {vj(x)}r so that we have to
take the infimum over all possible decompositions. The definition of P, takes
in account this constraint. For every p € P, and t € [0, 1] the terms pi(t) are
the weights of &(¢) in the family {vi(c(t)}. (o, p) is a sort of generalized curve.
It will allow us to distinguish between different limiting behaviors. A simple
example is the following approximations, € > 0 :

> sl

It is the same curve o in both case but the p are different. Indeed, in the
left case, we have only one direction that is (1,0), it is a line. In the right one,
we have two directions that tend to (0,1) and (0, —1) as € tends to 0, these are
oscillations.

Now, our aim is to extend the definition of c¢ to the case where £ is only
L% (). We will strongly generalize the method used in [8] to the case of gener-
alized curves. First, let us notice that we may write c¢ in another form:

ce(z,y) = inf Le(o) for € € C(Q x STLR,),

0€Cy y

where

_ 1
Le(o) = /O Be(o(t), 6 (t)) dt (3.13)

with for all x € Q and y € R?, ®¢(z,y) being defined as follows:

YeRY

N
Q¢(z,y) = inf {Zykngk Y—(yh"-,yN)EAz}
k=1

= inf Y -£&(x),
YeAY

where €(x) = (&(x,v1(x)), ..., &(x, vy (x))).

The next lemma shows that ®¢ defines a sort of Finsler metric. It is an
anisotropic model but ®, is not even and so c¢ is not symmetric. Moreover
ce is not necessarily positive between two different points so that c¢ is not a
distance. However ®¢(z,-) looks like a norm that depends on the point z € Q.
Its unit ball is a polyhedron in R? that changes with z. Formally speaking, the
minimizing element Y = (y1, ..., yn) represents the coefficients for the ”Finsler
distance” c¢.

Lemma 3.1. Let £ € C(Q x S¥=1 R,). Then one has:

1. The function ®¢ is a minimum and continuous.

14



2. For all x € Q, D¢ (z,-) is homogeneous of degree 1 and convez.

8. If {&.} is a sequence in C(Q x ST™LR,) and z € Q such that {&€n(x)}
converges to &(z) then {®¢, (z,y)} converges to ®¢(x,y) for all y € R™.

The proof is left to the reader.

Due to [Lemma 3.1l we may reformulate (3.13)) :
_ 1 1 5
Le(o) = / Be(o(t), 6(1)) dt = / 16(1)| e <a<t>, %) dt

The following lemma gives a Holder estimate for c¢ and extends Proposition 3.2
in [§].

Lemma 3.2. There exists a nonnegative constant C such that for every £ €
C(Q x S 1 R,) and every (w1, 22,y1,y2) € Q*, one has

lcg (21, 91) — ce(x2,92)| < Clléllogoy (21 — 22|” + [y1 — y2?), (3.14)

where B =1—d/p. So if (£n)n € C(Q x ST RN is bounded in LP(6), then
(e, )n admits a subsequence that converges in C(Q x Q,R.).

For every ¢ € L% (), let us define
ce(x,y) = sup{c(z,y) : c € A()}, ¥(z,y) €% Q (3.15)
where

A(€) = {limeg, in C(Q x Q) : (§n)n € CAx ST RN, & — € in LP(6)}.

We will justify in the next section that for every £ € L% (), the continuous
limit functional is

J() = Io(€) — L(¢) = /

QxSd—1

H(z,v,&(x,0))0(dx, dv) —/Q ﬁégdv. (3.16)

The two following lemmas are generalizations of Lemmas 3.4 and 3.5 in [§]:

Lemma 3.3. If¢ € L () then there exists a sequence (£,)n in C(QxS 1 Ry)
such that cg, converges to G in C(2 x Q) as n — oo.

Lemma 3.4. If £ € C(Q x ST"L Ry) then c¢ = c.

3.3 The I'-convergence result

We will prove that the problem (310 is the continuous limit of the discrete prob-
lems (39) in the I'-convergence sense. The I'-convergence theory is a powerful
tool to study the convergence of variational problems (convergence of values but
also of minimizers) depending on a parameter. Here we want to study problems
depending on a scale parameter (which is ), it is particularly well suited. Ref-
erences for the general theory of I'-theory and many applications are the books
of Dal Maso [10] and Braides [5].

First let us define weak LP convergence of a discrete family £° € Rf’_ﬁEs,

15



Definition 3.1. Fore > 0, let £° € RTEE and & € LY.(0), then & is said to
weakly converge to § in LP (£¢ — &) if :

1. There exists a constant M > 0 such that Ve > 0, one has
1/p
I€lep = | Dl (e | <M,

(z,e)€eE"

2. For every p € C(Q x S™1 R), one has

im eldo (2, <) e (a,e) = x,v)¢(x,v x, dv).
i, 3 it (g ) €= [ et gt i)

Definition 3.2. For e > 0, let F*© : RTEE — RU {400} and F : L1 (0) —
R U {400}, then the family of functionals (F*). is said to T'-converge (for the
weak LP topology) to F if and only if the following two conditions are satisfied:

1. (D-liminf inequality) Y& € LY. (0),£° € RfEs such that £ — &, one has

liminf F*° (&%) > F(§),

e—0t

2. (T-limsup inequality) Y& € LY (0), there exists £ € RfEE such that £ — &
and

limsup F*(£%) < F(§),

e—0+

Now, we can state our main result, whose complete proof will be performed
in the next section:

Theorem 3.1. Under all previous assumptions, the family of functionals (J¢)c I'-
converges (for the weak LP topology) to the functional J defined by (B.1).

Classical arguments from general I'-convergence theory allow us to have the
following convergence result :

Corollary 3.1. Under all previous assumptions, the problems B3)) for alle > 0
and BI6) admit solutions and one has:

min  J°(£%) - min J(§).
¢eeR#ES ©) €€L (0) ©

Moreover, if for any e > 0, £° is the solution of the minimization problem (3.9
then &5 — & where & is the minimizer of J over L% (0).

16



Proof. First, due to B1) we have

GE)=x > et (€ (@ e)r — 1)
(z,e)eE=
=M, = A el
> A€z, -

since from it follows that
N
S e 0(dz, dv) — Z/ es(w) da = C.
(z,e)€E" x§d-1 1/

To estimate the other term I§(£%), let us write

Vzg € N¥,Vz,y € N° two neighboring nodes, we have
" (20, 2) — (2o, y)| < max el¢*(x,€)
e/(z,e)eEs

<e max £ (z,e).
- e/(z,e)GE5§ ( )

Then thanks to [Lemma 4.2] we have for every z,y € N¢,

(@0, ) — (w0, y)| < C' || max £ €)

e/(-,e)eE®

hence with z¢g = x

(z,y) <C|| max E&°(e)

e/(-,e)eE=
< Cll€¥lep

&;p

so that recalling (BI1), we have

EEN < CIEep Y e* 7 (2,y) < CIE | ps

z,yeN¢e

because it follows from that

Z 27108 (2, y) — dyase— 0%,
z,yEN® QxQ

In particular, we get the equi-coercivity estimate

JE) 2 CIENE , = 1€ Mlep = 1)-
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Since J¢ is continuous on RTEE, this proves that the infimum of J¢ over RTEE
is attained at some £ and also that ||£°]|¢,, is bounded, in particular, we can
define for € > 0 the following Radon measure M. :

(M., @) := Z le|p (a:, i) & (xz,e), Vo € C(Q x ST R).

(z,e)€E* |6|
Due to Hélder inequality we have for every e > 0 and ¢ € C(Q2 x S~ R),

(M, ¢)| < C”S"”a,q (3.17)

where ¢ = p/(p — 1) is the conjugate exponent of p and the semi-norm |.||- 4 is

defined by:
1/q

q
e
lolea=[ 3 ka(%EO

(z,e)eE=

Because of there is a nonnegative constant C' such that [|¢[[c,q <
C|l¢lloo for every ¢ € C(Q x ST~1,R). We deduce from (BI7) and Banach-

Alaoglu’s theorem that there exists a subsequence (still denoted by M.) and a
Radon measure M over Q x S with values in R to which M. weakly star

converges. Moreover, due to (B.I7) and we have for every ¢ €
C(Q x §1,R)

(M, @) <C lim|lglle,q = Cllell Lo
e—0t
which proves that M in fact admits an L?(#)-representative denoted by . £ €
L% () (componentwise nonnegativity is stable under weak convergence) and

£ — £ in the sense of [definition 3.1l We still have to prove that ¢ minimizes J
over L% (6). First from the I-liminf inequality we find that

J(€) <liminf J°(£°) = liminf min J°(£%).

0+ o+ #EE
e— e— £°ERT

Let ¢ € L% (0), we know from the I-limsup inequality that there exists a se-
quence (%), € RfEE such that (¢ — ¢ in the sense of [definition 3.1] and that

limsup J*(¢°) < J(Q).

e—0t

Since &° minimizes J¢ we have that

J(€) < liminf J%(£%) < limsup J*(£%) < limsup J*(¢%) < J(Q).

e—0+ e—0t e—0t

We can then deduce that £ minimizes J over L% (f) and we have also proved
the existence of a minimizer to the limit problem. We also have that

min J < liminf min  J°(£°) < limsup min  J¢(¢%) < J(¢), V¢ € LE (9
LE(8) T~ e—0F geer#P° ) < s%OerEEGRfEE (&) < J©), Ve +0)
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which provides the convergence of the values of the discrete minimization prob-
lems to the value of the continuous one. Furthermore we have convergence of
the whole family £° and not only of a subsequence by the uniqueness of the min-

imizer £ of J over L% () since J (and in particular Io, due to is

strictly convex. O

4 Proof of the theorem

4.1 The I'-liminf inequality

For e > 0, let £&° € RﬁEE and ¢ € L% () such that & — £ (in the sense of
[definition 3.7). In this subsection, we want to prove that

liminf J*(£%) > J(&). (4.1)
e—0+
We need some lemmas to establish this inequality. The first one concerns
the terms I and Iy.
Lemma 4.1. One has

lim inf J5(€%) > To(&).

The proof is similar to that of Lemma 4.2 in [2]. Now we need the following
discrete version of Morrey’s inequality to have information about the nonlocal
term.

Lemma 4.2. Let 6° € RfNa and p* € RfNa such that
| (z) — ¢°(y)| < eb(x), for every x € N° and every y neighbor of z, (4.2)
then there exists a constant C' such that for every (x,y) € E° x E¢, one has

o (x) — ()| < Cll6°|ep(lz1 — w1 + |w2 — 12])?

where 8 =1—d/p and

1/p
16°]]e.p = <€d > 95(?6)”) :

reENE

Proof. The idea is to linearly interpolate ¢° in order to have a function in
WP(Q) and then to apply Morrey’s inequality. By recalling
let V¢ = Conv(zg, ...,z%) a polytope in the discrete network 2. where for k =
1,..., L, zf, is an neighbor of z,, in N¢, the indices being taken modulo L.
Let us denote X¢ the isobarycenter of all these nodes (it is in the interior of V¢
by assumption) and let us define

ey N 95 ()
k=1
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Let {F5} denote the subpolytopes given by for V= with Ff =

Conv(X*, X% ,..., X5 ) and these (d + 1) points that are linearly independent,.
Then for every x in V*, there exists j such that x € F}. x is a conical combi-

nation of X¢ X7 ..., X7 . There exists some unique nonnegative coefficients

A AL, Ag > 0 such that @ = AX® + S0 \X2 . We set

d
0 () = Ap(X°) + > Nip (X5,) - (4.3)

=1

We still denote this interpolation by ¢°. We then have ¢ € W1P(Q) with
IVesll, < Cll6%||e,p (computing Ve is technical and we detail it below). We
conclude thanks to Morrey’s inequality.

Computing V©:

We take the notations used in the above proof but we remove the e-dependence
for the sake of simplicity. Taking into account the construction of ¢°, we will
compute V© on a subpolytope F = Conv(X, X1, ..., X4) of V where X is the
isobarycenter of all nodes xx in V¢ and X, X1,..., X, are linearly independent.
We rearrange the xj’s such that xj is a neighbor of xx11. Let H be the affine

hyperplane
(A () ()

i.e. the affine subspace containing (X, ¢°(X)) and directed by the vector space
generated by the vectors (X1 — X, ¢%(X1) — ¢*(X)),..., (Xa — X, ¢°(Xq) —
¢°(X)). It is a hyperplane since the points X, X;,..., X, are linearly in-
dependent. Then there exists some constants ag,...,aq+1 such that H =
{(z1,. .., za41) E R a2+ 4 agr12401+ao = 0} with agyy # 0 (otherwise
X, X1,..., X, would not be independent). The normal vector to the hyperplane
is7 = (a1,...,aq+1) and

—al/GdH
Ve© = :
—aq/aq+1

Without loss of generality we assume X = 0, X7 = (y1,0), Xo = (v3,42,0),..., X4 =
(v, ...,y |, ya), with y1,...,94 # 0. Then we have for k =1,...,d

( @s()é;];:;(s(x) ) 'ﬁzO:Zaiyf—i-akxk—i—adﬂ(cps()(k) — (X)),

i<k
i.e.
LTI uh (X)) — o (X) (1.4)
ad+1 Qd+1 Yd Yk

i<k
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We must now find an estimate on each of these terms. First for k = 1,...,d,
there exists iy, € {1,...,L} such that X, = =z;, and it follows from (£2]) that
we have

z+1 o

o (Xk) — (@i4in-1)) = ¢ (Titir )

i

with the indices taken modulo L. Moreover, due to (B1)), for k = 1,...,d and
i < k, we have |y¥| < |X — X}| < Ce. Taking into account the fact that the
Xy’s are linearly independent, we get |yx| > Ce. Then from (@3] it follows for

k=1,....d
<CZ

We finally obtain by an 1nduct1on on k that

<CZ€E x1)

so that due to {@3), |V¢*(z)] < CZlel 6% (x;) for every x in the subpolytope
F. We finally conclude with that

IVe©lly < CllO%le.p,

ag

Qd+1 ad+1

L
+CD 6% (m). (4.5)
=1

ad+1

which completes the proof. o

The discretization of the Morrey inequality is crucial since we may now
extend ¢® on Q x Q. For every (z,y) € N¢ x N, we define

¢ (z,y) = min Z le|¢(z,e) = inf /O\IIE(&(t),é(t))-Es(&(t))dt. (4.6)

oeCy ,

By definition, if z¢ € Q. and z and y neighbors in 2., we have

(w0, 2) < *(20,y) +&  max & (y,e).
e/(y,e)EE®

Since ||£°||,p is bounded, we deduce from [Lemma 4.2 that there exists a constant
C such that for every € > 0 we have

| (@, y) = ¢ (0, 90)| < Ol = z0|” + |y = yol”), ¥ (x,y, 20, 50) € N°".

We can then extend ¢ to the whole © x Q (we still denote by ¢© this extension)
by

E(z,y) = sup  {c*(x0,50) — Clz — 0|’ + |y —wol”)}, V (z,y) € Ax Q.
(20,Y0) €EQe X Qe
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By construction, ¢ still satisfy the uniform Holder estimate on the whole £ x
and since ¢© vanishes on the diagonal of Q x €, it follows from Arzela-Ascoli
theorem that the family (c®). is relatively compact in C(Q2 x Q). Up to a
subsequence, we may therefore assume that there is some ¢ € C(Q2 x Q) such
that

¢ —cin C(Q x Q) and c(z,r) = 0 for every x € Q. (4.7)

From it may be concluded that

KE)y< > e i@y @y > [y
(z,y)EN< X N* QOxQ

In consequence, with [Lemma 4.} it remains to prove ¢ < ¢ on Q x Q. We will
show that c is a sort of subsolution in a highly weak sense of an Hamilton-Jacobi
equation and we will then conclude by some comparison principle. The end of
this paragraph provides a proof of this inequality.

Lemma 4.3. Let zg € Q, £ € LE(0) and p € WHP(Q) such that p(z¢) = 0
(which makes sense since p > d so that ¢ is continuous). If for a.e. © € Q one
has

N
Vo(x) - u < ®e(zr,u) = inf (Z xrpé(z, vk(x))> for all u € R? (4.8)
= \k

then ¢ < Z¢(xg,-) on Q.
Remark 1. The above assumption 8] is equivalent to :
Vo(z) - vg(z) < & (z) = (x, vk (x)), Vo a.e.,VE=1,..., N.

Proof. The result is immediate if ¢ € C(2) and ¢ is continuous on Q. Indeed, in
this case, assumption (€8] is true pointwise and if z € Q and o is an absolutely
continuous curve with values in Q connecting o and = then by the chain rule
we obtain

() = / V(o(t)) - 6(t)dt < / Do (o(t),5(1)) dt

and taking the infimum in o we get ¢ < c¢(z0,.) on Q so that ¢ < &(zo,.) due
to Cemma 3.4l For the general case, if ¢ is only W?(Q2) and & only L% (6), we
first extend ¢ to a function in WP (R%) and we extend & outside 2 by writing
&(x,v) = |V|(z) for every z € R%, v € S9! so that if z € R1\Q and u € S¢~1
we have

Ve(x) -u < [Ve(z)|
< Ve@)|lUL = @¢(z, ),

where U = (u1, ...,un) € A¥ is a minimizer of ®¢(z,u) The fact U € A% implies
that |u| =1 < |U|;. By homogeneity of [3]) in u, (L8] thus continues to hold
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outside 2 with the previous extensions. We then regularize ¢ and £. Let us take
a mollifying sequence p, () = n?p(nzx), * € R? where p is a smooth nonnegative
function supported on the unit ball and such that fRd p=1. Set &" := p, x &

and @, := pn * @ — (pn * @) (20). Let © € RY. Recalling (Holder

condition on the vy’s), we have
Von(@) (@) = [ pnly)Viole =) - on(o) dy
R

< [ o=y dy

0,1/n)

where &, > 0, €, — 0 as n — oo (since a > d/p). So by using the above remark
and the previous case where ¢ and £ were regular, we have ¢, < ¢enye, (20, )
and from the convergence of ¢,, to ¢ it follows that

@ = limsup ¢, < limsup cen e, (To,-) < T (0, ),

where the last inequality is given by the definition of ¢¢ as a supremum (B.15)
and the relative compactness of ¢gnie, in C(Q x Q). O

We want to apply [Cemma 4.3 to ¢(xo, -) so that we need c(xg, ) € WP(€)
for every o € Q. Let (e1,...,eq) given by ¢ € CHQ) and

x§ € Qe such that |zo — z§| < €. Using the uniform convergence of ¢*(z§,-) to

¢(z0, ) and [Assumption 5] for ¢ € C}(Q2) and i = 1,...,d we have

Tip = /Q c(xo,z)Vo(z) - e;(z) dx

Rl (yis1) — lye)

. k - k

= 1lim > N e — gl (af, ) T Y
0T S8 ko k1 —
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where o = (yo, ... ,yL(g)). Then we can rearrange the sums as follows

Tip =
L(o)—1
al_igl+ Z Z (k) (|ye — yr—1]" (@0, Yh—1) — |Yrt1 — vl e (20, 1))
oeC; k=1

+ ¢ (Yr(o)) WL(o) — yL(a)—1|d7105(l‘0, Yr(o)—1) — ¢(Yo)ly1 — yo|d105(33073/0)>

L(o)—1
= lim SN0 o) (Jye — ye—al ¢ (@0, yr—1) = lynsr — yel ¢ (w0, mr))
oeCt k=1

since for € small enough, yo and yr () are not in the support of ¢ thanks to

For ¢ € Cf, we thus have
L(o)—1

> o) (Ive = vr—1l " e (2o, yr—1) — lyer1 — vl (z0, ui))
k=1
1

()l — ya—1]"""(c*(x0, y—1) = ¢*(x0, yx))

|
h
13
|

=1
+ (o, yi) (lyk — yr—1]""" = |y — vl *™H)])
L(o)—1
<Ce’ Y leu)l.
k=1

Indeed in the first term, we use the fact that if z and y are neighbors in 2. then
¢ (z0,x) < (20,y) + [ — y[max £ (y, )

and we obtain the upper bound on the second term due to[Assumption 6] Hence
by using Holder and the fact that ||£%].,, is bounded, we obtain

< CllellLe, Yo € Co ().

/ c(xo, )V - e;
Q

This proves that c(xo,:) € WH?(Q). By a similar argument we obtain that
(-, yo0) € WHP(Q) for every yo € Q.

Lemma 4.4. Let xg € Q and ¢ be defined by [@T), one has

1. For every w € C°(Q,RY), the following inequality holds
/ Vae(zo, x) - w(z) doe < / D¢ (z,w(z)) de. (4.9)
Q Q
2. ¢ < ¢ and so one has the I'-liminf inequality.

24



Proof. 1.) Let a(x) = (a1(x),...,an(z)) be a minimizing decomposition of
w(z) ie. for all z € Q

N

N
inf Zxkfk(:v) = Z ag ()& (x)

xeAy™ k=1

with of course w(z) = > ag(x)vk(z) and ax(xz) > 0. Then we have

/QV c(zo, ) da:—Z/ Vec(xg, z) - v (x) da.

However the ay’s are not necessarily smooth so we must regularize the «ay to
pass to the limit. As usual, we consider a mollifying sequence (p°) (with § > 0),

write
N

ai =pdxap and w’ = E aivk
k=1

for k=1,..., N. Hence we have

/Vwc(xo, cw=lm [ Vge(zo,-)- w?.

Let a§ € N°¢ such that |zg — 25| < e so that we have the uniform convergence

of ¢#(z§, ) to c¢(zg,-). By using for every ¢ € C}(9), we know
that for k =1,..., N,

/Qc;g(x)go(:v)vmc(:vo, x) - vg(z) dz
~ m Z |e|dcs(x8,x—|—e)—CE(IFJ,I)@(I)'

le]

So we may write for a fixed §

/VmC(xo, = lim Z Z |dc ZEQ,ZE—I—G)—CE({;:S,J:)O&i(I).
Q

k=1 (z,e)€E], |6| Ck;({E)

Since ¢*(zf§,z + ) — (x5, x) < |e|&%(x, €), we obtain

/QVQ:C(IO,.).,LU5§ lim Z |e|d§€($7e)ai(l‘)

e—0t .
(z,e)EE]

= /Qaifk.
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Passing to the limit in § — 0, we finally get

N
/Q Vmc(fbo,') - w S ;/ﬂ (652 fk
N
= / inf <Z xp&(z, vk (x))) dx.
@ k=1

XeAvr@

2.) First, using [@39) with w = v for v € C°(Q, R?) and an arbitrary scalar
function 6 € C°(Q,R), 0 > 0, we deduce from the homogeneity of z — ®¢(z, 2)
that

Vze(zo, x) - v(z) < Be(z,v(z)), a.e. on Q. (4.10)

Now let = be a Lebesgue point of both ¢ and V,c(wo,.), u € S?! and take
v € C(Q,R?) such that v = u in some neighbourhood of z. By integrating
inequality (@I0) over B, (z), dividing by its measure and letting r — 0 we
obtain

Vae(zo,x) - u < $e(x,u), ae. on

From [Lemma 4.3 the desired result follows. O

4.2 The I'-limsup inequality

Given € € Lﬁ(@)a, we now prove the I'-limsup inequality that is there exists a
family &° € RfE such that

&8 — ¢ and limsup J® (&%) < J(€). (4.11)
e—0+
First show that for £ continuous and then a density argument will allow us to
treat the general case.
Step 1 : The case where £ is continuous.
For every € > 0, (z,e) € E°, write

€ (v,e) =& (w ﬁ) .

1€5]e.o — NI€llp and I5(§7) — Io(€) as e — 0*.

In particular, for € > 0 small enough, ||£°]|c,, < 2[[¢|l, and €5 — £ in the weak
sense of [definition 3.11 We can proceed analogously to the construction (7)) of
¢ for the T-liminf. We define ¢ on the whole of Q x  in a similar way and we
also have the uniform convergence of ¢ to some c in C(Q x Q) (passing up to
a subsequence) and liminf, o+ I5(£°) = [, cdy so that to prove [@IT) it is
sufficient to show that ¢ > c¢ = .. To justify this inequality it is enough to see
that by construction for (z,y) € N x N¢ one has

‘We have

1 .

o) = b [ WE0),5()) € G0N eclr,y)
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using the uniform convergence of c® to ¢ we indeed obtain ¢ > c¢ = ¢¢.
Step 2 : the general case where § is only L (6).
Let &, € C(Q x ST~ R,) such that

SN

1€ = &nllp + llce, = Celloo + [1o(€n) = To(§)] <

and
1€nllp < 2[[€ll

(existence is given by [Lemma 3.3). For every n > 0, > 0 there exists &£ €

RfEE such that & — &,. Then there exists a nonincreasing sequence &,, > 0
converging to 0 such that for every 0 < ¢ < ¢, we have

I5(6) — Tolea)] < - IE(€) 2 1i6a) = - and €5 ep < 20éull

For € > 0, let n. = sup{n;e, > e} and £ = &_ then we get & — & (||¢F].p <
2|&nllp < 41I€llp) as well as

2
115(6°) — Io(§)| < — —0ase—0F

and ) )
FE) > L) -+ = / e, dy— .
QxQ

Ne Ne

Since c¢,_ converges to ¢, we then have
liminf I; (€%) > I1(g)

which completes the proof.

5 Optimality conditions and continuous Wardrop
equilibria

Now we are interested in finding optimality conditions for the limit problem:

inf J(&) ::/Q s H(z,v,&(x,v)) 0(dz, dv) —/_ _ Ce dry, (5.1)

QxQ

through some dual formulation that can be seen in terms of continuous Wardrop
equilibria. More precisely, it is in some sense the continuous version of the
discrete minimization problem subject to the mass conservation conditions ([2.2)-

23). Write
L={(o,p): 0 € Wh([0,1],9),p € P, N L=([0,1]))"},
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where
N
Po = {p 1t e [0,1] = p(t) eRY 1 6(t) = ka(a(t)) pi(t) a.e.t} .
k=1

We consider £ as a subset of C([0,1],R%) x L'([0,1])" i.e. equipped with the
product topology, that on C([0,1], R?) being the uniform topology and that on
L*([0,1])" the weak topology. Slightly abusing notations, let us denote M’ (L)
the set of Borel probability measures @ on C([0,1],R9) x L([0,1])" such that
Q(L) = 1. For 0 € WH*([0,1],9), let us denote by & the constant speed
reparameterization of o belonging to W1°°([0,1],Q) i.e. for t € [0,1],5(¢) =

a(s71(t)), where
/|a )| du with I(o /|a )| du.

Likewise for p € P, N L>=([0,1])", let /5 be the reparameterization of p i.e.

pi(t) == %pk(sl(t»,Vt €[0,1,k=1,...,N.

We have p € P51 L>([0,1])N with |||, = ||p|/z:. Define
L:={(o,p) € L:|6| is constant} = {(5, ), (0, p) € L}.

Let Q € M (L), we define @ € M:L(Z) as the push forward of @) through
the map (o, p) — (&,p). Then let us define the set of probability measures on
generalized curves that are consistent with the transport plan ~ :

Q(v) ={Q¢e Mﬁr(ﬁ) : (o, €1)4Q =7}, (5.2)

where ey and e; are evaluations at time 0 and 1 and (eg,e1)x@ is the image
measure of @ by (eg,e1). Thus @ € Q(vy) means that

/ ¢(0(0),0(1)) dQ(o, p) := /, _gl@,y) dv(z,y), Yo € C(R? xR%R).

c axQ

This is the continuous analogue of the mass conservation condition (2:2)) since
Q@ plays the same role as the paths-flows in the discrete model. Let us now

write the analogue of the arc flows induced by @ € Q(v); for k =1,..., N let
us define the nonnegative measures on € x S4~1, ka by

[ ewnan@en = [ ([ enmconmn) ae.),

for every ¢ € C(Q x S¥~! R). Then the nonnegative measure on Q x S%!
m® = Eszl ka may be defined by

[ = [ Lop i veec@xstry) (5
QxSd—1 L
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where for every (o, p) € L,

N 1 1
o) = / E(o(t), ve(o(8)))ou(t) dt = / o) - plt)dt,  (5.4)

with
£(o(t)) = (E(o(t),v1(a(t))), - .-, &(a(t), vn (a(1))))-

Notice that L¢(o,p) = Le(6,p) for every (o,p) € L and so m@ = m@
for every Q@ € MY (L). The p growth asumption (7)) on H(z,v,-) can be
reformulated by a ¢ = p/(p — 1) growth on G(z,v,-). To be more precise,
we will assume that g(z,v,-) is continuous, positive and increasing in its last

argument (so that G(z,wv,-) is strictly convex) such that there exists a and b
such that 0 < a < b and

am® < g(x,v,m) <b(mI + 1)V (z,0,m) € A x ST x Ry, (5.5)
with ¢ € (1,d/(d — 1)). Then let us define
Q1(7) :={Q € Q(7) : m? € L1(Qx§"71,0)} (5.6)
and assume

Qi(v) # 0. (5.7)

This assumption is satisfied for instance when + is a discrete probability measure
on Q x Q and ¢ < d/(d — 1). Indeed, first for @ € ML (W>([0,1],9)), let us
define ig € M4(Q) as follows

/QsadiQ = /lew([oylm) (/01 sa(a(t))|c'r(t)|dt) dQ(o) for ¢ € C(Q, R).

It follows from [4] that there exists @ € M (W1>°([0,1],Q)) such that (eg, e1)#Q =
v and ig € L?. For each curve o, let p” € P, such that ), p7(t) < Clo(t)] (we
have the existence thanks to [Assumption 4). Then we write @ = (id, p') 4 Q-
We obtain Q € Q7(v) so that we have proved the existence of such kind of
measures.

Let Q € Q4(v) and € and € be in C(Q x S9!, R, ), we have

[ [reto) - ito.|aon) = [ | [ (€tow) ~&on -ote) ] o

S /
Qx§d—1

< [I1€ = &l ooy MmOl (o)

€ 5‘ m® 0(dz, dv)

So if £ € LE(6) and (&), is a sequence in C(Q x S~ Ry) that converges
in LP(0) to & then L¢, is a Cauchy sequence in L'(£,Q) and its limit (that
we continue to denote by L¢) does not depend on the approximating sequence
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(én)n- This suggests us to define L¢ in an L'(L, Q) sense for every & € L% (6)
and Q € Q%(v). For every & € Lf(0) and Q € Q%(v), by proceeding as for
Lemma 3.6 in [§], we have

/ ¢€-m@ 0(de, dv) = / Le(o, p) dQ(o, p), (5.8)
Qxsd—1 c
and

2e(0(0),0(1)) < Le(o,p) for Q —ae. (o,p) € L. (5.9)
Hence using the fact that Q € Q9(y) and (G.8)-(59), we obtain

/Qmﬁgdv—/ﬁﬁg(a(()),a(l)) dQ(o, p) S/Mdflf'mg (5.10)

Let £ € L% (0) and Q € Q9(y), it follows from Young’s inequality that

/ H(xz,v,&(x,v)) 0(dz, dv)
QxSd—1

-m@ 0(dz, dv) — x,v,m%(x,v . dv ]
Z/std—1§ 6(dz, dv) / G (z,0,m%(x,v)) O(dz,dv) (5.11)

QxSd-1

so that we have

inf J(§) > sup —/ G(:z:,v,mQ(:E,v)) 0(dx, dv). (5.12)
€eLh (9) QeQ4(y) QxSd—1

The dual formulation of (E.I) then is
sup —/ G (z,v, m®(z,v)) 0(dz, dv). (5.13)
QEQI(y) QxSd—-1

We can note the analogy between (.13 and the discrete problem that consists in
minimizing (24 subject to the mass conservation conditions (Z2)-(2Z3]). Then
we establish the following theorem, that specifies relations between (B.I3) and
(ET) and that gives the connection with Wardrop equilibria:

Theorem 5.1. Under assumptions (.0 and (B1), we have:
1. (B13) admits solutions.
2. Q € Qi(v) solves (B.13) if and only if

[ Leglop o) = [ eeg(oo) @) (51)
L

c
where {g(z,v) =g (x,v,ma(x,v))

3. Equality holds : inf (5.1) = sup (BI3). Moreover if Q solves (513) then
&g solves (B.).
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It is the main result of this section. To prove it, we need some lemmas.
First, let us start with a preliminary lemma on the v;’s that is a consequence

of [Assumption 4

Lemma 5.1. For all subset I C {1,...,N}, it is all or nothing, that is, we are
in one of the two following cases :

1. 0 € Conv({vi(z)}icr) for every z € Q,
2. 0¢ Conv({vi(x)}ier) for every x € Q.

Moreover, there exists a constant 0 < & < 1 such that for all subset I C
{1,..., N} that is in the second case, there ezists u, € Conv({vi(z)}ier for
all x € Q such that u
vi(x) - —= >3 for alli € I.
|tz

Proof. We will use the fact that € is connected. The first property is obviously
closed since the wv’s are continuous. Let us now show that the second one is
closed. Let I C {1,..., N}, assume by contradiction that there exists a sequence
{Zn}n>0 € Q' converging to z € 2 such that 0 ¢ C,, = Conv({v;(z,,)}icr) for
every n > 0 and 0 € C' = Conv({v;(z)}icr). So there exists {\;}ier such that
Yicr Aivi(x) = 0,7 > 0and ), ; Ay = 1. Without loss of generality, we can
assume that the A;’s are positive. Then we have that v™ = Y, Ajvi(2,) # 0
and converges to 0 as n — +oo. Let 8, > 0 such that |8,v"| = 1 then 3,
converges to +oo. Thanks to with & = (&1,...,én),& = 0 if
i € I,1 otherwise, there exists {z]'};cr € (RfI)N such that [z!| < C and
Y oicr 2ivi(xn) = Buvi(x,) for all i € T and n > 0. Then we obtain that
Y i1 (Bui — 27 )vi(xn) = 0. But for n large enough, we have that £,\; — 2] > 0
for every ¢ € I, which is a contradiction.

For a subset I C {1,..., N} that is in the second case, Conv({v;(x)};cr) is
contained in a salient (pointed) cone for all z € Q. For all z € 2, we can think
of u; as being in the medial axis of this cone. Since the vy’s are continuous and
Q is compact, we have the desired result. O

Now let us define the following sets

N
L£¢ = {(U,p) eL: Zpk(t) < Cle(t)| a.e. t €0, 1]}
k=1

for some constants C' > 0. Now let us notice that we can simplify the problem
(E13) with the following lemma:

Lemma 5.2. For a well-chosen constant C' > 1, one has

inf G (z,v,m%(z,v)) 6(dz,dv
028 o, € (20 t00) ol

= inf {/stdl G (z,0,m%(z,v)) 0(dz,dv) : Q (EC/> = 1}.

QEQ(y)
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Proof. We set C' = 1/6 where § is given by [Lemma 5.1l Let (o,p) € L. We
will prove that there exists p € P, such that for all ¢ € [0,1], 7, (t) < pi(¢)
for all ¥ = 1,...,N and Zivzl Pu(t) < C'|o(t)]. Let t € [0,1] such that
Eszl pr(t) > C'|o(t)|. Let us denote I the subset of {1,..., N} such that
for every k € I,pi(t) > 0. First, if 0 € Cone({vk(o(t))}rer), there exists a

conical combination of 0
> Xevr(o(t) =0
kel
with the Ag’s > 0. Then we write 7, (t) = pi(t) — A\ (we take A, =0 for k ¢ 1)

where
A= min {—pk(t) } .
kel g0 | Mg

We set I the subset of I such that for every k € I,7,(t) > 0. We restart with p
and we continue until 0 ¢ Conv({vy(o(t))}rer). Let u be as in [Lemma 5.1 for
I =1 and x = o(t). Then we have

N N
60 > 6(t) - u=>_ pp(t)or(o(t)) - u>8D py(t)
k=1 k=1
so that Zivzl pi(t) < C'o(t)]. For Q € ML (L), we denote by Q € M:L(EC/)
the push forward of @ through the map (c, p) + (o, ). Then we have m@ < m@.
Since G(m, v, -) is nondecreasing, we have :

/std,lG(x’U’ma(x’U» 0(dz, dv) g/ G (2, v,m®(x,v)) 0(dx,dv).

QxSd—1

O

To prove that the problem (BI3) has solutions, a natural idea would be to
take a maximizing sequence {@Q,}n>o for (513) and to show that it converges
to @ € Q7(~) that solves ([@.I3). For this, we would like to use Prokhorov’s the-
orem which would allow us to obtain the tightness of {Q,} and x-weak conver-
gence of {Q,} to a measure in M’ (£). Unfortunately, the space C([0, 1], R?) x
L'([0,1])" is not a Polish space for the considered topology (because of the weak
topology of L*([0,1])). So we will work with Young’s measures in order to apply
Prokhorov’s theorem. Let us define the set C' = C([0,1],R?) x B (R x [0, 1])
where for a Polish space (E,d), we set

PB1(F) = {u e ML(E): /Ed(x,x’) du(z) < +oo for some 2’ € E} )

We equip C with the product topology, that on C([0, 1], R?) being the uniform
topology and 1 (R? x [0,1]) being endowed with the 1-Wasserstein distance

Wi (p!, p?) := min {/ d(x1, z2) dp(x1,22) 1 € H(ul,u2)}
E2
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where E = R? x [0,1], d is the usual distance on E, (u!,u?) € B;(E)? and
(!, pu?) is the set of transport plans between p! and p?, that is, the set of
probability measures u on E?, having u' and p? as marginals:

/E e@na) = /E o(x)d (z) and /E eludutzy) = /E () dpi2 (),

(5.15)
for every ¢ € C(E,R). The set C is a Polish space (see [I]). Let us denote by
A the Lebesgue measure on [0, 1] and let us consider the subset S of C :

S={(o,r®A) :0€WH>([0,1],Q),1, ® A € B1(E), v, € M, ae. t},

where for t € [0,1] and 0 € W1>°(]0,1],9Q),

N
m = {I/t € ML (RY) : supp vy C U Rivg(o(t)) and o(t) = /d v dut(v)} .

k=1 R

The Young measures vy @ A are the analogue of the decompositions p € P, .
For the general theory of the Young measures, see for instance [I1].

Let us define the set of probability measures on curves (o, ® A) that are
consistent with the transport plan v :

X(y) == {X € ML(S) : (e0,e1)x X =7} (5.16)

This is the analogue of (5.2). Let us now write the analogue of m@ (given by

E3)) as follows:
/_ Edi = / Le(o, k) dX (0, k), V6 € C(Q x ST1R) (5.17)
QxSd—1 S

where for every (o,k = 1, ® \) € L,

Te(o, k) = /01 (/Rg (a(t), IUTI> v dyt(v)) dt. (5.18)

Then let us define
XI(y):={X € X(v) : i* € LY x S¥1 0)} (5.19)

Let X € X%(y). By the same reasoning as for Q € Q9(y), if £ € L% (6), we
denote by L¢ the limit of the Cauchy sequence Lg, in L*(S, X) for any sequence
(&n)n converging in LP(0) to £&. We may write the analogue of the problem (5.13)

sup —/ G(:z:,v,iX(:zr,v)) 0(dx, dv). (5.20)
XeXxia(y) Jaxsd-t

Lemma 5.3. One has sup (513) = sup (5:20).
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Proof. Let Q € Q4(y) and o € W1>([0,1],Q). For p = (p1,...,pn) € Py, we
define the Young’s measure v @ X as follows :

N
P(t) s
p(t)]1 {lp@®)1vi(a(®))}>

P
vy =
k=1

where |p(t)]1 = Efgvzl pi(t) for every t € [0,1]. We consider the measure X% €
X9(7) defined by
/ pdX9 = / oo, vl @ N) dQ(o, p), for all p € C(S,R).
s c

Since we have m®@ = iX“ we immediately get sup EI3) < sup (G20).

For the converse inequality, let X € X9(v), we build Q¥ € Q9(y). Let
(0,1 ® \) € S, recalling that one has supp v; C Ufgvzl Rywvg(o(t)) for t € [0,1],
we define p¥ € P, as follows

pZ(t):/ |v| dvi(v), forall k=1,...,N
R vk (o(t))

and p” = (p¥,...,p4%) if the vi(o(t))’s are pairwise distinct. Otherwise, let us
decompose {1,..., N} = (J;_, I; where the I};’s are pairwise disjoint and such
that for all j = 1,...,s and k € I;,vi(o(t)) = v; where the v;’s are pairwise

distinct. Then for all j =1,...,s and k € I;, we set

1
%m—gzéwymmwy

The element p” is in P,. Similarly, we set
/ ©dQ¥ = / (o, p¥”) dQ(o, v ® A) for all p € C(L,R).
c s

From the fact that m@" =¥ it follows that sup (5.13) > sup (5.20). O

Let us notice that with the previous proof for (o,: ® A) € S, we may build
v as a sum of Dirac measures :

A0
v, = AT, RN
t Z |p”(t)|1 {lp¥ (t)|1vk(a(t))}

where p” is given in the previous proof. Therefore it follows from the same
reasoning as in the proof of [Lemma 5.2 that we may take p” € P, such that
for t € [0, 1],22\;1 pr(t) < C'|o(t)|. Moreover, we can choose (o, p) only in £

with |o| constant. Then the new measure Zszl %&wtﬂwk(g(m} that we

continue to denote by 7 by abuse of notations is in 9% . Let us define

SO = ({0, ® N) € 8 : supp 1. " Ry (o(8)) = {p(B)un(o(6))}
with p(t) < C'|6(t)| for k=1,...,N and t € [0,1]}
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and _
S={(o,v, ® ) € S:]d]| is constant}.

For X € ML (S), we denote by Xe ML (8Y'NS) the push forward of X through
the map (0,14 ® \) = (5,7 ® A). Then we have i* < i%. Since G(m,v,-) is
nondecreasing, we may consider only the measures X € ML(SC/ N S) for the

problem (G.20]).

We now adapt the proof in [2]. In particular we have to generalize Lemmas
2.7 and 2.8 in [§], this becomes

Lemma 5.4. For every ¢ € C(QxS¥ 1 R,), Ly, is l.s.c. on'S for the topology
defined above.

Proof. Let (o,v; ® A) € S and (0™, v]* ® A) be a sequence converging to (o, v; ®
A) € S. Then by definition, we have

T(0" P ®\) = /01 (/R 0 (an(t), %) | dut"(u)) dt.

o™ — o in C([0,1]) so that ¢(a™(+), ﬁ) converges strongly in L*>°. Since v}
narrowly converges to v; and the function (¢,v) — (o (t), ﬁ)|v| is the upper
limit of (¢,v) — ©(o(t), ﬁ)min(|v|,n), that is continuous and bounded, as

n — +00, we obtain the desired result. o

Lemma 5.5. Let (X,,)n € MYL(C)N be such that X, (8°) =1 for every n and
there exists a constant M > 0 such that

n

sup/ (o) dX (o @ X) < M.
S

Then the sequence ()N(n)n s tight and admits a subsequence that weakly-x con-
verges to a probability measure X such that X(S) = 1.

Proof. For every K > 0, let us define the following subset of S’
Sk = {(a, Ve @A) € S: |o| < K and supp v < BC/K}

where C” is the constant given by [Lemma 5.2l Let us show that Sk is relatively
compact in S. First, the set {o € W1>°(]0,1],Q) : o K-Lipschitz continuous}
is compact in C([0,1],) thanks to Ascoli’s theorem. The set of probability
measures with support in Berx is compact due to the Banach-Alaoglu-Bourbaki
theorem. Let a sequence (0™, ® \) € (Sk)Y converging to (0,11 @ \) € S,
prove that (o, ® \) € Sk.

1.) supp v C Uszl Rivg(o(t)).
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First let us notice that the function ¢ : (z,v) = dist(v,Uch:1 Ryvg(z)) is
continuous on R? x 2. We then have :

/01 (/Rd o(v,0(t)) dut(v)) dt — /01 (/BC,K o(v,o(t)) dut(v)> dt

1
= lim / v, 0" (t)) dvj(v) | dt
| (Bmw( ®) m)
=0.

So ¢(z,v) = 0 dv; ® dt-a.e. and the support of v; is in U]k\]:1 Ryvi(o(t)) for
t €0, 1]

2.) ¢ fRd v dvg(v).
By deﬁn1t1on for n >0 and (s,t) € [0,1]?, we have :

o"(t / / vdvy(v) @A = (vlp,,, @150 @ N).
B

C'K
Obviously, the sequence {o"(t) — 0™(s)}n>0 converges to o(t) — o(s) (since o™
uniformly converges to o). For the term in the right-hand side, it is sufficient to
take a sequence {®. }.~¢ in C,(R?x [0, 1]) converging to (v,t) — vlpg,,, @1y
in L}(R? x [0,1]) as € — 0%,
Now let us justify the tightness of (Xy,)n:
X, ((EK)C) <X, ({omeon esns” |5 > K})
( (o, @N) €SN 8¢ supp () ¢ BC/K})
X, {(0 @\ eSNSY sl >K})
n{(o,rr @A) €S :l(0) > K})

I/~ —

(
o) dXn(o,v: @A)

\,\

E
M
<2— — 0as K — 4.

K

Due to Prokhorov’s theorem we can then assume that passing up to a sub-
sequence, (X)), weakly-x converges to X € M (C). It remains to show that

X (S8) =1. For K > 0, let us define the closed set
Sk ={(o,11 ®X) €S :1(0) < K and supp v; C Berk }-

It follows from the previous computation, the fact that the measures X,, are
concentrated on S and Portmanteau’s theorem that

1 = limsup X,,(S) < limsup X, (Sk) + limsup X,,(S\Sk)

M
X(SK) + Va
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Letting K tend to co, we then obtain X (S) = supy X (Sk) = 1. O

Lemma 5.6. Let (X,,), be a sequence in ML (S) that weakly star converges to
some X € MY(S). If there exists i € My (Q x S¥1) such that i*» weakly-*
converges to i in My (Q x ST1) then we have iX < i.

The proof is similar to that of Lemma 2.9 in [g].

Proof. (of Theorem 5.1))

Let us prove the existence of solutions for the problem (EI3). Thanks to
[Cemma 5.3} we consider the problem (G.20). Due to (5.5) the value of problem
(520) is finite. Let (X,), be a maximizing sequence of (5.20). Since i¥X > ¥,
we can assume X, = X, for all n. Still from (55) it follows that (i%7),, is
bounded in L4(f). So, passing up to a subsequence, we can assume that (i%"),,
weakly converges in L?(6) to some i. Moreover, since (iX"),, is bounded in L4(6)
so in L(#), we have

S%p/s 10) dX (0,1 @ A) < s?lp/s (/01 (/R |v|dut(v)> dt) X, (0,1 @ )

= sup/ di*n < 400.
QxSd—1

n

Since X,, = X,,, we can deduce from that, up to a subsequence,
(X,,)n weakly-x converges to some X € M2 (S). Using the fact that X(v) is
weakly closed, we see that X € X () and then imply that i* < i so
that X € X9(y). Since G(x,v,-) is convex and nondecreasing, we then have

/ G(z,v, i~ (z,v) 0(dx,dv) < / G(z,v,i(z,v)) 0(dz, dv)
Qxsd-1 Qxsd-1

< liminf/ G(z,v, %" (z,v)) 8(dz, dv),
Qx§d-1

n

which proves that X solves (5.20). Thus as mentioned in the proof of [Lemma 5.3]
there exists Q € Q7(v) such that m@ = iX and so Q is a solution of (5.13).
The reasoning for the last two statements is similar to that of Theorem 5.1
in [2]. O
A natural question is to investigate the discrete problems corresponding to
&34 ie.
e mé(z,e)
inf Qe —, —F— 5.21
e 3w (a g ) 20
(z,e)eE=

subject to the mass conservation conditions ([22))-(23]) and convergence of prob-
lems (B21)) in some sense to the continuous problem

inf G(x,v,m%(x,v)) 0(dz, dv). (5.22)
QeQ() Jaxsdi-1
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Let m® = (m®(z,¢€))(z,e)ep- and w* = (w*(0))sece solve the discrete prob-
lem (BE2T). Let 0 = (xo,...,21(s)) € C° (identified with the piecewise affine
curve defined on [0, L(0)]). For every k =0,...,L(c) — 1, let us denote by iy,
the integer such that (zx,zr1 —xx) € Ef . Then let us define p” € L>([0,1])N
where for all ¢ € [k, k + 1],

o lo(k+1) —o(k)| if i = iy,
pg (t) = ;
0 otherwise.

We will define a discrete measure Q¢ over £° where
Lf={(0,p%):0 € C}.

Write Q° as follows
Q° =¥/ ! Z w*(0)0swpe
occCe
as well as
QF =21 Z w*(0)05
ceCs
where 6 € W1([0,1],Q) is the constant speed reparameterization of the path
o. Notice that for every ¢ € C(Q x ST"1,Ry), we have L¢(0, p”) = L¢(5, p%)
so that m@" = m®". Let us also observe that the measure m®" contains all the
information on (m®, w¢).
Especially for the following theorem, we make a stronger assumption.

Assumption 10. There exists a function C : Ry — R such that C(e) — 1 as
e — 0% and for every e > 0, (z,¢e) € E°,C(e)e < le| < e.

In particular, this hypothesis is satisfied in our three classical examples since
arc length is constant for ¢ > 0 fixed.

Theorem 5.2. Under the previous assumptions, defining @5 as above, up to a
subsequence, (Q%): > 0 weakly converges to some solution Q € Q4(vy) of (22
in the sense that

/ (0, p)d0% (0, p) (0, p)dQ(0, p),
C([O,l],Rd) ><L1([0,1])N C([O,l],Rd) ><L1([0,1])N

as € = 0% for every ® € C,(C([0,1],R?) x L1([0,1])V,R).

Proof. By duality, from[Theorem 5.1land [Corollary 3.1} it follows that the value
of (BZI) converges to that of (522)) and in particular, due to the ¢ growth
condition (&) on G(z,v,-), m® is bounded for the discrete L? norm. In the

same manner that in the proof of and Section 4.1 we can see that
there is some m € L% such that (z,e) — "Te‘ e ) weakly converges to m in L9

in the sense of [definition 3.1 (up to replacing p by ¢) and

/ G(z,v,m(z,v)) 0(dx,dv) < liminf le|?G (a:, £ m) .
Qxsd-1

wop le]” le|4/2
(5.23)
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Let £ € C(Q x S¥=1 R, ), recalling (Z3), (3.4) and (53), rearranging terms, we
have

/ &(z,v) dm®° (x,v) = / Le(o, p) d@a(a, 1)
QxSd—1

L((T -1 k:—i—l

— gd/2-1 Z w® (o) ), i, (0(t))|o(k + 1) — o(k)|dt
oeCe :0 k
L( o') 1
_ od/2-1 W (o ok+1)—o(k) "
] agc; ( puar /[o<k> o(k+1)] (’Ia(k+1) —a(k)|> + O(we(e))
L(o)—-1

_ d/21 o(p), 2k +1) —a(k) we(eN) 1o Y
5w 3 (& (ot gy +OwE) oth 41— o)

oceCs

D> (g(xﬂ Loe)) (X k(o)

(z,e)€eE* oceCe:[z,xz+e]Co

— d/2-1 Z le|¢/2+1¢ <x7 %) %ﬂc/’;) + O(we (e))

(z,e)eE"

where we is a modulus of continuity of {. From and the fact
that (z,e) — 229 weakly converges in L9 to m in the sense of [definition 3.1
le[d/

it follows that m@ weakly star converges to m. Arguing as previously, we find
Q € M{ (L) such that, up to a subsequence, (Q¢). weakly converges to @ and

m@ < m. We easily have Q € Q4(v) : indeed, for every p € C(R? x R%, R), we
have

/£ (0(0),0(1)) dQ(,p) = lim_ [ (0(0),0(1)) dQ<(c' p)

e—=0t L
_ 1 d/271 5
im ¢ > wf(0)p(0(0),0(1))
oeCe
- 1 d/2—1 1=
Jim e S ey | D wi(o)
(z,y)ENe2 oeCs ,
_ 1 d/271 5
lim e > @y (z,y)
(z,y)EN<2
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Using (B.23)) and the fact that G(z, v, -) is nondecreasing, we get

/ G(z,v,m®(x,v)) O(dz, dv) < / G(z,v,m(z,v)) 0(dx,dv)
QxSd—1 Qxsd—1

d e mé(z,e)
<hm1nf Z €| G ( e|,|e|7d/2) .
(z,e)eE®

Since the right-hand side is the value of the infimum in (522)), we obtain the
desired result. O

6 The long-term variant

Instead of taking the transport plan «¢ as given in the discrete problem, we now
consider the case where only its marginals are fixed. More precisely, there is
a distribution of sources f& = > . fS(x)d, and sinks f§ = > e f1(2)0s
which are discrete measures with same total mass on the set of nodes N°¢ (that
we can assume to be 1 as a normalization)

Y@= )=

TEN® yENE

The numbers f (x) and f$(x) are nonnegative for every x € N¢.

With the same notations as in the short-term problem, we have almost the
same definition of an equilibrium as in [definition 2.1 we must change the mass
conservation condition ([Z2]) as follows

fol@):= Y wi(o), fily)= Y w(o) (6.1)

oceCs oeCe,

for every (z,y) € N° x N¢, where C5 . (respectively C¢, ) is the set of loop-free
paths starting at the origin z (respectively stopping at the terminal point y).
Moreover, the transport plan now is an unknown. Similar arguments apply to
this case, the equilibrium is a minimizer of the functional defined by (2.4 but
now subject to (G.I) and (23]). We shall then state the analogue of the dual
formulation (2.5])

inf Z He(z,e,t°(x,€)) — inf Z Yz, y) T (x,y) ¢ s

teecR%P* (e ) B yeeIl(fe,f5) () e N2
(6.2)
where II(f2, f5) is the set of discrete transport plans between f2 and ff, that

is, the set of nonnegative numbers (v°(z,9))(4,y)cn<=2 such that

> (@) =), Y v (@) = Fi), V(@ y) € N° x N7,

yeN¢e TEN*®

We assume that the hypotheses made in Subsection 3.1 are still satisfied, except

that we replace by
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Assumption 11. f¢ and f§ weakly star converge to some probability measures
f- and fy on Q:

lim /21 3 (@) 2 ()40 (2) £ (2) = /5 odf_+ /5 i (g, 1) € C@Y2

—0t+
c zeEN*E
Writing £° as in (3.8]), we can now reformulate (6.2I)

inf _F(E°) = I5(67) — FT(£°) (6.3)

#EBS
geeRr?

where I5(£°) is defined by [B.10) and

Fy (&) := inf Z ¥ (z,y) | min Z le|¥2¢5(z,e) | . (6.4)

cell(fe,f5 ocCg
TSI () gyenee Y (se)Co

It is an optimal transport problem. The limit functional then reads as the
following variant of ([B.16])

F(&) = Ip(&) — F1(§), where F1(§) :== _inf / Tedy, VE € L, (6.5)
YEI(f-.f+) Jaxa
As previously, Iy is defined by BI2) and ¢ by BI5). II(f_, f+) is the set of
transport plans between f_ and fi (see (BIH)). We then have the following
I’-convergence result :

Theorem 6.1. Under the same assumptions except [Assumption 7 replaced by

the family of functionals F¢ defined by ([G3) T-converges (for
the weak LP-topology) to the functional F defined by (6.1).

Same arguments as for Theorem 6.1 in [2] apply here.
In the same manner as in [Section 5 we can see that the problem (G.5) has
a dual formulation that is

sup —/ G(x,v,m?(x,v))0(dz, dv), (6.6)
QEQI(f-.f+) Qxgd-1
where
QU(f-, f+) = {Q € M (L) : 04Q = [-,e1Q = f,m? € LI(0)}
= U o
YET(f-.f+)

If we assume that Q7(f_, f+) # 0 and that (B.5)) is still true, one can reformulate
[Theorem 5.1] for the long-term models as follows :

Theorem 6.2. We have :
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1. Problem (G.6]) admits solutions,
2. Q€ QI(f_, f+) solves ([6.8) if and only if

[ Leglown) @00 p) = [ y{o(0).0(1)) (o)
L

L

where &5(z,v) = g(z,0,m(z,v)) and moreover, 7 := (eo,e1)4Q is a
solution of the optimal transport problem:

inf / Ce (z,y)dy(z,y).
Ry . e (@, y)dy(z,y)

3. There is no duality gap : the infimum of 638 equals the supremum of
(6.6) and moreover, if @ solves (G.6]) then & solves (G.3).

Problem (6.6]) is studied in [9]. It is showed that problem (66) is equiva-
lent to another problem that is the variational formulation of an anisotropic,
degenerate and elliptic PDE :

— div (VG*(z,Vu(z))) = f in Q,

VG*(z,Vu(x)) -vg =0 on 09,
with G* being a C' function. In particular, if the function g in 39) is of the
form g(z,vi(z),m) = ar(x)m?=! + 6 for every z € Q. k=1,...,N and m >0

where the constants dj, are positive and the weights aj, are regular and positive,
then we have

N
G (x,2) = Z bkl()x) (2 - vg(x) — Sex(x))h for every z € Q,z € RY
k=1

where by, = (akck)_q%l. This case is interesting since numerical simulations can
be performed as shown in [9].
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