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Abstract

We consider rigid bodies moving under the influence of a viscous fluid and we study the asymptotic as
the size of the solids tends to zero.

In a bounded domain, if the solids shrink to “massive” pointwise particles, we obtain a convergence to
the solution of the Navier-Stokes equations independently to any possible collision of the bodies with the
exterior boundary.

In the case of “massless” pointwise particles, we obtain a result for a single disk moving in the full plane.
In this situation, the energy equality is not sufficient, and we obtain a uniform estimate for the solid velocity
thanks to the optimal L? — L? decay estimates of the Stokes semigroup.

1 Introduction

We study in this paper the asymptotic of a fluid-solids system as the solids shrink to points.
More precisely, we consider N rigid bodies S (¢) of shape S; o and of size ¢ immersed into a viscous incom-
pressible fluid. The rigid bodies occupy the sets S at the initial time:

Sio = hio +€Sio,

where we assume that S; ¢ is a smooth simply-connected compact subset of R?, with nonempty interior and
where the center of mass of S; g is 0. At ¢t = 0, the viscous fluid fills the domain

5 =0\ (L]VJSi())

where ( is either a bounded domain of R? or the full plane. The positions h; o € Q are distinct, hence for e
small enough we have
0NS;o=0 (i#j) and S C Q. (1.1)

At time ¢ > 0, the rigid bodies follow the trajectory
Si(t) == hi(t) + Ro: (1) (S50 — hi) , (1.2)

where for all ¢,

hi(t) €R?, 05() €R, Ry= <C089 —smo) |

sinf  cosf

The domain of the fluid evolves through the formula

N
FE(t) == Q\ <U sgm) : (1.3)
i=1



We denote by n := nf(t, z) the exterior unit normal of 9F*(t). The equations for the fluid-solids system read

ou®
ot

(V) —divo(u®,p) =0 >0, z € FX(1)
divu®=0 t>0, x € F(t),
u® =0 ¢t>0, x €09,
ut = (hS) (t) + (05) () (x — hs(t)E >0, 2 € ASE(t), i=1,...

mf(hf)”(t)=—/ o dy £>0, i=1. .. .N
98 (1)

JE05)'(t) = —/ (x — hf)J' co(ut,p"ndy t>0, i=1,...,N,
085 (1)
u®(0,-) = ug in Fg,
hi(0) = hio, (h7)'(0) =€, 05(0) =0, (65)'(0)=rig, i=1,...,N.
Here and in what follows
o(u,p) =2vD(u) — pls,

with v > 0 is the constant viscosity and

D(u) = = (Vu) + (Vu)*).

L. [ —%2\ _
T .—(x1>—Rﬂ/2m.

In the unbounded case Q = R?, (L) should be understood as
lim w*(t,z) =0 ¢>0.

|| —o0

N =

We write for any x € R?,

It is convenient to extend the velocity field u® inside the domains of the rigid bodies as follows:

uf(t,x) = (hS) (t) + (05) (1) (x — hS(1))" ¢t>0, 2 € SE(t), i=1,...,N.
For any smooth open set O, we define
o V(0) = {p € C(0) | divp =0 O};
e H(O) the closure of V(O) in the norm L2:
H(O) = {(p € L2(0) | dive=0in O, p-n =0 at ao};
e V(0) the closure of V(O) in the norm H':
V(O) = {@ € HY(O)] divep =0 in o}

and its dual space by V'(O) with respect to H(O).
We also define V(F¢(t)) the subspace of V() of velocity fields that are rigid in the solids:

Vr(FE(t) :=={p € Hy(Q) ; D(p) =0in SE(t) Vi€ {1,...,N}, divp=0}.

In this paper, we will consider the asymptotic € — 0 in the two following situations:
e several bodies shrinking to “massive” pointwise particles in a bounded domain;
e a single disk shrinking to a “massless” pointwise particle in the full plane.

The precise definition of massive/massless is given below.

(1.12)



1.1 Massive pointwise particles in a bounded domain

In this situation, §2 is a bounded domain of R? and we are considering the case where the solids tend to massive
pointwise particles:

mi=m} >0 and JF=¢e2J! >0. (1.13)
For instance, this is the case when the density p§ of the rigid bodies satisfies
e Pi
Pi = 22

with p; a constant.
Let us define a global density in €2 by

- 1 xeFE,
Pt ) = { pr we St).

Under the following hypotheses on the initial conditions
us € L*(F5), divug =0, ui-n=0ondQ,
ug-n = (£ +75o(x—hig)) -nondS;,, ie€{l,...,N},

t > 0.

(1.14)

(that is uf € Vr(F§) after the extension defined above) together with (1), there exists a global weak solution
(u®, h3, 6%) see [31] (see also [12], [I8]), in the sense of the definition below.

Definition 1.1. We say that (u®, hS, 05) is a global weak solution of (LA)-(LII) if, for any T > 0, we have
u® € L0, T; L*(Q) N L*(0, T; H'(),  w(t,-) € Vr(F:(1)),
if
SEHNS(t) =0 Vi#j, t[0,T];

if it satisfies the weak formulation

_/OT/Q’)E”E' (a(;p: “”E'V)@E) dxds”V/OT/QD(uE):D(wE) dxds:/ﬂpgué(x)-wa(o,x) dz, (1.15)

for any ¢° € CL([0,T); H'(Q)) such that ¢*(t,-) € Vr(F=(t)) and if it satisfies the energy inequality

t
%/pa(t,x) s (t, z))° dx—|—21// /|D(u5)|2 drds < %/pé(x) lus(x))® dz ae te(0,T). (1.16)
Q 0 JQ Q

Remark 1.2. For 99 and S; o of class C2, San Martin, Starovoitov and Tucsnak established in [31] the existence
of a weak solution (u®, hf, 6%) globally in time, even with possible contact between the rigid bodies or between
a rigid body and the exterior boundary 0f2.

When ¢ — 0, we establish the convergence of u® to the unique solution of the Navier-Stokes equations in the
full domain §2.

Theorem 1.3. Assume ([LI3), (LI4) and that

us —uo in L*(Q), (1.17)
|€f’0| <C, 5|7’f70| <C, Vie{l,...,N} (1.18)

Then there exists T > 0 such that
ut Sy in L0, T; L*(Q)) N L2(0,T; HY(Q)) (1.19)

where u is the weak solution of the Navier-Stokes equations associated to ug: for any p € C1([0,T);V(Q)),

_ /OT/QU. (%_f + (u- V)g@) dxds + y/OT /Q Vu: Vo drds = /Quo(x) (0, ) du. (1.20)



Remark 1.4. To prove Theorem [[L3] we need the existence of a positive distance between the rigid bodies,
independent of €. Therefore, denoting by h; the limit of hf, the time 7" in the above theorem corresponds to a
time such that

Ihi(t) = b (O] >0 (i #j, t<[0.7]).

In contrast, we do not need a positive distance between the bodies and the exterior boundary 0f). In particular,
in the case of a single rigid body (i.e. N = 1), we can take T arbitrary large.

There are also several works showing that for some particular geometries, there are no contact in finite time
(see [20], [19], [2I]). In that case, we can also consider any 7' € RT.

The asymptotic behavior of the fluid motion around shrinking obstacles is already considered in several
recent papers. Iftimie, Lopes Filho and Nussenzveig Lopes [23] have studied the case of one small fixed obstacle
in an incompressible viscous fluid in 2D. Iftimie and Kelliher [22] have treated the same situation in 3D. In
[26 27] Lacave has considered the case of one thin obstacle shrinking to a curve in 2D and 3D.

There is also a large literature about porous medium in the homogenization framework. Since the pioneer
work of Cioranescu and Murat [6] for the Laplace problem, the Navier-Stokes system was studied, in particular,
by Allaire [I} [2]. We also mention [7} [8 29} [32] B3] [38] for the fluid motion through a perforated domain.

In all the above studies, the general strategy relies on energy estimate to get a uniform estimate in H'.
It turns out that such an estimate is sufficient to pass to the limit in the weak formulation by a troncature
procedure. Namely, for a test function ¢ € D(Q) and for a cutoff function x¢, we note that x¢ is an admissible
test function for the Laplace problem in the perforated domain Q°. If the inclusions are far enough, for standard
cutoff function, ||x¢||w1.» remains bounded only for p < 2 in dimension two, which allows to pass to the limit in
terms such as [ Vu® : V(x“¢). For the Navier-Stokes equations, the cutoff procedure is more complicated and
relies on Bogovskil operators. Indeed, we need approximated test functions that are divergence free (see [27]
and Section [32)).

When the obstacles can move under the influence of the fluid, we also need to control uniformly the velocities
of the solids (h$)’(t). When the masses are independent of ¢ (ILT3]), this estimate follows easily from the energy

estimate (CI0).

Remark 1.5. We do not use that the domain is bounded in Theorem [[.3] and a similar result holds in the case
of Q = R2. The only difference is that the existence of global weak solutions is only stated in the literature
in the case of a single rigid body (see [34]). The well-posedness in the case of several bodies in the full plane
could be established with similar arguments as [3I] (for instance). One could also use the result in [9] for strong
solutions in the case of several rigid bodies in the plane.

Indeed, as the compactness argument holds up to collision between the bodies, it is easy to adapt our result
with strong solutions, up to choosing more regular uj. But even in this situation, our main argument is related
to a cutoff procedure and a passing to the limit in the weak formulation ([I3]).

1.2 Massless pointwise particle in the full plane

In contrast to the massive case, when the masses tend to zero, it is no more possible from the energy estimate to
deduce estimates of (h$)'(t) independently of €. One could try to get an estimate of (h$)’(¢) from the boundary
condition. However, since the size of the solids tends to zero, this leads to look for a C?-estimate for the fluid
velocity, and thus for H* estimates with s > 1. It was the strategy followed in [I1l [36] with a H? analysis.
Unfortunately, these articles are based on uniform elliptic estimates in the exterior of a small obstacle which
fail for s > 1; this can be noted by a scaling argument (see also a counter-example related to these estimates in
[5]).

Our strategy is different here. Our basic remark is that the small obstacle limit is related to the long-time
behavior though the scaling property of the Navier-Stokes equations u® (¢, z) = ¢ ~tul(¢72t,e~1z). For one disk
moving in the plane, the long-time behavior was recently studied by Ervedoza, Hillairet and Lacave in [13].
In particular, the optimal decay estimates of the Stokes semigroup are the key to treat the massless pointwise
particle.



More precisely, we consider one rigid disk moving in the plane:
N=1, Q=R?* andS,= B(0,1). (1.21)

Without loss of generality, we can assume that hg = 0 (we also suppress the subscript ¢ = 1 to ease notation).
To apply the result in [I3], we also need to assume that the center of the mass corresponds with the center of
the disk. For simplicity, let us assume that the density is constant py > 0 in the disk.

In this setting and for initial data satisfying (LI4]), the existence and uniqueness of a global weak solution

(u®, he, 6°) were established by Takahashi and Tucsnak [37].
The goal of the second theorem is to treat the case where the disk shrinks to a massless pointwise particle:

P~ = po (1.22)

hence,
m® =¢e*m' and Jf =e'Jh (1.23)

We consider the massless case for small data:

Theorem 1.6. Assume (L2I) and (L22). Then there exists Ao such that the following holds.
Let (ug) be a family of vector fields verifying (LI4) and such that

elt5l, *lrgl, lugll 22\ B(0,1)) < Ao (1.24)
and
us —ug in  L*(R?). (1.25)
Then for any T > 0 we have
ut S ou in L°°(0,T; L*(R?) N L*(0, T; H}(R?)) (1.26)

where u is the weak solution of the Navier-Stokes equations in R? associated to ug in the sense of (L20).

For a 2D ideal incompressible fluid governed by the Euler equations, the case of a massive pointwise particle
in the full plane was treated in [I5], a massless pointwise particle in the full plane in [I6] and both case in a
bounded domain in [I7]. In these works, non-trivial limit was obtained (namely, Kutta-Joukowski lift force or
vortex-wave system) when we consider non-zero initial circulations around the points.

The remainder of this work is organized in four sections. In the next section, we provide three examples
where the initial convergence (LT7) or (28] holds.

Section [ is dedicated to the proof of Theorem L3 We introduce the cutoff procedure which follows the
trajectories of the solid and provide some uniform estimates. A crucial point for the proof of our main result
is to construct a corrected test function 7 which satisfies the divergence free condition. This will be obtained
by the Bogovskil operator [3, [4]. Then we follow the analysis developed in [27]. Roughly, we pass first to the
limit € — 0 far away from the solids to get that u satisfies the Navier-Stokes equations in this region. Next, we
pass to the limit 7 — 0 in the cutoff function, to prove that the equations are also verified in the vicinity of the
massive pointwise particles.

Section M concerns the proof of Theorem The main point here is to get a uniform estimate of the disk
velocity. This will be obtained thanks to the results of [I3]. Then, the passing to the limit will be performed in
the same way as in the massive case.

Remark 1.7. In dimension three, the case of massive pointwise particles could be treated by the same strategy.
The case of a massless pointwise particle would require to adapt [I3] in dimension three, which should be
possible if there is only one rigid ball in R3. The decay estimates for the Stokes solution for other geometry is
a complicated open question.



2 Examples of initial conditions

In this paragraph, we develop three examples of family (u§). satisfying the compatibility condition (ILI4]) which
converges in L?(2).

Ezample 2.1. The first trivial example is the case where v is independent of . Namely, let us consider ¢ small
enough such that the solids are disjoints (IL]), then we set

ug = uy” Ve € (0,e0)

where ug satisfies (ILI4) in F;°. In this case, the vector field u§ is solid in a neighborhood of the solid and
obviously verifies (LI7) or (L25).

Ezxample 2.2. In domains depending on ¢, a standard setting is to give an initial data in terms of an independent

vorticity wo = curlu§ (see, e.g., [15] [16] 22 23] 26| 27]).
More precisely, let us assume here that € is simply connected. We fix wg € LY(Q), ¢ > 1, £;0 € R% r; o € R.
Then we consider ug as the unique solution of

divug =0 in Fj5, curlug=wo in Fg,
u§-n = (io+rio(—hio)t) -n on 0S7o, (1€{l,...,N}),

ug-n=0 on 04,

]{ ug-Tds=0 (ie{l,...,N}).
25z,

Lemma 2.3. Let Q be a bounded simply connected open subset of R?. Forwy € L4(2), ¢ > 1,690 € R? ;g € R
fized, we have
us — ug in L*(Q),

where u§ is the unique solution of ZI)-@4) and where ug is the unique vector field in L?(Q) such that
divug=0 nQ, curlug=wy nQ, wug-n=0 on .

Proof. By standard results related to the Hodge-De Rham theorem (see e.g. [15[I7]), there is a unique solution
of 2I)-(Z4) and it can be decomposed as

N 2
ug = vh/;é + Z (Z(&p)quﬁj + Ti,ovﬁbfﬁ)
1=1

i=1  j=1

with 1§ the unique solution of

Ay = wo in F§

Y5 =0 on 02,

05 =0 on 9S85, Vi=1,...,N,
O ds=0 Vi=1,...,N,

a5,

and ¢; ; are the Kirchhoff potentials:

5 ;=0 on 92U (Uk;éi SZ,O) J
8n¢f7j = Ki’j on 88150’

where
1
Kii=n1, Ki2=n3 K;3=n-(x—hip)



As the Kirchhoff potentials are defined up to a constant, we can assume that

]

/ ¢; ;dx =0 with « fixed such that S; 0 € B(0, «).
B(h;,0,ae)\S¢

By an energy estimate together with a trace estimate we have

V65 5172y :/ . ¢ Kij ds < ' /as |¢5 ;(es + hio)| ds

< C€1+5] 1655 (e - +hio)llL2(0s,.0) < Ce 2]V ) (€ - +hio)l L2(B0.00\S:0)
< 051+6J’3||V¢i,j||L2(f5)

where we have used Poincaré-Wirtinger in B(0, &) \ S; 0. Therefore, we deduce that

N
Z (Z i,0); V5 +1ioVe; 3) — 0 strongly in L?(Q)

i=1 =

where we have extended V¢5 ; (by e; for j = 1,2 and by (z — h; hio)t for j =3) in Sip and by 0 in S  for all
k # 1.

Concerning the last part, we introduce ¢’ € [1,00) such that 1/g+ 1/¢’ = 1 and we use that ¢§ is constant
on each boundary to perform the energy estimate

N
V81225 = / i + 3 ;f s = [ e

5

< flwollzae) ||¢o||Lq @ < Cllwollza@)ll¥5llm @)

< Cllwoll e IVY5 L2(0)
where we have extended 1§ inside the obstacles by the constant values at the boundary, and applied the Poincaré
inequality in Q2. Therefore, 1§ is uniformly bounded in H}(€2), so for any sequence, we can extract a subsequence

which converges weakly to ¢ in Hl(Q) (Banach-Alaoglu theorem) and strongly in L2NLY (Q) (Rellich theorem).
Passing to the limit in the Laplace problem, we have

A’Q/JQ =wp in DI(Q \ U{hi70}).

For any <p € D(R2), we introduce a cutoff function y = 1 on B(0,1)¢ and that x = 0 on B(0,1/2), so that

o [T x(F2) belongs to D(Q\ U{h; o}) and converges weakly in H{ to ¢ as n — 0. With this remark, we prove
that
A’Q/JQ = Wo in DI(Q)

As the solution of this laplace problem is unique in Hg () we infer that the limit holds for the full sequence
(without extraction).

Moreover, by the strong convergence of ¥§ to ¢y in LY (2), the weak convergence of wolzs to wo in LY(Q2),
and the equation verified by 9§ and 19 we note:

V612200 = / Vgl = / Yiwo = / Yewolrs - / vowo = Vo2 g
F§ FE Q Q

which gives with the weak limit in H{ () that
Y5 — o strongly in Hy ().

This ends the proof of u§ — V+1y = ug strongly in L?(). O



Remark 2.4. If we consider non-zero initial circulations in (24]), then some singular terms appear at the limit of

4
the form %%, which does not belong to L?(€2). In this case, we can only show LP estimate for p € [1,2).

For more details, we refer to [23] [15] [16, [17].

In exterior domains, we recall that

uf € L*(F5) —= wo = 0.
s
Adding the zero mean-value condition, we get a convergence result for unbounded domains F§ = R?\ B(0, ¢).
Lemma 2.5. Let Q = R%. Forwy € LI(R?\ {0}), ¢ > 1, ¢y € R? fized such that [ wo =0, we have, for e small
enough such that supp wo N B(0,¢) = 0, a unique solution u§ in L*(F§) of

divug =0 in F§, curlug =wo in Fg, ‘Il‘iinmj ug(x) =0,

ug-n =~ -n on dB(0,¢), 7{ ug -7 ds =0.
0B(0,e)

Moreover, extending ug by lo + roz~ in B(0,e) (with any ro € R) we have
us — ug in L*(R?),
where ug = Kgz[wg] = ﬁ * wo is the unique vector field in L*(Q) such that

divug = 0 in R?, curlug = wp in R?, ‘ l‘im up(z) = 0.
X |—r 00

Proof. The existence and uniqueness of u§ is well-known (see e.g. [I5, Section 2]), and we can find therein the
following explicit formula:

2

1 (x—y)* 1 x r—ely* L 9 x;
uax:—/ 7woydy+—/ T T T . ) woly)dy—e 0); V(5
=5 foo POV 5 [ (G~ ) @ =20 (5p)

with the notation y* = y/|y|?>. By a standard computation, we note that

3 00,5(:5)

It is also rather classical to prove that the second integral in the right hand side tends to zero as ¢ — 0. For
instance, we can do as follows:

< C€|€0|
L2(F§)

la —b|

=
——| = ———. Hence
|b]? |a|[b]

a
e Squaring both side, we verify that ‘W —
a

v x-ey )L e?ly*|
s T T 5 wo(y)dy‘ < / s |wo(y)|dy.
‘/3(0@c (lxlz |z — 2y [? B, 2]z —e?y]
e Defining Ry such that supp wy C B(0, Ry) \ B(0,1/Ro) we have for all z € B(0,2¢):

2|, ,% 2 2
e°ly*| € |wo ()] £ Rollwoll 1
T |wo(y)ldy < dy < —————5-
/B(07a)c ||z — e2y*| (Jx| —€)? |yl S |z —e)?

SO we compute

< CRQEHCLJOHLI.
L2(B(0,2¢e)°)

x x —e2y* )L
Tm T Ty woly dy’
H /Bm,E)c (57~ memyp) W



e For z € B(0,2¢)\ B(0,¢), y € suppwp and € < 1/(2Ry), we verify that |z —?y*| > e — & > e(1—eRg) >
£/2, hence

x  x—ey )L ely*|
o o) ] < [ [woy)ldy < 2Rollwoll s
‘/B(O,E)C (|33|2 |z — e2y*|? B(0,e)e €2/2

which implies

2 L
x T — ey )
T T s WO(y)dy‘
H ~/B(07a)c (I’J?IQ |z — e2y* ]2

This ends the proof of

< 2R0HW0HL1 (7‘(362)1/2.
L2(B(0,2e)\B(0,¢))

x x —ey* )L
— -5 ) @) < CRoellwol| 1
H /B(O,E)C (|33|2 |z — e2y*|? )

Now we note that 5- fB(O iy %wo(y)dy = Kg2[w] = ugp for € < 1/Ryp, then for all € < 1/(2Ry) we have

llu§ — ol r2re) < [l + o2 — ol L2(B(0,6)) + CRoe||wol| 2 + Cello]
1/(2
%||woly)(7ﬂ€2)l/2 + CRoe||wo| 1 + Cello|

< O(|bo] + |role + ||lwoll£1)e

< ([o] + |role +

which goes to zero as ¢ — 0. O

Ezample 2.6. Another example of initial conditions satisfying ([CI4]) can be obtained by truncating a stream
function associated to a vector field ug defined on €.
In a bounded domain €, let us consider uy = V+1)y € L?(Q) such that

divug =0 inQ, curluy e LY(Q) withg>1, wup-n=0 on 9.

We denote by x a smooth cutoff function such that x(z) =0 in B(0,«) and x(z) =1 in B(0,2a)¢, where « is
chosen large enough such that S; o C B(0, ) for any i. We consider (£; ,7;0) € R? given and since the positions
hio € Q are distinct, we can consider € small enough such that

B(h@(), 20[6) n B(hj’o, 20[8) = @ (Z 7& j) and B(hi,(); 20&5) c Q.
Then, we define
a - —hio
05729 (st T (2250 3 (1 (222 oo i)
i=1 =1

which is divergence free, tangent to 02, equal to ug far away the solids, and equal to €; o + 7 0(z — hi,o)J' in the
vicinity of &F . Using that ¢y € W24(Q) — L*() and that 1VX ( ‘0) converges weakly to 0 in L2, one
can check that u§ — ug in L2(€).

In the case of one solid in the full plane, we chose vy in the previous formula such that 1o(hi ) = 0 and in
that case, we can prove that the convergence holds strongly in L?(R?).




3 Case of massive pointwise particles

The goal of this section is to prove Theorem [[L3] hence we are considering the following settings:
e 2 is a bounded domain of R? and the fluid domain is the exterior of NV rigid solids (N > 1) see (L2)-(L3);

e (uf) is a family of divergence vector fields verifying (LId) such that u§ — ug in L*(Q) and (£, 75 )i,
are bounded (for instance see Section [2);

e the solids tend to massive pointwise particles ([I3)).
From the result in [3I], we know that, for every ¢ > 0, there exists a global weak solution (u®, hS, 6%) of

(CA)—(CII) in the sense of Definition [Tl

3.1 First convergences

Thanks to the assumptions on the initial data, we deduce from the energy inequality (LIG]) that

(u¥)e is bounded in  L°°(0,T; L*(Q)) N L*(0,T; HY()), (3.1)
((h$)")e is bounded in L>(0,T), (3.2)
(e(05)"). is bounded in L*°(0,T), (3.3)
Then up to a subsequence,

ut Su o in L(0,T; L3(Q)) N L*(0,T; HY(Q)) (3.4)

and
hi — h; uniformly in [0,7] (i=1,...,N), (3.5)

with
h; € WH°(0,T). (3.6)

By abuse of notation, we continue to write u® and h{ the subsequences.
As (h;)" is bounded, there exist 7' > 0 and 1o > 0, such that for any ¢ € [0, 7],

|hi(t) = hj(t)] = 2m0 (i # J)- (3.7)
We will prove the convergence up to this time 7.

Remark 3.1. We can note that this time does not take into account the distance between h; and 9€). Therefore,
in the case of one obstacle (N = 1), we can choose any T' > 0.

3.2 Modified test functions

The key to treat shrinking obstacles problem is to approximate test functions in by admissible test functions
in the perforated domain.

Proposition 3.2. Let T > 0, ¢ € C°([0,T) x Q) with divey = 0 and consider 11 > 0 such that
|hi(t) — hj(t)] = 2m  for allt € [0,T) and i # j (3.8)

and
dist(supp ¢(t,-),00) = 2m;  for all t € [0,T). (3.9)

For any n < m there exists " € Wh*([0,T); Hi(Q)) satisfying

dive” =0 in [0,T) x £, (3.10)
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Y1=0 te(0,7), meB(hi(t),g), (3.11)
@ =@ L(0,T; H'(Q)), (3.12)
" 0y L°°(0,T; L*(Q)). (3.13)

Proof. We introduce a cutoff function y € C*°(R?,[0,1]) such that x = 1 in B(0,1)¢ and x = 0 in B(0,1/2).
Let us denote the annulus B(0,1) \ B(0,1/2) by A.

We remark that the function @} : (t,y) — o(t,ny + hi(t))Vx(y) belongs to W1>°(0,T; L>(A)) and verifies
for any ¢

/Asé?(t, y) dy = /Adiv (w(t, ny + hi(t))x(y)) dy = /63(011) e(t,ny + hi(t)) -n(y) ds
= / div (sa(t,ny + hi(t))) dy =0,
B(0,1)

where we have used twice that ¢ is divergence free, that x = 1 on dB(0, 1) and that y = 0 on 0B(0,1/2). With
these properties, it is known by [I4, Theorem II1.3.1] (and Exercice I11.3.6) that there exists C' depending only
on A such that the problem

divg] = @], g] € Wh(0,T; Hg(A))
has a solution such that

Cl|@] Nl oo (0,752 (A))»

1931 oo (0,75 11 (4)) <
10:3:' || Lo 0,711 a)) < CllO:@] || Los (0,752 ())-

Extending g; by zero in the exterior of A, we define

Ot x txnx(x_ ) Zglta:

where ha(t)
n (T
gi (t,x) == g; (ta n )

From the assumption ([B.8]), we deduce that for all i, H#i X(%J(t)) = 1 on the support of Vx(%(t)) So

we easily verify the divergence free condition ([BI0). Moreover, with a change of variables, we also note that

1 N
1 n
nH;gz

so we check that

ZH%HLw(o:rLz(A)) Cllellpe(orxa  (3.14)

L (0,T;L2(R?)) H Zgz Lm(OTL?(R?))

1
5”%0" — @l Lo (0,522 ®2)) + [IVQ || Lo (0,1:2R2)) < Cll@llwre0,1)x0)

which gives directly that ¢" converges to ¢ strongly in L°°(0,T; L?(Q2)) and weak-* in L°(0,T; H'(Q2)). By
uniqueness of the limit, we do not need to extract a subsequence and we get the weak limit (312]).
Now we compute

o1~ e =aue ([T () 1) - 2300 (v (= 120)

N N

(e I WA A )
i=1 i
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It is obvious that the first right hand side term converges to zero strongly in L>(0,T; L?(R?)). It is also an
easy computation to check that the second term is bounded in L>°(0,7; L?(R?)) and tends to zero strongly
in L>(0,T; LP(R?)) for p € [1,2). Hence, it converges weak-* to zero in L>°(0,T; L*(R?)). From (BI4), we
know that > g converges weak-* to 0 in L>°(0,T; H'(12)), hence the last term converges also weak- to zero
in L°°(0,T; L?(R?)). Finally, we note that

L) [ R
HZ 1 L (012 (22)) [0: @l o= ((0.7)x2)

hence the third right hand side term tends to zero strongly in L>(0,7; L?(R?)). This gives (BI3).

Due to the support of x and g;', it is clear that ¢ = 0 on B(h;(t), 4). It is also obvious that ¢ [] x )
is compactly supported in [0,7T) x Q. To prove that ¢" vanishes at 9 it is then enough to show that 91 =0
on 0, for any t and i.

If dist(h;(t), 02) > 1, then we use that suppg; C B(h;(t),n) \ B(hi(t),n/2) € Q.

If dist(h;(t),00) < n, then dist(ny + h;(t),0Q) < 2m for y € B(0,1). Therefore, we infer from ([B.3)) that
&1 (y) = p(t,ny + hi(t))Vx(y) = 0 for y € B(0, 1), which implies that g = g = 0.

This ends the proof. O

(w hi(t)

Remark 3.3. An important consequence is the approximation of any test function. Let T and 7o verifying (31
and let ¢ € C°([0,T) x Q) with divy = 0. Then, there exists 1 < 1 such that we have [B3) and we can
apply Proposition B2 to construct a family (¢), of divergence free test functions which tends to ¢ in the sense
of (BI2)-BI3). Moreover, for any n € (0,71] fixed, we put together the strong convergence of h{ ([B.0) with the
support of ¢ [BII) to deduce the existence of &, > 0 such that

e"=0 fortel0,T), zecS8;(hi(t)), e<ey,.

This implies that " is an admissible test function for the fluid-solid problem (see Definition [LT]).

In the proof of the above proposition, we note that H' is the critical space in dimension two: X(ﬁ) — 1 tends

to zero strongly in WP for any p € [1,2), is bounded in H! (then tends weakly to zero), and goes to infinity
in WP for p > 2. This explains why the standard framework for shrinking obstacles problems is H'! (see, e.g.,
[T 2, 6 22, 23] 38]). Nevertheless, as we need an estimate of the solid velocities, it is natural to look for a C°
estimate of the velocity, hence a H® estimate for s > 1. Unfortunately, the H? analysis developed in [L1] [36]
fails (see [5]).

In the case of massive pointwise particles, the estimate of the solid velocities comes directly from the energy
estimate, but for the case of a massless pointwise particle, we need a new argument (see Section [I)

In dimension three, the critical space for the cutoff argument is W3 which is again not embedded in C°.

3.3 Proof of Theorem
The first step is to pass to the limit € — 0 for 7 fixed.

Theorem 3.4. Let T and ng verifying B1) and let o € C°([0,T) x Q) with divp = 0. From Remark[3.3, we
consider m1 < no and (¢")n<y, which approzimate .
Then, for any n € (0,m], the limit u of u® (see [B4)) verifies

—+uV) dz + 2v D(u Ydz = [ u°(z)-¢"(0,x) du.
- foe (B ) aeen [ [ /

Proof. Let n € (0,m1] be fixed. Since h; is Lipschitz continuous, there exists a subdivision tp =0 < t; < ... <
trpr+1 = T such that for all j =0,..., M, if t € (tj,tj_H), then

|hi(t) — hi(t;)] <

N3
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From (BII)) in Proposition B2 we deduce

(pn =0 in (tj,tj-l,-l) X U B(hi(tj)v g)

Putting together this relation with (33]), there exist open relatively compact sets O; and &, > 0 such that for

all € < &,
M

S;(t)NnO; =0 forallte(tj,tjy1) and suppp’ C Z(tj,tj+1) x 0. (3.15)
j=0

For any j =0,..., M, we write the Helmholtz-Weyl decomposition
u® =Po,u® + V¢,

where Pp, is the Leray projection on H(0;) (see the introduction for the definition of H(0O)). This projection
is orthogonal in L? and by a standard estimate on the Laplace problem with Neumann boundary condition,
there exists a constant Cp . > 0 such that

||]POJ~U€||L2(O]~) < ||UE||L2(O]~) and ||]P’(9ju6||H1(oj) < CojHUEHHl(Oj).

Thus, by @),
(Po,u,Vq®)_ is bounded in L(0,T; L*(0;)) N L*(0,T; H'(O;)).

In particular,

Po,u* = Po,u in L(0,T; L*(0;)) N L*(0,T; H'(0;)), (3.16)
Vg = Vg=u—Po,u in L®(0,T;L*(0;)) NL*0,T; H'(0;)). (3.17)

Now we derive a time estimate for Po,u® in order to get a strong convergence. For any divergence free test
function 9 € C°((t5,t;41) x O;), we have by BIH) that (¢, -) € Vr(F°(t)) (see (LI2)), hence (LIT) gives

J+1
(0iPo,u?, ¢>L2((tj¢j+1);V(0j)’),L2((tj¢j+1);V(0j)) - _/t /(’) Po;u® - 0y dwdt

ti+1
- / / u® - Opp dadt
tit1 tit1
/ / (u® - V) dadt — 21// / D(u®) : D(v) dadt.
t t

Thus, by using ([B.I) and the interpolation inequality || f]|z1(q) < Hf||1L/22(Q)||Vf||L2(Q)7 we get

‘ <8t]POju€7 w>L2((tj¢j+1);V(0j)’),L2((ty‘,tj+1);V(0j)) ‘

<N Nty 0500 y8 00 10220t 50000,0) F IDUE L2ty 540020 1PN L2ty 1540000
<

CllYll L2ty .t540):v(05))-

Consequently, (8t19>0ju€)6 is bounded in L?((¢j,t;11); V(O,)’), and the Aubin-Lions lemma in H' N H(O;) —
LY NH(O;) — V'(0;) allows us to extract a subsequence such that

Po,u® — Po,u strongly in L*((t;,t;11); L*(O;)). (3.18)

Actually, by the uniqueness of the limit, we do not need to extract a subsequence in (313).
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These convergences are enough to pass to the limit in the Navier-Stokes equations. Indeed, for any ¢ € (0, ,],
we know from ([BI50) that " is an admissible test function, and (15 reads

M T
/ / d dt — Z/ (u® @u®) : V' dadt + 21// / D(u®) : D(") dxdt
j=1Y (t:t541)x0O; 0 Jo
— [ 4@ 7(0.2) o
Q

Using the weak limits (I7) and (34]), we easily pass to the limit in the linear term

/ / dmdt—|—2u/ /D e dx dt
- — / / v dxdt+21// /D ) dz dt

/Quf)(x) -0, ) de — /Quo(x) (0, x) dx.

For the non-linear term, we decompose in (¢;,t;41) x O; as

and

u @u® =Po,u” ®u® + V¢ @Po,u” + Vq¢° ® Vg©.
Let us note that for any harmonic ¢ (i.e. Ag=0), we have the following relation:

J,

J

1
(VGa Vi) : Vel = —/ div(Vg® Vq) - 9" = —/ (§V|ch|2 T+ AGVq - go”) =0, (3.19)

because ¢" is divergence free and compactly supported in O;. From BI8), BI6) and (BI1), we have
/ (Po,u” @u®) : Vo' drdt — (Po,u®@u): Vo' dxdt,
(t5,t541)XxO (tj:tj+1)xO;

and

/ (Vg° @ Po,u’) : Vo' dadt — (Vg Po,u) : Vo' ddt.
(tj,tj+1)><0 (tj7tj+1)><oj

Gathering the two above convergences and ([BI9) applied to ¢° and to g, we conclude

/ (u® @u) : V' dedt — (u®@u): V' dedt.
(tj:tj+1)xO

(tj:tj+1)xO;
This ends the proof of Theorem 341 O
To end the proof of Theorem [[13] it is sufficient to pass to the limit n — 0, thanks to Proposition [3.2

Proof of Theorem .3 From Proposition[32] Remark B3 and Theorem B4 we consider T and g verifying (31
and p € C°([0,T) x Q) with dive = 0, then there exist m < 7o and (¢"7),<,, which approximate ¢ such that
the limit w verifies for any 7 € (0, 7]

// <—+uV )dx+21// /D dx:/ﬂuo(x)-w"(o,x)dx.

14



As u belongs to L>(0,7T; L*(Q)) N L?(0,T; HY(Q)), we deduce from the convergences B12)-@B.13) of ¢” to ¢

that
/ / ( (u-V) ) dm—|—21// /D da:—/uo(x)-go((),a:)da:.
Q
By density, this equality is also true for any ¢ € C1([0,T); V(2)). Noting that
1 1 . . 1
/D(u) :D(p) = g/Vu : Vo + 5/d1vud1vg0: §/Vu : Vo,
we end the proof of Theorem O

Remark 3.5. Since there exists a unique weak solution of the Navier—Stokes system associated to ug, the weak
convergence ([LI9) holds for all sequence (&,) converging to 0:

*

ut Suoin L(0,T; L3(Q)) N L*(0,T; HY())

as n — 0o, without extracting a subsequence.

4 Case of a massless pointwise particle
This section is dedicated to the proof of Theorem [[L6, hence we now consider the following situation:
e (= R? and the fluid domain is the exterior of one disk (N = 1);

e (uf) is a family of divergence vector fields verifying (CI4) such that u§ — wug in L*(Q) and (€5, er§). are
bounded (for instance see Section 2I);

e the solid tends to a massless pointwise particles: ([22))-(T23).

For one rigid ball in the full plane, [37] established that there exists a unique weak solution to problem
(CA)-(CII). As there is only one solid, we omit the subscript 1 in the notation of this section:

85 =851 = B(0,¢), S°(t) =8 (t) = B(h*(t),e).
4.1 Uniform estimates

4.1.1 Energy estimate
As in the massive case, we first use the energy inequality (LI6) so that

(u¥). bounded in L>*(RT; L*(R?)) N LY (RT; HY(R?)),
hence we can extract a subsequence such that
ut Su in L¥RT;LAR?Y) N LA (RT; HY(R?)).

By abuse of notation, we continue to write u® the subsequence.
In the case of massless pointwise particle, pj is independent of €, and the energy estimate only gives

e(h?)'(t), €%(6°)(t) bounded in L>(R™).

The goal of the sequel is to obtain an estimate of (h°)" independently of e.
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4.1.2 Duhamel’s formula
As in [I3] 37], we make the change of variables
’Us(t,ZII) = us(ta T — hs(t))v qs(t,ZII) = ps(ta T — hs(t))a

and we define
() = (hF)'(1),  r=(t) = (0°)'(1).

The vector fields v° is the weak solution of a system similar to (([C4)—(CII):

aavt + ([v° = £€7]-V)o* =divo(v®,¢°) =0 t>0, x € Fg, (4.1)
dive®* =0 t>0, z € Fg, (4.2)
lim v*(z)=0 ¢>0, (4.3)

|z|— o0
v (t, ) = L5(t) + e (t)xt t >0, x €SS, (4.4)
me(L5) () = —/ o(v®,¢*)ndy t>0, (4.5)

oS¢
JE(re) (t) = —/ zt oV, ¢ )ndy t>0, (4.6)
955 (t)

v7(0,-) =v; in F§, (4.7)
=(0) =45, r°(0) =15 8

We set the global density in R?:

We can define a weak solution

Definition 4.1. We say that (v¢, €%, r¢) is a global weak solution of @IS if, for any T > 0, we have
v® € L°°(0,T; L*(R?)) N L2(0,T; HY(R?)), v(t,x) = L5(t) +r°(t)at in S5,
if it satisfies the weak formulation
[ e
0o Jrz ot

for any ¢° € CL([0,T); H'(R?)) such that ¢°(t,-) € Vr(FS) and if it satisfies the energy inequality

T
+ (v° - V)gpa) dzds + 21// D(v®) : D(¢%) dzds = / pevg(x) - (0, z) dx,
0 R2 R2

1

! 1
—/ o° () |V (¢, )] dx—|—2u/ |D(v®))? dxds < —/ o (@) |05 (z)|* dz  ace. t € (0,T).
2 RQ 0 RQ 2 RQ

One can check that u¢ is a weak solution in the sense of Definition [[LT]if and only if v° is a weak solution in
the sense of the above definition.
We also define the following functional spaces for p € [1, o0,

L2 ={vel’(R?; dive=0inR?>, D(v)=0in S5},

1/p
ol ez = ( [ dm) .
RQ

with the norm (for p # o)
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For p = oo, the norm £ is the classical L> norm. We recall that for any v € £?, there exists (£,,r,) € R3
such that
o(y) = Lo+ (y € S5).
Moreover, one can deduce ¢, from v by
1
by = —
CISE] s

One can write the system ([LI)—(Z8) in the following abstract form:

v dy. (4.9)

Bpv® + AT = P div FE(v°),  v°(0) = o,

where
D(A%) == {v e H*(R?) ; divvo =0inR?, D(v)=0in S5},

—vAv in Fg,

Av = v € D(A%)),
2—1/5 D(v)n ds + % (/ y* - D(v)n dy) zt  in S§. ( (A%)
m= Josg 8¢

Af =A%

cren | v ® (e —v%)  on F§
Fe(v )—{ 0 onSE, (4.10)

and where P° denotes the continuous projector from LP(R?) to £P, and ¢, is defined through ([@3). Note that
in the definition of A%, D(v)n corresponds to the trace of the restriction of D(v) to the fluid domain.

The operator —A*® is the infinitesimal generator of a semigroup of (S¢(t)):>0 in L2 for p € (1,00) (see [13]).
Then, Duhamel’s formula gives the following integral formulation of the above equations:

V() = SE(t) + /0 SE(t — 8)PF div F*(v°(s)) ds. (4.11)

4.1.3 Semigroup estimates

The key for the uniform estimate of ¢¢ is the following theorem concerning the Stokes-rigid body semigroup.

Theorem 4.2. For each q € (1,00), the semigroup S¢(t) on LI satisfies the following decay estimates:
e Forp € [q, 0], there exists K1 = K1(p,q) > 0 such that for every v§ € LI:

I1S5(t)05llce < Katr~al[vgllce  forall t>0. (4.12)

e For2 < q < p < oo, there exists Ko = Ka(p,q) > 0 such that for every F¢ € L1(R?; May2(R)) satisfying
Fe=0in S
152(6)P° div F=||zr < Kot 275 7| F®||pagzy  for all >0, (4.13)
e For 2 < q < oo, there exists Ky, = Ky(q) > 0 such that for every F€ € L1(R?; May2(R)) satisfying F& =
on S:
|éSE(t)PE div F5| < th_(%-‘r%) ||F€||L‘1(]R2) fO’I" all t> O (414)
For ¢ fixed, estimates like ([@I2)-(ZI3) were only established for the Stokes system with the Dirichlet
boundary condition [I0, 28]. For the fluid solid problem with one rigid disk in R?, this result was recently

obtained by Ervedoza, Hillairet and Lacave in [I3]. The only point to check here is that the constants K, Ko, Ky
are independent of e, which will be easily obtained by a scaling argument.
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Proof. For € = 1, the statements of the theorem were proved in [13], see therein Theorem 1.1, Corollaries 3.10

—dive(v®,¢°) =0 t>0, x € Fj,

dive* =0 t>0, z € Fg,

v (t,x) = L5(t) + ()t t >0, x €IS,

v°(0,-) =v5 in Fg,

and 3.11.
We note that v°(t) := S¢(t)v§ satisfies
v
ot
lim v*(z) =0 ¢t>0,
|z|— 00
YO =~ [ ol ndy >0,
0S¢
JE(re) (t) = —/ zt - o(, ¢ )ndy t>0,
a5 (¢)
(0) = £, 1°(0) =g
Setting

o(t,x) == v (%t ex), q(t,x) = eq® (%, ex), L(t) := L°(e%t), r(t):

standard calculation gives that

% —divo(v,q) =0
divo =0
lim v(z) =0

|z|— 00

o(t,x) = L(t) +r(t)at

m'l'(t) = —/ o(v,q)n dy
88!

JW () = —/ zt - o(v,q)n dy
v(0,-) =g
f(O)ZZQ, T‘(O) =To,

where
vo(x) == v5(ex), Lo =Ly,

This means that v(t) = v'(t) = S'(t)vo and thus that
11
lo(O)ll cp < Ka(wt)» ™7 [[vo]l g
Using (LI0)-(I0), this estimate is equivalent to

1_ 1
[0 ()l cz < K (wt) >~ |[vg]] g

t>0, r€Fg,

t>0, z€Fy,
t>0,

t>0, €08},

t>0,

t>0,

in .7:(},

ro = Erg.

for all ¢>0.

for all ¢ >0.

Relations ([@II3]) and [@I4) can be done similarly. In that case, we also set

F(z) := éFE(EQS)

and we show that if v°(t) = S°(¢)P* div ¢, then v defined by ([IH) satisfies
v(t) = S* ()Pt div F.
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4.1.4 Uniform estimate on the solid velocity

The main goal of this paragraph is to get a uniform estimate on ¢. This will be obtained by assuming a
smallness condition on the £* norm of uj. We first show that there exists Ao > 0 such that if [|v§||z2 < Ao, then
there exists a unique

v* € CO([0,T]; £2) N CYg([0,TT; £2)  with €7 := £y € CY ([0, T); R?) (4.17)

satisfying (ZII) (that is a mild solution). Here we have denoted for any Banach space X by CS([0,T7]; X) the
Banach space of functions f such that ¢ — ¢t f(t) are continuous from [0, 7] in X. The norm associated is

Il fllco o, r1:x) := sup [ f(t)]lx-
t€[0,T]

Proposition 4.3. There exist Ao, po > 0 independent of € such that the following holds for any T > 0. If
v§ € L2 satisfies
[v5llc2 < Ao (4.18)

then there exists a unique v° satisfying [EII)) and such that
[ lleoo.mriezys 0% lles qeto.m1ie8)s N1€ Nles ,qto.7yim2) are bounded by puo.

Moreover there exists a constant C > 0 independent of € such that, if v§,,vs, € L2 are two initial conditions

satisfying [EI8), then

v — v llcoqo,mnic2) < Cllvg, — vGpllc2- (4.19)

Proof. As we have proved in the previous theorem that the constant in the semigroup estimates are independent
of €, it is then enough to follow the fixed point argument in [I3] pp. 364-371]. For completeness, let us write
here the details.

Let us introduce the space
X = {v € CO0,T); £2) N CYs([0, T £5)  with £, 661/2([0,T];]R2)}
endowed with the norm
vl xe == [[v®|leopo,my;c2) + I[v° ||c0/8( [0,7];c8) t ||€v€||cﬂ/2( [0,T]:R2)-

Let us also define the map
Z5 X — XF,

defined by
25 (0)(8) = S= ()0 + /SE $)P div F= (v°)(s) ds,

where F¢ is defined by ([EI0). One can define

O(v°,w)(t) = / SE(t — s)P* div G* (v, w®)(s) ds,

[}

where ,
el e e V¢ Q@ (Lpe — wE on F;
G(U’w):{ | ()) onsg.

We deduce from [@I3]) that

t

£ @ (0", ") (1) 8 <t%K2(8,4)/ (t =) (" (s) @ w(s)l 22 + [Cuws (5)][|0°(5)l| c2) ds.

0
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Using Holder’s inequalities, we obtain from the above inequality that

t
£ ]| (0%, w) (1) 22 < 5 Ka(8,4) / (t =) (s ¥ olley, cos™ Hllweleg s
0

3/8 3/8

_1 1/3 _3 2/3
5 bueley 0712 ()20 1287 ) ds

W
<28, 95 (3. 3) 1ol ol (4.20)
where B(-,-) is the Beta function:
B(a, B) :== /1(1 — 1) % Pdr.
Similarly, i
005, w)Oller < 282228 (5,5 ) o7l e (a:21)
and
o] < 2B (.3 1o e e (1.22)
Gathering (£20), (£21)) and (#22)) yields
[@ (0%, w)[|xe < Collv™|[ e [[w]| xe, (4.23)
where
Co=2 <K2(8,4)B (g Z) + K5(2,2)B (% %) + K,(4)B G Z)) .
We assume ([@I8]) for Ao that we fix below and we apply [I2) in order to obtain
[S=v5 = < Cro, (4.24)

where
Cy = K1(8,2) + K1(2,2) + K1(00,2).

Relations (23] and ([@24) imply that the mapping Z° is well-defined and that
125 (%) [lx= < Cido + Col[v®| %

Let us set

1 . R
R:= 1Co and A9 = min (2—01,R).

Then the closed ball By:(0, R) of X¢ is invariant by Z¢ and if v*, w® € By-(0, R),
1
12°(v%) = 2°(w®)llxee = [ @07, v° — %) + @(v° — w, w)llxe < 2C0R|v" —wae = S 07 — vl

Using the Banach fixed point, we deduce the existence and uniqueness results. Moreover, we have g = R =
1/(4Cp), which is independent of e. This strategy comes from [24] and [25]. It is originally done through an
iterative method, but it was adapted as a fixed point argument in [30] (see also [35]).

Sensitivity of v¢ to the initial data. Assume v§,, v, € L2 satisfy (ZI8). Then,

lvg — villae < NIS%(vGa — voo)llvs + (12 (vg, v = Vi)l e + 1P (vg — v, v5) | v
< Cil|vge = vgpllc2 + Collvg — v llae (lvgll s + [l ll<)
< Cillvia — vgpll2 + 2CoR|vg — vyl x=-
We conclude that
lvg = vgllaee < 2C1 |05, — vgpll 2
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One can show that a mild solution in the above sense is also a weak solution (see [I3]). For sake of
completeness, we give the proof of this result here.

Lemma 4.4. Assume v® satisfies (11) and EII). Then v° is the weak solution of ([EI)-[R) in the sense
of Definition [{-1]

Proof. Let us consider a sequence (v5,, ), with values in D((A%)'/?) such that
vs, — v§ in L2
and such that v§, satisfies (II])). For all n, it is proved in [37] there exists a unique strong solution
v, € HY(0,T;.£2) N C((0, T); D((4%) /%)) N L*(0, T; D(A7))
of @I)-8) and it satisfies [@IT) since in this case
div Fe(vg) € L?(0,T; L*(R?)).

It is also proved in [37] that (vg) converges towards the weak solution of (ZI])-([38)) in the sense of Definition [Z11
From (I9), we also have that (v5) converges towards the mild solution of Proposition EE3 in L°°(0, T’; £2).
Consequently, the mild solution v¢, that satisfies ([I7) and [@IT), is the weak solution associated to v§.

|

4.2 Proof of Theorem

Following the strategy of Section [3] we can now prove Theorem

4.2.1 First convergences

We have already obtained in Section EI.T] the weak convergence of u¢ to u.
If the initial data satisfies the smallness condition ([[L24]), we deduce from the above section that

I(h5)' ()] < % (t > 0),

where g1 is independent of €. As a consequence,
(1)) < 200V (¢ € [0,T)).

We fix ¢ € (1,2), thus (h¢) is bounded in W%(0,7T;R?) and we have, up to a subsequence,
h® — h uniformly in [0, T,

with
h e Wh4(0,T).

As in the massive case, let us note that this convergence is uniform (see (31])) but the estimate of h is slightly
weaker than (3.0)).

4.2.2 Modified test function

The differences comparing with Proposition are the regularity and the convergence of 0;¢". Namely, for
any ¢ € C2°([0,T) x R?) with divp = 0 and any n > 0, there exists ¢"7 € W14([0,T); H}(R?)) satisfying the
divergence free condition (BI0), vanishing on B (h(t), ), which converges weak-* to ¢ in L>(0,T; H(R?))
such that

O — Oyp  L9(0,T; L*(R?)). (4.25)
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4.2.3 Proof of Theorem

The proof of Theorem [34] can be done in a similar way. Indeed, we obtain the subdivision tg =0 < #; < ... <
tar1 = T by fixing ¢1 such that 2j9+/t; = 1/6, and then we use that h is Lipshitz on [t1, T

Finally, the passing to the limit 7 — 0 holds in the same way, even with ([£28) instead to ([B.13)).
Remark can be also applied to state that the convergence to the unique solution of the Navier-Stokes

equations in R? holds without extracting a subsequence. This ends the proof of Theorem
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